Wave Properties of Particles. Schrodinger Equation
(Part - 1)

Q.49. Calculate the de Broglie wavelengths of an electron, proton, and uranium
atom, all having the same kinetic energy 100 eV.
Ans. The kinetic eneigy is nonrelativistic in all three cases. Now

_ 2nh _ 2ah
4 2mT

h

using T = 1602x1077 35,166 we get
A=122.6 pm
A, = 2.86 pm

Ay = —5L = [-185 pm
¥ 238

(where we have used a mass number of 238 for the U nucleus).

Q.50. What amount of energy should be added to an electron to reduce its de Broglie
wavelength from 100 to 50 pm?

Ans. From

2xh 2xh
p 2mT

A

. 4xn? ) 2208
2mi: mA*

T
we find

2% h 1 1

Thus

Substitution gives AT = 451 eV = 0451 keV.



Q.51. A neutron with kinetic energy T = 25 eV strikes a stationary deuteron (heavy
hydrogen nucleus). Find the de Broglie wavelengths of both particles in the frame
of their centre of inertia.

Ans. We shall use M, = 2M, The CM is moving with velocity

V2M, T 2T

V="3um_ = Vou

with respect to the Lab frame. In the CM frame the velocity of neutron is

- vet 2L 2T _4f2T 2
V= Va= M, ~ Y oM, M, 3

and

Substitution gives *» = 89pm

Since the momenta are equal in the CM frame the de Broglie wavelengths will also be

My = 2M,

equal. If we do not assume we shall get

2ahlil+ M /M)
ZM, T

Q.52. Two identical non-relativistic particles move at right angles to each other,
possessing de Broglie wavelengths A, and A,. Find the de Broglie wavelength of each
particle in the frame of their centre of inertia.

Ans. If P P2 are the momenta of the two particles then their momenta in the CM frame
will be

+ (P1-P2)/2 35 the particle are identical.

Hence their de Broglie wavelength will be

L= 2xh = Axh ( because E;J.ﬁ;]
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Q.53. Find the de Broglie wavelength of hydrogen molecules, which corresponds to
their most probable velocity at room temperature.

Ans. In thermodynamic equilibrium, Maxwell’s velocity distribution law holds :

F
AN(v) = B®(v)dv = Avie =vV2ET gy

¢ (v) 1s maximum when

< |t

@ (v)=D(v) [ -ﬂ] =0

T

The difines the most probable velocity,

The de Broglie wavelength of H molecules with the most probable velocity is

5 = 2xh 2k

MV  V2mkT

Substituting the appropriate value especially

m = mHi - Zmﬂr, T= EUDK,We get

A =126 pm

Q.54. Calculate the most probable de Broglie wavelength of hydrogen molecules
being in thermodynamic equilibrium at room temperature.

Ans. To find the most probable de Broglie wavelength of a gas in thermodynamic
equilibrium we determine the distribution is A corresponding to Maxwellian velocity

distribution.

It is given by



Y(A)dh = =D (v)dv

(where - sign takes account of the fact that A decreaes as v increases). Now

P(h) = muze‘"“"””(-j—:]

Thus

_af2EnY (2xm) -mer (B
m mt

= Const - h"e"ﬂ"

. _an'hz
where mkT

This is maximum when

W(R) =0 = wm{-‘fﬁ?]

or A = Vas2 = xh [VmkT

Using the result of the previous problem it is

hop = —l-z—ﬁpm-ﬂgdpm.

V2

Q.55. Derive the expression for a de Broglie wavelength A of a relativistic particle
moving with kinetic energy T. At what values of T does the error in determining
A using the non-relativistic formula not exceed 1% for an electron and a proton?

Ans. For a relativistic particle

T+mc® = total cncigy = Y r:pz-l-mic‘



Squaring VTI(T+2mc) =cp

2athe

VT(T+2me)

A =
Hence

2ath

'\/mz'[u r ]

2mc’

If we use nonrelativistic formula,

2xh
2mT

Mg =

Ak _ Ayp-h T
S

SO M - 4m e
-1/2
2 . T T
IfET/2me <1, we can write |1 + 3 = ]- 5
2mc dmc
< dmc Ak
Thus M i,f the error is less than AL

For electron the error is not more than 1 % if

T s 4x0511 =01 MeV
= 204 keV

For a proton, the error is not more than 1 % if
T<4X938 X0.01 MeV
i.e. T <37.5 MeV.

Q.56. At what value of kinetic energy is the de Broglie wavelength of an electron
equal to its Compton wavelength?

Ans. The de Broglie wavelength is



2nh
L mv___2xh 2
e o v 1-v¥/e

V1-vis?

and the Compton wavelength is

2xh
myc

A, =

fﬁ-vl-ﬁI.Whemﬁ-%

The two are equal i

1
p=-—
or V2

The corresponding kinetic energy is

mg ¢
T = e —-myc® = (ﬁfl)mﬂcz

Here m,is the rest mass of the particle (here an electron).
Q.57. Find the de Broglie wavelength of relativistic electrons reaching the
anticathode of an X-ray tube if the short wavelength limit of the continuous X-ray

spectrum is equal to A,= 10.0 pm?

Ans. For relativistic electrons, the formula for the short wavelength limit of X - rays will
be

Zmirc_mnc;( 1

-1
Asn \fl-—ﬁz ]'-: _p2+m1'£.'2 -mc*

2
(z;:.h-l-mc] -Pi+m2ci
or k

(328) (3 v2me) -

or

2xh mc i,
= —— V¥ 14 3
or J"iﬁ n



lll""}‘uh/ v 1+m;.::“ = 329 pm

Hence

Q.58. A parallel stream of monoenergetic electrons falls normally on a diaphragm
with narrow square slit of width b = 1.0 pm. Find the velocity of the electrons if the
width of the central diffraction maximum formed on a screen located at a distance |
=50 cm from the slit is equal to Ax = 0.36 mm.

Ans. he first minimum in a Fraunhofer diffraction is given by (b is the width of the slit)
bsinBg = A

Here
ing . —AX2 A
\/—2 21
2 (Ax
£+(2J
o _ bAx 2ah
Thus 2l mv
o AL 002 % 10° m/s
0 mbAx

Q.59. A parallel stream of electrons accelerated by a potential difference V =25V
falls normally on a diaphragm with two narrow slits separated by a distance d =
50pm. Calculate the distance between neighbouring maxima of the diffraction
pattern on a screen located at a distance | = 100 cm from the slits.

Ans. From the Young slit foimula

Ax _&_ I _2xh
d d VImeV

Substitution gives

Ax = 4% pum.
Q.60. A narrow stream of monoenergetic electrons falls at an angle of incidence 0 =
30° on the natural facet of an aluminium single crystal. The distance between the

neighbouring crystal planes parallel to that facet is equal to d = 0.20 nm. The
maximum mirror reflection is observed at a certain accelerating voltage V,. Find



V,, If the next maximum mirror reflection is known to be observed when the
accelerating voltage is increased n = 2.25 times.

Ans. From Bragg’s law, for the first case

2xh

Zdﬁiﬂﬂ - ngi- - H“"—"z—v
Yimely

where n, is an unknown integer/For the next higher voltage

2xh

2dsin® = (my+1)——
VimenVy

1

). L
ﬁ] ﬁ “ﬂ“'ﬁ_1

Going back we get

2
A ER 1 1sokev
2m ed” sin’ 0 (\ﬁ;-l)

L

Note : In the Bragg’s formula, 0 is the glancing angle and not the angle of incidence.
We have obtained correct result by taking 6 to be the glancing angle. If 6 is the angle of
incidence, then the glancing angle will be 90 - 6. Then the final answer will be smaller

tan’ 6 = %
by a factor

Q.61. A narrow beam of monoenergetic electrons falls normally on the surface of a
Ni single crystal. The reflection maximum of fourth order is observed in the
direction forming an angle 6 = 55° with the normal to the surface at the energy of
the electrons equal to T = 180 eV. Calculate the corresponding value of the
interplanar distance.

Ans. Path difference is

d-rdcmﬁ-Edmszg—.



Thus for reflection maximum of the korder

2dcost S = kA = k—ZR

2 ImT

=~

g

!

deos|é

L

L

Hence 2mT
substitution with k = 4gives

d=0.232

Q.62. A narrow stream of electrons with kinetic energy T = 10 keV passes through
a polycrystalline aluminium foil, forming a system of diffraction fringes on a screen.
Calculate the interplanar distance corresponding to the reflection of third order
from a certain system of crystal planes if it is responsible for a diffraction ring of
diameter D = 3.20 cm. The distance between the foil and the screen is | = 10.0 cm.

Ans. See the analogous problem with X - rays (5.156). The glancing angle is obtained
from

D
anlh = 21

where D = diameter of the ring, | =distance from the foil to the screen.
Then for the third order Bragg reflection

2ah
Vv2mT

2dsin® = kh = k J(k=3)

xhik

- ——————— = (232 nm
Vv2Im7Tsin®

Thus



Q.63. A stream of electrons accelerated by a potential difference V falls on the
surface of a metal whose inner potential is V.= 15 V. Find:
(a) the refractive index of the metal for the electrons accelerated by a potential
difference \Y = 150 V,
(b) the values of the ratio V/V.at which the refractive index differs from unity by
not more than n = 1.0%.

Ans. Inside the metal, there is a negative potential energy of - eV.}. (This potential energy
prevents electrons from leaking out and can be measured in photoelectric effect etc.) An
electron whose K.E. is eV outside the metal w ill find its K.E. increased to e (V + V) in
th e metal. Then

(a) de Broglie wavelength in the metal

-, = 2nh
Vime(V+V))
Also de Broglie wavelength in vacuum

2xh

b= VimVe

n-i- U Il«!rE

Hence refractive index . 4

. "= 1+— =105
Substituting we get 10

) n-1 = Ul+ﬂ—lsn

Vv

V.
1+— s (1+7)°
then V¥

or Visn(2+m)V

or Vi n(2+7)

For ﬂ'l%'ﬂ'ﬂl



¥ 2 50
we get

Q.64. A particle of mass m is located in a unidimensional square potential well with
infinitely high walls. The width of the well is equal to I. Find the permitted values of
energy of the particle taking into account that only those states of the particle's
motion are realized for which the whole number of de Broglie half-waves are fitted
within the given well.

Ans. The energy inside the well is all kinetic if energy is measured from the value inside.

We require

nh

l=nd/2 =n
V2mE

7 3

'El-_ »
2ml?

n=12,...
or

Q.65. Describe the Bohr quantum conditions in terms of the wave theory:
demonstrate that an electron in a hydrogen atom can move only along those round
orbits which accommodate a whole number of de Broglie waves.

Ans. The Bohr condition

§ pdx -f %d:{ =2anh

For the case when A is constant (for example in circular orbits) this means
2nr = ni

Here r is the radius of the circular orbit.



Wave Properties of Particles. Schrodinger Equation
(Part - 2)

Q.66. Estimate the minimum errors in determining the velocity of an electron, a
proton, and a ball of mass of 1 mg if the coordinates of the particles and of the
centre of the ball are known with uncertainly 1um.

Ans. From the uncertainty principle (Egn. (6.2b))

AxAp, >Th

Ap, =mAv, >

Thus Ax

.ﬁ.'l.-:::-

Or -~ miAx

For an electron this means an uncertainty in velocity of 116 m/s if Ax = 10™°m = 1pm
For a proton Av, = 6.3 cm/s

For a ball Av. =1 x 1020cm/s

Q.67. Employing the uncertainty principle, evaluate the indeterminancy of the
velocity of an electron in a hydrogen atom if the size of the atom is assumed to be |
= 0.10 nm. Compare the obtained magnitude with the velocity of an electron in the

first Bohr orbit of the given atom.

Ans. As in the previous problem

- T
Av 5 — = 116 x10°m/s
ml

The actual velocity v: has been calculated in problem 6.21. It is

vi=2.21 x 105 m/s

v

Thus ¥~ " (They are of the same order of magnitude)



Q.68. Show that for the particle whose coordinate uncertainty is Ax = A/2xwt, where
A is its de Broglie wavelength, the velocity uncertainty is of the same order of
magnitude as the particle's velocity itself.

&x-Mn-—2“ﬁ~L-1—'.l

Ans. If p 2m p mv

= Y

Avs
Thus ~ - mAx

Thus Av is of the same order as v.

Q.69. A free electron was initially confined within a region with linear dimensions |
= 0.10 nm. Using the uncertainty principle, evaluate the time over which the width
of the corresponding train of waves becomes n = 10 times as large.

L

Av =5 ;
mi

Ans. Initial uncertainty
to a distance nllong in time

With this incertainty the wave train will spread out

2

* i
fp = Tlf/ - H:—“SW- = 86 x10%sec. _ 107 ¥sec.

Q.70. Employing the uncertainty principle, estimate the minimum Kkinetic energy
of an electron confined within a region whose size is | = 0.20 nm.

+
Axr =] so Apj=z
Ans. Clearly P2

Now Pr= 4P gnd so

i W

oy

Toia = —— = 095¢V.

Thus 2ml

Q.71. An electron with kinetic energy T = 4 eV is confined within a region whose
linear dimension is | = 1 um. Using the uncertainty principle, evaluate the relative
uncertainty of its velocity.

Ans. The momentum the electron is AP =V2mT



Uncertainty in its momentum is

Ap,zhfAx =N/l

Hence relative uncertainty

Ape __h_ 1/ TF/T_ﬁ_v
P INamT 2mi? v

Substitution gives

Av  Ap

== _975x107° = 107"
P

v

Q.72. An electron is located in a unidimensional square potential well with
infinitely high walls. The width of the well is I. From the uncertainty principle
estimate the force with which the electron possessing the minimum permitted
energy acts on the walls of the well.

Ans. By uncertainty principle, the uncertainty in momentum

'-c|::|l-

Ap >

For the ground state, we expect 47 ~P so

.hl
~“ami?

The force excerted on the wall can be obtained most simply from

au A
F-_af-

mi®
Q.73. A particle of mass m moves in a unidimensional potential field U = kx2/2
(harmonic oscillator). Using the uncertainty principle, evaluate the minimum
permitted energy of the particle in that field.

Ans. We write

hh
PuBP iy~



I.e. all four quantities are of the same order of magnitude. Then

2 2
Em --1'—5:4- llx: = L(E-\i mkx] +hy k
r 2 2m| x m

2m

Thus we get an equilibrium situation (E = minimum) when

11# h
r=x= —

Vmk

E-Eﬂﬂﬁ\/;’; -ho

Quantum mechanics gives

and then

E.u -'ﬁmfﬂ
Q.74. Making use of the uncertainty principle, evaluate the minimum permitted
energy of an electron in a hydrogen atom and its corresponding apparent distance
from the nucleus.

Ans. Hence we write

r _Ar,p_Ap _h/Ar

Then
L
E=——-=
2msPt 1
2 4
1 (2 mé) me
2mi|r f e
oy = :ez - 53 pi
Hence for the equilibrium state.
4
E=-"% a_136ev.
2h

and then



Q.75. A parallel stream of hydrogen atoms with velocity v = 600 m/s falls normally
on a diaphragm with a narrow slit behind which a screen is placed at a distance | =
1.0 m. Using the uncertainty principle, evaluate the width of the slit S at which the
width of its image on the screen is minimum.

Ans. Suppose the width of the slit (its extension along they - axis) is 6. Then each
electron has an uncertainty AY 8 This translates to an uncertainty

Ap, _h/8. \\je must therefore have

Py > B8,

For the image, hrodening has two sources.
We write

A() = b+A(8)

where A' is the width caused by the spreading of electrons due to their transverse
momentum.

We have
A’ 1 Ik
.v:V,.P’P- m'l.Flb
Thus
I
A(b) = b+ -
For large 8,4(8) .8 44 quantum effect is unimportant. For small 8, quantum effects

are large. But A (9) is minimum when

5V I
my

as we see by completing the square. Substitution gives
& = 1025 % 10" m =~ 0-01 mm

Q.76. Find a particular solution of the time-dependent Schrodinger equation for a
freely moving particle of mass m.



Ans. The Schrodinger equation in one dimension for a free particle is

2
I‘.ﬁ-ﬂ'—- I ﬂj'lp

3t 2m g

we write ¥(%:8) =@ (x) x(t). 7ha,

#

LS §
2muy

s

ih )
x - a2 By

)

=&

x (1) _exp (_,
Then

. N2mE
gl(x) _ exp [: & x)
E must be real and positive if ¢(X) is to be bounded everywhere. Then

W (x,¢) = Const ﬂp(%(\"?mE:-El)]

This particular solution describes plane waves.

Q.77. A particle in the ground state is located in a unidimensional square potential
well of length 1 with absolutely impenetrable walls (0 < x < I). Find the probability

i 2
of the particle staying within a region 3°'< < T

Ans. We look for the solution of Schrodinger egn. with

-%%-Ew,ﬂixsf

(1)
The boundary condition of impenetrable walls means

Y(xr)=0for x =0 and x = |/
(a5 Y(x) =0 forx<0and x>1,)

The solution of (1) is

V2mE V2mE
+ ;*Bl:u ‘h.

P(x) = Asin x



Then V(0)=0=B=0

VImE

Y(1) =0 = Asin——=

I=0
A=0s0

VimE

——I=nxn

h

P w

ym— ,m=1,2,3,..
Hence 2ml
Thus the ground state wave function is

nx

Pix) = Asin T

We evaluate A by nomalization

i =
1 = A? m“ﬂdx-fifsm*adﬁ-a’i-f—
) I n A x 2

21

! .
—sXs =i

Finally, the probability P for the particle to lie in 2

2 =3 2x3
- Ef sin0d0 = lf (1-c0s28)d0
o b 4
=3 =3



Q.78. A particle is located in a unidimensional square potential well with infinitely
high walls. The width of the well is 1. Find the normalized wave functions of the
stationary states of the particle, taking the midpoint of the well for the origin of
the x coordinate.

Ans.

-l =X = %
Here . Again wc have
Yix) -Em—-—-—-z:E't+Asm-*—2:Ex

. w(: %} =0
Then the boundary condition

B v2mE | A.\I"ZmEI_ﬂ
m-————z_h x sin %

gives
There are two cases.

A=0 vimEI n
=0, =M+
(1) 2h 2

gives even solution. Here

V2mE -[1u+1}$

E, = (2ne 17
= (2n+1
and " 2ml

YPa(x) = V % cos (Zn+1) gf_.t



n=0,1,2,3,...

This solution is even under x — - X .

v -V a

Q.79. Demonstrate that the wave functions of the stationary states of a particle
confined in a unidimensional potential well with infinitely high walls are
orthogonal, i.e. they satisfy the condition

This solution is odd.

I
[ Vntper dz = 0 if 0" o= n.
3

Here | is the width of the well, n are
integers.

Ans. The wave function is given in 6.77. We see that

i
[ wa () w0 (2)dx
1]

!
-2 sin T2 sin ——-—“andx
l I !
0

i
= %f [m{n-n'}%-ms{n+n'}% dx
1]

sin{:unu’}H
sin(n-n")xx/1 !

(n-n)7  (nea)TE

= l e
i .



If n=n', this is zero as nand n' are integers.

Q.80. An electron is located in a unidimensional square potential well with
infinitely high walls. The width of the well equal to 1 is such that the energy levels
are very dense. Find the density of energy levels dN/dE, i.e. their number per unit
energy interval, as a function of E. Calculate dN/dE for E=1.0eV if I=1.0 cm.

Ans.
_
We have found that = 2mlI?
Let N (E) = number of states upto E. This number is n. The number of states upto E +

dEisN(E+dE)=N(E)+dN (E). ThendN (E) - 1 and

dN(E) _ 1
dE AE

where AE = difference in energies between the nt & (n + 1) level

{n+1',|z—n=nz 2 2n+l 2
S LS Bl e L
2ml 2ml

“'.2-&2 L

—_—2n, meglecting 1 << n)
'szz (neg ng

o 2mi?
- :I'Ifz-hz er_xE

=
2mi?

%ﬁl - 0816 x 107
\For the given case this gives levels per eV



Q.81. A particle of mass m is located in a two-dimensional square potential well
with absolutely impenetrable walls. Find:

(a) the particle's permitted energy values if the sides of the well are |, and |;;

(b) the energy values of the particle at the first four levels if the well has the shape
of a square with side I.

Ans.

(a) Here the schroditiger equation is

11-2 A
ax’a v=Ev

we take the origin at one of the comers of the rectangle where the particle can lie. Then
the wave function must vanish for

x=0 or x =1
or y=0ory=l.
we look for a solution in the form

Y = Asink; xsink; ¥

cosines are not permitted by the boundary condition. Then

and

Here n., n; are nonzero integers,
(b) If b = & = Tthen

E - "%*énz
7 iml*

Lsleve| - M =m=1—>x' =987



=1 n =12 5
nl-z,n!-l}*'z"z‘z‘”

nilevel :

Jeleve] (™ = % =M= 2 —>4x =395

J'Il-l,nziﬂ-

nl-a,n2-1}”*5"1"'93

4ulevel :
Q.82. A particle is located in a two-dimensional square potential well with
absolutely impenetrable walls (0 <x<a, 0<y<b).

Find the probability of the particle with the lowest energy to be located within a
region 0 < x < a/3.

Ans. The wave function for the ground state is

Yy lx, y) = Asin:—xﬁnibz

we find A by normalization

a d
- A2 2RE 2By | ,28b
1 A_!d:_{dyam o sin” A 3

A= )
Thus Vab

Then the requisite probability is

a3 b
A in?EE 2 BY
P-J“‘dxfdy op M- sin”
n

dx sin,zl"-JE
on doing the y integral

3 sin 22
jd I-c:ns—zmx ~1la. 3
0 a ald 2xn/a -

o
e

B =

= 0196 = 196 %.

Y
H |

1
3



Wave Properties of Particles. Schrodinger Equation
(Part - 3)

Q.83. A particle of mass m is located in a three-dimensional cubic potential well
with absolutely impenetrable walls. The side of the cube is equal to a. Find:

(a) the proper values of energy of the particle;

(b) the energy difference between the third and fourth levels;

(c) the energy of the sixth level and the number of states (the degree of degeneracy)
corresponding to that level.

Ans. We proceed axactly as in (6.81). The wave function is chosen in the form
v(x6yz) = Asinkxsinkysink,z.

(The origin is at one comer of the box and the axes of coordinates are along the edges.)

The boundary conditions are that ¥ = © for
x=0,x=a y=0,y=a,z=0,z=a

This gives

The energy eigenvalues are

L
E(ny, ny, n3) = : 3 (n]+n3+ny)
Ima

The first level is (1, 1, 1). The second has (1, 1, 2), (1, 2, 1) & (2, 1, 1). The third level
Is(1,2,2)or(2,1,2)or (2,2, 1). Its eneigy is

9 i h?

2ma

The fourth energy level is (1, 1, 3) or (1, 3,1) or (3, 1, 1)

11 2’
. E= - .
Its eneigy is lma




2
ﬂ-Eg—Ej--ﬁ Jt:'

(b) Thus ma

(c) The fifth level is (2, 2, 2). The sixth level is (L, 2, 3), (L, 3, 2), (2, 1, 3), (2, 3, 1), (3,
1,2), (3,2, 1)

Its eneigy is

T
- T

and its degree of degeneracy is 6 (Six).

Q.84. Using the Schrodinger equation, demonstrate that at the point where the
potential energy U (x) of a particle has a finite discontinuity, the wave function
remains smooth, i.e. its first derivative with respect to the coordinate is
continuous.

Ans. We can for definiteness assume that the discontinuity occurs at the point x = 0.
Now the schrodinger equation is

2
LY (v () - Ev ()

Im=g; 0 X=+Ey

We integrate this equation around x =0 i.e., from where *1* ®2 are

small positive numbers. Then
ey

“'2—"4’-4; -_f (E-U(x)w(x)dx

Zm
T

.-2

dy dy 2m

[dx ]--a_( dx ]_H T f[E_U“‘”n w(x)
-5

Since the potential and the energy E are finite and y(x) is bounded by assumption, the

integral on the right exists and 0 2 #1> 2770



[%] -[%{‘f—] as gy, g =0
Thus T o
()
d
So : Is continuous at x = 0 (the point where U (x) has a finite jump discontinuity.)

Q.85. A particle of mass m is located in a unidimensional potential field U (x)
whose shape is shown in Fig. 6.2, where U (0) = * . Find:

U
1
t A
L |
& { &

Fig. 6.2

(a) the equation defining the possible values of energy of the particle in the region
E < U,; reduce that equation to the form

sin kl = kI V R 2mi*U7,,

where * =V 2mE/k.Solving this equation by graphical means, demonstrate that the
possible values of energy of the particle form a discontinuous spectrum;

(b) the minimum value of the quantity 12U, at which the first energy level appears
in the region E < U,. At what minimum value of I2U,does the nth level appear?

ANS.
Y%
I I
— ==
f x={
> X
CLLEALE LA

(a) Starting from the Schrodinger equation in the regions | & I



—‘il+2mE‘p = u I in _f
2
d T (1)

dz‘g - ZME{E“_E}w =0 xin lf
dx h (2)

where U, > E > 0, we easily derive the solutions in | & II

W(x)=Asinkx+Bcoskx (3)

Wo(x)=Ce" +De™ ™"

(4)
P ZmE, o = 2m(Uy-E)
where 7 #

The boundary conditions are

‘F{ﬂ}-ﬂ (5)

W & [d_llt)
4% | are continuous at x = /, and y must vanishatx =+ = .

and
Then ¥r = Asinkx
and Wy = D™
SO Asinkl = De™®!

kAcoskl = —aDe™ "'
From this we get
tan k[ = -£
(&}

[ sinkl =z kl/ Vi +ali?

2




=+ kIVH/2mU,1° ®)

Plotting the left and right sides of this equation we can find the points at which the
straight lines cross the sine curve. The roots of the equation corresponding to the eigen
values of energy E;and found from the inter section points (kl);, for which tan (kl); <0
(i.e. 2@ & 4" and other even quadrants). It ii seen that bound states do not always exist.
For the first bound state to appear (refer to the line (b) above)

pi
{k'f}l.mln = £

L (% Up)ymin = x K
(b) Substituting, we get am

as the condition for the appearance of the first bound state. The second bound state will
appear when Id is in the fourth quadrant The magnitude of the slope of the straight line
must then be less than

1_
3n2

2 min

in LS n
. ( = =05 =02x2-1)3
Corresponding to 2 2 2

For n bound states, it is easy to convince one self that the slope of the appropriate

straight line (upper or lower) must be less than

(KD in = @n=1)7



A (2n-17 2 F
n .

Bm

The

Do not forget to note that for large n both + and - signs in the Eqg. (6) contribute to
solutions.

Q.86. Making use of the solution of the foregoing problem, determine the
probability of the particle with energy E = U./2 to be located in the
2> 1, if BU, = (2 n)*2,

region 4

AnNs.

It is easy to check that the condition of the boud state is satisfied. Also

-‘fmﬂnz 3
“I"V%[Uﬂ—f]i’z = —7 1" =

nt 4

Then from the previous problem

Insd
e

V2

D=Ae"sinkl = A

By normalization

Eiﬂ
J=A* fsinzkxdxd- — o (3N 4
° i



1

b | =

(1455) o a=VE(158)

The probability of the particle to be located in the region x > | is

p -1 Jxz 3z
pefax-21ogt) [0
i

1

Q.87. Find the possible values of energy of a particle of mass m located in a

spherically symmetrical potential well U (r)=0forr<r,and U (r)= * forr=r,,
in the case when the motion of the particle is described by a wave function y(r)

depending only onr.
Instruction. When solving the Schrodinger equation, make the substitution y(r) =
X (r)/r.

Ans. The Schrodinger equation is

‘G'*w-l-;;z-'-{E—U{r]}lp =0



P = lzi(,.ﬂd_‘l’_
when y depends on r only, ar

x(r) dv _x
V= rdr r

r

1.4#1

If we put

";"Jtl: - E:
and T Thus we get

j—z}+i—?{E-U{r}}x =

The solution is * =Asinkr, r<rg

kz-ksz
*

and x=0r>n

(For r <1, we have rejected a term 5 cos k r as it does not vanish at r = 0). Continuity of
the wavefunction at r = r, requires

kry = nm

g R

Emrﬁ

Hence

Q.88. From the conditions of the foregoing problem find:

(a) normalized eigenfunctions of the particle in the states for which y(r) depends
onlyonr;

(b) the most probable value r, for the ground state of the particle and the
probability of the particle to be in the region r < r,,.

Ans. (a) The nomalized wave functions are obtained from the normalization

1= [lwprav - [1vlP4xrar



ry Fy
-fAzdnfdr = 4:'1:11.2]' sin> 2L ar
o 1] To

A

T, Fi
-4ndz—ﬂ'f sin® x dr-s‘l-:[.ﬂ.z-g-'ﬂsru*zn.dz
n nx 2
o
. mmr
i sin T
A= and p = 0
Vainr Vaix-r r

Hence

(b) The radial probability distribution function is

., 2RI r

Pu(r) = 4xA(y) = Zsin
il Fo

For the ground staten =1

2AF
o

Pi(r) = Es-ir:
SO Ty

F'D F,
ral I

By inspection this is maximum for 2 Thus ™ 2
The probability for the particle to be found in the region r <r,, is clearly 50 % as one
can immediately see from a graph of sinx.

Q.89. A particle of mass m is located in a spherically symmetrical potential well U
(n=0forr<r, and U (r)=U, forr>

(a) By means of the substitution y(r) = x(r)/r find the equation defining the proper
values of energy E of the particle for E < U,, when its motion is described by a
wave function y(r) depending only on r. Reduce that equation to the form

sin kry= 4= kry V' 22 2mrill,, where k=1"2ZmE/h.
2rr . .
(b) Calculate the value of the quantity "Us at which the first level appears.
ey dtal
Ans. If we put r

) x”+2—r:[E-U{r]]x{r]|-sﬂ
the equation for X(r) has the from *

which can be writtenas ¥+ = 0. 0= r<x



" '1
-1 =0 rperem
and p x [}

2m(Uy-E
£ - 2!1'2.5-"“1_ m : ].
where L L

The boundary condition is

%(0) =0 ]

and yx, ¥ are conlinuous at r = ry

These are exactly same as in the one dimensional problem in problem (6.85) Wc
therefore omit further details

Q.90. The wave function of a particle of mass in in a unidimensional potential field
U (x) = kx?/2 has in the ground state the form y(x) = Ae=2, where Ais a
normalization factor and a is a positive constant. Making use of the Schrodinger
equation, find the constant a and the energy E of the particle in this state.

&£V Im 1,1
—+ S (E-SkHY =0
Ans. The Schrodinger equation is a’ K -

H
. -#x /1
We are given ¥ =Ae™”

]
Then ¥ = -=xAe ™7

1 4
L Y R LoV b b

Substituting we find that following equation must hold

2m

(ﬂzrz-“:."' hg

(E—-;-kt’} W a0

since ¥ * O the bracket must vanish identicall. This means that the coefficient of x2 as

well the term independent of x must vanish. We get

qz-ﬂ I]‘I.d o m

2mE
2 W




Putting k/m = ®?, this leads to ” 2

Q.91. Find the energy of an electron of a hydrogen atom in a stationary state for
which the wave function takes the form y(r) = A (1 + ar) e, where A, a, and o are
constants.

Ans. The Schrodinger equation for the problem in Gaussian units

"inq|l+2—:IIIE

]
&

ez
E+;~]w =10
In MKS units we should read (€/47¢) for €

we put d 7 1)

We are given that * ="V = Ar(l+ar)e”
so X =A(l+2ar) e —aAdr(l+ar)e ®"

¥ = oCAr(l+ar)e * -2aA(l+2ar)e * " +2ade "

2m z
o (r+arf)-2a(l+2ar)+2a +_h—2(Er+e )x(l+ar) =0

Equating the coefficients of r? r, and constant term to zero we get

zmez
2a=2o+ = (]
# (2)
aui-r;’;t—TEa =0
3)

3.2—441{'1-1-1—;” {E+ela"j =0

(4)

ol
2m

or E = =

From (3) eithera =0,



o m ei E L o’ me'
. - l——-!— ' - = — - o —T
In the first case Zm 2h

This state is the ground state.

2 2

& 1 me

i = 0O — _2' 2_2

It n the second, case h L
4 2
e 1me
Emcgw ™y

This state is one with n = 2 (2s).

Q.92. The wave function of an electron of a hydrogen atom in the ground state
takes the form y(r) = Ae-/r,, where A is a certain constant, r, is the first Bohr
radius. Find: (a) the most probable distance between the electron and the nucleus;
(b) the mean value of modulus of the Coulomb force acting on the electron;

(c) the mean value of the potential energy of the electron in the field of the
nucleus.

Ans. We first find A by normalization

[--]

p 2
1 -J.M:Aze'z"'" Pdr = E: ri_re",rln‘,r =xA’r
0 0

since the integral has the value 2.

1

Vnan

1
A - — A=
n,{ or
Thus

(a) The most probable distance r,, is that value of r for which

P(r)=d4xr|p(r)|?®= 4 et
n

IS maximum. This requires

F(r}-%{zr-%]e'i'ﬁl.u
1



r=r=r,.

or i

(b) The coulomb force being given by - &7, , the mean value o f its modulus is

2

1 -2rfr, E
-:F}-J.-imrj'"—f V=dr

xr e

4e —1r.-"r 2'5'3 - zfi
tdr = dy = —
ﬁ 7 Je

=‘-—-'l

In MKS units we should read (€/4ze,) for &

<U.‘-'-f4:|'lf2 lr’ -lrfr,i -—-—fxe"‘dx--—
u T r

(©)

2 2
In MKS units we should read (€74 %) for e

Q.93. Find the mean electrostatic potential produced by an electron in the centre
of a hydrogen atom if the electron is in the ground state for which the wave
function is y(r) = Ae-/r,, where A is a certain constant, r, is the first Bohr radius.

Ans. We find A by normalization as above. We get

1

Var

A =

Then the electronic charge density is

-2rir,

p-ely]®=-e = up(i)
1

The potential ¥ (7 due to this charge density is

@(F) = f{',:S—F%d’r

1
4 ey



41‘-5“

i L= 4r  _aes
o l;p{l]}- f%ﬂ 4ﬂr’2dr 45;01‘ f{ E ‘dr
so at the origin [ ’

[ —-X e
- dx = = —mM8 8 —
4!'550'-"1 -[IE x {41‘:E0}F1

Q.94. Particles of mass m and energy E move from the left to the potential barrier
shown in Fig. 6.3. Find:

(a) the reflection coefficient R of the barrier for E > U,;

(b) the effective penetration depth of the particles into the region x > 0 for E < U,,
I.e. the distance from the barrier boundary to the point at which the probability of
finding a particle decreases e-fold.

i
£ t
l 4
L. -
a7 r
Fig. 6.3.

_ ey 2me payyy -0
Ans. (a) We start from the Schrodinger equation 4%

which we write ag ¥ +& % = 0, x<0

2mE
v

and W@ W, =0 x>0

2 2m
a* = —(E-U;) =0
7'2{ ﬂ]

It is convenient to look for solutions in the form

ikx =ikx

Wyeme +Re x<



Yy =Ae'®*+Be " x50

ik

In region | (x < 0), the amplitude of €*** is written as unity by convention. In Il we

expect only a transmitted wave to the right, B = 0 then. So

P, = At x>0

dy v =
The boundary conditions follow from the continuity of rhgeHr=
1+R=A

iK(l1-R)=ioA

k-a
k+a

_g_'
Then 1+

[

or R =

E =]

The reflection coefficient is the absolute square of R:

k-a :

r= IRF “lk+a

2 2
(b) In this case &<Uo» @ = =B"<0.Then ¥; i ynchanged in form but

W, = Ae P*rBetP”

we must have B = 0 since otherwise y(x) will become unbounded as * — * Finally
W, = Ae P*

Inside the barrier, the particle then has a probability density equal to

" = 14rere

1
This decreases to € of its value in
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Q.95. Employing Eg. (6.2e), find the probability D of an electron with energy E
tunnelling through a potential barrier of width | and height U, provided the
barrier is shaped as shown:

(a) in Fig. 6.4;

(b) in Fig. 6.5.

Uy /yﬂ
E ” 1
I 3
e I-( - { ‘l ¢

Fig. 6.4. Fig. 6.5. Fig. 6.6.

Ans. The formula is

D = exp

x5
_%f VIm(V(x)-E) dx}

Here V(X.) = V(x,) = E and V(x) >E in the region x, > X > X..
(a) For the problem, the integral is trivial

D ~ cxp [- o \"EM(U.,-E}]

(b) We can without loss of generality take x = 0 at the point the potential begins to
climb. Then

0 x=0
Ulx) = U.,%ﬂ zx<]
0 x>1



*

I
D = exp -—%f V{Em(ﬂn§‘5] dx
i

Then

. -

z1f2mb" E

-I:H]?[—i 1 ﬂf\fx—xn. JIIIQ-IE};
]

)

SVEE (i)

T i Uy

% szq 3 32
-cxp[-_h I 3[1"'1'0}

= eXp

41 372
= cxp[- —311U&[U“‘-Ej '-'Em]

Q.96. Using Eq. (6.2e), find the probability D of a particle of mass m and energy E
tunnelling through the potential barrier shown in Fig. 6.6, where U(x) = Us(1 —

x/le).

U(x) = u.,{lnxz],

7

Ans. The potential is The turning points are
E @ E
Fn-l_f_z or x = x [ l—En'.
IV 1-(EUL)




W1-(EUy)

= exp _:_; f Y2mU V 1-%_:—2‘{;
o

X
cen |- VI [ VETF
o

-rﬂ"ll"'E:Fﬂ

The integral is

4

% =2
f V xi-# drnxﬁ,jmzﬁdﬂ - Exﬁ
o 0

D = exp -"T’ﬂzmu.,[1,§-]]
0
Thus
2
- e |- 5V (00-E)
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