Mathematics

(Chapter - 2) (Inverse Trigonometric Functions) (Exercise 2.1)
(Class - XII)

Question 1:

Find the principal value of sin™! (— %)

Answer 1:
1 1 T T

Let sin~?! (— E) =y, thensiny = —- = —sin (g) = sin (— E)

m T

We know that the range of the principal value branch of sin ' is [-;,EJ and sin (- %) =z

Therefore, the principal value of sin™ (%) g«

6
Question 2:
Find the principal value of cos™* (?)

Answer 2:

Let cos™! (?) =y, thencosy = ? = €0S (E)

We know that the range of the principal value branch of cos™ is [0, 1t] and cos (6

Therefore, the principal value of cos™ (?) is E.

Question 3:
Find the principal value of cosec™ (2).

Answer 3:

Let cosec™ (2) = y. then, cosecy = 2 = cosec (g)

T

E)=§

The range of the principal value branch of cosec™' is [ - “] -{0} and cosec (E) =2

2’2
Therefore, the principal value of cosec™' (2) is E.

Question 4:
Find the principal value of tan™!(—v3).

Answer 4:
TT

Let tan'l(-\/§) =y, then tany = -V/3 = 'tﬂng = tan (- 5)

We know that the range of the principal value branch of tan™ is ( " —) and tan

. . =] ) . “_TE
Therefore, the principal value of tan ( \/§) 1S - 2.

Question 5:

Find the principal value of cos™* (— %)

Answer 5:
1 1 T T 2T

Let cos™ (E) =y, thencosy = -- = -COS — = COS (n- E) = COS (?)

We know that the range of the principal value branch of cos™' is [0, ] and cos (

o af 1. 2
Therefore, the principal value of cos™ (E) 1S ?ﬂ

21'[)_ 1
3




Question 6:

Find the principal value of tan™' (—1).
Answer 6:

Lettan™! (—1) = .

Then, tany = -1 = -tan G) = tan ( ;—T)
We know that the range of the principal value branch of tan™' is ( g , g) and tan (- E) = -1

Therefore, the principal value of tan™' (—1) is -E.

Question 7:
. L 1(2
Find the principal value of sec ( ﬁ)'
Answer 7:
| -1(2) _ _ ° _ it
Let sec (ﬁ) = vy, then secy = 7 = Sec (6)

We know that the range of the principal value branch of sec™ is [0, ] — {g} and sec (E) =
2

=
; y i i ; E
Theretore, the principal value of sec ( ﬁ) 1S —.
Question 8:
Find the principal value of cot ~1/3.
Answer 8:

Let cot' /3 =y, then coty = v/3 = cot (E)

TT

We know that the range of the principal value branch of cot™' is (0, ) and cot (6) =+/3.

Therefore, the principal value of cot'v3 is g.

Question 9:
Find the principal value of cos™?! (—- %)
Answer 9:
Let cos™ (- \X_li) =y, then cosy = -% = -COS G) = COS (n- E) = COS (3—:-)

We know that the range of the principal value branch of cos™ is [0, 7] and cos (?) = -—,

1\. 31

P : -1 ; O
Therefore, the principal value of cos (-— E) s —.




Question 10:

Find the principal value of cosec"l(—\/f).
Answer 10:

I et cosec_l(—ﬁ) =y, then cosec y = —V/2 = —cosec (g) = cosecC (— E)

We know that the range of the principal value branch of cosec™ is [gg] -{0} and

cosec (- g) - -\/E

. . q ’ . _E
Therefore, the principal value of cosec ( @ 1S -—.

Question 11:
i -] -1 . l pp— | . 1
Find the value of tan™" (1) + cos ( 2) + sin ( 2).
Answer 11:
Let tan™*(1) = x,thentanx = 1 = tan%

We know that the range of the principal value branch of tan™' is (— = E) .

JIA
~tan~1(1) =

4
Let cos™?! (— -3-) = v, then

B 1__ T ( :rr)_ (271')
COSy = 5 = cosg—cos T - = €085 3

We know that the range of the principal value branch of cos™ is [0, 7].

Sinz = —% = —-sin% = Sin (—g)

We know that the range of the principal value branch of sin™! is [—E, E].

2" 2
. 1 T
s sin™ (—) = -—
2 6

Now,
tan'1(1) + cos™ (- %) + sin’! ( %)

_n+21r TI_3?T+8?I—'2H_9T[_3?I
4 3 6 12 12 4




Question 12:
Find the value of cos™? G) + 2sin~1 (1)
2 2

Answer 12:

2 1 1 s
Let cos™t (5) = X, then cos x = ~ 5 cosg

We know that the range of the principal value branch of cos™ is [0, T].

<f 1 T
<« COS -] = —
2 3

- 1 ; 1 .
Let sin™? (E) =y, thensiny = > = sm%

M T

We know that the range of the principal value branch of sin™' is [ = -2-].
i gin 1) =%
e (2) 6
4 (1 (1 [ T w27
Now, cOS ()IZsm (—)=—+2><g= F— = —,
Question 13:
If sin™! x =y, then
(A)0O<y<m (B)—><y<- Q0<y<m (D)-5<y<->
Answer 13:
It is given that sin”' x = y.

m T

We know that the range of the principal value branch of sin™' is [ E’E]'

Theretore, -g- Sy < g

Hence, the option (B) 1s correct.

Question 14:

tan~'v/3 — sec™1(—2) is equal to

(A)m B) -3 (OF (D) =
Answer 14:

Let tan™1v3 = x, then tanx = V3 = tang

We know that the range of the principal value branch of tan™" is ( = E).

2’2
T
~ tan'1V/3 = 3

T

Let sec(-2) =y, thensecy = -2 = "Sec— = sec (n— —) = sec (—)

We know that the range of the principal value branch of sec™ is [0, T]- {g}
= seet(-2) = z?ﬂ
Now, tan"1v3-sec(-2) = L P

3 3 3

Hence, the option (B) 1s correct.




Mathematics

(Chapter - 2) (lnver‘se Trignnometric'Func'tions] (Exercise 2.2)
(Class - XII)

Question 1:

Prove that 3sin™*x = sin *(3x — 4x3), x € [— =

2 "E]'
Answer 1:
Let sin"1x = 6, then x = sin #. We have,
RHS = sin '(3x — 4x3) = sin (3 sin 8 — 4sin38)
= sin"1(sin360) = 30 = 3sin"'x = LHS

Question 2:
Prove that 3cos 'x = cos™'(4x°® — 3x), x € E, 1].

Answer 2:
Let cos™'x =6, then x = cos 8. We have,
RHS = cos 1(4x® — 3x) = cos*(4cos36 — 3cos8)
= cos 1(cos 30) = 30 = 3cos 'x = LHS

Question 3:
_1ﬁ1+x2—1

X

Write the function tan , X # 0, 1n the simplest form.

Answer 3:

\/ 2
Given function tan™1 lt :
[etx =tané
- L V1+x2-1 _ _1\/1+tan29—1
M X ey tan @
_, (sect—1 _, (1 —cosb
= tan ( ) = tan ( . )
tan @ sin &
Zsinzg 0
= tan~! 5 5| = tan™ 1t (tan E)
2 sm?—cos—z—
6 1 R
= —=—tan" 'x
Z 2

Question 4:

1—-cosx

Write the function tan™! ( J ),x < 717, 1n the simplest form.

1+cosx

Answer 4:

1—cosx

1+cosx

The given function is tan™?! (\/

1 —cosx
=k = tan~1

tan

,ql-l—cosx

-y

X
tan? —

2

) == tan~ !

), Now,

. 2 X
28in >
X

3 &
2C0S o

\

(

tan ;) = ;




Question 5:

Cosx—sinx T 3T . .
),—— <x<-—5 the simplest form.

Write the function tan™?! ( p

cosx+sinx
Answer 5:

CcoSs x—sin x)

The given function is tan™? ( .
COS Xx+SInx

Now,
_ 1 sin x r ok
COS X — Sinx —anx
tan_l ( - ) — tﬂn_l C?Sx = tan_l ( )
cos x + sin x 1+smx 1+ tanx
COS X
T
1 —tanx tanzh—tanx
= tfm_l( ) = tan™' T
1+ 1.tanx 1+tanz.tanx
tan~? [tan (7 - %)| = 7
= tan an\——XJ|l=——X
4 4

Question 6:
" % % =1 X " i .
Write the function tan Nl |x| < a, in the simplest form.

Answer 6:
’ | . = X
The given function is tan Ve

[Letx =asinf

» X " asin@ g asinf
s tan = tan ( ) = tan ( )

Va2 — x?2 Va2 — a?sin?0 avl — sin2@
a sin @ X
= tan~! ( : ) = tan"1(tanf) = 6 = sin~ ! —
asin @ a

Question 7:

3ax — x3 —a a

V3 V3

Write the function in tan™! ( ) ,a > 0; , the simplest form.

a3 —3ax?

Answer 7:

3ax —x3)

The given function is tan™! (
a3 —3ax?

letx =atan®

- 3a‘x — x° o 3a2.atan @ — a3tan30
o LOAN = tan
a3 — 3ax? a® — 3a.a’tan’6

a3 — 3a3tan<@

o (3tan9 — tan39)
= tan

— (3a3tan6 — a3tan39)
= tan

1 — 3tan‘6

= tan"*(tan36) = 36

X
= 3tan~! —
a




Question 8:
Find the value of tan™1 lZcos (251'11_1 1)]
2

Answer 8:

The given function is tan™* ’2605 (ZSin‘l %)]
. tan™! [2605‘ (ZSin“l %)l = tan™* [Zcos (25in‘1 (sin E))]

= tan™ lZcos (2 X g)] = Tai [ZCOS (E)] =3 [2 X %] = tan"[1] =

3 4

Question 9:

Find the value of tan - [sin‘1 X +cos1= y
2 1+Xx 1k
Answer 9:
= | 2% = 1—}’2
The given tunction 1s tan - [sm -+ cos 2]
1+x 1+y
SO
tan [sin‘l 4+ cos™1= yE]
1+x +y
t 1[2t “Ix 4+ 2tan™'y] [as 2tan™! 12X a 1=
= tan—|2tan™ 'x an as 2tan™'x = sin = 0K
2 . 1 4:x2 1 4a?
1 x+y X'y
= tan—=[2(tan"'x + tan” = tan[tan™'x + tan” tan [tan‘l =
> [2( 'y)] = tan| 'yl = =yl ~ T2y

Question 10:

Find the values of sin™" (Sm 2:)
Answer 10:

Given that sin™? (Sm 2;)

We know that sin”! (sinx) =xif x € [—g,ﬂ which is the principal value branch of sin'x.

— | - | - ~ T A R | T m
S SN SIN— ) = SIn SN — — = Sin Sin— ) =-—-€|——,—
3 3 3 3 2 2

Hence, sin™* (sin %ﬂ) = g

Question 11:

Find the values of tan™ (tan 3;)
Answer 11:

Given that tan™ (tan 3:)
7 | R |

We know that tan ' (tan x) = x if x € (—; 5) which is the principal value branch of tan 'x.

. tan” (tan _3%1’) = tan~1 (tan {ﬂ: — g}) = Fai (— tan g)

= tan™! (tan {—g}) = —% € (—g%)

T

Hence, tan™ (tan BH) — —
4 4




Question 12:
Find the values of tan (sm‘1 2 + cot™?! 2)

Answer 12:
. 3 3
Given that tan (sm “12 4 cot™1 2)

.3 .3 3 2
S tan (SITI — + cot —) = tan (tan + tan —)

9 2 V52 — 32 3
_ a a a b
[as sin~1—=tan™? and cot™ = = tan"1 -
b Vb2 — qa? b a
t (t ‘13+t ‘12)
=tan|tan =+ tan~1 -
4 3
T+ il 17\ 17
_ -1 4 " 3 _ | 4 X3 _ R
= tan |tan 1 §x3 = tan | tan T — 3% -—tan(tan 6)_ z
4 " 3 4 X 3

Question 13:
cos™! (cos ?—) is equal to
7T T T
A= BE (©OF (D)~
Answer 13:

: _ 7
Given that cos™? (cos f)

We know that cos™ (cos x) = x, if x € [0, ], which is the principal value branch of cos™x.

_1( 7H)
& COS cCoS —
6

= 0085 [cos (211' — S—H)]
6

= Epg (cos EE) = S?H € |0, 7]

_ 1T 5
Hence. cos™*! (cos ?) ol

Hence, the option (B) 1s correct.

Question 14: sin (13_: — sin™! (— %)) is equal to
1 1 1
(A) > (B) - (C); (D) |
Answer 14:
Given that sin (E — sin~?! (— 1))
3 2

m 1

We know that the range of the principal value branch of sin™' is | — E’E]'




3 (g _ sin? (_g))
(

: rT .
= Sin |- — sin
3

=2
fr——
2
=
I
| A
e’
—

: [Tf -
= §in |= — sin
3

= Sin (g | Z) = sin (3?”)

= sinz =

Hence, sin (g — sin~ 1t (— %)) =1

Hence, the option (D) 1s correct.

Question 15:
tan~'v3 — cot~*(—V/3) is equal to
(A)m (B) -3 (C)0 (D) 2V3

Answer 15:
Given that tan™'v3 — cot~!(—v/3)
mw 7T

We know that the range of the principal value branch of tan™' is (— =y 5) and cot™' is (0, ).
s tan~ V3 — cot™1(—V/3)

= tan " (tfm g) — cot™? (—cotg)

e cot™? [cot (n — E)‘

3 6

T 1 ST
=§—cot (cot?)

m 5m 2m—5m 3T T
-3 68 6 & 2

T

Hence, tan~1/3 — cot‘l(—@) .

2

Hence, the options (B) 1s correct.




Mathematics

(Chapter - 2) (Inverse Tri‘gonnmetric Funct-ions]' (Miscellaneous Exercise)
(Class - XII)

Question 1:
Find the value of cos™?! (cos an)
Answer 1:
Given that cos ™} (cas an)
I

We know that cos ' (cos x) = x if x € [0, ], which is the principal value branch of cos 'x.

13”) — cos-1 [cos (2-,1 + g)] = 005 (cos E—) = % € [0, m]

s cos~ 1 (cos

| &

- 131
Hence. cos™? (cos T) ==

Question 2:
Find the value of tan™! (tan %ﬁ)

Answer 2:
_ _ 7
Given that tan™1 (I‘[IH T;E)

We know that tan ' (tan x) = xif, x € (—gg), which is the principal value branch of tan 'x.

» tan™! (tan 7%{-) =tan " [tan (ﬂ' + g)] = tan™ (tan g) = g
Hence, tan™?! (tan %ﬂ) = %

Question 3:

Prove that ZSIH_IE = tan~! -2?4.
Answer 3:
— Yein—13 — -1_ 3 =12 _ . —1__ @
LHS= 2sin : 2tan W= [as sin™" — tan b'ﬁ—fﬁ‘
3 ZX%] 2x
= 2tan~" 1= = tan~1 as 2tan”"'x = tan™!
-(3) |
- 3 16 24
_ -1 2 _ A e P -127 _
= tan T6—0 = tan (zx 7) tan - RHS
16
Question 4:
. arin2 8 o gt o T
Prove that sin T + sin == tan e
Answer 4:
LHS = sin~! i + sin~?! 3
B 17 5
i 8 i 3 . _qa > a
= tan + tan [as sin —— = tan ]
V172 — 82 V52 — 32 b Vb2 — a?
8 3 - 7 - +
E-L X
= tan~1— + tan~1> = tan~1|—12_% as tan”'x + tan™'y = tan™! ( .4 )‘
15 4 183 1 —xy
15 7 4.
32 + 45 Vs -
. - 15 X 4 —_— - @ — ’ SN —
= tan TS x4 —8 <3 = tan 36 = tan 36 RHS
15X 4 60 .-




Question 5:

. , -1 4 ~112 -133
Prove that cos : + cos — = C0s " —
Answer 5:
LHS = cos—1 4 poe-t 12 _ _l\/52—42+t V32— 122 L8 _, YD~ g*
= COS 2 CoS 13 an 2 an 5 as cos = an -
3 5 e 4
| X
= tan‘lg + tan™! = tan~1 , jg izi [as tan"'x + tan"'y = tan™! (1 - ;;)]
4 " 12-
36 + 20 - - L
_ - 4 X 12 _ =4 _ - [ 4B - ]
= tan~! = } — = t — =
an % 3}2 ___13 v an 33 COS N TTERTT as tan 7 cos W g
X
A 33 _133 RHS
= CO0S =S —=
V4225 65
Question 6:
. , -112 =13 _ ;. —136
Prove that cos 3 + sin = =Em T
Answer 6:
LHS = cos™ ! L5 + sin~ ! -
- T3 5
; N 1835—122 5 B l ,a , Wb~ g -, ., a
= tan + tan as cos " —=tan and sin™ " — = tan
12 V52 — 32 b a b Vb2 —a?
5 3 , : 3 : +
9T : 4
— tan~'— + tan~1> = tan~1|—12_4 [as tan 'x + tan'y = tan™! ( i )]
12 4 1 — S .3 1 —xy
12 7 4.
20 + 36 -
_ ~4 12 X 4 _ - g &8
St T x4a—-5x3| " 33
12 X 4
=1 56 =19 .o —1 “
= Sin [as tan™" — = sin _ : ‘
V562 + 332 b JoI + b2
= sin~! B0 e sin'lﬁ = RHS
V4225 65
Question 7:
: -163 _ . -1 -13
Prove that tan — = Sl = + coS -
Answer 7:
RHS = sin™! > + -13
=sin""—+cos™ "=
13 5
i 5 _1\f53—32 4@ _l\/bz—az 4@ o a
= tan + tan as ¢os ——=1an and sin™ " — = tan
V132 — 52 3 _ b a b Vb2 —a?
5 4 > +4 +-
2 s W e
— tan~'— + tan~1= = tan~1!|—12_3 [as tan"'x + tan"t'y = tan™? ( ? )]
12 3 -2 4 1 —xy
12 7 3.
15+ 48 e
_ 4 12 X 3 i
= tan 9% 3 —E x4 tan 16_RHS
12 X 3




Question 8:

. | -1 _1 -1 (1-Xx
Prove that tan™x = - COS (1+x) ,x € [0,1]

Answer 8:

1 1
LHS = tan™Wx = =% 2tan”"Wx = 5% 2tan™x
_ . _ _ .

1 1—(Vx | 1 — x?
= —cos~?! ( )2 as 2tan""‘x = cos™ :

2 1+ (Vx) | & =i
_1 -1 (1-x\ _
teost (52) -

Question 9:

= 1+sin x+v1-si
Prove that cot 1(1"/ SIng4% Smx) —g,x = (O,E)

V1+sinx—v1-sinx 4
Answer 9:
I8 T
. Vi+sinx + V1 —sinx B \‘1+c05(§-x)+¥1—c05(-2-—x)
LHS = cot ¥y = = cot r
sinx — — sinx T T
N1+cns(§—x)—w1—cos(j—x)
14+ cosy+./1—cos T
= cot ™1 (\/ ? \/ y) [Let——:x.':}’
J1+cosy—,/1—cosy 2
2c0s22 + [2sin?2%
_ -1 N 2 A 2 - 2 ) _ o s FY
= cot as 1+ cosy = 2cos zand 1 —cosy = 2sin >
g ¥ .
\JZCOS 5 stm >
; ﬁcos%-l-ﬁsin%
= cot
ﬁcos%—ﬁsin%
1+tan% y
=.eot™ [Dividing each term by \2cos —]
1 tanx 2
2
I3 y
tan -+ tanx T
= got ™2 4 = Zy = cot™? [tan (—-i—z)‘
1—tanz.tan-2— 4 2
_ T T Yy 18 T y Ty
_ 1 M| = €Y =
=Col [cot{z (44—2)}] 5 (4+2) 277
m 1 ,m T
=331 [asi_xzyl
== == KIS
2

Question 10:

Vi+x—vV1-x G | 1
) by, ——<x < 1.

) — e -
Prove that tan (J1+x+\{1—x == 2cas = =
Answer 10:
vi+x—v1l—x
LHS=tan‘1(
Vi+x++vV1l—x

[Let x = cosy]

t _1(\/1+c05y—\/1—c05y)
= tan

\/1+c05y+\/1—c05y




-
2605235 251?12%’ y y
= tan™! X [as 1+ cosy = 2cos* Eand 1 —cosy = Zsinzz
ZEGSZJé - 251?1232,
N
2(:05 J_sm-
tan~1
\/_cos +/2sin% 5
1— mn
= tan~* y [Divfdirlg each term by V2cos -J—V—]
14 tans 5 2
tan—- — tan T
= tan™ y = tan~! [tan( y)]
1+ mn— tan s 4 2
Ty T
2 5" 277 cos 1y = RHS

Question 11:

Solve for x;: 2tan™*(cosx) = tan'(2cosecx)

Answer 11:
Given that 2tan~*(cos x) = tan™*(2cosec x)
_,( 2cosx w i 4 2x
= tan ( : ) = tan~ " (2cosec x) [as 2tanx = tan ;
1 —cos*x 1=%
2C0S X
=) >— = 2C0SecXx
1 —cos<x
2cos x 2 _ .5
= ——— = = Z28INX.Cosx = 25in“x
sin‘x  sinx
= 2sinx.cosx — 2sin’x =0
= 2sinx(cosx —sinx) =0
= 2sinx =0 or cosx —sinx =10
But sin x # 0 as it does not satisfy the equation
Lcosx—sinx=0 =cosx=sinx =tanx=1
i
il —
4
Question 12:
_q1- 1 _
Solve for x: tan™1—= = =tan"1x, (x > 0)
1+x 2
Answer 12:
: _11- 1 _
Given that tan™! —= = ~tan"lx
1+x 2
-1 -1 ! -1 -1 -1 Y i 4
> tan” "1 —tan " 'x = -tan” "x wotan "x —tan "y = tan ( )
2 1+ xy
T 3:‘, oy
= —=—tan” x
4 2
H —
> —=tan x
t T
= tan (—) = X
6
1
X = —




Question 13:

sin(tan™'x), |x| < 1 is equal to

X 1 1 X
A = B) = O = P)
Answer 13:
Given that: sin(tan™'x)
= sin (sin‘1 - ) [as tan1 - sin”! : ]
V1 + x2 b va? + b2
X
V1 +x2
Hence, the option (D) is correct.
Question 14:
sin!(1—x) —2sin"1x = g , then x is equal to
1 1 1
(A) 0, = (B) 1, 5 (C)0 (D) =
Answer 14:
Given that sin™ (1 — x) — 2sin"'x = E
Letx =siny
T
s~ sin~1(1 —siny) — 2y = 5
i1
= sin"}(1 —siny) = ok 2y
= 1—siny = sin(E-i—Zy)
2
= 1—siny = cos 2y
= 1 —siny = 1 — 2sin?y [as cos2y = 1 — 2sin®y]
= 2sin‘y —siny =0
= 2x°—x=0 [as x = siny]

=>x(2x—1)=0
1

>x=0 OR = -
X xz

1. . . .
But x # ~» as 1t does not satisfy the given equation.

~ x = 0 18 the solution of the given equation.
Hence, the option (C) 1s correct.




