Trigonometric Functions

Degree and Radian Measures

Degree and radian measure are the two ways of measuring an angle, depending on the two
ways to define a circle: the angle at the centre of a circle is 360° and the circumference of a
unit circle (circle whose radius is 1) is 2.
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According to the figure, 360° corresponds to 2.

If 0 is any angle in degrees, then its radian measure represents the length of arc of unit
circle corresponding to the angle 6.

radian measure
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If 6 isthe measure of an angle in degrees, then it is written as 6° and if a is the radian
measure of an angle, then it is simply written as a.
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If an angle is 360 ofa complete revolution, then the angle is said to have a measure
of one degree, written as 1°.

A degree is divided into 60 minutes and a minute is divided into 60 seconds. One sixtieth of
a degree is called a minute, written as 1’ and one sixtieth of a minute is called a second,



written as 1.
1°=60'
1'=60"

Angle subtended at the centre by an arc of length 1 unit in a unit circle is said to have a
measure of one radian.

Length of the arc(l) = Angle subtended at the centre by the arc(8) x Radius(r), where 6 is in
radians.

Conversion of Degree to Radian and Radian to Degree

A circle subtends an angle of 2 radians or 360° at the centre. So,
2m radians = 360°
1 radian = 180°

T

1° = 180 radians
(=)
Or,1radian= " T

To convert an angle from degree measure to radian measure, multiply the angle

I
with 180
60x —— radian = — radian
Fore.g., 60° = 180 3
To convert an angle from radian measure to degree measure, multiply the angle
180
with T |
w . R 180y% o
Foreg., & radian = (E X T) = 30

Let us now look at the given video to understand the concept of radians and degrees better.

Example 1: A horse is tied to a pole with the help of a rope measuring 22 m. The horse
moves in a circular path keeping the rope tight and covers a distance of 66 m. Find the
angle (in degrees) traced out by the horse at the pole while moving.

Solution:



Let the pole be at point O. The horse starts from position A and covers 66 m and stops at B.

B

From the figure, it is clear that the horse moves along the arc of the circle with radius equal
to the length of the rope.

Hence, we have

!
g=r
[=66m
r=22m

66_3

g =22 radians
However, we have to express the answer in degrees.

1t radian = 180°

540" (54ux 7

22 ] = 171° 49’ 5.4”

3radians= T

Thus, the horse moved by 171° 49’ 5.4”.
Example 2: Find the angle between the hour hand and the minute hand at half past four.
Solution:

Angle traced by the hour hand in 12 hours = 360°

9 (36!& 9
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. —x —J =135°
Angle traced by the hour hand in 4 hours 30 min ( 2 hrs) =



Angle traced by the minute hand in 60 min = 360°

(360

L xfﬁf}] =180°
Angle traced by the minute hand in 30 min =

Thus, the angle between two hands = 180° - 135° = 45°
i
45 xi] = I radians
_\ 180 ) 4

Sign of Trigonometric Functions

e The sign of any trigonometric function depends on the quadrant in which the angle of that
trigonometric function lies. For e.g., the sign of trigonometric function sin 6 depends on the
quadrant in which angle 6 lies.

o The signs of the six trigonometric functions in different quadrants are given in the table
below.

I II III IV
sin x + + - -
COS X + - - +
tan x + - + -
cosecx + + - -
secx + - - +
cotx + - + -

o Ifwe are given the value of a trigonometric function along with the quadrant, then we can
calculate the value as well as the sign of any other trigonometric function.

giny=——
o Example: If I3 and x lies in quadrant III, then we can calculate the other

trigonometric functions as
sinx =—
13

1 -13
PR Y e e
smx 3




sin“x+cos  x=1
cos’ x=l—sin’ x

()
cos"x=1—|—
13

12
cosx =+—
13

Since x lies in the third quadrant, cos x is negative.
-12
SLC0SX = ——

13

el X = =—
cosy 12

SN X 3 5

lanx = =
cosxy 12

I
and cotx = =—
tanx 5

3_7[{!9{27[ 24 cosecd

costl =— SRR
Example 1: If V2 and 2 , then find the value of 2—cotd

Solution:

|
Cosfd = —
J2

sind = ++/1—cos’ &

sin!=+—

V2

However, @ lies in the fourth quadrant, where sin 6 is negative.

|
SSInf = ——— = cosec @ = - /2
J2 ¥

cotf = C?SE =—1
sin ¢
2+(—\'E) 1-2
. 24cosecH = =
“2-cotg  2-(-D 3

Trigonometric Functions



Like any function, trigonometric functions also have domain and range and can be
represented on a graph. The explanations of each of these graphs for all trigonometric
functions is as follows:

sin x Domain -» x: x€R

Range - [-1, 1]

Periodicity - 2n

/\/\%/\
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y= 811 X

COS X Domain - x: x € R

Range — [-1, 1]

Periodicity — 2n

x#(2n Ijg*n el

tanx Domain — x: x € R and 2

Range — (-0, o)

Periodicity - t




tan x

Domain > x:Xx€Randx#nmn€?Z

Range — (-0, o)

Periodicity -

cotx
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Domain —» x: x € Rand

Range—>y:yeER y<-lory=z1

Periodicity — 2n

secx




N=E00 X

cosec X Domain > x:Xx€Randx#nmn€e?Z

Range—>y:y€Ry2lory<-1

Periodicity - 2n

T

Example 1: Find the value of tan (1485°).
Solution:
We know that the values of tan x repeat after an interval of w or 180°.

-~ tan (1485°) = tan (45° + 8 x 180°) = tan 45°
=1

Trigonometric Identities

The two very important results that are extremely helpful in solving many questions and
proving identities are

e sin(-x)=-sinx



e cos(-x)=cosx
We have the following trigonometric identities related to sum and difference of two angles:
e cos(x+y)=cosxcosy-sinxsiny
e cos(x-y)=cosxcosy+sinxsiny
e sin(x+y)=sinxcosy+cosxsiny

e sin(x-y)=sinxcosy-cosxsiny

tan x + tan y

tan(x+ y)= ———

R | —tanxtan y
tan x —tan v

tan(x — y)=———

R |+ tan x tan y
cot xcot y -1

cot(x+y)= Soxey—

N colyv+colx
cotxcot y+1
cot(x—y)=———

cot y—cot x

o The following identities are the relations between trigonometric functions of an
angle and the trigonometric function of twice (or thrice) that angle.

. . , .- 1—tan” x
cos2x=cos x—sin"x=2cos x—1=1-2s5n" x=—--—
o l+tan” x
. . 2tan x
sin2x=2sinycosxy=————
o l+tan” x
2 tan x
tan2xy=———
N | —tan” x

. . |

e Sindx=13sinx-4sin x
3

o tosix=4dcos x—3cosx

. Jtanx—tan’ x
tan3x = ————
. l-3tan” x



e The following are some identities involving addition and subtraction of
trigonometric functions:

X+y X—-y
cosx +cosy =2cos 3 cos 5

COSX—COS ) = —Esin[I;'V]sin[x;y]

sinx+siny = Esin(x;}r]cos[x;}r]

ginx—sin y = ECGS(J:;J:)S‘IH[J:;JJ]

o Using the identities listed in the previous point, we can derive the following
identities:

2cos xcos v = cos(x+ v)+cos(x—v)
—2sinxsin ¥ = cos(x + v)—cos(x— y)
25inxcos v =sin(x + y)+sin(x— )
2cosxsin v =sin(x+ p)—sin(x— »)
Solved Examples

Example 1: Prove that tan &(sin 56 + sin 3¢) = tan 4&(sin 56 —sin 3¢7) )

Solution:

LHS. = tan&(sin 56 +sin 36)

= tan ﬂstin[Jﬁgwjms[Sﬁ_s&]

2
_ sind
cos#

% 2sin 4@ cos = 2sin dsin 48




RS, = tan40(sin 56 —sin30)

= tan 4&><2$in[5&;3!9]-:@5[5&;33)

 sin4

cosd4d

® 28in % cos 4 = 2sin & = sin 46

~ LH.S.=RH.S.

'J{cosx +cos ¥)’ +(sinx+siny)’ = Zcos['r_'pj
Example 2: Prove 7

Solution:
Solving the expression in square root,

(cosx +cos ¥) +(sinx +sin y)

) ERNE ) IS
=[2cos['r+'m]cns[uﬂ +[25in(m]cns(x J]
| 2 2 ) 1T 2 2
P Y . I
R cusz[—l 2 J+ilsin:[—l+:L Juus:[l ']]
2 ) 2 2
o x=1) x4y J[xﬂ.-"
=4dcos Cos +sin
, 2 2

= 4cos’

J[cnsx+c05}-‘f +(sinx+sin ) =, 4 cos? [ x;']l]

Trigonometric Equations
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Principal Solutions of Trigonometric Equations

o Equations that involve trigonometric functions of a variable are called Trigonometric
Equations.

e Trigonometric Equations have two types of solutions: Principal Solutions and General
Solutions.



e The principal solutions of a trigonometric equation with variable x are those solutions for
which 0 < x < 2m.

o To find the principal solutions of a trigonometric equation, find the first few values of the
variable for which the equation holds true. Among these values, select those values that lie
in the range 0 < x < 2m, for they are the principal solutions. Ensure that you don’t miss a
value that lies in this range.

1
e For example, consider the trigonometric equation sin x = y2,

sinf=sin 2L =sin L =sin+ 1 =—
Now, we know that ﬁ
T 3
However, among these values, only 4 and 4 lie in the range 0 <x < 2.

o am
Thus, the principal values of the trigonometric equation are 4 and 4 .

General Solutions of Trigonometric Equations

e The general solution of a trigonometric equation is an expression involving integer ‘n’,
which gives all possible solutions of the equation.

There are some important theorems for finding the general solution of a trigonometric
equation:

e Forreal numbers x and y, if sin x = sin y, then x = nmt + (-1)"y, where n € Z.

e Forreal numbers x and y, if cos x = cos y, then x = 2nm £ y, where n € Z.

1N

If x and y are not odd multiples of 2, then tan x = tan y implies x = nm + y, where n € Z.

To find the general solution of a trigonometric equation, first reduce the equation, if
required, to any of the following three forms:

e sinx=siny
e COSX=COSy

e tanx=tany



Next, apply the corresponding theorem to write down the general solution of the equation.

28INXCOSy = ——
For example, consider the trigonometric equation

Now, Zeinxcosr=sin2x

. 1
Ssin2y=——
5

. . Im
= sin2x :sm?

We now need to apply the theorem “For real numbers x and y, if sin x = sin y, then x = nm +
(-1)»y, wheren € Z.”

2x =.HTI:+{—|}“ E
a2 )y IR

2 12
This is the general solution of the trigonometric equation.

tan & + tan 2¢&

Example 1: Solve the equation[ V3 ] +tanf tan26 = 1.
Solution:

tan & +tan 28

We have [ '“'E ] +tanftan260=1

:)(tanﬂﬂan 23]
“'E =1 - tanf tan26

tan & + tan 26 3
| —tan & tan 28

= tan (20+6) =3

::-tan33=w"§



:>tan33:t.an§

3ﬁ'=ﬂﬂ'+§,HE?.

E=E+£,HEZ,
3 9

Example 2: Solve the equation 3cos26 + sin26= 2.
Solution:

3cos20 + sin20 = 2

3(1 - sin%0) + sin20 = 2 [cos20 = 1 - sin20]

3 - 3sin2%60 + sin20 = 2

2sin20 =1

1
sin2@ = 2

l-cos2d |1

2 2
cos28 =10

cos 26 = cos ki
2

:}E‘=mt+%,ne£



