Chapter 14

POLAR EQUATION

OF A CONIC SECTION
ITS FOCUS BEING THE POLE

335. Let § be the focus, 4 the vertex, and ZM the
directrix ; draw SZ perpendicular to ZJM.

Let ZS be chosen as the positive direction of the
initial line, and produce it to AX.
Take any point P on the

curve, and let its polar co-
ordinates be 7 and @, so that P
we have L

SP =9 and ¢ XSP=4.

Draw PN perpendicular
to the initial line, and PM
perpendicular to the directrix,

Let SL be the semi-latus-
rectum, and let SL =1

Since SL=e.8Z, we have

SZ:E

. ]

Hence
r=SP=¢, PW=¢e.2N
=e (45 +SN)
=y (E++5’P.cas 5) —={4e.r.coséb.
&
Therefore = -————?1 ORI i i) 1
1l—ecos
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This, being the relation holding between the polar
coordinates of any point on the curve, is, by Art. 42, the
required polar equation.

Cor. If SZ betaken as the positive direetion of the initial line and
the vectorial angle measured clockwise, the equation to the eurve is

[

"“1iececoss’
8a36. If the conic be a parabola, we have e=1, and the equation
[ I
= e = T Fdl
= T 1Toos0 .0 2 0y
2 gin? §

If the initial line, instead of being the axis, be such thaf the axis
is inclined at an angle v to it, then, in the previous article, instead of
8 we must subsfitute & —.

The equation in this case is then

I
;_1 — e cos (J —).
T E
337. 7o trace the curve = 1 —ecos .

. b
Case I. e=1, so that the equation is -=1—cosé.
-

When 6 is zero, we have ?E— 0, so that s is infinite, As
§ increases from 0° to 90°, cosf decreases from 1 to 0,
and hence S increases from 0 to 1, 4.e » decreases from
infinity to /.

As 0 increases from 90° to 180° cos@ decreases from
0 to —1, and hence ;g increases from 1 to 2, i.e. » decreases
from 1 to /.

Similarly, as 6 changes from 180° to 270° » increases
from % to I, and, as 6 changes from 270° to 360°, » increases
from [ to eo.

The curve is thus the parabola w FPLAL P « of
Art, 197.
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Case II. e<1. When 6 is zero, we have é_ 1-—e,
l

LB = T This gives the point 4" in the figure of Art.
247,
As @ increases from 07 to 907, cos @ decreases from 1 to

l

0, and therefore 1 —ecos @ increases from 1—¢ to 1, i.e -

to .

0

increases from 1 —¢ to 1, z.e. r decreases from -

l-¢
‘We thus obtain the portion A"PBL.
As 6 increases from 90° to 180° cos 6 decreases from 0
to — 1, and therefore 1 —e cos @ increases from 1 to 1 +e,

- - Ll g
i.e. — increases from 1 to 1 ¢, i.e. » decreases from [ to 173
r + £

We thus obtain the portion L4 of the curve, where
!
Similarly, as 8 inereases from 180° to 270”7 and then to
360°, we have the portions AL" and L'B'P'A".
Since cos @ =cos (— ) = cos (360° — §), the curve is sym-
metrical about the line 54",

Case III. e>1. When @ is zero, 1 —ecos @ is equal
to 1 —e, 2.e. —(e—1), and is therefore a negative quantity,
since ¢> 1. This zero value of 6 gives v =1+ (e~ 1).

‘We thus have the point 4° in the figure of Art. 295.
Let # increase from 0° to cos™ (%) Thus 1—-ecosf
increases algebraically from —(e—1) to —0,

1.6, — increases algebraically from — (e~ 1) to —0,
e

" - 3
i.e. ¢ decreases algebraically from — =—3 10 — o0,
& =

For these values of # the radius vector is therefore

. 3 5 ; l
negative and increases in numerical length from e to @ .
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We thus have the portion A'P/R' w of the curve, For
this portion » is negative.

If 6 be very slightly greater than cos™ %, then cos @ is

slightly less than {J—; , 80 that 1 —ecos @ is small and positive,
and therefore » is very great and is positive. Hence, as 0
increases through the angle 005‘1%, the value of # changes
from — o to + w0,

: 1 ; :
As 6 increases from cos™— to w, 1l —ecosf increases
e
from 0 to 1+¢ and hence r decreases from oo to T3
+e
E o 4 : ;
Now Trg B s Hence the point 4, which corresponds
- e e—

to 6 =, is such that S4 =.S4".

1
For values of @ between coz~'= and 7= we therefore
é

have the portion, w0 RPA, of the curve. For this portion
7 is positive,

: 1 :
As 0 increases from 7 to 27 —cos™ =, ecos @ increases
é
from —e to 1, so that 1 —ecos@ decreases from 1 +¢ to 0,

; l ;
and therefore r increases from i to «. Corresponding

to these values of ¢ we have the portion AL'R, « of the
curve, for which » is positive,

: . 1
Finally, as 0 increases from 2w —cos™' - to 2m ecosf
£

increases from 1 to e, so that 1--e cos § decreases algebraic-
ally from 0 to 1—e, i % is negative and increases
numerically from 0 to e— 1, and therefore » is negative and
decreases from « to g Corresponding to these values

of d we have the portion, o R/'4’, of the curve, For this
portion ¢ is negative,
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# is therefore always positive for the right-hand branch
of the curve and negative for the left-hand branch.

Tt will be noted that the eurve is deseribed in the order
A'P/R w0 w RPAL'R, w0 o« B4,

338. In Case III. of the last article, let any straight line be
drawn through S to meet the nearer branch in p, and the further
branch in q.

The vectorial angle of p iz XSp, and we have
l
1-eccosXSp°
The vectorial angle of ¢ is not XSy but the angle that ¢S produced
makes with SX,ei.e. it is8 XSgsm Also for the point ¢ the radius

vector is negative so that the relation (1) of Art. 335 gives, for the
point ¢,

S'_p =

, ! l
~ 1= o (XSgsw) 1+ecosXSq’
{
“Trecos X8q"
This is the relation connecting the distance, Sq, of any point on

the turther branch of the hyperbola with the angle X'Sg that it makes
with the initial line.

i.e. Sqg=

339. Fquation to the directrices.
Considering the figure of Art. 295, the numerical values
of the distances S7 and 8% are % and %4— DEZ,

l l [
. 1 b 1
i.e. z and p + s (gﬂ__ 1y’
: og=Cc Art. 300
s T e@=1) [Art. 300.]
The equations to the two directrices are therefore
rcos f = — f,
e

l 21 let+1

and ’BDSH__[E_E-F'E(H“—-—U]__EE'

The same equations would be found to hold in the case
of the ellipse.

523
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340. [FEguation to the asymptotes.

The perpendicular distance from S upon an asymptote
(Fig., Art. 315)

=0Ssin ACK, =ae. ——==0.

!
Also the asymptote C'¢) makes an angle cos™’ = with the
axis, The perpendicular on it from S therefore makes an

T i 1
angle 9 1 COS 5

Hence, by Art. 88, the polar equation to the asymptote
CQ is

b= cos [ﬂ _%r —cos™! 1:I = 7 §in I:ﬂ —cos™! 1] .
£ [ &

The polar equation to the other asymptote is similarly

b =7 cos [f?—- (ﬁﬂ—- — cos 1 1)] =—7sin (ﬂ + cos™? 1) .
2 e e

341. EX. 1. In any conic, prove that

(1) the sum of the reciprocals of the segments of any focal chord
ig constant, and

(2) the sum of the reciprocals of two perpendicular focal chords is
constant,

Let PSP’ be any foeal chord, and let the veetorial angle of P be a,
go that the vectorial angle of P’ 18 7 +a.

(1) By equation (1) of Art. 335, we have

i—:l — ¢ COB o,

SP
and ;-P,=1—£cua{wr+m}=l+maﬂu,
He SIS
e 72T
1 i 2
so that 5P +5p=7"

The semi-latus-rectum ig therefore the harmonic mean between
the segments of any foeal chord.
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(2) TLet QSQ be the focal chord perpendieular to PSP, so that the

vectorial angles of ¢ and @' arve g-g- a and i_%;r +a. We then have

{ T i
S@_'l - £ GOS8 (E —|—u)_1+e BN o,

! 3r ™ =
and S_Q’ =1-¢ecos (?—]na)-.1+cﬁus(§+m)_1—-aanm.
Hence

1 l 21
¥ Fiss == R —

PP'=8P+8P T1l-ecosa J l+ecosa 1—e2costa’

1 i 21
"q f - e “Ta
E-I‘Ld QQ SQ+ Q 1+35Inﬂ-+1—e51n“ 1-e*sgin®a

Therefore
1 1 1- eﬂcﬂag*_+1ne“sinﬂm_2—_ea_
_‘PP; QQ! a7 a1 - o9

and is therefore the same for all such pairs of chords.

EBx, 2. Prove that the locus of the middle points of focal ehords of
@ conic section 48 a contc section.

Let PS¢ be any chord, the angle PSX being @, so that
l
S ecos @’
_ P
0=y oo (w4+68)  l-4ecosd’
Let R be the middle point of PQ, and let its polar coordinates be
r and 6.

Brlli iy

Then +=SP_RP=SP— SP-;‘S_Q SPE 50

-%3[———'——“—]_ __ecosd
T2 1—pcosd 1+4ecosd | 1—etcosZs’

i.e. - ef?eos® f=le, reosd.
Transforming to Cartesian coordinates this equation becomes
02 42— B b L aia 1)

If the original conie be a parabola, we h'wa a=1, and equation (1)
becomes y*=lxz, 2o that the locus is a parabola whose vertex is S and -
latus-rectum .

If ¢ be not equal to unity, equation (1) may be written in the form

and therefore represents an ellipse or a hyperbola according as the
original conic is an ellipse or a hyperbola.
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342. 7o jind the polar equation of the tangent at any

point P of the conic section e 1 —ecosf,

Let P be the point (r, a), and let ¢ be another point
on the curve, whose coordinates are (7, ), so that we have

l
= L G OB & i s s i (1),
7y
l

and o T e (2).
-

By Art. 89, the polar equation of the line P§ is
#n(B~a) sin(@-a) sm(B-4)
r ; '

7y "

By means of equations (1) and (2) this equation becomes
EFsil’l (B—a)=sin(# —a){l —ecos B} +sin (B8 —0) {1 —ecosa}
pe

={sin(f —a) + sin (B—0); —e {sin (0 —a) cos B + sin(B—0)cosa}

—e{(sinf cosa — cos fsina)cos B + (sin Beos f—cos Bsinb) cosa}

. B-ua 0, + ,
=2sgin — cﬂs(* 5 ) —¢cosfsin (8- a),

=~ =l

i.e. b sec‘ﬂ——:l cos (6 — ﬂ'—;—ﬁ) —ecosl......... (3).

This is the equation to the straight line joining two
points, P and ¢, on the curve whose vectorial angles, « and
B, are given.

To obtain the equation of the tangent at P we take
indefinitely close to P, s.e. we put f=a, and the equation
(3) then becomes

% =cos (0 —a)—ecosf ............ (4).

This is the required equation to the tangent at the
point a.
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343. [If we assume a suitable form for the equation to the
joining chord we can more easily obtain the required equation.

Let the required equation be
;E-_:Lms{ﬁ‘—qr} =@ 0ORH siimaac (L)

[On transformation to Cartesian coordinates this equation is
easily seen to represent & straight line; also since it contains two
arbitrary constants, I and , it can be made to pass through any two
points, ]

It it pass through the point (r;, a), we have

1 -—{‘26051=-£=LG{}S (o — ) — ¢ cos a,

Ty
i.e. P R (RN, | | [
Similarly, if it pass through the point (7, B) on the curve, we have
Loos(B-y)=L...cooviiriinnniniinnnnanan(3)
Solving these, we have, [since a and 8 are not equal]

a-y=—(B-) ie y="1L.

Substituting this value in (3), we obtain L =sgec 2 ;‘B .

The equation (1) is then

I  a—-f a8
S=sec— cns( ——2—) — & cosf,

Asin the last article, the eqnation to the tangent at the point a is
then

%:cﬂﬂ (0 —ea)—eccosd.

*344. 7o find the polar equation of the polar of any

point (ry, 0,) with respect lo the conic section i 1 —ecos 6.
Let the tangents at the points whose vectorial angles
are o and 3 meet in the point (v, 6,).

The coordinates » and ¢, must therefore satisty equation
(4) of Art. 342, so that

;zcus(ﬂl—a}—eensﬁl ................ (1).
1

Similarly,
é.zcgg (6, — [3) —ecos | R {2).
1

527
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Subtracting (2) from (1), we have

cos (0, — a)=cos (6, — 3),

and therefore
6, —a=—(6,—f3), [since a and 3 are not equal],

ie. S

Substituting this value in (1), we have
! o+
= cOs {—2'@ — u,} —ecos b,

B—a I

b co8 —5— = ¥ +ecost i, (4).

Also, by equation (3) of Art, 342, the equation of the
line joining the points a and 2 is

E+ ¢cos @ =sec'— = cos (S—ﬂ),

7 2 92
%8, (E - € cos 5) cos ﬁ%ﬂi — COS (g — Lﬁ) ’
7 P) 9
i.e. Gi + @ cos {?) (} + € cos t?l) =cos (0 —0,)...... (5).

This therefore is the required polar equation to the polar
of the point (7, 6,).

%345, To find the equation to the normal af the point
whose vectorial angle is a.

The equation to the tangent at the point a is

#

- =cos (# —a)—ecosb,
1.6, in Cartesian coordinates,
x(cosa—e)+ysina={ ..ouvenerenenn (1)

Let the equation to the normal be

.ﬁim:-sst‘i"—l—])’sint?sE .................. (2),
-

L.E. A+ By=0................ . (3).
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Since (1) and (3) are perpendicular, we have

4 (cosa—e)+Bsina=0............... (4).
: ; : !

Since (2) goes through the point (mu’ u.) we have

Acosa+Bsina=1—cecosa............ (5).
Solving (4) and (5), we have

4 }:_—_ems:x! and ﬁ:(_l_—faccus a) (e—-m}s_a)'
esina
The equation (2) then becomes
lesin a

Ellltlﬂﬂﬂﬂi—(tﬁ—-ﬂﬂﬂﬂ) ElllﬁZW),

. . ’ 1 )

i.e. sm(ﬂ—a)—esmﬂ—.—ﬂ.—.
l—ecosa

846, Ii the axis of the conic be inclined at an angle 4 to the
initial line, so that the equation to the conie is

%:1—”05({:’!“;],

the equation to the tangent at the point a is obtained by substituting
a— and f — for ¢ and # in the equation of Art. 342,

The tangent is therefore

%:cus (8 = a) — e cos (¢ =)

The equation of the line joining the two points a and g is, by the-

game article,
i B-a a+f3
;_-.EEE-T cos (E -5 ) —ecos (f -y

The equation to the polar of the point (r;, 8,) is, by Art. 344,

l
[Lecsms0-9) {Locos(s-n] =eos(0-0
1
Also the equation fo the normal at the point a
—_— ; _ elsin(a—7v)
ri{esin (f—v)+sin(a-0)} = e e

847. Bx. 1. If the tangents at any two points P and @ of a
conie meet in a point T, and if the straight line PQ meet the directriz
sorresponding to S in a point I, then the angle KST is a right angle,

529
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If the vectorial angles of P and @ be « and 8 regpectively, the
equation to P is, by equation (3) of Art. 342,

;_.saaﬁd— o08 (ﬂ - %g) —eeo8 @.ivieinnanna (1),

Also the equation to the direetrix is, by Art. 339,

If we solve the equations (1) and (2), we shall obtain the polar
goordinates of K.

But, by subtracting (2) from (1), we have

L B—a a+ 3 A o - T
O=sec 5 cos g — —5 ) e & 3 =3
ie. £ KSX =7 + “";’g,

go that SK bisects the exterior angle between SP and SQ.
Also, by equation (3) of Art. 344, we have the vectorial angle of I'

equal to ’H_ﬁ , i, £ T8X= “_%‘f
Hence L KST= +t KSX—~ £ Tg;f;%_

Ex. 2. S is the focus and P and ) two points on a conic such that
the angle PSQ is econstant and equal fo 28 ; prove that

(1) the locus of the interscction of tangents at P and () is @ conic
section whose focus is 8,

and (2) the line PQ always touches a conic whose focus is S.

(1) TLet the vectorial angles of P and @ be respectively v+ 5 and
~ — 8, where ~ is variable.

By equation (4) of Art. 342, the tangents at P and ¢ are therefore

=e08 (0 —y—8) —€Co88 ..oennnriniiiiinn (1),

and

-"ie-- '-gl:-q

=08 (f —y+8)—ecosf......ocevvrerrnnnnnn(2).

If, hetween these two equations, we eliminate the variable quantity

v, we shall have the locus of the point of intersection of the two
tangents,

Subtracting (2) from (1), we have
¢os (# — vy — 8)=cos (§ — y-4).
Hence, (since & is not zero) we have y=46,
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Substituting for v in (1}, we have
%:cus d—ecosd,

i.e. F—Si_c—is—l—esecamsﬂ

Hence the requirved locus iz a conic whose focus is S, whose latus
rectum ig 2/ sec §, and whose eccentricity is e sec 4.

It is therefore an ellipse, parabola, or hyperbola, according as
egecd 18 == =1, 4.¢. according as cosd>= <e.

(2) The equation to PQ is, by equation (3) of Art. 542,
%:seuams (8 —~)—ecosd,

i.e. F‘%%E 08 (0 —) —ecosGCosd .vivviiviniiianas (3).

Comparing this with equation (4) of Art. 342, we see that it always
touches a conic whose latus rectum is 21 cos § and whose eccentricity
is &cosd.

Also the direetrix iz in each case the same as that of the original

conic. For hol:h Iseuﬁ nd £6080 are equal ’t-r:lri
esead cos & e

Bx. 3. A circle passes through the jocus 8 of a conic and meets it
in four points whose distances from S are vy, 15,75, and »,. Prove that
d*l?
(1) rprgrgrs= - where 21 and e are the latus rectum and
ﬂc{mmﬁcizy of the conie, and d is the diameter of the circle,
1 1 1 2
and (2) '"""“""_."'"T:
oy ryoory
Take the focus as pole, and the axis of the conie as initial line, sc
that its equation is

{
: £ eos f (1)

If the diameter of the civele, which passes through S, be inclined
at an angle + to the axis, its equation is, by Art. 172,
F=@ o008 {0 =) sismaiiiaii (2).

If, between (1) and (2), we eliminate #, we shall have an equation
in r, whose roots are 7y, 1y, 7y, and r,.

From (1) we have cos H-—-Tﬂ;:, and hence sin 6= \/1-— (T—;ﬁ)ﬂ,
and then (2) gives

r=dcosy cos -+ dsinyein F,
i.e. {erf—decosy (r—1)}>=d*sin®y [e%*® - (r—1)7),
i.e. ert—2edeosy .18 17 (d* 4 2eld cosy — e*d? gin® ) — 21d% + dP12=0.

531
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Hence, by Art. 2, we have

d-1*
'1‘13'3'?"3'."4 - ? ............................. [3],
21d*
and PP T T R S g (4).
’ g M W B
Dividing (4) by (3), we have —+—+ —+—=-+.

'.I‘I Tﬂ TS ?'4 )

1. In a parabola, prove that the length of a focal chord which is
inclined at 30° to the axis is four times the length of the latus-rectum.

The tangents at two points, P and @, of a conie meet in T, and S
is the focus; prove that

9. if the conie be a parabola, then ST?=8P. §Q.

. . : 1 1 1..,P8Q
3. if the conie be central, then §P. 50 - ST gin g
where b is the semi-minor axis.
4, The vectorial angle of T is the semi-sum of the vectorial
angles of P and .

Hence, by reference to Art. 338, prove that, if P and @ be on
different branches of a hyperbola, then ST bisects the supplement of
the angle PSQ, and that in other cases, whatever be the conie, ST’
bisects the angle PSQ.

5. A straight line dvawn through the common focus S of a
number of conics meets them in the points P,, F,, ...; on it is taken
a point @ such that the reciprocal of SQ) is equ&? to the sum of the
reciprocals of SP;, SP,,.... Prove that the locus of ¢ is a conie
gection whose foeuns is &, and shew that the reciproeal of itz latus-
rectum is equal to the sum of the reciprocals of the latera recta of the
given conics,

6. Prove that perpendicular focal chords of a rectangular hyper-
hola are equal.

7. PSP and QSQ' are two perpendicular foeal chords of a conie;

prove that is constant.

PSSP Q8. 8¢
8. BShew that the length of any foeal chord of a conie is a third

proportional to the transverse axis and the diameter parallel to the
chord.

9, If a straight line drawn through the focus S of a hyperbola,
parallel to an asymptote, meet the eurve in P, prove that SP is one
quarter of the latus rectum.
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10. Prove that the equations ;: l—ecogd and :::z —eopsf—-1
represent the same conie.

11, Two conics have a common focus; prove that two of their

comunon chords pass through the intersection of their directrices.

12, P is any point on a conic, whose focus is S, and a straight
line is drawn through S at a given angle with SP to meet the tangent
at P in T'; prove that the locus of T iz a conic whoge foeus and
directrix are the same as thosze of the original conie.

13. If a chord of a conic section subtend a constant angle 2a at the
focus, prove that the locus of the point where it meets the internal
bisector of the angle 2a is the eonie section

lcosa
pe

=1-ecosacosd.

14, Two conie sections have a common focus about which one of
them is turned; prove that the common chord is always a tangent to
another eonie, having the same foeus, and whose cccentricity is the
ratio of the eccentricities of the given conies,

15. Two ellipses have a common foeus; fwo radii vectores, one to
each ellipse, are drawn from the focus at right angles to one another
and tangents are drawn at their extremities; prove that these tangents
meet on a fixed conie, and find when it is a parabols.

16, Prove that the sum of the distances from the focus of the
points in which a conie is intersected by any circle, whose centre is at
a fixed point on the transverse axis, is constant.

17. BShew that the equation to the circle cireumseribing the triangle

formed by the three tangents to the parabola a*:rim%—sﬁ drawn at
the points whose vectorial angles are a, 8, and v, is

o = aomn L vonsnd s | PEEEY
=@ C0Ses ; Cosec 5 cosec  sin (_2 ) ,
and hence that it always passes through the foeus.

18, If tangents be drawn to the same parabola at points whose
vectorial angles are a, 8, v, and §, shew that the centres of the eircles
circumseribing the four triangles formed by these four lines all lie on
the circle whose equation is

_ a B Y 8 _a+B+y+
r= LGOS 2 coEe0 2 cosan 2 cosed 2 COa |:l'? E—T .

19. The circle cirenmseribing the triangle formed by three tangents
to a parabola is drawn; prove that the tangent to it at the focus
makes with the axis an angle equal to the sum of the angles mada
with the axis by the three tangents.
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20. Shew that the equation to the cirele, which passes through

l = :
the foens and touches the earve T 1-ecos @ at the point #=a, 1=
7 (1l -ccosa)=1cos (0 —a)—elcos (# - 2a).

21. A given eirele, whose centre iz on the axiz of a parabola,
passes through the focus S and is cut in four points 4, B, C, and D by
any eonie, of given latus-rectum, having § as focus and a tangent to
the parabola for divectrix ; prove that the sum of the distances of the
points 4, B, ¢, and D from S is constant.

29. Prove that the locus of the vertices of all parabolas that can be
drawn touching a given cirele of radius @ and having a fixed point on

the circumference as focus is r=2a cna“g* the fixed point being the

pole and the diameter through it the initial line.

23, Two eonie sections have the zame focus and directrix. Shew
that any tangent from the outer curve to the inner one subtends a
constant angle at the focus.

24. Two equal ellipses, of eccentricity e, are placed with their
axes at right angles and they have one focus S in common ; if PQ be

a common tangent, shew that the angle PSQ is equal to 2 sin—! % ;
N

25. Trove that the two conics %: 1-¢cos8 and %:1-— e, co8 (0 — o)
will touch one another, if 7,2(1 - e,%) 41,7 (1 — %) + 21,1 ¢4, 008 a=0.

96. An ellipse and a hyperbola have fthe same focus § and
intersect in four real points, two on each branch of the hyperbola ; if
r, and 1, be the distances from S of the two points of intersection on
the nearer branch, and », and 7, be those of the two points on the
further branch, and if [ and I be the semi-latera-recta of the two
conics, prove that

{E-I-'If} (]_- . 1)+ “__ lr} (l - }_) =d [Mﬂkﬂ use of Art. :’}38.]
7'1 g -

ry 3 N
2%. If the normals at three points of the parabola -r=amsec2§ ;
whose vectorial angles are a, 8, and 4, meet in a point whose vectorial
angle i3 8, prove that 2d=a+8+vy - 7.

19. Transform the equation of the previous example to Cartesian
Coordinates.
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SOLUTIONS/HINTS

1. See Art. 336. ; j 4
Length of chord = 3 (cosec" 3 + sec? §) = 2{ cosec? @
=81, if 6=30".
2. NP =acosec? g , SO =a cosecg'g
The tangents at a and mtersect where

_)— . [Art. 344, equation (3).]

g v [Art. 342, equation (4)],

CO8 ——— —CO8

2
= @ cosec 5 cosec ’g o 1= 8P . SU.

—

3. Let a+pB, a—f, be the vectorial angles of 2 and ¢.
. , 1 1
Then, as in Art. 344, SP.SQ~ NT®
_{l—ecos(a+RB)}{1—ecos(a—B)}—{cos B—ecos a}®
, =
sm B(l—e’) sm2,8__l ; o PSQ

TR RSy
4. The tangents intersect where § = + . [Art. 344.]

If P and @ are on opposite branches, then as in Art, 344,
we have cos (6 — a) = cos (6 - B + ).

- B=wsla By 0 g=CEE ¥

2 2°
5 1= 1 —e cos (0—ql)+ 1 —e,cos (0 — a,)
“or l A
9. F
—El—]—Elcoq( a,): ]coq(ﬁ )
whiare 1 -E VA cos_y_ Ee, cos a,

e
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sad Esiny _yast sin @

| A .
This is a conie, of latus rectum L, whose focus is S.

8. The length of the focal chord, inclined at 0, of the
conic ;: 1—-4/2. cos 6,

=z{ Bt }_ 9l 21
1-4/2.cos8 1+4/2.cos6] l—ucosgé—-cosi’o'
The length of the per pendxcular chord

ol
oos[ (0 :I ~cos 20°
7 d =]1- — =1 4 e cos
. ﬁ - € COS a, SP,-——- e a,
—l-—-l—ecos( +E)
SQ sbr
=1+esina, and SQ,wl——esina.
: 1 1 1-é'cos’a+1l-—e’sin®a 2—e
" SP.SP Y 508" 2 T
8. Let the diameter = d, and chord =e¢.
Th @ = il Art. 256
e _b’cos’ﬁ-l—a’sin’ﬁ’[ 6 065
d B { l s 2l
o ® =1 ecos®  1+ecosf 1—etcos’d
4 2% i
el e dang - @ =i
nd l l
9. If O=7+4+00871=, 7 = e = -,
e 1 2
1+e.-

10. Change 7 into — «, and @ into 8+ = (Art. 32), and
the first equation then becomes the second.
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11. Let the equation to one conic be, as in the last
example,

h

== 1—-e¢cosb,..(1) or l;l.z- 1-ecos@...(ii)

and that of the second l—:-—- 1 —e,cos (0 —a). ...(iii)

Adding (ii) and (iii), and subtracting (i) and (iii), we
obtain ;‘ + e, co86 + (% + e, cos (6 — a)) = .

Since this equation represents straight lines, they are

the common chords, and they clearly pass through the
intersection of the directrices, which, by Art. 339, have as

equations rcosG:—é’ and 'rcos(O—a)=—£.
1 2

12. The intersection of the tangent
l

;:cos(e—a)—ecosa
with the line 6 =a — 8 (where 3 is a constant) lies on

. Isec
- =cos B—ecos b, ie. B
r s

=1-esecf3.cosé,

which is a conic having the same focus and directrix as the
given one.

13. The equation of the chord joining the points whose
vectorial angles are 8 —a, 8 + a is [Art. 342]

S =seca. cos (6 — f3) — e cos 6.

This cuts € =/ where

lcos a

;:seca—-ecosﬂ, or =1—ecosa.cosé.
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14. The equation to the common chord of the conics
~l= 1—ecosf, and z: 1—¢ cos(f~a) is
r r

l’—;.——l:ecoSO—e'COS(o—“)’

70-0) e
=cos(0—a)—z,cosﬂ,

or

which, by Art, 342, touches

2@-2)
=] —-e-,cose.
r ¢
15. Let £=1—ecoso ..................... (1)
and g: 1-€cos(0—7y).coverncniannnnes (2)

be the equations to the two conics.
The tangent to (1) at the point B8 is [Art. 342]

;l.zcos(ﬂ—ﬁ)—ecoso. ............... (3)

The tangent to (2) at the point (90° + 8) is [Art. 346]
l;'.:cos(G— 90° —B) —€' cos (0 —7)

=sin(6—B)—¢ cos (@ =) wcoeevennnenn. (4)

For the required locus we eliminate B between (3) and

(4), and have
l 2 6’ . 2
(;+ecos€) + (; + €' cos (0—7)) =1,

or, in Cartesians, (I +ex)®+ (&' + 'z cos y + ey sin y)* =a® + /.

This is always a conic section ; and it is easily seen to
be a parabola if the terms of the second degree form a
perfect square, i.e. if
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0=1—-¢"—¢*+¢"e?sin’y,

16. The intersections of 7*— 2rpcos @ + p? —a*=0,
[Art. 172],

A
with ;=1—30030,

are given by e(r*+p*—a’)=2p(r-1);

2
.- 'I'1+‘7'2=?p.

17 and 18. The intersections of the tangents at the
l :
i -=1- 1 tob
points 3, y to the parabola - 1 — cos @ are easily seen e

B Y

0=%(B+7y) = @ cosec 5 Cosec 5,

and two similar points.

These clearly all lie on the circle

2z )

a :
r——acosecacosecgoosecgsin[O—a+ﬁ+7J
- K4 ]
2 2

The centre of this circle is, by Art. 171, the point
whose vectorial coordinates are

L8 r=acosec Scowcécosecgcos[a_<ig_i7 '"')

a a B Y et+fB+y =
5 Cosec g Cosec 5 cosec 3 and — -2—)-' b 1
This point lies on the circle whose equation is
a
e oosecgcbsecgcosec%cosecgcos [0— ‘-”.—'B;!Lr—,.

-

Similarly for the centres of the other three circles.
19. The centre of the circle lies on the line

at+pPp+y—
60— 327 7

.. the equation to the tangent at § is § = a+§ £y

= sum
of the angles made with the axis by the three tangents.
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20. Let (p, ¢) be the coordinates of its centre, and its

equation =200 IR~ vrsssvviiisanisives (i)
Since it passes through the point § — a,
; 4 i3
. m = 2p COS (0. — ¢)). ......... (ll)
Since (p, ¢) lies on the normal at this point,
esina [

2o 8in (a— ¢) + esin ¢ = =y --o(1i) [Art. 345],

l1—¢ecosap’

=2¢sin a cos (a — ¢), from (i), =e[sin¢—sin(¢—2a)],
whence - s ¢ = e

Sina—eésin2a cosa—ecos2a’
From (i) and (i), leos (6—¢)=r(1 —ecosa).cos (a—d);

eliminating ¢, we have

Z{coeﬂ(oosa—eoos%)

+8in0(8ina-—esin2a.)}=r(l—ecos:;.)’,

or 0 o8 (6 —a) — el cos (0 - 2a) =7 (1 — ¢ cos a)?.

21. Let g: 1 +cosf and r=ccosf be the equations
of the parabola and the circle and ;: 1 +ecos (6 — B) that

of the variable conic. Since its directrix ;—{:e cos (6 — B)

touches the parabola, then on comparing with

a
;:cos(0—7)+oosﬂ=2cos%cos (0—?2'),
we have ,8-——-%, and ae=2lcos B. ............ (1)

Also, eliminating @ between the circle and the conic,
{e (2—7) —er? cos B = c*e*r¥sin® B — ¢*r* sin? B,

2ec cos ac
LAy =— - 8 “B=“—l" by (1).

22. Taking the fixed point for origin, let the equation
to the circle be »=2acos§. Let P be the point where
0=a, and 0=p the equation to the axis of one of the
parabolas.
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The equation of the tangent at P is, [Art. 174],
7 cos (0 — 2a) = 2a cos® a.
2
Putting 6 =3, ;%QE;L) =87 = §P = 2a cos a.
(See Fig. of Art. 211.)
. cos(B—2a)=cosa; . .. B=3a.
"o SN = SPcos (B —a)=2acos a.cos 2a.
<o 284 =8N + ST =2acos a + 2acosa cos 2a

=4a cos’a=4a cus"'g.
Hence the equation to the locus of 4 is 7 = 2a cos® 30-
23. Tet “:l e AN (i)
. (MZ-,; T
and e Lo M GO G, iosivininiiniois (ii)

be the equations of the conics.
Any tangent to (1) is 9—:-' =cos (6 —a) —e, cos 6.

If this meets (ii) at the point 6,, we have
e, cos(f,—a)—e cosb

P bl

€y 1 —e,cos b,

. cos (6, —a)= :—;, which is constant.

.o 01 - is OODStant.

24, Letg= 1 —ecosd, andéz 1 — ¢sin @ be the equa-

tions of the ellipses.
The equations of tangents to them are

£=cos(o_a)_gcosa, and E:cos(a—ﬂ)—esin&
r r
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If they are coincident, then
cosa —e=cos B, and sin 3 —¢=sina;
", cos a—cos 3=sin B —sin q,

o+ L a+f =
5 =iles =

whence tan

TR

Also cos a — sin a + sin 3 —cos 8 = 2e.
;s 8 5 .
.mn(z—a)-f-sm(ﬁ 4) V2.e.

. . B—a a+ﬂ_7_r>___8_
..sm-——2—.cos '——2 4 —Jz.
,B—a=2sin‘15§.

25. The tangents at the point 8 to the two conics are

l...’:cos (O—ﬁ)—e, 0080,

7
and l’3;=oos(9—ﬁ)—a,cos(0—a).
These are coincident if |
L cosB-e  sinf
l, cosfB—e,cosa sinf—esina’
:  Leycosa—le, . o lesina
. COSB—- ll_l2 and Slnﬂ-—-'zl’:-lﬂ—.

S (h=b) = (Le,cos a—Le)® + 1%, sin a.
S (1-e) + L2 (1—e) =200 (1 — ey cos a).

26. Lot +=1—¢,cos0 and = 1—e5c00 (9-a)

be the equations of the conics.
Eliminating 6, we have
7 [...]— 2r[le + Ve — ey cosa (I+ 1)
+ U'%e* + e — 2e,0,ll cos a =0,
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Also eliminating 6 between
7-{: 1 —e¢,cos6 and -f—_lz— 1 —eycos8 (6 —a), [Art. 338],

we have
2[...]—2r[le Ve +e1eycosa (i —1')]
+0%e?+ Pe,— 2e,6,ll' cos a = 0.

(z+z'( ) (- z')<rz )

20+ V) {le + e —ejegcos a (L+ 1)}
+ 2(l— l') e —l'ey® + eje,cosa (I— l)}
el + U'%e* — 2e,¢,ll' cos a
27. 1If the normal at ¢ [Art. 345], passes through the
point whose polar coordinates are », and &, then

'rlcos(8—-?)sm2g= -cosq{—,.

2 2 2
' ¢,cos$cos§sin*?+r,sm83in3§
¢ L P..P
' ot : &) 10 g
— 5 co8’ 5 — 5 €08 5 8In* 5 =1
or r,sm&“+t-<'rlcosé§—£> -l2~-_0 wheret_tlal.ng3

2 1-

+ B+
'.a lg 4 —-d= 1:,; 23=a+ﬁ+7—7r.

tana+ﬁ+7=8]_es=—cot8=tan(5+3).




