Chapter 5 I
e y g e I
Continuity and Differentiability "
1
]
1
Continuity |'
1
Definition '.
1
Continuity at a Point: A function f is continuous at c if the following three conditions . !
are met. 1
1
o f(x)is defined. |I
lim f(x) exists |'
« X—C i
i = 1
_ JI{@C f(x) = f(c) .
lI
In other words function f(x) is said to be continuous at x = ¢, if 1
I
. 1
}'Ta f(x) = f(c) II
II
Symbolically f is continuous at x = ¢ I|
- oy |
if LMt gc gy = LIMIE g0 0h) = f(o). "
1
|
1
|
1
]
{continuous) (Discontinuous) 1 ;
1
One-sided Continuity ll
i
« A function f defined in some neighbourhood of a point c for ¢ = c is said to be 1
continuous at ¢ from the left if .'
lim f(x) =f(c) I
X—e 1
« A function f defined in some neighbourhood of a point c for x ® c is said to be |I
continuous at ¢ from the right if lI
lim f(x) =f(c) I
x—c 1
I
1
]
1
]



1
) 1
1
+ One-sided continuity is a collective term for functions continuous from the ' "
left or from the right. 1
« If the function fis continuous at c, then it is continuous at c¢ from the left and i .
from the right . Conversely, if the function f is continuous at c from the left 1
and from the right, then ' .
lim f(x) lim f(x) = f(c) !
A=RE exists & ¥—¢ |I
« The last equality means that fis continuous at c. 0
lim f(x) !
« If one of the one-sided limits does not exist, then ¥ ¢ does not exist Il
either. In this case, the point c is a discontinuity in the function, since the B
continuity condition is not met. L I
1
Continuity In An Interval I |
1
+ A function fis said to be continuous in an open interval (a, b) iffis I
. X I
continuous at each & every point €(a, b). 1
« A function fis said to be continuous in a closed interval [a,b] if: ||
() fis continuous in the open interval (a, b) & I
(ii) fis right continuous at "a' i.e. ll
Iirr;r f(x) = f(a) = afinite quantity. 1
X— i
(iii) fis left continuous at "b’ i.e. II
Iing f(x) £ f(b) = afinite quantity. lI
X—=b~
I i
A function f can be discontinuous due to any of the following three reasons: I I
1
lim_f(x) 0
o AE does not exist i.e. I
lim f(x) # lim f(x I
X—C™ ()TK—?G‘*() Il
« f(x)isnotdefined atx=c W
. _ 1
- Jl{lm: f(x) # f(c) |I
« Geometrically, the graph of the function will exhibit a break at x= c. | i
]
Example 1. Test the following functions for continuity 1 !
1
(@)2x5-8x2+ 11 /x*+4x3+ 8x2 + 8x +4 |
(b) f(x) = 3sin3x + cos2x + 1 / 4cos x - 2 e
1
Solution. i I
i 1
i ]
]



(a) A function representing a ratio of two continuous functions will be (polynomials
in this case) discontinuous only at points for which the denominator zero. But in
this case (x* + 4x3+8x24+8x+4) = (x2+ 2x+2)2=[(x+ 1)2 4+ 1]2 > 0 (always

greater than zero)

Hence f(x) is continuous throughout the entire real line.

(b) The function f(x) suffers discontinuities only at points for which the
denominator is equal to zeroi.e. 4 cosx-2=0o0rcosx=1/2=>x=xn=+1/3 +
2nm(n=0, +1, +2...) Thus the function f(x) is continuous everywhere, except at the

point Xu.

Example 2.

letH(X) = 4 Asinx + B if

\

Find A and B so as to make the function continuous.

Solution. Atx = - /2

L i
X——— = ——

2
-m/2-h
where h— 0

Replace x by - m/2+h
whereh = 0

=

—2sinx if x < —w/2

Lim (-2sinx) RH.L.= Lim Asinx+ B

lh-l_,nc}_ESinI,__i_h:lZEZ&IIE]ASin..__E‘Fh,-+B:B_A

SoB-A=2..)
Atx=m/2

Lim Asinx + BR.H.L. = LiMm cos x

I —— x

Replace x by t/2 - h
Replace x by w/2+h
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where h— 0

lim Asin(g—h)+B=A+ B:HTDCGS(%+h)=U

h—0

So A+B=0 ..(ii)
Solving (i) & (ii)), B=1,A=-1

Example 3. Test the continuity of f(x) at x = 0 if

f(x) = x+ 1)) | xs0
0 ] X=O

Solution. For x < 0,

LH.L = M () = M o - h)

. 2{ 1.1 | )
= m (0-h+1) LEl S . L{ﬂo (L-hp=(1-0)2=1

f(0) = 0. & R.H.L = M f(x) = M f(0 + h)

2_|I I:I-:n! lim(h<1 2'5
= i + b 4 = |l = ==
lim (h+1) hl_“( +1) 1 1

L.H.L. = R.H.L. # f(0) Hence f(x) is discontinuous at x = 0.

Example 4. If f{(x) be continuous function for all real values of x and satisfies;

x2 + {f(x) - 2} x+ 2V3 - 3 - V3. f(x) = 0, for x € R. Then find the value of f(+/3 ).

Solution. As f(x) is continuous for all x € R.

Thus,
lim f(x) = (3)
X—E'\-""g
where
f(x) =x2-2x+2V3-3/V3-xx%/3

2 =Y
: : -2x+2v3-3
lim = lim X
x—/3 i) xﬁi i3 =



_im 23 %3 -x)
5 (J3-x)

f(v3) = 2(1-V3).

Example 5.

1+80085 2x+0C0s 4%

Let f(x) = [ c X* SilF x

if

=2(1-+3)

x#0

if x=0

If f(x) is continuous at x = 0, then find the value of (b+c)3-3a.

Solution.

. 1+acos2x+bcos4dx
Lim

x—0 x‘

Nr-14+a+bDr—0

as X —= 0,

for existence of limita+b+1=0

acos2x +bcosdx—(a+b)

fodl™ I;I—r};] x"
al1—cos2x) o bi1—cosdx)
= — lim —£ i
X—0 X2
limitof Nr= 2a+8b=0=a=-4b
hence
-4b+b =-1

=>b=1/3anda=-4/3

4(1-cos2x)—(1-cos4x)

= Lim
hence c = Lim 22

= 8 sin2x - 2 sin22x / 3x* = 8 sinZx - 8sinZxcos?x / 3x*

=8/3.sin2x /x2.sin%x /x2=8 /3

=2>ert=1/2(exA/x+B/x)=>x.eA=1/2 (ex.A+ B)

Example 6.
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a1 —xsr‘nx;2+bcosx+5 x <0
Let f(x) = {3 ;
(1+(=e2))" x>0

If f is continuous at x = 0, then find the values of a, b, c & d.

Solution.

f(07) = Lmj 2

»

for existence of limit a+b+5=0

_ Limit A(1—x sinx) —(a +3)cosx +5

x—0 x2

Limit @ (1-cosx) + 5 (1 cosx) — ax sinx
= x =0 x:
=af/2+5/2-a=3
=a=-1=2b=-4

x
i x (c = dx?)
f (0+) = Limit [n T}

for existence of limit c =10

Limit } dx

Umd (1 + dwyr =

=ed=3=d=1In3

Example 7. Let f(x) = x3 = 3x2 ; 6vxeRand
b max {f(t) :x+1<t<2,-3<x<0}
gix) = 1—x for x>0

Test continuity of g (x) for x € [-3, 1].

Solution. Since f(x) = x3-3x2+ 6 = f'(x) = 3x2 - 6x = 3x (x - 2) for maxima and

minima f'(x) =0
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]
1
x=0,2 II
f'(x) =6x-6 1
' (0) = -6 < 0 (local maxima at x = 0) |l
f' (2) = 6 > 0 (local minima at x = 2) [
x3 - 3x2 4+ 6 = 0 has maximum 2 positive and 1 negative real roots. f(0) = 6. I|
Now graph of f(x) is : I
Clearly f(x) is increasing in (- «, 0) U (2, <) and decreasing in (0, 2) ll
>xX+2<0=3x<-2=-3<x<-2 1
=-2<x+1<-land-1<x+2<0 I|
in both cases f(x) increases (maximum) of g(x) = f(x + 2) 1
g(x) =f(x+2);-3<x<-2..(1) |I
andifx+1<0and0<x+2<2 1
-2 <x<-1theng(x) =1(0) II
I
Nowforx+120andx+2<2=2-1<x<0,gx)=f(x+1) II
1
r(x+2) . —3<x<-2 I|
Henceg(x) = | T0) 5 —-25x<-1 i
fix+1) : -1<x<+0 |I
1-x ; xz0 1
Hence g(x) is continuous in the interval [-3, 1]. II
i
Example 8. Given the function, 1 "
]
f)=x[1/xA+x)+1/A+xA+2x)+1/(1+2x)(1 + 3x) + ...upto o ll
1
Find £ (0) if f (x) is continuous atx = 0. 1 )
1
Solution. i
1
|
1
]
1
]
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1 (1+2x)—(1+x) (1+3x)—(1+2x)  (1+nx)—(1+n—1x)

fx = w T ——

(x} T+x (1+x)(1+2x) (1+2x) (1 +n—1x)(1 + nx)
f(x)=2/1+x-1/1+ nxupto n terms when x #0.

Hence

Fx) = %(ﬁf x#0 and n— oo
2 if x=0 for continuity.

Example 9. Let f: R =R be a function which satisfies f(x+y3) = f(x) + (f(y))3 VX, y €
R. If fis continuous at x = 0, prove that f is continuous every where.

Solution.

To prove
Airrg) f(x + h) = f(x)

Put x =y = 0 in the given relation f(0) = f(0) + (f(0))3=f(0) =0
Since fis continuousatx =0
To prove

lim f(x + h) = f(x)

h—0
Iim (h) = f(0) = 0.

Now, M f(x + h) = M £(x) + (f(h))?
= f(x) + 0 = f(x).

Hence fis continuous for all x € R.
Theorems of Continuity

Theorem 1. If f & g are two functions that are continuous at x= c then the functions
defined by F1(x) = f(x) + g(x) ; F2(x) = Kf(x) K any real number ; F3(x) = f(x).g(x)

are also continuous at x= c.

F 00 = .

Further, if g (c) is not zero, then 9X) s also continuous at x = c.

Theorem 2. If f(X) is continuous & g(x) is discontinuous at x = a then the product
function g(x) = f(x) . g(x) is not necessarily discontinuousatx =a.

siny x=0

eg.f(x)=x & g(x) = [ 0 g



Theorem 3. If f(x) and g(x) both are discontinuous at x =
a then the product function g(x) = f(x) . g(x) is not necessarily discontinuous at x
=a.

1 x=0
0. fx) = -g(x) =
e.g. f(x) a(x) [_1 <0

Theorem 4: Intermediate Value Theorem

« Iffis continuous on the closed interval [a, b] and k is any number between
f(a) and f(b), then there is at least one number c in [a, b] such that f(c) = k.

Note:

« The Intermediate Value Theorem tells that at least one c exists, but it
does not give a method for finding c. Such theorems are
called existence theorems.

» Asasimple example of this theorem, consider a person's height.
Suppose that a girl is 5 feet tall on her thirteenth birthday and 5 feet 7
inches tall on her fourteenth birthday. Then, for any height h between 5
feet and 7 inches, there must have been a time t when her height was
exactly h. This seems reasonable because human growth is continuous
and a person's height does not abruptly change from one value to
another.

» The Intermediate Value Theorem guarantees the existence of at least
one number c in the closed interval [a, b]. There may, of course, be
more than one number c such that f(c) =k, as shown in Figure 1. A
function that is not continuous does not necessarily possess the
intermediate value property. For example, the graph of the function
shown in Figure 2 jumps over the horizontal line given by y = k and for
this function there is no value of c in [a, b] such that f(c) = k.

« The Intermediate Value Theorem often can be used to locate the zeroes
of a function that is continuous on a closed interval. Specifically, if f is
continuous on [a, b] and f(a) and f(b) differ in sign, then the
intermediate Value Theorem guarantees the existence of at least one
zero of f in the closed interval [a, b].
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f(a)|-- f(a)F
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]
R el £(o)- - - - - Sz
1
- |5 a4y r 15
t - ] l e f i
aQ s IC; a b
) ~ (Pig. 1{ (Fig. 2)
fis continuous on [a, b]. (For k, f is not continuous on [a, b].

there exist 3 ¢s.) (For k, there areno c's.)

f()=x"+2x-1
YV,

-4

21 (1: 2}

e

-1 / 1
7 (0, -1)
(Fig. 3)

fis continuous on [0, 1] with
f(0) < 0 and £(1) > 0.

[

(c, 0)

Example 10. Use the Intermediate Value Theorem to show that the polynomial
function f(x) = x3 + 2x - 1 has a zero in the interval [0, 1]

Sol. Note that f is continuous on the closed interval [0, 1]. Because

f(0)=03+2(0)-1=-1  and f(1)=13+2(1)-1=2

it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value

Theorem to conclude that there must be some cin [0, 1] such that f(c) = 0, as shown
in Figure 3.

Example 11. State intermediate value theorem and use it to prove that the
1

equation X797 X+3 hasatleast one real root.

s s
) TE

Sol. Let £(x) = Lo first, £(x) is continuous on [5, 6]
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Also f(5)=10 L—101"5 0
so f(5) = —5+3——8<,() I
|
1
1 8 |
f(6)—1—§—§>0 |I
1
1
59 7 1
) -
-1/8 T '|
1
|
Hence by intermediate value theorem E at least one value of ¢ € (5, 6) for which f (c) I.
=0 1
1
o 1 II
. \e=5 - m =0 I
I
1
Jx-5 = A and c £ (5, 6) ll
c is root of the equation x+3 I
1
Example 12. If f(x) be a continuous function in [0, 2x] and f(0) = f(27) then prove ||
that there exists point ¢ = (0, 7) such that f(c) = f(c + =). I|
Sol II
ol.
II
Let g(x) = f(x) - f(x + m) ....(1) I|
atx = m g(m) = f(m) - f(2m) ....(ii) |I
|
atx = 0, g(0) = £(0) - (1) ..(iii) I
1
adding (ii) and (iii), g(0) + g(m) = f(0) - f(2m) .I
1
= g(0) + g(m) = 0 [Given f(0) = f(21) = g(0) = -g(1) gl
1
= g(0) and g(m) are opposite in sign. II
]
= There exists a point c between 0 and p such g(c) = 0 as shown in graph; ll
1
From (i) putting x = c g(c) = f(c) - f(c +m) = 0 Hence, f(c) = f(c + m) Il
1
Differentiability of a Function and Rate of Change 1 |
1
|
1
]
1
]



D. Differentiability
Definition of Tangent : If f is defined on an open interval containing c, and if the limit

jim &Y _ jim €+ aX)~F(0)
SeMAK  ZeD AX = m exists, then the line passing through (¢, f(c)) with

slope m is the tangent line to the graph of f at the point (c, f(c)).

The slope of the tangent line to the graph of f at the point (c, f(c)) is also called the
slope of the graph of fatx = c.

The above definition of a tangent line to a curve does not cover the possibility of a
vertical tangent line. For vertical tangent lines, you can use the following definition.
If fis continuous at ¢ and

. [f(c + ax)-f(c
x>0 AX

)|
I_I

then the vertical line, x = ¢, passing through (¢, f(c)) is a vertical tangent line to the
graph of f. For example, the function shown in Figure has a vertical tangent line at (c,
f(c)). If the domain of f is the closed interval [a, b], then you can extend the
definition of a vertical tangent line to include the endpoints by considering
continuity and limits from the right (for x = a) and from the left (for x = b).

¥ Vertical
A ngent
line.
(e, ()
X
Fignre
The graph of f has a vertical

tanent line at (c, £(c)).

f(a+ Ax)—f(a) B

lim
Ax—0

e ]

i [Fb+Ax)— f(h}‘ .
2x—0 AX



In the preceding section we considered the derivative of a function f at a fixed
number a:

__f(a+h)-T1
f(a) = lim = t: = (1)

Note that alternatively, we can define

f¢(a) = Limit f(x)}-Hf(a)
#>2  x-a ' provided the limit exists.

Here we change our point of view and let the number a vary. If we replace a in
Equation 1 by a variable x,

prxy = im = I%)
we obtain b n (2)

Given any number x for which this limit exists, we assign to x the number f'(x). So
we can regard ' as a new function, called the derivative of f and defined by Equation
2. We know that the value of f'(x), can be interpreted geometrically as the slope of
the tangent line to the graph of f at the point (x, f(x)).

The function f' is called the derivative of f because it has been "derived" from f by
the limiting operation in Equation 2. The domain of f' is the set {x|f'(x) exists} and
may be smaller than the domain of f.

Average And Instantaneous Rate Of Change

Suppose y is a function of x, say y = f(x). Corresponding to a change from x to x + Ax,
the variable y changes from f(x) to f(x + Ax). The change in y is Ay = f(x + Ax) - f(x),
and the average rate of change of y with respect to x is

changeiny Ay f(x+Ax)-f(x)

Average rate of change = changeinx — Ax X

As the interval over which we are averaging becomes shorter (that is, as 4x — 0),

the average rate of change approaches what we would intuitively call

the instantaneous rate of change of y with respect to x, and the difference quotient
dy

approaches the derivative 9~ Thus, we have



Instantaneous Rate of Change = +~92aX =0 X

F(x)

To summarize :

Instantaneous Rate of Change

Suppopse f(x) is differentiable at x = xo. Then the instantaneous rate of cange of y =

f(x) with respect to x at xo is the value of the derivative of f at xo. That is

dy

Instantaneous Rate of Change = f'(x0) = dx X=X

Ex.13 Find the rate at which the function y = xZ sin x is changing with respect to x
whenx= T.

For any x, the instantaneous rate of change in the derivative,

Sol.

ﬂ ] : 2

G~ 2xsinx + x?cos x

Thus, the rate whenx =a is dx )
¥ = 2 sin T + m2 cos = 2n(0) + w2 (-1) = -2

The negative sign indicates that when x = 1, the function is decreasing at the rate

2

of = = 9.9 units of y for each one-unit increase in x.

Let us consider an example comparing the average rate of change and the
instantaneous rate of change.

Ex.14 Letf(x) =x2-4x+ 7.

(a) Find the instantaneous rate of change of fatx = 3.
(b) Find the average rate of change of f with respect to
X between x = 3 and 5.

Sol.

e e w s w = Pageldofbl mEmoEoE o m o m o e e



(fromx =3 tox,=3)

Figure

(a) The derivative of the function is f'(x) = 2x - 4 Thus, the instantaneous rate of
change of fat x = 3 is f'(3) = 2(3) - 4 = 2 The tangent line at x = 3 has slope 2, as
shown in the figure

(b) The (average) rate of change from x = 3 to x = 5 is found by dividing the
change in f by the change in x. The changeinffromx=3tox=5is

f(5) - f(3) = [52- 4(5) + 7] - [32- 4(3) + 7] = 8

i(5)-1(3) 8 _
53 2 °

Thus, the average rate of change is
The slope of the secant line is 4, as shown in the figure.
Derivability Over An Interval

Definition : A function f is differentiable at a if f'(a) exists. It is differentiable on an
open interval (a,b) [or(a, =) or (== a) or (- =, )] if it is differentiable at every
number in the interval.

Derivability Over An Interval : f(x) is said to be derivable over an interval if it is
derivable at each & every point of the interval. f(x) is said to be derivable over the
closed interval [a, b] if :

(i) for the pointsaand b, f'(a+) &f'(b-) exist &
(ii) for any point c such thata < c <b, f'(c+) & f'(c-) exist & are equal .

How Can a Function Fail to Be Differentiable ?



We see that the function y = |x| is not differentiable at 0 and Figure shows that its
graph changes direction abruptly when x = 0. In general, if the graph of a function f
has a "corner"” or "kink" in it, then the graph of f has no tangent at this point and f is
not differentiable there. [In trying to compute f '(a), we find that the left and right
limits are different.]

b

y =)= |x|
Figure

There is another way for a function not to have a derivative. If f is discontinuous at a,
then f is not differentiable at a. So at any discontinuity (for instance, a jump
discontinuity), f fails to be differentiable.

A third possibility is that the curve has a vertical tangent line when atx =
M 1F(x)] ==
a] N—a

This means that the tangent lines become steeper and steeper as x — a. Figure (a, b,
c) illustrates the three posibilities that we have discussed.

[=

—

e
H]

(b) A discombinuity

(a) A comer

¥

(c) A Vertical tangent



Limit f(@+h)-f(a)
Right hand & Left hand Derivatives By definition : f'(a) = "° h

(i) The right hand derivative of f' at x = a denoted by f '+(a) is defined by :

Limit f(a +h)-f(a)

flo@= "% h , provided the limit exists & is finite.

(ii) The left hand derivative of f at x = a denoted by f'-(a) is defined by :

Limit f(a-h)-f(a)
f'-(a) = hi ~4 , Provided the limit exists & is finite. We also write f
(@) =f'(at) &f'-(@)=f'(a).

f'(a) exists if and only if these one-sided derivatives exist and are equal.

Ex.20 If a function f is defined by f(x) = l
notderivableatx =0

.X=0 ghow that f is continuous but

xei;’x i eh’x ] X
im = lim = lim

Sol. We have f(0 + 0) =*001+e'™ ~x=0-014¢"* = x=0-0e"* 11 _

: xe''*
[im =
f(O-O):"—D_D1—:e =0

Alsof(0) =0 --f(0+0)=f(0-0) =f(0) = fis continuousatx =0

xe'h*x -0
jim 10Oy A"y € g 1
Again f (0 + 0) = =%® x-0 %—0-0 X x—0-01+ gV —0-0g™% 11 _q
= 5 .y
lim M = lim ; o e — lim s 7
F0-0)=*"2° X-0 w00 x —o01+e"™ _

Since f'(0 + 0) = f(0 - 0), the derivative of f(x) at x = 0 does not exist.



1
]
1
i
E 1
ffH’—"[ L VR Fmdfl—\ '
Ex.21 A function f(x) is such that . 2/ , if it exists. ll
1
\ I
| f|_x+5}=% Ix| :f[%;, "
Sol. Given that = .
l|
(1 N\ _{T) = T
_ilmfl\2+nJ] fl\QJ_2_ln|_2_ 1 ll
Tt h - h T '
1
i ) r A II
x ) %) =x
= and f [H—]=|im 2 J 2] |=n| w i
L2 ) w0 _n —h I
' |
. II
F [g} doesn't exist. II
i
Hfa 1(9) ||
Ex.22 Let fbe differentiable at x = a and let £(a) * 0. Evaluate — < fa) | II
"
m f(a-'[!n):r [
Sol. /= "= | M@ | (1= form) !
1
[ Limn |'w'. | Lim ML| f'ia) ll
ns="| ffa) || | s h f(a) g fla)
1=e =€ utn=1/h 1
(putn=1/h) |
1
i
I|
Ex.23 Let f: R = R satisfying |f(X)] = X% 7 X = R then show f(x) is differentiable at x |I
=0. 1
]
Sol. Since, If) %2, ¥ xR - atx=0,[f(0) 0= f(0)=0 ..(i) gl
1
]
£(0) = lim f(h)-1(0) i (h) ll
h—0 -0 h ...(ii) {f(0) = 0 from (i)} I
1
h h )
]
MR I!'ll—fu |;|_I|mf() !
Now, k=0 h ;0 _(iii) {using Cauchy- I
Squeeze theorem} ll
1
1
1
]
1
]



~ from (ii) and (iii) , we get f'(0) = 0. i.e. f(x) is differentiable at x = 0.
F. Operation on Differentiable Functions

1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f(x) - g(x), f(x).

g(x) will also be derivable atx =a & if g(a) * 0 then the function f(x)/g(x) will also
be derivable at x = a.

If f and g are differentiable functions, then prove that their product fg is
differentiable.

Let a be a number in the domain of fg. By the definition of the product of two
functions we have

(fg) (@) =f(a) g(a) (fg) (a+ ) =f(a+ Y gla+1).

imf@a+t)-(fa)a) _ . fla+tigfa+t)-f(ag(a)
Hence (fg)' (a) = *° t =0 t

The following algebraic manipulation will enable us to put the above fraction into a
form in which we can see what the limit is:

fa+tgla+t)-fyga)=fla+t)gla+t)-f(a)g(a+t) +f(a)gla+t)-f(a)g)
=[fa+t)-f(a)]gla+t) + [g@a+t)-gla] f(a).

l[m f(a_t}_ f(a}g(a—:i)— g<a _t)_g(a)f(a)_l _
Thus (fg)' (a) = ™° t t ]

The limit of a sum of products is the sum of the products of the limits. Moreover,
f'(a) and g'(a) exist by hyp{_athesis. Finally, since g is differentiable at a, it is

a+t)

lim
continuous there ; and so -0 9 = f(a). We conclude that

||m[wg(a % t) _Mf(a)

(oy@="0 ! R
=f(a)g(a) + g'(@)f(a) = (g + g'N (a).

2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a, then the
product function F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x and

gy =1



3. If f(x) & g(x) both are not differentiable at x = a then the product function ;

F(x) = f(x). g(x) can still be differentiable at x = a e.g. f(x) = ' X | & g(x) = x|

4. If f(x) & g(x) both are non-deri. at x = a then the sum function F(x) = f(x) + g(x)

may be a differentiable function.e.g. f(x) = ' ¥ & g(x) =- %

5. If f(x) is derivable at x = a = f'(x) is continuous at x = a.

x?sinl if x=0

epiiy=l B ¥

G. Functional Equations

Ex.24 Let f(xy) = xf(y) + yf(x) for all x, ¥ = R" and f(x) be differentiable in (0, )
then determine f(x).

Given f(xy)= xf(y) + yf(x)

Sol. Replacing x by 1 and y by x then we getx f(1) =0

Oc+h)—1(x) _ T["{“ J”’"

Now, f(x)= rlalgln h |

1+ :J+{\1 + ::]f(x)—f(x)

) _ gy mxi ) _ 1)
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d g’r(xn:f*m)
T dax | X X

On integrating w.r.t.x and taking limit 1 to x then f(x)/x - f(1)/1 =f(1) (Inx-1In 1)

= %—0=f'(1)lnx

~ f(1)=0)« f(x) =f(1) (xInx)

Alternative Method :

Given f(xy) = xf(y) + yf(x)

Differentiating both sides w.r.t.x treating y as constant, f' (xy) .y = f(y) + yf'(x)
Putting y = x and x = 1, then

f(xy). x = f(x) + xf'(x)

xF(x) - f(x) _ (1)
= x? X

d ["m"=f’(1)
dy | X X

Integrating both sides w.r.t.x taking limit 1 to x,

f
%_@ =f(@{hx-In1} = *{?-0”(1)'"*

Hence, f(x) =- f'(1)(x In x).

Ex.25 If € "f(xy) = €71(x) + e7i(y) ¥, ¥ = R*, 3nd (1) = e, determine f(x).
Sol.

Given e f(xy) = e*f(x) + e ¥f(y) ....(1)

Puttingx=y=1in(1),wegetf(1) =0..(2)
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Now, F(x) = im f(x+ hr:—f(x}

4{x[1+ : :J—f(x.‘l)

h

= lim
h—=0

h s
e“*".{e"‘t(x)+e_1!r| 1+ : ]}»-2"(e-*f{x) +e” (1)

=lim-
i) h

st ( n
ef(x)+e "f[1 = 1 —T(x)-e*'i(1)
= h

Y
= f(x) ]','Iﬂ,; N L'L"ET (- f(1) = 0)
X
" x-1
—f(x).1+ e -1 % i+ L (L.r)=e)
-F = ﬁ —x]C -5 = 1
(x}—F{XJ+x = exf(x) - e F(X)—x
,_E —)cf — l
2 (e*f(x)) = 5

On integrating we have e*f(x) =lnx+catx=1,¢=0

~ f(x) =exInx

Ex.26 Let f be a function such that f(x + f(y)) = f(f(x)) + f(y) x,
y 7 X y=Randf(h)=hfor0<h <z where ¢> 0, then determine f"(x) and f(x).

Sol. Given f(x + f(y)) = f(f(x) + f(y)) ....(1)

Putx =y = 0in (1), then £(0 + f(0)) = f(f(0)) + f(0) = £(f(0)) = f(F(0)) + F(0)
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2 £(0)=0..(2)

f(x +h)—f(x)

Now f'(x) = Ll_l'g =

_ tim FT0)
= Im =2 {from (1)}

_ iim ) o n
=Jm=E Ry =h) = fime =1,

Integrating both sides with limites 0 to x then f(x) =x ~ f(x) = 1.
Theorems of Continuity
C. Theorems of Continuity

THEOREM-1 If f & g are two functions that are continuous at x= c¢ then the functions
defined by Fi(x) = f(x) £ g(x) ; F2(x) = Kf(x) Kany real number ; F3(x) = f(x).g(x)
are also continuous at x= c.

f(x)
F(x)= —
Further, if g (¢) is not zero, then * 9X) s also continuous atx = c.

THEOREM-2 If f(x) is continuous & g(x) is discontinuous at x = a then the product
function g(x) = f(x) . g(x) is not necessarily discontinuousatx =a.

sing x=0

g. f(x) = -
e.g. fix) =x & a(x) {0 g

THEOREM-3 If f(x) and g(x) both are discontinuous at x =
a then the product function ¢(x) = f(x) . g(x) is not necessarily discontinuous at x
=a.

1 x=0
.g.fx) = - =
e.g. f{x) a(x) 1 %2

Theorems-4 : Intermediate Value Theorem

If f is continuous on the closed interval [a, b] and Kk is any number between f(a) and
f(b), then there is at least one number c in [a, b] such that f(c) = k.

Note that the Intermediate Value Theorem tells that at least one c exists, but it does
not give a method for finding c. Such theorems are called existence theorems.



As a simple example of this theorem, consider a person's height. Suppose that a girl
is 5 feet tall on her thirteenth birthday and 5 feet 7 inches tall on her fourteenth
birthday. Then, for any height h between 5 feet and 7 inches, there must have been a
time t when her height was exactly h. This seems reasonable because human growth
is continuous and a person's height does not abruptly change from one value to
another.

The Intermediate Value Theorem guarantees the existence of at least one number c
in the closed interval [a, b]. There may, of course, be more than one number c such
that f(c) = k, as shown in Figure 1. A function that is not continuous does not
necessarily possess the intermediate value property. For example, the graph of the
function shown in Figure 2 jumps over the horizontal line given by y = k and for this
function there is no value of c in [a, b] such that f(c) = k.

The Intermediate Value Theorem often can be used to locate the zeroes of a function
that is continuous on a closed interval. Specifically, if f is continuous on [a, b] and
f(a) and f(b) differ in sign, then the intermediate Value Theorem guarantees the
existence of at least one zero of f in the closed interval [a, b].

fx)=x"+2x~1
i

f(a) | 21 (1, 2)
k ‘\ )

(e, 0)
_________________ /

i) TELTLES Seazm e =] ] =
. f >x -1¢ (0, -1
: b A{ |
) _ (Fig. } (Fig. 2) (Fig. 3)
f is continuous on [a, b]. (For k, fis not continuous on [a, b]. f is continuous on [0, 1] with

there exist 3 ¢’s )

(For k, there areno ¢’s) f(0) <0 and f(1) > 0.

Ex.10 Use the Intermediate Value Theorem to show that the polynomial function
f(x) = x3 + 2x - 1 has a zero in the interval [0, 1]

Sol. Note that fis continuous on the closed interval [0, 1]. Because
f(0)=03+2(0)-1=-1 and f(1)=13+2(1)-1=2

it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value
Theorem to conclude that there must be some cin [0, 1] such that f(c) = 0, as shown
in Figure 3.
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Ex.11 State intermediate value theorem and use it to prove that the
1

=
equation = = 5B has at least one real root.

P 1
[x-5 = =
Sol. Let £(x) =" " et first, f(x) is continuous on [5, 6]
AlsnF5) =0 - =2 2 0, £ (6
so f(5) = P (6)
FE)=1-2 -2 >0
3 >

Hence by intermediate value theorem E at least one value of ¢ € (5, 6) for which f (¢)
=0

1

oS- gg 0

1
e : x—5 = —— and c = (5, 6)
c is root of the equation x+3

Ex.12 If f(x) be a continuous function in [0- 27] and f(0) = f(27) then prove that
there exists point c £ (0, ) such that f(c) = f(c + =).

Sol.

Let g(x) = f(x) - f(x + 1) ...(i)

atx = ; g(m) = (1) - f(21) ....(ii)

atx = 0, g(0) = f(0) - f(0) ...(iii)

adding (ii) and (iii), g(0) + g(m) = f(0) - f(2m)

= g(0) + g(m) = 0 [Given f(0) = f(2m) = g(0) = -g(m)

= g(0) and g(1) are opposite in sign.



= There exists a point ¢ between 0 and p such g(c) = 0 as shown in graph;
From (i) putting x = ¢ g(c) = f(c) - f(c +m) = 0 Hence, f(c) = f(c + )
Derivability Over An Interval

Definition : A function fis differentiable at a if f'(a) exists. It is differentiable on an
open interval (a,b) [or(a. =) or (==.a) or (- =, =) ] if it is differentiable at every
number in the interval.

Derivability Over An Interval : f(x) is said to be derivable over an interval if it is
derivable at each & every point of the interval. f(x) is said to be derivable over the
closed interval [a, b] if :

(i) for the pointsaand b, f'(a+) & f'(b -) exist &
(ii) for any point c such thata < c < b, f '(c+) & f'(c-) exist & are equal .

How Can a Function Fail to Be Differentiable ?

We see that the function y = |x] is not differentiable at 0 and Figure shows that its
graph changes direction abruptly when x = 0. In general, if the graph of a function f
has a "corner” or "kink" in it, then the graph of f has no tangent at this point and fis
not differentiable there. [In trying to compute f'(a), we find that the left and right
limits are different.]

b

y =6x) = ||
Figure

There is another way for a function not to have a derivative. If f is discontinuous at a,
then f is not differentiable at a. So at any discontinuity (for instance, a jump
discontinuity), f fails to be differentiable.

A third possibility is that the curve has a vertical tangent line when at x =
Im 17(x)] = =

a’ X—a



1
1
1
1
This means that the tangent lines become steeper and steeper as x — a. Figure (a, b, ! "
c) illustrates the three posibilities that we have discussed. Il
L] o l
¥ ¥ I
1
% /'O ;
1
1
'l P l
I H *x 9 2 s 1
(A ST (b) A discontinuity ! 1
1
]
1
1
1
1
T > 1
® I
(c) A Vertical tangent 1 .
1
Limit f(a +h)-f(a) ll
Right hand & Left hand Derivatives By definition: f'(a) = " h I I
I
(i) The right hand derivative of f' at x = a denoted by f '+(a) is defined by : II
1
Limit f(a+h)-f(a) [
f'i(@) = ™1 h , provided the limit exists & is finite. I|
(ii) The left hand derivative of f at x = a denoted by f'-(a) is defined by : |I
|
Limit f(a —h)-f(a) I
f'e@)= ™ -h , Provided the limit exists & is finite. We also write f ll
v(@)=f'(at) &f'-(@)=f'(a). lI
1
f'(a) exists if and only if these one-sided derivatives exist and are equal. 1
1
i x i
‘ — 7 %= 0 ll
‘ 1+e"* .
Ex.20 If a function fis defined by f(x) = ' U .X=0 show that fis continuous but I
notderivableatx =0 . I
1
xel'* 1 1
lim — = lim — = lim — !
Sol. We have f(0 + 0) =*~%21+e"* *=0-01+"" x=00e™+1_ .
i
1
]
1
]



1
]
1
i
] xe''* 1
im ——— i
f(0-0)==001+e™ =0 Il
1
Alsof(0)=0 - f(0+0)=f(0-0)=f(0)= fis continuousatx =0 |I
]
xe'ﬁ#x ll
iy % 1/x
jim )=HO) _ iy 126" iy & i ] '
Againf(0 4 0)= o0 x-0 ‘el X x~0:01+@" x—~0-0g 1 =4 A
1
xe!rx D 1
) T 1% i
im 1010 Are™ T & I
F{0.-0) =*** x-0 1—=0-0 X SRt Ee™ g lI
II
Since f'(0 + 0) = f(0 - 0), the derivative of f(x) at x = 0 does not exist. [
1
(2 () 1
flX+=|== _ |x| ¥x. Find f |5 | I
Ex.21 A function f(x) issuch that . 2/ 2 o .2/, if it exists. Il
- \ II
f[“%}% -|x|:f=[§‘=: II
Sol. Given that= ' S I
II
f(ﬁ-:-h“—f[ﬂ] T npX 1
im—2 /7 \2)_ 2 I
~ hsll n = n = II
(n | = bt
- ~h |- -|-h]- 1
= and f (E —lim 2 ] ftg_r= 1Nt 2 _4q |
|2 )70 —n ~h |I
_ o
= f [g} doasn'’t exist. .I
|
i [fa=1fn)]|" |I
Ex.22 Let fbe differentiable at x = a and let f(a) * 0. Evaluate = | @) ll
1
i" DY 1
Lim ;M I
Sol./= "= | @) | (1«form) !
1
(. [fta=¥n)-i(a)] | [ flath)-f(a) 1 Fa) i
2™ me ) M s e : [
Fogtt L W I e R ”3]| — gf= (putn=1/h) lI
1
1
]
1
]



Ex.23 Let f: R » R satisfying |f(X)] = X% 7 X = R then show f(x) is differentiable at x
= 0.

Sol. Since, If(x)] =2x?, w xR . atx=0,[f(0)]z0= f(0)=0 ..(I)

f(h)-(0) |imm
=0 h (i) {f(0) = 0 from (i)}

(h :
f?){i‘lhlz» —|h|if@5|h|:,hmf-(m
h n—~0 h 0 ..(iii) {using Cauchy-

f(0) = Iim

Now,
Squeeze theorem}

- from (ii) and (iii) , we get f'(0) = 0. i.e. f(x) is differentiable at x = 0.
F. Operation on Differentiable Functions

1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f(x) - g(x), f(x).

g(x) will also be derivable atx = a & if g(a) * 0 then the function f(x)/g(x) will also
be derivable atx = a.

If f and g are differentiable functions, then prove that their product fg is
differentiable.

Let a be a number in the domain of fg. By the definition of the product of two
functions we have

(fg) (@) =f(a) g(a) (fg) (a + t) =f(a + 1) g(a +1).

imf@@+1)-(fg)a) _ . fla+bola~t)-f(a)gia)
Hence (fg)' (a) = *-° t 0 t

The following algebraic manipulation will enable us to put the above fraction into a
form in which we can see what the limit is:

fla+t)gla+t)-f(a)gla)=fa+t)gla+t)-f(@)g(a+t)+f(a)ga+t)-f(a)gla)
=[f@+t)-f(@)]gl@a+t) +[gla+t)-g@)]f(a).

_[fa<t)—f(a) gla+t)—-g(@),,_ .|
im ———g¢g(a+t)- ———f(a) .
Thus (fg)' (a) = t_"o[ ! t |



The limit of a sum of products is the sum of the products of the limits. Moreover,
f'(a) and g'(a) exist by hypothesis. Finally, since g is differentiable at a, it is

: Lim g(a +t)
continuous there ; and so -0 = f(a). We conclude that

|imtwg(a_t)_wf(a) I

(fe)'(a) =" .
=f(a)g(a) + g'(a)f(a) = (Fg + g') (a).

2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a, then the
product function F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x and

g9 =Ix.

3. If f(x) & g(x) both are not differentiable at x = a then the product function ;

F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = ' X! & g(x) = | X!

4, If f(x) & g(x) both are non-deri. at x = a then the sum function F(x) = f(x) + g(x)
may be a differentiable function . e.g. f(x) = ' X! & g(x) = - X/,

5. If f(x) is derivable at x = a = f '(x) is continuous at x = a.

x?sint  if x=0

e.g. f(X) = 0 if x=0

G. Functional Equations

Ex.24 Let f(xy) = xf(y) + yf(x) forall x, ¥ = R" and f(x) be differentiable in (0, )
then determine f(x).

Given f(xy)= xf(y) + yf(x)

Sol. Replacing x by 1 and y by x then we getx f(1) =0

(e

NOWI f{x} s rl‘lﬂ'ln _h ......... l|'|1-}I-]a

xf{1+ :]+f1+ :_}r(x)—f(x)

= \
i, :




xf(x)-1 (1
= f(x) - @ = f(1)= %=¥

d {'rf(x}Lf'(’l)
" ax | x ] x

On integrating w.r.t.x and taking limit 1 to x then f(x)/x - f(1)/1 =f(1) (Inx-1In 1)

= I%—O=f'(1)ln){

s f(1)=0)» f{x)=11) xInx)
Alternative Method :

Given f(xy) = xf(y) + yf(x)

Differentiating both sides w.r.t.x treating y as constant, f'(xy) . y = f(y) + yf'(x)

Putting y = x and x = 1, then
f(xy). x = f(x) + xf'(x)

xF(x)-1(x) _ (1)
o xz - X

d [@F@
= > \Lx ) x

Integrating both sides w.r.t.x taking limit 1 to x,

f
%_@ =f@{hx-Ih1} = %-0”‘(1}'”
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Hence, f(x) =- f'(1)(x In x).

Ex.25 If &7"f(xy) = e7f(x) + e7f(y) wX, ¥ = R", apnd (1) = e, determine f(x).

Sol.
Given e f(xy) = e=>f(x) + evf(y) ....(1)

Puttingx=y=11in (1), wegetf(1) =0..(2)

Now, F(x) = lim f(x+ hr: —f(x)

h .
ePf(x) = e”Hn‘l 1+ 2 }- £(x)— e*1(1)

h—0 h

h ;-
: Eh-"f['l-o- h]
M| i X
—fix) I —— |+t i (- f(1)=0)
. y X. z
4 x-1
P R BT TS L L S O eT‘e (s F(1) = &)
e* 1
) =) + e = exf(x) —e* f{x) = =

LI,
=>dx(e (x})—x

On integrating we have exf(x) =Inx +catx=1,c¢=0
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=~ f(x) =exInx

Ex.26 Let f be a function such that f(x + f(y)) = f(f(x)) + f(y) x,
y 7 % y=Randf(h)=hfor0<h<e ywherege> 0, then determine " (x) and f(x).

Sol. Given f(x + f(y)) = f(f(x) + f(y)) ....(1)
Putx =y =0in (1), then f(0 + f(0)) = f(f(0)) + f(0) = f(f(0)) = f(f(0)) + f(0)
=~ f(0) =0..(2)

f(x +h)—F(x)

Now f'(x) = LI_TE h

i
=m“$)mmun

f(h) _h

= lim (- f(h) = h) =}|’|_rpah=1,

h-0 B
Integrating both sides with limites 0 to x then f(x) =x ~ f(x) = 1.
Classification of Discontinuity
Definition

« Leta function f be defined in the neighbourhood of a point ¢, except perhaps
at c itself.

lim lim -
skl f(x) and Ll f(x) exist,

o Also, let both one-sided limits
where Jl'l‘ f(x) = JLT f(x).

« Then the point c is called a discontinuity of the first kind in the function f(x).

lim
« In more complicated case = il may not exist because one or both one-

sided limits do not exist. Such condition is called a discontinuity of the second

kind.
(x?+1 for x<O,
The function y = 5 for x=0,
-x for x>0,



has a discontinuity of the first kindatx =0

o The functiony = |x| /xis defined forallx € R, x # 0; butatx =0 it has a
discontinuity of the first kind.
The left-hand limitis M y = _1, while the
x—l
right-hand limitis WM y =1
et
The functiony = m o ' . '
. has no limits (neither one-sided nor two-sided) at
i 1
im = .
x =2 and X = 3 since **?(X-2)(x-3) Therefore x = 2 and x = 3 are
discontinuities of the second kind

o
r

PRpR—

=

« The function y = In |x| at the point x = 0 has the

lim lim g
limits =0 ** Consequently, =0 f) (and also the one-sided limits)
do not exist; x = 0 is a discontinuity of the second kind.
« Itisnottrue that discontinuities of the second kind only arise

In|x]| = -

lim
when =0
The situation is more complicated.

n |x] = —-w.



» Thus, the function y = sin (1/x), has no one-sided limits for x = 0- and x
— 0+, and does not tend to infinity as x - 0 There is no limitasx — 0 since
the values of the function sin (1/x) do not approach a certain number, but
repeat an infinite number of times within the interval from -1 to 1 as x— 0.

i
I

Removable & Irremovable Discontinuity
Limit f(}c) . s . . .
Incase x—¢ exists but is not equal to f(c) then the function is said to have a
removable discontinuity. In this case we can redefine the function such
Limit
that x—e ') = f(c) & make it continuous atx = c.

1. Removable Type of Discontinuity Can Be Further Classified as

Limit
- o ;
. Missing Point Discontinuity: ""="® = )

5 (1-x)(9-x*)
defined. e.g. (1-x) has a missing point discontinuity at x =1
Limit 1,

exists finitely but f(a) is not

g ; . h
» Isolated Point Discontinuity : where

LTt fGa)
x? -16
Xx-4 x#4& f(4)=9hasabreak atx =4.

exists & f(a) also exists

but
e.g. f(x) =

Limit
fi(x) . . ) :
In case *° does not exist then it is not possible to make the function

continuous by redefining it. Such discontinuities are known as non - removable

discontinuity.
2. Irremovable Type Of Discontinuity Can Be Further Classified as

+ Finite discontinuity : e.g. f(x) = x - [x] at all integral x.

e.g. f(x) = 1 or gix)=

at x=4.
x—4 (x—4)

« Infinite discontinuity :
+ Oscillatory discontinuity: e.g. f(x) =sinl/xatx=0



In all these cases the value of f(a) of the function at x= a (point of discontinuity)

Limit
may or may not exist but where Sat 0 qoes not exist.

Remark

(i) In case of finite discontinuity the non-negative difference between the value of
the RHL at x = ¢ & LHL at x = c is called The Jump Of Discontinuity . A function
having a finite number of jumps in a given interval I is called a Piece-wise
Continuous or Sectionally Continuous function in this interval.

(ii) All Polynomials, Trigonometrical functions, Exponential & Logarithmic functions
are continuous in their domains.

(iii) Point functions are to be treated as discontinuous ©9-f(¥) = v1-x+x-1js not
continuous at x = 1.

(iv) If fis continuous at x =c & gis continuous atx = f(c) then the composite
g[f(x)] is continuous at x = c.

) Xsinx K s T
eg . f(x) = x) = Ix .
b BN a2 - are continuous at x = 0, hence

XSinx

gof ) = 37 5

the composite will also be continuous atx = 0.

Relation Between Continuity & Differentiability

E. Relation between Continuity & Differentiability

[f a function fis derivable at x then f is continuous at x.

For : f'(x) =

it F(X + h)-T(x
Limit % st

Also f(x + h)—f(x)=T* r:])'f{x}.h[h = 0]

Therefore LMt (g(x & h)—f(x)]

_ Limit f{x + h)-T(x)
h—0 h

h=f"(x)0=0



Therefore L,im,“ [f(x+h)-f(x)]=0

= LrEToit f (x+h) = f(») = f is continuous at x.

If f(x) is derivable for every point of its domain, then it is continuous in that domain .

The converse of the above result is not true :

"If f is continuous at x, then f may or maynot be derivable at x"

x| & g(x):xsinl : Xw0
The functions f(x) = X
0 but not derivable at x = 0.

& g(0) = 0 are continuous at x =

Remark:

(a) Letf'+(a) =p & f_(a) =q where p & q are finite then:

(i) p=q = f isderivable at x = a = fis continuous at x = a.

(ii) p#q = f isnotderivable at x =a but fis continuous atx = a
Differentiable = Continuous ; Non-differentiable = Discontinuous
But Discontinuous = Non-differentiable .

(b) If a function f is not differentiable but is continuous at x = a it geometrically
implies a sharp corner atx = a.

—1-x ; x=-1
[Ix*-1] ; —1<x=<0
(k(—x+1) ; O<x=<1
Ex15Iff(x) = Ux=11 5 x>1 , then find the value of k so that f(x) becomes

continuous at x = 0. Hence, find all the points where the functions is non-
differentiable.

Sol. From the graph of f(x) it is clear that for the function to be continuous only
possible value of k is 1.



Points of non-differentiability are x =0, +1.

[11-4x*] , 0=x=<1
Ex.16 Iff(x) = U7 =21, 1=X<2 yhere [.] denotes the greatest integer function.

Discuss the continuity and differentiability of f(x) in [0, 2).

Sol.Since1=X<2=0% x-1<1then[x?-2x]=[(x-1)2-1]=[(x-1)?]-1=0-1

Graph of f(x) :

w

-t —0

[t is clear from the graph that f(x) is discontinuous at x = 1 and not differentiable
at x=1/2,andx=1

Further details are as follows
1-ax? | 0<x<—
2

fog) = 1431, %gxﬁ —Bx, 0<x<1/2
. P

4 gD F(x) =14 8x, 1/2<x<1

0, 1£x<2

- - - - - = - - - P398380f51 --- - - - - - - - ] -



(4 x<1/2 8, x<1
FOO=14 xs>y23d FOI=1p x»1

Hence, which shows f(x) is not differentiable at x = 1/2 (as RHD = 4 and LHD = -
4) and x = 1 (as RHD = 0 and LHD = 8). Therefore, f(x) is differentiable, for x € [0,

2)-1{1/2,1}

x® if x <1
L)

Ex.17 Suppose f(x) = = ax =bx+c if x21 .If £ (1) exist then find the
value of aZz + bZ + c2,

Sol. For continuity atx =1 we leave f (1-) =1landf(1+) =a+b+c¢

a+b+c=1..01)

3x* if Xx<1

f'(x}=[ :
2ax +b I x21 for continuity of ' (x)atx=1f'(1-)=3;f'(1*)=2a+b

hence 2a+b = 3...(2)

6x I x <1
f"{x}=[ _
Za x=1 fr(10)=6;f" (14) = 2afor continuity of " (x) 2a=6 = a
=3

from (2),b=-3;c=1.Hence a=3,b=-3;c=1

Ex.18 Check the differentiability of the function f(x) = max {sin-! |sin x|, cos! |sin
x|}.

Sol. sin"! |sin x| is periodic with period ™ = sin'! |sin x|
\hx NT<X<NT+—
e

s o
‘:—x e



T
Also cos |sin x| = 2 - sin"! |sin x|
13 i
X=-X , nmmE<x<nm+=
2 2
= f(x) = max I =
A-XX—— , NMO+—-<XSNu+7n
2 2
ks ﬁ
—— nMmExXinm+—
> X, it T 1
X N+ 2 <N+~
» 1} — L=
4 2

Jf()()= T 37{
T—%X M+—<X=NN+—
2 4

T 3n
X——, Mm+—<XENn+n
2 4
m T 3n
. ; . X=0, F.0s 7 Fecareraan
= f(x) is not differentiable at 4'2°4
i 0
= f(x) is not differentiable at 4

Ex.19 Find the interval of values of k for which the function f(x) = |x2 + (k- 1) |x] -
k| is non differentiable at five points.

Sol.

Y

A

fO) = [x2+ (k-1) Ix| =k| = [(|x] - 1) (]x| + k)|

X

Also f(x) is an even function and f(x) is not differentiable at five points.
So [(x - 1) (x + k)| is non differentiable for two positive values of x.

= Both the roots of (x - 1) (x + k) = 0 are positive.

=k<0=ke (-, 0).

- - - - - = - - - Page400f51 --- - - - - - - - ] -



Definition : A function fis differentiable at a if f'(a) exists. It is differentiable on an
open interval (a,b) [or (a, x) or (-, a) or (- «, )] if it is differentiable at every
number in the interval.

Derivability Over An Interval : f(x)
is said to be derivable over an interval if it is derivable ateach & every point
of the interval. f(x) is said to be derivable over the closed interval [a, b] if:

(i) for the pointsaand b, f'(at) & f(b-) exist &
(ii) for any point c such that a<c<b, f(ct) & f(c-) exist & are equal.
Limit and Continuity & Differentiability of Function Formulas

Things To Remember :

_Lil’l‘lit f(X) - Limit f(x)z

1. Limit of a function f(x) is said to exist as, x—»a when X2 ~ x-al

finite quantity.
2. Fundamental Theorems On Limits:

Limit fx)=1 & Limit

Let x—a x—=a g(x) = m. If] & m exists then:

oM f(x) £ g (x) = +m

(if) Limit fixy o(x) = L m

Limit & _ €
Gii) g(@® m "provided m % 0

Limit Limit
(iv) x—a kf(x) =k *22 f(x) ; where kis a constant.



Limit f[o(x)] = f{Limit g(x))
(V) X—a X=a

m.

Limit 1y, (f(x) = zn[Limit f(X)} Inl(l>0).
For example Sk

3. Standard Limits :

. = =1
Limit S e Limit tanx — Limit tan X — Limit Sin_ X
X— X— = X

X X

@ % |

Where x is measured in radians |
Limit s = 1Y Limit
At (1 -+ x)e = = Limit (1 iy

X/ note howevertheren—= (1-h)n=

Oand

Limit

h—0 (1+h)—>ee

Limit Limit
(©)If x—a f(x)=1 and *2? ® (x) =0, then;
L Limit
Limit [f(x)]'b(X):e Xx—a o[ (x)-1]

x—a
Limit Limit
(@ If x=a f(x)=A>0& *—a @ (x) =B (afinite quantity) then ;
Limit $(x) Limit
X—a [f(x)] =ezwherez= *—2 @ (x).In[f(x)] = eBinA = AB
L] - - - x‘
Limit a” —1 Limit ¢ -1 _,
(e) 2 X =1na(a>0).In particular Rl X
Limit X" —a" _ a1

na
(D X—a X—a

4. Squeeze Play Theorem :

= f (m) ; provided f is continuous at g (x) =



Limit Limit Limit
ffx)<g(x)<hx)vx & x—a f(x)=1= X2 h(x) then *7?? gx) =1

5. Indeterminant Forms :

0 oo -
—,—,OXDO,OO,OQO’OO—OO and]
0 eco

Note:

(i) We cannot plot o on the paper. Infinity (o) is a symbol & not a number. It does
not obey the laws of elementry algebra.

(i) o+ 0 =00

(iii) co X c0o = 00

(iv) (a/o0) = 0 if a is finite

(v) a/0 is not defined, ifa # 0.

(vi)ab=10,if&onlyifa=00orb=0 and a &b are finite.

6. The following strategies should be born in mind for evaluating the limits:
(a) Factorisation

(b) Rationalisation or double rationalisation

(c) Use of trigonometric transformation ; appropriate substitution and using
standard limits

(d) Expansion of function like Binomial expansion, exponential & logarithmic
expansion, expansion of sinx, cosx , tanx should be remembered by heart & are
given below :

x xIna xZIn%a x>In%a
a=1+ + + Fonnl 0
0 1! 2! 3!

x? x°

EPETE-ET. 3. N
(i) I 2t 3



1 II
1 l|
2 3 4

1 X X X 1
In (14X) = x—+——-—+......... for—1<x< [

I 2 3 4 I
(iii) 1

1 ' X3 xS x? II

] S]HX:X——'+———+....... ]
(iv) 3r st 7 I

1 2 4 6 !
X7 X X 1

i cosx=l-—+———~+...... i
W) 2! 4! 6! 1

i 3 5 i
X~ 2 1

! tan X = x+—+—+....... g

I (V]) 33 13 7 II

X X X

' tan X =x-—+—-—+..... i

1 (vii) 3 5 7 [

1 Sl _ ® . 125 . 72308 . I
= X+—'X +—'X +—'X . 1

1 (viii) 3! 5! 7! I|

I L. xr sx* 61x® I
sec'X =14+ —+—+ I

I (ix) 2t 4! 6! !

I I

‘ (Continuity) II
|

1 Things To Remember : II

1 . I

' Limit II
1. A function f(x) is said to be continuous atx = ¢, if *7€ f(x) = f(c). Symbolically 1

; Limit Limit !

1 fis continuous atx =cif h—0 f(c-h) = h—=0 f(c+h) =f(0). I

I i.e. LHL atx = ¢ = RHL at x = c equals Value of ' at x = c. '.

[t should be noted that continuity of a function at x = a is meaningful only if the .I
! function is defined in the immediate neighbourhood of x = a, not necessarily at x = 1

I a. l|

1 1
2. Reqsoqs of discontinuity: 1

' Limit "

1 (1) *—7¢ f(x) does not exist .l

: Limit  Limit [

le. Xx—=¢ f(x) # X2¢ f(x) "
! (if) f(x) is not defined at x= ¢ -

| Limit I

I (iii) x—=c f(x)#f(c) I
1

I Il

I 1



Geometrically, the graph of the function will exhibit a break at x= c.
The graph as shown is discontinuous atx =1, 2 and 3.

3. Types of Discontinuities :
Type - 1: ( Removable type of discontinuities)
Limit
Incase * 7€ f(x) exists but is not equal to f(c) then the function is said to have a
removable discontinuity or discontinuity of the first kind. In this case we can
Limit
redefine the function such that X—¢ f(x) = f(c) & make it continuous at x= c.
Removable type of discontinuity can be further classified as :
Limit
(a) Missing Point Discontinuity : Where X—2 f(x) exists finitely but f(a) is not
defined.

(L=x)©9-x")
e.g.f(x) = (l - X) has a missing point discontinuity at x = 1, and f(x)
Sinx
= X

has a missing point discontinuity at x = 0
Limit
(b) Isolated Point Discontinuity : Where x—a f(x) exists & f(a) also exists but
x?-16
Limit# =,
X—a  f(a).e.g. f(x) Xx—4 X # 4 &f(4) =9 has an isolated point

discontinuity at x = 4.
[ 0 ifxel

Type-2: (Non - Removable type of discontinuities)

Limit
Incase XC f(x) does not exist then it is not possible to make the function
continuous by redefining it.

Similarly f(x) = [x] + [ -x] = -1 ifxe Ihas an isolated point discontinuity at

allx e L.

st Ewwm s w = PagedSofb1  mEmgE R o m o m e T e e e



Such discontinuities are known as non - removable discontinuity or discontinuity of
the 2nd kind. Non-removable type of discontinuity can be further classified as :

1
(a) Finite discoiltinuity e.g. f(x) = x — [x] at all integral x; f(x) = tan-1 X atx =0
1
and f(x) = 2% atx =0 (note that f(0+) = 0; £(0-) = 1)
1 1
2

(b) Infinite discontinuity e.g. f(x) = X —4 org(x) = (X—4)" atx=4 (X)) =

I COSX

Y f(x) =
2untatx = 2 and f(x) = X atx=0.

1

(c) Oscillatory discontinuity e.g. f(x) = sin * atx = 0.

In all these cases the value of f(a) of the function at x= a (point of discontinuity)
Limit

may or may not exist but *—72 does not exist.

yh

>

X

.\Jr Nature of djscontinuity

Note: From the adjacent graph note that

- fis continuousatx =-1

- fhasisolated discontinuity atx = 1

- fhas missing point discontinuity at x = 2
- fhas non removable (finite type)
discontinuity at the origin.

4. In case of dis-continuity of the second kind the non-negative difference between
the value of the RHL at x = ¢ & LHL at x = c is called The Jump Of Discontinuity. A



function having a finite number of jumps in a given interval I is called a Piece Wise
Continuous Or Sectionally Continuous function in this interval.

5. All Polynomials, Trigonometrical functions, exponential & Logarithmic functions
are continuous in their domains.

6. If f & g are two functions that are continuous at x= c then the functions defined by

Fi(x) = f(x) £ g(x) ; F2(x) =K f(x), Kany real number ; F3(x) = f(x).g(x) are also
continuous at x= c.

0

Further, if g (¢) is not zero, thenF4(x) = g(x) is also continuous atx=c.
7. The intermediate value theorem:

Suppose f(x) is continuous on an interval I, and a and b are any two points of [. Then
if yo is a number between f(a) and f(b) , their exists a number c between aand b
such that f(c) = yo.

Note Very Carefully That :

(a) If f(x) is continuous & g(x) is discontinuous
at x = a then the product function ¢ (x) = f(x). g(x)

sin% x#0
0 x=0

is not necessarily be discontinuous atx = a.eg. f(x) = x & g(x) =

(b) If f(x) and g(x) both are discontinuous at x = a then the product function @(x) =
f(x). g(x) is not necessarily be discontinuous at x = a. e.g. f(x) = — g(x)

1 x=20
_|=I =0

(c¢) Point functions are to be treated as discontinuous. eg. f(x) = '\/l_x +\/
is not continuous at x = 1.

x—1

(d) A Continuous function whose domain is closed must have a range also in closed
interval.
(e) If fis continuous at x = c & g is continuous at x = f(c) then the composite g[f(x)]



X sinXx &g(x) _ |X|

are continuousatx =10

f(X) ="
is continuous at x = c. eg. X
X sinx

2
, hence the composite (gof) (x) = X" +2 will also be continuousatx = 0.

7. Continuity In An Interval :

(a) A function f is said to be continuous in (a, b) if f is continuous at each & every
point €(a,b).
(b) A function fis said to be continuous in a closed interval [a, b] if :
(i) fis continuous in the open interval (a, b) &
Limit

(ii) fis right continuous at ‘a’ i.e. x—a’ f(x) = f(a) = a finite quantity.

Limit
(iii) f is left continuous at ‘b’ i.e. X=b" f(x) = f(b) = a finite quantity.
Note that a function f which is continuous in [a, b] possesses the following
properties :

(i) If f(a) & f(b) possess opposite signs, then there exists at least one solution of the
equation f(x) = 0 in the open interval (a, b).

(ii) If K is any real number between f(a) & f(b), then there exists at least one
solution of the equation f(x) = K in the open inetrval (a, b).

8. Single Point Continuity:
Functions which are continuous only at one point are said to exhibit single point
continuity

x if xe x if xeQ
[ ° and g(x) =[ | .
eg. f(x) = -x if x¢ Q 0if x&Q are both continuous only
atx=0,
Differentiability

Things To Remember :

1. Right hand & Left hand Derivatives ; By definition:
£ _ Limit f(a+h)f(a)
(a) = h—0 h

if it exist

et E wmw = w = PagedBofbl EmEmgEoE o mm o T e e



(i) The right hand derivative of f’ at x = a denoted by f'(a*) is defined by :
£1 (a+) = Limit f(a+h)-f(a)

~ h—0" h ’
provided the limit exists & is finite.

(i) The left hand derivative : of fat x = a denoted by

Limit f(a—h)-f(a)
h—o0* —h

f'(at+) isdefined by : f' (a-) = " Provided the limit exists
& is finite.

We also write f'(a+) =f'+(a) & f'(a-) =f'_(a).

* This geomtrically means that a unique tangent with finite slope can be drawn at x
= a as shown in the figure.

(iii) Derivability & Continuity :

(a) Iff'(a) exists then f(x) is derivable at x= a = f(X) is continuous atx = a.
(b) If a function f is derivable at x then f is continuous at x.

Limit f(x + h)—f(x)
h—0 h

For: f'(x) = exists.

f(x +h)—f(x)

Also f(x + h)-f(x)= h h[h # 0]
.. F(x+h)—f(x
T ( )—1(x)

Therefore : [f (x + h)—f (x)]  h—0 h

Limit Limit
Therefore h—=0 [f(x+h)—f(x)]=0= h—0 f (x+h) = f(x) = fis continuous
atx.
Note : If f(x) is derivable for every point of its domain of definition, then it is
continuous in that domain.

h=f'(x).0=0

The Converse of the above result is not true:
“IF fIS CONTINUQUS AT x, THEN f IS DERIVABLE AT x” IS NOT TRUE.
|

e.g. the functions f(x) =| X | & g(x) =X sin X

= 0 but not derivable at x = 0.
Note Carefully :

; X# 0 &g(0) = 0 are continuous at X



(@) Letf'+(a) =p &f’_(a) = q where p & q are finite then:
(i) p=q = fisderivableat x =a = fis continuous at x = a.
(ii) p # q = fis not derivable at x = a.

[t is very important to note that f may be still continuous at x = a.
In short, for a function f:

Differentiability = Continuity ; Continuity # derivability ;
Non derivibality # discontinuous ; But discontinuity = Non derivability

(b) If a function f is not differentiable but is continuous at x = a it geometrically
implies a sharp corner at x = a.

3. Derivability Over An Interval :
f (x) is said to be derivable over an interval if it is derivable at each & every point of
the interval f(x) is said to be derivable over the closed interval [a, b] if :

(i) for the pointsaand b, f'(a+) & f'(b —) exist &
(ii) for any point c such thata < ¢ < b, f'(c+) & f'(c —) exist & are equal.
Note:

1. If f(x) & g(x) are derivable at x = a then the functions f(x) + g(x), f(x) - g(x) ,
f(x).g(x) will also be derivable at x = a & if g (@) # 0 then the function f(x)/g(x) will
also be derivable at x = a.

2. If f(x) is differentiable at x = a & g(x) is not differentiable at x = a , then the
product function F(X) = f(x) g(x) can still be differentiable atx =aeg. f(x) =x &

gx)=1x|.
3. If f(x) & g(x) both are not differentiable at x = a then the product function;
F(x) = f(x)- g(x) can still be differentiableatx =aeg. f(x) =| x| & g(x) =1x|.

4. If f(x) & g(x) both are non-deri. at x = a then the sum function F(x) = f(x) + g(x)
may be a differentiable function. e.g. f(x) = | x| & g(x) = -| x |.

5. If f(x) is derivable at x = a # f'(x) is continuous at x = a.

- T .
x“sin=— if x#0
e Ifx) = X

& 0 if x=0

6. A surprising result : Suppose that the function f (x) and g (x) defined in the
interval (X1, Xx2) containing the point xo, and if f is differentiable at x = xo with f (xo)



= 0 together with g is continuous as x = x¢ then the function F (x) = f (x) - g (x) is
differentiable at x = xoe.g. F (x) = sinx - x2/3 is differentiable at x = 0.



