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5.2 Trigonometry 

STANDARD SYMBOLS 
The following symbol's in relation to !lABC are universally apopted . 

. • mLBAC=A 
mLABC=B 
mLBCA=C 

A+B+C=1r 
AB = c. BC = a, CA = b 

S . . fh . I a +b+c • ema-penmeter o t e tnang e, s = ---
2 

So. a ;+- h + c = 2s 

A 

· Fig. 5.1 

• The radius ofthe_.circumcircle of the triangle, i.e., circumradius = R 
• The radius ofthe incircle of the triangle, i.e., inradius = r 
• Area of the triangle = 1::. 

·. SINE RULE 
a b c 

The sine rule is - - = - - = -- = 2R 
sin A sin 8 sin C 

a 
We shall prove here that - - = 2R. 

sin A 

Cas~ J: 

1t 
O<A<-

2 

Suppose 0 is the circumccntre of MBC. 

80 intersects the circumcircle at D. 

'Fig. 5.2 

Here, BD = 20B = 2R and L.D = L BDC :=LA 

Now in /::.BCD, mLBCD = 1t 
. . - 2 

=:) sinD= BC = _!!_ 
BD 2R 

[angles in the same segment] 

• .[angle in a semicircle) 

(i) 



. a 
::::::> smA=-

2R 
a 

::::) -- =2R 
sin A 

CaseJJ: 

11ABC .is right angled and A = 7r 
. 2 

BC is a diameter of~he circumcircle. 
.. BC=2R 

Now a= BC = 2R = 2Rsin n · =2RsinA 
' 2 

a 
--=2R 
sin A 

Case Ill: 

1r 
· -<A<n 

2 

c 

Fig. 5.4 

As LA is obtuse, so A is on the minor arc BC. 
Now, take any point Don the major arc BC. 

1r 
Here,, mLBDC= n-A <-

. . 2 

Now in llBCD, sin (L BDC) = BC 
BD 

. a 
::::::> sin(n- A) =-

2R 
. a 

::::::> smA=-
2R 

::::::> a=2RsinA 

[;<Ao] 

Solutions and Properties of Triangle 5.3 

[using Eq. (i)] 

(ii) 

[using Eq. (ii)] 



5.4 Trigonometry 

. a 
Thus, in each case, ~A = 2R. 

sm 

. . b c 
Similarly, we can prove that -:--

8 
= 2R and ---:--C = 2/?. 

s1n s1n 

a b c 
--=-=--=2R 
sin A sin B sin C 

Nepier's Formula 

i. tan ( 8 - C) = b -: c cot A 
2 b + c 2 

ii. tan ( C - A) == =-.:..!!.. cot 
8 

2 c +a 2 

iii. tan (A - 8 ) ·= a - b cot C 
2 a+ b 2 

Proof: 

b c 
i. From the sine rule, we have ~B = ·~c 

SIO Sin . 

=> 
sin 8 b 

sine c 

sin B- sin C b- c 
-----=-
sinB+sinC h +c 

=> 

=> 

2 cos ( 8 + C) sin ( 8 
- C) 

2 2 b- c 

2 . (B +C) (B-C)=~ sm cos 
2 2 

. => cot ( B + C) tan ( B - C) = ~ 
2 2 b + c 

=> tan A tan ( B - C) = bb- c 
2 2 + c 

tan ( 8 ~c) = b- c 

A b +c 
cot-

2 

=> 

=> tan ( 8 -C)= b- e cot~ 
2 b +c 2 

Similarly, we can prove the other fonnulac. 

Note: 
.. . --. 

Thesefornwlae are also known as tangent rules. These are useful in calculating the remaining paris 
of a triangle whe_n _two sides and i~cl_ud~d angle are lJi~~e~: .. . . . . . . ... ... .. . 



Solutions and Properties of .,. 'angle 5.5 

Example 5.1 The perimeter of a triangle ABC is 6 times the arithmetic mean oft he sines of its augles. · 
lfthe side a is I , then find angle A. 

Sol. 

G
. h b 

6 
sinA +sinB+sinC 1vcnt ata+ +c= x-------

3 
=> 2R (sin A+ sin B +sin C)= 2(sin A +sin B + sin C) 

a 
Now -- =2R 

' sin A 

=> sinA ;::;:_!_(·:a= l) ~A =30° 
2 . 

~R= l 

Exam pi(' ~.2 
cosA cosB· cosC . . 

If --= --= - - and the s1dc tl = 2, then find the area of the tnangle. 
a b c 

cos A cos B cos C 
Sol. --=-- = --

a b c 
cos A . cos B cos C 

~ = = 
2Rsin A 2Rsin B 2Rsin C 

=> tan A = tan B = tan C 

=> ll. is equilateral 

J3 2 ' r::: => Area ll. = -a = ...;3 (as a= 2) 
4 

Example 5.3 If A= 75°, B =45°, then prove that h + c ..fi =2a. 

Sol. A=15°,8=45°=>C=60° 

a b c 
-=-=--=2R 
sinA sinB sinC 

=> a = b = c =2R 
sin 75° sin 45° sin 60° 

h 
~2 sin 45° ~2 sin 60° 

=> + c-v t. :;::;: a + v .1. a 
sin 75° si~ 75° 

1 J3 . 
'2 ~ 2 2 2J3a = "'" a+v2 a= a+ =2a 

J3+1 J3+1 J3+I ~+I 
2J2 zJi 

. . 

Example 5.4 If the base angles of a triangle are 22.!. 0 and 112.!. 0 , then prove thatthe altitude oft he 
·2 2 

triangle is equal to !. of its base. 
2 

Sol. 
A 



5.6 Trigonometry 

ln MBC, BC = _A_C_ 
sin45° 1 · sin 22- 0 

2 

In MLC, AL =sin 67 ..!_o 
AC 2 · 

1 
AL =ACcos22 - 0 

2 

~ AL= .BC . sin22..!. 0 cos22..!_o [usingEq. (i)] 
~n45° 2 2 

= .!. BC sin 45° 
2 sin45° 

1 1 
~ AL = - BC = - ofbase. 

2 ~ 2 

J~xan1ple 5.5 · 
1 +cos(A-B)cos C a2 + b2 

Prove that = ~-::-
1 +cos(A ~ c) cosB a2 +c2 

• 

Sol. 

Sol. 

1 +cos(A-B)cosC = 1 -cos (A .:... a) cos (A +B) 
1 +cos(A - C) cos 8 1 - cos(A - C) cos (A +C) 

= 1-- (cos
2 

A -si~2 B) sin2 A +sin2 B 

1 -(cos2 A -sin2 c)· .sin2 A+ sin2 C 

a2 +bz 
= 2 2 [usinga=2RsinA,etc.] 

a + c 

P
. h a2sin(B-C) 'b2sin(C -A) c2sin(A-B) 

0 rove t at + + = . 
sinB + sinC sinC + sinA sinA + sinB 

a 2 sin (B-C) 4R2 sin2 A sin (B - C) 
sin 8 +sin C 

·Similarly, 

= 
sin B + sinC 

= 4R2 sin A .sin (B +C) sin (B- C) 

sin B +sin C 

4R2 sin A (sin2 B - sin2 c) 
·-

. sin B -+ sin C 

=4R2 sin A (sin B ~sin C) 

b 2 sin ( C - A) · 
. C . A = 4R2 sinB(sinC- sinA) 

sm + sm . 

(i) 



Solutions and Properties of Triangle 5.7 

r? sin (A - B) 
and . . = 4 R2 sin C (sin A - s in B) 

stn A +stn B 

Adding, we get 

a2 sin(B-C) b2 sin (C-A) · c2 sin (A - B) 
. l'1 • C + . C . A +· . A . B = O Sin J +Sin Slfl +Sill Sltl +Stn 

I . I ·r az._ b2 sin( A...: B) h h I . I i . h . h n any tnnng e, • 2 2 == • , t ~n pro\'c t at t ac tnang e s e1t cr rag t 
a + b . sm(A +B) · 

angled or isosceles . . 

a2 -b2 sin( A - 8 ) 
Sol. =----

a2 + b2 sin(A +B) 

4R2 sin2 A-4R2 sin 2 lJ sin (A-/J) --:----:-----:---:--= ___ ..;... 
4R2 sin2 A+ 4R2 sin 2 B sin (A+ B) 

sin·(A+B)sin(A-B) sin (A-8) . 
= 

sin2 A+sin2 B sin(A+B) 

sin (Tr- C) 
=> · sin (A- B)= 0 or . 2 . 2 = --- -

sm A+ sm B sin(1r-C) 

'::::} A = Borsin2C = sin2A+sin28 
=> A= B or c2 = cl + h2 [from the sine rule] 
Therefore, the triangle is isosceles or right angled·. 

ABCD is a trapeziun~ such thatAB II CD and CB is perpendicular to them. If LADB = 6, 

(p 2 + q 2 )sinO 
BC == p and CD= q, show that A.B = . 

pcosfl+qsmO 

Sol. 

Let L.ABD= LBOCc a 
.. L BAD= 180°- (0 + a) 
By the sine fonnula, in llABD, we have 

AB BD 

sinO= sin(l80°- (8+a)) 

Fig. 5.6 

AB= BD sin 8 == IJD ~in 8 
· · sin (B +a) sin 9 cos a +cos O sin a 

.(i) 



5.8 Trigonometry 

In 6. BCD, sin rx= p/BD 
and cos a=·qfBD. Also BD2 == p2 + (l 
Therefore, from Eq. (i), we have 

BD . 8 BD2 sin 8 
AB= Sin = = 

sin 8 (q!BD) + cosfl (pi BD) qsin 8 + pcos8 

.(J}+l) sin 9 

pcos() + q sin 8 

E~amplc 5.9 In a tria ngle ABC, LA::::: 60° and b: £• = ..J3 + 1 : 2, then find the value of(LB- LC). 

Sol. 

.J3+1 IJ-c .../3+ 1-2 . .../3._.1 I 
-= ~--= = -.,,........--

2 h+c .J3+1+2 . (J3+ J)J3 

b 

c 

8-C b-e A . .J3-I ../3 ~ 8-C· 
Nowusingtan =--cot-.wegct -=2-.....;3~ =15° 

2 b~c 2 .' (J3+~)J3 2 · 

:. B.- C= 30° 

Concept Application Exercise 5.1 

I I 
I -tan -A tan -IJ 

I. Prove that _c_ = 2 2 . 
a+ b I+ tnn .!_ALan.!_ B 

2 2 

2. If the angles of triangle ABC are in the ratio 3:5:4, then find the value of a+ b + c .J2. 
3. Prove that a cos A + h cos B + c cos C =.4R sin A sin 8 sin C. 

2 2 2 

4 F. d I I f a +b +e . . h I d . I . m t 1e va ue o R
2 

111 any ng t-ang c tnang e. 

5. In triangle ABC, if cos2.A + cos2 lJ- cos2 C = I, then identify the type of the triangle. 

6. If angles A, 8 and C of a triangle ABC are in A.P. and if £ = ~ , t~en find angle A. 
. c .....;2 

7. Prove that h2 cos 2A- a2 cos 28 = h2 - c?. 

COSINE ~ULE 
In a dABC, we have 

b2 +c2 _ a2 
cos A= , 

2bc 

c2 + ti- b2 

cos8=-----
2ca 
a2 + h2 _ c2 

and cos C = ----
2ab 



Solutions and Properties of Triangle 5.9 

- b2 + c2 - a2 
We shall prove that cos A = -----

2ab 

' 

· A 

bsin c 

s~----~------~--------~c 
D ~---:-- b cos C 

..... !---- - 8 --------.... 

Fig. 5.7 

From Fig. 5.7, BD =z a-b cos C. Now, in triangleABD, 
AB2 = AIY + BD2 

~ c2 = (h sin ci +(a- b cos C)2 

= b2 sin2 C + a2 + b2 cos2 C- 2ab cos C 

= (b2 sin2 C + ti cos2 C)+ a2 - 2ab cos C 

= h2 + cf -2ab cos c; 

C
. a2 + b2 _ c2 

~ cos =-----
2ab 

Note: 

• The above proofwi/1 not change even ~'{LA is '' right angle or an obluse angle. 

• If the lengths ofthe three sides of a triangle are known. we can find all the angles by using cosine 
rule because thi.li rule gi,:es us cos A, cos Ban~/ cos C. We know that A, Band Care in (0, 1t) and 
the cosine function is one- one in ro, n], So, A, B andC~ are precisely determined. Similar~v. ((two 

b2 + c2 _ a2 
sides (sa;-' hand c) and !he included angle A are given, the cosine rule cos A = will 

2bc 

give us a and then knowing tJ~ band c we can find /J and C b); the cosine rule. 

Example ~.I 0 
. c c 

In MHC, ~>rove that (n-h)2 ~os2 2"+ (a+ b)
2
sin2 2" = c2

• 

Sol. LHS. 

= (a2 + b2
- 2ab) cos2 C + (a2 + b2 + 2 ab) sin2 C 

2 2 

=a +b ... + 2ab sin~ -..,-cos -2 ., ( .. C ·2 CJ 
. 2 2 

""' a2 + h2 
- 2ab cos C 

= ; + b2 _ ( a2 + 62 _ c2) = c2 

Example 5.ll In llABC, if(n + h +c) (a- b +c)= 3ac, then find LB. 



5.10 Trigonometry 

Sol. 
(a+ c)2- i/ = 3ac ~ q2 + c2 - b2 = ac 

a2 +c2 -b2 l TC 
But cos B = = - => B = -

2 OC 2 3 
1 

If a= J3,h= 
2 

{.J6 + J2)and c =Ji ,then findDA. 
' • • ' • ' • I~ ·'.! 
.:t~xa-.'11 jifc.5:n -.: 
'- ..._ .. . . . ...... ' , " .. 
,; •, . . - -· ~--

I 

2 

1C 
~A=-

3 

. t x ~ rii ri.l~-5:~ ~;1. 
; I • ' • • o ~ o • 

If the angles A, B, C of a triangle are in A.'P. and sides a,h, c arc in G. P., then pr:cwc that a1
, 

h2
• c2 arc in A.J>. 

Sol. 

Sol. 

Sol. 

Given. 2B=A + C~3B= 1r~ B= Td3 
Also;, b, c in G.P. => b2 = ac . 

. 1 c2 +a2 -1>2 
Now, cos B =cos 60° = - = ----

= ca = ? + c?- b2 

==> 2b2 = c2 + (? 
==> J-, b2

• ~are in A.P. 

2 2C(l 

J fin a triangle ABC, LC = 60°, then prove that ._· _I_+ _l_ = 3 

a+c b+c a+b+c 

By the cosine 1brmula. we have ' . 

c2 = a2 + b2 
- 2ab cos C ~ c2 =- c? + h2 - 2ab cos 60° = c? + b2 .:.. ab 

1 1 3 
Now --+------

1 a+c b+c a+b+c 

= [(b +c) (a ~b +c)+ (a +c){n+b +c) -3 (a +c) (b +c)]. 
((1 +b)(b+c)(a +b +c) 

(i) 
(ii) 

[by using Eq. (ii)) 

(i) 

( a 2 +b2 -ab) -c2 

= =0 [fromEq.(i)] 
((l +b)(b +c) (a +b+c) 

1 J 3 = --+--=---
a+c b+c a +b +c 

Jnatriangle,ifthcanglesA,BandCarcinA.Jl,showthat 2eos!(A-C)= 
1 

a+c 
2 va2 -ac+c2 

Since angles A, Band Care in A.P. 
:. A +C=2B 
But,A+B+C= 180°=>38= 180°=>8= 60° 

1 a2 + c2 - b2 

Now, cosB=- =-----
2 2ac 

==> d- + c? - b2 = ac 
=> a2 - ac + c2 = b2 

a +c a +c 2R(sin A +sin C) . 
=> . = -- = -----------

Ja2 -ac.: +c2 b 2R sin B 



Sol. 

Solutions and Properties of Triangle 5:11 

2 . (A+ c) (A-c) Sin COS 

= 2 2 = 2sin 60° cos( A - C) = 2cos(A -C) 
sin B sin 60° · 2 2 

The sides of a triangle arc~+ x+ l, 2x +I and .~ --.1, prove that the greatest angle is 120°. 

Let a = ; + x + 1, b = 2x + i and c =; - I. . 
First of all, we have to decide which side is the greatest. We know that in a triangle, the length of each side 
is greater than zero. Therefore, we have b = 2x + I > 0 and c-=.x2- I > 0. 
~ x >- I /2 and x2 > I · · 

~ x > - l /2 and x <- I or x > 1 => x > 1 
a=;+ x +"I= (x + 1/2)2 + (3/4) is always positive. 
Thus,. all sides a, band care positive when x > J. 
Now,x> 1 :::> ;>x 
=> x2 + x + I > x + x + 1 
:::> x2 +x+l>2x+l=>a>b 
Also, when x > 1, 
x2 + x + I > ~- I :::> a> c 
Th~s, a- i +x + I is the greatest side and the angle A opposite to this side is the greatest angle . 

b2 + c2- a2 
cosA= - --- -

2bc . 
= ( 2x + 1 )

2 
+ ( x2 

-1 t -( x2 + x + l t 
2(2x +1) (x2 -1) 

-2x3 -x2 + 2x +1 l 
=~------,.. 

2 ( 2x3 + x2 - 2x - 1) :;;; -2 
=cos 120° 

·1·::\amplr ::;:17 TriangleABChasBC=I andAC=2. Find the maximum possiblevalucofangleA 

Sol. 

Using cosine rule, we have 

e x2 + 4 - 1 
cos =----

4x 

x2 +3 
= - -

4x 



5.12 Trigonometry 

8 

.·~ 
· A C 

2 
,. Fig. 5.8 

l·lcnce, cos Ois minimum if x = J3. 

Therefore. the minimum value of cos 8=2 x J3 = J3 , and 
. 4 2 

1r 
the maximum value of 0= 

6 

Ex<lmplc 5.18 Let a, hand c be the three sides of a triangle, then prove that the equation b2~ + (h2 + c1 

- a2)x + c2 = 0 has imaginary root~: 

Sol. . . 
h2x2 + (b2 + c2

- a2)x + c? = 0 

Letf(x) = b2x2 + (2hccosA)x + c2 
• 0 

Also in MBC, where A E (0, n) in a triangle, we find cos A E (-I , I) 
::} 2hc cos A E (-2bc, 2bc) 

~ .D = (2bc cos Ai-4b2c? = 4b2J (cos2 A - I) < 0· 

Hence, Lhe roots are imaginary. 

Ex~unplc 5:19' · Let a s h~ c be the lengths of the sides ~fa triangle. If t11 + h2 < c~, then prove that 6 is 

obtuse angled: 

Sol. 
a2 + b2 < c2 

=> dl + b2 < ci + b2 - 2ab cosC 
~ cosC < 0 
~ C is obtuse 

,-----------11 Concept.Application Exercise 5.2 .~---------:---...., 

J. Jfthe sides of a triangle are a, ~ and ~a2 +ab'+IJ2 , then find the greatest angle. 

2. Prove that (a - hi cos2 ~ +(a +b)
2 

sin2 .~ =:= c2
. 

3. If the line segment joining the points A (a, b) and 8 (c, d) subtends an angle 8 at the origin, then 

ac+bd 
prove that cos 0 = . 

J<a2 +b2)(c2 +d2) 
• 

4. Prove that in MBC, a2
, h2

, c2 are in A.P. if and onJy if cot A, cot 8 , cot C are in A.P. 
5. 1 f x , y > 0, then prove ~hat the triangle whose sides are given by 3x + 4y, 4x + 3y and 5x + 5y units is 

obtuse angled. 



Solutions and Properties of Triangle 

6. In MBC, angle A is 120°, BC+ CA =? 20 andAB +DC= 21. Find the length ofthe sideBC. 

7. ln6ABC,AB= J,BC= 1 andAC = I/.J2 .1ni:1MNP, MN= J,NP= 1 and LMNP= 2LABC. Find the 

sideMP. 

PROJEmON FORMULA 
A 

a~--~~--------------~c ccosB o _____ bcos C 

..----- 8 --------1 .... 
Fig. 5.9 

Projection of AB on DC= BD = c cos B 

Projection of AC on BC::: CD= b cos C 

Now, BC =a= BD +DC= c cos B + b cos C 
Similarly, other formulae follow. 

Ex:uliJ>Ir 5.20 Prove that a(b cos C- c cos B)= b2 -c2
• 

Sol. a (b cos C- c cos B)= (b cos C + c cos B)(b cos C- c cos B) 

= b2 cos2 C - c2 cos 2 8 

Ex:unpk 5.21 

= b2 (I - sin2 C).- c2 (I - sin2 B) 

= b2 - c2 -(b2 sin2 C- c2 sin2 B) 

= b2
- c2 [as by the sine rule b sin C = c sin B] 

Jf in a triangle a cos2 C + c cos2 A = Jb , then find the relation between the sides of the 
triangle. · 2 2 2 

Sol. a cos2 C +ccos2 ~ = 3b 
2 2 2 

~ a(l + cosC) '+ c(I +cosA) = 3b 
~ a+ c +(acos C+ccosA)=3b 
=> a + c + b == 3b [by the projection formula] 
=> a+ c = 2b 
~ a, b, c are in A:P. 

Ex;unplt' 5.22 Prove that (b +c) cos A+ (c+ a) cosB +(a+ h) cos C= 2s. 

Sol. (h+ c)cosA+(c+a)cosB + (a + b)cos C . 
= (bcos A +acosB)+(ccosA+acos C)+(bcos C+c cos B) = c + b +a= 2s 



5.14 Trigonometry 

1"·-i:l!r.:~lli~>I!Hi-tll:! •'I~ • '1~~.~:m •:j'tli.:t»:.-.,~~~~-~~( otrH1~~'e!~i"';".:!'!~ '•41.~n 
Concept .App1ieat1on· Exerc1se 5.3 
')·~··lfolll't .~t•·••"l'ff t!IIJ.t.',li!U ~ • .,. ,,..._,..,.~, ,1,..,11-:,t, ,.a,,. • ~·-~4., Ao'lt.,,,~"'~t !2 "l.h tGt.,.,.,, 

1. ln 6ABC, prove tha~ c cos (A- a) + a cos (C + a) ;;:;; b cos a 

2. p ' h cos C +cos A cos 8 1 
rove t at +--=-. 

c+a b· ' b 
3. Prove that a(b2 +c2) cos A + b(c2 + a 2)cos B + c (a2 + b2

) cos C = 3abc. 

HALF-ANGLE FORMULAE 

1
. . . A ~(s- b) (s- c) 
• 1. sm - = 

2 be 

Proof: 

.. . B ~(s - c) (s - a) n. sm - ;;:;; 
. 2 . ca 

... . C ~(s-a) (s - b) 
111. sm - = --..:..· - -

2 ab 

• • 2 A 1- cos A 
1. sm - =---

2 2 

_ 1 [ . b
2 + c2 

- .a
2 

] -- J- - - --
2 2bc · 

. = .!_ [2bc - b
2 

- c
2 

+ a
2

] 

2 . 2bc 

= 2_ [a2 
- (b -c)2

] 

2 · 2bc · 

= (a - b +c) (a + b - c) 

·' 4bc 

(a + b + c - 2b) (a + b + c - 2c) 

4bc 
= (2s - 2b) (2s -2c) 

[ ·: a + b + c = 2s] 
4bc 

. 2 A (s - b) (s - c) 
==> sm - = .,-------'---

2 be 

A 0 
A 7L • A 

s < -<-, so sm - .> 0. 
2 2 2 

.------
A ~(s - b) (s - c) Hence sin - = -----'-

' 2 be· 
The other fonnulae can be proved similarly. 

2. i. cos A = ,js (s-a) 
. 2 v be 

.. II ~s(s-b) n. cos- = 
2 ca 



Proof: 

... C )' (s- c) 
111. cos- = 

2 ab 

• 2 A J +cos A 
I. COS-=----

2 2 . 

1 [ b2 + '(;'i - a 2 J 
c: - I+-----

2 2bc 

= _!_ [2bc + b
2 

+ c
2 

- a
2

] 

2 .2bc 

= .!_ [(b + c)
2

- a
2

] 

2 2bc 

= .!_ [<b + c + a) (b + c- a)] 
2 2bc 

(b +c +a) (a + b + c - 2a) = -----------
4bc 

2s (2s- 2a) 
= ----

4bc 
2 A s (s - a) :. cos - = ___; _ ____;_ 

2 be 
A 1C A 

As 0 < - < - so cos - > 0 
2 2 2 

A ~s (s-a) Hence, cos - = . 
2 be 

The other formulae can be proved in the same way. 
3. From the above formulae, we can prove 

. A (,\' -b) (s- c) 
1. tan-= 

2 s(s -a) 

.. B (s -a}(s -c) 
11. tan - = 

2 s (s :-b) 

... C (s- a) (s -I>} 
ut. tan - = 

2 s (s- c) 

Example 5.23 If cos A = ~b + c , then prove that a'+ ~2 =cl. 
2 2c 

A l+c s(s-a) b +c . Sol. cos - = -- => = -- [squarmg] 
2 2c be 2e 

=> 2s(2s-2a) = 2b(b +c) 
=> (h+c+ a}(b+ c - a} = 262 + 2bc 

=> (b+ci - c/=2b2 +2bc 

=> ~=o~+b~ 
~ 

Solutions and Properties of Triangle 5.15 

[using cosine rule] 

[·: a+ b+ c=2s] 



5.16 Trigonomet~y 

Ex:unplc 5.24 If the cotangents ofhaJfthe angles of a triangle are in A.P., then prove that the sides are 
~A~ . . 

. A 
S I cot-= o. 2 

s (s-a) - s (s .:..a) . 
(s -b)(s-c) - 6. 

B s (s-b) C s (s -c) 
Similarly cot - = and cot- = . 

, 2 6. 2 ll 

A B C · 
cos-, cot- and cot - are in A.P. 

2 2 2 

· s (s-a) s (s - b) · s (s-c) . 
::::;:) and arc m A.P. 

ll 6. 6. 

::::;:) s-a,s-band s - carc in·A.P. · 

::::;:) a, band care in A.P. 

Conce.pt Application Exercise 5.4 

1. 
B C 

If b + c = 3a, then find the value of cot cot- cot- . 
2 2 

A · B C 
2. Prove that be cos2 - + ca cos2 - + ab cos2 

- = Sl. 
. 2 2 2 

3. If in AABC, tan A= ~ . tan C ~!.,then prove tbat a, band c arc in A.P. 
2 6 2 5 

AREA OF TRIANGLE 
Different fonnulae for area of triangle are as follows. 

A 

csinB 

~----~~--------------~c 
D 

~----=---a -----------~ 

Fig. 5.10 

From Fig. 5.10, area of triangle ABC is 

A= ~AD x BC = !csinB x a= .!.acsinB 
2 2 2 

Similarly, we can prove that fl. = _!_ ab sin C = _!_ be sin A 
. 2 . 2 
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Also; by the sine rule: sin A=~ 
· 2R 

==> 
6

= abc = (2RsinA}(2RsinB)(2RsinC) 

4R 4R 

= 2R2sin A sin 8 sin C 

Also, 6 == .!.acsin B 
2 

. 8 B 
= ac sm- cos-

2 2 

,; ac /(s- c) (s- a) ~s (s -b) 
V ca ca 

= ~s(s-a)(s-b)(s-c) 

Example 5.25 I fin triangle ABC, A2 = a1 - (h -c)1, then find the value oftan A. 

Sol. 6 2 =(a+b - c)(a - b+c) 

~ 62 = [2(s-b)2(s-c)f 
. 2 2 

~ s(s - a)(s -:- b)(s-c)= 16(s- b) (s - c) 

(s-b) (s -c) 
~- = 

s(s-a) 16 

A 1 
==> tan-=-

2 4 

2 2 tan (A /2} 2. (I/4) 8 
~ tan A= = -

l-tan2 (A/2) 1-(1/16)- 15 

Example 5.26 Prove that a1 sin 28 + h1 sin 2A = 46. 

Sol. cl- sin 2B + b2 sin 2A = 4k- [sin2 A (2 sin B cos B)+ sin2 B (2 sin A cos A)] 

= 8R2 sin A sin B (sin A cos B +sin B cos A) 

= slf- sin A sin B sin (A+ B)·· 

= 8R2 sin·A sin B sin C= 46 

Example 5.2i 
(a+b+c)(b+c-a)(cta-b) (a+b-c) . 2 Prove that 2 2 = sm A. 

4b c 

(a+ b +c) (b +c-a) (c +a -b) (a+ b·-c) _ 2s2(s -a) 2 (s-b) 2(s-c) 
Sol. 2 2 - --!...-...!....-......:.....-.:..,..._...:..............:.... 

4b c 4b2c2 

[using sine rule] 
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. ' 

Exainple ·5 . .28· 1 f the sides of a triangle are 17, 25 and 28, then find the greatest length of the altitude. 

Sol. We know from geometry that the greatest altitude is perpendicular to the shortest side. 
Let a= 17, b = 25 and c = 28. 

A . 

a ~------=o~_.. c 

1 
Now,L\=- ADxBC 

2 

2L\ 
~AD=-

17 

where L\2 = s(s- a) (s - b)(s - c) = 2102 
· 

=> AD= 420 
17 

Fig. 5.11 

Ex~unple 5.29 Jn eq·uilateral triangle ABC with interior point D, if the perpendicular distances from D 
to the sides of 4, 5 and 6, respectively, are given, then find the area of MBC. 

Sol. 

. . . ax4+ax5+ax6 
Area of tnangle ts 6. = ------ ­. 2 

a(4 + 5 + 6) 3.J3 2 
=> = --a 

2 4 

15 .J3 a 
=>- =--

2. 4 

30 
=> a = J3 =10J3 

.jj . 
=> L\= 4 xl00x3 = 75.[3 



. . 

Solutions and Properties of Triangle 5.19 

Ex a mplc $.30 If area of a triangle is 2 sq. units, then find the \'aluc of the product of the arithmetic 
mean of the lengths of the sides of a triangle and harmonic mean ofthe lengths of the 
altitudes of the triangle. 

Sol. 
ah = bh ';,c h =26 

I 2 3 

l .I .I a+b+c 
=> -+-+-=---"1 h2 ,3 26 

f:xamplc 5.31 · A triangle has sides 6, 7 and 8. The line through its inccntrc parallel to the shortest side 
is drawn to meet the other two sides at Pand Q. Then find the length of the scgmcnt.fQ 

Sol. 
!l=rx s 

:. 21xr = 6xh=)h · 
2 2 

r 2 
=> -=-

11 7 
Now APQ and ABC are simi liar 

h-r PQ 
=> --=-

" 6 

=> 1-!:.. = PQ 
, 6 

2 · PQ 
=> J--=-

7 6 

=> ~ = PQ => PQ = 30 
7 6 7 

A 

.. 

i Concept Application Exercise 5.5J 

1. If c2 = a2 + b2• then prove that 4s (s-a) (s - b) (s - c)= a2b2• 

2. If the sides of a triangle are in the ratio 3:7:8, then find R : r . 

3. In triangle ABC, if a= 2 and be= 9, then prove that R = 9/2A .. 
4. The area of triangle ABC is equal to (a2 + b2 - c2

), where a, band c are the side of the triangle. Find 
the value oftan C. 

5. Let the lengths of the altitudes drawn from the vertices of A ABC to the opposite sides are 2, 2 and 

3. If the area of A ABC is A, then find the area of triangle . 



5.20 Trig_onometry 

Different Circles and Centres Connected With Triangle 
Circumdrcle and Circuincentre(O) 
The circle passing through the arigular po~nt of f:!,ABC is called its circumcircle. The cent~e of this circle is the 
point of intersection of the perpendicular bisectors of the sides and is called the circumcentre. Its radius is 
denoted by R. 

• Circum centre of an acute~angled triangle lies inside the triangle. 

A 

Fig. 5.13 

• Circumcentre of an obtuse~angled triangle lies outside the triangle. 

Fig. 5.1.4 

• . Circumcentre of a right-angled triangle is the mid-point of the hypotenuse. 

Fig) 5.1S 
• Distance of the circumcentre from the sides can be calculated as follows. 

Fig. 5.16 

At the circumcentre, the perpendicular bisectors of the sid~s are concurrent. 
Also, L BOC = 2LBAC = 2A. Triangles BOD and COD are congruent. 
Hence, L BOD =A. 

.. 



Solutions and Properties of Triangle 5.21 

. OD OD 
Now m t:,. BOD cos A= - = - ::=; OD = RoosA 

' ' OB R 
Similarly, 0£= R cos Band OF= R cos C. 

. . 
In~Circle and In·Centre (I) 
Point of intersection of the internal bisectors of a triangle is called the in-center of the triangle. Also, it is the 
centre of the circle touching all the three sides internally. In-centre always lies inside the triangle. 

A 

Fig. 5.17 

• Points A FIE, BDIF and CEJD are con cyclic 
• lnternal bisector AP divides side BC in ratio AB:AC 

BP AB c 
or-=-= - =>BP=ck, CP:::bk 

PC AC b 
ButBP+CP=a 
~ ck + bk = a 

~ k= _a_ 
b+c 

ac ab 
~ BP=--andCP=--

b+c b+c 

Similarly,AQ= ..5!.._ , CQ= _!!!!..__ 
a+c · a+c 

be ac 
andAR= -- BR= --

. a+b' a+b 
• Area of the triangle in ternis of r 

I I .I 1 
llAHC = llmc + ll1Ac+ ll1A8 = 

2 
ra +2 rb.+ 

2 
rc = 2r(a +b +c) = rs 

A B C 
• r=(s -a)tan - =(s-b)tan- =(s - c)tan-

. 2 . 2 2 

A (s- b) (s - c) 
.Proof: (s-a)tan- =(s-a) 

. 2 s (s-a) 

= J<• -a) (s ~b) (s -c) 

= Js (s - a) (s- b) (s- c) 

s 
ll 

=- =r 
s 

Similarly, the results r = (s - b) tan 
8 

and r = (s- c) tan C can be proved. 
2 . 2 



5.22 

' ' 

Trigonometry 

4R 
. A . B . C 

• r = sm - sm - sm - ' 
2 1 2 2 

P f 4R 
. A .· B . C 

4
R (s - b)(s-c) (s-c)(s - a) (s-a) (s-b) 

roo : sm - sm - .sm - = 
2 2 2 be ca 

=
4
R (s - a) (s- b) (s- c) 

abc 
= 4R s (s -a) (s - b) .<s - c) 

abc s 
1 A·2 

[ 
a~ · ~ ] A where A = -and~ = s ( s - a) ( s - b) (s - c) = - = r 

, . 4R . . · s 

• Distance of the in-centre from the vertex 

. B JD r 
In 11/DB sm - = - = -

' 2 Bl BI 

r 
~BJ= -­

. B 
sm-

2 
r ·· r 

Similarly, A/= -- and CI = --
. A . C sm - sm-

2 2 
• Length of angle bisector AP 

Area of MBP + Area of MCP = Area of MBC 

~ (li2)AB AP sin (A/2) + (1 /2)1C AP sin (A/2) = (112)AB AC sin A 

=> (1/2) (c +b) AP sin (A/2) .=. (1/2) [cb .2 sin (A/2) cos (A/2)] 

( 
2bc J · 

~AP = b + c cos (A/2) 

ab 

Similarly, length of angle bis~ctor th~ough point Band C is BQ = (-:::c J cos (B/2), 

CR = ( :~b J cos (C/2) 

Orthocentre 
Orthocentre (H) is the point of intersection of the altitudes of a triangle. 

• Orthocentre (H) of an acute-angled triangle lies inside the triangle. 
Here, His the orthocentre of A ABC. · 

A 

Fig. 5.18 
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• Orthocentre (H) of an obtuse-angled triangle lies outside the triangle. 
Here, His orthocenter of l!t.ABC. 

H 

B 

Fig. 5.19 

• Orthocentre (H) of a right-angled triangle ABC ·lies at the right angle itself. ln Fig. 5.20, the 
orthocentre H coincides with the right angle B. 

A 

Fig. 5.20 

• Image of orthocentre (H) in any side of a triangle lies on the circumcircle. 

A 

p 

Fig. 5.21 

L.HBD= L EBC=(7d2)-C ~LB.HD= C 

Also, LBPD = L.BPA = L.BCA = C 

Thus, l!t.BPD and MHD are congruent. 

This implies HD = DP ~Pis image in H in BC. 
• Distance of the orthocentre from vertices and sides of a triangle can be calculated as follows. 

A 

Fig. ·s.22 



5.24 Trigonometry -
1 r 11· ,, 

1r 
ln 6ADB L BAD= --B 

- ' 2 -
ln ~A FC, AF = blos A [projection of AC on AB] ... 

(
n J AF bcos A ln tlAFH cos --B =-=--

' 2 AH AH 

bcosA 
=> AH~ ;;;;: 2RcosA 

sinB 

SimiJarly, BH = 2 R cos Band CH = 2 R cos C 

ln ~ AFH, tan (tr: -sJ = FH = FH 
2 AF bcos A " 

l . 
FH 

bcosAcosB ·
2

R A ·
8 => = = cos cos 

sinB · 

Similarly, EH = 2R cos A cos C and HD = 2 R cos B cos C 

' Pedal T~angle 
The triangle formed by the feet of the altitudes on the sides of a triangle is called a pedal triangle. 

, . , 
I 

I 
I 

I 
I • 
I 
I 
I 
I 
\ 
\ 
\ 
I 

' ' 

A 

/ 
, .,'""' 

'~--------~--------------------------~ 

Fig.·5.23 

• In an acute-angled triangle, orthocentre of ~ABC is the in-centre of the pedal triangle DE F. 

Proof: 

1T: 
PointsF, H,DandBareconcyclic. => LFDH =LFBH= LABE= - - A 

2 
Similarly,pointsD, H,EandCareconcyclic => L HDE = L HCE= LACF= ;r: - A. 

2 
I 

Thus, L FDH = L HDE. =>AD is angle bisector of L FDE. Hence, altitudes of MBC are internal angle 
bisectors of the pedal triangle. Thus, orthocentre of 6.ABC is the in-centre of the pedal triangle DEF. 



• Sides of pedal triangle in acute-angled triangle 

Jn 6.AFE,AF= bcos A,AE= ccosA 
By cosine rule, EF2 "" A£2 + AF2 -2A£ AF cos (LEAP) 
~ EF2 = 62 cos2 A + e2 cos2 A - 2 be cos3 A 

= cos2 A (b2 + ~-2 he cos A)= cos2 A (i?) 
=a cos A 

• Circum radius of pedal triangle 
Let circumrad ius be R ' 

2R'= 
EF a cos A 

~ = 
sin(LEDF) sin (n-2A) 

=> R'=R/2 

Centroid of Triang~e 

= a cos A 

2sin A cos A 
I 

( 

Solutions and Properties of Triangle 5.25 

a = =R 
2sin A 

ln 6 ABC, the mid~points of the side~ BC, CA and ABare D, E and F, respectively. The lines, AD, BE and CF 
are called medians of the triangle ABC, the points of concurrency of three medians is called the centroid. 
Generally, it is represented by G. 

A 

Also AG= ~AD BG= ~ BEandCG= 
2 

CF. 
' 3 ' 3 ,3 

• Length of medians and the angles that the medians make with sides 
From Fig. 5.24, we have 

AD2 = AC + CD2
- 2AC X CD X cos c 

2 
= b2 + !:... -ab cosC 

4 

=b + - -ab 2 a2 (b2 +a2 -cz J 
4 2ab 

21i +2c2 -a2 

= 
4 

=> AD=.!. ~2b2 +2c2 -a2 

2 ' 

Similarly, BE= .!. ~2c2 + 2a2 -:-b2 

2 

and CF=.!. Jza 2 +2b2 
- c2 

2 

• Apollonius theorem 

AB2 + AC = 2(AD2 + BD2
) 

# 
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Proof: '· 

2(AD2 +BD2) = 2 -(2b2 +2c2 -a2 )+- =b2 +c2 =AB2 +AC2 
[

1 0,2] . 
. 4 . 4 . 

• Centroid (G) of a triangle is situated on the Line joining its circum centre ( 0) and 
orthocenter (H) and divide this line in the ratio 1:2. 

Proo~ . 
Let ALbea perpendicular from A on BC,, then H 1ies on AL. If OD is perpendicular from 0 on BC, then 
Dis mid-point of BC. · 

Fig. 5.25 

Therefore, AD is a median of S ABC. Let the line HO meet the median AD at G. Now, we shall prove 
· that G is the centroid of the dABC. Obviously, L1 OGD and L1HGA are similar triangles. 

OG GD OD RcosA 1 
=-=-= - -

HG GA HA 2Rcos A · 2 . . 

.. GD = ..!_ GA ~ G is centroid of dABC and OG: HG = 1:2. 
2 

F.:Ulllllll~ 5.32 ABC is an acute-angled triangle with cir.cumcentre '0' orthocentre H.lf A 0 = AH, then 
find the angle A. · 

Sol. OA= HA 

R = 2R cosA 

1 
·=> cosA = -

2 

n 
=> A=-

3 

.Exampk· 5.33 Jf x, y and z are the distances of incentre from the ·vertices of the triangle ABC, 
abc A B C 

respectively, then prove that -- = cot - cot-cot-. 
X y z 2 2 2 A 

Sol~ x = r cosec~ and a = r (cot!!_+ cot C) 
2 2 2 

· . . A A 

=> a = ( cot B +cot ¢)sin~ = sm2cos2 
X 2 2 2 . B. C 

Sin - Sl0 -
2 2 

A B . C 
abc cos2cos 2. cos2 A ) B C 

=> -::::: --=---=---=- = cot -cot - cot-
. xyz . A · . B . C 2 2 2 sm - sm - sm-

2 2 2 
Fig. 5.26 
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Example S.34' LctABCbe a triangle with L.BAC=lrr/3 and AB = xsuch that (AB)(AC) =I. Ifxvaries, 

then find the longest possible length ofthe angle bisector AD 

2hc A bx 
Sol. AD = y= --cos- =-- (as c=x) 

h+c 2 b+x 

. 1 
But bx = I => b;:; -

X 

X 
: . y= 2= I 

l+x x+-
x 

A 

c~ 
8 D C 

Fig. 5.27 

1 
=> Ymax = 

2
. since the minimum value of the denominator is 2 if~ :> 0. 

· Exa 111 pic· 5.35 LctABCbc an acutetrianglewhose orthocentrc is at H. lfaltitudc from A is produced to 
meet the circumcircle oftriangleABCat D, then prove .liD =4R cos 8 cos C 

Sol. !J.BHN and !:18DN are congruent. 

·:. HN = ND = 2R cos 8 cos C 
:. HD=4RcosBcosC 

Ex«tmpi~..· 5.36 In an acute-angled triangle ABC, point D, E and Fare the feet oft he perpendiculars 
from A, Band ContoBC,ACand AB, respectively. His orthocentrc.lfsinA :=3/5 and 
BC= 39, then find the length of AH. 

Sol. G ivcn sin A = 3/5 =;> cos A = 4/5 
Also a= 39 

a 
:. --=2R 

sin A 

39x5 
:::) =2R 

3 
:::) 2R = 65 

4 
=> AH ;:; 2RcosA = 65 · - = 52 s 

A 

Fig. 5.29 

' • 
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Ex•unplc 5;37 In triangle A.BC, CD is the bisector of the angle ·c. If cos C =.!. and CD= 6, then. find - (1 1) 2 3 
the value of ~ + b . 

Sol. fl. = f11 + Ll2 

1 b . c 1 6b . c 1 6 . c ==> - a sm = - sm - + - a sm -
2 ·2 2 2 2 

b
. . c c 1 

6
b . '<c · 1 

6 
. c 

==> a sm - cos __:_ = - sm - + - a sm -
2 2 2 2 2 2 

1 1 1 
=> - +-=­

a b 9 · 

c 

E\amplc 5.3H Letf,g and II be the lengths of the perpendiculars from th~ circumcentre of MBC'on 

· a b c labc 
the sides a, band c, respectively, then prove_ that f + g + h = 

4 
fgh · · 

Sol. Distance of circumcentre from to side BC is R cos A = f 
Similarly, g =:= R cos B, h = R cos C . 

a b c 2R sin A 21? sin B 2R sin C . 
=>- + - + - = + + = 2(tan A +tan B +tan C) 

f g h R cos A R cos B R cos C . 

a b c . 
A I so, 7 g h = ~ ta~ A tan B tan C 

But in triangle, tan A + tan B + tan C = tan A tan B tan C 

abc labc 
==> - +-+ - =--. f g . h 4 fgh 

E\ample 5.~W If the incircle of MBCtouches its sides, respectively, atL,M and Nand if x,y, z are the 
circumr~dii of the triangles MIN, NIL, and LIM where I is the incenter, then prove that 

1 xyz= -Rl-. 
2 

Sol. In Fig. 5.31, AN IM is a cyclic quadrilateral. 
Also, Al is the diameter of circumcircle MNI. 
LetA1 =2x 

A 2x 
==>cosec-=-

2 r 

r r r 
=> x - y- z----- A' - B' - C 

2sin - '2sin - 2sin-
2 2 .2 

=>xyz= . A . B . C =-=-
8sm- sm- sm- 2~ 2 · 

2 2 2 R 

A 

B '----- _.:::......._.::::....._ _ _ ___ __,. C 
L 

Fig. 5.31 
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ESCRIBED CIRCLES OF A TRIANGLE AND THEIR RADII 
The circle which touches the side BC and two sidesAB andAC produced of triangle ABC is called the escribed 
eire le opposite· to the angle A. Its radius is denoted by r 1• Similarly, r2 and r3 denote the radii of the escribed 
circles opposite to the angles 8 and C, respectively. The centres of the escribed circles are called the ex­
centres. The centre of the escribed circle opposite to the angle A is the poi.nt of intersection of the external 
bisectors of angles Band C. The internal bisector of angle A also passes through the same point. The centre 
is generally denoted by / 1• 

In any tlABC, we have 

t:. t:. 6. 
i. r 1 = --, r2 = --. '3 = --

s-a s- b s- c 

A 8 C 
ii. r1 =stan -. 'i = s tan - , r3 = s tan -

2 2 2 
... 4R . A 8 C 
111. r 1 = sm 2 cos 2 cos 2 

4R 
A . B C 

r2 = cos - sm - cos - · 
2 ·2 2 

4R 
A B . C 

r3 = COS 2 COS 2 SI~ 2 
Proof: 

Let / 1 be the point of intersection of external bisectors of angles 8 and C of 6.ABC. Suppose the'circle 
touches the side. BC at D and sides AB and AC produced at F and. E, respectively. Clearly, 
11D = /1£= 11F=_ r 1. . 

i. Area of t:.ABC =area of !:J./1AC +Area of tl/1AB - Area of !:J.I1BC 

1 1 1 
~ 6 = - r 1 b + - r1 c- - r 1 a 

2 2 2 
1 

= -r1 (b+c-a) 
2 
r. . 

=...!.. (2s-2a) 
2 

6 
~ r ·=--

1 s-a 
A 

Fig. 5.32 
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A A 
Similarly, it can be shown that r 2 = --b and r 3 = --

s- s-c 

A (s- b) (s- c) = -~s(s ..:. b) (·s- c)(s -:- a) . A . 
ii. stan - = s ....l...---~---- = -- = r1 2 s(s-a) s-a s-a 

Similarly, r 2 =stan ~ and r3 ~s tan ~. 

4R 
. A . B C 

4
R ~,.-(s---b)_(_s ___ c_) ~s(s - b) ~s(s - c) 

iii. sm - cos - cos - = . 
2 . 2 2 be ac ab 

s(s- a)(s-b)(s -c) = 4R ---'--'---'--'---
abc(s-a) . 

4R ~2 ~ 
=- - --

abc ( s - a) s - a 

=rl 

Similarly, we can prove for r2 and r 3• 

Example ::i.40 Prove that r 1 + r2 + r3 - r = 4R. 

Sol. 
~ A A A . [ s - b +s-a ( s - s. +c)] 

r 1 + r 2 + r 3 -r= -- + --+-- - = ~ + ~-=--------=-~ 
s-a s ~b . s-c s (s - a) (s-b) s(s -c) 

Ex~1mple 5.41 

-
6 [(s-a)c(s - b)+ s(sc-c)] 

= Ac[s (s -c) +(s-a) (s-b)] 
_ s(s-a) (s-b) (s - c) 

Ac 2 
= - [2s -s (a+b+c) + ab] 
~2 

= (ciA) [2s2 - s(2s) + ab] = 4 (abc/4A) = 4R 

Prove that cos A+ cos B +cos C= 1 +.r!R. 

Sol. cos A+ cos B +cos C = 1 + 4 sin•(A/2) sin (B/2) sin (C/2) 

= I +[4Rsin(A/2)sin(B/2)sin(C/2)]/R= 1 +r/R 

Example S.42 P h 
a cos A + bcos B + ccos C r 

rovet at = - . 
- a+b+c R 

Sol. We have, 

a cos A + b cos B + c cos C = R(2 sin A cos A + 2 sin B cos B + 2 sin A sin C) 

= R(sin 2A +sin 2B + sjn 2C) 

=4Rsin A sinBsinC 
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and a+ b + c = 2R(sin A+ sin B +sin C)= 8 R4 cos (A/2) cos (B/2) cos (C/2) 

a cos A + b cos 8 + c cos C 

a+b+c 

4Rsin A sin Bsin C =------- --
8R cos A/2 cos B/2 cos C/2 

= [4R sin (A/2) sin (8/2) sin (C/2)]/R= r!R 

Example 5.43 Jf in a triangle r1 ""r2 + r3 + r, prove thai the triangle is right angled. 

Sol. We have r 1 == r 2 + r3 + r 
~ r1-r=r2 +r3 

.1 .1 6. .1 
=> -- - -=--+--

s-a s s-b s-c 

6.a _ 6.(2s -b -:-c) _ .1a 
~ 

s(s -a)- (s -b) (s - c)- (s-b) (s -c) 
=> s(s - a) = (s- b)(.~-c) 

=> s2-sa=s2-(b+c)s+hc 
=> 2s (b + c-a) = 2bc 
=> (a+h+c)(b+c-a)=2hc 
=> ( b + c i - a2 = 2 be 
=> b2 + c2 = a2 

lienee, the triangle is right angled. 

Exampll: 5.44 '• +r2 Prove that 
1 

C = 2R. 
+cos 

I. 
2. 
3. 

4. 

4R( C ( . A 8 . B ·A)) = cos- stn - cos-+sm - cos-
2 2 2 2 2 

=4R( cos2 ~)= 2R(l +cos C) 

---'-'i _+--=r2_ = 2R 
I +cosC 

Concept Applicc;1tion Exercise 5.6 

In .1A BC, if r1 < r2 < r3 , then find the order of lengths of the sides. 
Find the radius of the in-circle of a triangle where sides are 18, 24 and 30 em. 
If in 6.A BC, (a- h) (s - c)= (b- c) (s-a), prove that r1, r2, r3 are in A.P. 

. tr I 
In tnangle ABC, LA=-, prove that r + 2R = -(b+ c +a). 

2 2 
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1 1 1 1 
5. Prove that - +-+- = -. 

'i '2 ' 3 ,. 

. 1 
6. Prove thatr1r2 +r2r3 +r3r 1 = - (a +b+c)2

. 
4 

'i + ' 2 + ' 3 7. In any triangle ABC, find the least value of -=----__...:;....---=-
. r 

Geometry Relating to Ex-centres 
Consider an acute-angled AABC. 

'1 
Fig.·S.33 

At / 1, external bisectors of L B and LC and internal bisector of LA are concurrent. 

n B 
Also LIBC= B/2 and LCBJ1 = --- ~ L /811 = 7r:/2.or 81 l..I/3 2 2, 
Similarly, C/ ..1.. 11h and AI ..L h/3. 

Thus, the in-centre of triangle ABC is orthocentre of .!l 111213 and ABC is the pedal triangle of 6.1112/ 3• 

' 

Distance Between In-centre and Ex-centre 

ln .!l !DB BI= ID 
· ' sin L IBD 

r 

sin(B/2) 

. Bl 
Also in6./BI1,111 = --­

cosLBII1 

,. 
sin (B/2) cos(~-~) 

r 

sin (B /2) sin (C /2) 

Similarly, lh = · r and /h = r 
sin (A/2) sin (C/2) sin(A/2) sin (B/2) 

Distance Between Ex-:-centres 
Let us fin~ 1112• Points B, 1, C and / 1 are concyclic. 

Hence, L l/1C = L IBC= B/2. 
Similarly, points A, I, C and /2 are concyclic. So, L //2C= L IAC= A/2 . . 

. . A+B 
Then m .t1//112, L f / 12 = 1r: --- . 

. 2 
' 
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Now in 61112 from the sine rule, we get 

l1l2 _ 11, 

.... ( A + B) - . (A) 
Sin TC--

2
- SIO 2 

r 

1,12 
. (B)· . (c) 

-

SIO -
2 

Sin -
2 

cos(~)- sin(~) 

Similarly,J2/3 = 4Rcos( ~) andJ1/3 = 4Rco;( ~} 

MISCELLANEOUS TOPICS 

m-n Theorem 
Let D be a point on the side BC of a A ABC such that BD: DC = m:n and LADC 1:: 8, LBAD = a. and 
LDAC- /3. Then 

i. (m + n) cot 8= m cot a-!1 cot /3 
ii. (m+n)cotB=ncotB-mcotC 

Proof: 

. BD m 
i. Gtven- = -and LADC= B 

DC II 

A 

Fig. 5.34 

LADB= (180°- 8), L BAD= a and LDAC= {3 
L.ABD = 180° - (a+ 180° - 8) = 8- a= B 

BD AD 
From6ABD. -- = - --­

. sin a sin (8 -a) 
(i) 

."'· 
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F A ADC DC - AD . rom L.VI , -- - ----

. sin f3 sin ( 0 + /3) 
Dividing Eq. (i) by Eq. 0,0. we get 

BD s in f3 .:- sin ( 9 + /3) 
DC sin a- sin (0 - a) 

m sin f3 sin 0 cos f3 +cos8 sin f3 
- -- = 
n sin a sin8 cos a -cosO sin a 

- . -

~ m sin J3 (sin ·ecos a- cos Osin a) = n sin a (sin Ocos {3 + cos 0 sin /3) 

(iii) 

~ m cot a - m cot 8 = n cot f3 + n cot 8 [dividing both sides by sin a sin f3 sin 8) 
=> (m·+ n)cotO= mcota-ncot/3 · (iv) 

ii. We ~ave L CAD= 180° - (0+ C) 
LABC= B,LACD=C, LBAD=(O.- B) 
Putting these values iil Eq. (iii), we get 
m sin(B+ C) sin B = n sin C sin(B- B) 
~ m (sin fJ cos C +cos 0 sin C) sin B = n s in C (sin 0 cos 13 - cos 0 sin B) 
Dividing both sides by sin 0 s in B s in C, we get · 
m(cot C + cot 8) = n (cot B -cot 0) 
· (m + n) cot 0= n cot B - m cot C 

Example 5.45 If the median AD of triangle ABC makes an angle n/4 with the side BC, then find the 
value of I cot B - C()t q. 

Sol. 

A 

~ 
B 0 C 

Fig. 5.35 
By m- n theorem, 

· (J?D + DC) cot (rc/4) = DC cot B-BD cot C ~ lcot B- cot Cl = 2 

Inequality 
3 

In Chapter 2, we have proved that cos A+ cos B +cos C ~ -. 
2 

Also in MBC, cos A+ cos B +cos C= 1+4sin~sin .8 sin t 
2 2 2 

. A ·· . B . C 1 
~ sm-sm-sm- ~ -

2 2 2 8 

ln6ABC, r =4R sin A sin B sin C ~R~2r[usingEq . .(ii)] 
. 2 2 2 

Prove that a cos A+ b cos B + c cos C ~ s. 

· Sol. a cos A + b cos B + c cos C = R(2 sin A cos A + 2 sin B cos B + 2 sin C cos C) 

(i) 

(ii) 

I 
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= R(sin 2A +sin 2~ + si~ 2C) 

= 4R sin A sin B sin C = ~ ( 2R2 sin A sin B si~ C) 

2 rs 
= -6 = 2- $s [·: R;:::2r] 

R R 
F:xample 5.47 In triangle ABC, prove that the maximum value of tan A tan B tan C is !i_. 

2 2 2 2s 
Sol. For triangle ABC, we have 

A B C (s -b)(s-c) 
tan -tan- tan-= 

2 2 2 s(s -a) 

(s-a) (s-c) 
s(s -b) 

= ~s(s -a)(s -b)(s-c) 
s1 . 

6 r R =-=-<-
s2 s - 2s· 

Area of Quadrilateral 

(s-a) (s-b) 
s(s-c) 

ABCD is any quadrilateral where AB =a, BC = b, CD= c, AD= d and L.DPA = a. Let us denote the area of the 
quadrilateral by S, then 6 DAC = area of 11APD+ area of 11DPC. 

=.!. DPxAPxsina+~ DPxPCx sin(n:- a) 
2 2 

= ..!_DP(AP+PC)sina 
2 

D c 

·· ... p .. ·· 

a ·~><.)~ 

1 . 
Areaofi1DAC= - DPx ACxsina 

2 · 

Similarly,areaof/1ABC= _!_ BPxACsin a 
2 

:. S =area of 11 DAC +area of 11ABC 

- _!_ DPxACsin a+.~ BPxACsina 
2 2 

~.. . . 
,• 

a 
Fig. 5.36 

"" _!_ (DP + BP)ACsin a 
2 

1 . 
~s=- BD x ACsin a 

2 

'• .... 

(i) . 

. Qi) 

[using (ii) and (iii)] 

(iii) 

T~erefore, area·of quadrilateral= ~ (product of the diagonals) X (sine of included angle). 

Cyclic Quadrilateral 
A cyclic quadrilateral is a quadrilateral which can be circumscribed by a circle. 
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Note: 

• Sum of rile opposite angles of a cyclic quadrilateral is 180°. 
• In a cyclic quadrilateral, sum of the products of the opposite sides is equal to the prof/ucl of !he 

diagonals. This is known as Ptolemy:" theorem. 
• If swn of the opposite sides of a quadrilateral is equal, then and only then a circle can be inscribed 

in the quadrilateral. 

Regular Polygon 
A regular polygon is a polygon which has equal sides as well as equal angles . . In any polygon of n sides, sum 

of its internal angles is (n ..:_ 2)n, then in regular polygon each angle is ( n -
2
)" . 

n 

Note: 

• In the regular polygon, the circumcentre and the in·centre are the same. 

Radii of the inscribed and the circn mscribed circles and area of a regular polygon of 11 sides with 
each side fl. 

A 0 
" ,I' 

I I ' 

/:\R 
R / ' \ 

I I ' / r: \ 
I I \ 

I I \ 

/ : \ 
------a------~ IC 

L 

Fig. 5.37 

D 

LetAB, BC and CD be three successive sides of the polygon and 0 be the centre ofboth the incircle and 
the circumcircle of the polygon. 

L.BOC = Zn ~ LBOL = ..!_ ( 2Jr) ;;; 7r 
n 2 n n 

a= BC-;::; 2 BL = 2R sin L.BOL = 2R sin !!. a 7r 
~R=- cosec-

n 2 n 
· n a 1r 

Again, a=2 BL=2 OL tan L.BOL =2rtan- ~r=- cot-
n 2 n 

Now, the area of the regular polygon ~ n times the area ofthe 60BC ~ n G OL x BC) 

=nH~c<)a ~ 
na2 

1C 
= - cot - [in terms of side of polygon] 4 , (i) 

Now, a= 2r tan !E. ~ 11 = nr2 tan(!!..) 
ll . 11 

[from Eq. (i)] 

AI 2R . 1C nR
2 

• (2Jr) so, a= sm- ~t:.= --sm -
II 2 ll 

(from Eq. (i)] 
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Example 5.4~ ·. Find the sum of the radii of the circles, which arc, respectively, inscribed and 
circumscribed about a polygon of 11 sides, whose side length is a. 

Sol. Radius of the circumscribed circle = R = ~ c~sec !: 

Sol. 

2 . 11 

and radius ofthe inscribed circle= r= ~a cot (1Cin) 
. . 2 

a acos(n/n) a[l+cos(trln)] 
~ R + r = + = ----=~-----:---....;,-=---

2sin(7CIH} 2sin (n/n) 2x2sin(tr/2n)cos (n12n) 
= .!_ a cot (.!!...) 

2 2n 

lfthc area of the circle isA 1 and the area ofthe regular pentagon inscribed in the circle 
isA2, then find the ratioA 1/A1. 

Fig. 5.38 

360° 
lnl\OAB OA=OB=randLAOB= -- =72° , . 5 

Therefore, area of MOB= _!_ r x r sin 72° = ! r 2 cos 18° 
2 2 

Area of pentagon (A2) = 5 (area of ll AOB) = 5 ( ~ r 2 cos l8o) 

Also, area of the circle (A 1) = nr2 

A nr
2 

21C (tr) Hence, - 1 = 
5 

= - sec -
A2 -r2cosl8o 5 10 

2 

(i) 

(ii) 

[from Eqs. (i) and (ii)] 

Ex~rnplc 5.50 Prove that the area of a regular polygon of211 sides inscribed in a circle is the geometric 
mean of the areas of the inscribed and circumscribed polygons of 11 sides. 

Sol. Let a be the radius of the circle. 
Then, 

S1 =Area of regular polygon of n sides inscribed in the drcle =.!_ na2 sin (21Cin) 
. 2 

S2 =Area of regular polygon ofn sides circumscribing the circle= nrJ tan (n/n) 
S3 = Area of regular polygon of2n sides inscribed in the circle = na2 sin (n/n) 

[replacing n by 2n is Sd 
Therefore, geometric mean of S1 and S2 = ~(S1S2) = nrl-s.in (n/n) = S3 
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. SOLUTION OF TRIANGLES (AMBIGUOUS CASES) 
The three sides a, b, c and the three angles A, B, Care called the elements of the triangle ABC. When any three 

. of these six elements (except all the three angles) of a triangle are given, the triangle is known completely; that 
is, the other three elements can be expressed in terms of the given e~ements and ca~ be evaluated. This 
process is called the solution of triangles. . · 

• lfthe three sides a, band c are given, angle A is obtained frorri tan A = 
2 

b2 2 2 

A +c -a B d C b b · d · · 'I cos = . an can e o tame m a simi ar way. 
2bc 

(s-b)(s-c) 
1-'--..:....:....-~ or 

s(s -a) 

· · · 8 -C · b-·c A B-C 
• I ftwo sides b and c and the inc1uded angle A are given, then tan-- = -- cot - gives --. 

· 2 b +c 2 2 

Also, B + C = 90° - A , so that .B ahd C can be evaluated. The third side is given by a = b sin A or 
2 2 sinB 

a2 = b2 + c2
- 2bc cos A. 

• lf two sides b and c and the angle B (opposite to side b) are · given, then sin C = ~sinB , 
·. b 

A = 180° - (B + C) and ·a= b ~in A g.ive the remaining elements. 
smB 

Case 1: 
b < c sinB 
We draw the side c and angle f!. Now, it is _obyious from Fig. 5.39 that there is no triangle possible. 

A 

Fig. 5.39 

Case II: 
b = c sin B and B is an acute angle, then there is only one triangle possible. 

A 

Fig. 5.40 
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Case· Ill: 
b > c sin B, b < c and B is an acute angle, then there are two values of angle C. Hence, two triangles are 
possible. 

A 

I 
csin 8 . 

Fig: 5.41 

CaselV: 
b > c sin B, c < band B is an acute angle, then there is only one triangle possible. 

A 

Fig. 5.42 · 

CaseY: 
b > c sin 8, c > band B is an obtuse angle. For any choice of point C, b will be greater than c which is 
a contradiction as c > b (given). So, there is no triangle possible. 

c .. ... ... ... 

/ 

Case VI: 

····· .... b 
··. 

c 

Fig. 5.43 

. .. ...... 
·· . . A 

b > c sin B, c < band B is an obtuse angle. We can see that the circle with A as centre and bas radius 
will cut the line only in one point. So, only one triangle is possible. 

Fig. 5.44 
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Case VII: 
b > c andB = 90° 
Again the cirCle with A as centre and bas radius will cut the line only in one point. So, onl~ one triangle· 
is possible. 

Fig. 5.45 . 

Case VIII: 
b :5 c and B = 90° 
The circle with A as centre and bas radius will not cut the line in any point. So, no triangle is possible. 

. ' 

Fig. 5.46 

Alternative method: 

a2 +c2 -b2 
By applying cosine rule, we have cos B = ----

. 2ac 
=> cr- (2c cos B) a+ (c2

- b2) = 0 

=> ~=ccosB± ~(ccosBf-(c2 -b2
) 

= c cos B ± ~ b2 
-:- ( c sin B)2 

This equation leads to the following cases: 

Case 1: If b < c sin B, no such triangle is possible. 
Case II: Let b = c sin B. There are further fol.lowingtwo cases: 

a. B is an obtuse angle=> cos B is negative. There exists no such triangle. 
b. B is an acute angle~ cos B is positive. There exists only one such triangle. 

Case Ill: Let b > c sin B. There are further following two cases: 
a. B is an acute angle => cos B is positive. In this case, two values of a will exist if and only 

if c cos B > ~b2 - (c sinB)2 or c > b ~two ~uch triangles are possible. If c <: b, only one 
such triangle is possible. · · 
b. B is an obtuse angle~ cos B is negative. In this case, triangle will exist if and only if 

)b2
- (qsin.B)2 > clcosBI => b >c. So, in this cas~, only one such triangle is possible. lfb < c 

there exists no such triangle. ¥ • 
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Note: 

. asinB asinC 
• Jf one s1de a and angles 8 and Care given, then A = 180° - (8 +C) and h = . , c = . . 

smA smA 
• Jfthe three angles A, 8 and Care given, we can onl.,vflnd the ratios oflhe sides a, band c by using 

I he sine rule (since there are infinite number of similar triangles possible). · 

If h = 3, c = 4 and B = n/3, then find the number of triangles that can be constructed. 

Sol. We have, 
sin B · sin C sin (1C 13) sin C 

~ ;--

3 4 
~ sin C = ~ > I which is not possible. --=--

c 
Hence, no triangle is possible. 

-~:xamplc 5.52 If A = 30°, u = 7 and h = 8 in A ABC, then find the number of triangles that can be 
constructed. 

• 

S h 
a b . 

8 
b sin A 8 sin 30° 

417 ol. We ave -- = -- => sm = = = 
sin A sin B a 7 

Thus, we have, b > a> b sin A. 
Hence, angle B has two values given by sin B = 4/7. 

Exmnplc 5.53 · I fin triangle ABC, a =(1 + J3) cm,h =2 em and L.C= 60°, then find the other two angles 
and the third side. 

Sol. 
a2 +b2 -c2 

From cos C = , we have 
· 2ab 

1 (1 +·J3Y +4 -c2 

2 = 2(1+~)2 
=> 2 + 2 .J3 = 1 + 3 + 2J3 + 4 - c2 

::::> c2 
:c 6 => c = J6 em 

. Also sin A =sin 8 =sinC => sin A= sinB = .J3t2::::>sin 8 ;_l_ 
' a b c I +.J3 2 J6 J2 

=> B=45°=>A= 180°-(60°+45°) = 75° 

Example 5.54 Jn AABC, the sides h, c and the angle 8 are given such that a has two \'a lues a 1 and a2• 

Then prove that I a1-a2 1 ""2 ~b2 
- c 1 sin2 B. 

=> c1-- 2c cos 8 a+ c2 
- h2 = 0 

~ a1 + a2 = 2ccos B, a1a2 = c2 -b2 

~ (a1 - a2)
2 = (a1 + a2l- 4a1a2 

= 4c2 cos2 8-4(2- b2
) = 4h2

- 4? sin2 B = 4(b2 - r? sin2 B) 

~ la1 -a21=2~b2 -c2 sin2 B 
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Exam pic 5.55 

Sol. 
. b2 + c2 - a2 

We have cos A= => b2 - 2 be cos A +(?-a-2)=0 
2bc 

It is given that h1 and b2 are the roots of this equation. 
Therefore, h 1 + b2 = ~c cos A and b1 b2 = c2 

- a2 

~ ~b1 = 2 ccosA, 2b? = c2 -a2 

=0 2 ( 
2
; cos A r = C' - a

2 

=> 8c2( I .:... sin2 A)= 9c? - 9c2 

. J9a2
- c2 

~ smA= 
2 8c 

EXERCISES 
. ... --... 

Subjective Type Solutions on page 5. 63 

l. 0 is the circumcentrc of 6. ABC and R1, R2, R3 are, respectively, the radii of the circumcircles of the 

. · a .b c abc 
tnangles OBC, OCA and OAB. Prove that-+-+- = -

3 
. 

R1 R2 · R3 R 
2. In triangle ABC, Dis on AC such that AD= BC, BD =DC, LDBC = 2x and LBA D = 3x, all angles are 

in degrees, then find the value of x. 
3. If in !1ABC, the distances ofthe vertices from the orthocentre are x, yand z, then prove that 

a b c abc 
-+-+-=-. 
X )' Z .\)'<: 

4. In tlABC, a semicircle is inscribed, which lies on the side c. Ifx is the length of the angle bisector 
through angle C, then prove that the radius of the semicircle is x sin (C/2). 

S. Prove that the distance-between the circumcentrc and the orthocentre of triangle ABC is 

R Jt -8 cos A cosBcosC . 

6. Prove that the distance between the circum centre and the incentre of triangle ABC is ~ R2 
- 2Rr . 

7. The two adjacent sides of a cyclic quadrilatera! are 2 and 5· and the angle between them is 60°. If the 

area oft he quadrilateral is 4.J3, find the remaining two sides. 
8. If p and q are perpendiculars from the angular points A and B of the 6 ABC drawn to any line through 

the vertex C, then prove that a2b2 sin2 C = a2p2 + b2cf - 2 abpq cos C. 

9. If I is the in centre of 6 ABC and R1, R2 and R3 are, respectively, the radii of the circumcircles of the 
triangles JBC, JCA and IJ!B, then prove that R1 R2 R3 = 2 rR2

. 

I 0. ln a circle of radius r, chords of lengths a and b em subtend angles Band 38, respectively at th~ centre. 

Show that r =a ~ em. 
~3;:b 
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I I. If in triangle ABC, the median AD and the perpendicular AE from the vertex A to the side BC divide the 

A . 2 A 3a2 

angle A into three equal parts, show that cos 3 sm 3 = 
32

bc. 

J 2. Perpendiculars are drawn from the angles A, Band C of an acute-angled triangle on the opposite sides, 
and produced to meet the circumscribing circle. If these produced parts are a, {3, y, respectively, then 

a b c 
show that - + {3 +- = 2(tan A+ tan B +tan C). 

a r · 
13. Show that the line joining the incentre to the .circumcentre of triangle ABC is inclined to the side BC at 

I _1 (cos B +cosC -1) an ang e tan . 
sin C-sin 8 

14. If the tangents ofthe angles of a triangle are in A.P., prove that the squares of the sides are in the ratio 
ofx2 (x2 + 9):(3 + x2

)
2

: 9 (1 + x2
) where xis the tangent of the least or the greatest angle. 

15. In ABC, right angled at C, if tan A= J,/5 -1
, sho,.; that the sides a, band care in G.P. . 2 

. .. 
Objective Type Solutions on page 5. 72 

Each ques1ion has four choices a, b, c, and d, out of which only one answer is correct. 

I. If in dA8C, sin A cos 8 = "~I and sin 8 cos A= ~,then the triangle is 

a. equilateral b . isosceles c. right angled d . righ-angled isosceles 
2. ABC is an equilateral tTiangle of side 4 em. If R, rand hare the circumradius, inradius and altitude, 

. I h R + r . I respecttve y, t en IS equa to 
h 

a.4 h 2 c. I d3 

3. In flABC, if 
sin A sin B sin C c b a 

· B + --+ - 1 - = -b +-+ -b , then the value of angle A is 
c sm c ' a ac c 

a. 120° h 90° c. 60° d 300 
4. A piece of paper is in the shape of a square of side I m long. Jt is cut at the four comers to make a 

regular polygon of eight sides (octagon). The area of the polygon is 

d none of these 

5. If A, Band Care angles of a triangle such that angle A is obtuse, then tan B tan C will be less than 

1 
a.-
~ 

h..[j 
2 

c. I d. none of these 

6. In 6ABC, LB = 1lf3. The range of values ofx, where x =sin A sin C, is the interval 

. a. [-.!. ~] 
. 4' 4 h ( 0, !) d [: ' !] 
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~ 7. If in Ll ABC, A C is double of AB, then the value of cot A cot 
8 

- C is equal to 
2 2 

1 . 1 1 
a. h -- c. 3 d -

3 3 . 2 
8. In a right-angled isosceles triangle, the rat~o of·the circumradius and inradius is 

3. 2(.V2 + l):J h (.V2+ .. 1):1 C. 2:) r d .V2:) 
9. In triangle ABC, a= 5, b = 3 and c = 7, the value of 3 cos C. + 7 cos B is equal to 

a. ·s h 10 c. 7 d 3 
10. I fin triangle ABC, LB= 90°, then tan2(A/2) is 

b-e 
a. - -

b+ c 

b+ c 
h -­

h -c 

2bc 
c. -b­

- e 

cot A 
1.1. Tnil ABC, ifb2 + c2 =2a2, thenvalueof C is 

· · cotB +cot 

d none of these 

a.
1 h ~ c.~ d ~ 
2 2 2 . 3 

. 12. lf sin f) and - cos 8 are the roots of the equation ax2 - bx- c = 0, where a, b and c are. the sides of a 
triangle ABC, then cos B is equal to 

c c 
a.l -- hl - -

2a a 
c 

c. I +-
2a 

13. In Ll ABC, c? + b2 + c2 = ac + ab J3, then the triangle is 
a. equilateral h isosceles c. right angled 

14. InilABC,(a+b+c)(b+c- a) = kbc if 

a. k <O h k > O c. 0 < k <4 

c 
d l+-

3a 

· d none of these 

d k > 4 
15. lf one side of a triangle is double the other, and the angles on opposite sides differ by 60°, then the 

triangle is 
a. equilateral h obtuse angled c. right angled d acute angled 

16. In triangle ABC. if r 1 = 2r2 = 3r3, then a:b .is equal to 

5 
a. -

4 

4 . 
b -

5 

7 
c.-

4 

17. If in ~ triangle, (1 -.i.J(t-.l) = 2, then the triangle is 
'2 ~':\ ' 

a. right angled h isosceles c. equilateral 

d i 
7 

d none of these 
18 . .Jn an equilateral triangle, the inradius, circumradius and one ofthe ex-radii are in the ratio 

a. 2:3:5 h 1:2:3 c. 1 :3:7' d 3:7:9 

19. Jn any LlABC, if cot A , cot 
8

, cot C are inA.P., then a, b~ c.are in 
. 2 2 2 

a. A.P. h G.P. c. H.P. d none of these 

20. In .ilABC, if A = 30°, b = ·2, c = .J3 + l , th.~n C; 
8 

is equal to 

a. 15° h 30° c. 45° d none of these 
21. In triangle ABC, if a:b:c = 7:8:9, then cos A: cos B is equal to 

a. .!.!. h 22 , c. 3. 
63 63 9 

d none of these 
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22. In triangle ABC, if cos A+ cos 8 +cos C = 2, then R is equal to 
4 r 

3 h~ 2 d~ a c.-
4 3 3 2' 

23. In A ABC, cot _i +cot !!_ +cot C is equal to 
2 2 2· 

6. (a +b+c)
2 

~ d~ a. 
,2 

h 2.R c.-
abc r Rr 

• 2 2 2 cot A +cot C 
24. In tr1angle ABC, a-+ c = 2002b , then is equal to 

cot B 

2 3 . 4 
a b c.-- d--

2001 200.1 · 2001 2001 
25. I fthe hypotenuse of a right-angled triangle is rour times the length ofthe perpendicular drawn from the 

opposite vertex to it, then the difference of the two acute angles will be 
a. 60° B. 15° c. 75° d 30° 

26. Jn 6. ABC, if sin2 A, sin 2 8 
and sin2 C are in H. P., then a. band c wi II be in 

2 2 2 . 
a. A.P. h GP. c. H.P. d none of these 

27. Given b=2,c= .J3, LA= 30°, then inradiusofAABC is 

a. 
J3- J 

2' 
b J3 +) 

. 2 c. 
J3- 1 

4 
d none of these 

28. If Pis a point on the altitude AD of the triangle ABC such that LCBP = B/3, then AP is equal to 

a. 2a sin C h 2b sin C c. 2c sin B d 2c sin C 
3 3 3 3 

29. Jn triangle ABC, LA= tr12, then tan(C/2) is equal to 

a-c a-b a-c a-b 
a.-- b-- c.-- d--

2b 2c b c 
30. With usual notations, in triangle ABC, a cos (B- C)+ b cos (C -A)+ c cos (A- B) is equal to 

a. abc h abc c. 4 abc d abc 
· R2 4R2 R2 r 2R2 

31. In 6. ABC, sin A+ sin B +sin C = l 4: Ji and cos A+ cos+ cos C = Ji if the triangle is 

a. equilat~~l h isosceles c. right angled d right-angled isosceles 

32. Jf .!_ = '2 
, then 

'i '3 

a. A =90° h 8=90° c. C= 90° d none of these 
· 33. lfin a l:lABC, cos 3 A+ cos 38 +cos 3C = I, then one angle must be exactly equal to 

a. 90° h 45° c. 120° · d none of these 
34. lf cos 8 cos C +sin B sin C sin2 A= I, then triangle ABC is 

a. isosceles and right angled 
h equilateral 
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35. 

36. 

37. 

38. 

39. 

Trigonometry 

c. isosceles whose equal angles are greater than m4 
d none 

Jn triangle ABC, internal angle bisector~ makes an angle Owith side BC. The value of sin 8 is equal to 

a sin ( 
8

; C) c. sin ( ~ - c) c. cos ( B; C) d cos ( ~ - C J 
. . n 

In an acute angled triangle ABC, r + r1 = r 2 + r3 and L B > -, then 
3 

a. b + 2c<2a <2b + 2c h b + 4c < 4a <2b + 4c 
c. b+4c<4a< 4b+4c d b+ 3c < 3a<3b+3c 

In triangle ABC, LA= 30°, BC =:= 2 + .J5, then the distanc~ of the ~ertex A fr~m the.orthocentre of the 
triangle is 

a. 1 
J3 +1 

c. 2.Ji 
If I is the in centre of a triangle ABC, then the ratio JA:JB:JC is equal to 

A B ·C "' . A . B . C a. cosec -: coses - :cosec - u. sm - : sm-: sm -
2 2 2 2 2 2 

A . B' C 
c. sec -:sec- :sec-

2 2 2 
d none of these 

d .:!. 
2 

In AABC, the bisector of the angle A meets the side BC at D and the circumscribed circle atE, then DE 
equal~ 

a
2 sec~ a. __ ....::::.. 

2(b+ c) 

2 . A a sm-
h 2 

2(b +c) 

A 
a2 cos2 c.---=-
2(b +c) 

z· A a cosec-
d 2 

2(b +c) 

40. lf Dis the mid-poirt of the side .BC of triangle ABC and AD is perpendicular to AC, then 
a. 3b2 = a2

- c2 b. 3dl = b2 - 3c2 c. b2. = a2 - c2 d a2 + b2 = 5c2 
41. Two medians drawn from the acute angles of a right-angled triangle intersect at an angle 1!16. lfthe 

length ofthe hypotenuse of the triangle _is 3 uryts, then the area of the triangle (in sq. units) is 

. a. .J3 b. 3 c. J2 d 9 
42. For triangle ABC, R = 512 and r = 1. Letlbethe incentre of the triangle and D, £and Fbe the feet of the 

· ID x IE xJF 
perpendiculars from 1 to BC, CA and AB, respectively. The value of 1A x 

18 
x IC is equal to 

a. 
5 ' 

2 
h2 

4 

I 
c. -

lO 
43. If the median of AABC through A is perpendicular to AB, then 

I 
d -

5 

a. tan A + tan B = 0 b. 2 tan A + tan B = 0 c. tan A + 2 tan B = 0 d none of these 
44. In AABC, the median AD divides LBAC such that LBAD: LCAD = 2:1. Then cos (A/3) is equal. to 

sin B· sin C 2 sinE 
a. h c. d none -of these 

2 sin C 2 sin B sin C 
45. If in ~ABC, b = 3 em, c = 4 em and the length of the perpendicular from A to the side BC is 2 em, then 

the number of solutions of the triangle is · 
a.1 hO c.3 d2 
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46. In in triangle ABC, I, sin A =~and I, /1 1 = 9 (where / 1, 12 and 13 are ex-centres and 1 is in-centre, then 
. 2 5 . 

circumradius R is equal to 

a~ h~ ~~ d~ 
8 . 4 2 12 

47. In triangle ABC, mediansADand CE are drawn. If AD= 5, L.DAC= tc/8 and LACE= rd4, then the area 
of the triangle ABC is equal to 

25 .. 25 25 10 
a- h- ~- d-

9 3 .18 3 
48. In triangle ABC, iftan (A/2) = 5/6 and tan (B/2) = 20/37, the sides a, band care in 

a. A.P. b. GP. c. H.P. d ·none of these 

49. If H is the orthocentre of a acute-angled triangle ABC whose circumcircle is x~ + l = 16, then 
circumdiameter of the triangle HBC is 

a. I h 2 . c. 4 d 8 

SO. Jn triangle ABC, a= 5, b=4 and c= 3. G is the centroid of the triangle. Circumradius of triangle GAB is 
eq1;1al to 

5'1. 

52. 

53. 

54. 

a 2.Jl3 h 2_ ../13 ~ ~ ~13 d '3_J13 
:12 3" 1

j 2 
In triangle ABC, line joining circumcentre and inccntre is parallel to side AC, then cos A+ cos<:: is equal 
to 

a. -1 . h I c. -2 d 2 

In triangle ABC, line joining the circumccntre and orthocentre is parallel to side AC, then the value of 
tan A tan C is equal to 

a. J3 h 3 c. 3../3 d none of these 
!fin t:.. ABC, 8R2 = a2 + b2 + c?, then th~ triangle A IJC is 

a. right angled h. isosceles c. equilateral d none of these 

In triangle ABC, ~ = 2 
and sec2 A= ~.Then the number of triangles satisfving these conditions is 

li 3 5 " 
a.O h 1 c. 2 d3 

55. We are given b, c and sin 8 such that B is acute and b < c sin B. Then 
a. no triangle is possible b. one triangle is possible 
c. two triangles are possible d a right-angled triangle is possible 

56. If a, band A are given in a triangle and c1, c2 are the possible values of the third side, then 

cf +ci - 2c1c2 cos A= is equal to 

a. 4a2 sin 2A h 4a2 sin2 A c. 4rr cos2A d 4a2 cos2 A 

57. In t:.. ABC, a, h, A are given and c1, c2 are two values of the third side c. The sum of the areas of the two 
triangles with sides a, b, c1 a~d a, b, c2 is 

a. (l/2) b2 sin 2.4 . b. (1/2) a1 sin 2A c. IJ2 sin 2A d none of these 

58. The area of the circle and the area of a regular polygon of n sides and of perimeter equal to that of the 
circle are in the ratio of 

a. tan (TC): TC h cos(TC): 1C c. sin 1t: 1C d cot (rc): 1C 
11 1J 11 II 11 ll 11 1l 

59. The ratio of the area of a regular polygon of n sides inscribed in a circle to that ofthe polygon of same 
number of sides circumscribing the same circle is 3:4. Then the value of n is 

a. 6 h 4 c. 8 d 12 
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60. ·In triangle ABC, if P, Q, R divides sides BC, ACandAB, resp·ectively, in the raito k : 1 On order). If the · 

. (area PQR) . 1 h k . 1 ratio IS - , t en JS equa to 
area ABC 3 . 

a. 1/3 h 2 c. 3 d none of these 

· 2! 2! 1 ga 
61. ThesideoftriangleABCareinA.P.(orderbeinga,b,c)andsatisfy 

1191 
+ 

3
,.,

1 
+ 5151 = -(-, th~n 

. • . .f . • . 2b)! 

the value of cos A + cos B is 

12 
a.-

7 
h!l 

7 

1 1 
c. -

7 
d.!.Q 

7 

62. Let ABC be a triangle with LB= 90°. Let AD be the bisector of LA withDonBC. Supoosc AC= 6 em 
and the area of the tria~gleADC is 10 cm2

• Then the length of BD in em is equal to 

3 h2. 5 d~ a. c.-
5 10 3 3 

63. 
a2 '-+b2 +c2 

has the maximum value of In any triangle ABC, 
2 R 

a. 3 . b. 6 c. 9 d none of these 

. 2a . 2b ·. 2c 
64. If a, hand care the sides of a triangle, then the minimum value of b + b + b is 

. . +c - a e +a - a+ -c 

a.3 c. 9 c. 6 d 1 

65. ln any triangle, the minimum value ofr1r2rl? is equal to 
a. I b. 9 c. Tl d none of these 

66. In a convex quadrilateral ABCD, AB =a, BC = b, CD= e and DA =d. This quadrilateral is such that a 
circle can be inscribed in it and a circle can be also circumscribed about it, then tan2(A/2) is equal to 

a. ad . h .ab . c. ed d be 
be cd ab ad 

67. In triangle ABC, sin A, sin Band sin Care in A.P, then 

a. the altitudes are in H.P. b. the altitudes are in A.P. 
c. the altitudes are in G.P. d none of these 

68. In triangle ABC, LC = 2rd3 and CD is the internal angle bisector of LC, meeting the side AB at D. 
Length C,D is equal to 

ab 
a. 

2(a+b) 
h 2ah 

a+b 

2ab d~ 
a+b c . .j3(a +b) 

69. In fl. ABC, let R = circumradius, r = inradius, if 1· is the distance between the circumcentre and the 
incentre, then ratio Rlr is equal to 

a. J2- I b. J3 -l . c. J2 + 1 d .J3 ~ 1 

70. In the given figure, AB is the diameter of the circle, centered at '0' . If L COA = 60°, AB = 2r, 
A C =; d and CD = I, then I is equal to 



ad.J3 

c. 3d 

Fig. 5.47 

h dl../3 

d J3dl2 

Solutions and Properties of Triangle 5.49 

. . 
71. In triangle ABC, base BC and area of triangle 6. are fixed. Locus of the centroid of triangle ABC is a 

straight I ine that is 
a parallel to side BC h right bisector of side BC 

, c. right angle of BC d inclined at an angle sin-• ( ~) to side BC 

72. Let AD be a median of the 6A.BC.If A£ and A Fare medians of the triangleABD and ADC, respectively, 
and AD= m1, A£= m2, AF= m3, then cl-18 is equal to 

2 2 2 2 "2 2 a 1112 +m3 - 2m1 h m1 + m2 -2m3 

2 2 2 2 fth c. m1 +m3 - m2 d none o ese · 
73. A variable triangle ABC is circumscribed about a fixed circle of unit radius. Side BC always touches the 

circle at D and has fixed direction. If Band Cvary in such a way that (BD) (CD)= 2, then locus of vertex 
A will be a straight line 

a parallel to side BC 
h perpendicular to side BC 
c. making an angle (n/6) with BC 
d making an angle sin-• (2/3) with BC 

74. In triangle ABC, LA= Jrl3.and its incircle is of unit radius. If the radius of the circle touching the sides 
AB, AC intemaily and incircle externally isx, then the value ofx is 

a. lf2 b. 1/4 c. 1/3 d none of these 
75. The radii r1, r2, r3 of the escribed circles of the triangle ABC are in H.P. ffthe area of the triangle is 24 

. cm2 and its perimeter i~ 24 em, then the length of its largest side is · 
a 10 h 9 c. 8 d none of these 

76. 1 f '0' is the circumcentre of llA BC and R
1
, R

2 
and R

3 
are the radii of the circumcircles of triangles OBC, 

a b c 
QCA .and OA 8, respectively, then R; + R

2 
+ R

3 
has the value equal to 

abc R3 46 6. 
a 2R3 b. abc c. R2 · d 4R? 

77. Jn triangle ABC, If A- B = 120° and R = 8r where Rand r have their usual meaning, then cos C equals 
a~ hW c.~ dm 
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78. In triangle ABC, LA = 60°, LB = 40° and LC == 80°.1f Pis the centre ofthe circumci1·cle oftria.ngleABC 
with radius unity, then the radius of the circumcircle of triangle BPC is 

a.] b.J3 . c. 2 . d J312 

79. Let' area of triangle ABC is { .J3 - 1 )jz , h = 2 and c ;::::. ( J3 - 1) and LA is acute. The measure of the 

angle Cis 
a. 15° - b. 30° c. 60° d 75° 

80. In triangle ABC, R(b +c)= aJbc where R is the circumradius of the triangle. Then the. triangle is 

a. .isosceles but not right h right but not isosceles 
c. right isosceles . d equilateral . 

Sl. ln triangle ABC, L.ABC ;::::. 120°, AB= 3 and BC == 4. If perpendicular constructed to the sideAB at A and 
to the side BC at C meets at D, then CD is equal to 

a. 3 h gf3 
3 

c. 5 d wJ3 
3 

M~ltiple Correct Answers Type Solutions on page 5. 9 5 

Each question has four choices a, b, c, and d, out of which one or more answers are correct. 
1. If the tangents of the angles A and B. of triangle ABC satisfy the equation ahx2

- c2x + ab = 0, then 
a. tan A = a/ h h tan B = b/ a 
c. cos C = 0 d sin2 A + sin2 B + sin2 C = 2 

2. In a triangle, the angles are in A.P. and the lengths of the two larger sides are J 0 and 9, respectively, 
then the length of the third side can be 

a. 5 + ..J6 h 0.7 c. 5 - .f6 d none of these 
3. In triangle ABC if2ib2 + 2b2c2 

= a4 + b4 + c\ then angle 8 is equal to 
a. 45° 11 135° c. 120° d 60° 

4. Tf in triangle ABC, a, b, c and angle A are given and c sin A < a < c, then 
a. b1 + b2 = 2c cos A h b1 + b2 ;::::. c cos A c. b1b2 = c2 - i 

5. There exists triangle ABC satisfying 
a. tan A + tan 8 + tan C = 0 

h sin A_= sin B =sin C 
2 3 7 

c. (a+ b)2 ~ c2 + ab and .Ji (s!nA +~osA) =..J3 

d 
. A . 8 . J3 + I .f3 . . B 

Sin + sm . = , cos A cos B;::::. - = sm A Sin 
2 4 

6. CF is the internal bisector of angle C of /1 ABC, then CF is equal to 

2ab C a +b C bsinA 
a. - - cos- .h - -cos- c. ( C) · 

a +b 2 2ab 2 · 
sin B +2" 

7. The sides of 11 ABC satisfY the equation 2c? + 4b2 + c2 = 4ab + 2qc. Then 
a. the triangle is isosceles h the triangle is obtuse 

c.B =cos- 1(7/8) d A = cos-1(1/4) 

d none of these 
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8. Let ABC be. an isosceles triangle with base BC. 1 f 'r' is the radius of the circle inscribed in A ABC and 
r 1 is the radius of the circle escribed opposite to the angle A, then the product r 1 r can be equal to 

c. .!_ a2 

2 
where R is the radius of the circumcircle of the AA8C. 

9. If in a triangle, sin4 A + sin4 8 + sin4 C = sin2 B sin2 C + 2 sin2 C sin2 A+ 2 sin2 A sin2 B, then its angle 
A is equal to 

a. 300 c. 150° d6()0 

10. The area of a regular polygon of n sides js (where r js inradius, R is circumradius and a is side of the 
triangle) 

a. nR
2 

sin ( 2n) b. nr2 tan (1C) c. "a
2 

cot 1C d nR2 t~n (n) 
2 " , n 4 n n 

J 1. In acute-angled triangle ABC,AD is the altitude. Circle drawn·withAD as its diameter cuts ttie AB and 
AC at P and Q, respectively. Length PQ is equal to 

a. ~ b. abc 
2R 4R2 

c. 2 R sin A sin B sin C 

12. J fA is the area and 2s is the sum of the sides of a triangle, then 

..,2 s2 s2 

a. AS: 4 h.A·S: 
3
.J3 c. A < .J3 

d A 
R 

d none of these 

13. lfthe angles of a triangle are 30° and 45°, and the included side is { .J3 + 1} em, then 

a. area of the triangle is ~( .J3 + J) sq. units 

b. area of the triangle is ~ ( .J3 -1} sq. units 

. f 'd II 'd . .J3 + 1 
. c. ratto o greater. s1 e to sma er s1 e 1s .J2 

d ratio of greater side to smaller side is 
1 ~ · 

4v3 
J 4. Sides of llABC are in A.P. 1f a < min {b, c}, then cos A may be equal to 

a. 
4b - 3c 

2b 

h 3c - 4b 
2c 

c. 
4c-3b 

2b. 

15. Lengths of the tangents from A, 8 and C to the incircle are in A.P., then 

16. If sides of triangle ABC are a, b and c such that 2b = a+ c, then 

b 2 b 1 b 
a. - >- b. - > - c. - <2 

c 3 c 3 c 

· d 
4c-3b 

2c 

4c-3b 
d cosA= ---

2b 

b 3 
d- < ­

c 2 
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. A t+c 17. ln MBC, 1f cos - = --,then 
2 2c 

a. area of triangle is ~ ab 
2 

1 
c. area of triangle is -be 

2 

h 

d 

circumradius is equal to 
1 
- c 
2 

circumradius is equal to 
l 
-a 
2 

18. If the sides of a right-angled triangle are in G.P.,_ then the cosines of the acute angle of the ~riangle are . 

a. 
..{5-1 

2 
d ~~ +1 

2 
------·· ... --- ----·--·-~-------- --- ---~ 

:_ Reaso~ing_ Type 
', 

Solutions on page 5. 102 i 

Each question has four choices a, b, c and d, out of which o11/y one is correct. Each question contains 
STATEMENT1 andSTATEMENT2. 

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT I 
b Both the statements are TRu'E but STATEMENT2 is NOT l.hc correct explanation ofSTATEMENT 1 

c. STATEMENT I isTRUEandSTATEMENT2isFALSE . 
d STATEMENT 1 is FALSE and STATEMENT2 is TRUE 

1. Statement 1: If side BC and ratio of r 2 and r 3 of an acute-angled triangle is given, then the locus of A 
is a hyperbola. 
Statement 2: Jfbase of a triangle is given and difference of two variable sides js constant (less than the 
base), then locus of variable vertex is a hyperbola. 

2. Statement I :li1 any aABC, the maximum value of r 1 + r2 + r 3 = 9R/2. 
Stateme~t 2: 1n any AABC, R~2r. · 

3. In acute-angled !!.ABC, a> b > c 
Statement I: r1 > r2 > r3. 

Statement 2: cos A <cos 8 <cos C. 
4. Statement I: The incentre of the triangle fonned by the feet of altitudes from the vertices of triangle 

ABC to the opposite sides is the orthocentre of the triangle ABC. 
Statement 2: The incentre of triangle ABC is orthocentre of the triangle 111213, where /1, / 2,/3 arc ex centres 
oftriangleABC. · 

5. Statement .l: lf I is in centre of 6. ABC and / 1 ex centre opposite to A and Pis the intersection of 111 and 
BC, then .IP· ! 1P == BP· PC. 
Statement 2: In fl ABC, 1 is inc entre and ./1 is ex centre opposite to A, then IB/1 C mu~t be square. 

6. Statement I: 1fthe quadrilateral Q1 fonned by joining mid-points of sides of another quadrilateral Q2 

is cyclic, then Q1 is necessarily a rectangle. 
Statement 2: The quadrilateral Q1 formed by joining mid-points of sides of another quadrilateral Q2 is 
always a parallelogram. 

7. Let/" /2, /3 be the lengths of the internal bisectors of angles A, B, C of MBC, respectively. 

A 8 C 

· Statement I: __ 2_ + __ 2_ + __ 2_ = 2 !J.. + !1. + /3 
cos- cos- cos- ( ) 

11 ?2 · /3 . a b c 

Statement2: ti =be[ I-( b-:JJ/f =ca[l-( c!Jllj ;ab[t-(a:b J] 



Solutions and Properties of Triangle 5.53 

8. Statement 1: ln ll ABC, the centroid (G) divides line joining orthocenter (H) and circumcenter in ratio 
2:1. 
Statement 2: The centroid (G) divides the median AD in ratio 2: I. 

9. Statement t : Circumradius of M 1/ 2/3 is 2R. . 
Statement 2: Circumradius ofthe triangle tormed by feet of altitudes of ll ABC is R/2. 

10. Statement J: If the incircle of the triangle ABC passes through its circumcentre, then 

. A . B . C r;;
2 sm- sm -sm -= v.l. 

2 2 2 

Statement 2: Distance between the circum centre and incentre is ~ R2 - 2rR. 
1 J. Statement l: In triangle ABC, Dis a point on the side AB such that C02 =AD· DB, then the greatest 

value of sin A sin B is sin2 
( C/2). 

Statement 2: Greatest value of sin A sin B occurs when CD is the angle bisector of angle C. 
12. Statement I: lf a, b, care the sides of a triangle, then the minimum value of 

2a 2b 2c: 
---+ + is 9. 
b+c -a c +a -b a +b -c 

Statement 2: A.M.~ G.M. ~ H.M. . 

13. Statement 1: JfC=45°,B=60°, then the line joining A and circumcentrc(O)dividcs BC in ratio 2: ../3. 

S 2 . . . . A d . (O)d' 'd BC' . sin 2C tatcment : Lme JOimng an CJrcumccntcr 1v1 es · m rat1o . . 
· sm28 

14. Statement 1: If a= 3, b= 7, c= 8, and internal angle bisector AJ meets BC at D (where I is incentrc): then 
Ali!D= I 1/2. 
Stat_ement 2: Internal angle bisector of angle A divides the side BC in ratio ABIAC. 

ti~ked Comprehension Type · Solutions on page 5.106 

Based upon each paragraph, three multiple choice questions have to be answered. Each question has four 
choices a, b, c, and d, out of which 011/y o11e is correct. 

For Problems 1-3 

Given that ll = 6, r 1 = 2, r 2 = 3, r 3 = 6. 
I. Circumradius R is equal to 

a. 2.5 b. 3.5 

2. lnradius is equal to 
a.2 b. I 

c. 1.5 

c. 1.5 

3. Difference between the greatest and the least angle is 

- 1 4 
a. cos - b. -1 3 tan -

5 

For Problems 4-6 

4 
Let a = 6, b = 3 and cos (A - B) = - . 

5 
4. Area of the triangle is equal to 

a. 9 h 12 
5. Angle Cis equal to 

4 
-1 3 c. cos -

5 

c. I 1 

d none of these 

d 2:5 

d none of these 

d JO . 
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31r 
a 

4 

Trigonometry 

h !: 
4 

6. Value of sin A is equal to 

1 
a - -

2../5 
For Problems 7- 9 

. I 
h -

Jj 
1 

c. r; 
-vs · 

d none of these 

p 1, p2, p 3 are altitudes of tr.iangle ABC from the vertices A, B, C and !l is the area of the triangle. 

7. The value of p~2 + p22 + p)2 is equal to 

a· 
a+b+c 

.1 

8. The val~e of _!_ + __!_ + -
1- is equal to 

P1 . P2 P3 . 

2 
a 

r 
h 2s 

.1 
. cos A cos B cos C . . 

9. The value of --+--+-- JS equal to 
P1 P2 - P3 

a. 
R 2R 

For Problems 10- 12 

c. 

8R 
c.-

abc 

!l 
c.-

2R 

Let 0 be a point inside a .1 ABC such that LOAB = L.OBC = LOCA == e. 
10. cot .A +cot B + cot C is equal to 

a tan2 e b' cot2 8 c. tan e 
11. cosec2 A + cosec2 B + cosec2 C is equal to 

a cot2 e b. cose:c2 e c. tan2 e 
12. Area of .1 ABC is equal to 

For Problems 13- 15 

d none of these 

d none of these 

d none ·of these 

d cote 

~ a +h2 +c- cot e 
( 

2 2 ., J . 

Let D, E and F be the feet of altitudes from the vertices of acute-angled triangle ABC to the sides BC, A C and 
A B, respectively. Triangle DEF is defined as the pedal triangle of triangle ABC. (Rand rare circumradius and 
inradius of triangle ABC, respectively.) 

13. Consider the following statements: 
i . orthocentre of the triangle ABC is incentre of the triangle DEF 
ii. A, B, Care ex centres of triangle DEF · 

a only (i) is true b. only (ii) is true 
c. both (i) and (ii) are true . d both (i) and (ii) are fal~e 

J 4. Circum radius of a pedal triangle of triangle ABC is 
a R/2 , b r/2 c. R/4 d r/4 

15. If x, y, z are the sides of a pedal triangle, then x + y + z is equal to 
a. L\R/2 · b. 11/2R c. L\R d none of these 



Solutions and Properties of Triangle 5.55 

For Problems 16- 18 

lncircle of ~ABC touches the sides BC. AC and A!J at .D, £and F, respectively. Then answer the follt'\\~ng 4uestions. 
16. L DEF is equal to 

1t-B 
a--

2 
l 7. Area of 6DEF is 

h 1!- 28 

a. 2rsin (2A) sin (28) sin (2C) 

c. 2r sin (A -B) sin (8- C) sin (C -A) 
18. The length of side EF is 

. A 
a. r sm -

2 

For .Problems 19-21 

2 
. A 

b. rsm-
2 

c.A - C d none .of these 

A B C 
b. 2r2 cos - cos - cos -

2 2 2 
d none of these 

A 
c. r cos - . 

2 

A 
d 2rcos-

2 

Internal bisectors of 6 ABC meet the circumcircle at points D, £and F, 
l 9. The length of side EF is 

a 2R cos ( ~) h 2R sin ( ~ ) c. R cos ( ~) 
20. Area of 6 DEF is 

a 2R'cos
2 

( ~ }os
2 

( ~ }os
2 

( ~) 
c. 2R'sin

2 
( ~ }in

2 
( ~ )sin

2 
( ~) 

21. Ratio of area of triangle ABC and triangle DEF is 
a.~l b.~l c. ~1/2 

d 2Rcos (~}~s(~) 

d ~ J/2 

Matrix-Match Type· Solutions on page 5. 11 I 

Each question contains statements given in two columns which have to be matched. 
Statements (A, B, C, D) in column I have to be matched with statements (p, q , r, s) in column ll.lfthe correct 
match are a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows: 

p q r s 

]. 

Column I Column II 

a. b > c sin 13, b < c and 8 is an acute angle p.O 
b. b > c sin B, c < b, and B is an acute angle q.2 
c. b > c sin B, c < b and 8 is an obtuse angle r. data insufficient 

d. b > c sin 8, c > band 8 is an obtuse angle s. I 
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2. J n acute-angled triangle ABC 

Column I Column IJ 

a. cos A, cos 8, cos Care in A.P. p. Distances of orthocentre from vertices of triangle 
are in A.P. 

b. sin (A/2), sin (B/2), sin (C/2) are in A.P. q. Distances of orthocentre from sides of triangle are 
inH.P. 

c. Distances of circumcentre from the r. Distances ofincentre from vertices of triangle are 
vertices of the triangle ABC are in A.P. inH.P. 

d. Circumradii of triangles OBC, OAC s. Distances ofincentre from excentres oftriangle 
and OAB are in H.J>. (where 0 is are in A.P. 
cicumcentre of triangle ABC) 

. 3. 

Column r Column IJ 

a. If the sines ofthe angles A and B of a triangle ABC satisfy the 
equation c2~- c (a + b) x + ab = 0, the triangle can be 

p. right angled 

b. If one angle of a triangle is 30° and ~he lengths of the sides q. isosceles 

adjacent to it are 40 and 40J3, the triangle can be 
c. 1 f two angles of a triangle ABC satisfy the equation r. equilateral 

8 1sln
2 

:x + 8 Jcos
2 

x = 30, then the triangle can be (x E ({), m'2)) 

d. In triangle ABC, cos A cos B +sin A sin B sin C = I, s. obtuse angled 
then the triangle can be 

4. Let 0 be the circumcentre, H be the orthocentre, I be the incentre and 11, 12, 13 be the ex centres of acute­
angled ~ABC 

Column] Column II 

a. Angle subtended by OJ at vertex A p.IB-CI 

h. Angle subtended by HI at vertex A 
IB-Ci q. 

2 

c. Ang!e subtended by OH at vertex A 
B +C 

r.-
2 

d. Angle subtendcd by li3 at 11 
B 

s. --C 
2 
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s. 

Column I (Condition) Column II (Type of t1ABC) 

A b +c 
a. cot-=--

2 a 
p. always right angled 

( A+B) b. a tan A + b tan 8 = (a + h) tan -
2
- q. always isosceles 

c. a cos A = b cos B r. may be right angled 

sin B 
d. cos A= 

2 
. C 

san 
s. may be right-angled isosceles 

Integer Type Solutions on page 5.115 

1. Suppose a, {3, yand o are the interior angles of regular pentagon, hexagon, decagon and dodecagon, 
respectively, then the value of Ieos a ·sec {3 cos r cosec 81 is ___ .....; 

AB AF 
2. Let ABCDEFGHJ.JKL be a regular dodecagon. Then the value of AF + AB is equal to _ __ _; 

3. Two equilateral triangles are constructed from a line segment of length L. If A!f and mare the maximum 
and minimum value of the sum of the areas of two plane figures, then the value of Mlm is _ __ _; 

· a2 + h2 + c2 
4. In 6ABC, if r = I, R-= 3 and s = 5, then the value of is ___ .....:. 

3 

5. Consider aM BC in which the sides are a -= (n + I), b = (n + 2), c = n with tan C = 4/3, then the value 
of Ml2 is ___ _,; 

6. In AA0, Tis the midpoint of X£, and Pis the midpoint of ET. If MPE is equilateral of side length equal 
to unity~ then the value of [(A..A'f/2] is (where [ . ] represents greatest integer function) ___ .....; 

7. Jn MBC: the in circle touches the sides BC, CA and AB, respectively, at D, E and F. Jfthe radius of the 
incircle. is 4 units and BD, C£ and A Fare consecutive integers, then the value ofs/3, where s is a semi-
perimeter of triangle, is ___ __ 

8. The altitudes from the angular points A~ Band Con the opposite sides BC, CA and AB of MBC arc 
210, 195 and ·182, respectively. Then the value of a/30 is (where a= BC) ---"""" 

9. ln 6 ABC, if LC = 3LA, BC = 27 and AB = 48. Then the value of AC/7 is-----= 

l 0. The area of a right triangle is 6864 square units. If the ratio of its legs ·is 143 : 24, then the value of 
(r/4], where [·] represents the greatest integer function, is ... 

2 (a +b)4 

t I. ln AABC, if cos A+ sin A - . = 0, then the value of - as ___ _; 
cos B + Stn B c 

a2 + b2 + c2 
12. In MBC, LC = 2LA and AC = 2 BC, then the value of R2 (where R is circum-radius of 

triangle) is ___ .....; 

13. A circle inscribed in a triangle ABC touches the side A Bat D such that AD= 5 and BD = 3. If LA = 60°, 

then the value of [BC/3] (where[·] represents greatest integer function) is ___ ......:. 

... 
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14. The sides of triangle ABC satisfy the relations a+ h- c = 2 and 2ab- d = 4, then square ofthe area 
of triangle is _ _ _ _ 

15. The lengths of the tangents drawn from the vertices A, Band C to the incircle of 6. ABC are 5, 3 and 2, 

respectively. lfthe lengths of the parts of tangents within the triangle which are drawn parallel to the 
sides BC, CA and A B of the triangle to the incircJe are a;{3 andy, respectively, then the value of [a + {3 
+ y] (where [·]represents greatest. integer funciton) is-- ----' 

16. If a, b and c represent the lengths of sides of a triangle, then the possible integral value of 
a b c 

- -+-- +--· 
b + c c + a a + b IS 

17. In triangle ABC, sin A sin B + sin B sin C + sin C sin A == 9/4 and a = ~. then the value of .J3'1l , where 

6. is area of triangle, is _ __ __; 
18. In tlABC, AB = 52, BC =56, CA = 60. Let .D be the foot of the altitude·fromA, and E be the intersection 

of the internal .angle bisector of L.BAC with BC. Find the length DE is------' 

Archives . 
.. . Solutions on page 5.121 

Subjective 
1. ABC is a triangle. Dis the middle point of BC. Jf AD is perpendicular to AC, then prove that 

· · 2 (c2 - a2) 
cos A cos C = . (JIT-JEE, 1980) 

3ac 
2. ABC is a triangle with A B =A C. Dis any point on the side BC. E and Fare points on the s ides AB and 

A C, respectively, such that DE is parallel to A C and DF is parallel to AB. Prove that 
DF+ FA + AE + ED=AB+AC. (JIT-JEE, 1980) 

3 • .Let the angles A, Band C of triangle ABC be in A.P. and ·let ·b:c be .J3: J2. Find the angle A. 
(UT-JEE, 1981) 

4. The exradii r 1, r2 and r3 of tlABC are in H.P. Show that its sides a, band c an~ in A.P . .. 
(IIT-JEE, 1983) 

5. For triangle ABC, it is given that cos A + cos B + cos C = ~.Prove that the triangle is equilateral. 
2 

(JJT-JEE, 1984) 
6. With usual notation, if in triangle ABC, 

b + c c + a a+ b · cos A cos B cos C 
- - = = -- then prove that - - =-- = ---. 

11 12 13. 7 19 25 
(IlT-JEE, 1984) 

7. In triangle ABC, the median to the s ide BC is Of length ~ 1 
and it divides the angle A into 

11-613. 
angles 30° and 45°. Find the length of the s ide BC. (JlT-JEE, 1985) 

8. Tf in triangle ABC, cos A cos B +sin A sin B s in C =I. Show that a:b~c= I: 1: .fi . 
(IJT-JEE, 1986) 

9. The s ides of a triangle are three consecutive natural numbers and its largest angle is twice the sma11est 
one. Determine .the s ides of the triangle. (IIT-JEE, 1997) 

10. In a triangle of base a, the ratio of the other two sides is r ( < 1 ). Show that the altitude of the triangle 

. ar 
is less than or equal to 2 . 

1- r 
(IIT-JEE, 1997) 
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11. Three circles touch one another externally. The tangents at their points of contact meet at a point 
whose distance from a point ofcontanct is 4. Find the ratio of the product ofthe radii to the sum of the 
radii of the circles. _(IIT-JEE, 1992) 

. I 2. Consider the following statements concerning triangle ABC 
i. The sides a, h and c and area (A) are rational 

,. B d C . . I 
11. a, tan - an tan - are rat10na 

2 2 
iii. a, sin A: sin Band sin Care rational 

Prove that (i) => (ii) =>(iii)::::> (i). (IIT-.JEE, J 994) 

:13. Let ABC he a triangle with incentre I and inradius r. Let D, E and F be the feet of the perpendiculars 
from I to the sides BC, CA and AB. respectively. If r 1, r 2 and r 3 arc the radii of circles inscribed in the 
quadrilaterals A FIE, BD/Fand CEID. respectively, prove that 

_r._l- + ' 2 + (IIT-JEE,2000) 
r-fj r-r2 r- '3 

14. If 6 is the area ~fa triangle with side.lengths a, band c, then show that6 .~ : .Jca + b + c) abc .Also 

show thal the equality occurs in ~he above inequality if and only if a = b =c. 
. 01T-JEE,2001) 

J 5. If 1, is the area of n-sided regular polygon inscribed in a circle of unit radius and On be the an~a ofthe 

polygon circumscribing the given circle, prove that 1. ~ ~ (I + . I - ( 
2
:." r). 

(IIT-.JEE, 2003) 

16. Two parallel chords of a circle of radius 2 are at a distance J3 + 1 apart. Jfthe chord subtend angles n 
k 

2n 
and - at the centre, where k > 0, then find the value of [k). 

k . . 

(Note:) [k] denotes the largest integer less than or equal to k) (IIT-JEE,20JO) 
1 7. Consider a triangle ABC and let a, b and c denote the lengths of the side$ opposite to vertices A, B and C, · 

· respectively. Suppose a= 6, b = 10 and the area of triangle is 15.../3. If LACB is obtuse and ifr denotes 
the radius of the incircle of the triangle, then find the val~:~e of r 2

• (IIT-JEE, 20.10) . 
Objective 
Fill in tile bfa11ks 

1. In MBC, LA= 90° and AD is an altitude. Complete the relation BD :;; AB . 
DA ( .. ·) 

(UT ... JEE, 1980) 

2. ABC is a triangle, Pis a point on AB and Q is a point on AC such that LAQP = LABC. Complete the 

. area of 6APQ ( ) 
relation f A ABC =--2 · (JIT-JEE, 1980) 

nrea o Ll AC 
3. ABC is a triangl~ with LB greater than LC. D and E are poi~ts on BC such that AD is perpendicular to 

BCand AE is the bisector of angle. A. Complete the relation LDAE ~ ~ [(···)- LC]. 

(IIT-JEE, 1980) 
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4. The set of all real numbers a such that ct + 2a, 2a + 3 and J + 3a + 8 arc the sides of a triangle is __ . . 
(IIT-.JEE, 1985) 

5. In triangle ABC, if cot A, cot B~ cot Care in A.P., then cl, h2
, c2 are in __ progression. 

{liT -J EE, I 985) 
6. A polygon of nine sides, each side oflength 2, is i~scribed in a circle. The radius of the circ'te·is __ . 

(UT-JEE,.t987) 

7. If the angles of a triangle are 30° ·and 45° and the included sid~ is ( ..f3 + I) em, then the area ofthe 
triangle is __ . (IIT~JEE, 1988) 

2 cos A cos B 2 cos C a /J 
8. If in triangle ABC, + -- + ::::- + - , then the value of the angle A is _ _ 

a b c c ca 
degrees. (JJT-.JEE, 1993) 

9. ln triangle ABC, AD is the alti tude from A. Given b > c, LC = 23° and AD == 2abc 2 ,then 
b - c 

LB = (IIT-.JEE, '1994) 
10. A circle is inscribed in an equilateral triangle of side a. The area of any square inscribed in this circle 

is . (IIT-JEE, 1994) 
J I. ln triangle ABC, a:b:c = 4:5:6. The ratio of the radius of the circumcircle to that of the incircle is __ . 

. (IIT-J.EE, J 996) 
Mtiltiple choice questio11s. with o11e correct OIISIVer 

1. ·In triangle ABC, angle A is greater than angle B. 1 f the measures of angles A and 8 satisfy the equation 
3 sin x - 4 sin3 x -:- k = 0, 0 < k < 1, then the measure of angle Cis 

a-
3 

2Tr 
c.-

3 
d . 5Jr . 

··6 .... 
(~IT ... IEE, 1990) 

2. lfthe lengths ofthe sides of triangle are 3, 5 and 7, then the largest angle of the triangle is 

a.-
2 

b. 5rr 
6 

2Tr . 
c.-

3 

31I' 
d - -

4 
(JIT-JEE, 1994) 

sin LBAD 
3. In lriangleABC, LB= 1C/3 and LC=' 117'4. LetDdivide DC internally in the ratio I :3. Then . .equals 

smLCAD 

I . 
a-

J6 
b.! 

3 

1 
c.-

J3 

4. In triangle ABC, 2ac sin (~(A - B + C)) is cqu~l to 

a;+~-~ b.~+J - ~ ~~-d -el 

(JITwJ E E, 1995) 

d c2 - cl- b2 

(IJ1:.JEE, 2000) 
5. Jn triangle ABC, let LC = 1C/2. If r is the inradius and R is circumradius of the triangle, then 2 (r + R) is 

equal to 
a a+h b. b+c c. c+a d a+b + c 

(JJT-.JEE, 2000) 
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6. Which of the following pieces of data does NOT uniquely determine an acute-angled triangle ABC 
(R being the radius of the circumcircle)? 

a. a, sin A, sin B h a, b, c c. a, sin 8, R d a, sin A, R 
(JIT-.JEE, 2002) . 

7. l fthe angles of a triangle are in the ratio 4: I: 1, then the ratio of the longest side to the perimeter is 

a. .J3 : (2 + .J3 ) b 1 :6 c. I :2 + . .J3 d 2:3 
(TIT..JEE,2003) 

8. The side of a triangle are in the ratio 1: .J3 :2, then the angles of the triangle are in the ratio 
a. 1:3:5 b 2:3:4 c. 3:2:1 d 1:2:3 

(IIT-JEE,2004) 
9. ln an equilateral triangle, three coins of radii I unit each are kept so that they touch each other and also 

the sides of the triangle. Area of the triangle is 

Fig. 5.48 

a. 4+2 J3 h 6+4.J3 c. 12+ ?..J3 
4 

d3+ ?../3 
4 " 

(I.IT..JEE,2005) 
J 0. In triangle ABCt a, b, c are the lengths of its sides and A, 8, C are the angles of triangle ABC. The 

correct relation is given by 

a. (b-c)sin(B;C) -ocos ~ b (b- c) cos (A) =a sin _B_-_c_ 
2 . 2 

. (B+C) A c. (b +c) sm .
2 

=a cos 2 d (b-e) cos(~) -2 a sin B; C 

(I IT -JEE, 2005) 

.11. One angle of an isosceles L\ is 120° and radius of its incircle = .J3. Then the area of the triangle in sq. 
units is 

a.7+12../3 h 12-7.J3 c. 12+7../3 d 41r 
(IIT.JEE, 2006) 

12. LetA BCD be a quadrilateral with area 18, with side AB parallelto the side CD and AB = 2 CD. Let AD 
be perpendicular to AB and CD. If a circle is drawn inside the quadrilateral A BCD touching all the sides, 
then its radius is 

a.3 h2 
3· 

c. - dl 
2 

(JIT-JEE, 2007) 

.· 
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13. Let ABC be a triangle such that LACB = rr/6 and let a, band c denote the lengths ofthe side opposite 

to A, Band C, respectively. The vaiue(s) ofx for which a = x2 + x + 1, b = x2 - I and c = 2x + I is (are) 

a. -(2+J3) b l+J3 c. 2+-fJ d 4J3 
(liT -JEE, 201 0) 

Multiple choice questions witlt one or more titan one correct answers 

.L There exists a triangle ABC satisfying the conditions 
a. b sin A = a, A < n'/2 h b sin A > a, A > n/2 
c. bsinA > a,A < rr/2 d . bsinA < a,A < rr/2,b'>.a 
e. b sin A < a, A > n/2, b = a (UT-lEE, 1986) 

2. In a triangle, the lengths of the two lar.ger sides are 10 and 9, respectively. If the angles are inA.P., then 
the length of the third side can be 

a. 5-/6 h3 -J3 c. 5 

3. If in a trianglePQR, sin P, sin Q, sinR are inA.P., then 

a. the altitudes are in A.P. 
c. the medians are in G.P. 

b the altitudes are in H.P. 
d the medians are in A.P. 

d 5+ /6 
(liT -JEE, 1987) 

(DT -JEE, 1988/ 

4. LetAoA 1A2A3A4A5 be a regular hexagon inscribed in a circle of unit radius. Then the product of the 
lengths of the line segments AoA 1, AoA2 and AoA4 is 

a. 
3 
4 

b 3-[3 c. 3 d3.J3 
2 

(IIT-JEE, 1998) 
5. In M BC, internal angle bisector of LA meets side BC in D. DE .lAD meets A CinE and A B .in F. Then 

2bc A · 4bc A 
a. AE is H.M. of band c h AD= --cos- c .. EF = -b- sin - d 6 AEF is isosceles 

b+ c 2 + c 2 

(IIT-JEE, 2006) 

6. A straight line through the vertex P of a triangle PQR intersects the side QR at the point S and the 
circumcircle of the triangle PQR at the point T. If Sis not the centre of the circumcircle, then 

1 1 2 1 1 2 
h a. -+-< -+-> 

PS ST ~QSxSR PS ST ~QS xSR 

1 1 4 
d 

I 1 4 
c.-+-<- -+->-

PS ST QR PS · ST QR 
7. In a triangle ABC with fixed base BC, the vert~x A moves such that 

cosB + cos C = 4 sin2 ~ 
2 

(IIT -JEE, 2008) 

If a, b and c denote the lengths of the sides of the trangle opposite to the angles .A, B and C, 
respectively, then 

a b+c=4a b b+c= 2a 
c. locus of point A is an ellips~ d locus of point A is a pair of straight. lines 

(liT -JEE, 1009) 
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ANSWERS AN 0 SOLUTIONS·======::::::=:======== 

Subject;ve Type 

I. If 0 is the circumccntre of ll ABC, then 
OA =OB =OC=R 
Let R1, R2 and R3 be circumradii of llOBC, llOCA and llOAB, respectively. 

a 
lnll0BC,2R1 = -­

sin2A 
=> !!.... =2 sin2A 

Rl 

Similarly, .!!..... = 2 sin 28 and !!.... = 2 sin 2C 
R2 R3 

a b c 2( · 2A · 28 · 2C) 8 · A · B · C 8 ° b c abc => -+-+- = Stn +Sin +Stn = Sin Stn Stn = --- =-
R1 R2 R3 . 2R 2R 2R R3 

2. ln6ABC, 

AC BC 
--=--
sin 5x sin 3x 

a+ p a 
=> sin 5x = sin 3x 

a 
Jn llBDN, cos 2x = 2p 

=> a = 2p cos 2x 

A 

A 

s~------------~c 
8 

Fig. 5.49 

"-'-~=--_.;N:...:...~.-__ ..=.:.J~ C 

~------ a __ a_/_2 __ ~•~1 

Fig. 5.50 

2 p cos 2x + p 2 p cos 2x 
From Eq.(i), sin 5x · = sin 3x 
=> 2 sin 3x cos 2x + sin 3x = 2 sin 5x cos 2x 

(i) 
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==> sin 5x +sin x + sin 3x =sin 7x + sin 3x 
=>sin 7x - sin 5x =·sin x 
==> 2 cos 6x sin x = sin x 

. 1 
~cos6x= -

' 2 
=>x = lOo 

3. We know that distance of orthocentre (H) from vertex (A) is 2R.co.sA 
or x = 2R cosA,y = 2R cosB, z = 2R cosC 

abc 2RsinA 2RsinB 2RsinC ==> - +-+- == + + = tan A+ tan B + tan C = tan A tan B tan C 

4. 

Also, 

X y z 2R cos A 2R cos 8 2R cos c 

(lbc· = (2R sin A)(2 R sin B)(2R sin C) = tan A tan -B tan C 
xyz , (2R cos A)(2R cos B)(2R cos C) 

c 

Fig. 5.51 

from Fig. 5.51, 

(1/2) ra + (1/2) rb = (112) a b sin C 

==> r( a + b)= 26 

2..1. 2 abc abc ==> r == - - = . - -~-----
a+b 4R(2RsinA+2RsinB)- 4R2 (sin A+sinB) 

2ab C 
Also x = a+ b cos 2 [length of ~ngle bisecter] 

2 x .!. ab sin C 
From Eq.(i), r= -~2=---

a+b 

2 b 
. c c 

a sm - cos-
= --~2:...._______.:2::.... 

a+b 

I c 
2 abcos- C 

= 2 . -----.:::.... · Slll -
a+b 2 

. c 
';::;:; X SIO -

' 2 

., 

(i) 
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5. Let 0 and H be the circumccntre and the orthocentre, respectively. 
IfOFistheperpendiculartoAIJ, we have 
LOAF= 90°- LAOF= 90°- C 
Also. LHAL = 90°- C 
Hence, LOAH=A -LOAF-LHAL 

=A- 2 (90° :-C) 
=A +2C-180° 
=A +2C-(A +B+C)= C-B 

Also, OA = R, and /fA = 2R cos A 

Fig. 5.52 

NowinAAOH. 
OH2 =0A2 +/jA2 -20A JJA cos(LOA/1) 

=R2 + 4R2 cos2 A- 4R2 cos A cos (C -B) 
= R2 + 4R2 cos A Ieos A- cos (C-B)) 
=R2 -4R2 cos A [cos (B +C)+ cos (C- /3)] 
= R2

- 8R2 cos .A cos B cos C 

Hence, OH=R"1-8cosA cos/J cosC 

A 

6. Let 0 be the circumcentre and OF be the perpendicular to A B. 
Let 1 be the inccntrc and IE be the perpendicular to AC. 
Then LOAF= 90°- C. 

A 

Fig. 5.53 

~ LOAI=LIAF- LOAF= A -(90°-C) = ~ +C- .A +B +C = C-B 
2 2 . 2 2 

I 

A) AI JE r 4R . B . C 
SO = = --= Stn - SJn -

' . A . A 2 2 sm- sm-
2 2 



5.68 Trigonometry , 

Hen~e in AOAI, OL2= OA 2 + A/2 - 20A .AI cos L dAJ 

· ~ 

R2 16R2 . 2 B . 2 C SR2 . B . C C- B 
= + sm -sm - - sm-sm-cos- -

2 2 2 2 2 

- = 1 + 16sin2
- sin2

- - 8 sin- sin - cos- cos- +sm- sm-012 B C B C ( B C . B . C) 
R2 2 2 · 2 2 2 2 2 2 

1 8 . B . C ( B C . B . CJ 
~ - sm- sm- cos- cos- - sm - sm-

2 2 2 2 . 2 2 

1 8 
. B . C B +C 

= - sm - sm - cos .......___ 
2 2 2 

l 8
.B.C.A 

= - sm- sm-·sm-
2 2 2 

Therefore, OI=R l-8sin A sin 
8 

sin C =~R2 - 2Rr 
2 2 2 . '• 

. 7. LetA BCD be the cyclic qQadrilateral in whichAB = 2 and BC = 5, L ABC= 60° 

L ADC= 180°-60° = 120°. 

Area of, cyclic quadrilateral ABC[)= Area of AABC + Area of AA CD 

4./3 = ..!_ AB BC sin 60° + .!_ CD DA sin 120° 
2 2 

= .!.2 x 5x(J312) +.!. xy(.,f3 /2) , where CD =x,AD = y 
2 . . 2 

xy=6 

From AABC, we get 

AC2 =AB2 + BC2
- 2AB BC cos 60° = 4 + 25 - 20 (112) := 19 

Fig. 5.54 

Also from.AACD, 

AC2 = CD2 + DA 2 - 2CD DA cos 120° = x2 + y 2 + xy = x2 + y 2 + 6 [using Eq. (i)] 

Now from Eqs. (ii) and (iii), we have 

x2 + y 2 + 6 = 19 or x2 + y 2 = 13 

Solving Eqs. (ii) and (iv), we g~t 

(i) 

• (ii) 

(iii) 

(iv) 



Solutions and ProP,erties of Triangle 5.67 

~ x=2,3 =>y=3, 2 

Hence, the other two sides of the cyclic quadrilatcraJ arc 3 and 2. 

8. Let LACE= a Clearly, from Fig. 5.5~, we get 

..}!_=sin a , _g_ =sin( a+ C) 
AC BC 

=> P =sin a, q = sinacosC+cosasinC 
b a 

~ q = p cos C +cos a sinC 
a b 

Fig. 5.55 

~ (: - : cosC) =cos' asin2 C= 1- :, (1·-cOs2 c) 2 ( 2) . 

~ l +p2 
co.s2 C- 2pqcosC=J - ·P

2 ~ (J-p2 )cos2 C 
a2 .b2 ab ll b

2 

~ fl + P
2 

-
2 

pq cos C = sin2 C 
a2 b2 ab 

=> a2p 2 + b2l- 2 abpq cos C = a2b2 sin2 C 

9. Let I be the in-centre of t11c !J. AJJC. 

B+C n-A· n+A 
ln 6IBC LBJC= n--- = rc--- = --, 2 . 2 2 . 

A 

Fig. 5.56 

Now, radius of circumcircle of !J.IBG, by sine rule is 

• b 



5.68 

10. 

Trigonometry 

BC a 2R sin A . A 
R1= 2si~(LB/C) = 

2 
. (n+A) "" A = ZRsm2 

· sm -- 2cos -
2 2 

Similarly, radius of circumcircle of ~ICA and ~JAB are given by 

R.., = 2Rsin 8 
andR3 = 2Rsin C . 

- 2 . 2 
R R R 8R3 . A . B . c 2 .D 2 ==> 1 2 3 = sm-sm - sm- = rl\ 

2 2 . 2 . 

A 

c 
Fig. 5.57 

Applying cosine rule in L\ OAB, we get . 

2r2 - a 2 

cos 8= 
2 

=> a2 = 2r2 (·1- cos 8) 
2r. 

2 
. 8 

=> a= rsm -
2 

Applying cosine rule in L\ OBC, we get 

2r2 - b2 

cos 38 ::::;: 2 
2r 

=> b = 2r sin ( 
3
: ) 

=2r[3sin ~ ~4sin3 ~ ] 

= 2r[3a _ 4a
3

] 

2r 8r~ 

a J 
= 3a - -• ? 

r-

==> r=a ~·em 
V~· 

·' 



AE BE 
11. In llAEB, ( A)= --A = c 

sin 90°-3 sin3 ' 

A£ ED 
lnllAED, ( A)= --A 

sin 90°- "3 sin 3 
NowBE=ED=a/4 

A 

Fig. 5.58 

=cos A = AE and~= a/4 =>sin~=!:. 
3 c A . A 3 4c cos- sm-

. 3 3 

a a 
·-+-

Iu llAEC sin 2A = EC or 2sin A cos A =.1__!= 30 

) 3 b 3 . 3 b 4b 

. A 3c 
1.e .. . cos - =-. .3 . 2b 

A . 2 A 3c a 2 3a2 
. 

Now, L.H.S. =cos 2sJn 3= 2b x 16c2 = 32bc =.R.H.S .. 

Solutions and Properties of Triangle 5.69 

(I) 

(2) 

12. Let AD be the perpendicular from A on BC. When AD is produced, it meets the circumscribing circle at 
E. From question, DE= a. · 

A 

E 

Fig. 5.59 

Since angles in the same segment arc equal,' we have 
LAEB = LACB = LC, and LAEC= LABC= LB 
From the right-angled triangle BDE, 

BD 
tanC=­

DE 

.. 

(i) 



5.70 

13. 

... Trigonometry 

From the right-angled triangle CDE, 

tanB = CD 
DE 

Adding Eqs. (i) and (ii), we get 

BD +CD BC · a 
tanB+tan C= = - = -

DE · DE a · 

Similarly, tan C+tanA = ~ . 

c 
and tanA +tan B= -

r 
Adding Eqs. (iii), (iv) and (v), we get 

a b c . 
- +- +- = 2(tanA +tan B +tan C) 
a f3 r 

A 

Fig. 5.60 
Let I be the incentre and 0 be the circumcentre of the triangle ABC. 
Let OL be parallel to BC. Let LIOL :;;:: 8, IM = r, OC,; R, LNOC:;;:: A 

IL IM- LM 
~ tan()= OL = BM -BN 

\ 

1M -ON 
=----

BM -NC 

r - RcosA 
= ------

rcot 
8 

- Rsin A 
2 

4R . A . B . C R A sm- sm-sm - - cos 
= ____ 2=---...-2=-----=2=------

= 

4R . A . B . C . 8 R . A sm- sm- sm-.cot - - sm 
2 2 2 2 

cos A + co·s B +cos C - 1- cos A 

sinA +sinC -:sinB-sinA 

cosB +cosC- 1 
=-----

sinC - sin B · · 

~ &=. tan_1 [cos B +cosC- 1] 
sin C -sin B · 

(ii) 

(iii) 

(iv) 

(v) 



14. Let tan A= x 
tan A + tan C =:: 2 tan B ::::::> tan C = 2 tan B - x 
Also, tan A +tan B + tan C = tan A tan B tan C 
::::::> x+ tan B + 2 tan B - x= x tanB(2 tanB - x) 
:::::> 3 = x (2 tan B-x) 

. 2 
3+x B --=tan 

2x 

3+x2 3 
::::::> tan C = - x == -

X X 

Now, 
a2:b 2:c2

- sin2 A :sin2 B:sin2 C 

tan2 A tan2 B tan2 C 
= . ·---

] +tan 2 A · 1 +tan 2 8 · I + tan 2 C 

= x' . ( 
3 ~/ )' . W' 

I + x' . I + ( 3 :/ r . I + e)' 
x2 (3+ x2

)
2 9 

= I + x2 : (x2 + 9) (x2 + 1) : x2 + .9 

=x2(x2 +9):(3 +x2i :9(1 +x2
) 

15. A +B=90° 

::::::> tan A= cot 8 

J5 -1 
:::::> = cot2 B 

2 

cos2 8 sin2 B 1 
::::::) ---=-= JS -I 2 - J5 + J 

- ( 2 Jr.:I - J5 +1 v·--M [ fJ5=1] ·:tan A =v~ 

= 2 ~,/5 + I= 2 J(,/5 + 1)
2 

=I 
../5+1 .JS-1 J5+L 4 ·· 

=> b2 = ac =>a, b, c arc in GP. 

Solutiovs and Properties of Triangle 5.71 

[·:A+B+C=nj 



5.72 •• Trigoryometry 

------~ - ---··- ... ----,,..-.-----------·------- ·---- - , 
Objective Type --.. -~--..:-...... 

1. c. 

2. c. 

Adding, sin(A + 13) = l 

and sublracling, sin(A - B)= F~ 2. = 1 -- . .fi ;t 0 

· ·A+ B= 90°,A >tl3 

A 

'-----.L......L.---.l.t 8 D 

Fig. 5.61 

In equilateral triangle= circumcentre (0) and inccntre (!)coincide. 

Also from the diagram R-:!-r = h ~ R + r = l 
h 

sin A sin 8 sin C c b a 
J.b. +-+-- = - +-+-. 

c sin B c b ab ac be 

- a sin B sin C c _ b a 
=> -+--+-- = -+-+-

be c b ab ac be 
sin B sin c c · b 

~ --+-- =-+-
c b ab ac 

b sin 8 + c sin C c2 + b2 

=> =---
. be abc 

b2 + c2 b(2R sin B) + c(2R sin C) 
=>a= = b sin 8 + c sin C . b sin 8 + c sin C 

• ==>a= 2R · 
=>LA =7d2 

4. a. 

Fig. 5.62 

I 
CJearlv. x + .J2 x + x = 1. So, x.= .J2 

• 2 + 2 

The required area= ( 12 
-- 4 x ~ x2

) m' 

-- ---· - ~ ~.~ . . . -- _/ 



= {1 - (-/2 ~ !)2 } m
2 

= [t-(~-1)2 ] m2 =2(.J2 -l)m2 

5. c. As A is an obtuse angle, 

90°<A < L80° 
=> 90° < 180 -(B+ C)< 180° 
=> O<B+C<90° 
=> B + C < 90° ::) B < 90°- C 
. . tan B < tan(90° - C) . 
tan B < cot C => tan B tan C < 1 

. J l[ 1] 6.d. x=·
2 

l.cos(A-C)-cos(A+C)]= 
2 

cos(A-C)+ 
2 

, 

But 0 ~cos (A-C)~ 1 

7. c. Here b = 2c. 

8. b. 

8-C .b-e A 
Now tan--=-- cot-

' 2 b+.c 2 

A B-C b+c 3c 
cot- cot--=-- = -=3 

2 2 b-e c 

..fia .a 
Here R=-=-

, 2 J2 
1 2 ., 

ll 2a a 
r=- = = -----:= 

s ~ (a+a+J2a) 2 + ..fi_ 

. . R =.!!_X 2+J2 =-fi +1 
r ..fi a 

a 

a 

Fig. 5.63 

Solutions and Properties of Triangle 5.73 



5.74 

9. a. 

10. a. 

-Trigonometry 

a 2 +bz - cz 25+9-49 1 
cosC= = = --

2ab 2 X. S X 3 

az +c2 - b2 25+49-9 
cosB = = = 

2ac 2x5x7 

. 3 13 
=> 3 cos C + 7 cos B = --+-= 5 

2 

L B = 90° => cos A = 
. 2 A 

1 - tan - 1 

-----=2=- = ~ 
1 + tan2 A b 

. 2' 

2 

c 
b 

2 

13 
14 

(1 + tan
2

· AJ- (1 - tan
2 AJ 

2 2 _ (b -c) 

(1 + tan2 ~ J +- tan
2 ~) - (b +c) 

A b - c 
::::> tan2- = - -

2 b + c 

R(b2 +c2 - a 2
) 

__ c_o_t _A __ = abc 
11. a. cotB +cotC .R(az + cz -b2) R(az + bz -c2) 

____..:.. ____ ...:__ + ---'------'-
abc abc 

12. c. Here, sin 8- cos 9 = b and sin 9 cos 8 = !: 
· a a 

=> 
. b2 

1 - 2 sm e cos 8= -
az 

2c ·b2 

::::> 1--=-
a a2 

=> a 2
- b 2 

::o 2ac 

a 2 + c2 -b2 2ac +c2 c 
Hence, cos B = = = 1 + - · 

2ac 2ac 2a 

13. c. We have a 2 + b2 + c2 - ac - abJ3 = 0 

=> 
a 2 

2 3a2 
2 

- - ac + c + - + b - ab J3 =0 
4 4 ' 

~ 



::::;> a=2cand2b= .fia ::::;> b2 +c2 =a2 

Hence, lhc triangle is right angled. 
14.c. (a+b+c)(b+c-a)=kbc 

::::;> (b +c)2- a 2 = kbc 
~ b2 +c2 -a2 =(k-2)bc 
~ 2bc cos A = (k -2) be 

k -2 
=> cosA= --

2 
Now, A being the angle of a triangle, 

- I < cos A < 1 :::::> - 2 < k- 2 < 2 
=> O<k<4 

15. c. a= 2b and A - B = 60° 

A-B a-b C 
We know that tan-- = --cot-

2 a+b 2 

~ tan 30° ==!cot C :::::> tan C =_I_ 
3 2 2 .J3 

=> C==60° 

SolutiOIJS and Properties of Triangle 5.75 

·. 

Hence, A+ B= 120° 
16. a. r 1 == 2r2 == 3r3 

=>' l4 = 180° => A =90° B=30° C=60° , ) 

~ ~;;;;2~=3~ 
s-a s -b s - c 

1 2 3 
~ --;;;;--;;;;--=k (say) 

s- a s-b s-c 
. 1 2 3 

::::;> s - a= - s- b = - and s- c = -
k ' k k 

6 
Adding, wegct3s - (a+h+c) = 

6 
k 

::::;> s=-

17. a. ·We have (1- s - b) (•-~) = 2 
s-a s-a 

=> 2(b-a)(c-a)=4(s-a)2 

=> 2(bc- ac- ab + a2
) = (2s- 2a)2 

=> 2(bc-ac-ab+a2) = (h+c-a)2 

=> a2=b2+c2 
Hence, triangle is right angled . 

.J3 2 3a 
18. b. We have !J. = -a s = -

4 ' 2 

!i a abc · a3 a 
r =-=-- R=-=--;;;;-

s 2.J3 ' 4/J. .J3a2 .J3 
!J. /314a2 J3 

andr1=--= . =-a 
s-a a/2 · 2· 

a a ../3 
Hence, r :R:r1 = 

2
.fj : .J3: 2 a;;;; J: 2 : 3 

k 

5 . 4 
=> a=- andh=-

k k 
a 5 

=> ---
h 4 



5.76 Trigonometry 

19 A B C . AP • a. cot-, cot-, cot- are m .. 
2 2 2 

B A C => 2 cot-= cot-+cot-
2 2 2 

=> 2(s - b) =s-a + s - c 
=> 2b=a+c 
:::::> a, b, care inA.P. 

C-B c-b A 
20. b. We have tan = -- cot - · 

2 c + b 2 

tan (
C..:... B) 

2 

=> C - B = 30o 
2 

.J3 + 1 - 2 150 . = cot 
~ +1+2 

../3-1 1 

~ .J3 + 3 tan (45 - 30°) 

.. .J3 - 1 J3+ 1 1 
= ~+3 J3-1 ~ .J3 
=tan 30° 

. b2 +c2 -a2 64 +81 --49 145 - 49 96 
21' d. cosA = 2bc . = 2x8x9 = 144 = 144 

22. b. 

a 2 +c2 -b2 49 +81 - 64 66 11 
cosB= = =-= -

2ac 2x7 x9 126 26 

7 
cos A+ cosB + cos C=-

4 

14
.A.B . C 7 

=> + sm - stn - sm - ;:;: -
2 2 2 4 

4
.A . B . C 3 

=> sm - sm - sm - = -
. 2 2 2 4 

r 3 R 4 
=> - = -=>-=-

R 4 r 3 

A B C s (s-a) s(s- b) s(s - c) 
23. a. cot- +cot- +cot- = + + ~----.!.. 

2 2 2 4 6 6 

[ ·: r = 4R s.in (A/2) ~ih (B/2) sin (C/2)] 

· (A)2 

s · i 7 A 
=- (3s-(a+b+ c)] =-=--=-

A · A A ? 



Solutions and Properties of Triangle s.n 

cot A +cot C sin( A+ C) sin 8 
24. b. = cotB sin A sin C cosB 

sin2 8 
= sin A sin·c cos 8 

4R2 b2 

= 
4R2 ac cos8 

'2b2 '2b2 
= = 

2accos8 a2+c2-b2 

2b2 2 
= =--

2002b2 -b2 2001 

25. a. 
A 

b 

a~--------------~ a 

1 1 
IJ. = - ab = - p 4 p 

2 2 
Also, a 2 + b 2 = c 2 = 16p2 

:. (a - b)2 =a2 +b2 - 2ab=8p2 

Also, (a+ b)2 = a 2 + b2 + 2ab ·= 24p2 

A-8 a - b C 1 
tan--=--cot-= -1 

2 a +b 2 .J3 

=> A - 8 =30o 
2 

=> A-B=60° 

1 1 
26. c. , 

8
, C are inA.P. 

sin2 A sin2 sin2 -
2 2 2 

1 1 1 
::;; => 

. 2 c . 2 B . 2 8 . 2 A sm- Sin- sm - Stn -
2 2 2 2 

ab ac 
=> - = 

Fig. 5.64 

ac 

(s - a)(s -b) (s-a)(.~ - c) (s-a)(s - c) 

be 
(s-b)(s-c) 



5.78 Trigonometry 

. . 

~ (-a J(b(s- c)- c(s-b)J=(-·C J (a(s-b)-b(s-a)) 
s-a (s- b)(s-c) s - c (s-a)(s- b) 

~ ab - ac = ac - bc 
=> ab +be = 2ac · 

112 . b .H => -+-::::;;-, t.e., a, , carem .P. 
c a b 

27. a. b = 2, c = .J3. L A= 30° 

28.· c. 

a= ) b2 + c2 
- 2bc cos A = ~ 4 + 3 - 2 x 2 J3 ~ = I 

· A b+ c - a · A ·.J3+I .J3 + 1 
=> r = (s - a) tan 2 = 

2 
tan 2 = 

2 
tan 15° = 

2 

B 

LBPA = 90° + (B/3), LABP = 28/3 · 
ln!J.ABP, 

AP c 

Fig. 5.65 

c ----= = - - -
sin (2B/3) sin [90° + (B/3)] cos (B /3) 

~ AP= csin(2B/3) = 2csin(B/3)cos(B/3) 
cos(B /3) cos(B /3) 

= 2 c sin (B/3) 

A 

c 

29. d. LA= 1C =>a2 =b2 +c2 

2 
c 

2tan-
sin C = !:.. = 2 

a l+tan2 C 
2 

c 

c 

Fig. 5.66 

[by sine rule] 



Solutions and Properties of Triangle 5.79 

=> c tan 2 C - 2a tan C + c = 0 
2 2 

C 2a±~4a2 -4c2 2a±2b a±b 
=> tan-= = =--

2 2c 2c c 

a-b 

c 

. C a+b C 
Because af tan - = --, then tan - > 1 

2 c 2 
C n C. n h' I . 'bl => 2' > 4 => > 2 w 1c 1 1s not poss1 c. 

30. a. a cos (B - C) + b cos ( C-A) + c cos (A - B) 

= 2R sin A cos (JJ.- C)+ 2R sin B cos (C -A)+ 2R sin C cos (A- B) 

= 2R sin (8 +C) cos (B - C)= R[sin 2B +sin 2CJ · 
= Rlsin 28 +sin 2C + siti.2C +sin 2A +sin 2A +sin 281 . . 
= 2R (sin 2A +sin 28 + sin2C) 
= &R sin A sin B sin C 

= &R _.!!._ _!!_ _.5_ = abc 
2R 2R 2R R2 

31. d. If the triangle is equilateral . 

. A . Jr.> • C 3.[3 sm + sm .) + sm = -
2 

If the triangle is isosceles, letA = 30°, B = 30°, C= 120°. 

Then, sinA +sinB+sinC= I+ J3 
2 

lfthe triangle is right angled, letA== 90°, B = 300,C= 60°. 

Th . A . B . C 3+../3 cn, sm +sm +sm = --
2 

If the triangle is right·angled isosceles, then one ·or the angles is 90° and the remaining two are 45° 

32. c. 

each, so tltat 

sin A+ sin /J +sin C= 1 + .fi 
and cos A + cos B + cos C = J2 
r r2 -=-
'i ~'\ 

=> r r3 =r1 r 2· 

A A A A 
=> --------

s s - c s-a s-b 

=> 
(s-a)(s-b) 

=1 
s(s-c) 

.. 



5.80 Trigonometry 

tan 2 C = 1 ~ tan C = 1 
2 2 

c 0 

- =45°~C=90° 2 0 

33. c. Since cos 3A +cos 3B + cos 3C = 1 
... 

4 
. 3A . 3B . JC O sm - sm - sm - = 

2 2 ·2 

. 3A 3B 3C · . 
Etther- == 180° or·-= 180° or-. - = 180° 

2 2 ° 2 
Either A = 120° orB= 120° or C = 120° 

34. a. Given, cos· B cos C + sin B sin C sin 2 A = 1 
Now, we know that sin2 A :5: 1 · 
Also, sin Band sin.C are positive. 
=> sin B sin C sin2 A s sin B sin C .· 
~ 1 -cos B cos C :5: sin B sin C, [by using Eq. (i)J 
~ cos (B- C) ~ 1 ~ cos (B - C) = 1 ~ B- C = 0 ~ B = C 
Also, sin 2 A = 1, i.e., A = rc/2. Hence, the triangle is right-angled isosceles. 

35. c. 
A 

D . 

Fig. 5.67 

6= n- (c+~) . 8 . (c A) . (c rc B +C) (8-C) ~ sm = sm + ~ = sm +2--
2
- = cos -.

2
-

· 36.d r-r2 = r 3 - r 1 

!l. !l. 
=> ----=-----

s s-b s-c s - a 
-b c - a 

=> = 
s(s-b) (s-a)(s - c) 

(s -a)(s-c) a-c 
~ =--

s(s-b) 

2 B a-c => tan - =--
2 b 

But B E ( 1C rc) 
2 6' 4 

~ t~2 ! E (! tJ 
2 3' 

b 

(i) 
(ii) 

(iii) 



Solutions and Properties of Triangle 5.81 

37. b. 

1 a -c 
=> -< --<1 

3 b 
=> b <3a - 3c <3b 
~ b + 3c < 3a < 3h + 3c 

R = a = 2 + J5 = 2 + J5 = ( 2 + J5) 
2 sin A 2sin 30° 2 x .!. 

. 2 

Now, A If= 2R cos A = 2(2 + ...{5 ) cos 30° = (2 + .J5 ) {3 
A 

Fig. 5.68 

. r 
38. a. We know that /A = -­

. A 
Sln -

2 

A B C 
~ JA : JB:JC=cosec - :cosec - :cosec-

2 2 2 

. BD AB c 
39. a. Using the property of angle bisector, we have DC= AC = b 

~ BD +DC= ck + hk = a 

a 
~k=-- . 

b+c 
Also x y = b c I? (property of circle) 

[ 

2bc cos A ] · 2 - -........::2=- bca · 
=> X= b + C ( b + C )2 

a2 sec A 
= __ ___,2,._ 

2(b +c) 

40. a. From the right angled ACAD, we have 

b 2b a2 + b2 
- c

2 

cosC= -~-=----
a/2 a 2ab 

:::::) a2 + b2 - c2 = 4b2 => a2
- c2 = 3b2 

A 

E 

Fig. 5.69 
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41. a. 

42. c. 

Trigonometry 

·n 

~· 
B . .! D .!. C 

2 . 2 

Fig. 5.70 

y 

C(O, b) 

(a/2, 0) 

Fig. 5.71 

. -2b - b 
Slope ofGC= m1 = -;slope ofAG == m2 = -

a 2a 

1 3ba => - = __,__. ~----:-
.J3 2(a2 + //) · 

In triangles AJF andAlE, 

'3b 

2a and a2 + b 2 = 9 
b2 

l+-
a2 

A 

B D 

Fig. 5.72 

2 IE · IF IF =AI =· IE 
sin (A/ 2) . sin (A/ 2) 

~ AI=-~-­
sin2 (A/ 2) 

ID ·IE·IF . A . B . . C r 1 
- --- = sm- sm- sm - =- = -
IA · TR · IC 2 2 2 . 4R 10 

A 
(a, 0) 

c 



. 
Solutions and Properties of Triangle 5.83 

43. c. We have BD =DC and LDAB = 90°. Draw CN. perpendicular to BA produced, t11en in ll BCN, we have 

I 
DA = .-CN andAB=AN 

. 2 
8 

N 

Fig. S. 73 

LetLCAN=a 

. CN AD·· 
·:tanA=tan(tr-a)=-tana=-- = - 2- =-2tan·B 

NA AB 
=> tanA +2tanB=O 

44. a. 
A 

B D 

. Fig. 5.74 

. A 
Let-= LCAD= 8 

3 
Now, by m- n theorem, 
(1 +I) cot a= 1 cot28- 1 cot 8 => 2 cot (B + 28) =cot 28- cot 8 
=>cot (8 + 28) +cot 8= cot 28- cot (B+ 28) 

sin(B + 38) sin B 
=> = 

sin(B + 28) sin (J sin(B + 28) sin 28 

=> 
sin(B -t A) sin B 

sin 8 = sin 28 

. C sin B => sm = 
2 cos 8 

A sin B 
=> cos 3 = 2 sin C 


