Polynomials

Graphic Interpretation Of The Number Of Zeros Of A Polynomial
A polynomial in variable x is denoted by p(x).

The highest power of the variable in the polynomial is known as its degree. For example,
the highest power of variable x in the polynomial x2 - 3x + 2 is 2. Hence, it’s degree is 2.

Let us better understand this concept with a few more examples.
Examplel: Find the number of zeroes of the polynomial whose graph is given below.
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Solution:

The given graph intersects the x- axis at 4 distinct points.
Hence, the number of zeroes of the given polynomial is 4.

Example 2: Find the number of zeroes of the polynomial whose graph is given below.



Solution:

The given graph does not intersect the x-axis.

Hence, the given polynomial has no zeroes or in other words, the number of zeroes of the

given polynomial is zero.

Example 3: Find the number of zeroes of the polynomials whose graphs are given

below.
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(a) The graph intersects the x-axis at only 1 point.

Hence, the number of zeroes of this polynomial is 1.

(b) The graph intersects the x-axis at 4 distinct points.
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Hence, the number of zeroes of this polynomial is 4.
(c) The graph intersects the x-axis at only 1 point.
Hence, the number of zeroes of this polynomial is 1.
(d) The graph of the polynomial does not intersect the x-axis.
Hence, this polynomial has no zeroes.

(e) The graph intersects the x-axis at 2 distinct points.
Hence, the number of zeroes of this polynomial is 2.
(f) The graph intersects the x-axis at 2 distinct points.
Hence, the number of zeroes of this polynomial is 2.
(g) The graph of the polynomial does not intersect the x-axis.
Hence, this polynomial has no zeroes.

(h) The graph intersects the x-axis at only 1 point.
Hence, the number of zeroes of this polynomial is 1.
(i) The graph intersects the x-axis at only 1 point.
Hence, the number of zeroes of this polynomial is 1.
(j) The graph intersects the x-axis at 4 distinct points.
Hence, the number of zeroes of this polynomial is 4.
(k) The graph intersects the x-axis at 5 distinct points.
Hence, the number of zeroes of this polynomial is 5.
(1) The graph intersects the x-axis at 3 distinct points.
Hence, the number of zeroes of this polynomial is 3.

Geometrical Interpretation Of Zeros Of Polynomials



Let us consider a polynomial p(x) = 2x - 5. Its graph can be drawn as follows:
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If we notice the above graph carefully, then we can see that the graph of the polynomial
(5
3]
p(x) = 2x - 5 passes through the x-axis at a point 2 .

Do you know what is the value of the polynomial p(x) at the x-coordinate of this point?

Let us find out how.
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Thus, = is a zero of the polynomial.

Thus, we can say that

The x-coordinates of the points at which the graph of the polynomial intersects the x-
axis are the zeroes of the polynomial.

Using the above statement, we can find out the zeroes of the polynomials. The method of
finding zeroes can be easily understood with the help of the following example.

Let us find the zeroes of the polynomial p(x) = x2 - 4x + 3. The graph of this polynomial can
be drawn as follows:
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From the graph, we can see that the graph of the polynomial p(x) = x2 - 4x + 3 cuts the x-
axis at two points respectively (1, 0) and (3, 0). Now, the x-coordinates of these points are 1
and 3 respectively. Thus, 1 and 3 are the zeroes of the given polynomial p(x) = x2 - 4x + 3.

In this way we can interpret the zeroes of the polynomial geometrically.

Let us discuss one more example based on geometrical interpretation of zeroes of a
polynomial.

Examplel: Find the zeroes of the polynomials whose graphs are shown below.
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Solution:

(i) The graph of the polynomial intersects the x-axis at the point (2, 0).
The x coordinate of the point (2, 0) is 2.

Thus, 2 is a zero of the polynomial whose graph has been shown.

(ii) The graph of the polynomial intersects the x-axis at the point (0, 0).
The x co-ordinate of the point (0, 0) is 0.

Thus, 0 is a zero of the polynomial.

(iii) The graph does not intersect the x-axis, so there is no zero of the polynomial whose
graph has been shown.

Relationship Between Zeroes Of A Polynomial And Its Coefficients

We have learnt to find the zeroes or roots of a polynomial. Also, we know that zeroes or
roots of a polynomial are those values of its variables for which the polynomial results to
Zero.

Now, let us learn about the relation between zeroes and the coefficients of the polynomial.
Relationship between the zero and the coefficient of a linear polynomial:

Let p(x) = ax + b be a linear polynomial such that a # 0.

Zero of this polynomial can be obtained by equating it with 0.

ie, p(x)=0

>ax+b=0

=>ax=-b
_ i)
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Using this relation, we can find the zero of a linear polynomial.



Relationship between the zeroes and the coefficients of a quadratic polynomial:
Consider a quadratic polynomial p(x) = 3x2- 5x - 12.
Can we find out the sum and the product of the zeroes of this polynomial?

Yes, we can find the sum and the product of zeroes but firstly we have to find out the zeroes
of the polynomial.
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Here, the zeroes of polynomial p(x) are 3and 3.

{ 4] 5
Now, the sum of zeroes = 3 +I\ 3) 3

And the product of zeroes=3x 3 =-4
Can we find out the sum and the product of zeroes by any other method?

Yes, there is also a method in which there is no need to find out the zeroes. In that method
we use the coefficients of the polynomial to find the sum and the product of zeroes.

Firstly let us see the relation between the sum and product of zeroes and the coefficients of
the polynomial.

Let us first consider a quadratic polynomial p(x) = ax? + bx + ¢, where a, b and c are
constants.

If adand f are the zeroes of p(x) = ax? + bx + c, then,

i+ ﬂ R
Sum of zeroes = 4 and

C
Product of zeroes = aff = ¢




Now, let us find the sum and product of zeroes of the polynomial given in the beginning,
using these relations.

The polynomial is p(x) = 3x%2 - 5x - 12.
On comparing this equation with ax2 + bx + ¢, we have

a=3,b=-5andc=-12

~ Sum of zeroes = - & =

c_-12 4
And the product of zeroes = ¢ 3

Using these relations we obtained the same values as we found after calculating the zeroes.

Now, let us know the relations between the sum and the product of zeroes and the
coefficients of a cubic polynomial.

The general form of a cubic polynomial is p(x) = ax3 + bx? + cx + d where a, b, c and d are
constants.

Ifa, f and y are the three zeroes of cubic polynomial p(x), then the relations are given
by

—b

g+ f+y=—

i
c
afi+ fy + ya=—
i

afly = —
[

Let us solve some more problems to have a better understanding of the concept.

Example 1: Find the zeroes of the following quadratic polynomials and verify the
relationship between the zeroes and the coefficients.

(a) x2 - 9x + 20 (b) 5x2 + 21x - 20.

Solution:



(a) The given quadratic polynomial is p(x) = x2 - 9x + 20.

Firstly we will find the zeroes by the method of splitting the middle term and then verify
the relationship between the zeroes and the coefficients of the polynomial.

In this method, we have to find two numbers whose product is 20 and sum (or difference)
is 9.

Such two numbers are 4 and 5 so, we have
x2-9x+20=x2-(4+5)x+20

=x?-4x-5x+20

=x(x-4)-5(x-4)

=(x-4)(x-5)

Thus, for finding zeroes, we put x2 - 9x + 20 = 0.

(x-4)(x-5)=0

(x-4)=0or(x-5)=0

x=4or5

Thus, 4 and 5 are the zeroes of the polynomial p(x) = x2 - 9x + 20.
Now sum of zeroes=4 +5=9

And product of zeroes =4 x 5 =20

Now, on comparing p(x) = x2 - 9x + 20 with the general quadratic polynomial
ax?+bx+c=0,wehavea=1,b=-9andc=20.

Using the formulae, we have

Sum of zeroes a

-(-9)



Product of zeroes

_20
|
=20
m+ ﬂ = _E
Hence, it is verified that Sum of zeroes = @ and
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Product of zeroes = aff = ¢ .
(b) Comparing the given polynomial with ax? + bx + ¢, we have,a =5, b =21
and c = - 20.
Using the method of splitting the middle term we have,
p(x) =5x2+21x-20=5x%2+ (25-4)x- 20
=5x2+25x-4x-20
=5x(x+5)-4(x+5)
=(x+5) (5x-4)
For finding zeroes, put p(x) =0
(x+5)(5x-4)=0
4
x=-5o0rx= 5

4

Thus, the zeroes of the polynomial 5x2 + 21 x - 20 are - 5and 7 .

4 21 b
5 =

Now, sum of zeroes = -5 + 5 =
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And product of zeroes = - 5 x
Hence, verified.

Example 2: If 1, 2, and 6 are the zeroes of the cubic polynomial x3 - 9x2 + 20x - 12,
then verify the relations between the zeroes and the coefficients.

Solution:
The given cubic polynomial is p(x) = x3 - 9x2 + 20x - 12.

On comparing the given polynomial with the general form ax3 + bx2 + cx + d of cubic
polynomial, wehavea=1,b=-9,c=20,d=-12.

Now the zeroes are 1, 2, and 6.

Leta=1,f=2andy=6

_(_l}]
:9:
Nowa+f+y=1+2+6 |

af+Py+re -1 x242%x6+6x1
=2+12+6
=20

20
1

a
andaffy=1x2x6

=12



Hence, this verifies the relations between the coefficients and the zeroes of the cubic
polynomial.

Formation Of Polynomial Using The Sum And Product Of Zeroes

5 and -3 are the zeroes of a quadratic polynomial p(x). Can we form the quadratic
polynomial with the help of these zeroes?

Yes, we can. Let us see how we can form the polynomial.
5 is a zero of the polynomial, it means that (x - 5) is a factor of the polynomial p(x).
Similarly (x + 3) is also a factor of the polynomial p(x). We know that a quadratic

polynomial can have only two linear factors. Thus, we can write the polynomial p(x) as
follows:

p(x) = (x-5) (x+3)

=x2+(-5+3)x+(-5)(3)

[Using the identity (x + a) (x + b) =x2+ (a + b) x + ab, where a = - 5 and b = 3]

Thus, p(x) =x2-2x-15

This is the required quadratic polynomial.

If we know the zeroes of the quadratic polynomial, then we can find the polynomial as

above. On the other hand, if we know the sum and product of the zeroes of the polynomial,
then we can use the following formula to find the polynomial.

p(x) = x2 - (sum of zeroes)x + product of zeroes

For example: if the sum and the product of the zeroes of a polynomial are 2 and -8
respectively, then find the polynomial.

Using the above formula, we have
p(x) =x* - (2)x + (-8)
p(x)=x?-2x-8

In this way, we can find the polynomial if the relationship between the zeroes is known to
us.



Let us discuss some more examples based on formation of quadratic polynomial using sum
and products of zeroes.

Example 1: If the sum and product of zeroes of a quadratic polynomial are 13 and 36
respectively, find the quadratic polynomial.
Solution:

Let the polynomial be p(x).

It is given that the sum of the zeroes of the polynomial = 13 and the product of the zeroes of
the polynomial = 36

But we know that the quadratic polynomial p(x) in terms of sum and product of zeroes is
given by the formula

p(x) = x% - (sum of zeroes)x + product of zeroes
so, we have
p(x) =x%-13x+ 36

Therefore, x2 - 13x + 36 is the quadratic polynomial whose sum and the product of zeroes
are 13 and 36 respectively.

Example 2: If the sum and product of zeroes of a quadratic polynomial are ~ \E and -

6 respectively, find the quadratic polynomial.
Solution:

Let the quadratic polynomial be p(x).

It is given that the sum of the zeroes of the polynomial is ~ NE and the product of the
zeroes of the polynomial is - 6.

We know that the quadratic polynomial p(x) in terms of sum and product of zeroes is given
by the formula

p(x) = x2 - (sum of zeroes)x + product of zeroes

so, we have

) =x-(~ )+ (- 6)



p(x) = x? _“*"Ex—6

Therefore, x2 ™ V3 X - 6 is the quadratic polynomial whose sum and product of zeroes

are — V3 and - 6 respectively.

3

Example 3: If J19 and 5 are the zeroes of a quadratic polynomial, then find the
polynomial.

Solution:

3

Let p(x) be the required quadratic polynomial. V19 and 2 are the zeroes of the
polynomial p(x).

s.ﬁ_ﬂ{—%]: Jl_—%

Now, the sum of zeroes =

w2

and the product of zeroes = .

Now, the polynomial is given by the formula

p(x) = x2 - (sum of zeroes)x + product of zeroes

= ;Jl:x) =x" —(sum ul"mmey.)x + product of zeroes

= plx)=x —[ﬁ—%]x+[_3;ﬁJ

= p{x}:xz—[\fﬁ—g]x—@

3

3

Hence, this is the required polynomial whose zeroes are Jio and 3 respectively.

Division Of Polynomials by Polynomials (Degree More than 1) Using Long Division
Method

All of us have already studied the method of long division of polynomials by other
polynomials in earlier classes. But there, our divisor was just of degree one. Now we will



revise long division method of polynomials with other polynomials and extend the
discussion to do the division when the divisor is of a higher degree.

Let us discuss the method of division by taking an example. Let us divide (x3 - 7x + 6) by
(x2+2x - 3).

Now let us solve some examples to practice the above method.

Example 1: Divide the polynomial by monomial and write the quotient and remainder.
(i) 36n° - 3n3 + 12n2 + 9n2

(ii) 7p7 + 3p> - 42p3 + 10 + 21p3

Solution:

(i) 36n5 - 3n3 + 12n2 can be divided by 9n? using long division method as follows:

oo 4
dn 3 n+ 3
‘Jﬂﬁ 36n® — 3Int + 1207
6w’
—3nt 4+ 1207
in’
+
12n°
1207
0
Therefore,
i_l 4
Quotient = an 3" T 3

Remainder = 0

(ii) 7p7 + 3p> - 42p3 + 10 can be divided by 21p3 using long division method as follows:
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21p°) Tp"+ 37 - 42p° + 10

Tp’
Ipt - 42+ 10
3p*
42p° + 10
— 42p°
+
10
Therefore,
14,12 _
Quotient = 37 + 77 2

Remainder = 10
Example 2: Check whether (x2 - 3x + 2) is a factor of (x3 - 7x2 + 14x - 8) or not.
Solution:

(x2 = 3x + 2) will be a factor of (x3 - 7x2 + 14x - 8), if the polynomial (x3 - 7x2 + 14x - 8) on
dividing by (x? - 3x + 2) gives remainder zero.

The division has been shown below:

x—4
X hj T+ 14— 8
o =3t 4+ 2x
+
—dyi 4+ 12x—8
— 4t +12x—8
+ +

0

The remainder is zero.
& (x2 - 3x + 2) is a factor of (x3 - 7x% + 14x - 8).

Example 3: Find the quotient and remainder when (15x - 4 + x3 - 6x2) is divided by



(x2 - 3x + 2).

Solution:

Firstly, we arrange the terms of the dividend and the divisor in the standard form.
The dividend in the standard form will be

x3 — 6x2 + 15x - 4.

The divisor is already in standard form.

The division has been shown below:

x=3
X —3x+2) o —6x" +15x—4

¥ =3x"+2x

- 4 —_

—3x’ +13x -4
3 +9v -6
+ - o+

dx +2

Therefore,
Quotient=x-3

Remainder = 4x + 2

V5 J5

Example4: 2 and 2 are the zeroes of the polynomial 16x* - 64x3 + 40x2 +
80x - 75. Find the other zeroes of the polynomial.

Solution:

Let p(x) =16 x* - 64x3 + 40x2 + 80x - 75

s \5

2 and 2 aretwo zeroes of p(x).



J5 J5

= (x- 2 )and (x+ 2 )are the factors of p(x)

5

= x2-4%4 is a factor of p(x)

5

To find the other factors, we have to divide p(x) by x2 -4 as follows:

) 16x° - 64x +60
2 _2::. l6x" — 6dx’ + 40"+ 80x — 75
162" —20x°

() (+)
—6dx' +60x" + 80x-T5

— 64y’ +80x
(+) (—)
6 x” - 75
60x° -75
(-) (+)
0
Now, 16x" ~64x+60 is the factor of p(x).

So, we can write 16x" = 64x+60 _ 4(4x” ~16x+15)

_ H4x” —~10x-6x+15) (Splitting the middle term)

_ H2x(2x-5)-3(2x-5)}
_ H2x-5)(2x-3)

To find the zeroes, put H2x—-3)(2x-3) - 0

We have 2x—5=00r2x-3=10

5
X=—o0rx=

3
2 2
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Thus, the remaining zeroes of the polynomial are x =2 and

Division Algorithm Of Polynomials

We are aware of the process of division of numbers. Let us divide 487 by 3.
We can divide 487 by 3 as follows:

162
3) 487

From the above division, we can see that when we divide 487 by 3, we get 1 as remainder
and 162 as quotient.

We can also write the dividend 487 in terms of divisor, quotient and remainder as follows:
487 =3 x 162 +1

Thus, for real numbers we can write

Dividend = Divisor x Quotient + Remainder

In the same way, we can also divide a polynomial p(x) by another polynomial g(x) when the
degree of the polynomial p(x) is greater than or equal to the degree of polynomial g(x). The
above relation is also true in case of polynomials and then it is known as division algorithm
of polynomials.

Using the division algorithm of polynomials, we can also find any one of the values
among p(x), g(x), q(x) and r(x) if other three are known.



Note that degree of g(x) = degree of p(x) - degree of g(x)
Let us discuss more examples based on division algorithm of polynomials.

Example 1: Find the quotient, if the polynomial -2x3 + 7x2 - 7x - 2 when divided by
2x2 - 5x + 2 gives remainder —4.

Solution:
Let the quotient be q(x).

It is given that when we divide the polynomial (-2x3 + 7x2 — 7x - 2) by (2x% - 5x + 2), we get
the g(x) as quotient and -4 as remainder.

Thus, we have

p(x)=-2x3+7x2-7x-2

g(x) =2x2-5x+2

r(x)=-4

We know that the division algorithm for polynomials is:
p(x) =g(x) x q(x) + r(x)

Now, on putting the values in this equation, we have
-2x3+7x2-7x-2=(2x2-5x+2)xq(x) -4

= -2x3+7x2-7x-2+4=(2x2-5x+2) xq(x)

= -2x3+7x2-7x+2=(2x?-5x+2) xq(x)

4T A —Tx 42
25255 42

>q(x) =

We can divide -2x3 + 7x% - 7x + 2 by (2x% - 5x + 2) as follows:



—x + 1
20— Sx+2)-20 + Td - T+ 2
%+ 52 2y
) X X : X

2xr - Sx+2
2xi —Sx+2

0

Now, we have q(x) = 1 -x
Therefore, the quotientis 1 - x.

Example 2: Find the quotient, if the polynomial 3x3 - 3x2 + 9x + 2 when divided
by x2 + 5x + 1 gives remainder 4x3.

Solution:
Let the quotient be g(x).

It is given that when we divide the polynomial (3x3 - 3x2 + 9x + 2) by (x2 + 5x + 1), we get
the q(x) as quotient and 4x3 as remainder.

Thus, we have

p(x) =3x3-3x2+9x + 2

gx)=x2+5x+1

r(x) = 4x3

We know that the division algorithm for polynomials is:
p(x) =g(x) x q(x) +r(x)

Now, on putting the values in this equation, we have
3x3-3x2+9x+2=(x2+5x+1)xq(x) +4x3
=3x3-3x2+9x+2-4x3=(x2+5x+1) xq(x)

= -x3-3x2+9x+2=(x2+5x+1) xq(x)

—x 3 —3x 2 +89x 42
X 2 +3x +H

=g(x) =



We can divide —x3 - 3x2 + 9x + 2 by (x%2 + 5x + 1) as follows:

—x+2
A Sk 1)t - 3a2 + 9+ 2
—x =5y —x
| |
297+ 10x + 2
23+ 10x+2

0

Now, we have q(x) =2 - x
Therefore, the quotient is 2 - x.

Example 3: By applyijng division algorithm, find the quotient and remainder when p(x)

= x4+ 3x3 + 2x2 + 5x - 2 is divided by g(x) = x3 + 2x - 1.

Solution:
3

p(x)=x*+3x3+2x2+5x-2,g(x) =x3+2x-1
degp(x) =4, degg(x) =3

Degree of quotient g(x) =4 - 3 = 1, and deg of remainder r(x) < deg g(x) = 3
Letq(x)=ax+ b, r(x)=cx?+dx+e

By division algorithm,

p(x) =g(x) x q(x) + r(x),

=S x4+3x3+2x2+5x-2 = (ax+ b)(x3 + 2x - 1) + (cx? + dx + e)
=ax*+ 2ax?2-ax+bx3+2bx-b+cx2+dx+e
=ax*+bx3+ (2a+c)x2+ (-a+2b+d)x+ (-b+e)

Equating the coefficients of respective powers, we obtain



a=1b=3
datec=2
=o+c=2
=c=I

—a—+2b+d=>5
= —1+6+d =5
=d=0

—bte=—

b3 | tm

—3_2_1
Se=3-2=2
Quotient, g (x) =x+3

1

Remainder, r (x) = 2



