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5.2 . Trigonometry

STANDARD SYMBOLS

The following symbols in relation to AABC are umversally adopted.
.o mLBAC=A
mLABC=B
mLBCA=C
A+B+C=nm
AB=c,BC=a,CA=b

" g a+b+c
o Semi-perimeter of the triangle, s = ——

So,arb+c=2s

" Fig. 5.1

e The radius of the circumcircle of the triangle, i.e., circumradius = R
" The radius of the incircle of the triangle, i.e., mradms r
e Areaofthe triangle = A

.SINE RULE
‘ a b c
i i = = =2R
The sine rule is BnA sinB  Ghe
We shall prove here that =2R.
sin A
Casel:
<4< E
2

Suppose O is the circumcentre of A4 BC.
BO intersects the circumcircle at D.

Here, BD=20B=2Rand £LD=4BDC= £A [angles in the same segment] (i)
Now in ABCD, m£BCD = % . [angle ina semicircle]
= sinD=-= =2

' BD 2R



Solutions and Properties of Triangle 5.3

T , ' . "
= smA~ﬁ [using Eq. (i)]
= —2_=2p
sin A
Case ll:

AABCis right angled and 4 = %

BC isadiameter of the circumcircle.
BC=2R

Now, a=BC=2R=2Rsin g =2Rsin A

a
sin A

| 2R
CaseIll:

4
‘= <A<E
2

Fig. 5.4

As ZA is obtuse, s0 A4 is on the minor arc BC.
Now, take any point D on the major arc BC.

Here,. mZBDC=n—A< % [—’25 <A< n‘] . (i)
Now in A BCD, sin(£BDC) = B—C

BD _
= sin(m—A)= 2—‘;- | [using Eq. (ii)]

= sinA=—a—-
2R
= a=2Rsin4
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-
Thus, in each case, ——=2R.
sin A

C
=2R and =

n B sin C A

Similarly, we can prove that —
si

a b -
sinA sinB sinC

=2R

Nepier’s Formula

= (B-C) b—_c A
1. tan - cot —
2 b+c 2

. (C-A) c—a B
1. tan -, cot —
2 c+a 2

[A-B)' a-b C
n, tan = cot —
) a+ b n

Proof:

b ¢
sin B sinC -

i. From the sine rule, we have

sin B __,_11
sinC ¢
sinB—sinC _b-c
sinB+sinC bP+c

2cos(8+c

J_b—c
o [B+c] (B—C) b+
2 sin cos
2
_ B+C B-C b-c
= cot tan =
2 2 b+c¢
= tanﬁtan B-C =b—c
2 2 b+e¢
tan B-¢C
” 2 _b—c
A b+c
cot —
2
[B—CJ b—c A
tan = cot —
2 b+c 2

Similarly, we can prove the other formulae.

Note:

These formulae are also known as tangent rules. These are useful in calculating the remaining parts
of a triangle when two sides and included angle are given,
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The perimeter of a triangle ABC is 6 times the arithmetic mean of the sines of its angles. |
_ If theside ais 1, then find angle 4.
Sol.
' sin A +sin B+sinC
3
= 2R(sinA+sin B+sinC)= 2(sin A+3gin B+sinC) = R=|

Giventhata+b+c¢c=6x

Now, =2R

sin A
= sinA=%('.'a=l) =A=30°

cosA cosB cosC

Example 5,2 If S = and the side « =2, then find the area of the triangle.
a c
cosA cosB cosC
Sol. = =
a b ¢
cosA . cosB _ cosC

2RsinA  2RsinB  2RsinC
= tand=tanB=tanC

= Aisequilateral
= Aread= ?az =3 (asa=2)

If A =75° B =45°, then prove that b+ ¢ 2 =2a.
Sol. A=75° B=45°=C=60°

Example 5.3

a b c =R
c.mA sin B me
a b ¢

= = =2R
sin75°  sind45° sin60°

sin 45° sin 60"
= b+ -
V2 Sin7S5° 142 T

3 J5 T
Ji \[- 2 2\3a =1

=~,/§+I J_+I J§+la J§+l
22 PY-i
1

Example 5.4 If the base angles of a triangle are 22% ®and 112 42-°, then prove that the altitude of the

1
triangle is equal to 5 of its base.
Sol.
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In AABC, _BC = AC
sin 45°

1. -
in 22-°
sin 5

1e

G ALEC, Sy 67
A0 2

AL=AC cos 22%°

BC
sin45°
1 c sin45°

= AL= sin 22%"005 22%° [using Eq. (i}]

2 sin45°

=) AL=lBC=—1— of base.
2 . 2

+cos(A-B)eosC _ a’ + b’
1+cos(A~C)cosB  a’+c?’

Prove that

Ml Examples.s -

Sol.

1+cos(A-B)cosC _ 1-cos (A —B)cos (A +B)
1+cos{A—C)cosB 1—cos{A~C)cos (A +C)

2 ;. 5 .
- 1'*(003 A —sin B)_ sin® A +sin’ B

1 —(c:os2 A —sin® C)' ,Sinz A+sin’C

a’ +b?

a2+62

[using @a=2 R sin A4, etc.]

2. . g2 . 2.e
a sm(B—C)+b sin(C—-A) +c sm(A-B’)=0

PRIV X Prove that — - - : - ,
R— : sinB +sinC ~ sinC+sinA  sinA +sinB
Sol. ‘
a’sin (B~C) _ 4R* sin®> A sin (B-C)
¢ sinB +sinC sin B +sinC
_ 4R” sin A sin (B + C) sin (B-C)
sin B + sin C
4R sin A (sin® Bsin” C)
- sin B.+ sin C
=4R*sin A (sin B—-sin C)
‘Similarly, '
b sin (C - A)

> e : -
Sin C + sin A 4R sm)'B(smC smA).

(i)
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d e” sin (A ~B] =4 R sin C (sin 4 —sin B

an et drdie sin C (sin 4 —sin B)
Adding, we get

a* sirl(B—-C)_*_b2 sin (C’—A)."'c2 sin (A-B)
sinB+sin C  sinC+sinA  sin A +sin B
a*-b* sin(A- B)
a’+b*. sin(A+B)
angled or isosceles. .

Eampis 57

in any triangle, if

, then prove that the triangle is either right

a® -b* sin(A-B)
a® +b*> sin(A+B)

Sol.

4R*sin* A-4R*sin’ B sin(A—B)
4R*sin® A+4R%sin* B sin(A+B)
sin(A+ B)sin(A—-B) sin(A-B) .
sin® A+sin> B sin(A+ B)

sin(x-=C) _ 1
sin? A+sin? B sin(r-C)
=  A=Borsin*C=sin’4 +sin’B
= A=Borc =d*+ b from the sine rule] ‘
Therefore, the triangle is isosceles or right angled.

= sin(4-8)=0o0r

,lf,:\'-:i’irfqlc'*_‘:"\.'scg_: ABCD is a trapezium such that AB || CD and CB is perpendicular to them. If ZADB= 0,

.
BC=pand CD =g, show that AB = (p~ +¢")sind

pcos + gsingd
Sol. :
Let ZABD = £BDC= ¢x
ZBAD=180°~(0+ @) ’
By the sine formula, in A ABD, we have
AB BD
sin@ sin(180°— (6+a))
D q
” o P
0
D
" 180° = (6 + o) o 8
Fig.5.6
BD sin 8 _ BD sin 8

)

sin (@ + )  sin 6 cos @ +cos 8 sin & ' L

AB=
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In A BCD, sin = pIBD
and cos a0 ='g/BD. Also BD? = p? + ¢
Therefore, from Eq. (i), we have

2 7 i p
BD sin 6 _ BD*sing {p*+4*)sine
sin 0 (q/ BD) + cosf (p/BD)  gsin @ +pcos®  pcosd + g sin 6

b \/§+l=b—c_\f§+l—2__'ﬁ;-.l__l__
c 2 b+c 3+1+2. (ﬁ+l)ﬁ'

B-C b-c A LTI O L] -

= cot . we get

b7 (BB
- B=C=30° .

Now using tan

Inatriangle ABC, ZA=60°and h: ¢ = ﬁ+ 1:2, thén find the value of (£B -

Z20).

Concept Application Exercise 5.1

| I
]—tan—Atan—03
2 2

1. Prove that =

a+b l+lanlAlan-I-B
2 2

2. Ifthe angles of triangle ABC are in the ratio 3:5:4, then find the value of a+ b+ ¢ V2,
3. Provethat acos A+ bcos B+ ccos C=4R sin A sin BsinC.

a® +b* +¢®

4. Find the value of T in any right-angled triangle.

5. Intriangle ABC, if cos® A + cos? B —cos® C = 1, then identify the type of the triangle.

6. Ifangles A, Band C of a triangle ABC are in A.P. and if I ﬁ , then find angle A.

c 2

7. Prove that b* cos 24 — a* cos 2B = b* - o

COSINE RULE

Ina AABC, we have

b2 +¢? - a®
2bc

- ¥ _ 32

. &+ a b

cosA=

2¢ca
a’+ b -c

andcos C=
: 2ab
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b? +¢* —a?
2ab
A

We shall prove that cos A =

bsinC

B . C
Dd—f— beosC i

) a -

Fig. 5.7

From Fig. 5.7, BD=a—-bcos C.Now, in triangle ABD,
AB? = AD? + BD?
= =(hsinC)’ +(a—bcos C)?

= b?sin? C + a* + b* cos” C ~ 2ab cos C

= (b? sin® C + b cos? C) + a* =2ab cos C

= p? +‘a2 —2ab cos C
L at+ b=t

2ab

= cos(C=

Note:

e The above proof will not change even if ZA is a right angle or an obtuse angle.

e [fthe lengths of the three sides of a triungle are known. we can find all the angles by using cosine
rule because this rule gives us ¢os A, cos B and cos C. We know that A, B and C are in (0, n) and
the cosine function is one-one in |0, ], So, A. B and C are precisely determined. Similarly, if two

2 2 2

+c*~a

sides (say b and ¢) and the included angle A are given, the cosine rule cos A = will

2bc
give us a and then knowing a, b and ¢ we can find B and C by the cosine rule.

[BTTLEALN  In AABC, prove that (a—h)’ cos® %4— (a +b)’sin? % = %

Sol. LHS.

= (a* + b* —2ab) cos’ -g— + (a* + b* 42 ab) sin® %

=a*+ b+ 2ab (sinz-':-::-.—t'.:C)s"2 E—)
. 2 2

=a +b°-2abcos C

=+ b = (a®+ b - c*)=

T ERIE 0 AABC,if(a+h+c)(a~b+c)=3ac, then find £B. .
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Sol.

Sol.

Sol.

-:,"Ir_“;:\'::i‘n;pl_g;s:;lfl:; Ifina triangle ABC, £C=60°, then prove that 1 +
Sol.

Exatnple342-%

N AT
Examiple513¢

ExXamplé 5715

Sol.

Trigonometry

(a+ ) - b2—3ac=>a + b=

B & 1+ -1 __1_ T
ButcosB—-————MC =5 = = B= % |
1
lfa=J5,b-E( )andc=\ff,thenﬁndBA.
|
b 4t «q? 5 Z(8+4I)+2 ~3 - 1+3

cosA= — A=

wiy

|
2bc 12 +/4 20+43) 2

Ifthe angles 4, B, C of a triangle are in A.P. and sides &, b, ¢ are in G.P., then prove that at,
b*.ctarcin A.P.

Given,2B=A+C=3B=n= B=7n/3 ‘ @)
Alsoa, b, cinGP. = b =ac : . . (i)

2 . .2 '
Now, cos 8= cos 60° = l= i

= ca= c2 +a* - b :
= 2b'=c*+d [by using Eq. (i1}
= b‘ SareinA.P. '

-b
2ca

1 3
a+e bec atbve

By the cosine formula, we have ' |

c=a’+b -2abcos C = F=d+ b -2abcos 60°=a’ + b' —ab ()
Now, : + ot

‘avc bFe atb+e )

= {(b +¢) (a +b +¢) + (a +c){a+b +¢) =3 (a +¢) (b +c)]

(a +b)(b+c)(a +b +c)
(a2 +b? --ab)—f:2
(a +b)(b +(:) (a +b+c)
1 | 3
+
a+c b-l-c a+b+c

=0 ' [from Eq. (i)}

1 a+c
In a triangle, if the angles A, B and Care in A.P, show that 2¢cos—{A - C) = —=——==.
2 va® —ac +¢?

Since angles A, Band Care in A.P,
A+C=28B '
But, A+ B+C=180°=38=180°= B=60°
- ‘

Now, cos B= —]- =£.—+—C———b— .
= d+d-b=ac
= a—ac+ct=b _

a+c a+c ZR(QIH A+SinC) s

=5 = =
g
at —ac+¢: b 2R sin B

2ac
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25in(A ¥ C)cos(ﬁ:—c)
2 2 2sin 60° A-C =

sin B © sin60° 2

RETINTSNIO  The sides of a triangle arexX’ +x+1,2c+ 1 and ¥ -1, prove that the greatest angle is 120°.

Sol.
Leta=x*+x+1,b= 2x+landc xeil,
First of all, we have to decide which side is the greatest, We know thalmatrlangle the length of each side
is greater than zero. Therefore, we have b=2x+1>0and c=xt-1> 0
= x>—I12andx?> |
= x>-12andx<-lorx>1=x>1
a=x*+x+1=(x+ 1/2)* + (3/4) is always positive.
Thus,.all sides a, b and ¢ are positive when x> ],
Now,x> | = x*>x
= FAx+i>x+x+]
= xl+x+1>%+1=va>b
Also, whenx> 1,

tx+i1>F-1=a>¢
2

Thﬁs, a=x"+x+ ] is the greatest side and the angle 4 opposite to this side is the greatest angle .
cosA= El%ii:i .
__—(2.1'+1)2-f~(x2 —1)2 2+x+1)
2(2x +1) (xz —l)
. “2x" =x% 4 2x +] 1
2(2x3 Fx? =2x - ZI) T2
=cos 120°
=5 A=120°

; 'Ii:\';i;lll)lc AFR Triangle ABChas BC=1 and AC=2. Find the maximum possible value of angle A
Sol.

Using cosine rule, we have

2 s
dx
x“+3
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3 ‘
X 1
s (J——\I_—S—) +243 , ,
4 X DA I o

Hence, cos @is minimum if x= /3. ‘ .

V3_43

— = = and
4 2

Therefore, the minimum value of cos 8=2 X

n
the maximum value of 0= 'E

Exampl¢5.18 Let a, b and ¢ be the three sides of a triangle, then prove that the equation % + (8% + ¢?
~a*)x + ¢? = 0 has imaginary roots.
Sol. . -
ba? +(b2+c2-—az)x+ A=0
Let f(x) = b*x* + (2bc cos A)x + c* =0
Also in AABC, where A € (0, m) in atriangle, we findcos A e (-1, 1)
= 2bccos A € (2bc, 2b¢)
= D=(2bccos A) —4b*c* = 4b*? (cos* A - 1) <O

Hence, the roots are imaginary.

Example RLR Let«<b<cbethe lengths of the sides of a triangle. Ifa®+ bt < c'z, then prove that A is

obtuse angled.

Sol.
a+b<c
=5 o# + b? < o + b* = 2ab cosC
=cosC<0
= C is obtuse

Concept Application Exercise 5.2 :

!
1. Hfthe sides of a triangle are ¢, b and \}az +ab'+b%, then find the greatest angle.

2 C _ 2

2 %+(a +b)° sin = e

2. Prove that (a - )’ cos

3. If the line segment joining the points 4 (a, b) and B (c. d) subtends an angle & at the origin, then
ac +bd

J@@ +6*)c? +d*)

Prove that in AABC, &, b*, ¢* are in A.P. ifand only if cot 4, cot B, cot C are in A.P.

5. 1fx,y> 0, then prove that the triangle whose sides are given by 3x +4y, 4x + 3y and 5x + 5y units is
obtuse angled.

prove that cos 8 =

- =
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6. In AABC, angle 4 is 120°, BC+ CA =20 and AB + BC =21. Find the length of the side BC.

7. InAABC,AB=1,BC=1and AC=1/\2.In AMNP, MN=1,NP=1 and ZMNP=2/ABC. Find the
side MP. '

PROJECTION FORMULA

c

ccosBOD e  beosC —

-+ a . -
Fig.5.9
Projection of AB on BC=BD=ccos B
Projection of ACon BC=CD=bcosC -
Now, BC=a=BD+DC=ccosB+bcosC
Similarly, other formulae follow.

RCILEFIE Prove that a(h cos C—c cos B)=h ~ %,

Sol. a(bcos C—ccos B)=(hcos C+ ccos B)b cos C—ccos B)
=b?cos? C—c?*cos?B
© =h (1 —sin® C)-c? (1 —sin® B)
=b?—? — (b sin® C - ¢*sin’ B)
= b? — ¢? [as by the sine rule b sin C = ¢ sin B]

Example5.21 Ifin atrianglea cos’ % +ccos’ '—;— = %!—’ , then find the relation between the sides of the

triangle.

Sol. a cos? §—+cco _———
2 2

= a(l+cosC)+c(l+cosA)=3b

= atct+(acosCHccosAd)=3b

=y a+c+b=3h[by the projection formula)
= a+tc=2b

= a,b,carein AP

XGRS  Prove that (b+c¢) cos A +(c+a) cos B+ (a+b)cos C=12s.
Sol. (b+c)cosA+(c+a)cosB+(a+b)cosC

=(bcosA+acosB)+(ccosA+acos C)+(bcos C+ccosB)=c+ b+ a=2s
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Concept Applicatlon Exercise 5.3

Wl Tt L WP e | i g o s A0 2 5 ML bt

1. Tn AABC, prove that ¢ cos (4 — &) + acos (C+ o) = bcos a

cosC+cosA cosB |
2 Prove that + —=—,
c+a

3. Provethata(b2+c2)cosA+b(c +a*)cos B+ ¢ (a* + b*) cos C = 3abe.

HALF-ANGLE FORMULAE

1. i.sn A \j“"b)“"‘c)

i, sin E = \[(S e

oa

¢ J(x ~a) (s - b)

iii. sin

Prodf:
2A _1-cos A
2

I

DS —

l_$+£—f}

I 2bc
_2bc—b2 - +a2}

b | —

i 2be

“az —(b —c)z]

1
2. 2bc -

_ (a-b+c)(a+b—c‘)
- dbe _
_la+b+c-2b)(a+ b+ c~2c)
4be
_ (25 = 2b) (25 —2c)
4bec
(S*b)(*i—t—")
be

[ a+b+c=2s]

3 A
= sin° — =
2

A30<f— < — ,sosm£>0
2 2 2

(s =b)(s—¢)

Hence, sin A . \/
2 be
The other formulae can be proved similarly.

s (s—a)
be '

2. i cos



s(s—=c)
ab

Jii co:;E =
; 5

Proof:

; 2A  1+4+cos A
L COS™— = ———
2 2

1 b2 +¢t —a?
B ] o —
2 2be

l|:2bc~|~l';w2-|-c2 —az:|
" e

2bc

.y (b+c)2—02

2 2be
L [(b+c+a)(b+c-a)
2 2be ]

g (b+c+a)(a+b+c-2a)

4bc
25 (25 - 2a)
4bc
s(s—a)
bc

A
AsO<—-¢:-jz socosi>0
2 2 2

¢ coszi =
2

s(s—-a
Hence, cos — = (—l .
be

The other formulae can be proved in the same way.
3. From the above formulae, we can prove

| lan JQM
2

s(s - a)

B (s =a)}s-c)

ii, tan — =
2 s (s = b)

i, tan & \)(S —a) (s — b)
2 s(s—c)

Sol. cos -é: ¥ = 2 s-a) =
2 2¢ bc
= 25(25s-2a)=2b(b+c)
= (h+cta)(b+c—a)=2H+2bc
= (b+c)-d? =2 +2bc
=y

c:.’2 =!a§+ b?

= [squaring]

b+c
,’ —5.+ then prove that a +b1=cz.

Solutions and Properties of Triangle 5.15

[using cosine rule)

{a+b+tc=2s)
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Example 5.24

" Ifthe cotangents of half the angles of a triangle are in A.P., then prove that the sides are
in A.P. ' : ' '

. 5 (S"'a)_ S(s;a)
t— = [ = -
Sk S -8 = 2
-f -
Similarly, cotE- = s—u and c«:otE ™. (S C).
2 A 2 A

cosf-, cotE and cot% are in A.P.

- ’ .s'(s-a) s(s—b) s;nd .s'(s——c)
A T A

= s-—a,s-bands-carcinAP.-

arcin A.P. '

= a,bandcareinA.P.

Concept Application Exercise 5.4

1. If b+ ¢ =3a, then find the value of cot cot-g cot% \

2. Prove that be coszg + ca cos? g— + ab cos? % = ¢,

3. Ifin A ABC, tan -g—= %, tan % = % , then prove that a, b and c arc in A.P.

AREA OF TRIANGLE

Different formulae for area of triangle are as follows.

A
o
|

Fig. 5.10
FromFig. 5.10, area of triangle ABC is

A= —]—ADxBC = lcsiana = lacsin[:‘
2 2 2

Similarly, we can prove that A = % absinC = % be sin A
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Also, by the sine rule, sin A= B

A= 3be_ (2Rsin A)(2Rsin B)(2RsinC)
4R 4R
=2R%in A sin Bsin C

Also, A = %acsin B

il

ac sin— cos—

2 .
o J(s—c) (s—a)\/s (s = b)
ca ca

= Js(s -a)(s=b)(s=c)

Example 5.25 Ifin triangleABC, A’ = a* - (b-c¢)’, then find the value of tan A.

Sol. A’=(a+b-c)(a—b+c)
= Al=[2(s-b)2(s-0)]
= s(s-a)(s~b)(s=c)=16(s—b) (s—c)’

(s=b)(s=c) _1

2,_ 2tan (Afz) _2.(1/4)
1-1an? (4/2) 1-(/16)

3
15

Example 5.26 Prove that a® sin 2B + b’ sin 24 = 4A.

Sol. o sin 2B+ b sin 24 = 4R* {sin® A (2 sin B cos B) + sin® B (2 sin 4 cos A)] [using sine rule]
= 8R% sin A sin B (sin A cos B + sin B cos A) '
=8R? sin A sin Bsin (4 + B)*
=8R? sin4 sin Bsin C=4A

bic)b+c- +a-b)la+b~c
BEXDEER prove e N derat)larboe)

4b’ ?

(a+b+c)(b -l;c—a) (c +a-b)(a+ b —c) _ 252(s —a) 2 (s~b) 2(s-c)
4b* c* : 4b*c?

Sol.

_ aA?
-“ b2t
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2
1 . :
= b242 (Ebc sin A) =sin’ 4
c

_F..min MEPLa  If the sides of a triangle are 17,25 and 28, then find the greatest length of the altitude.

Sol. We know from geometry that the greatest altitude is perpendicular to the shortest side.
Leta=17,b=25and c=28.

Fig. 5.11

Now,A=%ADxBC =¢AD=?—$

where A® = s(s—a) (s — b) (s — ¢) =210*

In eq'uilatéral triangle A BC with interior point D, if the perpendicular distances fron; D
to the sides of 4, 5 and 6, respectively, are given, theo find the area of AABC.

Example 5.29

~ Sol,

axXd+axs5+axo6

Area of triangle is A =

2
_, al4+5+6) _ 33 22
2 4
15 4f3a
:>—-=
2. &

30
=a="Z=10y3

N

= A= T>-:_1'00><3 =753
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Example 5,30 Ifarea of a triangle is 2 sq. units, then find the value of the product of the arithmetic
mecan of the lengths of the sides of a triangle and harmonic mean of the lengths of the
altitudes of the triangle.

Sol.

h hy Iy 2A

3 Xl

Exﬁmplc JKIB A triangle has sides 6, 7 and 8. The line through its incentre parallel to the shortest side
is drawn to meet the other two sides at Pand Q. Then find the length of the segment PQ

Sol.
A=rxs A
21xr = w=3h.
2 2
.
h 7 .
Now APQ and ABC are similiar Fig. 5.12
= _ PR
h 6
j-LoP2
h 6
-tafC
7 @
5 PQ 30
=3=% =3
Concept Application Exercise 5.5
1. Ifc? =a® + b, then prove that 45 (s — &) (s — b) (s - ¢) = a*b?,
2. Ifthe sides of a triangle are in the ratio 3:7:8, then find R : ».
3. Intriangle ABC, if a=2 and bc=9, then prove that R = 9/2A,
4. Thearea oftriangle 4BC is equal to (a® + b% - ¢?), where a, b and ¢ are the side of the triangle. Find

the value of tan C.
5. Let the lengths of the altitudes drawn from the vertices of A ABC to the opposite sides are 2, 2 and

3. If the area of A ABC is A, then find the area of triangle.
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Different Circles and Centres Connected With Triangle

Circumcircle and Crrcumcentre(()) ,
The circle passing through the angular point of AABC is called its cxrcumc;rcle The centre of this circle is the
point of intersection of the perpendicular bisectors of the sides and is called the circumcentre. Its radius is

denoted by R. -
¢ Circumcentre of an acute-angled triangle lies inside the triangle.

.~

Fig. 5.13
# Clrcumcenlre of an obtuse-angled triangle lies outside the triangle.

Fig. 5.14
e Circumcentre of a right-angled triangle is the mid—point of the hypotenuse.

A

Fig: 5. 15
e Distance of the circumcentre from the sides can be calculated as follows.

At the circumcentre, the perpendicular bisectors of the sides are concurrent.
Also, ZBOC=24BAC =2A. Triangles BOD and COD are congruent
Hence, ZBOD=A.



Solutions and Properties of 'i‘riangle 521

Now, in A BOD, cos 4 = QQ = % =0OD=RcosA
0B R

Similarly, OE= R cos Band OF =R cos C,

In-Circle and In-Centre (1)

Point of intersection of the internal bisectors of a triangle is called the in-center of the triangle. Also, it is the
centre of the circle touching all the three sides internally. In-centre always lies inside the triangle.

Fig. 5.17

» Points AFIE, BDIF and CEID are concyclic
¢ Internal bisector AP divides side BC inratio AB: AC

or —=—=— = BP=ck, CP = bk
PC AC b ’
ButBP+CP=a
= ck+bk=a
b+c
b B2 gl e 22
b+e b+c¢
ch ab
Similarly, AQ= ,CO=
latbh AL a+c Q a+c
and AR= o8 ,BR= =
Coa+b a+b

e Area of the triangle in terms of r

1 1 1

1
2

. r‘=(3_a)tan ’_;- =(s—b)tan g =(s—c)tan %

= b) (s —c)
s(s=a)

Proof: (s - a) tan % =(s—a) J(s

_ (s—a)(s—b)(s~c)
s

_Ys(s—a)(s=b)(s-0)

A)

A
5

wr

Similarly, the results r = (s — b) tan i;: and r = (s~ c) tan % can be proved.
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e r=4Rsin ﬁ sin E sin E
2 3

Proof: 4R sin A sin g sin £ =4R \/(s—-b)(ﬁ—c) J(s—c)(s—a) \/(S_a) (#=5)
2 2 2 be ca a

b
(s—a)(s=b)(s—c)

4R

abc
_4R s(s-a)(s=b)(s —¢)
abc s
_14
A &

=r

l:whereA=%andA¥\/s (s—a)(s=b)(s - c)] -

w | >

e Distance of the in-centre from the vertex

AR LDl i
2 Bl BI .
sin —
r . r 2
Similarly, A/= and C/=
sin— sin —

e Length of angle biszector AP
Area of AABP + Area of AACP = Area of AABC
=> (1/2) AB AP sin (4/2) + (1/2) AC AP sin (4/2) = (1/2)4AB AC sin A
= (1/2) (¢ + b) AP sin (4/2) =(1/2) [cb 2 sin (A/2) cos (4/2)]

B 2be ;
=>AP= b+c | COS (4/2) )
2ac

Similarly, length of angle bisector through point Band C is BQ = (EJ cos (B/2),

2ab
CR™ a1 b | €08 (C/2)

Orthocentre

Orthocentre (#) is the pbint of intersection of the altitudes of a triangle.
e Orthocentre (#) of an acute-angled triangle lies inside the triangle.
Here, H is the orthocentre of AABC.
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e Orthocentre (/) of an obtuse-angled triangle lies outside the triangle.
Here, H is orthocpnter of AABC.

Fig. 5.19

® Orthocentre (#) of a right-angled triangle ABC lies at the rlght angle itself. In Fig. 5.20, the
orthocentre H coincides with the right angle B.

A
H
B c
Fig. 5.20
* Image of orthocentre (/) in any side of a triangle lies on the circumcircle.
A
H
B \r\o—/c
. P ) i
Fig. 5.21

LHBD=LZEBC=(2)-C = 4LBHD=C
Also, ZBPD = /BPA= £ZBCA=C
Thus, ABPD and ABHD are congruent. ‘
This implies HD = DP = P is image in H in BC.
» Distance of the orthocentre from vertices and sides of a triangle can be calculated as follows.

Fig.5.22
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' b g

InAADB, ZBAD=~~B |
INnAAFC, AF = b',cos A [projection of AC on AB]

InA AFH, cos[——B]—A—F-bCOSA
2 AH AH
AH= hos ) =2RcosA
sin B
Simi]ar}y, BH=2Rcos BandCH=2RcosC
InA AFH, tan ——B —*F—H“ Fi
2 AF bcosA,
= FH= M——ZR_CDSACOSB .
sin B y

Similarly, EH = 2R cos A cos Cand HD=2 R cos B cos C

'Pedal Triangle |
The triangle formed by the feet of the altitudes on the sides of a triangle is called a pedal triangle.

A
»
E
F
=" —
- ol
o
; H
. 1 )
v
y \
f Ul |
’ \
. \
" [
]
p )
\ ]
]
Y 7
A
.
\‘ lr
Y
g~._ .- D c
—
Fig. 5.23

® In an acute-angled triangle, orthocentre of AABC is the in-centre of the pedal triangle DEF.
Proof: |

Points £, H, Dand Bare concyclic. = ZFDH=/FBH=ZABE= —’25— A
Similarly, points D, H, E and C are concyclic = LHDE=/LHCE=/ZACF= g— A.

Thus, ZFDH = ZHDE = AD is angle bisector of LFDE. Hence, altitudes of A4BC are internal angle
bisectors of the pedal triangle. Thus, orthocentre of A4BC is the in-centre of the pedal triangle DEF.
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e Sides of pedal triangle in acute—angled triangle

InAFE AF=bcosA,AE=ccos A
By cosine rule, EF* = AE* + AF* ~2 AE AF cos (LEAF)
= EF'=b%cos’ 4+c’cos’ 4-2 becos® 4
=cos? A (b + ¢ =2 be cos A) = cos® A (d7)
=acosA
e Circumradius of pedal triangle
Let circumradius be R”

i EF - acos A = acos A =I a =R
sin(ZEDF)  sin(m—2A)  2gin AcosA . 2SinA

= R'=RR (

=

Centroid of Triangle

In A ABC, the mid-points of the sidés BC, C4 and AB are D, E and F, respectively. The lines, 4D, BE and CF
are called medians of the triangle ABC, the points of concurrency of three medians is called the centroid.
Generally, it is represented by G.

A}

Alss, AL = % AD, BG = -g- BE and CG = -i- CF.

* Length of medians and the angles that thé medians make with sides
From Fig. 5.24, we have

AD*= ACY 4+ CD*-24C %X CD % ¢cos C

2
= p? + % —ab cosC

2 2 P 2
w0 _ o B G =g
4 2ab

_ 2b% 4262 -a?
4

= AD= -;-szz +2¢% -a’

Similarly, BE = -;-chz +2a% —b?

1
and CF= — J2a? +2b% ~ ¢

e Apollonius theorem
AB*+ AC=2(AD* + BDY)
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Proof:
. 2 |
2(4D*+ BDY= 2|~ (21;2 +2¢? )+T = b2+t =AB* + AC?

o Centroid (G)ofa tnangle is situated on the line joining its circumcentre (O) and
orthocenter (H) and divide this line in the ratio 1:2.

Proof: .
Let AL be a perpendicular from 4 on BC, then H lies on AL. If OD is perpendicular from O on BC, then

D is mid-point of BC.

Fig. 5.25

Therefore, AD is a median of A ABC. Let the line HO meet the median 4D at G, Now, we shall prove

" that ¢ is the centroid of the A ABC, Obviously, A OGD and A HGA are similar triangles.
OG _GD OD _ RcosA _ 1

HG GA HA 2RcosA 2 ‘ .
. GD= % GA = Giscentroid of AABCand OG: HG=1:2.

ABCis an acute—angled triangle with circumcentre ‘O’ orthocentre H. If A0 =AH, then
find the angle 4.

Example 5.32

~

Sol. OA=HA
R =2R cosA
-:i"ccrsA=l => A=iTE
2 3

ARELINIGREEE If x, y and 7 are the distances of incentre from the vertices of the triangle ABC,

. abc A B
respectively, then prove that = cot —cot—cot—.
. xXyz 2 2
. x= # d a= cotE + cotE
So,x—rcoseczan a=y 2" >

' " B c A Sin — Cos —
= —=|cot— + cot— sin—=———-—2—2
X 2 2

2 . P
sm~—sma
A B.
COS —COS—COS — J reot (B/2) rcot (C/2)
abe 2 2 _ A B
= = —Eea—’. = cOt—cOt—cCOt—
- Xy2Z - 2 2

. sin é'sin Esin - Fig. 5.26
2 x @ . :
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Example 5.34°

Let ABC be a triangle with ZBAC =273 and AB =x such that (AB)(AC) = 1. I{ x varies,
then find the longest possible length of the angle bisector AD

2bc A bx
]. T —— §— = — -
. Sol, AD=y P -COS - bt (asc=x)

A .
. 1 =X /60°\°0 -
Butbx=1= b=— y :
X .
| 8 D C
X : :
Jo P - | » Fig. 5.27
R . ..
x
= Vmax =

) since the minimum value of the denominatoris 2 if x>0

-Example’5.35

Let ABC be an acute triangle whose orthocentre is at H. If altitude from A is produced to

meet the circumcircle of triangle ABC at D, then prove HD =4R cos B cos C
Sol. ABHN and ABDN are congruent. ‘

Jo SRR

Fig. 5.28 |

.. HN=ND=2R cos B cos C
s HD=4R cos Bcos C

Example 5.36

In an acute-angled triangle ABC, point D' E and F are the feet of the perpendiculars

from A, B and C onto BC, AC and AB, respectively. H is orthocentre. Ifsm A=3/5 and
BC =139, then find the length of AH.

. GivensinA=3/5=cosA=4/5
Also a =39

Sol

a

o —=2R : . A
sin A

£
39x5 '
=2R
3

. B
=2R=65

=

4
=AH=2Rcos A= 65-; =52
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c 1
Example 5:37 i trlang!e ABC, CD is the bisector of the angleC If COSE —and CD =6, then find

3
the value of (1 + l]
a b
Sol. A=A;+A,

=>l absinC=-l—ﬁbsin E + -1-6asin £
2 2 2 2

=> ab sin E cos E = -]—6b sin \-C— + l6a sin §_
2 2 4 2 2 2

Fig. 5.30

o | =
O | =

IRETIIGREI  Let /, g and A be the lengths of the perpendiculars from the circumcentre of AABCon

1 abc

— —

; c
. the sides a, b and ¢, respectively, then prove that + ; % feh'

a b
—_— —
I z
Sol. Distance of circumcentre from to side BC is R cos A =f
Similarly, g= Rcos B,h=Rcos C ‘
a b ¢ 2Rsin A 2Rsin B 2Rsin C

FAra “* =2 +tan B +
=>f . . RcosA ReosB | ReosC {tan A anB tan C)

>

abc
Also, ——— =8tanAtanBtanC

feh
But in triangle, tan A + tan B+ tan C = tan 4 tan B tan C
Tf e h 4 fgh

Example 5.39 If the incircle of AABC touches its sides, respectively, at L, M and N and if x, y, z are the

circumradii of the triangles MIN, NIL, and LIM where I is the incenter, then prove that

1
xyz=—Rr’.
73

Sol. In Fig. 5.31, ANIM s a cyclic quadrilateral.
Also, A/ is the diameter of circumcircle MNI.

LetA!=‘2x
A 2x
=» COS€C — = —
¥
r r r
= X'= L] y )Z_'
2sin— 2sin — 2sin—
g ? r _ r B r’R
Yz A - - )

8£;in——si11£sir1E ZL
2 2 2 R
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ESCRIBED CIRCLES OF A TRIANGLE AND THEIR RADII

The circle which touches the side BC and two sides 48 and AC produced of triangle ABC is called the escribed
circle opposite to the angle 4. Its radius is denoted by r;. Similarly, r, and r; denote the radii of the escribed
circles opposite to the angles B and C, respectively. The centres of the escribed circles are called the ex-
centres. The centre of the escribed circle opposite to the angle A is the point of intersection of the external
bisectors of angles B and C. The internal bisector of angle A4 also passes through the same point. The centre
is generally denoted by /,. i

Inany AABC, we have '

A A A
s—a

.om=
! s—b s—C

A
ii. ry=stan —, ;=stan —, i = s tan —
1 5 — 3 >
iii. r,=4Rsin g cos 2 cos .5
: 2 2 2
C

r,=4R cos i;— sin 2 cos 5"

A B C
=4R cos — cos — sin —
i 2 PG

Proof:

Let /, be the point of intersection of external biscctors of angles B and C of A4BC. Suppose thecircle
touches the side. BC at D and sides 4B and AC produced at F and E, respectively. Clearly,
hD=LE=1LF=r _ .

i. Area of AABC =arcaof AlLAC+ Areaof A,AB—Arcaof A1,BC

1
= A=-1-r,b+lr1c—-—r,a
2 2 2

e

Snbre-a)
=%(2s—20)

A

§—a

=$ r|'=

Fig. 5.32
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aﬂdr3=

Similarly, it can be shown that r, = — b o

il. stan — =5 = o i

s(s—a) s—a s—a

A_ [s-b)G-c) _sGs-b)(s=c)swa) _ A
2

. B
Similarly, r, = s tan -E and r; = s tan %

(s—b)(s—c') s(s —b) [s(s—c)

ili. 4R sin ﬁ cos E cOS —
2 2

ac ab
—4R s(s—a)(s—-b)(s—-c)
abe(s—a) |
_4R A* _ A
abc(s a) s-—a
Similarly, we can prove for r, and r;.
BELINEREIN  Provethatr +r,+r;—r=4R.

A A A A -b +5- §—5+c
| s—a s-b T e a) (s- b) s(s —c)

”‘Ls 36 }
=A{s(s-c) s-—a) —b)}

(s—a) (s

= %"— [2s? -s(a+b+c)+ab]

=(c/A) [25* - 5(25) + ab] = 4 (abc/AA) = 4R

Example 5.41 Prove that cos A + cos B + cos C= 1+ r/R.

Sol. cos A +cos B+cosC=1+4sin(4/2) sin (B/2) sin (C/2)
= ]| +[4R sin (4/2) sin (B/Z) sin(C/2))/R=1+ r/R

L

acos A + bcos B +ccosC r
" a+b+c R

Example 5.42 Prove that
Sol. We have, ;
acos A+bcosB+ccos C=R(2sinA4cosA+2sinBcos B+2sin A sin C)
= R(sin 24 +sin 2B +sin 2C)
=4Rsin A sin BsinC
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and a+b+c=2R(sin 4 +sin B+ sin C) = 8 R4 cos (4/2) cos (BI2) cos (C/2)
acosA +bcos B +ccosC
a+b+c
4Rsin Asin BsinC
8Rcos A/2 cos B/2 cos C/2

= [4R sin (4/2) sin (B/2) sin (C/2))/R = FIR

li.\':lmhlc 5.43

Ifin a triangle r, = r, + ry + r, prove that the triangle is right angled.

Sol. Wehaver, =r,+r;+r
= rl—r=r2+r3

A A A

(o
Aa _ A(2s-b-c) Aa
)

(s=b) (s —c)
s(s—a)=(s-b)(s—-¢)
sz—sa=sz—(b+c)s+bc
2s(b+c—a)=2bc
(a+b+c)(b+c-a)=2bc

(b+c) —a*=2be

b+ =g

Hence, the triangle is right angled.

L84 8dd 8

l'l +I'z
1+cosC

Iixnmplcs.?l-'t l  Provethat =2R.

e B 6 B A €
Sol. r, +ry= 4R| sin—C0S—COs—+ 8in —COS —COS—
2 X 2 2 2 2

Cr . A B . B A
=4R| cos—| sin-—CoO§— +§in — cas —
2 2 2 2 2

=M(cos2 %) =2R(1+cosC)

e
l4+cosC

=2R

Concept Application Exercise 5.6

1. InAABC, ifr; <ry<rs, then find the order of lengths of the sides.
2. Find the radius of the in-circle of a triangle where sides are 18,24 and 30 cm.
3. IfinA4BC, (a-b)(s—c)=(b-c) (s —a), prove thatr,, ry, ryare in A.P.

. n |
4. Intriangle ABC, ZA = i prove that r + 2R = 5(b+c+a)'
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}] 1.1 .1
5. Provethat —+—+4— =—,
. nonh BT
‘ 1
6. Provethatriry + rory+ryr = p (a+b+c)

1
7. Inany triangle ABC, find the least value of A2
- ; @

Geometry Relating to Ex-centres
Consider an acute-angled A4BC.

h

Fig.5.33
" At /), external bisectors of /B and ZC and internal bisector of ZA4 are concurrent.

Also ZIBC=B/2 and ZCBI, = %—% = ZIBI,= /20t BI L 1,1,

Similarly, CI L 1[; and Af L 1/5.
Thus, the in-centre of triangle 4BC is orthocentre of A 11,15 and ABC is the pedal triangle of A 1,/,/;.

Distance Between In-centre and Ex-centre

Yoy Bl e s
: sin ZIBD  sin(B/2)
; BI r r
Also in A BT, II, = = e .
P cos ZBII i (sz)cos[i B g) sin(B/2)sin (C/2)
i 2
W r i
Similarly, {l,= — and7l;=

| 5in(A/2) sin (C/2)
Distance Between Ex-centres

Let us find /,/;. Paints B, /, C and /, are concyclic.
Hence, Z11,C= £IBC=B/2.
Similarly, points 4, 7, C and /, are concyclic. So, ZII,C=LZIAC=A/2. "

A+B

sin(A/2)sin(B/2)

Thenin AIL 1, £1,11,= 7t~
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Now in A 1,1, from the sine rule, we get

b1, 1,

."*( A+B)" . (AJ
S| A ~-— sin| —
3 )

" A (B
Similarly, /,/; = 4Rcos(-2—) and /| /3= 4Rcos(3).

~ MISCELLANEOUS TOPICS

m-=n Theorem

Let D be a point on the side BC of a A ABC such that BD:DC = m:n and ZADC = 6, £LBAD = ¢ and
£LDAC= f. Then

i. (m+n)cot@=mcotox—ncotf
il. (m+n)cot@=ncotB~mcotC

Proof: |

Fig. 5.34

L v e L gl ZADC =B
DC n '

ZADB=(180°-0), ZBAD=cand £ DAC=f3
ZABD = 180°=(a+ 180°—8) = 8- x=B
BD AD

From AABD, = ' i
s sine sin (6 -a) ®
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DC  AD
sinfi sin(8 +B)
Dividing Eq. (i) by Eq. (ii), we get
BD sinf . sin (6 + B)
DCsina  sin (6 ~ «)

From A4DC, (i)

(i)

m sin B sin 6 cos § +cosé sin f§

n sin@ sin@ cos@ —cos@ sin &

—

= msin f(sin Bcos a—cas Osin &) = n sin & (sin 6 cos ﬁ+cos @sin B)

= mcot x—mcot 8=ncot f+ncot 6 [dividing both sides by sm o sin fsin B]

= (m+n)cot @=mcot @x—ncot f§ (iv)
ii. Wehave £ CAD=180°~(6+C) |

ZABC =B, ZACD=C, ZBAD = (06— B)

Putting these values in Eq. (iii), we get

m sin(@+ C) sin B=nsin C sin(8— B)

= m(sin Bcos C + cos Bsin C) sin B= nsin C (sin 8 cos B — cos @ sin B)

Dividing both sides by sin 8sin B sin C, we get

m(cot C + cot 8) = n(cot B—cot 0)

(m+n)cot@=ncotB—mcotC

If the median AD of triangle ABC makes an angle n/4 with the side BC, then find the
value of |cot B —cot C].

Example 5.45

Sol.

~

Fig. 5.35

By m—n theorem,
“(BD+ DC)cot(n/4)y=DCcot B—BDcotC = |cot B-cotC|=2

Inequality
In Chapter 2, we have proved that cos A + cos B+ cos C < % . §))

A B . (
Also in AABC, cos A +cos B+ cos C= l+4sin—sin—sin£
1

= sinﬂginBsinCS— ' (i)
. 2 2 8 B i

InAABC,r=4R sin%singsin% = R22r [using Eq. (ii)]

Example 5.46 Prove thata cos A +bcos B+ ccos C<s.

Sol. acosA+bcosB+ccosC=R(2 sin A cos A + 2 sin B cos B+ 2 sin C cos C)
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= R(sin 24 + sin 2B +sin 2C)
. ’ . 2 ) . :
=4Rsin A4 sin B sin C= E(sz sin A sin B sin C)
2

-ZX =0 Le [ R227]
K R

Example 5.47 In triangle ABC, prove that the maximum value of tan o tan gtan% is —211 v
$
Sol. For triangle ABC, we have

- [(s=b)(s=c) |(s—a)(s=c) |(s—a)(s=b)
S e e /

2 s(s —b) s(s=c)

_ .‘/s(s —a)(s —=b)(s-c)

g2
2

A
o

I e

Area of Quadrilateral

ABCD is any quadrilateral where AB=a, BC=b,CD=c¢, AD=dand ZDPA= . Letus denote the area of the
quadrilateral by S, then A DAC = area of A APD + area of A DPC.

= % DPXAPXSina-i'—;— DP x PCxsin(7m— o)

= -,I;DP(AP+PC)sina

Area of A DAC= % DP x AC Xsin

)

Similarly, area of AABC = % BPx ACsin ¢ (ii)
. S=arcaof A DAC + area of A ABC

= % DP X ACsin g+ % BP x ACsin & [using (ii) and (iii)]

% (DP+BP)ACsina = S§= é— BD x ACsin . ' (iii)

Therefore, area-of quadrilateral = -é- (product of the diagonals) X (sine of included angle).

Cyclic Quadrilateral

A cyclic quadrilateral is a quadrilateral which can be circumscribed by a circle.
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" Note:

e Sum of the opposite angles of a cyclic quadrilateral is 180°.

e [n a cyclic quadrilateral, sum of the products of the opposite sides is equal to the product of the
diagonals. This is known as Ptolemy s theorem,

o [f sum of the opposite sides of a quadrilateral is equal, then and only then a circle can be inscribed
in the quadrilateral.

Regular Polygon
A regular polygon is a polygon which has equal sides as well as equal angles. In any polygon of » sides, sum
(n-2)z

n

of its internal angles is (n - 2)x, then in regular polygon each angle is

Note:

o [n the regular polygon, the circumcentre and the in-centre are the same.

Radii of the inscribed and the circumseribed circles and arca of a regular polygon of n sides with
cach side a.

Fig. 5.37

Let AB, BC and CD be three successive sides of the polygon and O be the centre of both the incircle and
the circumcircle of the polygon.

zBoc=2% =430L=—1—(—2£]=£
" Zin n

a=BC=3 BL=2Rsin ZBOL=2Rsin T  =fim L cosec &

n 2 n

; : i1 a s
Again,a=2 BL=2 OL tan ZBOL =2rtan — == Ecot —
n n

1
Now, the area of the regular polygon = n times the arca of the AOBC = n (E OLx BC J

1 (a n
== —Cc— | Q
2 (2 n) : g

na 2

- cot = [in terms of side of polygon] (i)
n

g ea:

b4 n
Now,ga=2rtan — = A= nr® tan [—
n : n

f

[from Eq. ()]

2 .
Also,a=2Rsin & = A= E‘g-.gin(-zij [from Eq. ()]

n H



Solutions and Properties of Triangle 5.37

Find the sum of the radii of the circles, which are, respectively, inscribed and
circumscribed about a polygon of » sides, whose side length is a.

Example 5.48

s ; : : a ' bia
Sol. Radius of the circumscribed circle=R = 5 cosec —
n

%acot (rt/n)
a a cos(m/n) _ a[1+cos(n/n)] , [
2sin(m/n)  2sin (m/n) 2% 2sin(x/2n)cos (m/2r) 2 @\

and radius oft_hc inscribed circle = r=

= R+r=

i E;aipplc XM [fthe area of the circle is 4, and the arca of the regular pentagon inscribed in the circle
is A,, then find the ratioA4,/4,.

Sol.
o i .
E / \ C
A~__ 8
Fig. 5.38
360°
In AOAB,OA=0OB=rand ZAOB= =172°
Therefore, area of AAOB = % #Xrsin72°= % #% cos 18°
1
Area of pentagon (A4,) =5 (areaof A AOB) =5 [5 r? cos| 8") ‘ (i)
Also, area of the circle (4,)= zr? (ii)
; .
o A, = nr = A sec [IE) [from Eqs. (i) and (ii)]
A ? cos 18° 3 0

Exa mplc'5.50 Prove that the arca of a regular polygon of 2n sides inscribed in a circle is the geometric
mean of the areas of the inscribed and circumscribed polygons of 2 sides.

Sol. Let a be the radius of the circle.
Then,

: 1
S, = Area of regular polygon of n sides inscribed in the circle =5 na® sin 2nin)
S, = Area of regular polygon of » sides circumécribing the circle = na® tan (/n)
S; = Area of regular polygon of 2n sides inscribed in the circle = na’® sin (m/n)

[replacing nby 2nis §]
Therefore, geometric mean of S, and S, = (5,5,) = na’sin (z/n) = S,
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'SOLUTION OF TRIANGLES (AMBIGUOUS CASES)

The three sides a, b, ¢ and the three ang es A, B, C are called the elements of the triangle ABC When any three

.of these six elements (except all the three angles) of a triangle are glven the triangle is known completely; that
is, the other three elements can be expressed in terms of the given elements and can be evaluated. This
process is called the solutlon of triangles.

; ; . —b)(s —
o If the three sides a, b and ¢ are given, angle A4 is obtained from tan = —0lir—x) or

s(s—a)
cos 4 = ii_;;-—_iz. B and C can be obtained in a similar way.
o Iftwo sides b and ¢ and the included angle A are given, then tan ;C };+E cot% gives i
B+C A . sin A

Also,

=90° -7 so that B and C can be evaluated. The third side is given by a= b or

sin B
@ =b*+ 2 —2bc cos A.

» If two sides b and ¢ and the angle B (opposite to side b) are given, then sin C = %sinB,

A=180°-(B+(C)anda= & ?'HBA give the remaining elements.
sin

Casel:

b<csinB

We draw the side ¢ and angle B. Now, it is obvious from Fig. 5.39 that there is no triangle possible.

Fig. 5.39

Casell:
b= c sin B and B is an acute angle, then there is only one triangle poss:ble




Solutions and Properties of Triangle 5.39

Case III:
b>csin B, b<cand B is an acute angle, then there are two values of angle C. Hence, two triangles are
possible. ,

CaselV:
b> ¢ sin B, c < band B is an acute angle, then there is only one triangle possible.

Fig. 5.42

CaseV: .
b> ¢sin B, ¢> b and B is an obtuse angle. For any choice of point C, 6 will be greater than ¢ which is
a contradiction as ¢ > b (given). So, there is no triangle possible.

O

Fig. 5.43

Case VL
b> ¢ sin B, ¢ < b and B is an obtuse angle. We can see that the circle with 4 as centre and b as radius
will cut the line only in one point. So, only one triangle is possible.

Fig. 5.44
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Case VII:

b>cand B=90°
Agam the circle with 4 as centre and b as radius will cut the line only in one pomt So, only one trlangle

is possible.

Fig. 5.45

Case VIII:

b<cand B=90° »
The circle with 4 as centre and b as radius will not cut the line in any point. So, no tnangle is possible.

Fig. 5.46

Alternative method:

a® +c* —h?
2ac

= o —(2ccos B)a+(c*-b)=0 . b

= a=ccosB+ X/(cco:sB)2 ~(c* ~b%)

=¢cos B+ \/bz —(csin B)*

This equation leads to the following cases:

Case I: If b <¢sin B, no such triangle is possible,
Casell: Letb=csinB. There are further following two cases:
. a. B is an obtuse angle = cos B is negative. There exists no such tnangle
% b. B is an acute angle = cos B is positive. There exists only one such triangle.

CaseIll: Letd>csinB. There are further following two cases:
a. B is an acute angle => cos B is positive. In this case, two values of a will exist if and only

if ¢ cos B> \Jb* —(csin B)? ore> b= two such triangles are possible. If ¢ < b, only one

such triangle is possible.
. b. Bis an obtuse angle = cos B is negative. In this case, triangle will exist if and only if

\f —(¢sin B)? > c|cos B| = b>c. So, in thlS case, only one such triangle is poss:ble Ifb< ¢
there exists no such triangle.

By applying cosine rule, we have cos B =




Solutions and Properties of Triangle 5.41

Note:

asmB _ asmC

sinA sinA

» Ifthe three angles A, B and C are given, we can only find the ratios of the sides a, b and ¢ by using
the sine rule (since there are infinite number of similar iriangles possible).

o lfone side a and angles B and C are given, then A =180° - (B+C)and b=

Example 5.51 IWh=3,c=4and B=n/3, then find the number of triangles that can be constructed.

Sol. We have,
sin B« sin C g sin (m/3) sinC
b ¢ 3 4
Hence, no triangle is possible.

=sinC= e > | which is not possible.
NG

L SCLIUIRRY A 114 =30°% ¢ =7and b =8in A ABC, then find the number of triangles that can be
constructed.

a b : bsin A 8sin 30°
=sinfB= =

sinA  sinB a
Thus, we have, b> a> b sin A.

Hence, angle B has two values given by sin B = 4/7.

Examplc LEXM  Ifintriangle ABC,a= (I + \/5) em, h=2 cm and ZC=60° then find the other two angles
and the third side.

Sol. We have

=4/7

=3

4 o 3
a“ +b°—¢
Sol. Fromcos = ————————, we have
5 g 2ab

| {1+J§)2+-4—;::2
27 fieB)2
= 2+23=1+3+23+4-¢
= *=6=>c=v6cm
sinA sin B8 sinC sin A sinB 372 1
= = = = =8N B=—

=> - —
a b ¢ [ ++3 2 J6 2

= B=45°=A4=180°—(60°+45°=75°

- Also,

Examplc 5.54 In AABC, the sides b, ¢ and the angle B are given such that @ has two values ¢, and a,.

Then prove that |a,—a, | =2 \/bz - c?sin’ B.

gt -p?
2ca
= &-2ccosBa+ct-h=0

= a,+ay=2ccos B, ajay= ¢’ - b

Sol. cos B=

V-
= (a,~a,)’ =(a,+a,) -4a,a,

=4¢? cos’B - 4(? — b*) = 4h* — 4c* sin® B=4(b* - ¢* sin’ B)

= |a,—-ay=2yb?* -csin? B
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Sol.

Example 5,

Trigonometry

55 InAABC,a,cand A aré given and b,, b, arc two values of the third side b such that

: .3
b, =2b,. Then prove that sin.A = -?-a&—zc— .
, b2+ 2 w z
We have cos A=——2CL—G— = b —2 bccosA+(c* —a*)=0
c

It is given that b, and b, are the roots of this equation.
Therefore, b, + b, = 2¢ cos A and b,b, = ¢* - a*

= 3b =2ccosd,2b? =c* -a’ (" by =2b, given)
2 : '
2(2—;'008 AJ = &
=  8c(1 ~sin® A)=9¢%—9¢?

9g% - ¢*

= sind= 3
8¢

Subjective Type A

1.

EXERCISES
| | Sr;lun'ons oh ;‘aage 5.63

O is the circumcentre of A ABC and R,, R,, R; are, respectively, the radii of the circumcircles of the

triangles OBC, OCA and OAB. Prove thﬁt _q_+£_+_c_ = ﬂ ‘

Rl R2 i R3 R3
Intriangle ABC, Dis on AC such that AD = BC, BD=DC , ZDBC=2x and £BAD = 3x, all angles are
in degrees, then find the value of x.

If in AABC, the distances of the vertices from the orthocentre_ are x, y and z, then prove that

a b ¢ abc

—t—t—=—,

X y & xyz

In AABC, a semicircle is inscribed, which lies on the side ¢. If x is the length of the angle bisector
through angle C, then prove that the radius of the semicircle is x sin (C/2).

Prove that the distance.between the circumcentre and the orthocentre of triangie ABC is

R\J1-8 cos A cos BeosC

Prove that the distance between the circumcentre and the incentre of triangle ABC is \}Rz - 2Rr .

7. The two adjacent sides of a cyclic quadrilateral are 2 and 5 and the angle between them is 60°. If the

10.

area of the quadrilateral is 4+/3, find the remaining two sides.
If p and g are perpendiculars from the angular points 4 and B of the A ABC drawn to any line through
the vertex C, then prove that a*4* sin® C = a%p® + b’¢* - 2 abpg cos C.

if / is the incentre of A ABC and R,, R, and R, are, respectively, the radii of the circumcircles of the
triangles /BC, /CA and /AB, then prove that R, Ry Ry =2 rR’.

Inacircle of radius r, chords of lengths a and b cm subtend angles 8and 38, respectively at the centre,

Showthatr=a cm.

3a -b



11,

12,

13.

14,

15.

Solutions and Properties of Triangle 5.43

Ifin triangle ABC, the median AD and the perpendicular A£ from the vertex A to the side BC divide the

A 3a?

: 4 .3
angle A4 into three equal parts, show that cos 3 T

Perpendiculars are drawn from the angles 4, B and C of an acute-angled triangle on the opposite sides,
and produced to meet the circumscribing circle. If these produced parts are &, 3, ¥, respectively, then

b
show that — +— +— =2(tan A + tan B + tan C).
o Y ;

Show that the line joining the incentre to the circumcentre of triangle 48C is inclined to the side BC at

_1 [ cosB +cosC ~1
an angle tan - . .
sinC—sin 8

If the tangents of the angles of a triangle are in A.P., prove that the squares of the sides are in the ratio
of x* (.1:2 +9).(3 +.\:2)2 :9(1+ xz) where x is the tangent of the least or the greatest angle.

In ABC, right angled at C, iftan 4 = J\G; ! ; shovu; that the sides a, b and ¢ are in G.P.

Objective Type Solutions on page 5.72

Each question has four choices a, b, ¢, and d, out of which only one answer is correct.

1.

and sin B cos A = L, then the triangle is

V2 V2

a. equilateral b. isosceles c. right angled d. righ-angled isosceles
ABC is an equilateral triangle of side 4 cm. If R, r and # are the circumradius, inradius and altitude,

Ifin A4ABC,sin A cos B=

respectively, then L s equal to

ad h 2 c | d3

~ sinA +sinB+sinC c b a .

In AABC, if o i C T E * Z +-’; , then the valu'e of angle A is

a 120° h 9%0° ¢ 60° d 30°
A piece of paper is in the shape of a square of side 1 m long. It is cut at the four comners to make a
regular polygon of eight sides (octagon). The area of the polygon is g

: I

a 2(\E-l)m2 h (\iri-!-l)m2 & 7_2—; m? d none of these

IfA, B and C are angles of a triangle such that angle 4 is obtuse, then tan B tan C will be less than

1 B

a — h — c | d. none of these
\/j 2

In AABC, £B = n/3. The range of values of x, where x = sin 4 sin C, is the interval

RS I
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A
- 7. Ifin AABC, AC is double of AB, then the value of cot T cot is equal to
’ & " h- L € 3 d l
3 3 ‘ , . &
8. Inaright-angled isosceles triangle, the ratio of the circumradius and inradius is
a 2(\V2+1)) h (V2+ 1)1 e. 2:1 I R
9. Intriangle ABC, a=5,b=3 and ¢ =7, the value of 3 cos C + 7 cos B is equal to
a s b 10 . &7 d3
10. Ifintriangle 4ABC, ZB=90°, then tan*(4/2) is '
b-c¢ b+e¢ © 2be : ,
L o c.?)*_—g | d none of these
L B 5 cot A
11, In AABC, if b” + ¢" = 2q", then value of ———————— is
cot B +cotC
X 3 5 5
- b — c. — d -
2 ' : 2 2 : 3

12. 1f sin O and - cos O are the roots of the equation ax’ — bx — ¢ =0, where a, b and ¢ are the sides of'a
triangle ABC, then cos B is equal to

& Lo |~ AT & 1E =
2a a 2a 3a
13. INAABC, &+ b+ =ac+ ab s@, then the triangle is
a. equilateral h isosceles c. right angled - none of these
14. INnAABC,(at+b+c)(b+c—a)=kbeif '
a k<0 b k>0 e 0<k<4 dk>4
15. If one side of a triangle is double the other, and the angles on opposite sides differ by 60°, then the
triangle is : '
a. equilateral b obtuse angled ¢. right angled ~ d acute angled
16. Intriangle ABC, if ry =2r, =3r;, then a:b is equal to
a2 b2 o a2
4 5 4 7

17. Ifin a triangle, (l—ij[ ——rL] = 2 , then the triangle is

'"2 n
a. right angled h isosceles ¢ equilateral - d none of these
18. In an equilateral triangle, the inradius, circumradius and one of the ex-radii are in the ratio

a 2:3:5 h 123 e 137 d 379

. A B [ '
19. Inany A ABC, if cot —2- cotE 5 cot—z- are in A.P., then g, b, c are in

a. AP - h GP. ¢. HP. : d none of these
20 InAABC,ifA=30°b=2,c=/3+1, then — is equal to
a 15° h 30° ' c. 45° ' d none of these
21. Intriangle ABC, if a:b:c=7:8:9, then cos 4: cos B is equal to '
11 22 2

a — h — e — d none of these
63 . 63 9 .
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23.

24.

25.

26.

27,

28.

29.

30,

31.
s

- 33

34,

Solutions and Properties of Triangle  5.45

In triangle ABC, if cos A + cos B+ cos C= %, then 2 is equal to
= .

3
o h i C. _2. d 2
4 3 - 3 2
A B
In A ABC, cot — +cot — +cot£ is equal to
2 2 2- _
2
r abce r Rr
g 2 5 cotA+cotC |
In triangle ABC, &® + ¢* = 2002b%, then ———— is equal to
cot B
1 2 3 ‘ 4
A — ' b R T B
2001 2001 - 2001 2001

Ifthe hypotenuse of a right-angled triangle is four times the length of the perpendicular drawn from the
opposite vertex to it, then the difference of the two acute angles will be

a 60° B. I5° ¢ * d 30°
£ 2 A w0 B L | C i . oo
In A ABC, if sin E’ sin —é—-and sin -5 are in H.P., then a, b and ¢ will be in

a AP h GP. c. HP d none of these

Givenb=2,c= 3, £ZA =130°, then inradius of A 4BC'is
-1 h _‘/§+ : ¢ V3-1 d none of these
2" % 4 '
If P is a point on the altitude AD of the triangle ABC such that ZCBP = B/3, then AP is equal to
a 2asin E b 26 sin E ¢ 2csin £ d 2csin E
3 3 3 3
In triangle ABC, ZA4 = /2, then tan(C/2) is equal to
a-c a-b a-—c a—b
a b . — d
2b 2¢ b c
With usual notations, in triangle ABC, a cos (B ~ C) + b cos (C ~A) + ¢ cos (4 — B) is equal to
ﬂ h abc " 4 abc ‘ d abc
R? 4R? R L 2R?
InAABC,sinA+sinB+sinC=1+ \5 and cos A +cos+cos C= \5 if the triangle is
a equilateral ~ bisosceles ¢ right angled d right-angled isosceles
If Ll ,then
i
a A=90° . h B=90° ¢. C= 90° d none of these
IfinaAABC,cos3 A +cos3B+cos3C= 1, then one angle must be exactly equal to
a a° h 45° ¢ 120° ‘d none of these

If cos B cos C + sin B sin C sin® 4 = |, then triangle ABC is
a. isosceles and right angled
h equilateral
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38,

36.

37.

38,

39.

40.

41.

42.

43.

44,

45.

Trigonometry

c. isosceles whose equal angles are greater than 7/4
d none
In triangle ABC, internal angle bisector £4 makes an angle & with side BC. The value of sin 8is equal to

sin .l sin E—C] e cos(B_C) d CUS[E—CJ
2 2 2 2

In an acute angled triangle ABC, r+r; =r;+ryand £ B> 3’ then

a b+2e<2a<2b+2¢ h b+rdec<da<2b+4c¢
c. b+dc<dg<4db+4c d b+3c<3a<3bh+3¢c

Intriangle ABC, ZA=30°,BC=2+ \/5 , then the distance of the ;/ertex A from the.orthocentre of the
triangle is

a 1 b (2++5)43 3 ‘f\g d

If 1 is the incentre of a triangle ABC, then the ratio /4:/B:/C is equal to

a.

C.

b=

A B i v A . B B
a. COSEC —:COSes — :cosec — h sin—:sin—:sin —
- 2 2 2 2 2 2
¢ Sec éEse‘,cE :sec£ ' ' & none of these
' 2 2 2

In AABC, the bisector of the angle A4 meets the side BC at D and the circumscribed circle at £, then DE
equals

2 A I B o A 2 A g A
a‘sec— a®sin— a“cos— ¢’ cosec—
a 2 h 2 € — 2 | ", SR,
2(b+c) 2(b+¢c) 2(b+c) 2(b+c)
if D is the mid-point of the side BC of triangle ABC and 4D is perpendicular to AC, then
a 3b=da-¢ b 3a? = p*—3¢? o¥=a- d P +b=5

Two medians drawn from the acute angles of a right-angled triangle intersect at an angle /6. If the
length of the hypotenuse of the triangle is 3 units, then the area of the trianigle (in sq. units) is

a3 : b 3 e V2 d9
For triangle ABC, R=5/2 and r = 1. Let I be the incentre of the triangle and D, £ and F be the feet of the
ditiins foenn 745 BC. C AR08, Pospectivaly, THEVAIIR0F . f8aal3
perpendiculars from 7 to BC, CA an , respectively. The value of —~——>—=~ is equal to
A b2 5 g:
2 : 4 10 3

If the median of A ABC through A4 is perpendicular to AB, then

a tand+tan B=0 h2tand+tanB=0 ¢ tanAd+2tanB=0 d none of these
In A ABC, the median AD divides ZBAC such that ZBAD: ZCAD = 2:1. Then cos (A4/3) is equal to

sin B’ sin C 2sin8
a . b _ c.
2sinC 2sin B sinC

Ifin AABC, b=3 cm, ¢ = 4 cm and the length of the perpendicular from 4 to the side BC is 2 ¢cm, then
the number of solutions of the triangle is '

a l h 0 A d?2

d none-of these
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So!qtions and Properties of Triangle 5.47

5. 8 . A6 5
Inin triangle ABC, ZSII'I - and Z 1, =9 (where /]|, /, and /, are ex-centres and / is in-centre, then

circumradius R is equal to

] :
8 4 2 12

Intriangle ABC, medians AD and CE arc drawn. If AD =5, L DAC= it/ 8 and ZACE = /4, then the area
of the triangle ABC is equal to

o 2 o 2 B o 2
9 3 18 3
In triangle ABC, if tan (A4/2) = 5/6 and tan (B/2) = 20/37, the sides 4, b and c are in
a AP h GP e HP d. none of these

If H is the orthocentre of a acute-angled triangle ABC whose circumcircle is le + 3% = 16, then
circumdiameter of the triangle HBC is

a l h?2 e 4 48
Intriangle ABC, a=35, b=4 and ¢= 3. G is the centroid of the triangle. Circumradius of triangle GAB is
equal to

a 213 b = i3 ¢ 2 /3 d%ﬁ

12 3
In triangle 4BC, line joining circumcentre and incentre is parallel to side AC, then cos 4 + cos C is equal
to 5 !
a-l - hi . e -2 d?2
In triangle 4BC, line joining the circumcentre and orthocentre is parallel to side AC, then the value of
tan A tan C is cqual to

a 3 ; h 3 e. 33 . none of these
Ifin A ABC, 8R*=a* + b* + ¢, then the triangle 4BC is
a. right angled b isosceles ¢. equilateral d none of these

In triangle A8C, ;—‘ o and sec? 4 = % . Then the number of triangles satisfying these conditions is
h :

al h1l . e 2 d3
We are given b, ¢ and sin B such that B is acute and b < ¢ sin B. Then
a. no triangle is possible b one triangle is possibie
¢. two triangles are possible d aright-angled triangle is possible

Ifa, band A are given in a triangle and c,, ¢, are the possible values of the third side, then
el +c5 ~ 2¢,¢; cos A= is equal to

a 4a? sin 24 b 44% sin? 4 C. 4 cos2A4 d 4a® cos® A
InAABC, a, b, A are given and ¢, ¢, are two values of the third side ¢. The sum of the areas of the two
triangles with sides a, b, ¢, and a, b, ¢, is

a (1/2) b*sin 24 b (172) a*sin 24 c. b sin 24 d none of these
The area of the circle and the area of a regular polygon of # sides and of perimeter equal to that of the
circle are in the ratio of

Ty m Ty m LT nY m
a. tan| — |:— b cos| — |[:— ¢ Sin—;— d cotf —[:—
n n n n nn n n

The ratio of the area of a regular polygon of n sides inscribed in a circle to that of the polygon of same
number of sides circumscribing the same circle is 3:4. Then the value of n is

a6 b 4 . c. 8 ; d 12
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In triangle ABC, if P, Q, R divides sides BC, AC and 4B, respectively, in the raito & : 1 (in order). If the

. [ area POR
Tty | ————t
arca ABC

] is %, then & 1s equal to
a 173 h 2 . d none of these

21 21 1 RY
The side of triangle ABC are mA P. (order being a, b, ¢) and satisfy l|9' 371 + 5151 (28b)| , then

the value of cos 4 + cos B is

12 WERES o 11 a0
7 7 7 7
Let ABCbe a triangle with ZB=90°. Let AD be the bisector of £4 with D on BC. Supoosc AC=6 em

and the area of the triangle ADC is 10 cm”. Then the length of BD in cm is equal to

3 9 10
a — h — C — d —
5 10 3 3
S
+b%+
In any triangle ABC, F_%Z_L has the maximum value of
a 3 k6 ¢ 9 d none of these
: ) - . 5 2a o 2 2¢c .
If a, b and ¢ are the sides of a triangle, then the minimum value of o ¥ is
o i b+c-a c+a-b a+b-c
a3 c.9 ' ¢ 6 ; dl
In any triangle, the minimum value of r,r,r4/r* is equal to
a l h9 ¢ 27 . d none of these
In a convex quadrilateral ABCD, AB = a, BC = b, CD = c and DA = d. This quadrilateral is such that a
circle can be inscribed in it and a circle can be also circumscribed about it, then tan(4/2) is equal to
ad .ab cd be
a — - h— : T Qe — d —
be cd ab ad
In triangle ABC, sin A, sin B and sin C are in A P, then .
a. the altitudes are in H.P. b the altitudes are in A.P.
¢. the altitudes are in G.P. d none of these

In triangle 4BC, £C = 2n/3 and CD is the internal angle bisector of £C, meeting the side A8 at D.
Length CD is equal to

2ab 2ab ab

ab “
a, h T d
2(a+b) a+b 3(a+b) a+b

In A ABC, let R = circumradius, » = inradius, if » is the distance between the circumecentre and the
incentre, then ratio R/r is equal to -

a 2-1 ‘ b /3-1 e V241 d V3+1

In the given figure, AB is the diameter of the circle, centered at ‘O’. If £ COA = 60°, AB = 2r,
AC=dand CD =, then [/ is equal to
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72.
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Solutions and Properties of Triangle 5.49

? D
0]
| c
A
Fig. 5.47
a d\3 ' b d/+3
¢. 3d d \3ar2

In triangle ABC, base BC and area of triangle A are fixed. Locus of the centroid of triangle ABC i isa
straight line that is

a. paralle] to side BC b right bisector of side BC

- ¢. right angle of BC » d inclined at an angle sin™' (%] to side BC

Let AD be amedian of the A4BC. If AE and AF are medians of the triangle ABD and ADC, rcspectively,-
and AD = m,, AE = m,, AF = m5, then a*/8 is equal to
2

a mg +m32 - 2m]2 ' b m + m% —iZm;2

C. mI +m3 2mz d none of these -

A variable triangle 4BC is circumscribed about a fixed circle of unit radius. Side BC always touches the
circle at D and has fixed direction. If Band C vary in such a way that (BD) (CD)=2, then locus of vertex
A will be a straight line

a. parallel to side BC

h perpendicular to side BC

¢. making an angle (7/6) with BC

d making an angle sin™! (2/3) with BC
tn triangle ABC, ZA = n/3.and its incircle is of unit radius. If the radius of the circle touching the sides
AB, AC internally and incircle externally is x, then the value of x is

a 12 b 1/4 ¢ 13 ' d none of these
The radii r,, 5, ry of the escribed circles of the triangle ABC are in H.P, If the area of the triangle is 24

. cm? and its perimeter is 24 cm, then the length of its largest side is

a 10 B9 . c.8 d none of these
1f 0’ is the circumcentre of AABC and RI, R2 and R3 are the radii of the circumcircles of triangles OBC,

a b C
QCA and OAB, respectively, then R > R_z + 'R_3 has the value equal to
1

abe R? 4A ‘
" 2R B 2bc "R 4R?
Intriangle ABC, 1f 4 — B=120° and R = 8r where R and » have their usual meaning, then cos C equals
a 3/4 ' h 273 c. 5/6 d 7/8
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78. In triangle ABC, ZA=60°, ZB=40°and 2 C = 80°. If P is the centre of the circumcircle of triangle 4BC
with radius unity, then the radius of the circumcircle of triangle BPCis .

a |l b /3 &2 d V312

79. Let area of triangle ABC is (\@ 5 1)/2 ,b=2andc= («/5 - 1) and ZA is acute. The measure of the

angle C is :
a 15° b 30° ¢, 60° d 75°
80. Intriangle ABC, R(b+ c) = g4./pc Where Ris the circumradius of the triangle. Then the tndngle s
a. isosceles but not right b right but not isosceles
c. right isosceles _ d equilateral

81. Intriangle 4BC, ZABC = 120°, AB =3 and BC = 4. If perpendicuiar constructed to the side 4B at A and
to the side BC at C meets at D, then CD is equal to '
83 | o 10V3

a 3 h — ()
3 3

‘Multiple Correct Answers Type ' Solutions on page 5.95

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct,
1. If the tangents of the angles 4 and B of triangle 4BC satisfy the equation abx® — ¢*x + ab = 0, then
a tan A = a/b ' h tan B = bla
cocosC=0 d sin® 4 +sin? B+sin’ C=2
2. Inatriangle, the angles are in A.P. and the lengths of the two larger sides are 10 and 9, respectively,
then the length of the third side can be

a 5+/6 | h 07 c. 5-+/6 d. none of these
3. Intriangle ABC if 2a°b* +2b°c* = a* + b* + ¢*, then angle B is equal to

a, 45° h 135° ¢ 120° d 60°
4. Ifintriangle ABC, a, b, c and angle 4 are given and ¢ sin 4 <a < ¢, then

a b +hby,=2ccos4 b b +b,=ccosA cbb=c-a d bby=c*+d

5. There exists triangie ABC satisfying
atand+tanB+tan C=0

sinA_sinB _sinC
2 3 7

e (a+ b= -+ aband V2 (sin A +cos A) =3

B 41
2

6. CF is the internal bisector of angle C of A ABC, then CF is equal to

2ab £ + C \ bsin A ‘
cos — h u cOSs — C. —-—-—T ' d none of these
sm(B 4 )

h

d sinAd+sin B=

3
,c08 4 cos B= = =sinAsin B

b a+b 2 2ab 2,

7. The sides of A ABC satisfy the equation 2a° + 4b* + ¢* = 4ab + 2ac. Then
a. the triangle is isosceles h the triangle is obtuse

¢. B= cos” ' (7/8) d A4=cos™' (1/4)
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~ Solutions and Properties of Triangle  5.51

Let ABCbe an isosceles triangle with base BC. If ‘7’ is the radius of the circle inscribed in A ABC and
r, is the radius of the circle escribed opposite to the angle 4, then the product r| » can be equal to
2

a R?sin®A h R?sin’28 G %az d 24—
where R is the radlus ofthe c:rcumcn‘cle ofthe AABC )
If in a triangle, sin® A + sin® B + sin® C = sin® B sin? C+2 sin? Csin® 4 +2 sin? 4 sin? B, then its angle
A 1s equal to

a 30° h 120° ¢ 150° d &0°

The area of a regular polygon of » sides is (where r is inradius, R is circumradius and a is s:de of the
triangle)

2 2 ! :
a E?---sin[yij h nr? tan (f—) g cot L3 d nR?tan (E]
2 \n 4 n n

In acute-angled triangle ABC, AD is the altitude. Circle drawn-with 4D as its diameter cuts the A8 and
AC at P and (0, respectively. Length PQ is equal to

N

A ’ ;
& o h—a—b—(—:- ¢ 2Rsin A sin BsinC d.-é-
2R 4R? R
If A is the area and 25 is the sum of the sides of a triangle, then
2 2 ¢
a A< : hA<>— CA<—= d none of these

3 33 3

if the angles of a triangle are 30° and 45°, and the included side is (\/5 +]) cm, then
a area of the triangle is %(\[3- +]) $g. units

b area of the triangle is %(\E —1) $q. units

J3+1

V2

; : S
d ratio of greater side to smaller side is —=
; : 43

. ¢. ratio of greater side to smaller side is

Sides of A ABC are in A.P. If @ <min {b, ¢}, then cos 4 may be equal to

4b -3¢ 3c—-4b 4c-3b 4c~3b
a, h e — - d
2b 2c 2b 2c
Lengths of the tangents from 4, B and C to the incircle are in A.P., then
: . 4c-3b

a ryryryarcinHP.  bhor,rriareinAP. coa b carcinAP d cosA= CZb
[f sides of triangle ABC are a, b and ¢ such that 2b= a + ¢, then

a_2>3 h2>i ¢_£<2 ’ d_éc:_;_

c

¢ 3 g 3 ¢
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17. InAABC, if cos £="b+c~ then
i 2 2c

; | g g s I
a. area of triangle is Eab h circumradius is equalto —c¢

' . . . - 1
c. area of triangle is Ebc , d. circumradius is equal to Ea
18. Ifthe sides of aright-angled triangle are in G.P., then the cosines of the acute angle of the triangle are

B " J5+1 J5 -1 8 %1
b ¢ yf— d e
2 ; 2 2 | 2

' Reaso mng Type ‘ Solunons on page -8 1 02 |

Each question has four chonccs a, b ¢ and d, out of WhICh auly one is correct Each qucstmn contains
STATEMENT 1and STATEMENT 2.

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT |

b Both the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT 1
¢. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE '
d STATEMENT 1 is FALSE and STATEMENT 2 is TRUE

1. Statement 1: If side BC and ratio of r, and r; of an acute-angled triangle is given, then the locus of 4
is a hyperbola. -
Statement 2: ]fbase of a triangle is given and difference of two varlable sides is constant (less than the
base), then locus of variable vertex is a hyperbola.

2. Statement 1:1n any A4BC, the maximum value of r, +ry+ry = 9R/2.
Statement 2: In any AABC, R>2r. '

3. Inacutc-angled AABC,a>b>¢
Statement 1: r; > ry> ry.
Statement 2: cos A <cos B<cos C.

4. Statement 1: The incentre of the triangle formed by the feet of altitudes from the vertices of triangle
ABC 10 the opposite sides is the orthocentre of the triangle ABC.
Statement 2: The incentre of friangle ABC is orthocentre of the triangle /,/,/5, where 1, /,, 1y are excentres
of triangle ABC.

5. Statement 1: 1f / is incentre of A ABC and /, excentre opposite to A and P is the intersecﬁon of /7, and
BC, then IP-I,P=BP- PC.
Statement 2: In A ABC, / is incentre and /, is excentre opposite to A, then /B/; C must be square.

6. Statement 1: 1f the quadrilateral O, formed by joining mid-points of sides of another quadrilateral O,
is cyclic, then @, is necessarily a rectangle.
Statement 2; The quadrilateral Q, formed by joining mid-points of sides of another quadrilateral Qz is
always a parallelogram,

7. Let ly, 15, 15 be the lengths of the internal bisectors of angles A, B, C of AABC, respectively.

&

"~ Statement 1: + + +
11 l'-'} ']3 \a b c

A B C
COs— COS— CosS— l‘ I I

' 2 ' b y) 2
Statement 2: 112 =he|l—- g ,122:(.‘(: 1 - .'l% =ab|l- o
: ' b+c c+a ' a+b




8.

10.

11.

12.

13.

14,

Linked Comprehension Type -

Solutions and Properties of Triangle 5.53

Statement 1: In A ABC, the centroid (G) divides line joining orthocenter () and circumcenter in ratio
21,

Statement 2: The centroid (G) divides the median AD in ratio 2:1.

Statement 1: Circumradius of A/,/,/5is 2R.

Statement 2: Circumradius of the triangle formed by feet of altitudes of A ABC is R/2.

Statement 1: If the incircle of the triangle ABC passes through its circumcentre, then

A B ™
sin — sin —s'n—:ﬁ.
2 727

Statement 2: Distance between the circumcentre and incentre is ¥ R? —2rR |
Statement 1: In triangle ABC, D is a point on the side AB such that CD? = AD- DB, then the greatest
value of sin A sin 8 is sin® (C/2),
Statement 2: Greatest value of sin 4 sin B occurs when CD is the angle bisector of angle C.
Statement 1: If a, b, ¢ are the sides of a triangle, then the minimum value of

2a 2b 2¢ '

+ +

b+c-a c+a-b a+b-c
Statement 2: AM.2GM.2H.M.

Statement 1: 1f C=45°, B=60°, then the line joining A and circumcentre (O) divides BC in ratio 2: J3.

is 9.

n2C

sin2B

Statement 1: [fa=3, b=7, c=8, and internal angle bisector 4/ meets BCatD(where 1is incentre), then
ANID=1112.
Statement 2: Internat angle bisector of angle A divides the side BC in ratio AB/AC.

Statement 2: Line joining A and circumcenter (Q) divides BC' i in rauo

Solutions on page 5.106

Based upon cach paragraph, three multiple choice questions have to be answered. Each question has four
choices a, b, ¢, and d, out of which only one s correct.

For Problems 1-3
GiventhatA=6,r,=2,r,=3,r;=6
1. Circumradius R is equal to

2.

3

a. 25 b. 3.5 e 15 d none of these
Inradius is equal to _

a. 2 b. | e 15 d 25
Difference between the greatest and the least angle is

a cos""—:— ' f I . cos'l% d none of these

For Problems 4—6

Leta=

4.

S.

6.6=3andcos (4 -B)= %

Area of the triangle is equal to ,
a9 h 12 c. 1l d 1o .
Angle Cis equal to
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n

a — h - (. L2 : d none of these
4 4 ; 2

6. Value of sin A is equal to
1 - 1 : 1 2
A~ bh —= S 4 —=
25 V3 V5 SRV
For Problems 7-9
P1s P2, P are altitudes of triangle ABC from the vertices 4, B, C and A is the area of the triangle.

7. The value of p,> + p3° + ps° is equal to

- . B il . 8
a a+bte h a—w%— ¢ f-—fb—zi d. none of these
A 4A ' : A
) ¥ 1. % .
8. The value of —+—+— is equal to
PP P -
a 2— h E . S—R d. none of these
¥ A abc
. 08 i3 :
9. The value of it P 2 e is equal to
P P2 P
' § .38, .4
+b° +
a i b i c. A d none of these
R 2R R 2R

For'Problems 10-12

Let O be a point inside a A ABC such that ZOAB = £LO0BC= ZOCA = 6.
10. cot A +cot B+ cot C is equal to

a tan’ 0 h cot® 6 ' ¢ tan 0 | d cot 0
11. cosec’ 4 + cosec’ B+ cosec” C is equal to
a. cot’ @ h cosec’ @ c. tan’ @ ' d. sec’ 6

12. Area of A ABC is equal to _ :
+ N v ) 2,353 ..2 S 3%, 2 s g

For Problems 1315

Let D, £ and F be the feet of altitudes from the vertices of acute-angled triangle 4BC to the sides BC, AC and
" AB, respectively. Triangle DEF is defined as the pedal triangle of triangle ABC. (R and r are circumradius and
inradius of triangle 4BC, respectively.)
13. Consider the foliowing statements:
i. orthocentre of the triangle ABC is incentre of the triangle DEF
ii. 4, B, C are excentres of triangle DEF '

a. only (i) is true - b only(ii) is true
¢. both (i) and (ii) are true _ d both (i) and (ii) are false
14. Circumradius of a pedal triangle of triangle 4BC is
a R/2 : b2 c. R4 d r/4

15. Ifx, y, z are the sides of a pedal triangle, then x + y -z is equal to
a AR/2 - ' h A/2R AR d none of these
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For Problems 1618

Incircle of A4BC touches the sides BC, AC and AB at D, E and F, respectively. Then answer the following questions.
16. ZDEF is equal to '

n~B

a & = h 7~ 28 c.A-C d none of these
17. Areaof ADEF is

a 2r’sin (24) sin (2B) sin (2C) h 2 cos % cos g cos %

c. 2P7sin(A-B)sin(B-C)sin(C-A) d none of these

18. The length of side £F is

a.rsing h2rsin§» C. ¥ COS -;i ; (12r<:0si

For Problems 19-21

Internal bisectors of A ABC meet the circumcircle at points D, £ and F,
19. The length of side EF is

a 2R cos [-g—) h 2R sin (g) ¢. Rcos (%J d 2Rcos (g)cos(gj

20. AreaofA DEFis

a. 2R cos? [ﬁ-)cos2 (£]c082 [E) h _21‘?’sin[f1 sin(E)sin E)
2 2 2 2 2 2

¢. 2R*sin’? (-ﬂ)sin2 (E}Sin2 (E) d 2R? cos{'f—]cos (chos (E)
2 2 2 2 2 2

21. Ratio of arca of triangle ABC and triangle DEF is
a 21 h <! c. 212 d <12

Matrix-Match Type' Sotutions on page 5.111

Each question contains statements given in two columns which have to be matched.
Statements (A, B, C, D) in column 1 have to be matched with statements (p, g, r, s) in columu I1. I the correct

match are a-p, a-s, b-q, b-r, c-p, ¢-q and d-s, then the correctly bubbled 4 % 4 matrix should be as follows:
p g o s

Column|] Column I}

a, b>csin B, b<cand B is an acute angle p.C

b. b> csin B, ¢ < b, and B is an acute angle q.2

¢. b>csin B, c < band B is an obtuse angle r. data insufficient
d. b>csin B, ¢> band B is an obtuse angle s. |
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2. Inacute-angled triangle ABC

Column Column Il
a.cos A, cos B, cos Care in A.P, p. Distances of orthocentre from vertices of triangle
are in A.P.
b. sin (4/2), sin (B/2), sin (C/2) are in A.P. q. Distances of orthocentre from sides of triangle are
inH.P.
¢, Distances of circumcentre from the r. Distances of incentre from vertices of triangle are
vertices of the triangle ABC are in A.P. inH.P.
d. Circumradii of triangles OBC, OAC s. Distances of incentre from excentres of triangle
and OA4B are in H.P. (where O is are inA.P.
cicumcentre of triangle ABC)

v

Column | ) _ Column 11

a. If the sines of the angles 4 and B of a triangle ABC satisfy the p.right angled
equation ¢’x* = ¢ (a+ b)x +ab=0, the triangle can be

b. If one angle of a triangle is 30° and the lengths of the sides q. isosceles
adjacent to it are 40 and 40\5, the triangle can be

¢, If two angles of a triangle ABC satisfy the equation r. equilateral
gIoin'x . geo's = 30, then the triangle can be (x € (0, 7/2))

d. In triangle ABC, cos A cos B+sin4sin BsinC=1, s. obtuse angled
then the triangle can be

4. Let Obe the circumcentre, / be the orthocentre, / be the incentre and /,, /,, 7; be the excentres of acute-

angled A ABC
Column| Column 1l -
a. Angle subtended by O/ at vertex 4 p.|B-C|
' 8-
b. Angle subtended by H/ at vertex 4 q. =
¢. Angie subtended by O at vertex A r. B;C
B
d. Angle subtended by /,/; at /, : 5 B C
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5.

Column I (Condition) Column Il (Type of AABC)

A b+
a. cot -2-= X p. always right angled

a
b.atan 4 + btan B=(a+ b) tan (A ; B) q. always isosceles
c.acosA=bcos B r. may be right angled
dopsiw e be right-angled isoscel
. COS e C s. may be right-angled isosceles

Integer Type - i Solutions on page 5.115

L.

10.

11.

12.

13.

Suppose a, 3, yand & are the interior angles of regular pentagon, hexagon, decagon and dodecagon,
respectively, then the value of fcos & sec B cos y cosec d] is

AB  AF
Let ABCDEFGHIJKL be a regular dodecagon. Then the value of AF % 2B is equal to

. Two equilateral triangles are constructed from a line segment of length L. If Mand m are the maximum

and minimum value of the sum of the areas of two plane figures, then the value of M/m is
at +b* +c*
In AABC, if r=1,R=3 and § =235, then the value of ——3—— is

Consider a AABC in which the sudes area=(n+1), b=(n+2), c=nwith tan C = 4/3, then the value
of A/12 is

[n A4EX, T'is the midpoint of XE, and P is the midpoint of ET. If AAPE is equilateral of side length equal
to unity, then the value of [(4.X)%/2] is (where [ . ] represents greatest integer function)

In AABC, the incircle touches the sides BC, CA and A B, respectively, at D, E and F. If the radius of the
incircle is 4 units and BD, CE and AF are consecutive integers, then the value of s/3, where 5 is a semi-
perimeter of triangle, is

The altitudes from the angular points 4, B and C on the opposite sides BC, CA and AB of A4BC are
210, 195 and 182, respectively. Then the value of /30 is (wherc a = BC) '

In AABC if £LC=344, BC=27and AB=48. Then the value of AC/7 is

The area of a right triangle is 6864 square units. If the ratio of its Iegs is 143 : 24, then the value of

[r/4], where [-] represents the greatest integer function, is

2 a+b
In AABC, if cos A + sin A — ~——————— =0, then the value of( ) is
cosB+smm B c

a® +b* + ¢
In AABC, £LC=2/4 and AC =2 BC, then the value of -——I}-z— (where R is circum-radius of

triangle) is

A circle inscribed in a triangle ABC touches the side AB at D such that AD = 5§ and BD = 3. If ZA4 = 60°,
then the value of [BC/3] (where (-] represents greatest integer function) is



5.58

4.

185,

16.
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18.
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The sides of triangle ABC satisfy the relations a + b —c=2and2ab- ¢ = 4, then square of the area
of triangle is

The lengths of the tangents drawn from the vertices 4, B and C to the incircle of AABC are 5, 3 and 2,

respectively. 1f the lengths of the parts of tangents within the triangle which are drawn parallel to the

sides BC, CA and 4B of the triangle to the incircle are a; Band y, respectively, then the value of [a+

+ 7] (where [-] represents greatest integer funciton) is

If @, b and ¢ represent the lengths of sides of a triangle, then the possible integral value of
a_ ., b L "

b+c c+a a+b"”™ —

Intriangle ABC, sin 4 sin B+ sin Bsin C +sin Csin4 = 9/4 and a = 2, then the value of ,jf{A , where

A is area of triangle, is

InAABC, AB=52,BC=56,CA = 60 Let D be the foot of the altitude from 4, and £ be the intersection

of the internal angle bisector of ZBAC with BC. Find the length DE is

'Art:l-_l_ives | . F e S Solutions on page 5.121
Subjective
1. ABC is atriangle. D is the middle point of BC. If AD is perpendicular to AC, then prove that
_ e Wil oY
A ong= 2~ (IIT-JEE, 1980)
3ac

10,

ABC 18 atriangle with AB = AC. D is any point on the side BC. E and £ are points on the sides 4B and
AC, respectively, such that DE is parallel to AC and DF is paralle!l to AB. Prove that
DF + FA+AE+ ED=AB + AC. (AIT-JEE, 1980)

Let the angles 4, B and C of triangle 4BC be in A.P. and let b:c be V3:/2 . Find the angle 4.
(IT-JEE, 1981)
The exradii r, r, and ry of AABC are in H.P. Show that its sides a, b and care mA.P..
(IIT-JEE, 1983)

For triangle ABC, it is given that cos 4 + cos B+ cos C = 5" Prove that the triangle is equilateral.

(ITT-JEE, 1984)
With usual notation, if in triangleABC, :
b+ " - ; :
b R B R e srovati 200 A TG (IIT-JEE, 1984)
11 12 K 7 19 25
In triangle ABC, the median to the side BC is of length ——\/l;f and it divides the angle 4 into
¥ : 11-6+v3
angles 30° and 45°. Find the length of the side BC. (IIT-JEE, 1985)
Ifin triangle ABC, cos A cos B+ sin A sin Bsin C =1, Show that a:b:c = 1:1: /2 ,
: (ITT-JEE, 1986)
The sides of a triangle are three consecutive natural numbers and its largest angle is twice the smallest
one. Determine the sides of the triangle. (IIT-JEE, 1997)

In a triangle of base a, the ratio of the other two Sides is » (< 1). Show that the altitude of the triangle

is less than or equal to i 55 (IT-JEE, 1997)

-r




11. Three circles touch one another externally. The tangents at their points of contact meet at a point
whose distance from a point of contanct is 4. Find the ratio of the product of the radii to the sum of the
radii of the circles, (IT-JEE, 1992)

12. Consider the following staicments concerning triangle ABC

i. The sides a, b and ¢ and area (A) are rational
- B c. ;
ii. a4, tan s and tan £y are rational
iii. @, sin 4. sin B and sin C are rational
Prove that (i) = (ii) = (iii) = (i). _ . (IIT-JEE, 1994)

13. Let ABC be a triangle with incentre / and inradius ». Let D, E and F be the feet of the perpendiculars
from /to the sides BC, CA4 and AB, respectively. If r,, r, and ry are the radii of circles inscribed in the
quadrilaterals AFIE, BDIF and CEID, respectively, prove that

BT B, 27 . (IIT-JEE, 2000)
r=n r-n t=n (r=-n)-)r-n)
y 1

14. If A is the arca of a triangle with side lengths a, b and ¢, then show that A< i .J(a + b + ¢) abc .Also

show that the equality occurs in the above inequality if and only ifa=b=c. ‘
: _ (MT-JEE,2001)
. 15, 1f ], is the area of n-sided regular polygon inscribed in a circle of unit radius and O, be the area of the
. 0, 21, Y
polygon circumscribing the given circle, prove that /, = = 1+ Il - —
n
(NIT-JEE, 2003)

16. Two parallel chords of a circle of radius 2 are at a distance J3+1 apart, If the chord subtend angles %
and -2%:- at the centre, where k> 0, then find the value of [£].

(Note:) [k] denotes the largest integer less than or equal to k) ' (1IT-JEE, 2010)

17. Consider a triangle ABC and let a. b and ¢ denote the lengths of the sides opposite to vertices 4, Band C,
respectively. Suppose a= 6, 5= 10 and the area of triangle is 15v3. If ZACB is obtuse and if  denotes
the radius of the incircle of the triangle, then find the value of . (IIT-JEE, 2010)

Objective
Fill in the blanks
' . : . BD _AB | |
1. InAABC, £A4=90° and AD is an altitude. Compliete the relation DA — E—; ‘ (IIT-JEE, 1980)
2. ABCisatriangle, P is a point on AB and Q is a point on AC such that ZAQP = ZABC. Complete the
. arcaof AAPQ ()

I = : 1T-JEE, 1980
relation atea of AABC - ACe (IT-JE )
3. ABCisatriangle with £B greater than £C. D and E are points on BC such that 4D is perpendicular to

Solutions and Properties of Triangle 5.59

; ' : I
BC and AE is the bisector of angle 4. Complete the relation ZDAE = 3 [(--)—=Z£C).
' (IIT-JEE, 1980)
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4. The set of all real numbers a such that az +2a,2a+3and o +3a+ 8 arc the sides of atriangleis
(IIT-.IEE 1985)
S. Intriangle ABC, if cot A, cot B, cot C are in A.P., then &, B, ¢ are in_____ progression.

(IT-JEE, 1985)
6. A polygon of ninie sides, each side of length 2, is inscribed in a circle. The radius of the circle i S

. (IIT-JEE,. 1987)
7. If the angles of a triangle are 30° and 45° and the included side is (/3 + 1) cm, then the area of the
triangle is . : ‘ (IIT-JEE, 1988)
8. Ifin triangle ABC, 260 4 + oA B + Avn =2 4 i, then the value of the angle A is
a b s c ca
degrees. " 4 (IIT-JEE, 1993)

. ab
9. In triangle ABC, AD is the altitude from A. Given b > ¢, £LC = 23° and AD = EE—C—;-,-,lhen

ZB= ; | (IIT-JEE, 1994)
10. A circle is inscribed in an equilateral triangle of side a. The area of any square inscribed in this circle
is . (IF'T-JEE, 1994)

11. Intriangle ABC, a: b ¢=4:5.6. The ratio of the radius of the circumcircle to that of the incircleis ____.
(IIT-JEE, 1996)

Multiple choice questions with one correct answer
1. Intriangle ABC angle A is greater than angle B. 1f the measures of angles 4 and B satisfy the cquation
3sinx-4sin’x-k=0,0<k<1, then the measure ofangle Cis
n n 2n - Sm

h - . — d. —.

a‘—
*3 2 | 3 6

(HT-JEE, 1990)
2. I[fthe lengths of the sudes of triangle are 3, 5 and 7, then the largest angle of the triangle is

- 3
a, & _ b L c. L4 . d —E
= B : 6 3
. (IT-JEE, 1994)
sin ZBAD
3. Intriangle ABC, ZB= /3 and ZC= 104 Let D divide BC intemally in the ratio 1:3, Then —————— equals
sin ZCAD
[ s I 1 2
a — h — & —= d J:
J6 3 V3 3 |
' (IIT-JEE, 1995)
4. Intriangle ABC, 2ac sin (-12-(.4 - B+ C)J is equalto
a.az+|b2--.f:2 h?+ad -4 c.bz—.::z—a2 d - a* - b

(IT-JEE, 2000)
S. Intriangle ABC, let LZC=a/2. if r is the inradivs and R is cnrcumradlus of the triangle, then 2 (» + R) is
equal to
aatb bhb+c c.cta datb+e
(IIT-JEE, 2000)



10.

11,

12.
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Which of the following pieces of data does NOT uniquely determine an acute-angled triangle ABC
(R being the radius of the circumcircle)?

a a, sin4, sin B habec c. a,sin B, R d a,sind, R
(IIT-JEE, 2002) .
If the angles of a triangle are in the ratio 4:1:1, then the ratio of the longest side to the perimeter is
a Ji:(2+ \/5) h 1:6 . 12443 d 23
(ITJEE, 2003)
The side of a triangle are in the ratio 1: J3 :2, then the angles of the triangle are in the ratio
a 135 h 2:34 ¢ 321 d 123
(HT-JEE, 2004)

In an equilateral triangle, three coins of radii | unit each are kept so that they touch each other and also
the sides of the triangle. Area of the triangle is

Fig. 5.48

a 4+2 3 ; h 6+443 12+i - d3+i

(IIT-JEE 20058)
In triangle ABC, a, b, ¢ are the lengths of its sudes and A, B, C are the angles of triangle ABC. The
correct relation is given by

a (b-c)sin [JB“C]=acos-“i b (1!)--0)(:05(ﬁ)=asinBmC
; 2 " 8 2
B+
¢. (b+c)sin [B+C)=acns% d (b-c)cos [—g)=2asin 2C
(1ITJEE, 2005)

One angle of an isosceles A is 120° and radius of its incircle = V3. Then the area of the triangle in sq.
units is

a 7+1243 b 12-7+3 ¢ 12+743 d 4n
(1I'T-JEE, 2006)
Let ABCD be a quadrilateral with area 18, with side 4B parallel to the side CD and AB =2 CD. Let AD
be perpendicularto AB and CD. Ifa mrcle is drawn inside the quadrilateral ABCD touching all the sides,
then its radius is

a 3 ' h 2 e d |

| W

(I1T-JEE, 2007)
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13. Let ABC be atriangle such that ZACB = 7/6 and let a, b and ¢ denote the lengths of the side opposite
to 4, B and C, respectively. The value(s) of x for which a = ¥+x+1,b=x"-1landc=2x+1is (are)

a —(2+/3) b 1443 62 d 43

(IIT-JEE, 2010)
Multiple choice questions with one or more than one correct answers
1. There exists a triangle ABC satisfying the conditions
a bsind=a,A<m/2 : b bsinA>a, A>n/2
c. bsind>a, A<n/2 d bsind<a Ad<r/2,b>a
e. bsind<a,A>r/2,b=a (ITT-JEE, 1986)

2. Inatriangle, the lengths of the two larger sides are 10 and 9, respectively, If the angles are in A.P, then
the length of the third side can be

a 5- 6 b 343 &5 ds5+6

(IT-JEE, 1987)
3. Ifinatriangle POR, sin P, sin (, sin R are in A P, then ‘
a. the altitudes are in AP, h the altitudes are in H.P.
¢. the medians are in G.P. d the medians are in A.P. (IIT-JEE, 1988;

4. Let AydA,A3A4,45 be a regular hexagon inscribed in a circle of unit radius. Then the product of the
lengths of the line segments 4,4, 4yA4, and 4pA, is

a L ' b 343 c.3 | d 3—@
4 : 2
(II'T-JEE, 1998)
5. In AABC, internal angle bisector of £A meets side BC in D. DE | ADmeets AC in Eand ABin F. Then

2bc A ' dbc @ A -
cos— ¢, EF= sin — d A AEF is isosceles
b+c 2 b+c 2 )

a AEis HMofbandec h AD=

(IIT-JEE, 2006)

6. A straight line through the vertex P of a tnang]e POR intersects the side QR at the point S and the
circumcircle of the triangle POR at the point 7' [f.S is not the centre of the circumcircle, then

i 2 1 1 2

T s A — h —t— > =
PS ST JOSxSR PS ST~ [JOSxSR

1 1 4 ‘ 1 1 4
6 —+—<— ) d —+—=>— (IT-JEE, 2008)
~ PS ST OR _ PS ST QR

7. Inatriangle ABC with fixed base BC, the vertex 4 moves such that
a
2

cosB + cos C =4 sin 5

If a, b and ¢ denote the Iengths of the sides of the trangle opposite to the angles 4, B and C
respectively, then )
a b+tc=4a ' b b+c=2a

¢. locus of point 4 is an ellipse d locus of point 4 is a pair of straight lines
(IIT-JEE, 2009)
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ANSWERS AND SOLUTIONS
Subjective Type
I. If Oisthe circumcentre of A ABC, then
OA=0B=0C=R
Let R,, R, and R, be circumradii of AOBC, AOCA and AOAB, respectively.
In AOBC, 2R, = —— = — =2sin24
$in2A Rl
i a : a _
Similarly, — =2sin2B8and — =2sin2C
Ry Ry
= —+-—b—+— =2(sin 24 +sin 2B + sin 2C) 8sindsinBsinC= 81-—,-;-—0— w 2
R, R, R 2R2R2R R3
2, InAABC,
AC _ BC
sin S5x  sin 3x
a +p__@a
0

sm Sx sin 3x

a
In ABDN, cos 2x =

2p
= a=2p cos 2x
_2pcos2x+p 2pcosix
From Eq(i), sinSx ~ sin3x

=» 2 sin 3x cos 2x + sin 3x = 2 sin S5x cos 2x
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=> sin 5x + sin x + sin 3x = sin 7x + sin 3x
= sin 7x—sin Sx=sinx - .
=2cosbxsinx=sinx

= c08 6x = ]
"2

=r=]10°

. We know that distance of orthocentre (H) from vertex (4) is 2R cos4

orx=2Rcosd,y=2RcosB,z=2R cosC
a b ¢ 2RsinA 2RsinB+2RsinC

= —t—t—= +
x y z 2RcosA 2RcosB 2RcosC

abc _ (2Rsin A)(2Rsin B)Y2Rsin C)

= tan A+tan B+tanC = tan Atan Btan C

Also, = tan Atan Btan C
xyz . (2Rcos A)(2Rcos B)(2RcosC)
Fig. 5.51
From Fig. 5.3, \ V
I2)yra+12)yrb=(1/2)a b sin C
= r(a+b)y=2A
2A 2 abc abc : _ . ’
=r= (])

~a+bh " 4R(2Rsin A+2RsinB) 4R’ (sin A+ sin B)

2ab c 7 i
_Alsox = Py Cos P Flength of apgle bisector]
2X 2 ab sin C
From Eq. (1),r=
9. () a+b

2ab sin E cos E

- 2 2
at+b
Zabc:os£
= ————= . gin —
a+b 2
o B
= X §in —

2
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S. Let O and 17 be the circumcentre and the ort hocenlre rcspecuvcly
If OF is the perpendicular 1o AB, we have
LOAF=90°- LZAOF=90°-C
Also,  ZHAL=90°-C
Hence, LZOAH =A—- LOAF - L HAL
=4-2(90°-C)
=A+2C~-180°
=A+2C-(A+B+(C)=C-B
Also, OA =R, and /1/A = 2R cos A

A

Now in AAOH,

OH*=0A? + HA* =204 HA cos (ZLOAH)
=R*+4R? cos® A - 4R? cos A cos (C-B)
=R*+4R? cos A [cos A — cos (C - B))
=R?*~4R? cos 4 [cos (B + C) + cos (C - B)]
=R?—8R*cos A cos Bcos C

Hence, O =R \/1-8cos A cos B cosC

G Lct O be the circumcentre and OF be the perpendicular to 45
Let 7 be the incentre and /£ be the perpendicular to AC,
Then LOAF =90°~C.

L

-~
o
-

-

B8 c
Fig. 5.53
= LOAl=LIAF-£0AF=2_(90°0-C)= 2 o £FB*C _C8
2 2 2 2
L B ¥ o B €
Also, Al= - —— =4Rsin > sin 5

sin ? sin 5
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Hence in AOAL  OI*= OA*+AI* ~204 Al cos £OAI

= =R? + 16R? sin’ %sinzg R TR . C;B
g g2 & . 8B..€
= ﬂ— =1 +16sin” E sin” 9 -8 sin-q sing (cos— COS— +Sin — sm—]
R? 2 : 22 2 2 2" 7
e . B & o+ B .G
=1-8sin — sin — | cO8— cOS— —sin — §In—
2 2 2 2 v 2

B+C
9,

=]1-8sin E sin _(_,‘ cos
2 2

= | -SSinf- s'mg'siné
2 2

Therefore, OI=R JI -Ssin%sin g—sin % =\/R2 72'Rr

. Let ABCD be the cyclic quadrilateral in which AB = 2 and BC' = 5, ZABC = 60°

ZADC=180°-60°=120°. ¢
Area of cyclic quadrilateral ABCD = Area of AABC + Area of AACD

= 4/3= % AB BC'sin 60°+% CD DA sin 120°

2x5%(\/3/2) +é— xy(x/3/2), where CD=x, AD=y

rS =

xy=6
From A ABC, we get _
AC*=AB*+BC* -24B BC cos 60° =4 +25-20(1/2)= 19

Fig, 5.54

Also from AACD,

AC?*=CD*+ DA*-2CD DA cos 120°=x>+y*+xy=x*+y*+6 [using Eq. (i)]
Now from Eqs. (ii) and (iit), we have

x*+y?+6=190rx>+y*=13

Solving Egs. (ii) .and (iv), we get

)

®)

(i)

(iv)
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x* ~13x%+36=0 = x!=4,9 = x=2,3=>y=3,2
Hence, the other two sides of the cyclic quadrilateral arc 3 and 2.

8. Let LACE= a. Clearly, from Fig. 5.55, we get

P i q ;
—=SIn&, — =sin(ax+
B0 (a+C)

AC
= f—zsin a, 9. =sin acos C +cos ¢ sin C
a
Fig. 5.55
= E=-‘z1cosC.'-H:osa sinC b
a b

|
.
I~

2
--§-cosC) = cos® atsin® C= [—%) —cos? C

; :
‘l 2pq e P 1y B
i—-z— b E_cos* €~ abcosC—I—-}?—'(] szOSC
2 2
2p
- %’—+£? ;bq cos C=sin’C

= a*p*+b%g* -2 abpg cos C = a*b*sin* C

9, Let/ _bc the in-centrc of the A ABC., ‘ . ,
B+C T-A nm+A
=7n

InAIBC, £ZBIC=n—~

Fig. 5.56

Now, radius of circumcircle of A JBC, by sine rule is
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Baz BC _ a '=2RsinA:2Rsinﬁ
V' 2sin(£BIC) (m+AY A 2
v 28m —2—- _20055

‘Similarly, radius of circumcircle of A JCA and AIAB are given by

R,= 2Rsin§ and R, = 2Rsin% = R,R,R,=8R’ singsingsing =2rR*

10,
A
c

. Fig. 5.57
Applying cosine rule in A OAB, we get |

g ... :
T K. Al SN a*=2r*(1-cos @) = a=2rsin 9

2 : 2
Applying cosine rule in A OBC', we get

' 2 32 |
cos 38= i 2b
2F

= b=2rsin [ﬁ)
2

= 2r{3sin —Q —4sin® _‘_9_]
, 2 2

a
23(1——?
p
. 5 .a3
r -
3a-b
a
= r=a cin
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AE BE .
11. InAAEB, = =c )
A f
sin (90° ——) sin— :
3
AE ED
InAAED, = y . 2)

sin [90" - %J sin 5
Now BE=ED=al4

90° — A3
B
g B A8, o BE af4
3 o cos—  Sin—
3
a.a
QA _EC . . A A 374 N
In AAEC, sin—=-—or 28in—co§—=~24—L=—
l - 3 b 1. 3 b 4b
A 3¢
ie., .cos— = —
3 2

A ,A 3¢ a B 3a®
Now, L.H.S. = cos zqm T T6o?  32be
12. Let ADbe the perpendicular from A on BC. When AD is produced, it mects the circumscribing circle at

E. From question, DE= ¢,

=R.HS.

Fig, 5.59

Since angles in the same segment arc equal, we have
LAEB=ZACB=4LC,and LZAEC= LABC= LB
From theright-angled triangle BDE,

BD s
1a C _
n OF ‘ 0}
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From the right-angled triangle CDE,

tanB: Q

DE -
Adding Eqs. (i) and (ii), we get
B i SR IED SC

3
DE DE o
Similarly, tan C+tan A = % ;
and tanA4 +tan B = -:7
Adding Eqs. (iii), (iv) and (v), we get
b ¢

B =2(tan A + tan B + tan C) |
@« By

13.

- Fig, 5.60
Let 7be the incentre and O be the circumcentre of the triangle ABC.
Let OL be parallel to BC. Let ZIOL = 6, IM=r, OC= R, LNOC=A4

g Jb M -LM
= @=L T BM —BN
_IM -ON
BM —NC

r—RcosA

rcot -‘g— —KRsin A

4R siné singsin-c-'——RcosA
2 2 2

4R Sin—frﬁ-sinE sin E.cth—Rsin A
2 S, 2

B cos A +cos B+cosC—1-—cosA
sinA +sinC —sin B—sin A

_cosB 4+cosC—1
sinC —sin B

= 0= tan cos B +cosC—1
sinC —sin B

(i
(i)
(iv)

)
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14. LettanA4A=x
tand+tan C=2tan B = wunC=2tanB-x
Also, tan 4 +tan B +tan C =tan 4 tan B tan C ; [ A+B+C=n]

= x+tanB+2tanB-x=xtanB(2tan B-x)
= 3=x(21anB-x)

' 2
34+ «x —
2x
2
= tanC= i --x=—31
X X

Now,
a’:b*:c? = sin® A:sin® B:sin® C

tan’ A tan’B  wn’C
1+tan’ A 14tan?B l+tan’C

A L 9
{4 82 (2 +9) («* +l) X +9

=x2(x2+9):(3 +xH)19 (1 +x?)

15. A+B=90°
= tanAd=colB
= V5 -1 =cot*B
2
P c:oszi?_sinzii= 1
J5-1 2 J5 +1

b AR’sin’B _sin’B _ .
= : - =sin’ B Jl +cot? A [ ZLC=90°
ac 4R sin A sin C sin A I I

I 3 " e L
“L@J = [ A ]

5+1 (J§+1)
J'+1 5-1 541

= —-ac=>ab carcin GP.
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Objective Type | | - -

‘1.c. Adding, sin(4+B)=1 .

and subtracting, sin(4 -_B)= EJ-E—Z =} —-_ﬁ 20
. A+B=90° AzB

2.¢c. C A
R
" O‘*
i
8 D =
Fig, 5.61
In equilateral triangle, circumncentre () and incentre () coincide.
Also from the diagram R+r=h =» i ;' S s
. 1

3b. sil.1A +sinB sinCz_i l_) a

csin B c b ab ac be

-a sinB sinC ¢c. b a
= — + = T —— N
be ¢ b ab ac be
_, Sin8 sinC _ ¢ b
c b ab ac
bsin B+csinC ¢ +p?
=> —]
“be . abe
- b? + c? B(2R sin B) +c(2R sin C)
= as bsin B+csinC bsinB+csinC
-~ =>a=2R

= A=n/2

4, a.

Clearly, x++2 x+x=1. So, x=

- . 1
The required area = (12 -4 X > sz m’
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2

=diog 1
-{1 2 (2+\5)2}m

1 2 !
Y| (P - S
{ (ﬁ_H)z}m |
- [l-(\E—‘I)ZJ m?=2(2 —.l)m2

5.c. As A is an obtuse angle,
90° <4 <180°
= 90°<180-(B+()<180°
= 0<B+C<90°
= B+(C<90°=B<90°-C
tan B<tan(90°~-C)
tanB<cotC=tanBtanC<1

6.(1. x=']5 [cos (A =C)—cos (A + )] = %[COS(A—C)-F%]

-

' 1 ] 1 1

0<cos(4-C)< - |0+ [gxg |14

ButO0<cos(4-C)< 1 = 2( +2] X 2( +2J
7.¢. Hereb=2c.

B-C  b-c¢ A

Now, tan

8. b.

Fig. 5.63
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at+b?—c? 2549-49 1

A cosC = — .
st 2ab 2NN 2
. a>+c’-b*  25+49-9 13-
8T T ac Ix5x7 14
= 3cos C+7cos B= _§+£_5
2 2
10.2. £ B=90°=>cos A= %
l—ng% e
== = —
1~1—Eazé b .
o ;
2 A 5
1+ tan“ =~ |=|1~¢ =
( - 2) ( o 2)_(!)—0)'
[ tan’ —] (l—tanz f‘_) b+ )
2
2 b
. R(b2 ¢ __az)
cot A
cot B +cotC R(a +¢ —-b) R(a + b —c)
+
abc abe
:bz -ht‘2 .—-az =2a2—~a2 =l
_ 2a° 24* 2
12. ¢. Here, sin 6—cos 6= Eancl sin Bcos B=
; = -
‘ bZ
= 1-2sin6cos 0= —
¢
2c b :
= e —=
da az
= a’-b*=2ac
2 2 2
Hence, cos B = b* _2ac+e” . €
. 2ac 2ac 2a

13. ¢. We have Y S fi® i ab\@ =

2 -
=3 %—ac+02+3%+b2—ab\/§=0

G4 T



14.c.

135. ¢,

16. a.

18.b.

= a=2cand2b= a = bhi+ci=q?

Hence, the triangle is right angled.
(a+b+c)(b+c-a)=kbc
= (b+c)l-a’=kbe
= bi+ci-a’=(k-2)bc
= 2bccosA=(k-2)bc
= 0sA= Lo
2
Now, 4 being the angle of a triangle,
~1<cosA<1 = «2<k-2<2
= 0<k<4
a=2band A4 -B=60°
A-B a-b C

We know that tan = cot—
2 a+b 2
=5 tan30°-—*-1-cot£ = ta|1£=-]—
3 2 2 3
= C=00°
Hence, A + B=120°
r1=2!‘2=3r’3 !
= a =2 A =3 A
=@ s=b s=c
1 2
= - = =k (say)
s=a s=b s-=¢
= .5‘-a='l,s--b=—:'iEmds—c=-:i
k k k

| o

Adding, weget3s—(a+h+c)= -E- = s

‘We have [l— s-b] [1— S_CJ =2
s—a s—a

= 2(b-a)(c-a)=4(s-a)

= 2bc-ac-ab+a*)=(2s-2a)*
= 2(bc-ac-ab+a®)=(b+c-a)
= a’=h%+¢?

Hence, triangle is right angled.

We have A= i}nz, s§= 3?0

L

r=—A-- a R=abc__ a _a
s 237 4 32 B
A Bt i
andr, = - s v ]
s~a al2 2
chcc,r:R:rl=-a—:-a—:£a=l:2:3

243 V3 2

Solutiops and Properties of Triangle  5.75

= 24=180° = A=90° B=30° C=60°
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19. a. coti,coté, cotE arein AP
2 2 2

=y 2cot E =coté~+cot£
2 2 -

2r s(s—b) :J s(s—a) +J s(s—c¢)
V,(S —a)s—c) \(s=b)(s—c) \(s—a)s—b)
= 2s—-b)=s-a+s-c ' ’

= 2b=&+c .
=» a,b,careinA.P.

C-B c¢-b A
= cot —
2 c+b 2
t(C—'BJ B41-2
5 _
2 J34142
f3-1
3+ 3 tan (45-30°)
:\/3—1 'Jg-l-l_”_l_
V3+3 B3-1"43

=1an 30°

=

20.b. We have tan

cot 15°°

C-8

= e =30°

B +c? —a® _64+81-49 “145-49 96

. A= = =
= 2bc 2X8x%9 144 144
g’ +c —p* 49+81-64 66 11
2ac 2% 79 126 26
23.b. CDSA+COSB+C05C=%
= 1+4sinisin£sin£=1
2 2 4
ol % K g in §= % . [+ r=4R sin (4/2) sin (B/2) sin (C/2)]
r 3 R 4
o } _— e = — -
R 4 r 3

C_s (S - a) " S(S-b) " s(s—c)
2 A A A

N

. | s
[Bs—(a+b+c)l o

y A B
23.a. cot— +cot— +cot
2 2

< |
~——

(o8]
=2

D | =
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Y

cotA+cotC _ sin(A+C)sin B

il cot B " sin AsinC cos B
N sin’ B
" sinA sinC cos B
_ 4R* Y
4R? ac cos B
2b2 2b2
" 2accosB g’ +cl —b?
2
©20026% -p* 2001
25. a.
/ |
4" D y b
/ P
8 = c
Fig. 5.64
A=-l-ab—-1— 4 =:>'ab=nnt2
3 2!? r P
Also, a*+ b= c* = 16p*
.. (@a-b)’=a*+b?-2ab=28p?
Also, (a+b)? =a®+ b® + 2ab = 24p’
ta A—B—a_bcotg—Ll
T3 Tanb 2 B
oy A—;§-=30° = A-B=60°
1 1 = ] .
26. c. A LB’ ,C arein AP,
sin“ — sin“— sin‘—
2 2
IR SRS SR B
.2C 2B B A
sin > sin 3 sin 3 sin )
ab ac ac | be

-a)s-b) G-D)G-0) (s-aNs—¢) (s-b)s—0)
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b a b(s-c)—c(s=b) | | ¢ (a(s—b)'—b(s-—a))
s—a (s—b)s—c) As—c (s—a)(s—b)

= ab-ac=ac-bc
= ab+bc=2ac
i I 2

—t—=—_1e,a b,carein H.P.
c a b

27.a. b=2,c=+3, ZA=30°

b 4 2 —2bccosA J4+3 2><2\/_\/-=‘

o3+l B-1_+3-1
2 Wfisl 2
28. c.

C

ZBP4=90°+(B/3), ZABP=2B/3"

InAABP,

AP ¢ ¢ _
= = [by sine rule]

sin (2B/3) sin [90° + (B/3)] cos (B/3)

_ csin(2B/3) _ 2csin(B/3)cos(B/3)
cos(B/3) ; cos(B/3)
=2csin (B/3)

=

29, d. 44=% =5 g2 = b2+ ¢

AUl .
e

Fig. 5.66



30. a.

31.d.

32.c.

Solutions and Properties of Triangle 5.79

= ¢ tan’ E -2alan-c—+c=0
2 2

C 2a+vda*-4c* 2a%2b atbh
= tan—= = =

2¢ 2c c

a-b

C il
a+b
¢

acos (B=C)+bcos(C—A)+ccos(A-B)

=2RsinA cos (B—C)+ 2R sin B cos (C-A)+ 2R sin C cos (4 - B)
= 2R sin (B + C) cos (B~ C) = R|sin 2B +sin 2C|

= R|sin 2B+ sin 2C +sin 2C + sin 24 +sin 24 + sin 23]

=2R (sin 24 + sin 2B +sin 2C)

=8RsinA sin Bsin C

it 0.k

2R 2R 2R R? |
If the trianglc is equilateral .

sind +sinB+sinC= -31-31

If the triangle is isosceles, let 4 = 30°, B=30°, C'=120°,
J3

Then, sinAd +sinB+sinC=1+ T

Because if lan% " . then tan% - S -g— :»E:— = C > % which is not possible.

If the triangle is right angled, let 4 = 90°, 3= 130°, C'=60°,

3+ J'

Then, sin A + sin B+ sin C = ————

If the triangle is right-angled lsoscclcs, then onc of the angles is 90° and the remaining two are 45°
each, so that

sind+sinB+sinC=1+ Ji
and cos A +cos B + cos C= V2

L il

n n

= rn=nr

A A _ A A

s s—c s-a s—b

(s—a)s=h) _
s(s—c¢)

=




580 Trigonometry

=> tan2£=l=>tan£=l
2 2

= %=45°=;~C=90°l
33. ¢. Sincecos3A4 +cos 3B + cos BC— 1

’ 3A . 3B . 3C
= 4 sin — $in — sin ~—- =0
2 2 -2

Either 24 =180° or E =180° o0 :.J'C = 180°
2 2 G ‘
Either A = 120° or 8= 120° or C'=120°
34.a. Given, cos B cos C + sin B sin C sin? A=1
Now, we know that sin’* 4 < 1
Also, sin B and sin-C are positive.
= sinBsin Csin*A <sin Bsin C
= l-cosBcosC<sinBsinC, [byusingEq. (1)]

= cos(B-0O)21 = cos(B-0O)=1 = B-C=0 = B=C

Also, sin’ 4 = 1,i.e., 4 = 7/2. Hence, the triangle is right-angled isosceles.
35.c.
A

' 0
D .
Fig. 5.67

0=m- (C+é) = sin 8=sin (C‘+A]—sm(C+£—B—+C~)=cos[B 2
2 2 2 2 _

" 36.d. r—ry=ry-r
A A A A
T A=B S~ F=d
= c-a

s{s—b) B (s—a)(s—c)

(s—a)(s—c) a-c

s(s—b) b

+ B a-c
= fan " —=

2 b
But_e(f,zj

6 4

@
(1)

(iii)



Solutions and Properties of Triangle 5.81

Il a-c¢

=

= b<3a-3c<3b
= b+3¢c<3a<3b+3c

37.h.
_a _2+-J-__2+s/-_(2+\/-)
ZsmA 2sin 30° ’ 1
x—
2
Now, Al = 2R cos A =2(2+ /5 )cos 30°= 2+ 5 ) 3
A
B-

Fig. 5.68

38.a. Weknow that /4 = — i
sin —

2
= IA:]B:IC = cosec ﬁ-:cosecE:coso::c:£
‘ 2 2 2
39, a. Using the rty of angle bisector, we h B0 A il
. a. Using the property of angle bisector, we have DC - AC Y
=BD+DC=ck+bk=a
__a . "
= ke b+c
Alsoxy = b ¢ k* (property of circle)
Zbccosé " -
— & | bca” . ik
SPX=| bte | (hao)y B———= c
\_{L/
- . E
a‘ sec — - .
=______2 Fig. 5.69
2Ab+c)

40, a. Fromtheright angled ACAD, we have

C-—-=°2b a® +b® =¢c*
e a 2ab

=g’ 4+ bl -l =4b = a* - = 3b?



5.82 ; Trigonometry

41. a.
Y
A
. C(0, b)
(0, b/2)
30°
] >
o (al2, 0) A
(8,0)
Fig, 5.71
. - ~b
Slope of GC=m, = —22,‘ slope of AG =m, = —
a 2a
3 .
tan30° = tanj-A -T2} _ 2‘12 and @’ + b=
1 + mlm2 b
14 -
a
AL 3ba &
f 2a® +b7)
42, c.
In triangles AIF andAIE,
IF . IE IE-IF

— it A e i
sin(A/2). sin (4/2) A= G2 (a)2)

ID-IE-!F:S. A. B .C r |
IA-IR.IC 2 42 2. 4R 10



Solutions and Properties of Triangle 5.83
43. ¢. We have BD =DCand £DAB = 90°, Draw CN perpendicular to B4 produced, then in A BCN, we have

|
DA= 5 CN andAB=AN

a
90°
N
Fig. 5.73
Let ZCAN=«
ClanAd=tan(r-Q@)=-tan @=- % = — 2%“=~2tan-3 = tand+2tanB=0

44. a.

Lel%=.£CAD=8

Now, by m-n theorem, '
(1+Dcot a=lcot28-1cot®@ = 2cot(B+26)=cot20~-cot8
=>cot (B+28) +cot 8= cot 20~ cot (B+20)
sin(B+ 36) sin B
sin(B + 20) sin® sin(B + 26) sin 28

sin(B +A) _ Sin B
sin@  sin 26
sin B
2 cos 0

= sinC=

ey ﬂ_ sin B
53 " 2sncC




