5.1 Concept of Virtual Work

The net work done by applied forces on a body is zero if the body Is in static equilibrium, if we assume
that the body in equilibrium undergoes an infinitely small imaginary displacement (virtual displacement) some
work will be imagined to be done by the applied forces and inertial forces of the body. Such an imaginary work

is called virtual work. i
If some unknown forces which are acting on the body and keep the body in equilibrium condition, are to
be calculated, then the method of virtual work can be used:
Concept of virtual work is useful in finding some unknown forces which are acting on the body and keep
the body in static equilibrium condition.

5.2 Principle of Virtual Work
If a system of forces acting on a body or a system of bodies be in equilibrium E
2

and the system be imagined to undergo a small displacement consistent \/
with the geometrical conditions, then the algebraic sum of the virtual work done by \\ ‘\,
o)

the forces of the system is zero.

Consider a plane concurrent system of forces F,, Fo F5 ..F, acting on a Al N
particle at O as shown in fig. 5.1. Let the resultant of forces be R. If system is in
equilibrium then ’

Rl

F

Fig. 5.1

R=F +F+F..Fy=0

Now we impart an infinitely small virtual displacement &r to the particle at O in any arbitrary direction.
The work done by the forces £, through the virtual displacement is

0U=0r F +or F+0r Fy ... or-F,
oU =0r (Fi+ F+ Fyo F)
=0r-R

Now if A= 0then 6U = 0. Thus virtual work done by the forces acting on the particle through any virtual
displacement is zero.



A simple supported beam at the ends, 5 m span carries a load of 15 kN at a

distance of 2 m from one end. Determine the end reaction using the principle of virtual work.

Solution:
As per problem statement the configuration is shown in fig.(a). Assume the virtual displacement
given in vertical upper direction at point Bis y, then from geometry of fig.(b) displacement y.atCis

L Ac 2
Yo = ABV" 5)/-
and displacement y, at Alis
Yo = 0
15 kN
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Here beamis in equilibrium under following forces as shown in fig.(b)
(1) 15kN acting at C, (2) Reaction force R, acting at A, (3) Reaction force Hgacting at B.
Total work done by these force due to virtual work must be zero.

Thus
Ox Hy=yYox15+yx R, =0
OxF?A~—-§y><15+y><RB =0
or -6+ Hy =0
or Rz = 6kN

The work done by R, is zero because there is no displacement.
Now resolving forces vertically we get
R,+ Ry = 15kN
Ry = 16-R;=15-6=9kN

I

Abeam ADof 8 mis hinged at A and simply supported at C. Beérr"h’is ioaded

as shown in fig. Determine the reaction at A and C.
6 kN 2 kN
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ltmay be easily seen that horizontal component B, =2 cos 45° but may be

=

of virtual work also. We have 1o give horizontal dis pb(“emen xat A Thare will be virtual cii
al Dalso. At both point some work is done by virtual work. Therefore

H.oxx—-200845%xy = )




2
o Ay = 2008457 = 5 = 1414 kN

The work done by other forces is zero because of no force in the direction of displacement.

Now Ry = \/Ri\ +RY, = V14147 + 0537 =151
-t Ay R . 0.53
e - taﬂ = 1. 1” 5"4'1—/1 - 20 Qb
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A uniform ladder of 500 N welght rests on the smooth vertical wall and rough

honzontal ground making an angle 45° with the horizontal ground. Find the frictional force of the ground
using principle of virtual work.

Solution:
As per problem statement configuration is shown in fig. (a) and all force acting on ladder is shown in
fig. (b). Here ABis ladder and its weight Wis acting at the center of ladder. R, and R, are reaction at
Aand Band R, is the fictional force acting at point at A.
Let L be length of ladder. Then from geometry of fig. (a).

AB = L
OB - Lsing
- I e e 1
OM = y== 5 (1)
L
AG = 5
OA = x=1Lcos# {2)
Differentiating equation (1) and (2) we get
dy L L
— = —(C0$6 or dy = —cos0db
dg = o TN Ey
O | sinord = L sin b
g = “Lsin@orde=-Lsin

From figure it may be easily seen that if point A move towards ~
x axis, the point Band G moves towards +y axis and the point
G moves towards both —x axis and +y axis. When point A and
B moves then 6 change from 6 to 8 + d8. Assume the point A
moves along —x axis direction through a distance of dx, then G
also moves by dx and dy where

v = ~Lsin®do

1
dy = 5(:039(16

The virtual work is done by weight of ladder Wx dy and by friction force is R x dx. As per principal
of virtual work, algebraic sum of total work must be zero. Therefore
Wxdy+ Rexdx = 0

11

or W ( -;-coseda) + Be(-sinoch) = 0

It
o

w :
or -;xcose—F?F sin®



w

or A = 2tan®
Here 6 = 45°and W= 500N
500
Thus R. = ———— =250N
F 7 2tan45s°

The work done by other forces is zero because of no displacement.

. i | A Iaddet We|ghmg 200 N rests on a smooth
floor A and agamst a smooth wall at B as shown in fig. A horizonial

rope MG prevent the ladder from slipping. Determine the tension in
the rope using method of virtual work.

Solution:
Let L be the length of ladder. From geometry of fig. (a) we get
MG = x=-—c050
2
GN = y= £sine
2
’ , [,__,
or we have dyi= fé—,s@n;edﬁ
dy = E'cosfede

The ladder is equilibrium under following forces (fig.(b))
(1) Reaction A, at point A, (2) Weight W of ladder at G,

(3) Tension Tinrope in MG direction, (4) Reaction R, at point B,

When point A moves towards —x, the point Mmoves towards -
x and towards +y also. Point 8 moves towards +y. Assume a
virtual displacement dx is given in -x direction at point A.
Virtual work done by Wis = Wx dy-
Virtual work done hy Tis = Tx dx
Summation of virtual work done must be zero. Then

Wdy + Tdx = 0
Now, putting the value of dy and dk,
W(—gcosede)+7”(~ésinede) =0
or Wcos®-Tsing = 0
W
~ tan®
In problem statement W = 250N
ano - 984
Y= oAt
T = ’“2”'99“ = 150 N



A weight of 10 kN is raised by tw‘c')”puney system as

shown in fig. Determine the force Frequired to hold the weight in equilibrium.

Solution:

Assume that F goes down through a distance y. From the geometry of fig. it
may be easily seen that weight moves upward by 1/2 y distance.

Using the principal of virtual work

- Y
/’~ "‘W o
Xy ><2 0
| LW
or = 5
Here W = 10 kN
10
ThUS F: "Z*“ZGKN

| Ablock of W, = 6 kN rests on the smooth
surface inclined at 8 = 30° with the horizontal. The block is supported
by an weight W hung from a pulley as shown in fig. Using the principle

of virtual work determine the required W, for equilibrium condition.
Solution:
Assume that a virtual displacement y is given to block W, in the
direction of inclined plane. From figure it may be easily seen that
displacement of weight W, is y/2 in upward direction. The
displacement of block W., in vertical direction is y sin 6 in
downward. Thus by principle of virtual work.

~W2><%+W1><ysine =0
or W, = 2W,sine
or W2:2><6><sin30°:6kl\l

A weight of 5 kN resfivr‘i‘gv on a smooth
surface inclined 30° to the horizontal is supported by a load W, resting
on the another smooth surface inclined to horizontal by

45° as shown in fig. Both weight are connected with a string carried

over a smooth pulley. Using the principle of virtual work determine
the value of W.

Solution:
Consider the fig.(a). Assume that W, is pulled by y along the inclined plane AC, then W, moves by y
along BC.
Displacement of W, in vertical direction = y sin o upward

Displacement of W, in vertical direction = y sin 8 downward




Thus by principle of virtual work
=W xysino+ W,xysino =0

Wi sinp

or Wa = aimer

p) SINQ
Here W2 =5 kN and W1 =W

o =45° and B =30° ,

\ W _ sin30° Fig. (2)
Thus 5 7 sin45°
or W = 5><1><_\/g:~§::3.53kN
21 2

Xar A square frame ABCDA is made up of 4
equal bar of weight 50 N/m The frame is stiffened by fixing a rod BD
of same metal with same diameter. The frame is suspended at pointA

as shown in fig. If length of each of square rod is 50 cm, [ﬁnd the

tension Tin the rod BD using principal of virtual work.
Solution: ; : :
Let W be the weight of each bar of square frame. Theh \/§W is
weight of rod BD because BD = /2 AB. |

Let Tbe thrustin rod BD. The effect of rod BD can be replaced by introducing T horizontally at Band

r

D and a load of él/—v vertically at Band D as shown in fig.(a). The weight of each rod is acting at

CG. Now assume a virtual displacement dx and dyto C.G of AB due to its weight. From geometry of
figure it may be easily seen that

o IS

Fig.@)

W .
Then 2dy = Vertical displacement of weight — at point 8 and D.

N




Q.1

Q.2

3dy = Vertical displacement of C.G of rod BC and DC.
2dx = Harizontal displacement of point B and D with respect to point O.

From fig.(a) it may be noted that

OA = OBor2x=2yor2dy = 2dy

Thus by principle of virtual work

2x Wx dy+2><a--l/\w/~><2dy+ 2xWx3dy-2T x2dx =0

J2

or Wﬁ—@W+3W-2T

It

or T

It

0

W(ﬁ@] _ W(Z - j?)

Here the length of each rod is 50 cm or 0.5 m and density is 50 N/m.

my |
m,
my
g g
@ = 11 ®) m
4\m, my 2(my +my)
v o9 Ym
0 —9 @) L, v,
My =M,

Consider the situation as shown in the figure.
The horizontal surface below the bigger block
is smooth. The coefficient of friction between
the blocks is p. Find the minimum force F that
can be applied in order to keep the smaller
blocks at rest with respect to bigger blocks.

Q.3

Thus W = 05x50=25N
.
I'= 25x|{2+—=|=67.68N

)
_Objective Brain Teasers
Three blocks of masses m,, m, and m, are A
connected as shown in the figure. All surfaces W—
are frictionless and the string and the pulleys
are light. Then the acceleration of m, is F c . M

miB

(a) (M+2m)

(b) (M+2m)

(c) (M+2m)

Auniform bar of mass m, length L, hinged at O
and supported at A by a string as shown in
figure, suddenly the string breaks and bar starts
rotating about O. The angular acceleration of
the bar is K x (g/L), where g is gravitational
acceleration, then the value of K should be



- : g
On solving, a, = A ]
14— + -
4\m. my
™ p
OI L } 2. (C)
If no force is applied the block A will slip on C
(a) 2 (b) 1'? towards right and the block B will move downward.
() (d) 25 Let the minimum force required to prevent slipping
be F. (Taking block A as system
ANSWERS (Taking ystem)
1. (@ 2 (c) 3. (b) "
Hints & Explanation ; ;
1. (a)
=)
T mg
| |
Forvertical, N = mg
~ Minimum force in order to prevent slipping, /=
PN = pmg (1)
As. block moves towards right with acceleration
a
= T—f = ma
= T-pumg = ma (2
Takir g block-B-as-a-system
.
T, = - T
2
Force on M,, : f
= I = ma, (1) ; )
Force on M, S— N
= ng”g = Mp(a-a) (2)
Force on M, .
mg
= Mg-7 = my(a, + a) -.(3) As block moves towards right with acceleration a
From eq. (1), (2) and (3) we get, = N = ma
s " = wma
m.a R
= a-a = g- At For vertical equilibrium 7 + f'= mg
2my ,
T+uma = mg .{3)
ma Solving eq. (2) and (3
- a+a = G- g ed. (2) and (3)
2, -
Our adding we get, = iy, = LT&IJQ
2 1my, my -
Fon=(M+2mxa, = (M+2m)f —



T = mgx-—
2
- e
3
T _mgl 3 _ 159
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Five bars AB, BC, CD, DA and BDeach of equal
length L and equal cross sectional area ‘a’ are
pin jointed so as to form a plane frame ABCD
with a diagonal member BD. The frame is
suspended from the joint A and a weight Wis
attached at the lower joint C as shown in figure.

Neglecting self weight of the bars, determine

magnitude of thrust in bar BD, using the
principle of virtual work.

Q.2

Q.3

Q.4

The potential energy of a mechanical system is

given by V =8x*-4x? +8, where x is the
position co-ordinate defining the configuration
of a single degree of freedom system. Determine
the values of x and stability condition of each.

A hexagon frame is made up of six bars of equal
weight and equal length as shown in figure. Rod
AF is fixed in a horizontal plane. A rod GH is
fixed at the mid-points of rods AF and CD. If
weight of each rod is W, then by using the
principle of virtual work show that tension in
member GHis equal to 3W.

/
A G F

B E
c ny P

Determine the horizontal reaction Qfor the frame
consisting of two rhombuses of sides 750 mm
and 500 mm each as shown in figure. The frame

carries two loads P as shown. If 6 =45°, then

what is the reaction Q7




