Chapter 10

Time-Dependent Perturbation
Theory

10.1 Introduction

We have dealt so far with Hamiltonians that do not depend explicitly on time. In nature, how-
ever, most quantum phenomena are governed by time-dependent Hamiltonians. In this chapter
we are going to consider approximation methods treating Hamiltonians that depend explicitly
on time.

To study the structure of molecular and atomic systems, we need to know how electro-
magnetic radiation interacts with these systems. Molecular and atomic spectroscopy deals in
essence with the absorption and emission of electromagnetic radiation by molecules and atoms.
As a system absorbs or emits radiation, it undergoes transitions from one state to another.

Time-dependent perturbation theory is most useful for studying processes of absorption
and emission of radiation by atoms or, more generally, for treating the transitions of quantum
systems from one energy level to another.

10.2 The Pictures of Quantum Mechanics

As seen in Chapter 2, there are many representations of wave functions and operators in quan-
tum mechanics. The connection between the various representations is provided by unitary
transformations. Each class of representation, also called a picture, differs from others in the
way it treats the time evolution of the system.

In this section we look at the pictures encountered most frequently in quantum mechanics:
the Schrodinger picture, the Heisenberg picture, and the interaction picture. The Schrodinger
picture is useful when describing phenomena with time-independent Hamiltonians, whereas
the interaction and Heisenberg pictures are useful when describing phenomena with time-
dependent Hamiltonians.
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10.2.1 The Schrodinger Picture

In describing quantum dynamics, we have been using so far the Schrodinger picture in which
state vectors depend explicitly on time, but operators do not:

o d _ 4
ih— Ly () = A 1 y(©), (10.1)

where | y(¢)) denotes the state of the system in the Schrodinger picture. We have seen in
Chapter 3 that the time evolution of a state | y (7)) can be expressed by means of the propagator,
or time-evolution operator, U (¢, tg), as follows:

| y(@) = U, 1) | y(t)), (10.2)
with A
Ul(t, tg) = e 1) H/h, (10.3)
The operator U (¢, tp) is unitary,
Ot )0, 10) = I, (10.4)
and satisfies these properties: .
Ut,t)=1, (10.5)
Ot e, 1) = U7\, 10) = Olto, 1), (10.6)
Ut )0, ) =Un, 1). (10.7)

10.2.2 The Heisenberg Picture

In this picture the time dependence of the state vectors is completely frozen. The Heisenberg
picture is obtained from the Schrodinger picture by applying U on | y (¢)) i:
@) =00 1 w@) =1 pO)), (10.8)

where | v (¢)) and ot (¢) can bﬁe obtained from (10.2) and (10.3), respectively, by setting 7o = 0:
Uty = 0T, 10 = 0) = &1/ and | (1)) = U(¢) | w(0)), with U(¢) = e~/ Thus, we
can rewrite (10.8) as

Ly @) ="y ). (10.9)
As | y)p is frozen in time we have: d | y)p/dt = 0. Let us see how the expectation value of
an operator A in the state | (7)) evolves in time:

(w1 Alw (0) = ()l 1" de= 1My 0)) = (y () A ®)lw(©0) = wlylAu®Oly) .
(10.10)

where A (¢) is given by

An(0) = UT(0)A0(1) = e/h je=ithIn, (10.11)

Equation (10.10) shows that the expectation value of an operator is the same in both the
Schrodinger and the Heisenberg pictures. From (10.10) and (10.11) we see that both the
Schrédinger and the Heisenberg pictures coincide at 1 = 0, since | w(0))y =| w(0)) and
Ap(0) = A.
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10.2.2.1 The Heisenberg Equation of Motion

Let us now derive the equation of motion that regulates the time evolution of operators within
the Heisenberg picture. Assuming that 4 does not depend explicitly on time (i.e., 6 4/6¢ = 0)
and since U (¢) is unitary, we have

d/iH(t) 5UT(t)AA ~t AGU(t) 1 st A 1 A
= A0+ 0T A — ——_OTAOOT A0 + —0TA00TAD
dt d 0+ U A— in o
1 ~ Al A A
= —lay. 0t 10.12
L [ 0150 oo

where we have used (10.3) to write 80 (¢) /6t = HU/if and 86U (¢) /0t = —UTH /ih. Since
0(t) and A commute, we have ot (t)ﬁf](t) = H; hence we can rewrite (10.12) as

_:__[/1,,,1.}]_ (10.13)

This is the Heisenberg equation of motion. It plays the role of the Schrédinger equation within
the Heisenberg picture. Since the Schrodinger and Heisenberg pictures are equivalent, we can
use either picture to describe the quantum system under consideration. The Heisenberg equation
(10.13), however, is in general difficult to solve.

Note that the structure of the Heisenberg equation (10.13) is similar to the classical equation
of motion of a variable A that does not depend explicitly on time d 4/dt = {A, H}, where
{A, H} is the Poisson bracket between 4 and H (see Chapter 3).

10.2.3 The Interaction Picture

The interaction picture, also called the Dirac picture, is useful to describe quantum phenomena
with Hamiltonians that depend explicitly on time. In this picture both state vectors and opera-
tors evolve in time. We need, therefore, to find the equation of motion for the state vectors and
for the operators.

10.2.3.1 Equation of Motion for the State Vectors

State vectors in the interaction picture are defined in terms of the Schrodinger states | y (¢))by

L) =™ |y, (10.14)

If t = 0 we have | w(0)); =| w(0)). The time evolution of | y(¢)) is governed by the
Schrédinger equation (10.1) with H = Hy + V where Hy is time independent, but 14 may
depend on time.

To find the time evolution of | y(¢));, we need the time derivative of (10.14):

mii%gﬁi=-4%w%m|wmy+w%M(md'Z“”)

= —Hy | y(O); + M|y, (10.15)
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where we have used (10.1). Since H=Hy+ V and

e[H()t/hI} — (eitlflo/h f/e—il[:[()/h) eit[‘}o/h — I}](t)eitﬁo/h’ (1016)
with . "
Vi(t) = e'Ho/hpe=itto/h (10.17)

we can rewrite (10.15) as

e fz—t(t))l = —Ho Ly@)r + B ™M | y @) + P10 [y (@), (10.18)
or
d N
O ) 1y (10.19)

This is the Schrédinger equation in the interaction picture. It shows that the time evolution of
the state vector is governed by the interaction Vj (¢).
10.2.3.2 Equation of Motion for the Operators

The interaction representation of an operator A; (¢) is given, as shown in (10.17), in terms of its
Schrodinger representation by

Ap(t) = etflot/h jo=ifhot/h, (10.20)

Calculating the time derivative of A 7 (¢) and since 04 /0t = 0, we can show the time evolution
of A;(¢) is governed by Hy:

dA;(t) 17, .
L = Ao, ). (10.21)

This equation is similar to the Heisenberg equation of motion (10.13), except that His replaced
by Hy. The basic difference between the Heisenberg and interaction pictures can be inferred
from a comparison of (10.9) with (10.14), and (10.11) with (10.20): in the Heisenberg picture
it is A that appears in the exponents, whereas in the interaction picture it is Hy that appears.

In conclusion, we have seen that, within the Schrodinger picture, the states depend on time
but not the operators; in the Heisenberg picture, only operators depend explicitly on time,
state vectors are frozen in time. The interaction picture, however, is intermediate between
the Schrodinger and the Heisenberg pictures, since both state vectors and operators evolve with
time.

10.3 Time-Dependent Perturbation Theory

We consider here only those phenomena that are described by Hamiltonians which can be split
into two parts, a time-independent part Hy and a time-dependent part 14 (¢) that is small com-
pared to Hy: A

H(t) = Hy+ V (1), (10.22)



10.3. TIME-DEPENDENT PERTURBATION THEORY 575

where Hy, which describes the system when unperturbed, is assumed to have exact solutions
that are known. Such splitting of the Hamiltonian is encountered in the following typical
problem. Consider a system which, when unperturbed, is described by a time-independent
Hamilonian Hy whose solutions—the eigenvalues E, and eigenstates | y,,)—are known,

Ho | wa) = En | ¥n), (10.23)

and whose most general state vectors are given by stationary states
| Wa(0) = 7O gy = T E ), (10.24)

In the time interval 0 < ¢ < 7 we subject the system to an external time-dependent perturbation,
V' (¢), that is small compared to Hy:

Vi, 0<t<r,

10.2
0, t<0, t>r. (1025)

V()= [

During the time interval 0 < ¢ < 7, the Hamiltonian of the system is H= ﬁo +V (¢) and the
corresponding Schrodinger equation is

P ARA0)

= (Ho+ V(0) | ¥(0)), (10.26)

where I7(t) characterizes the interaction of the system with the external source of perturbation.

How does ¥ (¢) affect the system? When the system interacts with V (1), it either absorbs
or emits energy. This process inevitably causes the system to undergo transitions from one
unperturbed eigenstate to another. The main task of time-dependent perturbation theory consists
of answering this question: If the system is initially in an (unperturbed) eigenstate | ;) of Hy,
what is the probability that the system will be found at a later time in another unperturbed
cigenstate | wr)?

To prepare the ground for answering this question, we need to look for the solutions of the
Schrodinger equation (10.26). The standard method to solve (10.26) is to expand | ¥ (¢)) in
terms of an expansion coefficient ¢, (¢):

W) =D ea®e™" | ), (10.27)

and then insert this into (10.26) to find ¢, (¢) to various orders in the approximation. Instead of
following this procedure, and since we are dealing with time-dependent potentials, it is more
convenient to solve (10.26) in the interaction picture (10.19):

¥ @O

7R Vi) 1 ¥ @O)1, (10.28)

where | ¥(1)); = Aei’ﬁO/h | () and V;(r) = eitfo/h IA/(t)e_’”:[O/h. The time evolution
equation | W(¢)) = U(t, t;) | W(#;)) may be written in the interaction picture as

W (@), = e/ | W(r)) = T, 1) | W) = BT (e, ) 0 | (1)),
(10.29)
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or as R
| () =Us(t,t;) | ()1, (10.30)

where the time evolution operator is given in the interaction picture by
01t 1) = M0/ 0 (1, 1)e=i Hoti/h (10.31)
Inserting (10.30) into (10.28) we end up with

dU;(t, )

= ViU (e, t). (10.32)

ih
The solutions of this equation, with the initial condition U 1, ) = I , are given by the integral
equation

:pt
01, 6) =1 — ;—/ PO, 1) dr. (10.33)
t

Time-dependent perturbation theory provides approximate solutions to this integral equation.
This consists in assuming that V;(¢) is small and then proceeding iteratively. The first-order
approximation is obtained by inserting U; (¢, ¢;) = 1 in the integral sign of (10.33), leading to
Ul(l)(t, t;) =1—(i/h) fz,t Vi(t')dt'. Substituting Uy (', t;) = Ul(l)(t’, t;) in the integral sign of
(10.33) we get the second-order approximation:

. . t . .\ 2 t R 31 n
UI(Z)(t, ti)y=1- %/ Vithdt + (—;—) / V[(tl)dtl/ Vi(t)dt. (10.34)
t t;

ti

The third-order approximation is obtained by substituting l71(2) (¢, t;) into (10.33), and so on. A
repetition of this iterative process yields

. Fort ‘N2t o,
Uit ;) =1— ;—/ V](l‘/)dl/ + (—%) / V](t])dtl/ Vit)dty + - -
t ti ti

i\" [t nho, t In—1
t (—g) [ tan [ [T [ P+
t t; t t

(10.35)

This series, known as the Dyson series, allows for the calculation of the state vector up to the
desired order in the perturbation.

We are now equipped to calculate the transition probability. It may be obtained by taking the
matrix elements of (10.35) between the eigenstates of H. Time-dependent perturbation theory,
where one assumes knowledge of the solutions of the unperturbed eigenvalue problem (10.23),
deals in essence with the calculation of the transition probabilities between the unperturbed
eigenstates | ;) of the system.

10.3.1 Transition Probability

The transition probability corresponding to a transition from an initial unperturbed state | ;)
to another unperturbed state | y r) is obtained from (10.35):

Pi(t) = [(wy | Urt, ) | wi)

2 it A
= '(l/ff | Wi)‘%/o SNy | V(') | wi)dt
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2

N\ 2 t 3|
1 ; ~ . ~
+ (—g) Z/O eIy | V() | wn>dt1/0 ey | V() | yi)diy + -+
n
(10.36)

where we have used the fact that

W | Vi) Lwi) = (py | B0 @) e B0 | gy = (ur | V() | i) exp (iopit!)

(10.37)
where w; is the transition frequency between the initial and final levels i and £
Ef—E 1 . .
wpi === == ((ws 1 Ao Lws) = (wi | Ao L i) (10.38)

The transition probability (10.36) can be written in terms of the expansion coefficients ¢, (¢)
introduced in (10.27) as

2
P = + P+ Q0+ (10.39)

where
© () i 5o it
ey =lwrlyi)=opi, g ()=-% A (wrl V) | wi)e/tdr, ... (10.40)

The first-order transition probability for | ;) —| ws) withi # f (and hence (y ¢ | y;) =
0) is obtained by terminating (10.36) at the first order in V;(¢):

2
(10.41)

i X i
Pip(r) = ‘—5/0 (wr | V) |yt dr

In principle we can use (10.36) to calculate the transition probability to any order in Vi ().
However, terms higher than the first order become rapidly intractable. For most problems of
atomic and nuclear physics, the first order (10.41) is usually sufficient. In what follows, we are
going to apply (10.41) to calculate the transition probability for two cases, which will have later
usefulness when we deal with the interaction of atoms with radiation: a constant perturbation
and a harmonic perturbation.

10.3.2 Transition Probability for a Constant Perturbation

In the case where ¥ does not depend on time, (10.41) leads to

1 R t » 2 1 R 2 eiw/’,’t_ 2
Py(t) = = <'//f|V|f//i>/ éontar| = —| w1 7 1) > (1042)
A 0 7 fi
which, using e — 1|2 = 4sin®(#/2), reduces to
& w1 71|
vy Vi ) writ
Py(t) = = 51n2( fz' ) (10.43)
fi
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[sin*(wit/2)]/ a)?"i

7

2 /4

wfi
_6n _4x _2n 0 2z 4 6n
t t t t t t

Figure 10.1 Plot of [sin? (wf,-t/Z)]/w?i versus w; for afixed value of t; sy = (E 7 — E;)/2.

As a function of time, this transition probability is an oscillating sinusoidal function with a
period of 27 /w ;. As a function of w;, however, the transition probability, as shown in Fig-
ure 10.1, has an interference pattern: it is appreciable only near ws; ~ 0 and decays rapidly
as wy; moves away from zero (here, for a fixed ¢, we have assumed that wy; is a continuous
variable; that is, we have considered a continuum of final states; we will deal with this in more
detail in a moment). This means that the transition probability of finding the system in a state
| wr) of energy E s is greatest only when E; =~ E ¢ or when wz; = 0. The height and the width
of the main peak, centered around wy; = 0, are proportional to t? and 1/1, respectively, so the
area under the curve is proportional to ¢; since most of the area is under the central peak, the
transition probability is proportional to ¢#. The transition probability therefore grows linearly
with time. The central peak becomes narrower and higher as time increases; this is exactly the
property of a delta function. Thus, in the limit # — oo the transition probability takes the shape
of a delta function, as we are going to see.
As t — oo we can use the asymptotic relation (Appendix A)

lim & =3(y) (10.44)

to write the following expression:

1 it
Toy sin’ (wgl ) = 2nthé(hwy;), (10.45)
2Wfi

because 6(wf;/2) = 2hd(hwys;). Now since hwr; = E y—E; andhence 6(fiw ;) = 0(E y—Ej),
we can reduce (10.43) in the limit of long times to

25(Ef - E)). (10.46)

2t -
Py === [ wr 17 1w)

The transition rate, which is defined as a transition probability per unit time, is thus given by

Pir(t) 27 .
=L = 17 )

2
Er—E;). 10.4
== O(Es — Er) (1047)

—




10.3. TIME-DEPENDENT PERTURBATION THEORY 579

The delta term 6(E y — E;) guarantees the conservation of energy: in the limit # — oo, the
transition rate is nonvanishing only between states of equal energy. Hence a constant (time-
independent) perturbation neither removes energy from the system nor supplies energy to it. It
simply causes energy-conserving transitions.

Transition into a continuum of final states

Let us now calculate the total transition rate associated with a transition from an initial state
| w;) into a continuum of final states | y r). If p(E r) is the density of final states—the number
of states per unit energy interval—the number of final states within the energy interval £y and
Er+dEy is equal to p(Er)dE . The total transition rate W;s can then be obtained from
(10.47):

P; 2 ~
W,-,:/ f;(”p(Ef>dEf=7”|<w,-|V|w,->|2/p(E,-)é(Ef—E,-)dEf, (10.48)

or

? p(E). (10.49)

2 N
Wif:7 (wrlV1wi)

This relation is called the Fermi golden rule. It implies that, in the case of a constant perturba-
tion, if we wait long enough, the total transition rate becomes constant (time independent).

10.3.3 Transition Probability for a Harmonic Perturbation

Consider now a perturbation which depends harmonically on time (i.e., the time between the
moments of turning the perturbation on and off):

V() =& + pTe™, (10.50)

where 0 is a time-independent operator. Such a perturbation is encountered, for instance, when
charged particles (e.g., electrons) interact with an electromagnetic field. This perturbation pro-
vokes transitions of the system from one stationary state to another.

The transition probability corresponding to this perturbation can be obtained from (10.41):

1
Pir(t) = =

- (10.51)

t ; )
(wrl 0| Wi)/ @it gy +{yr| ﬁT | Wi)/ el @ri—o)t gy
0 0

Neglecting the cross terms, for they are negligible compared with the other two (because they
induce no lasting transitions), we can rewrite this expression as

2 2

1

sty _ 1 i
T — +h_2 (wrlol | i)

ei(wﬂ—(u)t -1 2

>

1
P; t:—‘ O | yi
if (t) 72 rlolvi) wfi +o wfi — o
(10.52)

which, using |e? — 1|2 = 4sin®(0/2), reduces to

4 2 sin® (@i + w)t/2) 2 sin®((w i — w)t/2)
P r(t) = — ’ 0 . ’\T . p
i (t) h2|:<‘//f|v| wi) @1 T o) + (w1 o! | wi) @i — o)
(10.53)
As displayed in Figure 10.2, the transition probability peaks either at ws; = —w, where its

maximum value is Pz (t) = (t2/4h2)|(z//f | 0 | q/i)|2, or at ws; = w, where its maximum
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[sin® (0 i + @)t/2)]/ (@i + w)? [sin’ (0 — ©)t/2)]/ (/i — ®)?

A A

2 /4 2/4

w fi

7 7 0
We @4 @ —W @) Oy Wg 0 Qg Qp Q) @ Q/z QE‘ Q/é

Figure 10.2 Plot of [sinz((a)f,- T w)t/2)]/(wysi £ w)? versus o r; for a fixed value of ¢, where
w, = —w—nxa/t,w,=—w+nr/t,Q =w—nr/t,and Q, = w+nx/t.

value is Pis(t) = (2 /48| (w 7 o | wi)|%. These are conditions for resonance; this means
that the probability of transition is greatest only when the frequency of the perturbing field is
close to w ;. As w moves away from £wy;, Py; decreases rapidly.

Note that the expression (10.53) is similar to that derived for a constant perturbation, as
shown in (10.43). Using (10.45) we can reduce (10.53) in the limit # — oo to

2 N 2 21 AT 2
rif:7 (wrlol ) 5(Ef—E,'+ha))+7 (wrlol | wi)| 6(Ey — Ei — ho).
(10.54)
This transition rate is nonzero only when either of the following two conditions is satisfied:
Er=E; —ho, (10.55)
Ef=E; 4+ ho. (10.56)

These two conditions cannot be satisfied simultaneously; their physical meaning can be under-
stood as follows. The first condition E y = E; — /ico implies that the system is initially excited,
since its final energy is smaller than the initial energy; when acted upon by the perturbation,
the system deexcites by giving up a photon of energy /iw to the potential 14 (¢) as shown in
Figure 10.3. This process is called stimulated emission, since the system easily emits a photon
of energy /iw. The second condition, £y = E; + hw shows that the final energy of the system
is larger than its initial energy. The system then absorbs a photon of energy Zw from V() and
ends up in an excited state of (higher) energy E s (Figure 10.3). We may thus view the terms
e and e~ in I7(t) as responsible, respectively, for the emission and the absorption of a
photon of energy Aiw.

In conclusion, the effect of a harmonic perturbation is to transfer to the system, or to receive
from it, a photon of energy %w. In sharp contrast, a constant (time-independent) perturbation
neither transfers energy to the system nor removes energy from it.
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E; Ey
ha):E,‘—Ef ha):Ef—El'
Ey E;
Stimulated emission Absorption of a
of a photon of energy #w photon of energy /iw

Figure 10.3 Stimulated emission and absorption of a photon of energy %w.

Remark
For transitions into a continuum of final states, we can show, by analogy with the derivation of
(10.49), that (10.54) leads to the absorption and emission transition rates:

= P |, (10.57)
emi 2w A 2
7= w1 v e, (10.58)
Since the perturbation (10.50) is Hermitian, (w7 | 0 | y;) = (1//,-|13T | wr)*, we have
s 191 wid® =y 107 | yi) s hence
Wi‘j{bs = ng (10.59)

p(E)] Ej=Eitho  PEY) |Ef=E,- —ho

This relation is known as the condition of detailed balancing.

Example 10.1

A particle, which is initially ( = 0) in the ground state of an infinite, one-dimensional potential
box with walls at x = 0 and x = a, is subjected for 0 < ¢ < oo to a perturbation 14 ) =
£2e~!/*. Calculate to first order the probability of finding the particle in its first excited state
fort > 0.

Solution
For a particle in a box potential, with E,, = n?z24%/(2ma?) and v, (x) = /2/a sin(nzx /a),
the ground state corresponds to n = 1 and the first excited state to » = 2. We can use (10.41)

to obtain
o A LI | 2| oo . 2
Pa=3| [ PO = @il | [ ety
0 0
(10.60)
where

. a . 2 [ . (27mx\ . /7x 164>
kel = [ xus e == ["x2sin (_) sin () dx =~
0 a Jo o7
(10.61)
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‘ 2 ~(1/r=i 2 -2 -
‘/ o~ emiony gy _ |1 T e I/Tz_ze reos@n) g6
0 1/7 — iy w5, + 1/72
which, in the limit # — oo, reduces to
o0 2 -1 432 -1
, 1 974h 1
—(l/t—th])tdt — 2 - —_ |z 4 = 10.63
' A e |:C()21 + ‘[2] [4'”204 + ‘L'2:| 5 ( )
since wy1 = (E2 — E1)/h = 3n2k/(2ma®). A substitution of (10.61) and (10.63) into (10.60)
leads to |
162\ [9z%r> 1]
Po=(—) | 2+ | . 10.64
12 (9n2h) |:4mza4 + 72 ( )

10.4 Adiabatic and Sudden Approximations

In discussing the time-dependent perturbation theory, we have dealt with phenomena where the
perturbation I7(t) is small, but we have paid no attention to the rate of change of the pertur-
bation. In this section we want to discuss approximation methods treating phenomena where
I}(t) is not only small but also switched on either adiabatically (slowly) or suddenly (rapidly).
We assume here that V(t) is switched on at # = 0 and off at a later time ¢ (the turning on and
off may be smooth or abrupt).

Since '®/i" = (1/iwy;)0e'®/i" /8t an integration by parts yields

i [! N - 1 ! S O iyt
—l—/ (wr | V) | yie' i dt = ——/ ZARAIR) (—e”"f”)dt/
0 0

h haoyi ot’

S <w-|ﬁ(t)|w->e""’f”t e /témf"ﬂ O 1P ) de’
ha)fi 4 ' =0 ha)fl 0 ot’ 4 !
= e (L ), (10.65)

ha)f,' 0 ot

where we have used the fact that I7(t) vanishes at the limits (when it is switched on at 7 = 0
and off at time ¢). The calculation of the integral depends on the rate of change of V' (¢). In
what follows we are going to consider the cases where the interaction is switched on slowly or
rapidly.

10.4.1 Adiabatic Approximation

First, let us discuss briefly the adiabatic approximation without combining it with perturbation
theory. This approximation applies to phenomena whose Hamiltonians evolve slowly with time;
we should highlight the fact that the adiabatic approximation does not require the Hamiltonian
to split into an unperturbed part Hy and a weak time-dependent perturbation 17(1). Essentially,
it consists in approximating the solutions of the Schrodinger equation at every time by the sta-
tionary states (energy £, and wave functions ;) of the instantaneous Hamiltonian in such
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a way that the wave function at a given time is continuously and smoothly converted into an
eigenstate of the corresponding Hamiltonian at a later time. This result is the basis of an im-
portant theorem of quantum mechanics, known as the adiabatic theorem, which states that: if
a system is initially in the nth state and if its Hamiltonian evolves slowly with time, it will be
found at a later time in the nth state of the new (instantaneous) Hamiltonian. That is, the system
will make no transitions; it simply remains in the nth state of the new Hamiltonian.

Let us now discuss the adiabatic approximation for those cases where the Hamiltonian splits
into a time-independent part Hyand a time-dependent part V(t), which is small enough so that
perturbation theory applies and which is turned on and off very slowly. If I}(t) is turned on at
¢t = 0 and off at time 7 in a slow and smooth way, it will change very little in the time interval
0 <t <t Theterm d(yys | V(t') | y;)/0t" will be almost constant, so we can take it outside

the integral sign in (10.65):
t
/ eont' dy’
0

2
it
sin? (%) . (10.67)

The adiabatic approximation is valid only when the time change in the energy of the perturba-
tion during one period of oscillation is very small compared with the energy difference | E y— E;|
between the initial and final states:

2
, (10.66)

2

0 .
E(‘/’f | V()| wi)

1
P,‘f(l) ~ —h2w2
fi

or

0 ~
Pip(t) = wa [ V(@) | wi)

2 4
hcofi

< |Es—Eil. (10.68)

1 0 A
[ —— VI .
wfl_athI () | wi)

Since sin? & < 1 we see from (10.67) that, in the adiabatic approximation, the transition prob-
ability is very small, P;y < 1. In fact, if the rate of change of V(t), and hence of A @), is
very small, we will have d(y 1 | I7(I) | wi)/ot — 0, which in turn implies that the transition
probability is practically zero: P;y — 0. Once more, we see that no transition occurs when the
perturbation is turned on and off adiabatically. That is, if a system is initially (at # = 0) in the
nth state | y,(0)) of Hy with energy F,(0), then at the end (at time ¢) of an adiabatic pertur-
bation V (¢), it will be found in the nth state | v, (¢)) of the new Hamiltonian (2 = Hy + V (1))
with energy E,(¢). As an illustrative example, consider a particle in a harmonic oscillator po-
tential whose constant is being changed very slowly from k to, say, 3k; if the particle is initially
in the second excited state, it will remain in the second excited state of the new oscillator.
Note that the transition probability (10.67) was derived by making use of two approxima-
tions: the perturbation theory approximation and the adiabatic approximation. It should be
stressed, however, that when the perturbation is not weak, but switched on adiabatically, we
can still use the adiabatic approximation but no longer in conjunction with perturbation theory.

10.4.2 Sudden Approximation

Again, let us start with a brief discussion of the sudden approximation without invoking pertur-
bation theory. If the Hamiltonian of a system changes abruptly (over a very short time interval)
from one form to another, we would expect the wave function not to change much, yet its
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expansion in terms of the eigenfunctions of the initial and final Hamiltonians may be differ-
ent. Consider, for instance, a system which is initially (+ < 0) in an eigenstate | y,) of the
Hamiltonian Hy:

N . (0)
Ho | yn) = EQ | ), | () = e En /0 |y, (10.69)

At time ¢ = 0 we assume that the Hamiltonian is suddenly changed from Hy to H and that it
preserves this new form (i.e., /) for # > 0; it should be stressed that the difference between the
two Hamiltonians H — Hy does not need to be small. Let | ¢,,) be the eigenfunctions of H:

i | $n) = En | ¢n), | $a(2)) = e Ent/h | dn)- (10.70)

The state of the system is given for ¢ > 0 by
| 0@0) =D cpe /M| gy). (10.71)

n

If the system is initially in an eigenstate | ,,) of Hy, the continuity condition at ¢ = 0 dictates
that the system remains in this state just after the change takes place:

| OO) =D cul ) =lvm) = cu=1($u|ym) (10.72)

The probability that a sudden change in the system’s Hamiltonian from Hy to H causes a
transition from the mth state of Ho to the nth state of H is

Pon = ln | ym)I*. (10.73)

We should note that the sudden approximation is applicable only for transitions between dis-
crete states.

Let us now look at the sudden approximation within the context of perturbation theory.
Consider a system which is subjected to a perturbation that is small and switched on suddenly.
When I}(t) is instantaneously turned on, the term e/®/i " in (10.65) does not change much
during the switching-on time. We can therefore take e/®/i* outside the integral sign,

2

1 201 1t o . ,
}/ 57 W 1 V@) Lyidt (10.74)
o Ot

hza)?i

Py = ‘ elerit

hence the transition probability is given within the sudden approximation by

| (wr | V@) | yi)l?

Piy(t) = Y
fi

(10.75)

To conclude, notice that both (10.73) and (10.75) give the transition probability within the
sudden approximation. Equation (10.73) represents the exact formula, where the change in the
Hamiltonians, H - 1:10, may be large, but equation (10.75) gives only an approximate result,
for it was derived from a first-order perturbative treatment, where we assumed that the change
H — Hy is small, yet sudden.
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Example 10.2
A particle is initially (r < 0) in the ground state of an infinite, one-dimensional potential well
with wallsat x = 0 and x = a.

(a) If the wall at x = a is moved slowly to x = 8a, find the energy and wave function of the
particle in the new well. Calculate the work done in this process.

(b) If the wall at x = a is now suddenly moved (at t = 0) to x = 8a, calculate the
probability of finding the particle in (i) the ground state, (ii) the first excited state, and (iii) the
second excited state of the new potential well.

Solution
For ¢t < 0 the particle was in a potential well with walls at x = 0 and x = a, and hence
2 2h2 2
En="20 )= \ﬁ sin (——) 0<x<a). (10.76)
2ma a a

(a) When the wall is moved slowly, the adiabatic theorem dictates that the particle will make
no transitions; it will be found at time ¢ in the ground state of the new potential well (the well
with walls at x = 0 and x = 8a). Thus, we have

n’n? z’h’ 2 TX
Bl = = 1) =4/ sin(— 0<x<a).
1(t) mBa)l  128ma?’ w (x) . s1n(8a) (0<x <a)
(10.77)

The work needed to move the wall is

z2h*  xh? 637 2h?
AW =E((t) —E = — = — . 10.78
1) : m8a)?  2ma? 128ma? ( )

(b) When the wall is moved rapidly, the particle will find itself instantly (at ¢ > 0) in the
new potential well; its energy levels and wave function are now given by

222 2 222
n“mw<h n°w*h 2 nwx
E = — / :/_'(—) 0<x<8iy). (10.79
" m@ay ~ 1smaz O =V g, O<x<8a) (1079

The probability of finding the particle in the ground state of the new box potential can be
obtained from (10.73): P11 = [(y] | w1)|?, where

a 2 4 TX TX 16
/ - 7% .~ . Tr . Tx _ 2 _ i
(y | 1/11)—/0 v Dwix)dx = \/ga/o sm(ga)sm( P )dx i 4 —22;
(10.80)

hence

16 \?
Pi= |y v = (E) (4 —2+/2) = 0.0077 ~ 0.7%. (10.81)

The probability of finding the particle in the first excited state of the new box potential is given

2
by Pio = (w5 | w1)|”, where

TX

, R A 2 [T rmxy _ 8
(V/2|V/1>—/0 W, (x)z//l(x)dx_E/O sm(z)sm(j)dx— 5n (10.82)

hence
Py = |(y5 | %l/1>|2

g 2
={— ) =0.1699 =~ 17%. (10.83)
157
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A similar calculation leads to
2 a 3rx 2
P13 = (/! 22_/ in (== ) si d —\/4 2V2| ~24.2%.
13 = [(w} | y1)| ‘\/ga ; sm( ” )sm( ) x ‘ + o
(10.84)

These calculations show that the particle is most likely to be found in higher excited states; the
probability of finding it in the ground state is very small.

10.5 Interaction of Atoms with Radiation

One of the most important applications of time-dependent perturbation theory is to study the
interaction of atomic electrons with an external electromagnetic radiation. Such an application
reveals a great deal about the structure of atoms. For simplicity, we assume that only one atomic
electron is involved in the interaction and that the electron spin is neglected. We also assume
that the nucleus is infinitely heavy.

In the absence of an external perturbation, the Hamiltonian of the atomic electron is Hy =
p? /(2m¢) + Vo(7), where m, is the mass of the electron and Vo (7) is the static potential due to
the interaction of the electron with the other electrons and with the nucleus.

Now, if electromagnetic radiation of vector potential 4(7, ¢) and electric potential ¢ (7, ¢) is
applied on the atom, the Hamiltonian due to the interaction of the electron (of charge —e) with
the radiation is given by

H

> e~ \2 - ,
(P + —A@F, t)) —ep(r,t) + V(r)
Me c
2 42

b i P_iny. i .
Hy ~ e .1) + 5 [2A P—ih A]+2mecz’ (10.85)

where we have used the relation P A A-P—ihV - A. Since ¢ (7, t) = 0 for radiation with
no electrostatic source and since V - 4 = 0 (Coulomb gauge), and neglecting the term in A2
we may write (10.85) as

A

]:I:Ho-i-

C A-P=H+ 70, (10.86)

MmeC

where

D)= <A (10.87)
MecC

This term, which gives the interaction between the electron and the radiation, is small enough

(compared to ﬁo) to be treated by perturbation theory. We are going to use perturbation theory

to study the effect of V(t) on the atom. In particular, we will focus on the transitions that are

induced as a result of this perturbation.

At this level, we cannot proceed further without calculating A(r t). In what follows, we
are going to show that, using A(r t) for an electromagnetlc radiation, we obtain a //(¢) which
has the structure of a harmonic perturbation: V() = de™'®" + uTe"’” . Therefore, by analogy
with a harmonic perturbation, we would expect the atom to emit or absorb photons and then
undergo transitions from one state to another. For the sake of completeness, we are going to
determine A (7, t) in two different ways: by treating the radiation classically and then quantum
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mechanically. We are going to show that, unlike a quantum treatment, a classical treatment
allows only a description of stimulated emission and absorption processes, but not spontaneous
emission. Spontaneous emission turns out to be a purely quantum effect.

10.5.1 Classical Treatment of the Incident Radiation

A classical' treatment of the incident radiation is valid only when large numbers of photons
contribute to the interaction with the atom (recall that quantum mechanical effects are generally
encountered only when a finite number of photons are involved).

From classical electrodynamics, if we consider the incident radiation to be a plane wave of
polarization ¢ that is propagating along the direction 7, the vector potential A (7, 1) is given by

AG, 1) = AgF)e ™™ + A5()e = Agé [e"@'?—wﬂ + e—f@f—wﬂ] , (10.88)

with k = k#i. Since A(#, ) satisfies the wave equation @2% —%(1/02)622/&2%: 0, we have
k = w/c. The Coulomb gauge condition V - 4 = 0 yields k - A9 = 0; that is, A(#, ¢) lies in a
plane perpendicular to the wave’s direction of propagation, 7. The electric and magnetic fields
associated with the vector potential (10.88) can be obtained at once:

=N 1 aIZ ] N - —i(h—
EG, 1) = ——Z2 22402 [—e’“” o) 4 pilkr wt)] , (10.89)
c ot c
B 1) = VxAd=ilkx &) Ao [—ei(k'F_wt) + e_i(k'F_WI)] =i xE. (10.90)
These two relations show that £ and B have the same magnitude, |E | = |§ |

The energy density (or energy per unit volume) for a single photon of the incident radiation
can be obtained from (10.89) and (10.90):

1 - 5 1 - 2 S
u=—(EP+|B) = —|EP = Z | 4o sin®(k - 7 — oo1). (10.91)
87 47 rc?

Averaging this expression over time, we see that the energy of a single photon per unit volume,
fiw/ V, is given by (w? /27 c¢*)| o> = hiw/ V and hence |Ao|? = 2mhc?/(wV), which, when
inserted into (10.88), leads to

2 > >
AF, 1) = /—2”’? [e"("f—wﬁ+e—"("'7—w’>]§. (10.92)
(&)

Having specified 2(7 , 1) by means of a classical treatment, we can now rewrite the potential
(10.87) as

- e (2xhc\'"?. i(ki—ot) | —iki—ot)| _ s —iot | 5T jot
() = > £ Pe te | =demir+iter, (1093)
MmeC 0]
where
w2 L w2 L
5=i(i) g Pelk”, 5T=i(L) §. Pe kT, (10.94)
me \ oV me \ oV

LA classical treatment of the electric and magnetic fields, E (#,1) and é(? , 1), and their corresponding electric and
vector potentials, ¢ (7, £) and 4(7, ), means that they are described by continuous fields.
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The structure of (10.93) is identical with (10.50); that is, the interaction of an atomic electron
with radiation has the structure of a harmonic perturbation. By analogy with (10.50) we can
state that the term e’ in (10.93) gives rise to the absorption of the incident photon of energy
fiw by the atom, and e/’ to the stimulated emission of a photon of energy /iw by the atom. That
is, the absorption process occurs when the atom receives a photon from the radiation, and the
stimulated emission when the radiation receives or gains a photon from the decaying atom. At
this level, we cannot afford not to mention an important application of stimulated emission. In
this process we start with one (incident) photon and end up with two: the incident photon plus
the photon given by the atom resulting from its transition to a lower energy level. What would
happen if we had a large number of atoms in the same excited state? A single external photon
would trigger an avalanche, or chain reaction, of photons released by these atoms in a very short
time and all having the same frequency. This would lead to an amplification of the electromag-
netic field. How does this take place? When the incident photon interacts with the first atom, it
will produce two photons, which in turn produce four photons; these four photons then produce
eight photons (after they interact with four different atoms), and so on. This process is known
as the amplification by stimulated emission of the (incident) radiation. Two such radiation am-
plifications have been achieved experimentally and have led to enormous applications: one in
the microwave domain, known as maser (microwave amplification by stimulated emission of
radiation); the other in the domain of light waves, called laser (light amplification by stimulated
emission of radiation).

Following the approach that led to the transition rates (10.54) from (10.50), we can eas-
ily show that the transition rates for the stimulated emission and absorption corresponding to
(10.93) are given by

emi 4r2e? ik 3 2

T (yrle™ e - Plyi)| 0(Ef — Ei + ho), (10.95)
4z2e? 2o o 2

= | W 1657 6B L[ 0~ = o (10.96)

These relations represent the expressions for the transition rates when the radiation is treated
classically.

What would happen when there is no radiation? If A=0 (i.e., the atom is placed in a
vacuum), equations (10.95) and (10.96) imply that no transition will occur since, as equation
(10.87) shows, if 4 = 0 the perturbation will be zero; hence Ffﬂi = 0 and l"i“fff =0. As
a result, the classical treatment cannot account for spontaneous emission which occurs even in
the absence of an external perturbing field. This implies, for instance, that a hydrogen atom in
an n > 2 energy eigenstate remains in this eigenstate unless it is perturbed by an external field.
This is in complete disagreement with experimental observations, which show that atoms in the
n > 2 states undergo spontaneous emissions; they emit electromagnetic radiation even when no
external perturbation is present. The spontaneous emission is a purely quantum effect.

10.5.2 Quantization of the Electromagnetic Field

We have seen that a classical treatment of radiation leads to transition rates that account only
for the processes of absorption and stimulated emission; spontaneous emission of photons by
atoms is a typical phenomenon that a classical treatment fails to explain, let alone predict. The
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classical treatment is valid only when very large numbers of photons contribute to the radiation;
that is, when the intensity of the radiation is so high that only its wave aspect is important. At
very low intensities, however, the particle nature of the radiation becomes nonnegligible. In this
case we have to consider a quantum mechanical treatment of the electromagnetic radiation. To
obtain a quantum description of the radiation, we would necessarily need to replace the various
fields (such as E , 1), B (¥, 1), and the potential vector A (¥, t)) with operators.

In the absence of charges and currents, the electric and magnetic fields are fully specified
by the vector potential A(r t). Since A (¥, 1) is transverse (perpendicular to the wave vector k)
it has only two nonzero components along the directions of two polarization (unit) vectors, £1
and €;, which lie in a plane perpendicular to k. We can thus expand A(r t) in a Fourier series
as follows:

PN 1 2 g « ox —i(hi—
A(r,t):WZZ[ B ® ) 4 4% e b wm], (10.97)

where we have assumed that the electromagnetic field is confined to a large volume V with
periodic boundary conditions. We are going to see that, by analogy with the quantization of
a classical harmonic oscillator, the quantization of radiation can be achieved by writing the
electromagnetic field in terms of creation and annihilation operators.

The Hamiltonian of the complete system (atom and the external radiation) is H = Hy+
I:Ir + V(t), where 1:10 is the Hamiltonian of the unperturbed atom, ﬁr is the Hamiltonian of the
electromagnetic field, and I>(t) is the interaction of the atom with the radiation. To find I:I, we
need to quantize the energy of the electromagnetic field which can be obtained from (10.97):

1 3 -2 n2 /2 V 2 TN2 g%
H, = 8_7[/ d’r (E )+ B (r,t)) = Z;(hk) A A, 1 (10.98)
kA=

with |€;]> = 1, where we have used w = ck, E(? t) = —(1/¢)0A/dt, and B(F, 1) = V x A.
Instead of the two variables 4, ; and A , we can introduce a new set of two canonically
conjugate variables:

1 * iy *
0,5 = 7= (47,4 4,0),  Pu= = (45— 4,). (10.99)

Combining (10.98) and (10.99) we can write

2
H, = 22(2 et ﬁk) (10.100)

This expression has the structure of a Hamiltonian of a collection of independent harmonic
oscillators. This is compatible with the fact that electromagnetic waves in a vacuum result
from the (harmonic) oscillations of the electromagnetic field; hence they can be described by
means of a linear superposition of independent vibrational modes. To quantize (10.100) we
simply need to find the operators Q I and }A’A % that correspond to the variables Q I and P,
respectively, such that they obey the canonical commutation relations:

[Osis P | = 11021, 2205 - (10.101)
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Following the same quantization procedure of a classical harmonic oscillator, and introducing
the lowering and raising operators

i
2k ok

R W) A i
a/{,lz = 2%

—+

A R Wk A
Py =\ 2p Cai . (10.102)

~

ﬁ
St
g

which lead to Q,1 = /i 2wy (a it a, W) and P k= ivhwg/2 (a) 7 —a, i)» we can show
that the Hamiltonian operator correspondmg to (10.100) is given by

2
5 S
H. = Z:/lzth)k (N“; + 5) : (10.103)
k =

.‘_
with NA P= /1 a; ;-

By analogy to the harmonic oscillator, the operators a, ; and Ez;[ 7 obey the following com-
mutation relations: ’

[021,1;1’ ai2,122i| = 6@1,,125,;1,]22, [azl’lzl, aiz,k}] = |:a21,1;1, ah,k}i| =0, (10.104)

and serve respectively to annihilate and create a photon of wave number k and polarization A.
The eigenvalues of N, ; are n; ; = 0,1,2,...; by analogy with the harmonic oscillator, its

eigenvectors are
1 A )k
(aﬂ;) | 0), (10.105)

In, 0=
VIR

where | 0) is the state with no photons, the vacuum state, and | 7, ;) is a state of the elec-
tromagnetic field with n, y: photons with wave vector k and polarization 4. The number 7, y:

therefore represents the occupation number mode. The actions of a, i and aJr on|n, ;) are
given by

&Lklnﬂ,lz): fmyiln, =1, ajj'”iﬁ /’7}k+1 |nﬁk+1> (10.106)

The eigenstates of the Hamiltonian (10.103) can be inferred from (10.105):

302> Mgty Mgy -) = [ [ 1120 (10.107)
J
with the energy eigenvalues (of the radiation)

1
E = hoy (ni,;+§). (10.108)
koA

The state |n Lk Nk Migigs o) describes an electromagnetic field with n HE photons in the

mode (41, k]) (e,n, ;o photons with wave vector k1 and polarization A1), n, ;. photons in the
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mode (/12, kz) and so on. Substituting (10.99) into (10.102), we get a/1 = or/QRrhc?) A) i

and a a“; = oy /Qrkc? AL;; hence

R 2xhc? . 2w he? ¢
MLk = wr a).r Aﬂ,/; = o 2 (10.109)
An insertion of these two relations into (10.97) gives the vector potential operator:
A, 1) = ZZ 2mhe? el ko) & +aT —i(kr—oxt) g x (10.110)
oV .,k Al :

The interaction I>(t) as given by (10.87) reduces to I7(t) = (e/ mgc);l 1) - P or

V(t)— ZZ ka[aMek’ Pe’w"’+aTae *. Pe ’wk’}, (10.111)

or
V) = Z z (51,,;8‘““ + 61 lze—iwkf) , (10.112)

where

e [2xh, g I3 .
V= e € P )

o\ ey Yk =— =, e e P. (10.113)

The terms 0, P and I)T ik correspond to the absorption (annihilation) and emission (creation) of

a photon by the atom respectively. As in the classical case, the interaction (10.112) has the
structure of a harmonic perturbation.

Remark

The quantization of the radiation is achieved by writing the electromagnetic field in terms of cre-
ation and annihilation operators, by analogy with the harmonic oscillator. This process, which
is called second quantization, leads to the replacement of the various fields (such as the vector
potential A(7, t), the electric field E (7, t), and the magnetic field B(7, t)) by operator quanti-
ties, which in turn are expressed in terms of creation and annihilation operators. For instance,
the Hamiltonian and the vector potential of the radiation are given in the second quantization
representation by equations (10.103) and (10.110), respectively.

10.5.3 Transition Rates for Absorption and Emission of Radiation

Before the atom and the radiation interact, their initial state is given by | ®;) =| w;) | n, k)
where | ;) is the state of the unperturbed atom and | », k) is the state vector of the radiation.
After the interaction takes place, the state of the system is givenby | @ s) =| wy) | n AR

Let us look first at the case of emission of a photon. If after interaction the atom emits
a photon, the final state of the system will be given by | @) =| wy) | n PN oD since
the electromagnetic field gains a photon; hence its state changes from | n a0 =m0
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Formally, this process can be achieved by creating a photon, that is, by applying 5:[ i or &I i on
the photonic state | n, ;): ’ ’
f e [(2nh ihias 2 N i
(@ | Vi | @;) = m—e W(l//f |e™"""e5 - P y/[)(ni’,;+ llai’];ln;”k)
e 2 h kP N
= o\ o [np+ Wyple ™ el Ply). (10.114)

When n,; = 0 (i.e., no radiation), equation (10.114) shows that even in the absence of an
external radiation, the theory can describe events where there is emission of a photon. This is
called spontaneous emission. This phenomenon cannot be described by means of a classical
treatment of radiation. But if n,; # 0, then n,; is responsible for induced or stimulated
emissions; the bigger n,;, the bigger the emission probability.

In the case of a photon absorption, the system undergoes a transition from an initial state
| ©;) =] w;) | nU;) to the final state | @ 7) =| y ) | n, = 1). This can be achieved formally
by applying the annihilation operator a aaonln g

R e 2 h kP S ~
(Cr vl @i = 2o oy v termen Plvaltng g = 1 g Tm i)
e |2mh T
= L R 16 P, (10.115)

The transition rates corresponding to the emission or absorption of a photon of energy
fiowy = hck, wave number &, and polarization 4 can be obtained, by analogy with (10.95) and
(10.96), from (10.114) and (10.115):

emi 4u’e? —iki2x B 2
> T ey (’u,ﬁ 1) ‘ (yrle e, Pl wi>( S(Ef— Ei +hey),| (10.116)
4r2e? T - 2
bs _ Ny 1 e . _E—
rets, = mgkanM‘ w1 eF7e - P L[ o8, — E; - hoy). (10.117)

10.5.4 Transition Rates within the Dipole Approximation

Approximate expressions of the transition rates (10.116) and (10.117) can be obtained by ex-

panding etk 7

P U R I .
ek =1 :i:ik-r—E(k~r):F--~ =1lti—n-F—=-—=@@-F)>F-. (10.118)
c
This expansion finds its justification in the fact that (/; - 7) is a small quantity, since the wave-
length of the radiation (visible or ultraviolet) is very large compared to the atomic size: kr =
2mag/A ~ 2x x 10719m/10=®m ~ 1073. In the case of nuclear radiation (such as y radia-
tion), kr is also in the range of 1073, with rpueiens ~ 1071 m.
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The electric dipole approximation corresponds to keeping only the leading term in the ex-
pansion (10.118): ¢*¥” ~ 1; hence

(wr | K78, P ly) =é1-(ys | Py (10.119)

This term gives rise to electric dipole or El transitions. To calculate this term, we need to use
the relation

o A . Pr . . P2 ih
[X, Ho] | & PG | =&, - Zp, (10.120)
2me 2m, me

which can be generalized to [7, Hol = ik f’/Ame. Hence, inserting P = (m./ih)[F, Hp] into
(10.119) and using Ho | w;) = E; | wi)and Hy | wr) = E¢ | wyr), we have

> = MmMe S m > >
e (wr | Ply) = T (wrllr, Hol | wi) = E(Ei —Ep)e, (wrlr|wi)
= imewyig) - (s |7 | i) (10.121)

The substitution of this term into (10.119) leads to

(e e, Py =imewpiér - (s |7 | wi). (10.122)

Inserting (10.122) into (10.116) and (10.117), we obtain the transition rates, within the dipole
approximation, for the emission and absorption of a photon of energy Zwy by the atom:

) 471'262603»1» . R 2
= L+ D 85w 17 )| 0 = Eihop), | (10123)
oV
b 477,'26260%(1 . . 2
resy = ——Ln i |6 s 17 1w 0(E s = Ei = heop), (10.124)
oV

10.5.5 The Electric Dipole Selection Rules

Since 7 is given in spherical coordinates by 7 = (r sin cos ¢>); + (r sin@ sin ¢)]’ + (r cos 6)/;,
we can write
€1 -7 =r(exsinfcos¢ + &, sind singp + ¢, cos ). (10.125)

Using the relations sinf cos ¢ = —/2x/3(Y11 — Y1-1), sinfsing = i/ 2x/3(Y11 + Y1-1),
and cos @ = /4 /3 Y19, we may rewrite (10.125) as

L 4 [ —&y +ic ex +ie
6o = (T + S o), (10.126)

which in turn leads to

o A [ 5
(yrlei-rly) = 3 0 r Rnfl/(r)Rnili(l”)dr

. —&x t+ie ex +ie
X/Yzf-m_/-(@, (0)( xﬁ Y11+ xﬁ L Y141 +8zY10) Yim; (0, 9)d<Q,
(10.127)
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where we have used (7 | y;) = Ry1; (") Yi,m; (Q) and (7 | y 1) = Ry 1, (F) Y1 , ().
The integration over the angular degrees of freedom can be calculated by means of the
Wigner—Eckart theorem; we have shown in Chapter 7 that

/dQ Yli}meIm/Yl,-m,- = <lfa mlelm’llia m;)

| 325+ 1) /
= [—————;,1; 0,0]l¢, O){;, 1; mj,m'|lr, . (10.128
47[(21f+1)<l: |f )i m; mlj mf> ( )

Inserting (10.128) into (10.123) and (10.124), we obtain rfg‘f ~ iy 1 mp,m’ | Ly, my)?
and Fl?’fff ~ (li, 1y mi,m' | 1y, mf>2. Thus the dipole selection rules are specified by the
selection rules of the Clebsch—-Gordan coefficient (/;, 1; m;,m’" | I, m r):

o The transition rates are zero unless the values of m y and m; satisfy the condition m; +
m' = my or m/f — m; = m’. But since m’ takes only three values, m’ = —1, 0, 1, we
have

mp—m; =—1, 0, 1. (10.129)

e The permissible values of /s must lie between/; — L and /; +1 (i.e.,[; —1 <1y < [; + 1),
sowehave —1 <[y —1[; < lor

lp—1;=—1,0, 1. (10.130)

Note that, since the Clebsch-Gordan coefficient (/;, 1; m;,m’ | Iy, ms) vanishes for
li =1y = 0, no transition between /; = 0 and /y = 0 is allowed.

e Finally, since the coefficient (/;, 1; 0,0]/;, 0) vanishes unless (—1)1"+1_1f = 1 or
(=1)li=lr = —1, then (/; — [ ) must be an odd integer:

Iy — I; = odd integer. (10.131)

This means that, in the case of electric dipole transitions, the final and initial states must
have different parities. As a result, electric dipole transitions like 1s — 2s, 2p— 3p, etc.,
are forbidden, while transitions like 1s — 2p, 2p — 3s, etc., are allowed.

10.5.6 Spontaneous Emission

It is clear from (10.123) that the rate of emission of a photon from an atom is not zero even
in the absence of an external radiation field (n k= 0). This corresponds to the spontaneous
emission of a photon. The total transition rate corresponding to spontaneous emission can be
inferred from (10.123) by taking n; ; = 0:

emi 47r2a)§(l. e 32
i =gy el dgil"0(Ey — Ei + ho), (10.132)
where J #i 1s the matrix element for the electron’s electric dipole moment d=—er:

dri=(ysld|yi)=—elys 7|y (10.133)
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The relation (10.132) gives the transition probability per unit time corresponding to the transi-
tion of the atom from the initial state | ;) to the final state | y /) as a result of its spontaneous
emission of a photon of energy fiw. Thus the final states of the system consist of products
of discrete atomic states and a continuum of photonic states. The photon emitted will be de-
tected in general as having a momentum in the momentum interval (p, p + dp) located around
p = ik = hw/c. The transition rate (10.132) needs then to be summed over the continuum of
the final photonic states. The number of final photonic states within the unit volume ¥, whose
momenta are within the interval (p, p + dp), is given by

Vd’p Vp*dp dQ Vi3 w? Va2
@rhy ~ @xny - Qempe PO Grep ihe: (10.134)

d*n = _
" (2mc)3

Thus, the transition rate corresponding to the emission of a photon in the solid angle dQ is
obtained by integrating (10.132) over dw:

. 14 . 1 5
awen, = de/w%fﬁ‘fdw: Tk .df,»|2dgz/w_2ﬁw5(Ef—E,» + how) dow
| I
= ——l¢; -dsi W o(wjr —w)dw, .
o $165 - dpilPdQ | of0i(wif —0)d (10.135)
mnc

where we have used the fact (£ r — E; 4+ hw) = (1/h)d(w;y — w) with w;r = (E; — E7)/h.
Carrying out the integration, we can reduce (10.135) to

3

d emi __

w ox 702

The transition rate (10.136) corresponds to a specific polarization; that is, the photon emitted
travels along the direction 7 (since k = kn), which is normal to ¢ 5. To find the transition rate
corresponding to any polarization, we need to sum over the two polarizations of the photon:

2
D s -dnl* = let il + les(dral® = 1dgil* — 1dri)sl. (10.137)
A=l

Since the three directions of d ri are equivalent, we have

1 -
(i) = (@)2l?) = (Idsi)s1?) = §<|df,-|2>. (10.138)

Thus, an average over polarization yields

2
e 3 . 1 - 2 5
D é5dplt =ldpl? = Sldpl? = kgl (10.139)
A=1
Substituting (10.139) into (10.136), we obtain the average transition rate corresponding to the
emission of the photon into the solid angle d€Q:
CL)3

dwemi, = P |d i 12d Q. (10.140)

An integration over all possible (photonic) directions (|67 fi | is not included in the integration
since we are integrating over the angular part of the photonic degrees of freedom only and not
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over the electron’s) yields [ dQ = 4x. Thus, the transition rate associated with the emission
of the photon is

4 o3 2

5= 5ha

w’e? o 2
he3 |<l//f | 7lwi)

N

dfi

emi

4
3

, (10.141)

where w = (E ¢ — E;)/h.
The total power (or intensity) radiated by the electron is obtained by multiplying the total
rates (10.141) by Aw:

2 4 @te?
T3 3

emi

4
W’ - > 2
liss p = hoW Sy = 2= 1dyil K72 (10.142)

The transition rates derived above, (10.141) and (10.142), were obtained for single-electron
atoms. For atoms that have Z electrons, we must replace the dipole moment d = —er with the
dipole moment of all Z electrons: d = —e ijzl ri.

The mean lifetime 7 of an excited state can be obtained by adding together the total transi-
tion probabilities per unit time (10.141) for all possible final states:

1 1

IT=— ==,
w ZfWHf

(10.143)

Example 10.3
A particle of charge g and mass m is moving in a one-dimensional harmonic oscillator potential
of frequency wy.

(a) Find the rate of spontaneous emission for a transition from an excited state | #) to the
ground state.

(b) Obtain an estimate for the rate calculated in (a) and the lifetime of the state | n) when
the particle is an electron and wg = 3 x 1014 rads™!.

(c) Find the condition under which the dipole approximation is valid for the particle of (b).

Solution
(a) The spontaneous emission rate for a transition from an excited state | n) to | 0) is given

by (10.141):
2

432
_ -4 , (10.144)

= 3o [ K m)

emi

where 0 = (E, — Eo)/h = (n + %)wo — %wo = nawy. Since a | n) = /n | n — 1) and

at |n) =+/n+1|n+1),and since X = «/h/(2ma)o)(&T + a), we have

A oo h
O1 X 1m) = [ (01al +aln) = | [Vi+ Toonm + Vit | (10.145)
2mawyg 2may

Thus only a transition from | 1) to | 0) is possible; hence n = 1, ® = @y, and (0 | X | 1) =
V1 /(2mag). The emission rate (10.144) then becomes

3 2
fﬁiozﬂﬂ‘wl A| )
3 Ac3

‘2_460(3)612 h _2a)§q2

= — = . 10.146
3 Acd 2mwy 3 mc3 ( )
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(b) If the particle is an electron, we have ¢ = —e:
: 2 wie? 200 Wik 20 he }
wemio =~ 0 -~ 0 _ =2, 10.147
1207 30,03 3 mec? 3 mec? ¢ ( )
Using mec? = 0.511 MeV, fic = 197.33 MeV fm, we have
. 20 he o] 2 197.33MeV fm 9 x 1028572
wemi = =2 20 X S 56x10%s!. (10.148)
3 mec? ¢ 3x137 0.511MeV 3 x 108ms—!
The lifetime of the | 1) state is
1 3 mec? 1
= —— =2 —0.18 x 1075 s. (10.149)
wemio 2 w(z)ez 5.6 x 105sec™2

(c) For the dipole approximation to be valid, we need kx < 1, where x was calculated
in (10.145) for n = 1: x = /h/(2mewp). As for k, a crude estimate yields k = w/c =
(E1 — Eo)/(hc) = wg/c. Thus, we have

h h
fe= 2% = [ w1 = hwp < 2mec. (10.150)
c \| 2mqmg 2m,c?

This is indeed the case since 2m.c* = 1.022 MeV is very large compared to

3 x 1014s! _s
=20 % 107 MeV. (10.151)

hop = he = 19733 MeV fm x ——— >
c 3 x 108ms—

10.6 Solved Problems

Problem 10.1

(a) Calculate the position and the momentum operators, Xy (¢) and Py (¢), in the Heisen-
berg picture for a one-dimensional harmonic oscillator.

(b) Find the Heisenberg equations of motion for Xu (¢) and Py ).

Solution
In the Schrodinger picture, where the operators do not depend explicitly on time, the Hamil-
tonian of a one-dimensional harmonic oscillator is given by

PP 1o,
H = m + Tl X-. (10.152)
m
(a) Using the commutation relations
PN | PN ihoA
[H, X] = —[P°, X]=—-——P, (10.153)
2m m
A oA 1 N A N
[H, P] = —mo?[X?, P]=ihmw’X, (10.154)
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eBe™ = B+[A4, B+ —[A, [A, Bll+—I[A, [4, [4, B]I]+-- (10.155)

we may write (see Eq. (10.11))

o An Al ~ 1 [it\> - A A
XH(I) — ellH/hXe—llH/h :X+ h[H X]+2' (%) [H, [H’ X]]+
3! mo 41 51
2 4 3 5
A (wt (ot 1 4 wt wt
X ) )+~--+—P(t)—()+()+~-~,
4! mw 5!
(10.156)
or
~ ~ 1 -
Xy (t) = X cos(wt) + — P sin(wt). (10.157)
mw

A similar calculation yields (see Eq. (10.11))

R SN R it A~ A 1 t A
Pty = ¢/H/h pemith/h =P+%[H, P1+ 5 (’ ) [, [H, P]]+---

) 2 4 . 3 5
=P|:1—%+(w4—?+~~]—mwX|:( 1) — (M) +(w5—t!)+~":|,
(10.158)
or
Py (t) = P cos(wt) — mwX sin(wr). (10.159)

(b) To find the equations of motion of Xu (¢) and 131.1(1), we need to use the Heisenberg
equation d Ay (t)/dt = (1/ih)[Ay(¢), H] which, along with (10.153) and (10.154), leads to

dXy(t) _ ,i[)A(H(t), [:1] _ 'ieitl?/h[j(, ]f[]e—itﬁ/h _ .iﬁeitﬁ/hﬁe—itﬁ/h,
dt ih ih ihm
(10.160)
dP) _ —[PH(z) A= Ltimp e — SO yusgn i
dt ih ih ’
(10.161)
or
dXy(t 1 4 dPy(t .
;( ) _ —Pu (1), %() = —ma? Xy (t). (10.162)

Problem 10.2 . A
Using the expressions derived in Problem 10.1 for X (¢) and Pg(¢), evaluate the following
commutators for a harmonic oscillator:

[)?H(tl), ﬁH(tg)] , I:)A(H(tl), )A(H(fz)] , I:ISH(tl)a ISH(&)] .
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Solution
Using (10.157) and (10.159) along with the commutation relations [/{’, 13] = i#f and [)A(, )A(] =
[P, P]=0,we have

~ A N 1 4 N N
[Xu(t), Pu(t)] = [Xcos(wtl) + — Psin(wty), P cos(whr) — mwX sin(a)tz):|
me

= [)A(, }3] cos(wt) cos(wty) — [13, )A(] sin(wty) sin(wt)
= ifi[cos(wt) cos(wty) + sin(wt) sin(wtr)], (10.163)

or

[Xu (), Pu()] =ihcos[w(t — t)]. (10.164)

A similar calculation yields

N N A 1 A A 1 4
[(Xu (), Xg®)] = [Xcos(wtl) + — Psin(wt;), X cos(wty) + — P sin(a)tg)]
maw maw

= L[ X, f’] cos(wty) sin(wty) + L[16, )A(] sin(wt) cos(wt;)
mao mw
= i [cos(wty) sin(wty) — sin(wt) cos(wtr)], (10.165)
mw
or
~ ~ 7
X1 (t), Xir(12)] = ——— sin[o(n — )] (10.166)
mw

Similarly, we have

[ﬁH(tl), ﬁH(tz)] = [f’ cos(wty) — moX sin(wty), P cos(wty) — moX sin(a)tz)]

= —mo[P, X]cos(wt)) sin(wty) — molX, P] sin(wt)) cos(wty)

= —ifimw [sin(wt) cos(wtr) — cos(wty) sin(wty)], (10.167)
or
[Pu(t), Pu(n)] = —ikmosin[o(t —b)]. (10.168)

Problem 10.3

Evaluate the quantity (n | X H (t))A( | n) for the nth excited state of a one-dimensional harmonic
oscillator, where Xy (¢) and X designate the position operators in the Heisenberg picture and
the Schrodinger picture.

Solution A
Using the expression of X (¢) calculated in (10.157), we have

(n| Xu@®X | n) = (n| X*| n)cos(wt) + i(n | PX | n) sin(wr). (10.169)
maw

Since, for a harmonic oscillator, X and P are given by

. 7 . 7
Y= J—at+a, pP=i)ZZ2aM-a), (10.170)
2mw 2




600 CHAPTER 10. TIME-DEPENDENT PERTURBATION THEORY

andal |n) = Va1 |n+1)anda |n) = /n | n— 1), we have

A A 7
n| X2 n) = miat24a2+aat +afa1n = ——@n+1), (10171
2mw 2mam
A A ¥/
(n| PX|n) = 2 (n | aJr Zyat— otaJr +aTa | n) —%, (10.172)

A

since (n |&T2|n>=(n|a2|n>=0, (nldT& | n) =nand (n |EwﬂL | n) = n + 1. Inserting
(10.171) and (10.172) into (10.169), we obtain

n | XX | n) = % [ @n + 1) cos(wt) — i sin(a)t)] . (10.173)

Problem 10.4

The Hamiltonian due to the interaction of a particle of mass m, charge ¢, and spin S with a
magnetic field pointing along the z-axis is H= —(gB/ mc)S Write the Heisenberg equations
of motion for the time-dependent spin operators Sy @), S (1), and S, (?), and solve them to
obtain the operators as functions of time.

Solution
Let us write H in a lighter form H = wS. where ® = —qB/mc. The commutation of H
with the components of the spin operator can be inferred at once from [Sy, S;] = —i#4S), and

[Sy, S.1=ihS,:

[S, H]=—ihwS,,  [S,, Hl=itoS,, [S, H1=0. (10.174)

The Heisenberg equations of motion for Sy ®), Sy (t), and S‘Z(t) can be obtained from
dAy(t)/dt = (1/in)[Ax (1), H] = (1/ih)e" /[ 4(0), Hle "H/m which, using (10.174),
leads to

dS;(t)
dt

1
= I8, A= e TS0, A
1
—ihw . n 1) a
_ ;hwe:zH/hSy(o)e—lfH/h = —wS,(1). (10.175)

Similarly, we have

ds,) _ L iy $,(0), Ale~itA/h = her nit/h g (o)M= w8, (), (10.176)
dt ih ih
as.(0) _ L onimgg o), me=itin = (10.177)

dt ih
To solve (10.175) and (10.176), we may combine them into two more conducive equations:

dS.(t)

- = +iwSy (1), (10.178)
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where S (t) = Sy OE= iS‘y (t). The solutions of (10.178) are Sy = Sy (0)e™ ! which, when
combined with S, () = $[S4(t) + S ()] and 8, (¢) = % [S1(t) — S_(1)], lead to

S:(t) = 8:(0) cos(wr) — S,,(0) sin(wr), (10.179)
S,() = 5,(0) cos(wr) + 8 (0) sin(wt). (10.180)

The solution of (10.177) is obvious:

dS.(t) 0

= —  5.@)=S5.(0). (10.181)

Problem 10.5
Consider a spinless particle of mass m, which is moving in a one-dimensional infinite potential
well with walls at x = 0 and x = a.

(a) Find Xy (¢) and Py (#) in the Heisenberg picture.

(b) If at + = 0 the particle is in the state y (x, 0) = [¢1(x) + ¢2(x)]/+/2, where ¢ (x) and
@2 (x) are the ground and first excited states, respectively, with ¢, (x) = +/2/a sin(nz x /a), find
the state vector w (x, ) for ¢ > 0 in the Schrodinger picture.

(c) Evaluate (w (x, 1) | X | w(x,t))and (w(x,?) | P | w(x,t)) as a function of time in the
Schrodinger picture.

(d) Evaluate (w(x,?) | )A(H(t) | w(x,t)) and (y(x,t) | 131.1(1) | w(x,t)) as a function of
time in the Schrodinger picture.

Solution . . o
(a) Since the particle’s Hamiltonian is purely kinetic, H = P?/2m, we have [H, P] =0
and

PN | RO if A
(A, X1= —[P2, k1= -"2p. (10.182)
2m m
Using these relations along with (10.155), we obtain
N it EI B S —itET R ~ it ~ A 1 /it 2 A A
Xy (t) = MM ke = X 4 —[H, X]+ (;) (A, [H, X]I+---,  (10.183)

and since [H, [H, X]] = —(ih/m)[H, P]=0, we end up with
A A t A~
Xy()y=X+—P. (10.184)
m
On the other hand, since [I:I , 13] = 0, we have
P = Py1). (10.185)

(b) Since the energy of the nth level is given by E, = n’z 24> /(2ma®), we have

1 . ‘
l//(x,t) [ — |:¢1(x)e—lEll/h +¢2(x)e—lE2t/h:|
V2
1T | )
=7 [e_lE”/h sin (=) + e~ E24/M sin (_’” )} . (10186)
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(¢) Using (10.186) we can write
~ 1 ~ N ~ .
(w01 X y@,n) =2 [<¢1 | X1 1)+ (2 | X | ) + (1 | X | gha)e™"E2=EVI/A
+ (g2 | K| )l ErmEOIN] (10.187)

Since (¢ | X | ¢u) = a/2 (Chapter 4) and

16a
92’

X 2w x

D1 X 1) =i | X1 1) = %/Oaxsin (7) sin (7) dx = (10.188)

we can rewrite (10.187) as

(W, 0 | X | wx, 1)

! [E L@ loa (e 4 ez’(Ez—El)r/h)]
2732

2 92
a 16a 3n2ht

since Ey — Ey = 3n2h%/(2ma?). .
A similar calculation which uses (¢, |P | ¢,) = 0 and

A dr (* . /;wx 2rx 8ih ~
1| Pl ) = _ih7/() sin () cos (7) dx ==~k | Plé) (10190)
leads to
. 1 . . . o
(wx,0) | Plyx, 1) = 3 [<¢51 [P 1)+ (ga| Plpa)+ (p1 | P pp)e i E2=EVU/R
+ 2| P ¢1>ei(E2‘E‘)’/h], (10.191)
or to
. 1[8ih _; Qi . 87 3nlht
N )y = = | S =i E=Enen _ O = | _ O
(w(x, )| | w(x,t)) ) |:3a e 34 e E sin a2
(10.192)

(d) From (10.184) we have
(W, ) | Xu@) | w@,0) = (w@, 0| X |y, 1)+ %w/(x,r) | P | w(x,0)). (10.193)

Inserting the expressions for (i (x, ¢) | X | w(x,t)) and (y(x,?) | P | w(x,t)) calculated in
(10.189) and (10.192), we obtain

WGt | KO vty = 16a 3wkt N 8ht . (3m’ht (10.194)
X, ,1)) = = — — cos sin , )
v " v 2 9x? 2ma? 3ma 2ma?

and (y(x, 1) | Pu(t) | w(x, 1)) is given by (10.192):

R ~ 84 . 372h
(e 1) 1 By@) 1y, ) = e, 0) | Py, 1) = 5 sin (;m—az’) (10.195)

since, as shown in (10.185), we have ISH(t) = P.
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Problem 10.6

A particle, initially (i.e., # = —o0) in its ground state in an infinite potential well whose walls
are located at x = 0 and x = a, is subject at time ¢ = 0 to a time-dependent perturbation
l}(t) — ¢fe~" where ¢ is a small real number. Calculate the probability that the particle will
be found in its first excited state after a sufficiently long time (i.e., t — 00).

Solution
The transition probability from the ground state n = 1 (where t — —o0) to the first excited
state n = 2 (where ¢t — 00) is given by (10.41):

+00 R A 2

Poa==z| [l Oleear (10.196)
e )00

where 5 5 )

E, — E; A7 <h T°h 3n<h
_ _ _ _ , 10.197
@2 hi 2ma? 2ma?  2ma? ( )

A 2 a 2 16
(wa V@) | 1) = —ge_tz/ xsin (222 sin (E) dx = ——2 o=, (10.198)
a 0 a a 92

since E, = n’z2h%/(2ma?) and v, (x) = /2/a sin(nzx /a). Inserting (10.197) and (10.198)

into (10.196), we have
16ea\*| [t 2
P — _ lwp1t—t dl

A variable change y = ¢ — %am yields iwy it —t> = —w§1/4 —y?and dt = dy:

16ea\?| _.» too 5 2 16ca \? 9r4h?
P1_>2= (97[2h) }e w21/4ﬁw e ” d_)/ =T (97[2h) exXp —W . (10200)

since w1 = 372k /(2ma?).

2
(10.199)

Problem 10.7

A particle is initially (i.e., # = 0) in its ground state in a one-dimensional harmonic oscillator
potential. At¢ = 0 a perturbation I>(x, 1) = Vox3e /7 is turned on. Calculate to first order
the probability that, after a sufficiently long time (i.e., # — 00), the system will have made a
transition to a given excited state; consider all final states.

Solution
The transition probability from the ground state n = 0 to an excited state n is given by (10.41):

+oo N . 2 V2 2 +00 ) 2
Posp = ﬁ / (n| V([)|O)elw"0tdl = _g (n |£3|0)’ / e~ (/r—=inw)t g, ,
0 0
(10.201)
where w,o = E”;E_O = no (since E, = ho(n + 3)) and the time integration was calculated in
(10.63):
® frinon | 1
—Hrmmldl) = 5. 10.202
' A ¢ nzwz + 1/.[2 ( )
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Sincea | n) = /n|n—1) and af | n) = +/n+1|n+1),and since X> = (h/Zma))3/2(atJr +
aya* + a2 y2ata + 1), the only terms that survive in (n | £3|0) are

3/2 3/2
n| X30) = (i) mial3 raat? a4t o) = (L) («/65,,,3 + 35,,,1) .
2mw

2mo
(10.203)
This implies that the particle can be found after a long duration only either in the first or in the
third excited state.
Inserting (10.202) and (10.203) into (10.201), we can verify that the probabilities corre-
sponding to the transitions from the ground state to the first, the second and the third excited
states are given, respectively, by

V2 2 +00 ) 2 A 3 9V2
P — 0 ’ 1 123 0 ‘ / e—(l/r—tm)ldt — ( ) 0 ,
0—1 h2 < | I > 0 2mw (ha))2 + h2/,[2
(10.204)
Py, =0 (10.205)
V2 2| oo oo n\? 62
Posy = -5 (<3|;e3|0>‘ / e~ /T3l gy :( ) —.
n 0 2mw ) (3hw)? + A% /12

(10.206)

Therefore the system cannot undergo transitions to the second excited state nor to excited states
higher than n = 3; that is, Pp_,» = 0, since (2 | X> | 0) = 0 and Py_,, = 0 when n > 3, since
(n|X310)=0forn > 3.

Problem 10.8

A hydrogen atom, initially (i.e., # — —00) in its ground state, is placed startlng attimez = 0
in a time-dependent electric field pointing along the z-axis E ®) = Eork/ (7% + t?), where 7 is
a constant having the dimension of time. Calculate the probability that the atom will be found
in the 2p state after a sufficiently long time (i.e., t — ©0).

Solution
Since the potential resulting from the interaction of the hydrogen’s electron with the external
field E(¢t) is V (t) = —er - E(¢), we can use (10.41) to write the transition probability from the

Is state to 2p as
2

+00 )
Pissop = — / (210 | V(¢) | 100)e'“ri'dt| (10.207)
—00
where
L o eEkyt
(210 | 7 (t) | 100) = (210 | (—eF - E) | 100) = ——5 2210121100, (10.208)
T
Since z = r cosf and
1
wis = Rio(r)Yo0(Q) = ey, = Ry (r)Y10(Q) = 2Le /260 cos ),
Ta; 87ta0 o

(10.209)
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and using [;¥ sin@ cos? 6 d6 = [ x2dx = 2, we have

00 T 2
(210 |z | 100) = / r3R;1(r)Rlo(r)dr/ sin@coszﬂdH/ deo
0 0 0

= 43 4M0[ rhe3r/20 gy = 3550_ (10.210)
Inserting (10.208) and (10.210) into (10.207) we have
2SR E2r262 | [Ho0 giogit 2
Pis—op = YT R /_Oo mdr (10.211)

We may calculate this integral using the method of residues by closing the contour in the upper
half of the #-plane. Since the infinite semicircle has no contribution to the integral, the pole at
t =it gives

+o00 eiwf,'t ) eiwf,'t o eiwf,'t )
ﬁdi = 2xi Res ﬁ =2rmi lim ﬁ X (t - l‘L')
o Tt Ul o Al PP t=it [ 77+t

iofit t—1i
o fim |2 =) |7 opie (10.212)
t—it | (t+it)(t —it) T

where

1 1 /1 3 3R
wr = —(Ef E;)) = (Ezp Eis) = 7 (ZElS - Els) = _EEIS = 4—;, (10.213)

where R), is the Rydberg constant: R, = 13.6eV. Inserting (10.212) into (10.211), we obtain
the transition probability

215627E2E§a§ 215e27r2E§a§ 3R
Pisoop = ———00 2O %%

7)) = _2fy
T072 exp (—2wyit) = T2 > r). (10.214)

Problem 10.9
A hydrogen atom is in its excited 2p state. Calculate the transition rate associated with the
2p — 1s transitions (Lyman) and the lifetime of the 2p state.

Solution
The first expression of the total transition rate is given by (10.141):

4(0% 2
p—1s |3
1% =—" , 10.215
2p—1s She3 | dpots ( )
where

N o) 2

ldopsisl> = €*2p | & -7 | 1s)* = €? /0 r3R;1R10(r)dr/dQ Y7 &-#Y| . (10.216)
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First, we need to calculate (2p | € - 7 | 1s). The radial integral is given by

/00 3R (P Rio(r) dr = ; /00 rhe=3r/2a0 g, — 2%ao . (10.217)
0 2 agv/6 Jo 346

The angular part can be calculated from (10.127) as follows:

N . 4z « [ —€x tie € tie
/dQYm(Q)S-FYOO(Q) =\/?/Y1m( xﬁ Y + xﬁ yY1—1+€zY10)Y00dQ

1 « [ —€x i€ € + i€
=ﬁ/Y1m( xﬁ LY+ xﬁle—l‘FszlO)dQ

1 (—ex +iey €x i€y )
=— Om,1 + Om,—1 + €0 , 10.218
ﬁ ( \/E m, 1 «/E 'm,—1 'm,0 ( )

since fo‘m(Q,qS)Y;l.m,.(G,@ dQ = 0j,10m,m;- An insertion of (10.217) and (10.218) into
(10.216) leads to

. 2 10 1
|dap—s1s* = 32 (3) *ag [;zi +€)(Gm—1 +Om,1) + eﬁa‘m,o} : (10.219)

which, when inserted into (10.215), leads to the total transition rate corresponding to a certain
value of the azimuthal quantum number m:

403 128¢%a3w® (2\'OT1
2p—1S - e“ajw
Wap—is = 3;7; il? = ch (E) [E(Ef +€)(On.—1 + Om1) + 5226m,0j| :
(10.220)
Summing over the three possible m-states, m = —1, 0, 1,
LT
> [E(Ef +€)(On,—1 + Om,1) + 63(5,,,,0} = +ete=1, (10.221)
m=—1

and since, as shown in (10.213), wop1s = (E2p — Eis)/h = 3R, /(4h) = 3¢?/(8hag)
(because the Rydberg constant Ry, is equal to e?/(2hayp)), we can reduce (10.220) to

. s\ L, 2\ e 2\ et 10.222
2p—ol1s = —3hc3 3 e aowzpﬁls = 3 hc a0 - 3 a0 ’ ( . )

where a = ¢?/(hc) = 1/137 is the fine structure constant and a9 = 0.529 x 107" m is the
Bohr radius. The numerical value of the transition rate is

W 2) ot (2} __3x10°ms”! 0.628 x 10°s~1.  (10.223)
— - —_— _ = 0. S . .
P=18=\3) % 3) 1374 % 0.529 x 10-10m

The lifetime of the 2p state is then given by

T

1 3\8 1.58 x 1374 x 0.529 x 10~10
(5) a2 XX X B 16x10™%s. (10.224)

- sz_>15 cat 3x108ms—!
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This value is in very good agreement with experimental data.

Remark
Another way of obtaining (10.222) is to use the relation

23
detwyy 151

1
> 121m | #1100
=—1

Wap—s1s = 33
—

46 w3 1
=$Z[H21m | % 110002 4 |(21m | § | 100 + |(21m | £ | 100)|2],

¢ m=—1
(10.225)

where we have averaged over the various transitions. Using the relations x = r sinf cos¢ =
=27 /3r(Y11 — Y1-1), y = rsinfsing = i 2z/3r(Y11 + Y1-1), and z = rcosf =
J4nr /3rY19, we can show that

. 1 2z [ . .
(21m | x | 100) —E T[) r3R21(r)R10(r)dr/ Ylm(Q) (Y11 = Y1-1)dQ

1|24 (2}
= —Tg [% (g) a0:| (Om,1 = Om,—1)> (10.226)
@1m |5 1100) = J%\/%”/O PR RO [V, (04 1iode
. 5
- = {% @) ao} G+ 1), (10.227)
1

2 4n o 3 px *
21m | 2]100) = 5 | PRAOR0C)r | Y, Yi0dQ
T 0

1|24 (2}

A combination of the previous three relations leads to

1 10
. 2 1 1 1
> 121m | 7| 100)* = 96a5 (—) Z[g(cﬁm,l = On ) @1+ 0 1) + 35,2",0]

5

3

m=—1 m
5 (21 1 1
= 9605 () 22| g@m1 +0m 1)+ @1 + 0 1) + 30m0
m
96a2 (2\"0 2\,
= (g) nlzz_:l(ém,—1+5m,1+5m,o)=96 (5) agy.

(10.229)
Finally, substituting (10.229) into (10.225) and using wyp—1s = 3e?/(8hap), we obtain

128¢2a? 2\ 10 2\% /2 4 c 2\% cat
Wop s 1s = 0,3 (2) =(2) (&) £=(2) & 10.230
WIS = T (3) (3) (hc) a0 (3) a0 (10:230)
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Problem 10.10

(a) Calculate the transition rate from the first excited state to the ground state for an isotropic
(three-dimensional) harmonic oscillator of charge ¢g.

(b) Find a numerical value for the rate calculated in (a) as well as the lifetime of the first
excited state for the case of an electron (i.e., m.c?> = 0.511 MeV) oscillating with a frequency
of an optical radiation & ~ 10" rads~!.

Solution
As mentioned in Chapter 6, the ground state of an isotropic harmonic oscillator is a 1s state,
(n,1,m) = (0,0, 0), whose energy and wave function are £y = 3%w/2 and

wooo(r, 6, ¢) = Roo(r)Yoo (0, ¢) = 2 (@

N

and the first excited state is a 1p state (n,/,m) = (1, 1, m) whose energy and wave function
are 1 = Shw/2 and

3/4
) Mty 0, ¢, (10.231)

m 5/4 2
Yiim(r, 0, ¢) = Ri()Y1n (@, ¢) = % (7“’) re MmO 2y (@, ¢).  (10.232)

Using fooo xhe ™ dx = % 7 along with a change of variable x = /mw/#A r, we have

00 2 2 foo 3h
/ PR R0y dr = 4] — (22 / phemmort/h gy — [ 20 (10.233)
0 3z \ 4 0 2mw

(a) The transition rate for a 1p — 1s transition is given by

4700151
Wipsis = ———= > [{1lm | 7| 000}
=—1

3hc3 3
—

4q2a)% 1
_ p—1s R 5 R ) . 5
= s D [ 1011m £ 10002 + |(11m | 1 000)1 + [(21m | 2| 000) .

m=—1

(10.234)

Since x =rsinfcosp = — /27 /3r(Y11 —Y1-1),y =rsinfsing =i 2x/3r(Y11 + Y1-1),
and z = r cos @ = /4r /3 rY19, and using (10.233), we can show by analogy with (10.226) to
(10.228) that

R 1 2z [ N .
(1lm | x | 000) = _\/TVT/ F3R11(F)R00(r)dV/Y1m(Q) (Y11 = Y1-1) dQ
T 0
1 [ 3a
= —% %(5,”,1 —5m,_1), (10235)
N i 2r [ 5, .
(1lm | y]000) = —— —/ r R“(r)Roo(r)dr/Ylm(Yll 4+ Y1-1)dQ

Vax

3 Jo
[ 3h
~——(Om.1 + Om,—1), (10.236)
2mw

7
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. 1 A [ 5 . 1 3h
(11m | z | 000) = v 3 A r" Ry, () Roo(r) dr Ylelodﬂzﬁ mém,o.

(10.237)

A combination of the previous three relations leads to

1
. 3h 1 1 1
2 1(01m |7 1000} = = [gmm,l = 0m 1)+ 2O+ 0m 1) + 55,3,,0]
m=—1 m
o~ 3h
= — Om.—1+ 9, 0 = — 10.238
Yme mg_:l( m,—1 + m, 1 + m,O) e ( )

Substituting (10.238) into (10.234), and using wip—1s = (E1 — Eo)/h = (% — % w = w, we
obtain 5 3
497 01p 515 3 . 2q%w?

w = = . 10.239
L 9hc®  2mow  3mc3 ( )
(b) In the case of an electron (g = —e and m.c> = 0.511 MeV) which is oscillating with a
frequency of @ ~ 10'3 s™1, the transition rate is
W . 2¢%w? _ 2a ( hc ?
Ip=1s = 3mecd 3 \mec?) ¢
2 1 (197MeV fm 103052
= -— ~0.64 x 107571, 10.240
3137 ( 0.511 MeV ) 3% 108 ms! xS (10-240)

where a = e?/(hic) = 1/137 is the fine structure constant. The lifetime of the 1p state for the
oscillator is given by

_ 1 _ 3mc? N 1

C Wipsis 220?064 x 10757

T =156 x 107 s. (10.241)

Problem 10.11
Show that free electrons can neither emit nor absorb photons.

Solution

If the electron is fiee both before and after it interacts with the photon, its initial and final wave
functions are given by plane waves: y; () = (2x)73/2e/%i" and y r(¥) = (2m)"3/2e/* /7. Let
us assume, for argument sake, that a free electron can absorb and emit a photon; the corre-

sponding absorption and emission transition rates would be given as follows (see (10.95) and
(10.96)):

2,2
qu o dr<e
=1 m2oV

- P o 2
G- k)lys | €7 | yi)| 6, = Ei = ho), (10.242)

2.2
emi _ 4rn-e
i>f mewV

N 2 2
G-k)wr e ™ |y S(Ef — Ei + ho), (10.243)




610 CHAPTER 10. TIME-DEPENDENT PERTURBATION THEORY

where we have used P wi(F) =k y/, (). Since

iilz-r |

(yrle Vi) = Gy / dr b=k T — 5k — kp + k), (10.244)
the delta functions 5(12,- —k r£ /;) give the conservation laws of the linear momentum for both
the absorption and emission processes.

Let us show first that a free electron cannot absorb a photon. For this, we are going to
show that the momentum conservation condition (5(k —k r+ k) is incompatible with the energy
conservation condition 6(E ; — E; — /iw). Combining equations (10.242) and (10.244), we

see that the absorption rate is proportional to the product of two delta functions: Ffﬁf ’

5(/21- - l;f + /;)5(Ef — E; — hiw), one pertaining to the conservation of momentum
o(ki —ks+k) = pi—Pr+ Bphoton =0, (10.245)
the other dealing with the conservation of energy
0(Er—E —hw) = Ey—E;i—cPphoton =0, (10.246)

where p; = hl;i and E; are the initial momentum and energy of the electron, p = hk rand E ¢
are its final momentum and energy, and p photon = fik and CPphoton are the linear momentum
and energy of the absorbed photon. We are now ready to show that the condition (10.245) is
incompatible with (10.246). If we work within the rest frame of the initial electron, we have
pi = 0. Thus, on the one hand, (10.245) leads t0 pyhoion = ps and, on the other hand,
(10.246) leads to Ey = cpphoton OF p%/Zme = CPphoton- Indeed, conditions (10.245) and
(10.246) are contradictory since, inserting p; = 0 and pphoron = py into (10.246), we end up
with p% /2me = cpy or pr = 2mec. This suggests either that v » = 0 and this is meaningless
since, as ﬁphomn = ﬁf, the speed of the photon would also be zero; or that v r = 2c¢ and this is
impossible. So both results are impossible. In summary, having started with the assumption that
a free electron can absorb a photon (10.242), we have ended up with a momentum conservation
law and an energy conservation law that are contradictory. Thus, a free electron cannot absorb
a photon.

Following the same procedure, we can also show that the assumption of a free electron
emitting a photon leads to a momentum conservation law and an energy conservation law that
are incompatible; thus, a free electron cannot emit a photon.

Problem 10.12 . .
A hydrogen atom in its ground state is placed in an oscillating electric field £(¢) = & sin(wt)
of angular frequency o with i > m.e*/(2h%).

(a) Find the transition rate (probability per unit time) that the atom will be ionized.

(b) Use the expression derived in (a) to find the maximum transition rate.

Solution
After ionization we assume the electron to be in free motion: its energy is purely kinetic £} =

#%k?/2m, and its wave function is a plane wave i () = 2z) >/ 2pikr Since the perturbation
resulting from the interaction of the hydrogen’s electron with the external field £(¢) is harmonic,

D(t) = —er - E(t) = —er - £y sin(wt) = ;; Epemien 57 Epelt, (10.247)
1 1
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we can infer, by analogy with the method that led to (10.54) from (10.50), the transition rate
for the ionization of the hydrogen atom:

27 | e L = 2
Top = 7}2_1_@,“%50 | 100)‘ O(Ex — Eo + ho)
27 e L o= 2
+ ==l €0 1100} S(Ex — Bo = o), (10.248)
l

where Eg = —me*/2h? = —13.6¢V is the ground state energy and E; = h°k/2m, is the final
energy of the electron. The first delta term, §(Ey — E¢ + Aiw), in (10.248) does not contribute,
since if im = Ey — E} the ionization could not take place because the electric field would not
be strong enough to ionize the atom. The transition rate (10.248) then becomes

2 . 2
Tor = | (yalt - & 1 100)|” 6(Ex — Eg — hew). (10.249)

To calculate (wi|r - 50 | 100), let us take k along the z-axis and hence k-7 = krcos@ and
wir(7) = (27r)_3/ 2gikr Coseq. Taking (4, ®) and (a, ﬁ) as the respective polar {ngles of 7 and §0,
we have 7 =r(sinf cos i + sinfsingj + cosOk) and £y = Ey(sina cos Bi + sina sin fj +
cos ak); hence

N

7-& = r&(sinf cos @ sina cos B + sind sin @ sina sin B + cos O cos a)

=r& [ siné sina cos(¢ — B) + cosd cos a] . (10.250)
Since s = (na%)_me_’/“" and d3r = r?dr sin6 cos ¢ df d¢p, we have

(wilr - €0 | 100) = &Pr (- Eg)ehr cost=r/an

1 1
(2m)3/2 \/778/

((:0 00 T ) 2n
:7/ r3e_r/”°dr/ sin@e k" °°Sf’d9/ [sin9 sina cos(¢p — f) + cos 6 cos a] de
8r4al/o 0 0
2n&ycosa [ T ;
Sl bt / e/ gy / sin@ cos e 080 gg, (10.251)
/8”4a8 0 0

where we have used fozn cos(¢p — B)d¢ = 0, since fozn cos¢pdp = 0 and fOZ” singpdp = 0. A
change of variable x = cos @ and an integration by parts leads to

1 1 1
-1 (—lkr)2

—ikrx

/ sin @ cos Qe eost g — / xe gy = —xe~thrx
0 -1 —ikr

-1

_ A ik ik Voro—ikr ik
_E[elwe”]jum[e”—e”]. (10.252)
When we insert this integral into (10.251), we still need to calculate four radial integrals which
can be carried out by parts:

/reilkr—r/aodr — reizkr—r/ao _ Likr—r/ag| _ 0 ,
0 +ik —1/ag o (Eik —1/ag)? o (Fiagk —1)2

(10.253)
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o0 . 1 . o0 2 o0 .
/ },Zeizkr—r/a()dr — : r2€izkr—r/a0 - / reizkr—r/aodr
0 :Elk—l/ao 0 :Elk—l/a() 0
2 o 2 *°
e tikr—r/ag S +ikr—r/agy
(Lik — 1/ag)? o | (xik—1/ag)3 0
_ 2ap (10.254)
T (iagk —1)3° '
Inserting (10.252) to (10.254) into (10.251), we obtain
Loz 2x &y cosa a3 a3 2ia}
-& | 100) = — —
(il - €0 [ 100) P |:k2(—ia0k “12 T RGagk — 12 kGagk — 1)

2ia3
k(—=iagk — 1)3

16&Ey cos o iagk

= . (10.255)
2
- /2‘18 (agk* + 1)3
A substitution of this expression into (10.249) leads to
2 128E2 cos? k*al?
= L 220V Y sp, — By + ho). (10.256)

2h n2a)  (a3k? + 1)°

This relation gives the transition rate for a single final state y; corresponding to a given k. We
need to sum over all final states of the electron. These represent a continuum; we must then
integrate over all directions of emission and over all possible momenta:

T 2r
Iy = / Tor °k = / k*dk / TCox sina da / dp
0 0

- 64¢%E2a] / K*6(E; — Eo — ho)
Th (a2k® + 1)6

T
dk/ sina cos” o da
0

256e°Egag [ k*O(Ex — Eo — h
_ 2% <% / ( L0 ) k. (10.257)
37 (agk? + 1)8
where we have used [ sina cos® ado = f_ll x3dx = % The integration over k can be

converted into an integration over the final energy Ej: since Ex = h%k*/(2m.), a change of
variable k = /2m.Ey /%, and hence k dk = (m./h%)d Ey, reduces (10.257) to

kdk

Iy = 256¢%&2a] / k36(Ex — Eo — ho)
35 (a2k* + 1)°
me 256e2E2a] [ (2moEy/h*)*20(Ef — Eo — ho) J
w3k (2mead Ex/h* +1)°
256°moERal (2m./h*) 2 (Eqg + haw)®/?

= 3 > > - (10.258)
3n [Zmeao (Eo + hw)/h” + l]

Ey
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This relation can be simplified if we use £y = —mee4/(2h2) = —ha)o, which gives Eg + fiow =
Fi(w—wo) = hwy(w/wo—1). Since ag = A%/ (m.e*), we have hwoao = mee“h“/(ﬂi2 et =
7?/(2m.) and hence 2m.a2(Eg + how)/h* = 2m hwpal(@/wy — 1)/h* = w/wy — 1. Thus,
inserting the expressions Eqg + fiw = fiwp(w/wo — 1) and Zmeao (Eo + hw)/h> + 1 = w/wy
into (10.258), we obtain
256’ meEial 2mo/h?)3? (hap)®? (w/wy — 1)3/?
30’ (o2/e0)° '
Finally, since (2m./h%)3/2 (hewo)*/? = 2me/h?)>*(mee* /21%)3/2 = m3e® /A% and using aj =
18 /(m*e®), we can write (10.259) as

256€2a0 w0\ 6 3/2
T = T(@) (w—o—l) . (10.260)

To = (10.259)

If the frequency of the oscillating electric field is smaller than or equal to @y, the atom will not
be ionized; at @ = wy the probability of ionization will be zero.
(b) The maximum transition rate is obtained by taking the derivative of (10.260):

dT’ 2 1 4
da) w \ Wy 2wy 3

Inserting v = %wo into (10.260) we obtain the maximum transition rate

3 6 3/2 3
Fope, = 20604 (31 (4_ )" _ & 37 (10.262)
Omax = 735 4) \3 24 '

10.7 Exercises

Exercise 10.1
Consider a spinless particle of mass m in a one-dimensional infinite potential well with walls at
x = 0 and x = g which is initially (i.e., at # = 0) in the state w (x, 0) = [¢1(x) + $3(x)]/v/2,
where ¢1(x) and ¢3(x) are the ground and second excited states, respectively, with ¢, (x) =
J2/asin(nzmx/a).

(a) What is the state vector w(x,t) for t > 0 in the Schrodinger picture.

(b) Evaluate (X), (P) (X 2y, and (Pz) as functions of time for # > 0 in the Schrédinger
picture.

(c) Repeat part (b) in the Heisenberg picture: i.e., evaluate ()?)H, (ﬁ)H, ()A(Z)H, and (132)H
as functions of time for ¢ > 0.

Exercise 10.2
Evaluate the expectation value (X (¢) P)3 for the third excited state of a one-dimensional har-
monic oscillator.

Exercise 10.3
Evaluate the expectation value (X Py (t)), for the nth excited state of a one-dimensional har-
monic oscillator.
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Exercise 10.4
Consider a one-dimensional harmonic oscillator which is initially (i.e., at ¢ = 0) in the state
| w(0)) = (] 0)+ | 1))/+/2, where | 0) and | 1) are the ground and first excited states,
respectively.

(a) What is the state vector | y(¢)) for ¢ > 0 in the Schrodinger picture?

(b) Evaluate ()A( ) (}3), ()A( 2y, and (132) as functions of time for # > 0 in the Schrodinger
picture.

(c) Repeat part (b) in the Heisenberg picture.

Exercise 10.5

(a) Calculate the coordinate operator X g (t) for a free particle in one dimension in the
Heisenberg picture.
(b) Evaluate the commutator [ Xz (z), Xz (0)].

Exercise 10.6
Consider the Hamiltonian H = —(eB/ mc)S‘x = wS,.

(a) Write down the Heisenberg equations of motion for the time-dependent operators Sy ), Sy ®),
and S, ).

(b) Solve these equations to obtain Sy, S),, S; as functions of time.

Exercise 10.7

Evaluate the quantity (n | Py (t)l6 | n) for the nth excited state of a one-dimensional harmonic
oscillator, where Py (r) and P designate the momentum operators in the Heisenberg picture
and the Schrodinger picture, respectively.

Exercise 10.8
The Hamiltonian due to the interaction of a particle of mass m, charge g (the charge is negative),
and spin S with a magnetic field pointing along the y-axis is H= —(gB/ mc)S'y.

(a) Use the Heisenberg equation to calculate d Sy /dt, dS‘y /dt, and d S, /dt.

(b) Solve these equations to obtain the components of the spin operator as functions of time.

Exercise 10.9

A particle is initially (i.e., when ¢t < 0) in its ground state in a one-dimensional harmonic
oscillator potential. At ¢t = 0 a perturbation V(x, 1) = Vox2e~'/" is turned on. Calculate to
first order the probability that, after a sufficiently long time (i.e., ¢ — 00), the system will have
made a transition to a given excited state; consider all final states.

Exercise 10.10
A particle, initially (i.e., when # < 0) in its ground state in an infinite potential well whose
walls are located at x = 0 and x = a, is subject, starting at time ¢ = 0, to a time-dependent

perturbation 14 ) = VOJEZe_’2 where V) is a small parameter. Calculate the probability that the
particle will be found in its second excited state at # = +o0.

Exercise 10.11
Find the intensity associated with the transition 3s — 2p in the hydrogen atom.
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Exercise 10.12
A hydrogen atom in its ground state is placed in a region where, at # = 0, a time-dependent
electric field is turned on:

E(t) = Eo(i + ] +k)e /",
where 7 is a positive real number. Using first-order time-dependent perturbation theory, calcu-
late the probability that, after a sufficiently long time (i.e., ¢ > 7), the atom is to be found in
each of the n = 2 states (i.c., consider the transitions to all the states in the n = 2 level). Hint:

You may use: [;° 7R3, (") Rio(r) dr = (24a/~/6) (%)5

Exercise 10.13

(a) Calculate the reduced matrix element (1 || Y7 || 2). Hint: For this, you may need to
calculate (1, 0]Y19|2, 0) directly and then from the Wigner—Eckart theorem.

(b) Using the Wigner—Eckart theorem and the relevant Clebsch—Gordan coefficients from
tables, calculate (1, m|Y7,,|2, m”) for all possible values of m, m’, and m”.

(c) Using the results of part (b), calculate the 3d — 2p transition rate for the hydrogen
atom in the dipole approximation; give a numerical value. Hint: You may use the integral

5
Jo 3Ry (r) Raa(r) dr = (64a9/15+/5) (%) and the following Clebsch-Gordan coefficients:

(G, 15 m, 00 = 1), m) = =/ =m) G+ m/[7C] + DI
(o1 (n =1, 10G = 1), m) = /T =m0 —m + D/12j 2] F D], and
(o1 Gn 4 1), =10G = 1), m) = GEmG Fm+ D/27 @+ D1

Exercise 10.14
A particle is initially in its ground state in an infinite one-dimensional potential box with sides
at x = 0 and x = a. If the wall of the box at x = a is suddenly moved to x = 10a, calculate
the probability of finding the particle in

(a) the fourth excited (n = 5) state of the new box and

(b) the ninth (rn = 10) excited state of the new box.

Exercise 10.15

A particle of mass m in the ground state of a one-dimensional harmonic oscillator is placed in
a perturbation V(t) = —VpXe /7. Calculate to first-order perturbation theory the probability
of finding the particle in its first excited state after a long time.

Exercise 10.16

A particle, initially (i.e., when ¢ < 0) in its first excited state in an infinite potential well whose
walls are located at x = 0 and x = a, is subject, starting at time ¢ = 0, to a time-dependent
perturbation I7(I) = Votx/(t> + 72) where Vj is a small real number. Calculate the probability
that the particle will be found in its second excited state at t = 4-00.

Exercise 10.17
A one-dimensional harmonic oscillator has its spring constant suddenly reduced by half.

(a) If the oscillator is initially in its ground state, find the probability that the oscillator
remains in the ground state.

(b) Find the work associated with this process.

Exercise 10.18
(a) Find the total transition rate associated with the decay of a harmonic oscillator, of charge
q and mass m, from the nth excited state to the state just below.
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(b) Find the power radiated by this oscillator as a result of its decay.

(c) Find the lifetime of the nth excited state.

(d) Estimate the order of magnitudes for the transition rate, the power, and the lifetime of
the fifth excited state (» = 5) in the case of a harmonically oscillating electron (i.e., ¢ = e) for
the case of an optical radiation & ~ 10> rads~!.

Exercise 10.19
Assuming that (w7 | 7 | y;) is roughly equal to the size of the system under study, use a crude
calculation to estimate the mean lifetime of

(a) an electric dipole transition in an atom where i ~ 10eV and

(b) an electric dipole transition in a nucleus where o ~ 1 MeV.

Exercise 10.20
A particle is initially (i.e., when ¢ < 0) in its ground state in the potential V' (x) = —Vpd(x)
with Vp > 0.

(a) If the strength of the potential is changed slowly to 3V, find the energy and wave func-
tion of the particle in the new potential.

(b) Calculate the work done with this process. Find a numerical value for this work in MeV
if this particle were an electron and ¥y = 200 MeV fm.

(c) If the strength of the potential is changed suddenly to 3V}, calculate the probability of
finding the particle in the ground state of the new potential.

Exercise 10.21

A hydrogen atom in its ground state is placed at time # = 0 in a uniform electric field in the
y-direction, E ) =FE oj'e" */7* Calculate to first-order perturbation theory the probability that
the atom will be found in any of the n = 2 states after a sufficiently long time (¢ = 400).

Exercise 10.22

A particle, initially (i.e., when ¢ < 0) in its ground state in an infinite potential well with its
walls at x = 0 and x = a, is subject, starting at time ¢ = 0, to a time-dependent perturbation
V(t) = Voxd(x — 3a/4)e™"/ where Vy is a small parameter. Calculate the probability that the
particle will be found in its first excited state (n = 2) at t = +o0.

Exercise 10.23
Consider an isotropic (three-dimensional) harmonic oscillator which undergoes a transition
from the second to the first excited state (i.e., 2s — 1p).

(a) Calculate the transition rate corresponding to 2s — 1p.

(b) Find the intensity associate with the 2s — 1p transition.

Exercise 10.24
Consider a particle which is initially (i.e., when ¢ < 0) in its ground state in a three-dimensional
box potential

0, 0<x<a, 0<y<2a, 0<z <d4a,

Vix,y,z) = [ 400, elsewhere.

(a) Find the energies and wave functions of the ground state and first excited state.

(b) This particle is then subject, starting at time ¢ = 0, to a time-dependent perturbation
I}(t) = Voa?%e_‘z where V) is a small parameter. Calculate the probability that the particle will
be found in the first excited state after a long time ¢ = +o0.



