Three-Dimensional Geometry

Exercise 26A

Q. 1. If a point lies on the z-axis, then find its x-coordinate and y-coordinate.

Answer : X and y coordinates of a point are its distance from the origin along or parallel
to the horizontal x-axis and y-axis. To measure the x and y coordinates, you must move
either to the left of the origin or to its right. In case of a point on the z-axis, you do not
move to the right or to the left of the origin. Hence x and y coordinates are 0 for a point
on the z-axis.

Q. 2. If a point lies on yz-plane then what is its x-coordinate?

Answer : x-coordinate is the distance of a point from the origin parallel or along the x-
axis. To measure the x coordinate, you must move either to the left of the origin or to its
right. In case of a point lying on the yz-plane, you do not move to the right or to the left
of the origin. Hence x coordinate is O for a point on the yz-plane.

Q. 3. In which plane does the point (4, -3, 0) lie?

Answer : Here the X, y, z coordinates of the point are 4, -3, 0. As the distance of point
along the z-axis is 0, the plane in which the point lies is the xy-plane.

Q. 4. In which octant does each of the given points lie?

(I) ('4! '1’ '6)
(i) (2, 3, -4)
(iii) (-6, 5, -1)
(iv) (4, -3, -2)
(V) ('1! -6, 5)
(vi) (4, 6, 8)

Answer : The position of a point in a octant is signified by the signs of the x, y, z
coordinates.

Here is a table showing signs of the x, y, z coordinates in all the octants.



Number | x sign | y sign | z sign
I + + +

I1 - + +

IT1 - - -+

IV + - +

\Y + + .

VI - + -

VII - - -

VIII + - -




According to the table

(@) (-4, -1, -6) lies in octant VII
(i) (2, 3, -4) lies in octant V
(iii) (-6, 5, -1) lies in octant VI
(iv) (4, -3, -2) lies in octant VIl
(v) (-1, -6, 5) lies in octant Il
(vi) (4, 6, 8) lies in octant |

Exercise 26B
Q. 1. Find the distance between the points :
() A(5, 1, 2) and B(4, 6, -1)
(i) P(1, -1, 3) and Q(2, 3, -5)
(iii) R(1, -3, 4) and S(4, -2, -3)
(iv) C(9, -12, -8) and the origin

Answer :

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D:vxﬁxz =X )2+ (Vo V)P (2 —2,)°

() A(5, 1, 2) and B(4, 6, -1)
Here, (x1,y1,21) = (5, 1, 2)
(X2,y2,22)= (4, 6, -1)

Therefore,

D=J# 52+ (6-1)2+(-1-2)°

= JCD? (&7 (3

=v1+25+9



:\..’E
Distance between points A and B is

V35

(i) P(1, -1, 3) and Q(2, 3, -5)
Here, (x1,y1,21)= (1, -1, 3)
(X2,y2,22)= (2, 3, -5)

Therefore,

D=JZ-1D2+(B-(-1))2+(-5-3)2

JO?F @7+ (-8)2

=1+ 16 + 64

=81 =9

Distance between points P and Q are 9 units.
(iii) R(1, -3, 4) and S(4, -2, -3)

Here, (x1,y1,21)= (1, -3, 4)

(X2,y2,22)= (4, -2, -3)

Therefore,

p=v(@ -1+ (-2—-(-3))*+ (-3 -4)?

_VB3)+ (D)2 +(-7)?



==
Distance between points R and S is ¥ 9

units.
(iv) C(9, -12, -8) and the origin

Coordinates of origin are (0, 0, 0)

Here, (x1,y1,21)= (9, -12, -8)

(x2,y2,22)= (0, 0, 0)

Therefore,

D= /0-97+ (0~ (-12)+ (0~ (-8))

= J(-9)2 + (12)2 + (8)°

= /81 + 144 + 64

=y289 =1/

Distance between points C and origin is 1/ units.

Q. 2. Show that the points A(1, -1, -5), b(3, 1,3) and C(9, 1, -3) are the vertices of an
equilateral triangle.

Answer : To prove: Points A, B, C form equilateral triangle.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D:xr'fﬁxz —X)2+ (V2 —y1)* + (22 —7,)?



Here,
(x1,y1,21)= (1, -1, -5)
(X2,y2,22)= (3, 1,3)

(X3,y3,23)= (9, 1, -3)

Length AB = (%, —x)2+ (¥, —¥1)2 + (2, — 21)?

=B+ 1D+ G- (9

- @7+ @7+ (B

=& +4+ 64

Length BC = /(x5 —%,)2+ (Y3 — ¥2)2 + (23 — 2,)?

= J0-3)2+(1-1)2+(—3-3)°

= &7+ 07+ (-6)?

=y36+0+ 36



Length AC = /(%3 —%,)2 + (V3 —¥1)? + (23 — Z,)?

=JO-DTFA- DI+ (3 (D)

- B F @7+

N

\-"'ﬁ = 6\-@

Hence, AB =BC = AC

Therefore, Points A, B, C make an equilateral triangle.

Q. 3. Show that the points A(4, 6, -5), B(0, 2, 3) and C(-4, -4, -1) from the vertices of
an isosceles triangle.

Answer : To prove: Points A, B, C form isosceles triangle.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D=V (X2 —X1)2 + (y2 —¥1)? + (22 — 2,)?
Here,

(x1,y1,21)= (4, 6, -3)

(x2,y2,22)= (0, 2, 3)

(X3,y3,23)= (-4, -4, -1)

Length AB = V&2 —x%1)2+ (2 —¥1)2 + (22 — 24)?



JO- D2+ (2-62+(3-(93)?

N LR L OF

_V16 + 16 + 36
= n@: 2\..@

Length BC = ‘\"III(XE —X)2+ (Y3 — V2 )P+ (23— 2,)7

(—4—0)2+ (—4-2)2 + (-1 —3)2

BT O (A

_V16+36+ 16
= w@: Zw"ﬁ

Length AC = JE; —x)2+ (Y3 — )2 + (23 — 2,)?

[(—4—4)2+ (—4—-6)2+ (—1—(-5H))?

_ BT+ (—10)2 + (2)2

- V64 + 100 + 4
— V168
Here, AB = BC

= vertices A, B, C forms an isosceles triangle.

Q. 4. Show that the points A(O, 1, 2), B(2, -1, 3) and C(1, -3, 1) are the vertices of an
isosceles right-angled triangle.



Answer : To prove: Points A, B, C form isosceles triangle.

Formula: The distance between two points (X1,y1,Z1) and (X2,y2,z2) is given by

D=V (X2 —X1)2+ (y2 —¥1)? + (22 — 2,)?
Here,

(x1,y1,21)= (0, 1, 2)

(x2,y2,22)= (2, -1, 3)

(x3,y3,23)= (1, -3, 1)

Length AB = *\flll[:XE — X )P+ (V2 V)P (2 — 2y

_JZ-02+(1-1D2+ (327

NPT

VE+2+1

_V9

Length BC = ‘\"III(XE —X)2+ (Y3 — V2 )P+ (23— 2,)7

_JA-22+(3+ D2+ (1-3)2

G VR G LR Ck

ViTi+a

V9

Length AC = V& —x1)2+ (3 —y1)? + (23 — 21)?



_JA-0Z+(3-D2+(1-2)2

DT D2

v1i+16+1

/18

Also, AB2+BC?=9+9=18=AC?
Therefore, points A, B, C forms an isosceles right-angled triangle.

Q. 5. Show that the points A(1, 1, 1), B(-2, 4, 1), C(1, -5, 5) and D(2, 2, 5) are the
vertices of a square.

Answer : To prove: Points A, B, C, D form square.

Formula: The distance between two points (X1,y1,Z1) and (X2,y2,z2) is given by

D=V (%2 —X1)2+ (2 —y1)* + (2, — 2,)?
Here,

(x1,y1,z1)= (1,1, 1)

(X2,y2,22)= (-2, 4, 1)

(x3,y3,23)= (-1, 5, 5)

(Xa,y4,24)= (2, 2, 5)

Length AB = *\flll[:XE — X )P+ (V2 V)P (2 — 2y

S22+ (@- 12+ (1-1)2

_V(=3)2+(3)2+ (0)?

VI+9+0



V18

Length BC = ‘\"III(XE o XE)E + (Fa — ¥z )2 + (za - 32)2

VL2224 (542 + (5 1)

P (D7 (3

_J1+1+16

V18

Length CD = \MX* —X3)?+ (V4 —V2)? + (24— Z3)°?

_J2FDI+(2-5)2+(5-5)2

_/(3)2+(3)2+(0)2

V97970

V18

Length AD = ¥ (Xa = X1)* + (4 —y1)* + (24 — 2,)?

_J2=DI+(2-DZ+(5-1)2

N DT @

_VITI+16

V18

Length AC = & —x)2+ (Y3 —y1)2 + (23 — 2,)?



JOCI-DZ+ (5- D2+ (5-1)2

N R O OF
v4é+ 16+ 16

V36

Length BD =V (Xa = X2)? + (7a = 72)* + (24 — 25)°

_J2+2)T+(2-22+(5- 1)2

N eI OF

vie+4+ 16

V36

Here, AB=BC =CD =AD

Also, AC =BD

This means all the sides are the same and diagonals are also equal.
Hence vertices A, B, C, D form a square.

Q. 6. Show that the points A(1, 2, 3), B(-1, -2, -1), C(2, 3, 2) and D(4, 7, 6) are the
vertices of a parallelogram. Show that ABCD is not a rectangle.

Answer : To prove: Points A, B, C, D form parallelogram.

Formula: The distance between two points (x1,y1,z1) and (X2,y2,z2) is given by

D:xr'fﬁxz —X)2+ (V2 —y1)* + (22 —7,)?

Here,



(x1,y1,21)= (1, 2, 3)
(X2,y2,22)= (-1, -2, -1)
(x3,y3,23)= (2, 3, 2)

(Xa,y4,22)= (4, 7, 6)

Length AB = V& —x1)2 + (2 —y1)? + (22 — 21)?

_JEIT=-DT+ (—2-2)27+ (-1 -3)2

NP+ (D (D?
VET 16+ 16

V36

Length BC = xfI(Xa — X302+ (y3—¥2)2 + (23— Z,)?

_J2FDI+F(E+2)2+(2+ )2

_J/(3)2+(5)2+(3)2
VO+25+9

V43

Length CD = V(X —%3)2 4 (Va4 — ¥2)? + (2a — 22)2

_J(#—2)2+(7-3)2+(6—2)2

V2P + (@) + (92

v4+ 16+ 16



V36

Length AD = V& — %)+ (¥ —V1)? + (24 — 2,)2

_JE-DTF (T —2)2+(6-3)2

_VB)EH(5)2+(3)?

_V9+25+9

V43

Length AC = V= %)+ (¥ —v1)? + (23 — 21)2

_J2=DI+(3-2)2+(2-3)2

DT (D7 + (1)

_NIFI+1

_V3

Length BD =V (Xa = X2)? + (7a = 72)* + (24 — 22)°

_JEFDZ+ (7 +2)7+(6+ 1)

NOEIOEIOL

_V25+81+49

V155

Here, AB = CD which are opposite sides of polygon.



BC = AD which are opposite sides of polygon.
Also the diagonals AC and BD are not equal in length.
Hence, the polygon is not a rectangle.

Q. 7. Show that the points P(2, 3, 5), Q(-4, 7, -7), R(-2, 1, -10) and S(4, -3, 2) are the
vertices of arectangle.

Answer : To prove: Points P, Q, R, S forms rectangle.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D=V (X2 —X1)2+ (2 —y1)? + (22 — 2)
Here,

(x1,y1,22)= (2, 3, 5)

(X2,y2,22)= (-4, 7, -7)

(x3,y3,23)= (-2, 1, -10)

(Xa,ya,24)= (4, -3, 2)

Length PQ = V2 —%x)2+ (v —y )2 + (2, — 2,)°

_JCE2-22+(7-3)2+ (752

_/(—6)2 + (4)2+ (—12)2

_V36+16 + 144

_\196

Length QR = V(& — %)%+ (V2 — ¥2 )2 + (23— 2)?

_J(2+4)2+(1-7)2+ (—10+ 7)?



V(@22 +(-6)2+(-3)?
VET36+9

V49

Length RS = Ve —%3)2+ (Vo — V2 )2 + (2a— Z3)?

_JE+F2DT+(3- 1%+ (2+10)?

_V(6)2+ (=2 + (12)?

_V36+16 + 144

_V196

Length ps =V (s —X0)? + (7 —y1)* + (24 — 2,)?

_J@&=2)7+(-3-3)2+ (2-5)2

@TF O (B

_V4+36+9

V49

Length PR = V= %)+ (¥ —v1)? + (23 — 21)2

_J(=2-2)7+ (1-3)?+ (-10-5)?

_ (=97 + (—2)2 + (-15)2

_V16+4+ 225



_+\/245

Length QS = V& —%)2 4 (Yo~ ¥2)? + (22— 22)°

_J(@+4)2+(-3-7)2+(2+7)?

_y(8)7+ (-10)2+ (9)?

_V64+100 + 81

_+\/245

Here, PQ = RS which are opposite sides of polygon.
QR = PS which are opposite sides of polygon.

Also the diagonals PR = QS.

Hence, the polygon is a rectangle.

Q. 8,. Show that the points P(1, 3, 4), Q(-1, 6, 10), R(-7, 4, 7) and S(-5, 1, 1) are the
vertices of arhombus.

Answer : To prove: Points P, Q, R, S forms rhombus.

Formula: The distance between two points (X1,y1,Z1) and (X2,y2,z2) is given by

D=V (X2 —X1)2+ (2 —y1)? + (22 — 2)?
Here,

(x1,y1,22)= (1, 3, 4)

(x2,y2,22)= (-1, 6, 10)

(x3,y3,23)= (-7, 4, 7)

(Xa,ya,z4)= (-5, 1, 1)

Length po =V (X2 =X1)% + (52 —¥1)* + (2 = 2,)?



_JE1T-1DZ+(6-3)2+ (10— 4)?

_J(=2)2+(3)2+ (6)2

VET9736

_V49

Length QR = V(& — %)%+ (V2 — ¥2 )2 + (23— 2)?

_JET+F DI+ (3—6)2+ (7-10)2

_J(=6)7+ (=2)2 + (-3)?

_\36+34+9

V49

Length RS =V (X4 = X2)? + (Fa = y2)* + (23 — 73)°?

V5 HT)2H(1-4)2+ (1-7)2

@ T (6P

_VE+9+36

V49

Length ps =V (% —X1)? + (7 —¥1)? + (24 — 2,)?

VB =12+ (1-3)7+ (1-4)2

_{(=6)2 +(—2)% + (-3)?



Length PR = V& —x)2+ (V3 —y1)? + (23 — 2,)?

V(=T —=1)2+ (4—3)2+ (7T—4)?

_V(=8)2+ (1) + (3)?

V6Z+1+9

V74

Length QS = "-.l'lll(xﬁp _Xz)z + (}’4‘ — FZ)Z + (24-_ 32)2

_J(=5+1)2+(1-6)2+ (1—10)2

T EETF ()

_V16+25+81

_\122

Here, PQ =RS =QR =PS.
Also the diagonals PR # QS.
Hence, the polygon is a rhombus as all sides are equal and diagonals are not equal.

Q. 9. Show that D(-1, 4, -3) is the circumcentre of triangle ABC with vertices A(3, 2,
-5), B(-3. 8, -5) and C(-3, 2, 1).

Answer : To prove: D is circumcenter of triangle ABC

Let us consider D as circumcenter of triangle ABC.



~ AD =BC = CD.

Formula: The distance between two points (X1,y1,Z1) and (X2,y2,z2) is given by

D=V (%2 —X1)2+ (2 —y1)* + (2, — 2,)?
Here,

(x1,y1,21)= (3, 2, -5)

(x2,y2,22)= (-3. 8, -5)

(x3,y3,23)= (-3, 2, 1)

(X4,y4,24) = (-1, 4, -3)

Length AD = Ve —%)2+ (Vs — V)2 + (24— 2,)2

_J(E1=3)2+ (4-2)2+ (-3 +5)?

(e LR P
Vie+4+4

V24

Length BD = V= %)%+ (Vo — ¥2)2 + (2 — 2,)°

_JCI+3)2+ (4—8)7+ (—3+5)°

V@2 + (D2 +(2)2

VE+16 + 4

V24

Length CD = Ve —%3)2+ (Vo — V2 )2 + (24— 23)?



_JCI+3)2+ (@22 + (3-1)?

NGO enE

VITIT 16

_v24

Hence, the condition is consistent.

Hence, D is circumcenter of triangle ABC.

Q. 10 A. Show that the following points are collinear :
A(-2, 3,5), B(1, 2,3) and C(7, 0, -1)

Answer : To prove: the 3 points are collinear.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D:VI(IE — X1 )2+ (V2 —V1)? + (22— 24)?
Here,

(x1,y1,21)= (-2, 3, 5)

(x2,y2,22)= (1, 2, 3)

(x3,y3,23)= (7, 0, -1)

Length AB = VO —x)2+ (0 —y1)? + (2, — 24)?

_JA+22+(2-3)2+(3-5)?

VBT D7 (2

VOFi+a



V14

Length BC = V!(IE —X3)%+ (y3 — y2)? + (23— 22)?

_JT=DZ+(0-2)2+(-1-3)2

_JOTF 27+ (37

V36 +4+ 16

=56 = 2\/14

Length AC = xfI(l'a —x9)2+ (y3 —y1)% + (23— 2,)?

_JT+22+(0-3)2+(-1-5)

O+ (32 (6

VB8l +9+ 36

= V126 = 314

AB+BC=vy14+214=314=AC

Therefore A, B, C are collinear.



Q. 10 B. Show that the following points are collinear :

A(3, -5, 1), B(-1, 0, 8) and C(7, -10, -6)
Answer : To prove: the 3 points are collinear.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,22) is given by

o=y (X2 = x1)2+ (2 —y1)? + (22— 21)?
Here,

(x1,y1,21)= (3, -5, 1)

(x2,y2,22)= (-1, 0, 8)

(x3,y3,23)= (7, -10, -6)

Length AB = VO =X+ (2 —y1)? + (22— 21)?

_J(-1-3)2+(0+5)2+(8—-1)2



2+ (5)2+ (7)?

_V16 + 25+ 49
:\.l'%: 3\.@

Length BC = s —x)2+ (s — ¥,)2 + (23— 2,)?

_JT+D)T+(-10-0)2+ (=6 — 8)?

_ @ F (C10)7 + (-14)2

_V64+ 100+ 196

= /360 = 610

Length AC = VO — x4+ (s — 1) + (22 — 2,)

_JT =32+ (-10+5)2+ (6 — 1)

@ (5T (7

_V16+25+ 49

= \l'%: 3\.@

BA + BC = 3410 + 3 410 =6 Y10 = BC

Therefore A, B, C are collinear.



5 8 10

Q. 10 C. Show that the following points are collinear :
P(3,-2,4),Q(1,1,1)and R(-1, 4, 2)
Answer : To prove: the 3 points are collinear.

Formula: The distance between two points (X1,y1,z1) and (X2,y2,z2) is given by

D:\f[l‘z —x1)2+ (¥, —¥1)? + (2, — 2,1)?
Here, Vertices should be R(-1, 4, -2)

The solution according is

(X1,y1,21)= (3, -2, 4)

(X2,y2,22)= (1, 1, 1)

(X3,y3,23)= (-1, 4,- 2)



Length PQ= X —x)2+ (v, —y1) 2+ (25— 21)?

_JA =32+ (1+2)2+(1—4)?

_J(2)2+(3)2+ (-3)?

VEFIF9

V22

Length QR= Va—x2)2+ (3 — ¥2)2 + (23 — 22)?

((I-DF+@- D2+ (—2- 12

_J(=2)2+(3)2+ (—3)2

_V&+9+9

V22

Length PR = VO —x1)2+ (Vs —y1)? + (23— 21)?

[(F1—3)2+ (4+2)2+ (—2— 4)?

_V (=2 +(6)% + (—6)?

_V16+36 + 36
=./88 = 222

PQ+QR=v22++v22=2y22=PR



Therefore P, Q, R are collinear.

L J

Q. 11. Find the equation of the curve formed by the set of all points which are
equidistant from the points A(-1, 2, 3) and B(3, 2, 1).

Answer : Consider, C(x,y,z) point equidistant from points A(-1, 2, 3) and B(3, 2, 1).

~ AC=BC

VO +1)2+(r—2)2+ (z—-3)2=J(x—3)2+ (y —2)> +(z - 1)?
Squaring both sides,
(x+1D)2+(v—2)2+(z—-3)’=(x—3)7+(y—-2)*+(z—1)°

X2 42X + 1 +y2 -4y +4 + 72 -62 +9 = X2 -6X + 9 + y? -4y +4 + 72 -27 +1

8x-4z2=0



w

Equation of curve is 8x-4z =0

Q. 12. Find the point on the y-axis which is equidistant from the points A(3, 1, 2)
and B(5, 5, 2).

Answer : Consider, C(0,y,0) point which lies on y axis and is equidistant from points
A3, 1, 2) and B(5, 5, 2).

~ AC=BC

VO0=3)2+(y=1)*+(0-2)* =y(0-5)°+ (y=5)*+ (0~ 2)°
Squaring both sides,
(0—-3)+(y—1)*+(0-2)*=(0—-5)*+(y—5)2+(0—2)?
O+y2-2y+1+4=25+y?-10y +25 + 4

8y = 40

Y=5

The point C is (0,5,0).



Q. 13. Find the point on the z-axis which is equidistant from the points A(1, 5, 7)
and B(5, 1, -4).

Answer : Consider, C(0,0,z) point which lies on z axis and is equidistant from points
A(1, 5, 7) and B(5, 1, -4).

~ AC=BC

JO—1)2+(0-5)2+(z—7)2=,/(0—5)2+(0—1)2 + (z+ 4)2
Squaring both sides,
(0—1)*+(0—5)"+(z—7)*=(0—-5)"+(0—1)*+ (z+ 4)°

1 +25+22-14z2+49 =25+ 1+ 72 +8z +16

-22z2 = -33

Z=1.5

The point C is (0,0,1.5).

Q. 14 Find the coordinates of the point which is equidistant from the points A(a, O,
0), B(0, b, 0), C(0, 0, c) and O(0, 0, 0).

Answer : Consider, D(x,y,z) point equidistant from points A(a, 0, 0), B(0, b, 0), C(0, O,
c) and O(0, 0, 0).

~ AD =0D

JE=aP+ =02+ (-0 ={x- 07+ = 0)>+ (z - 0)?
Squaring both sides,

(x-—a)*+ (=0 +(z-0)°=(x -0+ (¥ -0)*+ (z-0)°

X2 +2ax +a?+y? +z22=x%2+y? + 72

a(2x-a) =0

asa#0.

X=al2



~ BD=0D

JE—P+ =07+ - 02 == 0)Z+ (7~ 0)2+ (z— 0)?
Squaring both sides,

(x—0) 2+ (y=—Db)3+(z—0)’=(x—0)>+(y—0)2+(z—0)?
X2+ Y2+ 20y + b2 + 22 = X2 + y2 + 72

b(2y-b) =0

asb #0.

y=b/2

~ CD=0D

Jo=02+ =02+ -2 ={J(x=0)2+ (y = 0>+ (z - 0)3
Squaring both sides,
(x—0)>+ (-0 +(z-c)*=x—-0>*+(y—-0)*+(z—-0)*

X2+ Y2t 72 4202+ C2= X2 + Y2 + 72
c(2z-c)=0

asc#0.

z=cl2

Therefore, the pint D(a/2,b/2,c/2) is equidistant to points A(a, 0, 0), B(0, b, 0), C(0, 0, ¢)
and O(0, 0, 0).

Q. 15. Find the point in yz-plane which is equidistant from the points A(3, 2, -1),
B(1, -1, 0) and C(2, 1, 2).

Answer : The general point on yz plane is D(0, y, z). Consider this point is equidistant
to the points A(3, 2, -1), B(1, -1, 0) and C(2, 1, 2).

~ AD =BD



JO—3)2+(y—2)2+(z+1)2=/(0— 1)2+ (y+ 1)2+ (z— 0)2
Squaring both sides,
(0—-302+(y—-2)+(z+1)*=(0-1)°*+(y+1)*+(z—0)°
O+y2-4y +4+ 22+ 22+ 1=1+y> +2y + 1+ 7?

By +2z+12=0....(1)

Also, AD = CD

VO0-32+(—22+(@+1)2=/(0-22+(y—1)*+ (z— 2)?
Squaring both sides,
(0—-3)+(y—2)*+(z+ 1)*=(0—2)*+ (y— 1)*+ (z— 2)?

O+y2 -4y +4+722+22+1=4+y?-2y+ 1+ 722 -4z + 4
2y +6z+5=0....(2)

Simultaneously solving equation (1) and (2) we get
Y=31/16, z = -3/16

The point which is equidistant to the points A(3, 2, -1), B(1, -1, 0) and C(2, 1, 2) is (O,
31/16, -3/16).

Q. 16. Find the point in xy-plane which is equidistant from the points A(2, 0, 3),
B(0, 3, 2) and C(0, 0, 1).

Answer : The general point on xy plane is D(X, y, 0). Consider this point is equidistant
to the points A(2, 0, 3), B(0, 3, 2) and C(0, 0, 1).

~ AD =BD

JE=27+ G- 07+ (0-3)2 = Jx-0)7+ (y=3)*+ (0~ 2)?
Squaring both sides,

(x—2)2+ (y— 0)2+ (0—3)% = (x— 0)2 + (y— 3)2 + (0— 2)?



X2—4x+4+y?+9=X?+y?-6y+9+4
-4x = -6y ....(1)

Also, AD =CD

JE=27+ =02+ (0-3)2=JEx-0)+ (y= 02+ (0- 1)2
Squaring both sides,
(x—2)2+(y—0)*+(0—3)>=(x—0)>+ (y—0)*+ (0—1)?

X2—4x+4+y2+9=X2+y?+1

4x=-12 ....(2)

Simultaneously solving equation (1) and (2) we get
X=3,y=2.

The point which is equidistant to the points A(2, 0, 3), B(0, 3, 2) and C(0, 0, 1) is (3, 2,
0).

Exercise 26C

Q. 1. Find the coordinates of the point which divides the join of A(3, 2, 5) and B(-4,
2,-2)in theratio 4 : 3.

Answer : The coordinates of point R that divides the line segment joining points P (X1,
Y1, Z1)

and Q (X2, y2, z2) in the ratio m: n are

mx, + nx, my, +ny, mz, +nz,

m+n ~ m+n  m+n
Point A(3,2,5) and B(-4, 2,-2), mand n are 4 and 3 respectively.
Using the above formula, we get,

4 Xx—4 +3x3 4x2+3%x2 4x-2+3x5
4+3 " 4+3 7 4+3




(-1,2,1), is the point which divides the two points in ratio 4 : 3.

Q. 2. Let A(2, 1, -3) and B(5, -8, 3) be two given points. Find the coordinates of the
point of trisection of the segment AB.

Answer : The coordinates of point R that divides the line segment joining points P (xu,
Y1, Z1)

and Q (X2, y2, z2) in the ratio m: n are

mx, + nx, my, +ny,; msz, +nz,

m+n m+n = m+n
Point A(2,1,-3)andB(5, -8,3), mand n are 2 and 1 respectively.

Using the above formula, we get,

2x5 4+ 1x22%x—-8+ 1x12x3+ 1x-3
2+1 ! 2+1 ! 2+1 )

(4,-5, 1), is the point of trisection of the segment AB.

Q. 3. Find the coordinates of the point that divides the join of A(-2, 4, 7) and B(3, -
5, 8) extremally in the ratio 2 : 1.

Answer : The coordinates of point R that divides the line segment joining points P (X1,
Y1, Z1)

and Q (X2, y2, z2) externally in the ratio m: n are

mx, — NX,; my, — ny,; mz, — Nz,

m—-n = m-n = m-—n
Point A(-2, 4,7 )and B( 3, -5,8), mand n are 2 and 1 respectively.

Using the above formula, we get,



2X3—1x-22Xx-5—-—1x42x8 —1x7
2—1 ' 2—-1 ' 2—1

=( 8,-14,9), is the point that divides the two point A and B externally in the ratio 2:1.

Q. 4. Find the ratio in which the point R(5, 4, -6) divides the join of P(3, 2, -4) and
Q(9, 8, -10).

Answer : Let the ratio be k:1 in which point R divides point P and point Q.

Usin (mxz+nxl my,+ny, 111zz+nzl)
m+n ~ m+n * m+n

., we get,

Here m and n are k and 1. The point which this formula gives is already given, i.e.
R(5,4,-6) and the joining points are P(3, 2, -4) and Q(9, 8, -10).

kx9+ 1 x3 kx8+ 1x2 kx—10+ 1x—4
k+1 ! k+1 ’ k+1

(54,—6) =

Taking any point and finding the value of k, we get

k x9+ 1 x3
N k+1
5k+5=9k+3
4k =2
" 1
)

Therefore, the ratio be 1:2.

Q. 5. Find the ratio in which the point C(5, 9, -14) divides the join of A(2, -3, 4) and
B(@3, 1, -2).

Answer : Let the ratio be k:1 in which point R divides point P and point Q.

Mxo+NX, My.+ny, 1nzz+nzl)

Using ( , we get,

m+n = m+n = m+n

Here m and n are k and 1. The point which this formula gives is already given, i.e.
R(5,9,-14) and the joining points are P(2, -3, 4) and Q(3, 1, -2).



kx3+1x2 kx1+1x—-3kx—2+1x4
k+1 ' k+1 ’ k+1

(5,9,—14) = (

Taking any point and finding the value of k, we get

kx3+1x2
N k+1
5k +5=3k + 2
2k =-3
K 3
2

Since, the ratio is -3:2. hence the division is external division.

The external division ratio is 3:2.

Q. 6. Find the ratio in which the line segment having the end points A(-1, -3, 4)
and B(4, 2, -1) is divided by the xz-plane. Also, find the coordinates of the point of
division.

Answer : Let the plane XZ divides the points A(-1, -3, 4) and B(4, 2, -1) in ratio k:1.

l{mxz +nx, my,+ny; mz,+nz,

Hence, using section formula ), we get

L] »
m+n m-+n m+n

kxd+ 1 x—1kx2+1x—-3 kx—1+ 1x4
k+1 ' k+1 ' k+1

On XZ plane, Y co- ordinate of every point be zero, therefore

kx2 + 1x-3
k+1 B

0
2k—-3=0
< 3

)

The ratio is 3:2 in XZ plane which divides the line joined from points A and B.



Q. 7. Find the coordinates of the point where the line joining A(3, 4, 1) and B(5, 1,
6) crosses the xy-plane.

Answer : Let the plane XY divides the points A(3,4,1) and B(5, 1, 6) in ratio k:1.

l{mxz +NX, mMy;+ny, MZ,+Nz,

Hence, using section formula ), we get

] r
m-+n m-+n m+n

kxb+ 1 x3 kx1l+ 1x4 kx6+ 1x1
k+1 ’ k+1 ’ k+1

On XY plane, Z co- ordinate of every point be zero, therefore

kx6e + 1x1
k+1 B

6k+1=0

The ratio is 1:6 externally in XZ plane which divides the line joined from points A and B.
Q. 8. Find the ratio in which the plane x — 2y + 3z = 5 divides the join of A(3, -5, 4)

and B(2, 3, -7). Find the coordinates of the point of intersection of the line and the
plane.

Answer : Let the plane x — 2y + 3z = 5 divides the join of A(3, -5, 4) and B(2, 3, -7) in
ratio k:1.

The point which will come by section formula will be in the plane. Putting that in the
plane equation will give the point coordinates. The points are A(3, -5, 4) and B(2, 3, -7).

Using section formula,

(mxz+nxl my . +ny; 1nzz+nzl)

m+n = m+n = m+n

we get

(k X2+ 1 x3kx3+1x-5kx-7+ 1><4)
N k+1 ’ k+1 ’ k+1

Putting this point in the plane equation, we get



2k+ 3 (3}{—5) (—?k+ 4)_
k+1 K+ 1 k+1 /

2k+3-6k+10-21k+12=5k+5
-25k + 25 =5k + 5

-30k =-20
K 2
3
the ratio is 2:3. And the point of intersection of the plane and the line is

(13 9 2)
= - )
=] pu | =]

Q. 9. The vertices of atriangle ABC are A(3, 2, 0), B(5, 3, 2) and C(-9, 6, -3). The
bisector AD of £ A meets BC at D, find the fourth vertex D.

Answer : The given co-ordinates: A(3, 2, 0), B(5, 3, 2) and C(-9, 6, -3)

Now, AB= /(5—-3)2+(3—2)2+(2—-0)2=+24+1+4=3

Also, AC= J(-9-3)2+(6—2)2+(-3—-0)2= 144 + 16 + 9 =13

13

AB
MNow, we have,— =
" AC

By the property of internal angle bisector,

AB BD
AC CD

ED 3
Therefore, =—
"CD 13



Applying the section formula, we get,

Ej Ax5—-9x13 3Ix3+6x13 Ix2-—-3x13
(x, vy, z) = ,
3+13 3+13 3+13

r

102 87 33

Dl[x" Y, z] = (_EJEJE)

Q. 10. If the three consecutive vertices of a parallelogram be A(3, 4, -3), B(7, 10, -3)
and C(5, -2, 7), find the fourth vertex D.

Answer : the vertices of the parallelogram be A(3, 4, -3), B(7, 10, -3) and C(5, -2, 7),
and the fourth coordinate be D(a,b,c).

the property of parallelogram is the diagonal bisect each other. Therefore,

diagonal AC and BD will bisect each other, and the bisecting point will be equal to the
two diagnals. By using section formula, we get

[mxz+nxl my.+ny; mMz,+nz,

m+n ° m+n ' m+n ° where mandnare 1and 1.

Finding the coordinate of mid point of diagonal AC,

1 x5+ 1 x3 1x—-2+1x4 1x7+ 1x-3
1+1 ! 1+1 ’ 1+1

= (4,1,2)

Now, Finding the coordinate of mid point of diagonal BD,

(1 Xa+ 1 x7 1xb+ 1x10 1xc + 1><—3)
1+1 ! 1+1 ’ 1+1

(a+?b+lﬂ c—S)
2 2 "2

Equating the two mid points, we get



a+7 b+10 c—

3
(®12) = (5= ’T). Thus,
4 - at+ 7
2
B b + 10
2
5 _ c—3
2
Therefore,
8=a+7
a=1
b+10=2
b=-8
and
c=7

therefore the pointis (1, -8, 7).

Q. 11. Two vertices of a triangle ABC are A(2, -4, 3) and B(3, -1, -2), and its
centroid is (1, 0, 3). Find its third vertex C.

Answer : Since the centroid of a triangle

_ (x2+xl+ Xy ¥a2t¥Vity. Zo+Z,+ za)
3 ! 3 3

-’

The points are A(2, -4, 3) and B(3, -1, -2), and its centroid is (1, 0, 3). And let its third
vertex C(a,b,c).

Using the formula, we get

2+3+a-4-1+b3-1+c
3 ’ 3 ’ 3




54+4a-5+b 2+
3 3 ' 3

Equating it with the coordinates of centroid, we get

5+ a

therefore, the point is (-2,-5,7)

Q. 12. If the origin is the centroid of triangle ABC with vertices A(a, 1, 3), B(-2, b, -
5) and C(4, 7, c¢), find the values of a, b, c.

Answer : Since, centroid of a triangle is found by

(.\'2+.\'J_+ }EJ_ }r2+}rl+?2 ZZ+ZJ_+ ZE)
3 ’ 3 3

r

The points are A(a,1,3) and B(-2, b, -5), and its centroid is (0, 0, 0) and its third vertex
C(4,7,c).

Using the formula, we get

—2+4+al1+7+b 3-5+c
3 3 73

2+ a8+b -2+ ¢
3 "3 " 3

Equating it with the coordinates of centroid, we get



therefore, a= -2, b= -8, c=2.

Q. 13. The midpoints of the sides of a triangle are (1, 5, -1), (0, 4, -2) and (2, 3, 4).
Find its vertices.

Answer : The midpoints of the sides of a triangle are (1, 5, -1), (0, 4, -2) and (2, 3, 4).
Let its vertices be A(x1y1,21), B(X2,y2,22), C(X3,y3,23) .
The mid point of AB is (1,5,-1), therefore

o + Xy

y1+y2=10...... eq.2

Zy t 2y
2

z1+22=-2........ eq.3

Mid point of AC is (2,3,4), therefore



g+ ¥y
> =

Mid point of BC is (0,4,-2), therefore

X; + X3
2

now, adding the equations 1,4 and 7, and divide it by two we get,
X1+ X2+X3=3

now subtracting 1, 4, 7 individually, we get
Xx1=3,x2=-land x3=1

now, adding the equations 2,5 and 8, and divide it by two we get,

y1+y2+ys=12



now subtracting 1, 4, 7 individually, we get
yi=4,y2=6andys =2

now, adding the equations 3,6 and 9, and divide it by two we get,
Z1+22+2z23=1

now subtracting 1, 4, 7 individually, we get

z1=5,z2=-7Tand z3=3

therefore, the coordinates are A(3,4,5), B(-1,6,-7) and C(1,2,3).



