Chapter 1

FUNDAMENTAL DEFINITIONS
AND PRINCIPLES

1. The velocity of a point is the rate of its displacement, so that, if P

be its position at time ¢ and Q that at time 7 + A\t, the limiting value
of the quantity N as /At is made very small, is its velocity.

Since a displacement has both magnitude and direction, the ve-
locity possesses both also; the latter can therefore be represented in
magnitude and direction by a straight line, and is hence called a vec-

tor quantity.

2. A point may have two velocities in different directions at the same
instant; they may be compounded into one velocity by the following
theorem known as the Parallelogram of Velocities;

If a moving point possess simultaneously velocities which are rep-
resented in magnitude and direction by the two sides of a parallelo-
gram drawn from a point, they are equivalent to a velocity which is
represented in magnitude and direction by the diagonal of the par-
allelogram passing through the point.

Thus two component velocities AB, AC are equivalent to the resul-
tant velocity AD, where AD is the diagonal of the parallelogram of
which AB, AC are adjacent sides.
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If BAC be a right angle and BAD = 0, then AB = ADcos 0,
AC = ADsin 0, and a velocity v along AD is equivalent to the two

component velocities vcos 8 along AB and vsin 8 along AC.

Triangle of Velocities. If a point possess two velocities completely
represented (i.e. represented in magnitude, direction and sense) by
two straight lines AB and BC, their resultant is completely repre-
sented by AC. For completing the parallelogram ABCD, the veloci-
ties AB, BC are equivalent to AB,AD whose resultant is AC.

Parallelepiped of Velocities. If a point possess three velocities
completely represented by three straight lines OA, OB, OC their re-
sultant is, by successive applications of the parallelogram of ve-
locities, completely represented by OD, the diagonal of the paral-
lelepiped of which OA, OB, OC are conterminous edges.

Similarly OA, OB and OC are the component velocities of OD.

If OA, OB, and OC are mutually at right angles and u, v, w are the

velocities of the moving point along these directions, the resultant

velocity is Vu2 +v2 +w? along a line whose direction cosines are

proportional to w,v,w and are thus equal to

u 1% w
and

ViZ+2+ w2 V2 +12 +w? Vi +v2 +w?
Similarly, if OD be a straight line whose direction cosines re-

ferred to three mutually perpendicular lines OA, OB, OC are [,m,n,
then a velocity V along OD is equivalent to component velocities
IV.mV,nV along OA, OB, and OC respectively.

3. Change of Velocity. Acceleration. If at any instant the veloc-
ity of a moving point be represented by OA, and at any subsequent
instant by OB, and if the parallelogram OABC be completed whose



LONEY’S DYNAMICS OF A PARTICLE WITH SOLUTION MANUAL (Kindle edition) 3

diagonal is OB, then OC or AB represents the velocity which must be
compounded with OA to give OB, i.e. it is the change in the velocity
of the moving point.

Acceleration is the rate of change of velocity, i.e. if OA, OB repre-

.. . . BA
sent the velocities at times ¢ and ¢ + /\¢, then the limiting value of ~

(i.e. the limiting value of the ratio of the change in the velocity to the
change in the time), as /At becomes indefinitely small, is the accel-
eration of the moving point. As in the case of velocities, a moving
point may possess simultaneously accelerations in different direc-
tions, and they may be compounded into one by a theorem known
as the Parallelogram of Accelerations similar to the Parallelogram of
Velocities.

As also in the case of velocities an acceleration may be resolved
into two component accelerations.

The results of Art. 2 are also true for accelerations as well as ve-

locities.

4. Relative Velocity. When the distance between two moving points
is altering, either in direction or in magnitude or in both, each point
is said to have a velocity relative to the other.

Suppose the velocities of two moving points A and B to be repre-

sented by the two lines AP and BQ (which are not necessarily in the



4 Chapter 1: Fundamental Definitions and Principles

same plane), so that in the unit of time the positions of the points
would change from A and B to P and Q.

Draw BR equal and parallel to AP. The velocity BQ is, by the Tri-
angle of Velocities, equivalent to the velocities BR, RQ, i.e. the ve-
locity of B is equivalent to the velocity of A together with a velocity
ROQ.

The velocity of B relative to A is thus represented by RQ.

Now the velocity RQ is equivalent to velocities RB and BQ (by the
Triangle of Velocities), i.e. to velocities completely represented by
BQ and PA.

Hence the velocity of B relative to A is obtained by compounding
the absolute velocity of B with a velocity equal and opposite to that
of A.

Conversely, since the velocity BQ is equivalent to the velocities
BR and RQ,i.e. to the velocity of A together with the velocity of
B relative to A, therefore the velocity of any point B is obtained by
compounding together its velocity relative to any other point A and
the velocity of A.

The same results are true for accelerations, since they also are vec-

tor quantities and therefore follow the parallelogram law.

S. Angular Velocity of a point whose motion is in one plane.

If a point P be in motion in a plane, and if be a fixed point and O
be a fixed point and Ox a fixed line in the plane, the rate of increase
of xOP per unit of time is called the angular velocity of P about O.

Hence, if at time ¢ the angle xOP be 0, the angular velocity about

do
O1s —.
1S 1
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If QO be the position of the point P at time ¢ 4+ At, where /At is
P
small, and v the velocity of the point at time 7, then v = lim KQt
Q

O X

If ZPOQ = AB, OP =r,and OQ = r+ Ar then
r(r4+ Ar)sinAG =2APOQ = PQ.OY,
where OY is the perpendicular on PQ.
Hence, dividing by At¢, and proceeding to the limit when At is
very small, we have
,dO

r-— =vw.p,
ar P

where p is the perpendicular from O upon the tangent at P to the
path of the moving point. Hence, if to be the angular velocity, we

have 72

W =v.p.
The angular acceleration is the rate at which the angular velocity

increases per unit of time, and

L4

Areal velocity. The areal velocity is, similarly, the rate at which the

area X OP increases per unit of time, where X is the point in which
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the path of P meets Ox. It

POQ 1
—lim 2L _ 1,

YAV 2

6. Mass and Force. Matter has been defined to be “that which can
be perceived by the senses” or “that which can be acted upon by, or
can exert, force.” It is like time and space a primary conception, and
hence it is practically impossible to give it a precise definition, A
body is a portion of matter bounded by surfaces.

A particle is a portion of matter which is indefinitely small in all
its dimensions. It is the physical correlative of a geometrical point.
A body which is incapable of any rotation, or which moves without
any rotation, may for the purposes of Dynamics, be often treated as
a particle.

The mass of a body is the quantity of matter it contains.

A force 1s that which changes, or tends to change, the state of rest,

or uniform motion, of a body.

7. If to the same mass we apply forces in succession, and they gen-
erate the same velocity in the same time, the forces are said to be
equal.

If the same force be applied to two different masses, and if it pro-
duce in them the same velocity in the same time, the masses are said
to be equal.

It 1s here assumed that it is possible to create forces of equal in-
tensity on different occasions, e.g. that the force necessary to keep a
given spiral spring stretched through the same distance is always the

same when other conditions are unaltered.
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Hence by applying the same force in succession we can obtain a

number of masses each equal to a standard unit of mass.

8. Practically, different units of mass are used under different con-
ditions and in different countries. The unit of mass employed in this
book is the Kilogramme, and is the mass of a cubic-decimetre pure
water at 4°C and at a normal atmosphere pressure of 760 millimeters
of Mercury.

Exceptionally and where a smaller unit is required, the Gramme
is used and 1 Kilogramme = 1000 Grammes. Also for calculations
involving masses greater quantity, the Metric Tonne is used.

I Tonne = 1000 Kilogrammes.

9. The units of length employed are, in general, a Metre or a Cen-
timetre, and 1 metre = 100 centimetres.

The unit of time is a second. 86,400 seconds are equal to a mean
solar day, which is the mean or average time taken by the Earth to
revolve once on its axis with regard to the Sun.

The system of units in which a centimetre, gramme, and second
are respectively the units of length, mass, and time is called the
C.G.S. system of units. That in which these units are the Metre,
Kilogramme, and the Second iws known as the International M.K.S.

system and is the most usually used.

10. The density of a body, when uniform, is the mass of a unit vol-
ume of the body, so that, if m is the mass of a volume V of a body
whose density is p, then m = Vp. When the density is variable, its
value at any point of the body is equal to the limiting value of the

ratio of the mass of a very small portion of the body surrounding the
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point to the volume of that portion, so that
p= limg, when V is taken to be indefinitely small.

The weight of a body at any place is the force with which the earth
attracts the body. The body is assumed to be of such finite size, com-
pared with the Earth, that the weights of its component parts may be
assumed to be in parallel directions.

If m be the mass and v the velocity of a particle, its Momentum is

mv and its Kinetic Energy is Emvz. The former is a vector quantity
depending on the direction of the velocity. The latter does not depend

on this direction and such a quantity is called a Scalar quantity.

11. Newton’s Laws of Motion

Law I. Every body continues in its state of rest, or of uniform motion

in a straight line, except in so far as it be compelled by impressed

force to change that state.

Law II. The rate of change of momentum is proportional to the im-

pressed force, and takes place in the direction in which the force

acts.

Law III. To every action there is an equal and opposite reaction.
These laws were first formally enunciated by Newton in his Prin-

cipia which was published in the year 1686.

12. If P be the force which in a particle of mass m produces an
acceleration f, then Law II states that

d
P= la(mv) = Amf, where A is some constant,

If the unit of force be so chosen that it shall in unit mass produce

unit acceleration, this becomes P = mf.
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: d
If the mass be not constant we must have, instead, P = E(mv)

The unit of force, for the M.K.S. system, is called a Newton, and
that for the C.G.S. system is called a Dyne.

13. The acceleration of a freely falling body at the Earth’s surface is
denoted by g, which has slightly different values at different points.
In metre-second units the value of g varies from 9.781 to0 9.8311. For
the latitude of London these values are 9.81 very approximately, and
in numerical calculations this values generally assumed.

If W be the weight of a mass of 1 kilogramme, the previous article
gives that: W = 1.g newtons,
so that the weight of a kilogramme is 9.81 newtons approximately
or the weight of a gramme is 981 dynes nearly.

A newton and a dyne are absolute units, since their values are the

Same everywhere .

14. Since, by the Second Law, the change of motion produced by a
force 1s in the direction in which the force acts, we find the combined
effect of a set of forces on the motion of a particle by finding the
effect of each force just as if the other forces did not exist, and then
compounding these effects. This is the principle known as that of the
Physical Independence of Forces.

From this principle, combined with the Parallelogram of Acceler-

ations, we can easily deduce the Parallelogram of Forces.

15. Impulse of a Force. Suppose that at time ¢ the value of a force,

whose direction is constant, is P. Then the impulse of the force in
T

time 7 is defined to be / Pdt.
0
From Art. 12 it follows that the impulse
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T dv
= / m—adt
o dt
= [mo§
= the momentum generated in the direction of the force in time 7.

Sometimes, as in the case of blows and impacts, we have to deal with
forces, which are very great and act for a very short time, and we
cannot measure the magnitude of the forces. We measure the effect
of such forces by the momentum each produces, or by its impulse

during the time of its action.

16. Work. The work done by a force is equal to the product of
the force and the distance through which the point of application
is moved in the direction of the force, or, by what is the same thing,
the product of the element of distance described by the point of ap-
plication and the resolved part of the force in the direction of this
element. It therefore = | Pds, where ds is the element of the path of
the point of application of the force during the description of which
the force in the direction of ds was P.

If X.Y,Z be the components of the force parallel to the axes when

: : C . dx
its point of application is (x,y,z), so that X = Pd—, etc, then
s

d
/(de+Ydy+Zdz) :/<Pd—xdx+---+---
s

dx\*  (dy\®  [dz\’
=[P = — — d
/ {(ds) +<ds) +(ds) ’
= / Pds = the work done by the force P.

The theoretical units of work in the M.K.S. system is the Joule
(newton-metre) and is the work done by a force of one newton dur-
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ing a displacement of one metre in the direction of its action; Simi-
larly in the C.G.S. system the unit is the Erg, which is the work done
by one dyne during a similar displacement of one centimetre, i.e. 1
newton = 10° dynes

Also 1 kilogramme force = 9.81 newtons (1 kg.f.).

Hence 1 kg. f. is the work done is raising 1 kilogramme vertically

through one metre.

17. Power. The rate of work, or Power, of an agent is the work that
would be done by it in a unit of time.

The unit of power used by engineers is a horse-power. An agent is
said to be working with one horse-power, when it would raise 4500
kilogrammes through one metre per minute i.e., 75 kilogrammes

through one meter per second.

18. The Potential Energy of a body due to a given system of forces is
the work the system can do on the body as it passes from its present
configuration to some standard configuration, usually called the zero
position.
For example, since the attraction of the Earth (considered as a uni-
form sphere of radius a and density p) is known to be
4ra’p 1
T3

at a distance x from the centre, the potential energy of a unit particle

at a distance y from the centre of the Earth, (y > a),

_/ ( 4mfpa )dx:fnypcﬁ (1_1)’
3 a y

the surface of the earth being taken as the zero position.
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19. From the definitions of the following physical quantities in terms
of the units of mass, length, and time, it is clear that their dimensions
are as stated.

Quantity Mass|Dimensions in length|/ Time
Volume density 1 -3 —
Velocity — 1 —1
Acceleration — 1 —2
Force 1 1 —2
Momentum | 1 —1
Impulse 1 1 —1
Kinetic Energy 1 2 —2
Power or Rate of Work| 1 2 —3
Angular Velocity — — —1
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