4.3 Wave mechanics

Potential step”

V(x)
incident particle Vo
I II
0 x‘
. V  particle potential energy
?ﬁiﬁgil V(x)= 0 (x<0) (4.38) | Vo step height
Vo (x=0) i (Planck constant)/(2m)

W2k =2mE (x<0) (4.39) k,q particle wavenumbers
Wavenumbers 20 m  particle mass

W =2m(E—Vo) (x>0) (4.40) E  total particle energy
Amplitude k— ' )
reflection r— q (4.41) r amplitude reflection
coeflicient ktq coefictent
Amplitude ok _ o
transmission t= ta 442) | 22%&‘;?; transmission
coefficient q

Tk )
Probability T E(l —Ir) (4.43) Ji  particle flux in zone 1
currents? = hg ‘t|2 (4.44) Ju  particle flux in zone 11
m— .
m

“One-dimensional interaction with an incident particle of total energy E=KE+ V. If E <V then ¢ is imaginary

and |r|>=1. 1/|q| is then a measure of the tunnelling depth.
bParticle flux with the sign of increasing x.




Potential well?

V(x)
incident particle
p 1 _, n g I
L ]
—Vy
V  particle potential energy
Potential 0 (Ix]>a) Vo  well depth
function Vi(x)= {_VO (Ix| < a) (445) i (Planck constant)/(27)
2a  well width
W X h2k2 —=2mE (‘x| > a) (4.46) k,q particle wavenumbers
avenumoers 20 m  particle mass

Wq"=2m(E+Vo) (x|<a) (4.47) E  total particle energy
Amplitude . o .
reﬂeI:: tion L ie~2ke(¢% —k?)sin2qa 448) | " amplitude reflection
coefficient 2kqcos2ga—i(q?+k?)sin2qa ’ coefficient
Amplitude dika . .
transmission 1= qu.e . (4.49) t am}%lt'ude transmission
coefficient 2kqcos2qa—i(g®+k?)sin2qa coefficient

Tk )

Probability = E(l —Ir) (4.50) ji particle flux in zone 1
currents? . hk Ju  particle flux in zone 11

]III:*M2 (4.51)

m
Ramsauer nh*n? n  integer >0
effect® En=—Vo+ 8ma? (4.52) E, Ramsauer energy
lkl/q even parity

tanqa= 4.53
Bound states 1 —q/lk| odd parity (4.53)
(Vo< E <0)¢ . s

q-—k|*=2mVy/h (4.54)

“One-dimensional interaction with an incident particle of total energy E=KE+V >0.

bParticle flux in the sense of increasing x.
“Incident energy for which 2qa=nn, |r|=0, and |t|=1.
dWhen E <0, k is purely imaginary. |k| and ¢ are obtained by solving these implicit equations.




Barrier tunnelling®

V(x)
Vo
incident particle
I 0§ 111
—a 0 a )C>
V  particle potential energy
Potential 0 (x|>a) Vo well depth
function Vix)= Vo (Ix|<a) (4.55) i (Planck constant)/(2m)
2a  barrier width
W, b k  incident wavenumber
) zv;:numl;:r k> =2mE (Ix]>a) (4.56) | tunnelling constant
e R om(Vy—E) (x| <a) (457) | particle mass
E  total energy (< Vp)
Amplitude —ie2ke(k2 4 x?)sinh 2Ka . .
reflection r= ) IV r ampht}lde reflection
R 2kxcosh2rka— l(k —K )Slnh 2Ka coefficient
coefficient (4.58)
Amplitude aika . o
transmission t= 2k1<'e R (4.59) ! 22%1;233 fransmission
coefficient 2kxcosh2xa—i(k? —x?)sinh2xa
4k2 2
e AL 5 (460)
Tunnelling (k% +x2)?sinh” 2ka + 4k?k - _
e 2.2 unnelling probability
probability  16k7k )
>~ m eXp(—4lca) (|[| < 1)
(4.61)
Tk ,
Probability = E(l —Ir) (4.62) Ji  particle flux in zone 1
currents? jm _ % |t\2 (4.63) Ju  particle flux in zone 111
m

“By a particle of total energy E=KE+ V, through a one-dimensional rectangular potential barrier height Vo> E.
bparticle flux in the sense of increasing x.

Particle in a rectangular box“

Eigeg- 8§ \'"?  Inx mny . nnz | P  cigenfunctions
functions Wi = % s 7 sin A s ? a,b,c box dimensions
(4.64) I,m,n integers > 1
Ejun ener
Energy . PR omr on? hl Plangci x
levels Eimn = SM \ a2 + b2 + 2 (4.65) constant v
M particle mass
D ; f 4 p(E) density of
Y oL (B)dE = T2 2MPE)/2 dE (4.66) states (per unit
states h volume)

“Spinless particle in a rectangular box bounded by the planes x=0, y=0, z=0, x=a, y=b, and
z=c. The potential is zero inside and infinite outside the box.



Harmonic oscillator

Schrodinger

Fi oy, 1

2.2,

equation o a2 T MO X Wn=Enpn (4.67)
Ener 1
oo E,— (n+ 2> fiw (4.68)

| _ Hy(x/a)expl—x*/(2a?)] 469)
Eigen- (n!2naml/2)1/2
functions Ao\ 12

where a= ()
mow

Hermite Ho(y)=1, Hi(y)=2y, Hy(y)=4y’—2
polynomials  H,1(y)=2yH,(y)—2nH,_1(y) (4.70)

(Planck constant)/(27n)
mass

nth eigenfunction
displacement

integer >0

angular frequency

total energy in nth state

Hermite polynomials

dummy variable

“Ey is the zero-point energy of the oscillator.




