Exercise 2.6

Chapter 2 Derivatives Exercise 2.6 1E

Consider the following equation:
9x* —y? =1

(a)

Find " by implicit differentiation.

Differentiate both sides of the given equation with respect to x.

d d
2007}
i[?xz]—i[yz] =0 use difference rule and i{k} =0.

dx

9L ()= () =0 %{kf'[x}}:k%{f{x]).

dx dy
dy d r-1
N2x)=(2y)—=0 use power rule:—| x" ) = nx’
\2xf=(22) 0 po dx( )
18x -2y — ¢
dx
1_}?£=13_T
dx
dy _18x
dax 2y
o I%
P
¥

Therefore, [y'=—|.




(b)
Solve the given equation explicitly for ).
9x? — y? =1
9y —1= 3
y=9x" -1

y=249x" —1

2

SO, |p=++/9x% —1|

Find differentiate to get y'in terms of x.

Differentiate y = t{gf _]]U1 using the chain rule.

i | -yz
V=t (90 1) 2(0x 1)

| -1

=+ (92" -1) " (9(2x))
| - -2

=¢E{9x-—1) (18x)

s 9%
Vox* ~1

s 9x

Therefore, |y =

H-

Joxi—1|

(c)
Check:

The solution of part (a) and (b) are consistent by substituting the expression for y into the
solution of part (a).

The solution of part () is given by
dy  9x

de vy

Substitute 4 fg,2 _1 for yin the solution of part (a).

dv_9x
dx ¥
_ Ox
+/9x" —1
s Ox
9x* —1
g5, [P e 0%
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The measure of rate of change of a quantity with respect to some other quantity is called as
the derivative and the method to determine the derivative is called differentiation.



a.
Consider the equation:
2 +x+xy=1 ... (1)

Differentiate both sides of the above equation with respect to x:

d d
E{Ext+x+xy)=a(l]

di. oy d d
—(2x7 |+ —(x)+— =0
T (26%)+—=(x)+ ()
2.4 +I+:¢£+yi,r={lI
v dy e
2(2x)+1+ 0 +y=0
Simplify the above equation further and solve for p':

dx+1+x'+y=0
, —dx-l-y (2)
y:—

X

Hence, the final expression is y*=w .

b.
Solve the equation (1) for y:

2xt +x+ay =1
1-2x*—x - (3)

X

Differentiate the above equation with respect to x:

Determine the derivative of the above function and simplify the above equation:

¥ =(-1)x7*=(2)-0

B —1-2x
xl‘
—(2x3 +l)
-——
2
Hence, the final expression is |, - (212 +]]
X

c.

Substitute the value of y from the equation (3) in equation (2):

=22 -x
X
e e

¥y =)

£
_4x_l_[|—21‘ —x:|
_ X
x

.
At - x—=1+2x" +x

2
X



Simplify the above equation further:

. =2x' -1

—
-(2x* +1)

2
X

Hence, the solutions are consistent by substituting the expression for ¥ into the solution of
part a.
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(b)
Consider the equation:

11
—+—=| Rewrite the equation explicitly for »:

Xy
l+l_l
Xy
Lol
¥ X
l_x—l
¥ X
.
r x—1

MNow, an explicit equation has been obtained, differentiate the eguation with respect to x:

dv _d [ x ]
dx  dx\x-1
Use quotient rule:

& DEE- 5D
dx (x—l]3
JSEIN- (-9
(x-1)’

=.'t-l—x
(1)

_ -1
(1)

Therefore the explicit differentiation gives:

Gy

(c)

2
in dy _y_,then:

Put the expression y =
4 x=1 dx x

dx X
.
(:r——l]: xx°
-1

Therefore, the derivative is ( I)z which is same as the solution of part (b).
x—

Hence it is verified that the solutions of both the parts are consistent.
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(a)

The equation is cosx+.fy =5 -
The objective is to find y" by implicit differentiation.

Consider the expression,

by o

E(cus;+@)=;5

d d d ; dr . d d

— —.Jy=—35 Since — r =— : —
drcosx+dr ) dxs dx[j{x]+;_,(xﬂ drj(;x]+drg[x)

.1y . d o F
—sinxy+—y? —=0 Sinte —c¢osx=—-sinx,—x" =m"
27w d d

X i
—ﬂ=sin X
2\5 el
i= ysinx
dx i

Therefore, the resultis | ' = Eﬁsinx .

(b)

The equation is cosx+.fy =5 -

Find the expression for ¥ and its derivative.
The equation can be written as \E =5_Cosxy-
Square it on both sides.

]’={5—CDSI):

Differentiate both sides.

ar _ i[fn—cosx}z
dv  dx

= Z{S-C{)sx}%(i-cosx]

d d )
=2(35 -cmx}[d—s -Icmx) Since i[Constant] - ﬂ,dicosx = —sinx
x s b 24

=2(5-cosx)(sinx)

Therefore, the resultis |y’ = 2(5—ecosx)(sinx)|.

(c)
From part (b). the expressionfor y is y= (S—casx}z-
Substitute this solution from part (a).
y'=2ysinx
=2,/(5-sin x]z sinx
=2(5-cosx)sinx

The solutions from parts (a),(b) are consistent.
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Consider the equation,
+y =1

The objective is to find d@ by implicit differentiation.
fx

2w +r]=2)
Bl e
3.«.-2+%[y-‘]%=0

3x2—3y2%=0

Solve the last equation for the variable Q
dv

3y3ﬁ=3x3

dv
dy 3y

Therefore, the derivative of the equation as,
)

L

de |y
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Consider the function 2\/x +,fy = 3.

To find the value of @ use the implicit differentiation to the above equation.

dx
The value of the derivative is,
Wx+y =3
1,3 1, .2dy o .
Z—E{x}e +E[y}2 E=O (Apply the implicit differentiation)
L+ ] ﬂ=lt?1 [Sublract i on bhoth sides]
Jr 2 vody Jx
dy -2y . .
—_= Multiply 2,/y on both sides
dy  Jx ( ply 2/ }
- \ﬁ
X
Hence, the value of the derivative is |2 — 5. 2.
dx X
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Consider the function,

Caxy—y' =4
The objective is to find the implicit diferentiation.

First, differentiate both sides of the equation with respectto x_ treating y as a function of x.
The product rule says that, for a product of two functions,

(f2) ()= 1" (x)g(x)+ £ (x)g'(x)



Use the product rule to take the derivative of the product xy in the equation.

%(Iz +x_].=—yz] 2%(4)
2x+y+x-y'=2y-y'=0
Then, solve this equation for y'.
(x-2y)y'=-(2x+y)

; 2x+
y= -2k

x=2y
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Consider the function 2x* + x*y—xy* =2.

To find the value of dﬁ use the implicit differentiation to the above equation.
X

The value of the derivative is,
27 +xy—xy =2
6x* +[2,\'y +x° j}) [y +3x° @] (Apply the implicit differentiation )

LAY GRS T W
adx ’ dx s

{f —3.1')12)%= ¥ —6x" —2xy

dy _y' —6x"—2xy
cx X =3’

i am
Hence, the value of the derivative is |2 = J’f"—‘f&y .
dx x*=3xy
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Consider the equation,

(x+y)=y"(3x-y)
Rewrite the given equation by removing parenthesis as
X ixty=3nf ).

Need to find the expression dﬂ by implicit differentiation.
X
Differentiate both sides of the equation x* (x+y)= ¥ (3x — y) implicitly with respect to x.
dis. 4 d 3 g
—(x+x"y|=—| 30y -
S +xy)=— (307 -)

Sxi4dxt.y+xt. @—3[ y2+xr2_pj;] 3}’2@

d} zf-ﬁ’
5xt 4y v+‘t"6€y 3y +6xy—=—=3
o
Solve for ﬁ:
dx
.uﬂ:l ) dy 2 4 3
6x +3p"—=—=3y" —5x" —4x
dr o dx = ¥

(.r’ — by +3y° )d_y =3y* —5x* —dx’y
dx

dy _3y*-5x'-4x’y
de  x'=6xy+3)°

Therefore, the required derivative of the given equation x‘{x+ y}:yz(;!,x-_y) with respect

dy 3 v =5x"—dx'y

toxis =— 7
dx X —6xy+3y
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¥ +x? =142ty
Differentiating both sides with respect to x we get
f 3 f f
() +(7) 742 07) = (=) et ()

=5y 4 2nf +300 = 0442y + 1Yy

Cellecting all terms involving ¥ we get
[Sy" +3x%7 — x")y’ =4 y— 207
Solving for 3" we have
__4xy-2n’
R
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Given curve is yoos x=x° +3°
Differentiating implicitly w.rt x and » iz a function of x, we get

%[yu:os x) = %I{xz +y2)

:>_ydi|:cosx)+cos xd—yz i s i y
x

dr  dx dx
= —ysin x+cosxy' = 2x4+ 20
= —ysin x—2x= 2w —cosxp'
g =—ysin x—2x
2y—cosx
_—(ysin x+2x)

2y—rcosx

. yeinx+2x

cosx— 2y
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(IIVED CUTVE 1§ Cos [:x_'y‘:l =14+sny

Differentiating implicitly wrt x and » is a function of x, we get
d d .

—cos[xrl=—[1+siny

—cos (@)= —( )

: ) )
—sin (W)E(Ry) = 0+cos_yd—);

= —sin| )[xy +_y] (cosy )y
= 2 y' = ysin (xy) = (cos y)y'
= —zsin(x)y' —(cesy )y = ysin(xy)
= y[ xsin )—cosy] ysin(z)
. ysin(zy)
—[xsin[zy)+cosy]
_ —ysin ()
~ xsin(w)+cosy

—xsin I:

U

(" —ysin(x)
xsin[xy:l-‘rcos_y
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dcosxsiny=1
Dufferentiating with respect to = on both sides and considering v as a function of
z, we get

%(4005 xsiny:l = %

(1)

d .. dy )
=4 cos x—(sin ¥)—+ain y—(cos x) |= 0
[ dy( .Jf)dx .:v‘d,x( )}
=>4[(cosxcosy)y'—sinysinx]:D

—_ sift xain Y
COSXCOS Y

= |¥'=tan xtan ¥
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¥sin (xz ) = xsn (_yz)

Differentiating both sides with respect to x and considering v as a functions of x,
we have

I:ysin(xg)ilr = [xsin (yz):l

=>|:y:lr sin(xg)+y|:sin(x2)i|r = x"sin (y2)+x[sin (yzj:lr

r

f

= ¥'sin x° +23ycos(x2): siny2+2xycos(y2)y

:*y'[sinxj—23ycos(y2)i|=siny2 —2;@':05(:{2)

o 2
o sin Y —Ewcos(x

)
')

i e
sif X —EAycos(y
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Consider the equation,

X
tan [— J =X+
¥

The object is to find %bx implicit differentiation.
X

Differentiate lan[iJ = x+ y on both sides with respect fo x.

V

7 [ X J I::-Ii [ X ] d
sec’| = |—| = |=—(x+y)
videl y) dx

} I[tj—rdv
QEL1[£]- dlx s dx _ ﬂ
¥ Ve dx

v ]_ra_’r
sec [lJ = {‘h:l+f—'ﬁ-l—
? 1 dlx



Combine like terms on both sides of the above step, then

N
isecz[ﬁJ—ismz[I D12
dx

v y) ¥y y) dx
1 o x) d :
—sec?| £ -I:l+izsec‘ AL
¥ ¥) dx y v ) dx
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The equation is [y + y =1+x°y*

The objective is to find ;ﬂ by implicit differentiation.
x

Rewrite the equation by squaring it on both sides.
2
X+y= (l+x1y:'}
=1+2x*y* +x*y*
Use the following formulas to differentiate.

0 L) re()]=2 r(x)+- e ()

0 L[ (0)g(x)]= 7 (1)g'(x)+ /' (x)g (¥)



Differentiate the eguation x+ y=1+2x"y* +x*y* on both sides.

d
E(xvlvy] =—_(| +2:r2y2 +x4y4}

. d 2 s d d
1+==0+2| ¥ —p* +y* —x* |+x' — !
dx [ dx} 'y x } y =l el

dy 2 dy 2 4 3 dy 4.3
1+—==2|2x"y—=—+2xy" |+4x'y" —+4y'x
dx [ A SRR

dy

= +4xy° +4x y‘dy+4y

1+ %—41)4'

dy 2 4.3 2 4.3
—| 1-4x"y—4x =dxp” +4y"x" -1
![ ¥ ¥ =497 +4)

dy 4xy' +4y'x" -1
de  1-4x'y-4xty’

i i S
Therefore, the derivative is |22 - 29 +4y'x —1f
dv  1—dx y—dxy
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The equationis fxy =1+ %y -

The objective is to find Q
dy

Use the following formulas:

Product rule:

If u,v are any two functions of x then i(;,--,;}=yﬁ+pﬂ
dx dr  dx
Chain rule:
dy df du
If y= f({u) and u=g(x)then E 8 K¢
’ f( ] g{ ) dv  du dx

Consider the equation,
Jay=1+xy

Differentiate this with respectto x
—«,u' [I+x v)

'_Ii( y}—iI_F%x ¥ Use chain rule

—( xy)?

|: +y{])} 0+ x’%tp‘:t; Use product rule

[+Zey)]-rLey (29

2J_

2 xy

D (-20* i) =4} -y

3
Therefore, the derivative is |4V _ 4(xy) -y )
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Civen equation is xsiny+ ysinzx=1
Differentiating implicitly wrt x and y» isa function of x, we get

o ) ) d
2. + =ty
= (xsin y+ ysin x) a’x( i

U

%(xsiny)+%|:ysin x) =10

d . ; d d . . dy
x—siny+siny—x+y—sinx+sinx—=>0

dx dx dx ax
x(cosy)y'+siny+ycosx+(sinzx)y'=0

y'[xcos_y+sin x]= —SIN Y — ¥COSX

U

( —ENY—YCOsX

xcosy+anx

. —Sny—Yrosx

xcosy4sinx
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veos(x) = 1 +sin(xy)

v

. Noaf d o : dy : ;
= \,( —san:{x] | +( cnsixﬂ e = -:-[ cns(xy}j:{.\“ L 4yl w , remembering the
\ \ A \ O L \ ix /

product rule, and the chain rule to obtain dy/dx.
iy s - dy f X _— . I'/ B - P
= 1@05;\,\':] 4 ¥COS| Xy ] = .‘5“‘|\-",J -i-_sti.

N
X J , isolating terms containing dy/dx
on one side of the equation.

‘I—'rf [ — Y5l vy =<-Il ."“I,"
e lkcnsir} xu}_-,{x},}] 3 sml\_r] +) Ln:.i\\,\y)l

dy iz} + yeos(xy - £
&y . pmal T yeoste¥)  solving for dy/dx.

dx cos(xk— tcu:\-.lx',-"}
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¥
1+x°
Differentiating with respect  on both sides implicitly, we have

[in(x-)] = (125

= sec? (x—y)=(1-»"=

tan[x—y) =

y'[1+x2:I—y|:2x)
(1427’

= zect (:Jr—_y)—y'sec2 I:x—y):y_— 2xy

2 (1427

:y’{#+secg[x—y)}:secg[x—y)+(1i%f
1+x 2SEC2 x—y)+2xy
=>y'[l+(1+x2)sec2(x—y):|:( ) 1+(x2 )

[1+xgjlgsecz|:x—y)+2xy

r

=Y |:1+:Jr2)[1+seczIC:Jr—J#‘)"‘X2 sec’ (x—y)]
| [l—i-;rﬁ)sec“2 [x—yj-i—lili—zi;)

o [H—sec2 I:x—yj+x2 secz[x—y)]
. (1+x2)secz[x—_y)+2xtan(x—_y)
=¥y =

[1+(l+x2)secz[x—y):|
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Given that f(x)+x*[ f(x)] =10 and f(1)=2
Diffcrentiat:i.ug both sides with respect to x

[ x}+f[f x}]z} —(10)
L@ a ] (f(x))]=o

Since the derivative of constant 1s zero.
Now use product rule fist and chain rule next to the second term and by using the

notation %f{x} = f'(x) gives

; d d
S @+ L]+ W] - (x)=
F(x)+2 3L 1)+ £ (0)] -2x=0
f'(x)[l +3%° [f[xj:lz] = —Zx[f[x):r

By taking f"'(x)as factor and by simplifying

27 ()]
()= 1433 f(x)]
Now substituting x =1gives
o 2 LT

f(1}_1+3.1?[f(1)]3
But f(1)=2 so

_ =202y

T 1+3-27

_—16

13
By sumplification

LP)==
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Given g(x)+xsing(x)= i

Differentiating both sides with respect to x, we have
g'(x)+sing(x)+xcosg(x)g'(x)=2x
=g'(x) [H—x cosg[x)]: 2x—sing(x)

2x—sin g( x)

=g'(x)=
g[x) 1+xcosg[x)

Putting x = 1, we have
. 2—ang(l
g ()= it

l+cesg (1)
Since gliljl:[],soweget
2—sinl 2
rl = :—:1
gl:) 14+cos0 2
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Consider the equation,
'y —xy+20f =0.
o I | - o
The object is to find the expression ;}-— by implicit diferentiation, by considering y as the

independent variable and x as the dependent variable.

Use implicit differentiation to differentiate both sides of the equation x*y? —x*y+2x° =0
implicitly with respect to y.

%{x‘y‘ —-xy+ Exy’] = :_y((]]
e X S A | dan dis . d
' E(} )+» E(x }_(r ;,;[y}*:yd—y(x )]“LE[IE(J' )+y E,;(x)j|=0

5 dx . dx i e
¥ 2y+y7dxr — - (1) -3 —+2x-317 + 2y —=0
PRI (1)-3» _[ e

2x'y+ 4x3y2%—3x2y%—x’ +2y"j—x+ 6xy’ =0
by

Solve Tor E:

4-1..1y2

& —3Jr”y$—i-2y3£ =2x'y+x' —6x0*
dv ’ dv

dy
(413}'2 -3xy+ Zyj)jr—y =-2x'y+x* —6x)°

dr _ —2x'y+x’ -6xy’
dy  A4x’y? =3xty+ 2y
de X =2x'y-6x°
dy y(415y+2y1 -3x2}
Therefore, the required derivative of the equation x* (x+ y} =y (3;-_;:) with respect to x is

dx | x¥-2x'y-6x"
dy y(4:r]y+2y2 ——31'?] '
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ysec(x) = xtan(y)

=y 'scc(xjtan[x) ’ j—: F scc(xj 1= x-sec’ [y) +tan[yj . j—: , differentiating

implicitly, remembering the product rule and the chain rule to obtain dx/dy.

=y ‘scc(xjtan[x) A —tan[yJ SLI X Sccz[yj — scc[xj . isolating expressions

dy dy
COntaimng dx.l'd‘," on one side of the equation.

= j—:( v *sec(x)tan(x) —tan(y)J =y sec” ( y] = scc(xj . Tactoring out dx/dy.

TR ;
o dx _ Em () —see(x]

S vy TV solving for dw/dy.
dy weseclrfan{z ) — tan{y)
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Consider the function,

ysin2x=xcos2y.

The objective is to find the equation of the tangent line to the curve at the point [E E]

Differentiating both sides of ysin2x = xcos2y with respectto x, regarding y as a function
of x,

%(ysin 2x)= %(xms 2y)

sin 2x%[y}+ y%[sin 2x)= cosZy%(_r] + xj—x(c()s?.y:} (Using product rule)

sin 2.t'?+y{::052x%(2x]} =cos2y(1)+x(—sin 2}’);;[2}’) (Chain rule)

AN

sin 2.r?+ {)Jc032x[2}} =cos2y—xsin 2y{2§£]

fx x
sin2xﬁ+2ycos2x =cos2y—2xsin EyQ
dx clx

dv

(sin2x+2xsin 2}*}%:m52)»—2y::052x (Take out = terms)
x fx

ﬂ_coszy—lycnsz_r “]
dv  sin2x+2xsin2y

The slope of the tangent at the point [%,g] is,

cosZ[ ) Z[E]mz[z] (Using equation (1))
(50) ana{5)e2(5)one(§)

o{3)o

(
U+{:r (1)

I dy|
dx

(cosEz{))

Therefore, the equation of the tangent line to the curve ysin2x = xcos2y at the point

2 ()e-E)  venmmieen)
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Given curve 18 sin[x+y) = 2x=idy, (;‘T,:-‘T)

Differentiating implicitly wrt x and w 15 a function of x, we get

%[:sin[x+y)): %(2;{— 2y)

= u:oslix+y)i(x+y)=2—2d—y:2—2y'
dx dx
= cos(x+y)[1+y']=2—2y'
= cos{xty)+yicos(x+y)=2-2)
= Z2-cos(x+y)=y'cos(x+y)+2)
S
g - cos(x+ )
2+cos[x+y)

=lope of the tangent line is
N 2—cos(7+7) _2—pes2m_ 2-1 1

dy
- (El_x T Z+cos (J‘T+}‘T) T 24cos2m 241 3

The equation of the tangent line to the curve sin [x+y) =2x— 2y at the point [:JT,:-T) 15

1 x T
-ml==|x—m = —m=———
(rm)=glea) ¥ S
x x 27
= y=_-_T4g=l4
3 3 3 3
g Ry 2R
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The given curve is x2 + v+ 3° =3
Differentiating both sides with respect to xwe get,

dy dy
2x+y+r—+2y—=0
a5 xdx ydx
:>d—yl:x+2y):—|:2x+y)
%
a’_y_—[2x+y)
dx [x+2y)

The slope ofthe tangent at (1, 1) 15 given by
—(2+1
dx a0 1+ 2
The equation of the tangent at {1, 13 is
.Y_.Jﬁ:m(x_?ﬁ)
=y-1=-1{z-1)
=y+x=2
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The given curve is
P42y —y4x=2

Differentiating both sides with respect to x, we have
2x4+2y+ 2= 2w+1=0
:>y'[:2x—2y) =—1-2x-2y

_dy —[l+2x+2y)

== =
7 dx 2x—2y

The slope ofthe tangent at (1, 2) 15 given by
—(1+2+4
| _-(+244) 7

| 2
The equation of the tangent at {1, 2) is given by
y—y1=m|:x—x1)
7

y—2= E(X_l)

T2
2 2
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Consider the curve

2 2 2 =
X +y =(21 +2y —x] ...... (1}
Here y is implicitly defined as a function of x.

In such cases, use implicit differentiation for solving <

The power rule combined with chain rule is,

%[g{xl]" =nfg@] g (2)

Differentiate the function (1) with respect to x on both sides,

—|x"+y J=—|{2x" +2y" —x

(¥ +y7) = (2474257 —x)

The expression on left hand side can be simplified by the use of sum rule of differentiation
given by

L)) =S (e () ()
% x3)+§(f]=%[(2x?+2_];2—x]3:| use sum rule (2)
2x+ %[y:]=%[[2x2 +2)° —.r}z} ...... (4)

Use the chain rule to compute i(y) 2JJQ
dx dx

Compute %[{2;{’ +2y° —x)z}without expanding the sguare.

;r[ 2x* 4+2)° —x)z] {21 +2y? —r] (Z.r +2y° —r} use chain rule (2)

2 2x* +2y* —x 2x +— 2y }——( i| use sum rule(3)

[i
dx
?. 2xt +2y  —x [2 (2x)+2( 2v}——l:| use chain rule(2)

=(4x" +4y° - Zx)|:4_'r +4yd— = 1]
dx

Substitute the above values in {4) to solve the differentiation.
dy 2 2 [ dy ]
2x+2y—=(4x" +4y" -2x]| dx+4y—-1
y= ( y* - 2x) p=
dy W [ dy]
2x+2y—=(dx" +4y = 2x]|| (dx=1)+4y—
oo =(4xt +4y" - 2x)| (4x-1)+ 4y
dy 2 2 [ @]
2x+2y—=(4x" +4y -2x 4r—l dy(dx® +4y* =2x
o= (44 dy - 2x)( p(4x 44y -2x)
2x+2_pﬂ=16f +|6xy2-312-412-4y1+2x+(1ﬁxzy+1ﬁy’-3_ry]ﬂ
dx dx
dy
(Zy—lﬁx y=16y" +8.\'_}=)——I6x +16x)y° —8x" —dx’ —41y7 +2x-2x

(2y—llfn.1c1y—llivyJ +8xy]a&;= 16x" +16xy° —12x" —4y°
dy _16x" +16x° —12x" —4y”
de (2y-16x"y—16y" +8xy)

dy 8x" +8xy" —6x* =27
dv  y-8x"y-8y’ +4xy




The tangent is a straight line which touches the curve of function at one point.
Since it is straight line, write the equation of the tangent line.

The equation of the straight line is.

Yy=3 =m{x—x|)

Here m is the slope of the tangent

Compute the slope of the tangent line at the point [U%J by using the formula,

ws(B)
\ dx 'f'o.—'-]
o
e 8x® + 8y —6x% = 2)°
L y-8xy -8y +4xy (o)
; Y 2o 1Y
80°+8:0< - | ~6:0°=2( 2 :
m= . Substitute x =0 and y = —
1 q 1 1y 1 2
SR S 8.0
2 2 2 2
(1
2
m=
g
2 8

m=1

Therefore, the slopeis m=1.
The equation of the tangent to the cardioids at [0,%) is,
ey =m{x_x|)
1 ; 1
g I(x-0) substitute ).'=D._v=5 and nt =1

y=x+% Simplify

Therefore, the equation of the tangent to the given curve is y=x+—|
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Given equation of the curve is %7 +)*7 =4
Differentiating with respect to x taplicitly, we get

E L1 +Ey-1x3 d_}’ -0
3 3 dx
s
Or d_y = xl."3
dr ¥
C ElS
Or d_y = F

73
dr  x



Zlope of the tangent line at (—3\,@, 1) 1s
13
(B
=
/) (-343)
]
(_3312)13

So the equation of the tangent line i3

(»—11= L(;r+3«,/'§:|

3
x

Or y=l=—+3
3
iy

Cr y=—44
3

Chapter 2 Derivatives Exercise 2.6
The equation of the curve iz given as
2[[;{2 +y2:lz = 25(;(2 —yg)
Differentiating with respect to x implicitly

d 4 ;
4(x* +y2){2x+ 2y—y}= 25(2x—2y—y] [Chai rile]
dx dx

= 8():2+y2)x+8y[x2+y2:lj—y=50x—50yj—y
X x

= j—i{gy[xz-i-yz)-i-my]=50x—8x(x2+y2)

d_y_ 50::—8::[):2 +_y2)

dx By(xg +y2:I+50y

d_y_ 225.7c—4;r(:1r2 +y2:l

dx 4):[;{2 +y2)+25y

Slope of the tangent line at [3, 1) iz

(dy] _25><3—4><3(3’+19)
drtuy  4x1(F+1)+25x1
_75-120

40425

45

65

-8

13

Equation of tangent line 15

=l)=—(x-3
(r=1)="2{x-)
9x 27
Or —l=-—+—
7 1213
Or =—9—x+£+1
13213
2 40
Or =——x+—
i 13 13
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The equation of the curve 1z given as
P52 -4)= 2 (-5)

Or (y"—4y2:|=(x4—5x2)

Differentiating with respect to x implicitly
(4y° —By:lj—i: (4x° ~10x)

o dy _4x -10x

dx 4y -8y

Slope of the tangent line at (0, -2) 15

o,

@ gz
Equation of tangent line is

[y+2) = 0[x—0)
Or y=-2

Chapter 2 Derivatives Exercise 2.6

() Given that the equation of the curve as »* = 5x* —»°

Differentiating, we get
2wy = 5(4x5) - 2x
. 20x°-2x
P
102 -k
- ¥

o the slope of the tangent line at the point (1,2) 12
1007 -1
L 1o
2

gl
2

. . . . e
=o the equation of the tangent line passing through the point (1,2) and slope ¥ = - 13

9
—2=—({x-1
¥ 2( )
_& 5
% 2 2

(k) MNew we graph the curve and its tangent line obtained in part (a) as follows:

Chapter 2 Derivatives Exercise 2.6
(A)
The equation of the curve ¥ =x" +3x".
We will get the slope of the tangent line at (1, -2).
We have 1? =x° +3x°
Differentiate both sides with respect to x, we have
21 =32 +6x

. 3xt+6x
P =
2y

Then




The slope at (1,-2)

, 31’461

- 2(2)
Sy3t6_ 9
-4 4

Then the equation of tangent line at (1, -2) 1s
-9
(r-(2)= 2=

-9 9

S y+2=—x+—

4 4

SN ... W8
Y= 4y

=
¥ 4|

B)

When the curve have a horizontal tangent then
¥'=0
3x +6x
= =
2y
=3x" +6x=0
=3x+6=0

>x=-2=f=7]

Putting this value of x in the equation of the curve, we get
V= (2] +3(-2)

' =-8+12

y=+=y=1

Then at the pownt (-2, 2) and (-2, -2) the curve have horizontal tangent lines.

0

(©)
The graph of the curve y* =x° +3x” and tangent lines are shown in figure below.

Tangent :{
Curve

Horizontal tangent  {-2.2) ; .

[ oy

| T X

-4 -3 z -1 A -}:\ 1 z 3 4
| // '&3
S & 0.2
Horizontal tangent  z-2;
-4
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(©)
The graph of the curve »* =x° +3x” and tangent lines are shown in figure below.

Tal_'rg-eni :"
Horizontal tangent  (-22) \ = Jr_f’:
P T \ ;
4 AN /
|" \‘ ,.-'f
|- \\\:_. ’;,f
-4 -# -z -1 /,Uﬁ&. 1 H 3 ix
I. /"
S (1-2)
Horizontal tangent  (-2,.2)
-4
Here y is a function of x and using the Chain Rule,
ﬁ_[},z] = _d_[y: }ﬁ (In Leibniz notation)
dx dy dx
=(2y)y'
MNow substitute the above value into equation (1),
9(2x)+2»'=0
Therefore,
18x+2p/ =0
Solve this equation for 3.
2y =—18x
—18x
Y=
¥
%
¥
Therefare, y' = —E{.
}!
To find y" use implicit differentiation.
Oox
Again take ion both sides of Y =——_
o ¥
.dl 9x
Y= ==
e ¥
d
v (9x)-9x % ()
Y=——GX - Use the Quotient Rule
¥
9y —9x j"
}"" == i &



-9y —(-9x)y’ |

. 9x
Now substitute ) =—— into y"= -
¥y W

9y —9x [— 2 ]
ol -F

_!.- = — =

=— [Since 9x* +y° = ‘}]

Therefore the value of y"is |—-—|.
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Given equation 1s &+ﬁ =1
Differentiating both sides with respect to x gives %[\f; + .V'r_};) = %(])
d d
— X +—fy=0

Since by addition rule of differentiation and %(1) = Obecause of 1 is constant
MNow using chain rule and remembering that y 1s a function of x

1 1 a}
2Jx zvf_ dc
1 @__ 1
2y 2Jx
= —% Since by simplification
@& __Jy
e Jx

First apply this quotient rule and then power rule remembering that y 1s a function of x
I d d
Bl R
A=y
Z
(vx)

},.1|=_

zfdx‘r

X




dy .y

Substituting £ a5 — 21—

Jx —fy Ay

e A R e

oo |2y x 2Vx

y:

b

By alget_.'ura simplifications
| JJ_-’

izl

X

x4y
a ZxJ:E

But JJ_C-i-ﬁ =1lis a given function
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Consider the equation
x5 gt = 1

Now find ¥" by using implicit differentiation.

So take % on both sides of an equation, x*+ »* = 1 and remembering that ) is a function of

X.
Then,
Flpoge v o
ok P l=—(1
—{(£4p)=—(1)
d 3 d 3 _i
Gl
2 d 3 —
3y +E(“" )=0 (1)
Here y is a function of x and using the Chain Rule,
d

?('},3 ) = g-(_vi} -35 (In Leibniz notation)
s fy v
=37y

Now substitute the above value into equation (1),

A+ =0
Now solve the above equation for »'.
Take the term 32 to the right side,
iy = -3x

Dividing both sides by 3y?,
=3

r




To find »", again use implicit differentiation.

2
So take %on both sides of y'= _x:_

This is quotient of functions, so use the Quotient Rule, which states

d [H]_ v’ =’
del v v

Here, the top function is u(x) =—x* and its derivative is u'[x) =-2x.

The bottom function is v(x) = y?
And its derivative is —| v(x) |=—]| »*
ik Olihen bl
Here y is a function of x and using the Chain Rule,

i[yz] E —"‘-{y’ ]% (In Leibniz notation)

dx dy
=2y

Then,
vi(x)=2p’

Now substitute the values of (x),u’(x),v(x),v'(x) into the Quotient Rule formula,

" ¥ (—2x}—(—x2)2yy‘

y= y*
20t 2y
———y‘
2 2 Bloclip
Now substitute y’:—x—z into y":M__
¥ y
. —2nt s 2y (-x/y?)
y = &
¥y
4
—21}"1 _ 2x
" Y
YT
Multiplying top and bottom by
2x!
“207 (¥)=" ()
P ¥y
4
¥ (»)
—239?3 ~2x*
—2:((_;13 + 13)
=T
Now, from the original equation, y® + x* = 1and substitute this value into
—2x[y +x
it # to get
¥
. —2x(1)
o "
Thus,
2 2x
P —';5-
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Given function is x*+y* =a*
Differentiating both sides with respect to x

9 (x+3) =T o

dx dx

R S

ax +Ey =0

Since by %{f{x]+g(x))=%f(x)+%g(x}md derivative of constant is zero
d

a* = 0where a'is a constant.

Now using the formula %x" =1-x""remembering that y is a function of x given
2+ % o
4 dx

Yo

By using quotient rule and differentiating by remembering y is a function of x

3 d _sd
- Y &) :jdrf
(")
_3 34}’_
N ¥y -3 - .3y e
= %
Substitl_:tmg % =—§ gives
3%y —3xy? (—sz
n__ . .-"'I
Y= =

By sumplification using algebra rules
3y 43

y1l=_ J"

= - (Sincex® +y* =a*)
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The measure of rate of change of a quantity with respect to some other quantity is called as
the derivative and the method to determine the derivative is called differentiation.

Consider the equation:

xy+y'=1

Differentiate the above equation implicitly with respect to x:

Simplify the above equation:
X' +y+3y'y' =0
(x+3y3]y’+;..- =)

Solve the above equation for '

¥
x+3)°

Denote yby y,at x=0:

~—Va

(J" ]xr.ﬁl = W

3y,
|

3y,

Determine the second derivative of y by implicit differentiation:

d 4
d(w+y+3}y) =)
d dy :
= y]**dv’rd—(?-y y)=0
i dx dy
() :}+3y )y (3y2)=0
0y +y 3% +y(6}.v’) 0

Simplify the above equation and solve for »":
" +2y + 3y1y”+6y{y'}2 =0
(Jr+ 3y’ ]y"+2y'+6y{y'}2 =0

. =2y'=6y(y')
x4 3y



Denote yat y=0:

_2(0)0 =627 o

(y ]x.-.l,] - D+3yn1
I [T
i, | DR 6, =2,
x 3Yy | 3, |
3}’02
2 |
—6¥
_ 3y, ¥ [ 9 ynz ]
3 yﬂz
2 B 2
3% 3%

Simplify the above equation further:

i 0
Y)ao=
( ] ] 3'},‘}2

=0

Hence, the final expression is (_v')\q:'} =0l
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Consider the function y? +xy +y' =1
The value of the variable yat the point y =115,
X +xy+ yi =]
I+y+y =1 (Substitute x=1)
y[yz +I}=0
y=0
Apply the implicit differentiation first time to the above equation,
X +xy+y =1
2x+[.‘cy'+y)+[3y’y'] =0 (1)
The value of the derivative at x=1and y=0is,
2+(y'+y]+(3y2y*)=ﬂ
2+(y'+0)+(3{0)2 y’)= 0 (Substitute x=1and y =0)
y==2
Apply the implicit differentiation second time to the equation — (1),
2+(_‘(y'+ ¥+ y’}+[ﬁy-y'-y'+3y2 -y")zﬂ
2+(.z:y"+2y']+(lt‘iry-i"y'}2 +3y? ~y")='l} ...... (2)
The value of second derivative at x=1,y=0and y' =-2is
2+[.ry"+2y'}+(ﬁy-{_v’}2 +3y° -y')=ﬂ'

24 (13" +2(-2))+(6(0)-(-2)" +3(0)" ") =0
2+37-4=0
y'=2



Apply the implicit differentiation second time to the equation — (2),
2+(xy" + 2y'}+(6_1=-{y’)2 +3y° -y")
0+ (xy™ + " +2y") + [lzy-(y')(:»"}+ 6y'-(y) +6y-y'- " +3y" -,r")
(0 +3p") +(18y-() (5") +6(») +3y-»") =0
The value of second derivative at x=1,y=0,y"=-2 and y" =215,
(xp" +3y')+[l 8y-(»)(»")+6(y) +35° -y"') =i)

(1-37+3(2))+(18(0)-(-2)(2) +6(-2)’ +3(0)*- »") =0
P +6+0-48=0
y"=42

0

0

Hence, the value of the derivative is H
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(a)
Graph of the curve with equation y(yz - I){y ~2) = x(x—1)(x~2)as shown below:

;_w—/
.

-1 -D.5< 0.5 1 T z 25 3

J—\\\

-2 L

It appears that there are eight points where the tangent line is horizontal, with approximate x-
values being |y = 0.42|and [x ~1.58|.




(D)
To find the slope of the tangent line at a given point, use implicit differentiation to find ' To
make the differentiation simpler, begin by multiplying out both sides.

y*—zyl—yz +2y=x" -3x"+2x
Now, differentiate both sides with respect to x and solve for y'.
4y y' =67y =2y +2) =3x" —6x+2

(4y' -6y 2y +2)y' =3x" —6x+2

L 3x-6x+2
¥ 4y =6y’ =2y +2

So, the slope of the tangent line at (0,1)is given by

3(0)-6(0)+2
1)=6(1)-2(1)+2

F

4

—

Il [}

| =
'—'NIM I‘N

oo

Finally, use point-slope form to find the eguation of the tangent line.

The tangent line at (0,1) is given by

y=y =m{x-x)
y-1=-1(x-0)
y=l==x

Similarly, the slope of the tangent line at (0,2)is given by

. 3(0)-6(0)+2
" 4(8)-6(4)-2(2)+2
z2
34-28

Finally, use point-slope form to find the equation of the tangent line.

The tangent line at (0,2)is given by
Y=n =m{-r_-r|)

y-2 =%{x—ﬂ)




(c)

The tangent line is horizontal when y'=0. Thatis 352 _gx+2=0-Then

‘- 6++6"—4-3.2

2:3

_6+436-24

6
_6x\12
6
_6+243
6

6 23

=—+=

6 6

So, the x-coordinates of the points where the tangent line is horizontal are given by

V3

x=l+t—| -
3

By using quadratic formula

(d)
Graph of the modified curve with equation

y(yz —}){y—2}(y—3)=x[x—1}{x-2][x—3)as shown below:

qr

\\m/

L ﬂ 1
h,‘—;) q

n_r'_,u-——-._\:a

-1

Graph of the modified curve with equation

.V(.‘»’z -1)(}’-2][y—3}(y-4]:x(x—l}{x-2]{x—3)(x-4]as shown below:

)
2
1
1 2 3 a 5 ®

i ™
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IZ;':2 +y2 :I2 = axgy
Differentiating with respect to v onboth sides, we get
2(x2 +yz:I£[:!:2 +_y2)= i[cz,".j:ly+czx2 d_y
dy dy dy

:‘*2[[2:2 +y2) 2xﬁ+2y =2a::1rﬁ.y+atx2
av v

dx c:::lrz—élyliﬂr2 +_y2)
e =
cy 4x(x2 +y2)— 2axy
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The equation of the curve is given as

2

2().'2 +y2) = 25(,\*2 —J-"")

Differentiating with respect to x implicitly
i dv dy )
4(x" +y7 {21-!—2 J—}: 25[2.\’—2 ,_] [Chain rule]
( u ) Y dx ! dx

= 8(.:'3 +y° :l.\‘ +-‘:SJ.J(.1|:2 +y )dﬂ =50x-50y ;‘J’
i x

= %{3_1’(.\'3 +*) +50)’} =50x—8x(x" +y7)

x
dy 5[]}.'-—-8)(():2 +y2}

o S )
dx 8}=(1‘2+y2)+5{1y
dv 25:(-——4_1'{_1(2 +_v1}

dx 4_}'(.\'2 +y7 } +25y

Tangent is horizontal when

dy _
dx

= 251-—41(12 +y2)= 0

0

= .u‘:+'.v2=E
Sl

(1)

Putting this value in equation of curve

2[?]: =25(x"-»*)

25

> (¥-y)=2 @

From (1) and (2)

OR yo.3V3

4

And }’2 = %

So the required points are, [i% i%]
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The equation of the ellipse iz

2y

—+==1 -1l

at B w
Differentiate both sides with respect to x, we get

2x 2y

—+—/ =0

a” b

Solving for y',

2y, &x

==Yy =——

B a’

. Ex bt

=y =" —

a’ 2y

— "__bji
Y 3
&y

Then the slope of the tangent at Iixﬂ,yo) 13
E:-zx‘,

2
o,

===

=0 the equation of the tangent line at [x:,,y‘,) 15

2t i a’
2 2
W, KX, X, Y
= z + i __:4+_2
a b
s b OV T 95
3 Jeime_mue s
b a* b

The point [xﬂ,y(,) liez on the ellipse so this will satisf the equation of ellipse.
Thus

A
=y 5

b
=0 we hawve
XE WV
[ + [ :]
i »?

This 15 the equation of tangent line at Iix‘,,_y‘,) .
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: _ 2 )
Equation of the curve 15 2 —“;:—2 =
@
Differentiating with respect to x implicitly
2x 2y dv
mrw =g ==l
a b dx
dy Bx

Or 5
dx  a'y



Slope of the tangent line at (xy, ) iz
[dy] = ngu
Ay @

Equation x of tangent at (x,,»,) is
2

bx
(y=do)=—(x— %)
a“yy
2 2
Fro Mo _ &% _ &
Or R T = e T
b L @ a
2 3
& & a” A
1 .3
. . x
Or %—%:l Since (x,, ¥, lieson curve,thusﬂ—i—i%:l}

Chapter 2 Derivatives Exercise 2.6

The equation of curwe is \lf;+ sf_z M’E
Then oy =+/C —/x sl 1)

HNow differentiate both sides with respectto x to get the slope of tangent (¥
1

1 B
A
=y = ﬁ

From equation (1)

o
Jx

Rl
N

Then the equation oftangent line at [x,)4) is

[J”‘J’l) = 74;;:;\(5

How we get x and v-intercept of the tangent for z-intercept we put 3 =0 in

equation (2],

=¥

=¥

(x—x) @

e [x—xl)
o Axy
:>[x xﬁ]-m
Ay
=n—x= 7\,”;—@{5
_ =y
:xl—m+x
_ Axy

:‘»xl:%hx From equation (1) (\f';=w'r5—«f;)
:xlzﬁ.(ﬁ—«.}?)+x

:‘>x1=\."6‘_x—x+x

:‘> VoK | =rx-intercept. --- (3)



Mow for y-intercept, we put % =0 1n equation (2).
G-
&
=y, = (5= B}
= =y—(x—«.'C"x)

2
=y = («JE— «j;) —x++Cx y-intercept G

Y-n

MNow from equations (3) and {(4), the sum of z- and y-intercepts 1z
n+tw= 2«,@—x+(«j§—¢rm_’)2
= 2T — x+(C'+ 2 - 2Cx )
= 2\Cx - x+C+x-2/Cx

Then it 15 proved that the sum of x- and y-intercepts of any tangent line to the
CUrve, x+\/_)_1= «J'E 1s equal to O

Hence proved
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y

Pix, ¥,

Tangent

« a—>

Ifthe radis of a circle centre at origin 0, 15 a then the equation of the circle is
% +y2 =a° h

Let the point P has the co-ordinates [xl,yl) ,point P lies on the circle so this will

satisfy the equation of the circle thus

Foapon
oty =a

2 2 2
=3n =a -x

=n= i\,'ag - 7"12

2 2
= = et — X

(Since we took P it first quadrant)

The coordinates ofthe point P 12 (xl, a—x )
Then slope of'the line OF 15

3 jat -z -0

- xn—0

@
B P | BN
]
Where OF is the radius of the circle.

MNow differentiate the both sides of the equation of the circle, (1)
2x+2yy =0

=|y'=-

x
¥




Then the slope of the tangent at point P, (xl, o — xf ) 13

¢ X
:}_}r:— - =
@t —x
X
=M, =- 21 :
a2’ —x

Iftwo lies with slopes me;  and  wmey, are perpendicular to each other then
wi . == 1

=0 here we have to show that

(Slope of the line OF) = {Zlope of the tangent at P)=-1

We have (Slope of the line OF) x (Slope of the tangent at Py = A, M,
Mow from equation (20 and (3

= MM, = ag—xf.[_ a ]

3
[

2 2
oo

Jat —x @

MM, =-1 Thustangent at P is perpendicular to radins OF
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We have yf = x¥

Differentiate both sides with respectto =

dray_ L p

— =—|x -

)= ) -
Ew the power rule of differentiation we have iJr;" = nx"" then equation (1)

dx
becomes

gty = pat
¢ Bl
v
p
We have y= x/{;

§-1
Then = [x%] = xp_%’ - (3}

=¥

- (2

xp—l

Then we have ' = 2 2
g Pt

Eh "
We hawe |— = x™| thus

V= P or-lpepia
)

= yrzgxp."q—l
&
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Recall that two curves are orthogonal if their lines are perpendicular at each point of
intersection.

To find the slope of the tangent line to x* + y* =, use implicit differentiation to find '

2x+2y'=0
2w’ =-2x
o228
i 2y
x
m=—-—
J)

Similarly, find the slope of the tangent line to ax+ by =0.

a+b'=0
by'=-a
' o
¥=3
m=-t
At a point where the curves intersect, solve the linear equation for ¥, to get
ax+by=0
by = —ax
_—ax
S

The slope of the tangent line to the linear equation is _9 andthe slope of the other tangent
b

line is
X
m =——
¥
IR
B (—ux_.-"b)
ax
2
a

Since m, -m, =—1, the tangent lines are orthagonal.

Therefore, by the recall. the given families of curves are orthogonal trajectories of each other,
that is, every curve in one family is orthogonal to every curve in the other family.

Sketch both families of curves on the same axes as shown below:

2y

1.5




Chapter 2 Derivatives Exercise 2.6 50E

Consider the following family of curves:
x'+y'=ax. aisparameter ... (1)
x*+y*=by b isparameter ... (2)

The graph of a finite sample of these curves is pictured below with +_;F =gy in red for
values of g=1,2,3and x? + y* = by in blue for values of b=1,2,3

, yx‘+y‘=|3;
xf +y =2y
A 2|k
/ \ X" +yp =x
( / L+t =2x
XTFV £F \ .

=
Id/

.+.

'V_: P
[B*]

Il

Lald

=

(28]

ha

E S

MNeed to show that these curves are orthogonal to each other.

That is, to say, for any value of the parameter a, and any value of the parameter p, curves are
orthogonal to each other.

When the curves in red and blue intersect, their respective tangent lines are perpendicular at
the points of intersection.

First to find the points of intersection, let's multiply the equation (2) by —1
And add it to equation (1)
e +_]f2 = ax

+ =Xyt =-by

0 =ax—by
That is, see that the points [x,_y} of intersection lie on the straight line through the origin

ax—hy=10



Mext let's differentiate each curve implicitly, to find the slope of the tangent lines.

Start with equation (1), take di of both sides as follows:
X

%[x"‘+ 1= %[ax]

drat.drot d
—| X’ |+=|y |=a—[x
s gl Jregll
Use the Chain Rule to find the derivative the 2nd term on the left side, and switching notation

with =%

dx

21+i|:y2]-£:a~]

dy dx
2x+2p'=a
2y'=a-2x
o @=2x
2y
So, at any point on curve (1) the slope of the tangent line m, is
a—2x
m = :
2y

For the equation (2) take di of both sides as follows:
X

j—x[x” +yzj = %[by]

droay. droa d
— X 4 — ¥ :b_
i Pl el
Use the Chain Rule, to find the derivative the 2nd term on the left side and the one term on the

right side. Switch the notation with y' =

5l

204 S L =b 202
2x+2y-y'=b-1-y
2x+2p' =
by =2x+21
by' =2 =2x
(b-2y)y'=2x
. 2x
2

So, at any point on curve (2) the slope of the tangent line m, is:

P
b-2y

m2=

Fact: Two lines are perpendicular if and only if the product of their slopes is —1.
So, multiply the two slopes found and see if indeed this is the case.
Claim: wm, «m, =-1
a—-2x 2x
m -my, = .
2y bh=2y

- x{a— lx}

y[b —Zy]




But recall that at the points of intersection, then x and y satisfy ax—-by =0.

Solve this equation for ¥:

o B
e
Plug in this into equation (3) and get:
s D]
ax[b—l-a-_rj
b b
_ x(a-2x)
) ax_gai.r'
fE!
b x(a-2x)
) 2aixt
=
a ab’x—2b°x"

e
ab’x—2a’x"

Factoring out x and dividing, assuming x = () then:

w @)
ab” =2ax

From equation (1)

my -y, =

¥ =ax-x*.

Square both sides of equation (2)
2 242 r
(x*+%) = ()
242 [ 742 39
{.r') +2x'y'+{y'] =b"y
¥ +2x°y 4y =b%y
Substitute this last equation y? = gy —x* in for the variable J.-"-_
2
X +2::2{ax—xz)+{ax—xz) = [ax—xz}
x4 2ax - 2x + @' = 2ax + X = ab’x - Bx?
a'x’ =ab*x—bxt
[ai +h1}x1 :ahlx
Divide by x, thatis assuming y 2 (.
(.L':2+1E:2}Jf::c;|'bI e ()
Use equation (S) for ,p* in (4).

ab®-2b’x

ab® —2a’x

K (a: +b’]x—2b2x
i (az +b3}x—2a2x
(a’ —bz].r

—(a: —b:)x

==1, assuming x#0

m -m, =

Therefore, our original claim above is true and hence the tangent lines are indeed
perpendicular at the points where the two curves intersect.



Below is a visual aid of the two curves intersecting and the perpendicular tangent lines at the
two points of intersection.

F 3

The curve in red color indicates the curve x* + y* = gx and the curve in blue color indicates
the curve of the form  x* + y* = py and when these two tangents of these curves intersect the
tangent seen are perpendicular.

Hence, the family of these given curves is orthogonal trajectories.
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Recall that two curves are orthogonal if their lines are perpendicular at each point of
intersection.

To find the slope of the tangent line of y = ¢x?. differentiate to find y'.
b =c(21}
ny = 2ex

To find the slope of the tangent line of x* + 2y = k. use implicit differentiation to find y'.

2x+dw' =0
4y’ =-2x
L2
4%
X
m_| T e —
2<%y

Plugging in the value of y from the first equation, the second slope is

2(;.2)

2ex

m, = —

Since m, -m, =—1, the tangent lines are orthogonal.

Therefore, by the recall, the given families of curves are orthogonal trajectories of each other,
that is, every curve in one family is orthogonal to every curve in the other family.



Sketch both families of curves on the same axes as shown below:

2y
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Recall that two curves are orthogonal if their lines are perpendicular at each point of
intersection.

To find the slope of the tangent line to y= ax- . differentiate to find 7
y =u(3x3]
m, =3ax’

To find the slope of the tangent line to ? +3_1:2 = b, use implicit differentiation to find .

2x+6p' =0
6).):' =—2x
J' - - —E
J 6y
X
m, =——
2 3y

Jax’

Since m, -m, =1, the tangent lines are orthogonal.

Therefore, by the recall, the given families of curves are orthogonal trajectories of each other,
that is, every curve in one family is orthogonal to every curve in the other family.

Sketch both families of curves on the same axes as shown below:

¥V

1.8 2
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2 2
Consider the equation of the ellipse “_EJFJ”_2 il
b
To find the derivative, apply the implicit differentiation to the equation of ellipse.

The derivative of the equation of the ellipse is,

2. & _
a b d
2y dy  2x
b dx a
dv 2 b
dc a 2y
_—xb’
ya'
—xb*
Hence, the derivative of the equation of the ellipse is |m, = -
ya
To find the derivative of the equation of hyperbola, apply the implicit differentiation to the
2 2
equation of the hyperbola xa _y_2= l-
A B
The derivative of the equation of the hyperbola is,
2x 2y dy 0
A B dv
2y dy 2x
B dv A
dy 2x B’
dc  A* 2y
= IEE
A

Hence, the derivative of the equation of the ellipse is m, =—-o|-




The objective is given that, the equation of the ellipse and hyperbola is orthogonal trajectories.

S0,

1 |
2p=2Ad
b-
From the equation of the hyperbola,
x! JJ‘E _!
i

BZ\_Z - AZ}_Z - AEBZ

yAa Azz 4B

b-.
_];EA?(.:.-E _b2)= AR
J P iR (2}

F IR i ]
g =2 jza
('ij%i}f!e j
gt =2d :
h_

Substitute the equation (2) and equation (3) in the equation of ellipse _+}_2_, 1.
a b
2 ,2
LI
a b
L4 B
i ST VS B
4 }-{ + 4 );{b =1
A B
2 2 + 2 2 :I
a -b a-b
A +B* |
a’=b
A+B =d -

Hence, the ellipse and hyperbola have the same foci
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1
Given curves are y = and y=a(x+k)?
x+c
-1
Then mlzyrz—:{z—y2 and
|:x+c:l
a =2
mzz_y'zg(x+k)3

= ‘%[(x+k)%r



Since curves are orthogonal |, so mypr, = -1

3
2 [
= = =1
-] =]
(13
= Z =1 = a*=3
3
-
a3

Chapter 2 Derivatives Exercise 2.6

2
{a) The vander waals equation for # molesofagasis [ p+ &0, v—uh)|=nRT, where
1
v

7 1sthe pressure, v is the volume and T is the temperature of the gas.

The constant & iz the universal gas constant and @ and & are positive constants that are
characteristic of a particular gas. T 15 also constant
Differentiating implicitly wrt p and v 15 a function of v | we get

wiald d nia d
(_z:'+V—EJE(v—nb)+[v—nb)£{p+—gJ: EHRT: 1]

v

= (p+%}(j—;]+liv—mb)+|:l+nza[—Z)v_z ﬁ} =0

dv v (nh—v)
dp  pvi—wav+2iab

(b) Here n=1,v=10L, p=25 atm , a=35%92 L*-am/mole* and
b=0.04267 Limole

v _ v (nd—v)
PrEe, a5 N PV —mrav+ 2 ab
(10)°{0.04267-10)

250107 —(3.592)(10) +2(3.592)(0.04267)
=404 L/atm

—4.04 Lfatm

Chapter 2 Derivatives Exercise 2.6
Consider the equation 2 +_1-_1.-+_1,~2 +1=0.
(a)
To find the derivative of the function, apply the implicit differentiation to the above equation.
The derivative of the eguation is,
¥+t +1=0
Ix+y+x0'+2p' =0
2x+y+(x+2y)y' =0
,_~(2x+y)
B (x+2y)

.1:

, —(2x+y)

Hence, the derivative of the function is |y
(x+2y)

._.
Il




(b)

To sketch the graph of the equation, use the maple software.
Type the below input into the maple software,

Input:

> with( plots) :

> implicitplot(x® + xy + 3 + 1=0,x=-10..10, y =-10 ..10)

The output is as follows.

10

fet
h
1

104

it can be ohserved that, there is no curve is appearing in the rectangular coordinate system.
If we change the range of the variables x and y then also. no curve is appearing in the graph.

This means that, we need to prove that for every real value of x there does not exist any real
value y.

Take x =k where any real number is % and the corresponding value is,
C+xp+y +1=0
E+ky+y +1=0
y +y{k)+(k2 +1) =0
This equation is a quadratic equation in terms of yand it has real roots only when its
discriminant is greater than or equal fo zero.

A=b —4ac
=k -4(k* +1)
=-3k*-4
<0 forall &
This shows that the equation yl +y{k)+{£r2 + 1) ={has no real roots, for every value of x
there does not exist any real number y

This is the reason, the maple did not show any curve for the given equation.

(c)
The derivative of the given function at any point is the slope of the tangent at that point.

Here, the given equation does not have any curve in the graph which means that there is no
use with the derivative of the given equation.
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Criven equation 13 oxptyt=3 L

We find x-intercepts of this curve. Here we puty =10 and solve for x.
We get x=3

O F= i\E

S0 at the points \f'fﬁ'_ 0 ;(—«.E, 0) the ellipse crosses the x-axis,

o~

Differentiating (1) with respect to x implicitly, we get

dy dy
2x—r——y+2y—=10
dx > ydx
Cr dl(Ey—x):y—Zx
dx
Cir c;t’_y=y—2x
dx  Zy—x

MNow the slope of the tangent line at (VF'B_ 0) 18

] T

a!'x .\|'3_,D B —-\E
And the slope of the tangent line at (—\B_ 0) 13
(%) 0y=5
m2 == S 2
dx (-, 1) \E
Thus  my =m

Therefore, the tangents are parallel to each other at these points.

Chapter 2 Derivatives Exercise 2.6
(4)  Equation of the ellipse x* —xmp4+3° =3
Differentiate both sides with respect to x, we get
2x—{n'+y)+2p/'=0
=2x—n'+2w'—y=10
=)y (2y—x)+2x-y=0
= [2yex) = pedx
v M—2x
= E

=¥

At the point (-1, 1) the slope of tangent line 1z
-1-2 =3

(RS PRI 1

-2-1 =3

o the slope of the normal line=-1/m=-1
Hence, equation of the normal at (-1, 1) s

[y—l) =—1.[x+1)
y=—x

(3
Mm=Yoay =

O putting thiz value of v in equation of ellipse, we get
2 - (x)(-x)+(-x) =3
=x+r+x"=3
=
=t = ==l

Forz=1, wegety=-1

Hence, another point iz (1, -17 at which the normal line intersects the ellipse.



(B)

Chapter 2 Derivatives Exercise 2.6

Equation of the curve is x°y* +xp =2

Then differentiate both sides with respect to x

d g d d

s +— Eo )

dx(xy :l dx(xy) dx( )

P P ) ) o
Z M4y A ) =)+ =(x)= (2
. dx(y) = dxlix:l xdx(y) ydx(x) dx( )
= 2y +yt Zx+ ity =0
=2y +ont + i+ r=0

=y + 0+ 2+ ly=0

=|y'==

The condition is
The slope of tangent line = -1
=y ==1
=-Y-1
x

=53

Put the values of v in equation of the curve
2y ey =2
=z txx=2
=xt =2
=zt +xt-2=0
=[x +2)-1(# +2)=0
= (" +2)(#-1)=0
=zxl-1=0 Since other factor can not be 0
=x=1
=zx=xl

Hence we have the pointz (-1, -1) and {1, 1) at which the slope of the tangent
line 1z -1

=[x +2)-1(#+2) =0

= (" +2)(#-1)=0

=x'-1=0 Since other factor can not be 0
=x'=1

— b

Hence we have the pointz (-1, -1) and {1, 13 at which the slope of the tangent
line iz -1
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Equation of the ellipse iz z° +43% =36 (h
Ditferentiate both sidez of the equation with respect to x, we get
x4 =0
= x+d' =10
= [pr=ct
L

suppose that tangent line touches the ellipse at (@, &) then equations of the tangent
1s,

a
—hl=——|[x-ua
(r-8)=-L(x-a)
= dby— 4b* = —ax+a*
=dby+ax=a® +45*
This point (@, &) lies on the ellipse 20

a+4b* =36 (2)
Thus the equation of the tangent line 13

MNow the tangent line passes though the point (12,3), so this point will satisfy the
eruation of tangent line.

=12a+12b =364
=at+h=3
=le=3-5
Cn putting this value of & in equations (2), we get

(3-8) +45% =36
=940 — G444 =36
=56 —ph-27=0
=56 495 -156-27=10
=b(5+9)-3(54+9)=0
=(56+9)(6-3)=0

LE. b=—§andb=3

Thus
a=3—-h
9 24
=a=3+—=—
5¢ T3
And a=3-53=10

Hence, the two points on the ellipse are [%— %] and (0, 3).

2

Now, slope of the tangent at (% - %] 15

Hence, the equations of tangent at [%— %] 15

Lo 2
N,
e Tl 3
27 43
By+—=dx-—
FE 5
159427 = 10%- 43
10z-15y=75
3

2x—3y=13| or yzgx—ﬁ




slope of the tangent at (0, =) 13

0
l'=——=|:|
7 12

This means at (0, 3) the tangent 13 horizontal then the equation of the tangent at

(0,3 1s
(¥-3)=0{x-0]
= y—3=0

==
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Consider the equation xy"+ y'+xy=0.

(a)
To find J’{D} value, use the Bessel function of zeroed order J(x:}.

2 4
X X

i
¥

The Bessel function of zeroed order J(I)is J(x)=1-

Substitute the value y =()into the Bessel function,

A i x*
J(x)=1-% e a——
H=l-Ftr e Fae’

(0 (0 (oy
J(0)=1- + =t +...
{ ) 22 2...42 22'42'{:!2

The derivative of the Bessel function is,

. ¥ %
J(x)=1- -
{'1} 23+2].43 21'42'62+
J’{_‘{]:—E—fﬁ— ?I' - 2 Eﬂ; il
2 2. 246

Substitute the value y =) into the derivative of the Bessel function,

: x4y 6x°
J{x]=—§+21_42—23‘42_62+...
E] 5
__200), 40 __6(0)
22 2%.47 2'.4%.¢°
=)

Hence, the value of the derivative of the Bessel funclionat y =0 is0i.e.

—+ - — -
22 21_42 22 '42'62

J(0)=0]




(B)

To find the second derivative. apply the implicit differentiation to the first derivative.

2 4 [
X X X
Jlx)=1- + etk
[ ) 22 21_42 2_.42.6'
2x 4 6x°

)Gt et

Apply the implicit differentiation to the above equation,

Tl g e DO
7 2.8 P46
2 4

i . A
¥ 4 P46

Substitute the value yx =()into the derivative of the Bessel function,

2 12 304
St
92 gt gt 9t gl

2 . 12(0)"  30(0)’

J(x)=-

2 24h gt

2—3“4- 0-0+
2

ok

g

Hence, the value of the second derivative of the Bessel functionat y =0 is —— i.e.
J(0)=-1{

2

= Lamp

y I3, C)

(-5.0)

Equations of the ellipse is

+dyt=5 |
Ey differentiating both sides with respect to x, we get
2x+dw' =10
S xt+du' =0
x
=y =-— -2
¥ Iy (2)

Let this tangent line touches the ellipse at (a, b).
Then slope of the tangent is
a

& =_£

Then the equation of the tangent at (a, b) 1=
&
—hl=——0I/x—a
(r-5)= -2 (x-a)

=dby—4b° =a* —ax
=dby+ax=a’ +45° — (D



Mow this tangent line passes though (-3, 0 so this point will satisfy the equation

of tangent.
Thus
=0 —5a=a” +45°
=—5a =a® +45° - (4
Iow the point (a, b) lies on the ellipse of this will satisfy the equation of ellipsze
at+4pt =5 (5]
How the equation (4) becomes
—Sa=25
=]
FPutting this value of @ in the equations (5), we get
1+44% =5
4p* =4

Bl 2] A ]
We have the point (-1, 1) and (-1, -1), But the lamp 15 located 1n positive ¥
direction, so we will consider only the point (-1, 1).

Slope of the tangent at (-1, 1) iz 3 =rﬂlf

Then the equation of the tangent 15
1
(=1= 2+
Or dy—4=x+1
O dy=x="5
ew suppose that the lamp 15 at a distance C from the z-axs, so that the co-
ordinates of the point at which the lamp 15 located are (3, C))
The tangent line 4y — x =5 1z passing though this point (3, C). Hence, there co-
ordinate s will satizfy the equation of the tangent.

Then we have

40-3=5
Or  4C=5+3
Or  4C=8
O C=2

Hence, the lamp is located at the distance of [2 units| from x-amis.



