Sample Question Paper - 11
Mathematics (041)

Class- XII, Session: 2021-22
TERM II

Time Allowed: 2 hours Maximum Marks: 40

General Instructions:

1. This question paper contains three sections — A, B and C. Each part is compulsory.
2. Section - A has 6 short answer type (SA1) questions of 2 marks each.

3. Section — B has 4 short answer type (SA2) questions of 3 marks each.

4. Section - C has 4 long answer-type questions (LA) of 4 marks each.

5. There is an internal choice in some of the questions.

6. Q 14 is a case-based problem having 2 sub-parts of 2 marks each.

Section A

. z+1
1.  Evaluate: f (e tiogs) dz [2]
OR
sin +cos &
\/sin 2z dx

Evaluate the integral: [

. . . . . d
2. Find the general solution of the differential equation: (1 + :c2) % +2zxy = (1::62) [2]
For any vector @, prove that |d@ x |* + |@ x j|*+|d x k|* = 2|a|> [2]
_ 2y—
4,  Find the direction cosines of the line m2 2 21—35 z = -1. Also, find the vector equation of the  [2]

line.

5.  The probability that a person will get an electric contract is % and the probability that he will  [2]
not get plumbing contract is %.If the probability of getting at least one contract is %, what is
the probability that he will get both?

6. There are three urns A, B, and C. Urn A contains 4 red balls and 3 black balls. Urn B contains 5 [2]
red balls and 4 black balls. Urn C contains 4 red and 4 black balls. One ball is drawn from each
of these urns. What is the probability that 3 balls drawn consist of 2 red balls and a black ball?

Section B
7.  Evaluate [ e 3% cos® zdz [3]
8.  Solve the differential equation: (x2 + 3xy + y2) dx-x2 dy = 0 [3]
OR

Verify that y = Ae?X cos bx + Be?X sin bx, where A and B are arbitrary constants, is the general
solution of the differential equation % — 2a3—i +(a%+b?y=0.
9. Ifd=1+ 23 + l;:,g =27+ 3 and ¢ = 3i — 43 — 5]2:, then find a unit vector perpendicular  [3]
to both of the vectors (a — Z) and (¢ — B)
10.  Find the intercepts made on the coordinate axes by the plane 2x + y-2z = 3 and find also the  [3]

direction cosines of the normal to the plane.



11.

12.

13.

14.

OR
Show that the line whose vector equation is 7 = 27 + 5 + Tk + A7+ 35+ 4]%) is parallel to the
plane whose vector equation is 7 - (; + 3 — k) = 7. Also, find the distance between them.
Section C

2

Evaluate: f Mdaz [4]

Using integration, find the area of the region enclosed between the two circles x2 +y2=1and [4]
x-1D%+y2=1.
OR

Using integration find the area of the region bounded by the curvey = v/4 — 22, x2 +y2-4x =0
and the x-axis.
Show that the lines x;fgd =2 = Z;i;d and x;_b:c = y;b = Z;;C are coplanar. Also [4]
find the equation of the plane containing them.

CASE-BASED/DATA-BASED

Kamal is a good card player. He plays many magic tricks on cards as well. He has a deck of 52 [4]

cards. He shuffled the cards well and drew five cards one by one, with replacement.
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Find the probability that

i. all five cards are diamonds.

ii. none is a diamond.



Solution
MATHEMATICS 041
Class 12 - Mathematics

Section A

LLetl= [ st —de .0)

Now let (x +1og x) = t then, we have
d(x +log x) = dt

= (1+2)dz=dt

= (“1) dz = dt

T
=z
Putting (x + log X) =tand dr =
I = f $+1

Xt :c+1
Y-
t
=log |t| +¢C
=log |x +logx| + ¢
= I=log |x+logx| +cC

= +1 in equation (i), we get

OR

- sinz+cosz
Let’I_f<—\/sin_2:c )dw

Put,sinx-cosx=t
= (cos X + sin x)dx = dt

Also (sin X - cos x)? = t2
= sin2x + cos?x - 2 sin X cos X = t2
= 1-t% =sin(2x)

. _ dt
A=]7=
—sin't+C S i _gnlZ4C

=sinl(sin x- cos x) + C (. t = sin X - coS X)

2. Given (1 + :1:2) Z—‘z + 2xy =
E + 1+w2 Y= (1+1CEZ)2

This is of the form ﬁ + Py = Q

and =
1+ 2 Q 1+w2)

This the given differential equation is linear
2zdr

Now, I F = e/Plz . F = ef1+7
elog(1+12) =1+ 72
Therefore the solution is given by y - (1.F) = [(1.F)Q + C
:y(l—l—a:Q) = f(1+x2) m 1372)2da:+0
=y(l+a%) = 1+:v2 +C
=y.(1+x)=tanlx+C.
3.Leta = alg + ag_}' + agl;:...(i)
Then,
axi= (al'z +a23+a3ic> X 1= ay (1 X 1)+ as(j ¥ %)—{—a?,(ic X i)= —ayk+ asj

1
1+22

where P =

:>|c_i><%|2:a§+a§



axj= (al'z +a23+a3ic> X j= al(;l X 3)+a2(3 X 3)—{—a3(lAc X 3) = a1k — a3i

= laxj=d+al

and g x k = <a1% +a23+a312:) X k= al(% X l;:)—kag(}' X l;:)—kag(l;: X l;:) = —a13+a2%
= [ x k> = a2 + a2

claxilP+ax )+ ax k*= a2 + a2 + a? + a2 + a? + a

= |dx i]> +[d x j* + |d x k|’= 2 (a® + a2 + a2) = 2[d|” ....using ()
. The Cartesian equations of the given line are

m;2 = 211—35, z=-1

These above equations can be re-written as

2=2 _ 2§56 _ 241 or 222 — y=5/2 _ zt1
2 -3 0 ) —-3/2 0

This shows that the given line passes through the point ( 2, %, - 1) and has direction ratios proportional to 2, -

%,0. So, its direction cosines are

-3/2 —3/2
2 = , / - , 0 > Or’ 527, 5//2 ,0
\/22+(—%) +0? \/22+(—%) +0? \/22+(—§) +0°
4 3
or, =, —%,0

The given line passes through the point having a position vector a= 2% + %3 — lAc and is parallel to the
vector b = 27 — %5 + Ok.
Therefore, it's vector equation is
F= (204 35— k) + (20— 5+ 0k)
. Consider the following events:

A =Person gets an electric contract, B = Person gets plumbing contract .
Therefore,we have,

P(A)=2,P(B)=%andP(AUB)=2

By addition theorm of probability, we have,
PAUB)=PA)+P(B)-P(ANB)

=2=2+(1-2)-P(aNB)

3 5
=P@ANB)=2+3-2-1C

. We are given that,
Urn A (4R + 3B)
Urn B ( 5R+ 4B)
Urn C (4R + 4B)
Required probability is given by,
P(two red and one black) = P(Red from urn A) X (Black from urn B) X P(Red from urn C) + P(Red from urn A)

X (Red from urn B) X P(Black from urn C) + P(Black from urn A) X (Red from urn B) X P(Red from urn C)

-3 5,4 ,4 44,4 54
_7X9X8+7X9X8+7X9X8

_5 16 . 2
=12 X 126 ~ 126
_ 15+16+20

126
_5l_ 17

126~ 42
Section B

. Given integral is: [ €3 cos® zdx
Using trigonometric identity cos 3x = 4 cos3 x - 3 cos x
= [e 3" cos® zdx =  [e 3% (cos3z + 3cosz)dx
1 -3z 1 -3z 3 -3z ;
= 7 J e **(cos3z + 3cosz)dx = | [e " cos3xdx + % [e % coszdx ...(0)
Using a general formula i.e.

= [€e* cosbzdz = :+b2
a

(a cos bx + b sin bx)



= fe_?""c cos3zdzr = (3)—232 ((-3) cos 3x + 3 sin 3x)

e ™ ((-3) cos 3% + 3 sin 3x) = ﬂ (sin 3% - cos 3%) .....(i0)

:> _
(-3)%+32
= fe_?’m cosxdr= ——— (( 3) cos 3x + 3sin 3x) = — (sm X -3C0osX)

» (- 3)
= 61—0 (sinx-3cos X) ..... (111)
On putting (ii) and (iii) in (i)

P 3 o3 — B se
= 7 [e %" cos3zdx + fe coszdz = T (sin3x — cos3x) + 455 (sinx - cos x)
_ _ sin 3x—cos 3x 3(sinx—3 cosx
= [e 3 cos*zdz = e 3X{( N )—l— (s 0 )}~|—C

. The given differential equation is,

(x2+3xy+y2) dx-x2dy=0
dy _ 2’43zy+y’
= dz x?
This is a homogeneous differential equation

ing v = By _ dv
Putting y = vx and 7z = VT T, weget

’U—f—.’L‘ﬂ _ 22 4+-3vzi+vie?
dz 2
:m%=1+3v+v2-v

X
:$ﬂ=1+VZ+ZV
= —— dv——da:

1+v 2+2
Integrating both sides, we get

f1+v2+211 f zdz
= [ dv = f dz

(1+ )’

m —log |x| +C

= log |x| +

(1+v)
Putting v = 2 , we get
clog x|+

=C
+y) 1

where, C{ =-C

Hence, log |x| + = Cq is the required solution.

(z+y)
OR

We have, y = Ae?® cos bx + Be?* sin bx ...(>i)
Differentiating (i) on both sides w.r.t. X, we have,

d . .

d—z = A - [e® {-b sin bx) + ae®X cos bx} + B - (e2X (b cos bx) + ae®* sin bx}
d

= d_z = a (Ae®X cos bx + Be®®Xsin bx} + b {-Ae®®X sin bx + Be?X cos bx}

d
= d—z = ay + be?* {B cos bx - A sin bx} ...(ii) [using (i)]
Differentiating (ii) on both sides w.r.t. X, we have,

2
% = a—= +Db [e®* (-b B sin bx-b A cos bx) + (B cos bx - A sin bx) ae?¥]
2
= % = aa - b? {Ae?X cos bx + Be?X sin bx} + a {be?X (B cos bx - A sin bx)}
d? d d . . ..
= d—wg = ad—z —b*y+a (d—z — ay) [using (i) and (ii)]
d? d;
= d—;;l — 2ad—z + (a% + b2) y = 0, which is the required differential equation.

Hence,the given functional relation is a solution of the given differential equation.
. According to the question,

a—z+2j+k

-

b=22—}—jand



10.

¢=3i—4j— 5k
Now,a—b=(i+2j+k) —(2i+j)=—i+j+k
Now, & — b= (3i — 4] — 5k) — (2i + j)=i — 5] — 5k
Now, a vector perpendicular to (a— b) and (¢ — B) is given by
— DRI
(@a-b)x(c=b)=|-1 1
1 -5 -5
(=5+5)—j(5—1)+k(5-1)
(0)— 5(4) + k(4)
= —45+ 4k
Unit vector along (a — b) x (¢ — b)is given by
—4j+4k
—4j+4k|
_ —4j+4k
B (—4)>+42
V32
4tk
— 4\/_
=->+ =
Accordmg to question the given equation of the plane is 2x +y-2z=3
Dividing both sides by 3, we obtain

—2z_§
+ y =1

MEMENER

_

=1
=1

— -

We know that the equation of the plane whose intercepts on the coordinate axes are

Y
ft+3+2=1....0
Comparing (1) and (2), we get
-3
a== b =3;c=~
Fmdmg the direction cosines of the normal
The given equation of the plane is
2X+y-2z=3
(:m+yj+zk) (2i+j—2k)=3
7-(2i + j — 2k) = 3 which is the vector equation of the plane.

Also,|n|—\/4—i—1—|—4:3

) , - > 2 itj—2k ~ ~
So, the unit vector perpendicular to n = % = TJ = g + %J — %k
n
So, the direction cosines of the normal to the plane are, ?, % %2
OR

- = - =
We know thatline r = a + kb andplane r - n = d is parallel if

- =
b-n=0
Given, the equation of the line

T = (21 +5j +71A<)+k(i +3j +41A<) and the equation of the plane is;
— A ~
r - z—l—y—k):7,

I A r -, 7
So,b =1+3j+4kand 0 =i+ j—k

=

Now, b - n
=(2+37+4k)(2 + ) — k)
=1+3-4=0



So, the line and the plane are parallel

- = —
We know that the distance (D) of a plane r - n = d from a point a is given by
- —
a-n—d
D=—+
d=(2i+5)+ 7k)
D (234+57+7k)-(1+7—k)—7
\/12+12+(—1)2
_ 245-7-7
VI+1+1
—__ T
D=-3%
Since the distance is always positive,
.
So, D = N
Section C
. To find: f mdw

We will use following Formula ;
. _dx _ 1
O Solog| 2| 4+ C
" f’(w)
11.fm z = log|f(z)|+ C

Given equation can be rewritten as following:
z2+(62—3)—(62—3)
f (x2+62—3) dz

(z*+62—3)—(62—3)
= f (x2+62—3)

6x—3
:a:—f—brm 3dm

6z—3 .
Let]= [ —on 50 (D

Using partial fractions,

_ d (.2
(6a:—3)_A<E(w +6x—3)> +B
6x-3=A(@2x+6)+B
Equating the coefficients of x,

dzx

6=2A

A=3
Also,-3=6A+B
= B=-21

Substituting in (I),

3(22+6)—21
f (z2+62—3) dz
= 3 X log‘:c + 6x — 3'—{—01 — 21]—\/_2d
z+3—4/12
= 3 x log|z? + 62— 3|+C1 — 21 x 33= x log| 22|+ Cs
— 2 ol T3 z+3-2+/3
I = 3log|z® + 6z — 3|— == x lo —z+3+2\/§(+0
Therefore,
a? _ 2 7V/3 z+3-24/3
fmdm = z—3log|z? + 6z — 3| + — X log a:+3—+2\/§( +c
. We have
24y2=1 . ()

and (x-1)%2 +y?=1...... (ii)
From (i) and (ii) we get point of Intersection as

A(3.%5).0(5 )

As shown in fig.



Required Area, (Area OABD)
1/2 1
=2 [ 0/ ydx—l—f1/2ydx

_ 2[ 01/2 1— (z— 1)2dx+f11/2 V11— 22de
. i/ al1\11/2 -
=2 [T oI+ e ()| T2 [Tt (5),,

[(z—1)y/1— (z—1)? +sin"'(z — 1)] é/2+ [:1: 1—2? + silfl(ac)} 1

[ s ) ] )]
— [_%_%4_%] + [g_ g_ %]: (2—: —‘/Tg)sq.units
OR

The given curves are y = /4 — 2% and x2 + y2 - 4x = 0,

Now,y = v/4 — x2 = x% +y2=4...(1)

This represents a circle with centre 0(0,0) and radius =2 units.
Also,

x2+y2-4x=0= (x-2)%+y%=4..(i)

This represents a circle with centre B(2, 0) and radius = 2 units
Solving (i) and (ii), we get

(x-2)%=x2

= x%-4x + 4 = x2

=x=1

Y =3=y==+/3
Thus, the given circles intersect at A(1, \/§) and C(1,— \/ﬁ)
A rough sketch of the curves is,

g IALLL T
[ | u
SN E_- . T

.". Required area
= Area of shaded region OABO

= fy VA= @—2)%da+ [ VA—2%da 1
— [Lz—2) 4—@—2V+§m4(ﬁﬂh
+ [%w 4—z2 + %sin’1 (%)] j
=[5+ 2 ()] - o+ 27 (-1)]
+(0— 1y/3) +2[sin"'(1) — sin ' ()]




13.

14.

V3 V3

= Y2 _ s r_ X2 T _ s
=—= 2><6—i—2><2 2-1—2><2 2><6
=—V3+2r— %
A= (43—” — \/g) Square units
The given equations of lines are
z—(a—d) _ y—a _ 2—(at+d) @

(1(75 | =7 = ?M) .
z—(b—c y—b z—(b+c ..

== —" (i

B— B B+ (@)
We know that the lines
T—T1 _ Y=Y _ z—z T—Ty Y7 Y _ =2z

a; - bl - C1 and Qs - bZ - (&)

T2 —T1 Y2 —Y1 22— %1
are coplanar , therefore< ai b1 c1 =0
) by Co

Here,xq1=(a-d),y1=a,z1=(a+d);
X9=(M-0),y93=b,zy=(b+0¢);
a; = (a—90),b; = a,c; = (+ §) and
ay = (8—"),by = Bycy = (B+)

L2 —T1 Y2—Y1 22— 2

al b1 C1
Qas b2 Cy
(b—c)—(a—d) b—a (b+c)— (a+d)
= a—90 o a+9
B— B B+
2b—a) b—a b+c—a+d
= 200 a a+d {C; = C1 +Cs}
253 B B+

Therefore, the given lines are coplanar.
Equation of the plane containing the given lines is given by
z—(a—d) y—a z—(a+d)
a—246 e a+d =0
B—~ B B+~
Applying Cq; — Cq + Cg - 2Cy, we get
r—2z—2y y—a z—(a+d)
0 o a+d =0
0 B B+
= (z+2—2y) — [(B+7) — Bla+8]=0
= (z+ 2 —2y)(ay — f6) =0
=X+2-2y=0
Therefore, the required equation of the plane is x + z - 2y = 0.
CASE-BASED/DATA-BASED
Let X represents the number of diamond cards among the five cards drawn. Since, the drawing card is with
replacement, so the trials are Bernoulli trials. In a well-shuffled deck of 52 cards, there are 13 diamond cards.
Now, p = P(success) = P(a diamond card is drawn)

_ 13 _ 1
T 52 4
and g=p(failure) =1—-p=1— i :%

Thus, X has a binomial distribution with
n=5p= iandq: %

Therefore, P(X =r) = "C,p"¢" ",
wherer=0,1,23,4,5

P(X=r)="C(4) (%)



i. P(all the five cards are diamonds)= P(X = 5)

_ 5 5 0_ 1.5 _ (1\%_ 1
= Csp°® =1p° = (7) = Tom

ii. P(none is a diamond) = P(X = 0)
= 5Cop"¢® = (q)°

5
O
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