Exercise 2.7

Chapter 2 Derivatives Exercise 2.7 1E
The position of a particle is given by the following function.

s=f(t)=r =121 +36¢.
Where, fis measured in seconds and 5 in meters.
(a)

The velocity function is the derivative of the position function. Mathematically expressed as
follows:

cly
IL’(I):E
d 3 »
=—(t" =12t +36¢

=3 —241+36

Thus, the velocity for the position function g =% _12¢* +36; attime tis

v(1) =3 - 241+ 36 fUs|.

(b)
The velocity after 3 s is the instantaneous velocity when y =73, Substitute the values in the
velocity function. Solve as follows:

u(3)= 27-T2+36
=-9
Thus, the velocity of the particle after 3 sis |-9 fi/s|-

(c)

The particle is at rest when the velocity v(f): 0.
So, equate the velocity function v(r)=3¢* —24¢+36 to zero and solve for t.

3 —241+36=0
3(r =8 +12)=0
£ -8r+12=0
£ =2t-6t+12=0
(t-2)(r-6)=0
=2 ort=6

Thus, particle is at rest [after 2 s and after 6 .




(d)

The particle moves in the positive direction when v(f] =0, this is calculated as follows:

31° -241+36>0
3(1-2)(r-6)=0
The inequality 3[: —2}(r —6] = () is true when both factors are positive; this gives two different
conditions that are calculated as follows:
1-2>0 and r-6>0
1>2 and £2H
The common set of values for t that satisfy the inequality ¢ > 2 and ¢ > 6 together is the
inequality > 6.
Also, the inequality 3[.* —2}[r —ﬁ] >0 is true when both factors are negative; this gives two
different conditions that are calculated as follows:
-2<0 and 7-6<0
t<2 and 1<6

The common set of values for t that satisfy the inequality ¢ <2 and t < 6 is the inequality ¢ <2

Thus, the particle moves in the positive direction, in the time intervals [t <2 and 1 > 6]-

(e)
From the information in part (d), the particle moves in the positive direction in the time intervals
t <2 and ¢ > 6. and it moves in the negative direction when 2<r<6-

This implies that the particle is moving in the positive direction and in the negative direction.

Hence, calculate the distance travelled in the intervals [0, 2], [2, 6], and [6, 8] separately.

The distance traveled during the interval [{], 2] is calculated as follows:

1£(2)- £ (0)=|(2)' - 12(2)" +36(2)~((0)" ~12(0)" +36(0)
=|8-48+72-0]
=[32]
=32

The distance traveled during the interval [Zﬁ ﬁ] is calculated as follows:

17(6)- £ (2)=|(6)' ~12(6)' +36(6)~((2)' ~12(2)" +36(2)
=[216-432+216— (8- 48+ 72)
=[0-32|
=32



The distance traveled during the interval [6$ B] is calculated as follows:

[7(8)-£(6) = |(8)' ~12(8)" +36(8)((6)' ~12(6)" +36(6))

=|512-768+288—(216-432+216)|
=[32-0|
=40

Thus, the total distance fraveled during the first 8 sis 32432 +32=[96 fi]-

(f)

From the information from parts (d) and (e), make a schematic sketch of the motion of the

particle back and forth along a line (the s-axis) as follows:
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S:O & 3232
o IZZ,
! _& . . i
s=0 §
B
A)

(9)

The acceleration is the second derivative of the position function.

d’s
H{!]=F
v
dt

= %[3;3 ~2ds 4 36)

= 6r — 24

Thus, the acceleration for the position function g =, _12¢% + 36 attime fis

a(t)="61-24|




The acceleration after 3 s is the instantaneous acceleration when =3, Substitute the
respective values in the second derivative of the position function as follows:

a(3)=6(3)-24
=6
Thus, the acceleration of the particle after 3 s is _
(h)
Sketch the graphs of the functions of position ¢ =y _12¢* + 36¢ . Velocity v{f}:?ﬂ’z - 241 +36
.and acceleration a(f)=6r-24 as follows:
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(1)
The particle speeds up when v and a have the same sign.

From the above figure, the functions v and a are both negative, when 2 <y <« 4. and the
functions v and a are both positive when ;= 6.

Thus, the particle speeds up when 2 </<4 or>6|-

It slows down when v and a have opposite signs.

From the above figure, observe that the function v and a have opposite signs, when (<< 2.
and the functions v and a have opposite signswhen 4<f<6.

Thus, the particle is slows down when [0<r<2ord<t<6|
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Consider the following position function:
f(1)=0.01r* -0.04r

Let 5= f(1),t20



(a)
The objective is to Tind the velocity at time r.
The derivative of the position function is velocity function.

since 5 =001 —0.044°

Differentiate with respectio ¢.

d
v(r) = E:
=%{0.01f* -0.04r')
d d
= E{n.mr*)—};(&mﬁ]

=0.04¢ —0.12¢ (%{Y"] = n_r”_'J

(o)

The objective is to find the velocity after 3sec.

That means to find the instantaneous velocity at ¢ = 3sec.
el

et =3

=0.04(3)" -0.12(3)°

=1.08—1.08

=10

Therefore, the velocity after 3 sec is, |v(3)=0m/s|.

(c)
The objective is to find the particle at rest.
Tofind ¢, using the velocity function is equals to zero.
® o
0.04r' -0.12¢ =0
r*(0.041-0.12)=0
*=00r0.04-0.12=0

t=0,t=——
0.04

t = 0sec,t = 3sec.

Therefore, the particle is at rest after and after .

(d)
The objective is to determine the particle is moving in the positive direction.

The particle is moving in the positive direction means. v(¢)> 0

0.041 =012 > 0
*(0.04r-0.12)>0
t>0ort>3
This result is true for both factors are positive ¢ > 0 or ¢ > 3 and this result is true for the both
are negative r < 3.

Thus the particle is move in the positive direction when ;= 3and the particle is move in the
negative direction when (<f<3.



(€)
The objective is to find the total distance travelled by the particle during the first 8sec.

To calculate the distances travelled during the time intervals are
[0,2.667],[2.667,5.334], and [5.334,8]respectively

The first distance travelled by the time interval [{], 2.66?].

Substitute O for ¢ in the position function f(¢).

f(ﬂ}={]

Substitute 2.667 for ¢ in the position function f(r).

£(2.667)=0.01(2.667)" —0.04(2.667)"
=-0.253
MNow find the first distance,
|£(2.667)— £ (0)|=|-0.253-0|
=0.253m

The distance travelled by the time interval [2_66?,5.334]_

Substitute 5.334 for ¢ in the position function £ (¢).

£(5.334) = 0.01(5.334)" —0.04(5.334)’
=2.0245
Mow find the distance,
|£(5.334) - £(2.667)|=|2.0245 + 0.253|
=2.2775m

The distance travelled by the time interval [5.334$8]_

Substitute 8for ¢ in the position function f(¢).

7(8)=0.01(8)" —0.04(8)’
=20.48
Mow find the distance,
|£(5.334) - £(2.667)[=|20.48 +0.253]
=20.733m
The total distance is, 0,253+ 2.2775+20.733=23.2635m
Therefore, the total distance is,

(N

The objective is to draw the diagram to illustrate the motion of the particle.

r:5.334\ N 2 ~
( 7z - = 7
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(9)

The objective is to find the acceleration at time ¢ after 3s.

The derivative of the velocity function is acceleration.
Since v(r)=0.04¢* -0.12¢°
Differentiate with respectto .

v
ﬂ'{f}=;

_ds
dr
=i’r-[n.n4r* --:1_12:3]
di
=0.12¢ - 0.24¢
Hence, the acceleration is. a{!} =0.12¢* -0.24¢ .

When ¢=3sec.

a(3)=0.12(3)" -0.24(3)
=0.36m/s”

Therefore, the acceleration at time after 3sec is, |p.36m/s?|-

(h)

Draw the position, velocity and acceleration functions in the interval Q< <8,

b

0%y

s(t)=0.

1.5

V(1)=0.04¢ -0.12¢
~)

¥

~

alt)=0.12:2-0.24¢



(1)

The objective is to determine the particle is speeding up and slowing down.

The particle is speeding up and the velocity v and acceleration a are same sign.

From the above figure the particle happens when | « ¢ <3 and the particle slows down when
the velocity v and acceleration ahave opposite signs, when 0<r<] and when 2<¢<3.

Draw the following graph:

ty

3.5

¥ =

speeds down speeds up
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The particle moves according to a law of motion f(t)= cﬂs[%r]ﬁf <10.

(a)
To find the velocity of the particle, apply the derivative to the function f{.f}.

The velocity of the particle at time 1 is,

()= cos[?)
f(r)= %sin [%’J [since dicus x =—sin ,1:]

X

Hence. the velocity of the particle at time 1 is | () = isin[EJ ;




(b)
To find the velocity after 3 seconds, substitute the value ¢ = 3gecinto the velocity.
The velocity of the particle after 3 seconds is.,

()= %r-sin[-}:—") [since Fd-cosx = —sinx]

X

4
_—r N2
e
_=my2
8

Hence. the velocity after 3 seconds is | f7(3) = fi/sec|-

-2
8

(€)

The particle will be at rest when the velocity of the particle equals to zero.
i
J(t)= cos[T]

()= %sin[%’) [since %cmx = -sinx)

r=0,4.8 sec
Hence. the particle will be at rest at |t = 0,4,8 sec|-

(d)

To find the particle direction, set the velocity greater than 0 and find the interval.
r()>0
-z . (at
—sm[—]} 0
4 4
d<t<8
Hence, the particle moves in the positive direction for _

(€)

To find the total distance travelled during the first 8 seconds, we should use the particle moves
in the positive direction.

The particle moves the positive direction for 4 < ¢ < & and moves in the negative direction for
1e(0.4).

Distance travelled in the interval [0,4] is,

|7(4)-7(0)= cos[%’]_m(%o]‘

=2 feet

Distance travelled in the interval [4,8]i5_

|7 (4)- £ (8)|= 208[%]—cos[ﬁ74]

=2 feet

The total distance travelled during the first & seconds is 2 feet +2 feet = 4 feet.



(M

The below diagram will illustrate the motion of the particle

t=10,5=0
t=8,5=1
Y
7/
t=q 5=
z "
LY t=0,5=1
'l \
i -~
0
(9)
To find the acceleration, apply the derivative to the velocity.
The acceleration of the particle at time f is.
it
fir =cos[—]
(1)=cos| =
; -, t ; d i
F [r} = ~Zsin [R——] [smce —c:}sx:—smx}
4 4 dx
. -z 7t
1)=——cos| —
- 2en(2)
. xl
Hence, the velocity of the particle attime ¢ is _f'{r)zﬁcos[jj :

The acceleration of the particle after 3 sec is,

-2

Hence, the acceleration of the particle after 3 sec is \E_:r fi/s?|.
32

(h)

The graph with input commands as shown below.
Input:

> with{ plois);

| animate, animate3d, animatecurve, arvow, changecoords, complexplol, complexploi3d,
conformal, conformaldd, contowrplol, confonrplaid, coordplor, coordploidd, densityplot,
display, dualaxisplot, fieldplot, fieldploiid, gradplor, gradplor3d, impliciplor,
implicitplot3d, inequal, interactive, interactiveparams, interseciplot, listcomplor,
listcantplot3d, listdensitvplot, listplot, listploi3d, laglogplot, logplot, matrixplot, multiple,
adeplot, pareto, plotcompare, pointplot, poiniplot3d, polarplor, polvgonplot, polvgenplot3d,
polvhedra_supported, polvhedraplor, rootlocus, semilogplol, sefcolors, setoptions,
setoptions3d, spacecurve, sparsematrixplot, surfdata, rextplor, texiplot3d, ubeplor

plots| multiple | [pfﬂf, &:H}—, =08, color= green l = % w, t=10.8, calor
>
2 )
_ T cos{Pi-

= red|, =08, color = blue

|

16 4



Plots[ mudtiple] [p.l’m‘, %ji.!)—, =08, color= green I [ - % -%‘:i-r}—, =08 color
>
3 "
= red)|, ——:Eg- e08 :‘” =008, color= blue J
Qutput
f(z)
0.2
0.1
@)
n
A b 4 A ] B
-01
f(2)
-02

(i)
The particle is speeding up it both velocity and acceleration have same sign.

From the graph, we can say that both have same sign in the interval
O<i<2d4<t<6and 8-:f¢1[]|.

Particle is slowing down if both velocity and acceleration have opposite sign.

From the graph, we can say that both have opposite sign in the interval |2 <f <4 and 6 <f <8
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The particle moves according to a law of motion f(f}= {] +r"]'

(a)
To find the velocity of the particle, apply the derivative to the function f(z].

The velocity of the particle at time 1 is,

T
()= _I_.r:" (Use the quotient Rule)
(1+47)

Hence, the velocity of the particle at time ¢ is f‘(")




()
To find the velocity after 3 seconds, substitute the value ¢ = 3gecinto the velocity.

The velocity of the particle after 3 seconds is,

1=¢
f)=—=s
) (1+1‘2)2
2
e =i
(1+(3]‘)
s
25
Hence, the velocity after 3 seconds is f‘(3:|=;—§ fi/sec) -

(c)

The particle will be at rest when the velocity of the particle equals to zero.
1-1

(1+¢)

_1-r

(1)

f=-1and 1 sec

Hence. the particle will be at rest at [t =1 and 1 sec|-

(d)

To find the particle direction, set the velocity greater than 0 and find the interval.

Fit)=

2

f(1)>0
-
R =0
(147)
-l<t<l
Hence, the particle moves in the positive direction for [-1<¢<1]-
(e)

To find the total distance travelled during the first & seconds, we should use the particle moves
in the positive direction.

The particle moves the positive direction for —] < ¢ <] and moves in the negative direction for
te(0,-1).

Distance travelled in the interval [0,-1] is.

Distance travelled in the interval [-1,1]is.

-
1+[1]“) (1+{-|)")
1.4

2 2

|f(')-f(-']|=|(

The total distance travelled during the first 8 seconds is % feet +1 feet =% feet .



(1
The below diagram will illustrate the motion of the particle.

t=1,5=3/2

t=0,5=0

t=-1,5s=1/2

(9)

To find the acceleration, apply the derivative to the velocity.

The acceleration of the particle at time ¢ is,

i
"f(r}_(HH)
fi()= I_—rl., (Use the quotient Rule}
(I+.'2 ]'
) 21(¢* -3)

1)

[I +r‘]"
(1 -3)
Hence, the velocity of the particle at time 1 is f’{!) =ﬁ :
141

The acceleration of the particle after 3 sec is,

I
f[']-m
2t(1* =3
fe)= ( = 3)
(I+.‘ )
; 6(9-3)
3= "2
) [I+9)3
z B°
250
Hence, the acceleration of the particle after 3 sec is % fi/s®
(h)

The graph with input commands as shown below.
Input:
> with| plots);

| animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d,
conformal, conformal3d, contowrplot, contourploidd, coordplol, coordplodd, densityplot,
display, dualaxisplos, fieldpior, fieldploc3d, gradplor, gradplot3d, implicitplor,
implicigplot3d, inequal, interactive, interactiveparams, intersectplot, listcomiplot,
listcontploi3d, listdensityplor, lisiplo, lisiplot3d, loglogplot, logplot, matrixplon, multiple,
odeplot, pareto, ploicompare, pointplol, poiniploi3d, polarplol, polvgenplot, polvgonplot3d,
polvhedra_supporied, polviedraplot, rootlocus, semilogplor, setcolors, setoptions,
setoptions3d, spacecurve, sparsemairixplot, surfdata, texiploi, texiploi3d, iubeplot|

4= 0.8, colar = green ;.r‘z 1= 0.8, color = red|,
(1+7)

plots| multiple| [ plot,

I

(1+4)

%(rz—_}f]-, t=0.8, color= bhw]]
+1



Cutput:

1

0.3

-0.3

m
The particle is speeding up if both velocity and acceleration have same sign.

From the graph, both have same sign in the interval [1 <1 < 4]-

Particle is slowing down if both velocity and acceleration have opposite sign.

From the graph, both have opposite sign in the interval |D-::r <lord<t<8.
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(a)

The graph of the velocity function of a particle is shown in the below figure, where, [ is
measured in seconds.

i~

v

I”H

From the above figure, the velocity v is positive on the interval {0*2] and negative on the

interval [2*3}.



Since, the acceleration a is positive (negative) when the slope of the tangent line is positive
(negative), and the slope in the above graph is positive on the interval ([],I}, and negative on

the interval (1,3). So, the acceleration ( @) is positive on the interval (0,1). and negative on

the interval (1,3).

The particle is speeding up when v and a have the same sign, that is, on the interval (0,1)

when y=Q0and g=0.and on the interval [2,3] when y<0and g<0.

The particle is slowing down when v and a have opposite signs, that is, on the interval [1,2]
when y>0and g<0.

Therefore, the particle is speeding up when Q<f<] 0r 2 < <3: slowing down when
l<r<2.

(b)

The graph of the velocity function of a particle is shown in the below figure, where, 1 is
measured in seconds.

F

Vv

From the above figure, the velocity v is positive on the interval [{],3} and negative on the
interval (3,4).

Since, the acceleration a is positive (negative) when the slope of the tangent line is positive
(negative), and the slope in the above graph is positive on the interval (1,2]. and negative on
the intervals (0,1) and (2,4). So, the acceleration ( a) is positive on the interval (1,2), and

negative on the interval (0,1) and (2,4).

The pariicle is speeding up when v and a have the same sign, that is, on the interval [l,2]
when y=0and g=(,.and on the interval (3*4) when <0 and g<0.

The pariicle is slowing down when v and a have opposite signs, that is, on the interval [{],I]
and (2,3) when y>0and g<0-

Therefore, the particle is speeding up when J<yf <2 Of 3« ¢ < 4; slowing down when
O<t<] OF 2<¢<3.
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The objective is to determine when each pariicle speeding up and when it is slowing down for
each of the position functions.

(a)

The graph of the position function of a particle is:

A A i
S
| | ] 1 t
| | | | »
0 1 2 3 4
e P
Sketch the slopes of the curve as:
i A ™
5

S i

From the graph, observe that s’(r) =0 at ¢=1,3 and the position function is increasing on

the intervals (0,1) and (3,4) so the velocity function s'(¢#)> 0 on these intervals.

The position function is decreasing on the interval (1,3) so s'(r)<0 on (1,3).

For concavity sketch the graph as:

& A e
Ay

Concave

i i
The graph is concave up on the interval (2,4} as the acceleration s’(f):> 0 on the interval

(2,4) and downwards on the interval (0,2) as the acceleration s"(z) <0 on the interval
(0,2).

As the velocity and acceleration have same sign on the intervals (1,2) and (3,4) so the
particle speeds up on these intervals.

The velocity and accelerations have opposite signs on the intervals (0,1),(2,3) so the particle

slowdowns on these intervals.

Therefore, the speeds up on |(1,2) and (3,4)| and slow down on [(0,1) and (2,3)|.



(b)

The graph of the position function of a particle is:

i 5 it
F'y
| ] | IP'Ll...
0 T 2% 3 Ja
B -

Sketch the slopes of the curve as:
pok 5 ™

.
From the graph, observe that :‘"(!):ﬂ at y=3 and the position function is increasing on the

intervals (3,4) so the velocity function 5'(+)>0 on (3,4).

The position function is decreasing on the interval (0,3) so s'(f)< 0 on (0,2),(2,3).
Here, s'(¢) is notdefined at r=2

The graph is concave up on the interval (0,1) and (2,4) as the acceleration 5"(¢) >0 on the
interval ((],I} and [214) and downwards on the interval (},2} as the acceleration s'(:i‘}-\: 0

on the interval (1,2).
As the velocity and acceleration have same sign on the intervals (1,2) and (3,4) so the
particle speeds up on these intervals.

The velocity and accelerations have opposite signs on the intervals (0,]],{2,3] s0 the particle

slowdowns on these intervals.

Therefore, the speeds up on |(1,2) and (3,4)| and siow down on ((0,1) and (2,3)).
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The height of a projectile shot vertically upward from a point 2 meter above ground level with
an initial velocity of 24.5 meter per sec is § =24 24.5: —4.9¢2-

(a)

To find the velocity, integral the height with respect to r.
h(t)=2+24.5t-4.9¢

W(r)=24.5-9.8

Hence, the velocity is |V (1) =24.5-9.8¢.



The velocity after 2 seconds is,
V(t)=245-9.8
V(2)=24.5-9.8(2)

=49

Hence, the velocity after 2 seconds is |V (2)=4.9 m/s|.

The velocity after 4 seconds is,
V(r)=24.5-9.8
V(4)=24.5-9.8(4)

=-14.7

Hence, the velocity after 2 seconds is ‘V{-‘-t} =-14.7 mfs|.

(b)

The projectile reach its maximum height when v(¢) > 0.
V(r)=0

245-98r>0

24.5>98
t<25

The projectile reaches its maximum height at [t = 2.5 seconds|-

(c)
To find the maximum height, substitute the value r=2.5 seconds into the height function.
h=242451-49

=2+24.5(2.5)-4.9(2.5)"

=2+61.25-30.625

=32.625 meter

Hence, the maximum height is | =32.625 meter|.

(d)

It hit the ground when the height equals to zero.
h=2+24.51-49°
0=2+24.5-4.97

Apply the quadratic formula,

_—ht Vb —4dac

2a
~(245) = J(24.5) -4(2)(-4.9)
2(-4.9)
 —(24.5)£639.45
S 2(-49)
=5.08 sec

i

Hence, it hit the ground when the time is at 5.08 seconds.

(€)
To find the velocity when it hit the ground, substitute the value r=5.08 secinto the eguation.
V{.') =24.5-9.8¢
V' (5.08) = 24.5-9.8(5.08)

=24.5-49.784
=-253 m/s

Hence, the velocity when it hit the ground is ‘V(S.OS): -25.3 m/s|.
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(A)
First we have to get the velocity at time t
Here §=80¢—16¢
Then P {¢)= g =80-32¢
i
When the ball at the maszimum height then its velocity will be 0 that 15 V[.ifj =0
= B0-322¢=0
_80
32

=i = i = —|Zeconds

The after £ = g seconds the height will be

2
S:SDXE—MX(E]
> 2

=& =200-100

= F=T00Fees

Then the maximum height reached by ball 15 100 ft

3 First we have to calculate the time when
= =96 that 15
96 = 80z — 16¢°
=6 =5 — ¢ (Dividing by 16)

= 5 +6=0

= - -246=0

=(t-3)(¢-2)=0
This 1z frue whent=3 ort=2

Mow velocity at t=13
F(3)=80-32(3)

SELED

Iegative sigh shows that the direction of motion 15 downward
=0 when ball s way 15 downward, the velocity 15 16 fifsec while the ball 15 at 96 1f
height from ground.

Velocity att=2
V[Ej:SD—BE[E)

- 16 e

Thiz means when the ball 1z at 96 feet height from the ground and its way 15

upward then velocity 15 |16 feetis
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The height of the rock (where it thrown vertically upward from the surface of Mars with velocity
and its height after ¢ seconds)is g =15¢/—1.86¢%-

(a)

To find the velocity of the rock after 2 seconds, substitute the time ; = 2secondsin velocity of
the rock.

To find the velocity of the rock, differentiate the height equation with respectto ¢ seconds.
The height of the rock is j = 15¢ —1.86¢°-
The velocity of the rock is,
dh
V=—
di
d(15¢-1.861%)

dt
=15-3.72

Hence, the velocity of the rockis [, =15-3.72¢].

To find the velocity of the rock after 2 seconds, substitute the time ¢ = 2secondsin velocity of
the rock.

The velocity of the rock after 2 seconds is,
v=15-3.72
=15-3.72(2)
=17.56

Hence, the velocity of the rock is v[Z}: 7.56 meter/sec|.

(b)

To find the velocity of the rock when its height is 25 m on its way up and on its way down,

substitute height value in height equation, find the value of time and then substitute the
resultant value in its velocity.

Substitute the value k& = 25minto the height equation,
h=15¢-1.86¢
25=15r-1.86:"
15 —1.86¢" —25=0
.86 —15t+25=0 (multiple with"-")

From gquadratic formula,

—b £ Vb —dac

=

2a
—(=15) £ (-15) - 4(1.86)(25)
) 2(1.86)
154439
X

=5711or 2.353



The velocity at f=5711Is.
v=15=3.72r
= 15—3,?2[5.?1 I)
=—6£.24492

The negative sign shows that the direction of motion is down ward.

When the rock moves downward, the velocity is 6524492 feet/second while the rock is at a
height of 25 feet above the ground.

The velocity at ;= 2.353is.
v=15-3.72¢

=15-3.72(2.353)
=6.24684

When the rock moves upward, the velocity is 6.24684 feet/second while the rock is at a height
of 25 feet above the ground.
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The particle moves with position function s =* —4¢* =201 + 201, 2 0.

(a)

To find the time at 20 meter/second height of the particle, first find the velocity by applying the
derivative.

The velocity of the particle is,

= -l:(r* —4r* 200 +20¢)

=47 —12¢* — 401 +20
Make the ‘u’EIDEit‘_.-' is equals 1o 20 meter per second,
v=4r" —12¢* - 40t + 20
20=4¢ —121 —40¢ + 20
48 —121* - 40t =0
4¢(£ =3t-10)=0
4t(t=5)(t+2)=0
t=0,5-2

But, the value of ¢ is positive. So, ignore the negative value.

Hence, the particle has the velocity of 20 meter per second at time |t = 0secand 5sec|.




(b)
To find the time at acceleration 0, find the derivative of the velocity of the particle.

The acceleration of the particle is,

v
o=
er
d[m-‘ ~12¢2 u4ﬂ1+2ﬂ}
N d.r
=120 - 241 - 40

Make the acceleration of the pal‘tiEIE equals to O,
a=12t* —24r-40

0=12¢"—24r 40

0=3"-6:-10 (Divide by 4 on both sides)

From the gquadratic formula,

—h+b —dae

=

2a
_—(=6)%\(-6)" ~4(3)(-10)
2(3)
_6x4156
6
=3.082 or —1.082

But, the value of ¢ is positive. S0, ignore the negative value.

Hence, the particle has the zero acceleration at |¢ =3.082 sec|.
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(&)

We know that the area of a square 15 a function of its side length 16

::ui(x) =x o’

Where 15 measured in mm

The rate of change 1n area is the denvative of fi(x)
' d 2
A = —
(x)=—[#)
= | o

When the side length i3 = 15 tm the derivative of A(]ﬁ)
A(15)=2.15

=[] ot

This 15 the rate of which the area 15 increasing with respectto xas x —15 rpum

(B)

The periteter of a square 15 also a function of its side length such that
P(x) =4.x
Now we have A'(x)=2x
1
=2x2.—
2

— = (43)

We have |4'(x)=—F(x)




Hence we have that the rate of change of the area = half of the perimeter

This Area is
Alx)

New Area = AlAx + 5)

WhenAx 15 small enough 1t means Ax —0
Then the rate of change in area

— s lim —
‘i_\.x ax—l ‘i_\lx

:’% — A[:x'_‘.x+x:l—fi|:x)
}_\lx ax—0 }_\lx
Al [:’.\x+ xf -x

= —wmlim—

}_\lx ax—0 }_\lx

2 2 2
:)ﬁsshm x +[:'_\.x) +2[&xj.x—x
_&x Ax—s }_\lx

= E = lim (&x+2xj
_&x ax— 1

M
= 2x
Mx

Ths

This 15 the resulting change in area of a square when Ax —0
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2y Zide of the cube =x

Then wolume of cube, v = x°

Thus ﬁ= 3x°
ax
When x=3 mm
DN =3x(3f
x|, s

- 7 ]

It means the velume of the cube is increasing with the rate of 27 mm¥*mm when
x=3mimn.

) We have ﬁ = 3%

ax
Surface area of cube, & =617
Then lS’ =3
2
Cr, & _ls

dx 2
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(A
The area of a circle 1z a functien of r such that

Alry=mr (1)

(1 Average rate of change of area when r change from 2 to 3
Ad(r) _AB)-4(2)
b 32
a3 -t
1
=89r—4r

(23] Average rate of change of area when r changes 2 to 2.5

A(25)-4(2) _w(25) -n(2)

2.5-2 0.5
_620mw-4r 225w
0.5 0.5
)] Awerage rate of change of area when r changes from 2to 2.1
CAl21)-A(2) (21 -a(2)
- 21-2 0.1
A
0.1 01

(£)
: dd
The instantaneous rate of change of area = o
r
We have A=
dA
)L e
dr
When r =2 then A'[2:l= Zme=4m
A'(2)=4dm
(<

We have the circumference of the cicle 15 also the function of radius r such that

New Area = (r + Ar)

C[r) =2mr - (2
And rate of change of the area
Ar)=2nr

Hence |A'(r)=C(r)

When Ar ots small enough then rate of change
A(r +:’.‘w) — A[r)
m —



P A At
&2 7T lim
ay—=0 .t'_‘n.P"
& ;?T&imn(;'_‘.r +2r)

ﬁ%mﬁ.}" Hence

r
Where A4 15 resulting change in area when &y 15 very small 1.6 Ar —0
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“We have to get the area as a function of time t
Speed of traveling ripples cutward = 60  Cm/s
It means ripple travel 60cm distance in 1 second
Let the ripple covers r cm distance in t seconds
Then distance = 3peed x Time

cm Where r 15 the radius of circular ripple

ar
il CiTL
= 60 A

We have area of a circle 15

Then

A=t
Then the rate of change of area with respect to time
A ar
R s i
di it
= 23‘?[260).(605) [From step 1]
= 2x 3600
A 2
i cm
=200 K ‘
(A
The rate of increasze of area after 1 5
A 3
—  =7200m; tm
ol 11 4
(B)
The rate of increase of the area after t = 35 13
a4
— = ?200?‘!’[3)
1 oz
2
_ cm
= 216007 4
()
The rate of increase of the area after t = 53 12
dA
S ?200;?1'[5:]
oz

= 360007 cmZ

e can see that area iz increasing as time is increasing,
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surface area 1z the function of radius of the balloon such that
5= dmr?
Then the rate of change {increase) of the surface area will be the derivative of 3
with respectto r
Then the rate of increase of the surface area 1=
ds  d
=22 2 famt
I: ) dr  dr [ :l
=dr 2r = Brrr
S'(r)=87r f/e



(&)
When r = 1t then rate of increase of S(r) 13
S'(l) =8m1

£/t

(E)
When r =2 then rate of increase S(r) 13
S’[E)z Bme
e
(<)

When r =3 ft then
S'(B)z 83

gl

Here we can conclude that the rate of increase of surface area is increasing at the
rate of increasze of radius.
It means that rate of increase of = increases as radius increases
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(A)
The volume of a growing spherical cell 1z the function of radius r such that
v(r) = %mz

g8 Awerage rage of change of V, whenr changes from »r =5om to Bim or
=5x10%m to 8% 109 m [mm:m*‘m]
P (82107 )~ (5x107)
gx10% - 5107

4 34 3
EH[BXIO'G) - g;r.r[5><10*5)
3x107

—13
_ 10 i 4o 4 o
3x10% | 3 3

0% 4
- x—(512-125
3107 3 ( )

= %?T(38?).10"mm3fm

= 4347107 m® m
= 17271072 m® f1m

)] Average rate of change of V, where r changes from 5 to & 1t means
From r=5x10"m to 6x10%m

_ V(ﬁxm*ﬁj—af(:smo*ﬁj
T x10°-5x107°

4 34 3
) E?TI[SXIU_éjl —Eﬁ(ﬁxlo_ﬁ)

m¥im

1x107°

= %?TX 11%__;8 [63 - 53]

= %:arxm-m.(zm—m)

= %:}TXIU‘H.[QI)

=121.33r %1078 | 6 /o2



(2 Average rate of change of V, when r changes from 5x107° g0 5.1x107°
V(5.1x107%) - (5.0x107°)

(5.1-5)107°
4 53 4 67
5%(5.1x10 )—Eﬁ(ﬁ_oxm )
- 107

4 4 7 -1 3. 3
= x107x10 x((5_1) (57)
= %J’rxm‘“ %7651

=10.2x10™" m? f e
|= 1022107 5 1]

(Bl The instantaneous rate of change of Vwhen r =5 or 7 =35x10"m

[lﬁm = IU_GP?EJ 15 the derivative of WV with respectto ¢

dFff did4
e Doaiiifali g
dr dri 3
=i.3ﬂ?2
3
dv a
—=dnr ]
edr )

When 7 = 5x10% s the instantaneous rate of change

ﬂ=4;:r><(5><10*5j2

dr
=1007=107° %107

= 10071072 2 / 1m|

(<)

“We have surface area is the function of radius r such that
S(r)=4m? s (2
dv

And I =drd from (1)
adr

di”

e S(r) this means that rate of change of ¥ 13 equal to the
r

Thus we have

surface area.

If we draw the graph of 3{r) with respect to r and the graph of V'(rj with respect
to r on the same axes then we see that both graphs coincide to each other or over

lap thus this proves our result.
When radius r increase by Ay then average rate of change in velume

_ e
Ar

oo

W)

200
S(r

100




It Ar i3 very small then as Ar — 0
We have

A e Vir+hr)-v(r)
ﬁf‘ ar—0 ﬂ.?"

4—:-‘?'[:.?' +ﬂr‘)3 = %:’Tf’}

& lim

ar—=0 .fi‘n.?"

4 . PAA A A (A -
s — lim

3 =0 ‘.E.hr-

Thus resultant change in volume = |AF = 4% A
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€ X

e

mass f{x) = 3x°

Thus mass of the part of the rod that lies between xjend x, 1z given by
hm=f (%)= S (3)

o the average density of that part 13 = ﬂ;m = M
Ax =

The linear density © at x 15 the limit of these average density as Ax — 10

. b dm
Sowehave o=lim —="Jg/m
© sl fy dxkg
We have m = 3x kg
Then | o= T = 62| kg im
adx

(&Y Whenz=1 m

Then linear density p=6x1 m

B Linder density, whenz=2m
£=6x2 Jgim

12 kgim

(Cy  Linear density, when x=3m
= o=6x3 kgim

=[e=18 kgim

Thiz means linear density is increasing as % increases so af the left end (x =100 the

denzity will lowest and at right end highest
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The wolume WV of water remaining in the tank after t minute as
2
V:ﬁooo[l—i] 0<¢ <40
40

ar

The rate at which the volume is decreasing = — y
i



This is the rate at which water iz draining from the tanlk

av EXE
Then ——-=¥"(£)=5000.2. [1 ——] [— —]

20,020
— ~10000.—[1- £
a0l a0

—_250[1- £
40

Then rate of draining is = — ﬁ =250 1- k2 gcszony
i 40

e

(&)
Eate of which water iz draining form the tank after S m

—P(5)=250 [1 = %]

= 250[1— 1]
8

=250x1
8

=[21875  gallonsiminute

(B)

Eate of which water 15 draining after 10 minute

= 250.[1—E]
40

= 250(1— l]
4

= 250x% ; =(1875  gallons/min

(85

Eate which water 15 draining after 20 min

= 250(1— E]
40

= 250(1— l]
2

=250><l
2

=125 gallons/min]|

(D}

Eate at which water 1z draining after 40 minutes
= 250(1—ﬂ]
40
=250(1-1)

-0 gcszony _
min

=0 here we see that the rate of draining 1z decreasing as time 12 increase.
Att=40, the rate of draining of water 0 means tank has no water remaining in it
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The change Q) is the function of time t as
C(f)=¢F -2 +6+2
Then current at time t

L AQ
Yo
_42Q _
E

Hence f[z):§(£3—?£2+63+2:|
i

I{e)=3" -4 +6

This 15 current at time t



(&)
Cutrent at t= 0.5z
1{05)=3(05) - 4(05)+6
=3x025-2046

B Currentat t = 1=
() =31-4.1+6

=3-4+6
We have
I =% -4 +6
Then iy =£[3:2—4z+6)= e —d
de de

Mow %Iii):l:],when Gi—4 =0
i

2
Since, there 13 only one critical number and d—‘g) =60 forall &
2

Zo the function f(ﬁ) =3 — dr + 6 has an absolute minimum at £ = E

Thus, at time |£ =% sec |, the current will ke lowest.
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By Mewton's law of gravitation
Sl
F= 2 _(1)
Where F 15 the force exerted by a body of mass # on abody of mass M and G is
the gravitational constant. » is the distance between bodies.

(4)  Wehave F=Gmddr™
Differentiating with repeat to r

ﬁz@%Mi[r'j) [F,m,andMare constants]
dr adr
&5 WA Grmdd [-2) ™
dr
= ;g EG?M _______ (2)
dr I

This means the rate of change of F with respectto r, The negative sign indicate

that force 15 decreasing as # iz increasing,

(B)  Given that F'{20000) = -2 INikm
20mM

(20000)°
= G =(20000)
Substituting this value in equation (2), we have
4F  2(20000)°

@ 2
MNow when r= 10000 km

3

=2 {20000
Then F'(IUOOO) = (73)

(10000)
~ _2[20000]3

10000

- 16 W]
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The force  F acting on a body with mass m and velocity vis the rate of change of momentum

n,
m=—=2

F= i(mv] where the mass of a particle varies with v is
i

vl
! |——2

The mass of a particle varies with wvis,

1y
=
1-—
o2

m=

Multiply with velocity von both sides,

v
v!

1=
'

my=

Apply derivative with respectto ¢ on both sides,

Apply the quotient rule to the left side of the equation,

i|:-'?1ll.v'}=i Moy
dt ar| [~

i ”*“;(J;: [J] ()

[ dv |'_ —21’ av
di’ 2-.|'r. —‘rz- di

el R Jo

The rate of change of the velocity is acceleration i.e. ﬂ:a.

dt
Substitute the value in equation (1),
2 d'l-?
4

F=mye| —d_

Hence, we proved i.e. ( ! ]J |
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The highest tides in the world occur in the Bay of Fundy on the Atlantic Coast of Canada.
The water depth p (in meters) as a function of the time ¢ (in hours after midnight) on that

day is D(¢)=7+5cos 0.503(1-6.75)].

To find the speed ness of the tide at given time 3:00 AM, first differentiate the above function
and then substitute the time value into the equation.

D(t)=7+5cos[0.503(r-6.75)]

dD
— ==2.515sin| 0.503(¢-6.75
dt l [ ( )]

(a)
The speed ness of the fide is,
Substitute the time ¢ =3 into the equation,

dD ;
—=-2.515sin| 0.503(¢-6.75
di [ ( ]]

=-2.515sin[0.503(3-6.75) ]
=-2.515sin[-1.88625]
=-2.390899
Hence, the tide is falling at a speed of 2.39 meters per hour at 3:00 AM.
(b)
The speed ness of the tide is,
Substitute the time s = ginto the equation,

dbD ;
—=-2.515s1n| 0.503(+-6.75
2 - 2sisinfosn(-679)

=-2.515sin[ 0.503(6-6.75) |
=-2.515sin[-0.37725]
=—0.9264
Hence, the tide is falling at a speed of 0.9264 meters per hour at 6:00 AM.

(c)
The speed ness of the tide is,
Substitute the time ¢ = g¢into the equation,

dD ;
— =-2.515sin| 0.503(r-6.75
dt [ ( ]]

=-2.515sin[0.503(9-6.75)
=-2.515sin[1.13175]
=-2.2765
Hence, the tide is falling at a speed of 2.2765 meters per hour at 9:00 AM.

(d)
The speed ness of the tide is,
Substitute the time y =12 into the equation,

dD .
—r =25 15sin[ 0.503(1—6.75) |

=-2.515sin[0.503(12-6.75) |
=-2.515sin[2.64075]
=-1.2077
Hence, the tide is falling at a speed of 1.2077 meters per hour at 12:00 PM.
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Consider the Bovle’s Law,
PV=C
Where P 15 pressure and V 1s the volume of gas and C 1s a constant.

(a)
Need to find the rate of change of volume with respect to pressure.
The rate of change of volume with respect to pressure is equal to the dertvative of " with
respect to P.
Consider the Bovle’s Law,
PV =C
It can be written as,
PV=C

V= g Divide by P on both sides

Differentiate with respect to F:

£-30)
- (%)

-c o (P)

=C(-1)P ™ Use L1 — ™
dr

——cp?

SIE
|
B 0

Hence, the rate of change of volume with respect to pressure 1s

(b)

Suppose, a sample of gas compressed for 10 minutes.
From part (a)
pal
P

From the equation ¥ = g . Va:l this means, the volume decreases when the pressure

increases.
At the end of the 10 minutes the presser of the gas is increases, because the volume of the
gas decreases.

) 1
50, the pressure increases then, P— decreases.

. [
Hence, the rate of change of volume with respect to pressure —F 15 decreases.



(c)
Consider 1sothermal compressibility,
1dV

F=var

Need to prove that ,8=%

From part (a),
ay, .5
P
The equation (1) can be writien as,
__lav
P="vap
__1[ﬂ£)
vl P
<. B
v P
_1Pv
Vv P
1
P

Hence, the isothermal compressibility

Substitute

1
F=
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%%

b
P

Use Boyles™s law PV =C

Cancel out common factors

One molecule of the product C is formed from one molecule of the reactant A and one
molecule of the reactant B, and the initial concentrations of A and B have an common value

then the equation is [C]:{ e
anl +

(2)

where ) is a constant.

To find the rate of reaction of a time ¢ |, differentiate the equation.

The rate of reaction at a time ¢ is.

a’kt

[C]= (akr + I}
ﬁq_i{fm}
(m"{f+1}

dt
'y (akt+1) —.'(jmi.‘]
(akt +1)
a'k

- (akt +|}2

Hence, the rate of reaction at a time ¢ is

d[c] _

a‘k

ot

(akr+1)

7 |-




(b)

Substitute the concentration value in the above equation,

dx a’k :
—=——" |(since x=|C
dt (akt+1) ( (€]
The clamis, 4% = k(a —_x}zthis means that we need to prove that R =k(a —.r:l2
Cdr (akt+1)’ '

So,

!'r{a —x}z =a’k - 2akx + X’k

=aﬁk-2ak{(a:_:’j:]]J+k[(£T,]Jl [’“:[C]: (aj::Ti)J

_ah— 2a°k’t i a'k'r
(akt+1) | (ake +1)’

a*k(akt +1Y —(2a’k*1)(akt +1)+ 'k’

(ake +1)’
@R+ ak 4 2K - TaHL 4 26 + aRE
B (akt 1)’

_ dk
_{ar.fv:.'+l)2
_dl¢]
T
_dx

Tt

Hence, we proved ie. ﬁ=k(a—x}1.
dt

(c)

The concentrations are,

d[4] _d[B]
Tdt dt
—%=—k{a—x]z
[ _' 2a’x=kjd:
)
1
e

As [ — =0, the value lgoes toDand As x= [C] = g then the concentrations [A],[B]—:-ﬂ
t

(d)

The rate of reaction is,
d

r=—|C
~1€]

_a'k
(akt +1)’

As f— . p—().the reaction comes to stop after a long time.



(e)
From the result (c) means the end of the reaction A and B are used up to produce C.

From the reaction comes to a completion and stops after a long time.
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(4)
We will get the slope of two secant lines from 1910 to 1920 and from 1920 to
1920 these slopes are called average rate of growth, After talung the average of
these two secant line we can get the slope of tangent line which 1z called rate o
population growth in 1920,

Average rate of population growth from 1910 to 1920 15
P(1920)- P(1910) _1860-1750

1920-1%10 10
=11 wullions| year

Average rate of population growth from 1920 to 1930 12
N P(1530) - P(1920) _ 2070-1860

© 1930-1920 10
=21 millions! year

Then the rate of population growth in 1920 by taking the average of the avenges
get abowve
2]
2

=16 millions | year

Mow we will use the same process from 1980
Awerage rate of growth from 1970 to 1980 15

P(1980)- P(1970) 4450-3710
1980-1970 10

=74 millions| year

Average rate of growth from 1980 to 1990 1=
_ P(1930) - P(1980) _ 5280-4450

= =83 pallions| year
1590 - 1980 10

Then the rate of population growth in 1580
_ H+83

= |?8.5 wiillions | year

(B)

By the computer we can draw the graph and find the cubic function with help of
thiz date. Such as

Pliy= 0.00129371F —7.061422¢% +12822.979 — 7743771
This is the form of y=ax® +bx* 4ex+d

()
The rate of population growth iz the derivative of P[.ﬁ) with respect to tis
d(P() _a

oli ot

= 3[0.0012937"1);2 - 2(7.061422)¢+12822.979

d( P(e))

it

[0.001293?133 — 7061422 +12822 97% — 774377 1]

=0.00388113* —14.122844¢ + 12822 979

(L0
Eate of growth in 1920 1z

P'(1820) = (0.00388113)(1920)" - 14.122844 (1920) +12822.979
= 14307.39763 - 27115.86048 +12822 579
P'(1920)=145  millons! year |

Eate of growth in 1980 15

P/(1980) = (0.00388113)(1980)" —14.122844 (1980} + 12822 979
= 1521558205~ 27963.23112+12822 979

|7/ (1980)= 7533 mailions | year|




(E)
Eate of growth in 1985 is

P/(1985) = (0.00388113) (1985 — 14.122844(1985) + 12822, 979
— 15292 52545 28033 8434 +12822 979
F'(1985)=8166  wallons/ year |
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Let A{r)be the average age of first marriage of woman.
(2)
To determine the fourth — degree polynomial model, use the Tl — 8 plus graphing calculator.

Press the STAT button as shown below.

?E! EFILI: TESTS
Ptﬁﬂ

artDc
lrList
et IrEditor

[l T
LI'Il:IL!'ILf'I

IMove to Edit, press enter and enter the values into it as shown below.

L1 Lz L3 = i IX Lz Lz z
1950.0 | FERTTE| ______ 19750 | 24.700)

1BEC O | 23 BO0 1000 | 25200

10600 | 25 400 1985.0 | 25,501

18550 | Z4.E00 18800 | ZE.800)

1870.0 | 24,200 100E ) | 26,2010

18750 | gy.700 Z000,0

iBgog | zez00 | 0 || _Cl.

LECD=2T Lziiz) =

Press Stat, move to Calc and press 7. QuartReg as shown below.

TESTS
1:1=V3r Stats

s Z2=Ugr Stats
Med=-Med
LinEedd ax+h?
Ruadkea

s CubickEeg
Coart.Feg

CuartkEeg

Press enter button to get the final answer.

Buarticked
w=axit+hxi+ e
E='3.EF?E'E

4

.
42,
224

Rl [
I e R R

d=95 284
. 8= S86.68

Hence, the fourth degree polynomial is

\A(z)=-10?7x:0*:*+:1024H-72331r3+95x10}:—4?x|0“.




()

To find the derivative of A(r). we need to apply derivative formula.
A(1)==3.077x107°¢* +0.024r' —72.331¢ +95x10°1 =47 x 10"
A'(1)=(-3.077x10°)(4)r' +(0.024)(3)1" - (72.331)(2)¢ +(95x10")

=—12.3x107F +0.072* —144.7t + 95000

Hence, the model of A'(f)is |A —12.3x|0"r‘+0.0?2r‘—144.?r+95000\.

(c)
To find the rate of change of marriage age for women in 1990, substitute the value 1990 into r.

The rate of change of marriage age for women in 1990 is,
A'(1)==123x10"°¢" +0.072¢* ~ 144.7¢ +95000(2) 1 +(95x10°)

A'(1990) = -12.3x10°° (1990)" +0.072(1990)" ~144.7(1990) + 95000
==96924 + 285120 - 287953 + 95000
=-4757.17

Hence, the rate of change of marriage age for women in 1990 is |A'{I990)= —4757.17|.

(a)
To plot the data points and models, use the TI-84 Plus graphing calculator.
First press 2nd + Y= button and on the 1. Plot1..0n.

The display is as shown below.

[ L P ﬁ
==t L1 o
ZiPlot2. DF?
| S Lz o
R PlﬂtSNDF?
[ L1 o
4¢Flnt5DFF

Press enter button then select options is as shown below.

Flotz  Flot:
't

ypo: B8 -
HH- HIH |~
Hlistil
V1istilL:
Mark: B +

Use the window settings is as shown below.

I MO0
mmin=1945
XMax=20n5
"aCl=
Ymin=26
Ymax=3a
Yo l=2
ares=10




Press graph button for final graph.

30

1945k - .. . . . . .. . 42005
20

Press Y = button and enter A(r)=-3.077x107°¢* +0.024¢ - 72.331¢* +95x 1071 - 47 x10°

model.

The display is as shown below.

A Flotz_Flots
B7E92287E
BA TG+, 293
E2ESR 3+ -7
FA2e248K"2
383651916

24986, 6023

Press Graph button to get the final graph.

30

145k o o o o 2005
20

Press Y = button and enter AT;):_423x10411+nﬂ?zﬁ-444jf+qsonnrnodm

The display is as shown below.

Flotl Flote Floks

H+'4?224996 =l

H?EE 12 3*19“('6
2 IT4A, 7 2R E—
44, FHx+350600
W=

wWy=

Adjust the window settings is as shown below.

W T DO
Amin= -46
amax=4H

Ascl=
Ymim=200004
Ymax=188aaa
Y=o l=1000
Xres=]




Press Graph button to get the final graph.

100000

140

Chapter 2 Derivatives Exercise 2.7

The relation ship between v and r 1z given by the law of Laminar flow such as

v= i[Rg - :l
Al
Where # 15 the wiscosity of the blood and P is the pressure difference between the
ends of the tube

Here P is given= 3000 dymesicmy and R=0.01cm, /=3cm

I R=10.01 em IT

!"— Jcom I

(&)
When + =0, the velocity of the blood is
2
ya P e 22
4 dand
_3000x(0.017 3000001
T 4x(0.027)(3) 12x0.027
0.3

0324
= oM
»=0%5259 4

When r = 0.005cm then velocity of the blood 15
3000 [(0.01)2 = (0.005)1 3000% [7.5 x107
T ax(o0?x3 | 12x0027
_ 0225

0324

v=0694 cmfs

WWhen r=E then velocity of the blood iz
3000((0.01" ~(0.01)°)
Y T Ax0.027x3

~ =01y

B The velocity gradient = ?
s

av d[M}

dr _ar|  4mi

Here Fn Rand! are constant so
& _ ii( R -7)

ar Anl dr



F d

=——[0-2r]
dnd dr
&P
dr 2ni
Velocity gradientatr=0 cm
dv_-PO_0
dr 2l 2xi
dv\, —-F.(0.005)
= f s )
dr oo 2

_ ~3000x(0.005)

2% 0.027=3
=15
0.162
v
= — = —92.59(.:';?3:’5);’5;?3
ar | g0
Velocity gradientatr=0.01cm

dv  —3000%(0.01)  -30
dt . 2x0027x3 0162

av

dr

:}_

=-185.183 [cm:’s)fcm

¥ =) 005

()

From part (&) we can see that whenr =0 the velocity v=0.925% and whentr =E
the velocity v = 0 hence we can conclude that velocity of blood 15 greatest along
the central axiz of the tube.

We see that when r =F the velocity gradient 13 lowest this means at the wall of
the tube the velocity of blood 15 changing most.

Chapter 2 Derivatives Exercise 2.7

The fr

Where

(&)

(2)

equency of vibrations 15 given as
1 T

f=—|—
2EY e

L is the length of string, T is tension and 2 13 linear density

1 The rate of change with respect to the length when T and 2 are constants
is.

#_d|1]]T
dl. drlz2rlye

1T a1

oV odi L

ol E[_L]
2y ol 1P

df 1 [T

L 20Yp
The rate of change with respect to the tension when L and & are constant

g d1d F

dT dT|2LYp

_ldfT)_ 1447

C2LdT\Ne) 2LdT \fp

e g

2L JpdT



ro|

;imx:;[l LJ
2L [p dT 2L [p\2 T
a1
dT  aLJoT

)] The rate of change with respect to the linear density &, when L and T are
constants

B ] A
do dpelziVe

_ 14T
ToLdel\e

_ﬁi[ 1 1-@1(;}—%)

T 2LdplJo) 2Lde
_AT(_1 %
£
1 4T

df 1 4T 1 JE

di 4Lpﬁ _41.,0 o

(B)

(13 When L iz decreasing so the frequency iz increasing because the rate of change of
frequency or derivative of frequency with respect to L iz negative. Thus pitch is
increasing.

(2) The rate of change of for derivative of £ with respectto T is positive so when T is
increasing, £1z also increasing thus pitch 1z increasing.

{31 The rate of change of { or derivative of { with respect to £ 15 negative 20 when
linear density iz increasing, {1z decreasing thus pitch 13 decreasing,
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(b)

Substitute y = 200in marginal cost function C"{x} =12-0.2x+0.0015x" dollars per yard .

-

C'[EOD] =12 -0_2(2{]0] +(0.001 5[200} dollars per yard
=12-40+60

=(32 dollars/yard

This is the cost of producing 201st yard of fabric because it is how (is changing when xis
already 200.

(c)

Substitute y = 201in to the marginal function
C'(x)=12-0.2x+0.0015x" dollars per yard . then the value C'(201)is.
C'(201)=12-02(201)+0.0015(201)’

=12-40.2+60.6015

=32.4015
= 32 dollars/ yard

Observe the result in part (b) and part (), it confirms that both results are the same.
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Consider the cost function,
C(x)=339+25x-0.09x" +0.0004x" oo (1)
(a)

The objective is to find and interpret C'(100).

Differentiate equation (1) with respect to t to obtain that,

C'(x)= %{339 +25x-0.09x" +0.0004x” )

=25-0.18x+0.0012x°
Replace x by 100 to obtain that,
C'(100) = 25-0.18(100)+0.00]2{I00}3
=25-18+12
=19

This is the rate of change of cost relative to production, so this estimates how much the cost
will increase per unit increase in production. It will cost to produce each extra unit.

(b)
The objective is to compare C'(I{}O} with the cost of producing the 101st item.

The value of the function C(101) gives the cost of producing 101st items. To get the cost of

producing the 101st item, take that total cost and subtract the cost for producing the first 100
items.

€(101)-C(100)=[339-+25(101)-0.09(101)" +0.0004(101)'
~[339+25(100)-0.09(100)" +0.0004(100)' |

=[339+2525-918.09 +412.1204] - [339 + 2500 - 900+ 400]
=[$19.0304

Thus, the actual cost of producing the 101st item is about [3.04 cents|-
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Average productivity of the worle force at the plant is

A(x) = @
(&) Alx)= %[A[x):l

A

By using Quotient law

_FER HE)
J;l'[x) - [XP’I:X)X;P(X):I‘
Alx)=0

=xP[x)-P(x)>0
=xP'(x)>Plx)
2o productivity 12 directly proportional to the number of workeers zo if workers are

increased, the productivity will also increase that 13 why the company wants to
hire more wotleers for increasing the productivity



®) If A(x)>0

_ [xP’[x:l - P[x)]

=|P(x) > A(x)| Thus P'(x) is greater than A(x)

Chapter 2 Derivatives Exercise 2.7

The area B of the pupil is defined as
04
R 404 24;2
1+4x™

) Sensitivity 5 = the rate of change of the reaction with respectto =

_dR
dx
dR o {40+24x"*
Heteeic—=amlbr—— 20—
dx  dxl 14+4=x

Tsing the Quotient rule
dR [1+4x0'4:l (24. (0,4)_;;”"“1)_ [404_ 24;:0'4) [4(0_4) xu.-;_l:l

dx (1442°%)’
E (1+4x°"‘j[9.6x“)—(40+ 24;;”-“)[1.6{”)
- (14427

1+4x”-*)—(40+24x°-'*))
(14427

16[6+24x" =40 -242""]

[1_6;;“)(6[

“dR 544

8BS = e R LRI T
dx ;08 [1+4x0'4:l

B) For instant we take the values of x=1,2, 3, 4,5, 6

:::::

x | R(x) S(E)
1 ]128 -2.18
2 [ 1141 | -0.91
3 1071 | -0.54
4 | 10.27 | -0.37
5 |9585 -0.28
6 | 870 -0.22

With help ofthis data we can draw a graph of R(x) and 3(x) in figure 1

=0

| N

=50



At low lewel of brightness E iz very high. It means the area of pupil B is higher,
But the sensitivity 3 is decreasing fast at the law level of brightness. It means
sensitivity will be lower at low level of brightness.

We expect that brightness should be optimum (net too much high) for good
sensibivity
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The gas law for a ideal gas at absolute temperature is
FV=nlT (1)
Where T (in Eelvin), Pressure P (at m) and volume V (Liters) ,nand B are
constants
Differentiate the equation (1) with respect to t (time)

2 (Pry=nrZL

Pt Petd

g dT L B
di nR dt

Ev using product rule

a7 1 " P
=—=—|F —4 — -— (2}

df nR i i
How we have rate of volume with respect to time = -0.15 Limun
o

ﬁ:—L'J.lS Limin

i

And rate of increase of pressure with respect to time t 15

daF

—=0.10  atmimin
dt

And B =00821, n=10 mol{given)
And P=230atm, V=101

Thus the rate of change of T with respect to time t is
47 1 a4 dr
—=—|P—4—}
di mR| d it
1

" 10%0.0821
[1-1.2]

0321
02

© 0821

[8x(~0.15)+10x(0.10} ]

‘Z_T AT B
i
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(&)
The rate of population change of the fish 1z given as
dF P(t)
—=r|1-—=|FP[¢t)- APt
2 (- 2)e0- 220
Where #, iz the birth rate of the fish, B is the carrying capacity and 8=
harvesting rate.
dF ;
= =0 Corresponds to a stable population
L
(B

E£=10,000, #=5%=0.05 and § =4%=0.04

We get the stable population level when ij =0
i

= [1-20] (- (=0




5
_ Pt) _1.4.1
10000 3 9

= P[r.:l = == = P[r.:l = 2000{This 1z stable Population level
(<)

When 8=25%=005zsa P[r.:l =0 thus stable population level will be 0
Thus there 15 no stable population.

Chapter 2 Derivatives Exercise 2.7

The interaction has been modeled by the equations

d—c =g — bow, d—w = —ow +dow
it it
(4
For the stable populations
d—c =0| and .::t‘_w =0
it ot
(E)
The caritbou go extinct, meansc =10
()

Here, a=005,b=0001,c=005 and 4=0.0001 then
First pair (¢, w) that lead to stable populations = (0, 0} another pairs we can getby
putting the values of a, b, c and d in both the equation for stable population.

ac—bew=0 and —cw+dew=10
=g =5bw and c=dc

X c
=w=— and c=—

(.05 d 0.5

= and o=
0.005 00001
=w=50 and =500

Thus we have two pair (0, ) and (500, 207, Yes 1t 15 possible for the two species
to live 1n balance.



