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Mathematics starts in counting and measuting.
In the age of agriculture, it becomes the second
degree equations of areas; rises to astronomy for
weather prediction. Grows into the branch of
mathematics called trigonometry. In
Renaissance Europe, trigonometry forms the
foundation of navigation. It becomes the basis
of locating places using satellites in today's
wotld. The mathematical principles which
seventeenth century mathematicians developed
as purely mathematical operations of numbers
are now used to make security systems in e-
transactions. I wish all of you would recognize
the innumerable applications of mathematics
and revel in its theoretical thythms.

With love and regards

Dr. P. A. Fathima
Director, SCERT
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Certain icons are used in this
textbook for convenience




Line and circle

See this picture :

AB is the diameter through the point 4 on the circle; and it is extended a bit on
either side.

This picture shows another chord through 4, instead of a diameter, which is
also extended.



Without altering the position of 4, suppose we make X closer to A.

Mathematics X 40

What if we make X closer and closer to 4 along the circle?

g

Draw a circle centered at a point O

in GeoGebra and mark points A, X

on it. Draw lines joining O, A and A,
X. What happens to the line AX,
when X is moved closer to A? When
X coincides with A? Join OX. What
happens to the angles OAX and
OXA as X is moved closer and closer
to A?

The red line in the picture just touches the circle at 4, right?

This line is called the fangent to the
circle at 4. Look at the picture again;
see any relation between the tangent
and the diameter?

To make this clear, let’s take the central
angle of chord AX as x°.

sin cos Tan
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75 Tangents

As X gets closer to 4, the length of the chord AX and its central angle be-
comes smaller; that is, the number x gets closer to zero.

What about the angle between the chord and the

diameter? Since AAOX is isosceles, this angle is Sliding line

L Ly See this picture — a circle
5 (180 —x)° = (QO_EX) and a line through the
centre.

Suppose we slide the line
alittle higher. And sliding
it more and more, we
finally get a line just
touching the circle at
asingle point. And the
line joining the centre
and this point is
perpendicular to all
these parallel lines.

Draw a circle and a radius in
As X gets closer to 4, this angle gets closer to 90°. GeoGebra. Choose a point on the

And when the extended chord becomes a tangent, radius and draw the perpendicular
the angle becomes exactly 90°. through it. Now change the position
of the point. What happens when it

is on the circle?

©, 1)
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We state this as a general principle:

The tangent at a point on a circle is perpendicular to the
diameter through that point.

g Let’s look at some problems based on this.

In the picture below, the top line is a tangent to the circle:
To draw a tangent to a circle in
GeoGebra, choose Tangents. Click
on the circle and a point on the circle.
What if we click on a point outside
the circle?

Draw the tangent at a point on a
circle and enable Trace On for it and
Animation for the point. What do we
get?

Can you draw this picture in your notebook?

Draw a circle of radius 2 centimetres and a horizontal line through its
centre.

1

sin cos Tan
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Tangents

Now at what point on the circle do we draw the required tangent?

Look at the first picture again; the top angle of the triangle is 90°; and another
angle is 25°.

So, the third angle is 65°.

Can’t you complete the picture now?

(1) In each ofthe two pictures below, a triangle is formed by a tangent to
a circle, the radius though the point of contact and a line through the
centre:

Draw these in your note book.

In the picture, all sides of a
rhombus are tangents to a
circle.

Draw this picture in your
notebook.
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(3) Whatsort of a quadrilateral is formed by the tangents at the ends of
two diameters of a circle?

(4) Prove that the tangents drawn to a circle at the two ends of a diameter
are parallel.

Tangents and angles

See this picture:

The tangents at the points 4, B on a circle cen-
tered at O meet at C.

In the quadrilateral OACB, the angles at the
opposite corners 4, B are right; so their sum is
180°. Thus the quadrilateral is cyclic.

/
V%

The quadrilateral with vertices at the centre

The name
The name tangent is derived from the Thatis
Latin word tangere, meaning ‘to touch’.

The full name of the tan measure is also . . . .
of a circle, two points on it and the point where

tangent. What is its connection with a . . .
. . . the tangents at these points meet, is cyclic.
line touching a circle?

2

P

In such a quadrilateral the sum of the other two angles is
also 180°.

If we take the radius of the circle as
the unit of length, then the length of
the tangent PT is tan x, right?

\_

(O, 1)



This also is a general idea worth noting:
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Tangents

In a circle, the angle between the radii through two points and

the angle between the tangents at these points are supplemen-

tary.

Let’s look at some figures which can be drawn using these ideas. First we

draw an equilateral triangle, exactly covering a circle.

The sides of the triangle must be tangents to the circle.
And since the triangle is to be equilateral, the angle between
them must be 60°. A

What about the angle

between the radii through the
points of contact of the
O

tangents?

Thus we can see that all the

Q angles between the radii
D through the points of contact
120771207 are 120°.

Circle with lines )

The picture below shows a star made

by six tangents to a circle.

S
LP

How about 12 tangents?

The picture below shows 90 tangents
drawn using a computer:
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Thus we need only draw three radii of the circle 120° apart and draw the
tangents at their ends to get our triangle.

Draw a circle of radius 3 centimetres and draw an equilateral triangle
like this.

(1) Draw acircle of radius 2.5 centimetres. Draw a triangle of angles 40°,
60°,80° with all its sides touching the circle.

In the picture, the small (blue) triangle is equilateral.

The sides of the large (red) triangle are tangents to
the circumcircle of the small triangle at its vertices.

1) Prove that the large triangle is also equilateral
and its sides are double that of the small tri-
angle.

Draw this picture, with sides of the smaller
triangle 3 centimetres.

Instead of an equilateral triangle, if we draw the tangents to the

circumcircle of any other triangle at its vertices, do we get a
similar triangle with double the sides? Justify.

The picture shows the tangents at two points
on a circle and the radii through the points of
contact.

Prove that the tangents have the same
length.

Prove that the line joining the centre and
the points where the tangents meet bisects

the angle between the radii.

D 10
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Prove that this line is the perpendicular
bisector of the chords joining the points

of contact.

Prove that the quadrilateral with sides as the tan-

gents at the ends of a pair of perpendicular chords
ofacircle is cyclic.

What sort of a quadrilateral do we get if one chord
is a diameter? And if both chords are diameters?

Chord and tangent

The picture shows the tangents at the two ends of a chord of a circle:

We know that angle between the tangents is
80°. What about the angles between the tan-
gents and the chord?
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The two sides of the green triangle in the
picture are equal and so are the angles
opposite them. Since the sum of these angles is
180° — 100° = 80°, each measure 40°.

The angle between the radius and the tangent is 90°. So the angle between the
chord and the tangent is 90° — 40°= 50°.

4 h

Area problem
What is the area of the green ring?

This is half the central angle of the chord, isn’t it?

Is it true for any chord? To check
this, let’s take the central angle
as x°.
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So the other two angles of the green tri-
angle are

1 o — _1Y
2(180 —x)° = (90 zx)

Since the angle between the tangent and
the radius is 90°, we can see that the angle

.1
between the tangent and chord is 5 X

In GeoGebra, draw a circle and a
chord. Draw the tangents at the
ends of this chord. Mark the
central angle of the chord and the
angles between the chord and the
tangents. What is the relation
between these angles? Draw
several chords and see.

In a circle, the angle between a chord and tangent at either end

is half the central angle of the chord.

The angle made by the chord on the larger part of the circle is also half the
central angle, isn’t it?
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Unchanging angle
We have seen that the angles on

the same part of a circle are equal.
& P
4 v B

Let’s extend PB a bit.

Now suppose P moves along the
circle to reach B.

The line XY becomes the tangent
at B. And the angle does not

kchange.

(0

So in this picture, what is the angle which the tangents make
with the chord?

The angles on the right are 65°.

The angles which the tangents make on the left of the chord
are 180° — 65° = 115°. This is the angle which the chord
makes on the smaller part of the circle, isn’t it?

So the relation between the angles which the chord makes
with the tangents at its ends and the angles which it makes on
the circle can be shown like this:




And we can write it like this:

In a circle, the angles which a chord makes with the tangents
at its ends on any side are equal to the angle which it makes on

the part of the circle on the other side.

We draw a tangent to a circle at a point, by drawing the perpendicular to the
diameter through this point, right? The above idea can be used to draw tangents,
even if the centre is not known. We need only draw a chord through this point

and draw the angle which it makes on one part of a circle on the opposite side
of'the chord:

Ifthe triangle drawn is isosceles, then we need draw only the line through the

point, parallel to the bottom side.

So, to draw the tangent to a circle at a specified point, we first draw an arc of
acircle centred at this point and join the points where it cuts the first circle:
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( Flip — flop

Angles on the two parts of a circle
are supplementary:

Xx°

4 YQ (180 —x)/ B
0

Let’s extend the lines as before.

What happens as P moves towards

along the circle?

Throughout the motion, x° is below
AP and (180 — x)° above AP, isn’t

it?
klt.

N\

J

Now we need only draw a line parallel to this line through the
point at which we want the tangent:

7 (1) In the picture, the sides of the large

triangle are tangents to the circumcircle
of the small triangle, through its vertices.
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In the picture, the sides of the large

triangle are tangents of the circum-

circle of the smaller triangle, through

its vertices.

Calculate the angles of the smaller N S
triangle. v
In the picture, PQ, RS, TU are tangents

to the circumcircle of AABC.

Sort out the equal angles in the

picture.

In the picture, the tangent to the circumcircle
of a regular pentagon through a vertex is
shown.

Calculate the angle when the tangent makes
with the two sides of the pentagon through
the point of contact.

A tangent from outside
See this picture:
A point outside a circle is joined to the

centre and extended. It cuts the circle at two
points; and these points are the ends of a

diameter.

Suppose we join the same point outside the
circle to a point a little above or below the
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The points where the line cuts the circle gets a little closer. Let’s
continue this:

The lines which cut the circle at closer and closer points, leave the circle
entirely after a stage.

the circle, don’t they?

From a point outside a circle, two tangents can be drawn.

But we haven’t discussed say how we can actually draw such a pair of tangents.
See this picture:




Tangents

A point is marked 5 centimetres away from the centre of a circle of radius 2
centimetres

How do we draw the pair of tangents to the circle from this point?

Perhaps it would be clear if we imagine how the picture would be after they
are drawn;

We need two pairs of mutually perpendicular lines from the centre of the
circle and the point outside.

=

Draw a circle centred at a point

We have seen in the lesson Circles, that all such pairs of mutually | iy GeoGebra and mark points

perpendicular lines meet on the circle with the line joining these | A, B on it. Draw the tangents at
points as diameter: these points and mark their point
of intersection as C. Draw the
quadrilateral OACB. Is it cyclic?
We can check by drawing the

In those pairs we want, one line should be a radius of our original
circle; that is, the lines should meet on this circle. For that, we

circle through O, A, B using.
Circle Through Three Points.
Move A, B and see what
happens when they get closer

and farther apart. What happens
when they are the ends of a
diameter?




""’Vd V | 15

Joining the points of intersection of these circles to the point outside, we get
the tangents fromit:

Mathematics

In our problem, the radius of the original circle is 2 centimetres and the
distance from the centre to the point outside is 5 centimetres.

So, we can calculate the lengths of the tangents using Pythagoras
Theorem:

J5 -2 = /21 centimetres

We have already seen that if tangents are drawn from two points on a circle,

then their lengths from the point of contact to the point of intersection are
equal. We can now state it like this:

The tangents to a circle from a point are of the same length.

Let’s look at a problem based on this. The
picture shows the quadrilateral formed by
the tangents at four points on a circle.

Let’s join the centre to these points.

B

sin cos Tan
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Taking the lengths of the tangents from the corners
asa, b, c, d, we can mark these lengths as below:

Draw a circle in GeoGebra and
mark four points on it. Draw
tangents at these points and mark
their points of intersection. Draw
the quadrilateral with these as
vertices. Then we can hide the
tangents. Mark the lengths of the
sides of the quadrilateral and note

So, the sum of the lengths of the bottom and top | 1. relation between them. as we

sides of the quadrilateral is (a + b) + (¢ + d). change the positions of the points
What about the sum of the left and right sides? | _on the circle.
(at+d)+ (b+c)

Both sums are a+ b + ¢+ d . Thus we have the following:

In a quadrilateral formed by the tangents at four points on a

circle, the sum of the opposite sides are equal.

Ifthe sum of the opposite sides of a quadrilateral are equal, can we
draw a circle with the four sides as tangents?

Recall the fact we have seen earlier: in a quadrilateral formed by joining four
points on a circle, the sum of the opposite angles are equal.

We have seen that among the lines drawn to a circle from a point, those which

touch the circle at a single point are equal. We have also seen in the lesson,

Circles, that for all lines cutting the circle at two points, the product of the
whole line and the part outside the circle are equal.

Remember this picture and its equation?

PA x PB=PCxPD

B

Now suppose, we draw a line which touches a circle and another line
intersecting the circle.
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s D
Same relation

See this picture:
A
P B
€ D
We have PA x PB = PC x PD. To find out the relation between these, join AC, BC to make

Suppose the lower line is rotated triangles: ¢
to make a tangent.

B

The chord AC makes angle PCA at C; it is equal to the angle
ABC, which AC makes on the other side of the circle, isn’t it?

Then PD is the same as PC and
the relation above becomes

PA x PB=PC?
Suppose the upper line also

becomes a tangent. 4

The relation becomes P4’ = PC*or| Thatis, the angle at Cin A4BC is equal to the angle at B in

PA=PC. APBC. And in both triangles the angle at P is the same.
We have already seen that the length
of the tangents from a point to a circle

are equal. ) opposite equal angles have the same ratio.

Thus these triangles have the same angles and so pairs of sides

In APAC, the side opposite the angle of x° is P4 and in APBC, the side
opposite the angle of x° is PC. In APAC, the longest side is PC and in APBC,
the longest side is PB. So,

PA_PC

PC PB

We can write this as,

PA X PB = PC*
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The product of an intersecting line and
the part of it outside the circle is equal
to the square of the tangent.

As in the case of intersecting chords, this can be
stated in terms of areas.

The rectangle with the intersecting line and its
part outside the circle as sides and the square
with sides equal to the tangent have the same
area.

In the picture, a triangle is formed by two
mutually perpendicular tangents to a circle
and a third tangent.

Prove that the perimeter of the triangle is
equal to the diameter of the circle.

a

The picture shows a triangle formed by three tangents to a circle.

Calculate the length of each tangent from the corner of the triangle to
the point of contact.
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(3) Inthe picture, two circles touch at a point
and the common tangent at this point is
drawn.

Prove that this tangent bisects another

common tangent of these circles.

Prove that the points of contact of
these two tangents form the vertices
of aright triangle.

Draw the picture on the right in your
notebook, using convenient lengths.

In the picture below, 4B is a diameter and P is a point on 4B
extended. 4 tangent from P touches the circle at Q. What is the radius
of'the circle?
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(5) Inthe first picture below, the line joining two points on a circle is ex-
tended by 4 centimetres and a tangent is drawn from this point. Its
length is 6 centimetres, as shown:

The second picture shows the same line extended by 1 centimetre more
and a tangent drawn from this point. What is the length of this tangent?

(6) Draw arectangle of one side 6 centimetres and area equal to that ofa
square of side 5 centimetres.

Circle touching aline

We have seen that from a point, two lines
touching a circle can be drawn and also
how we can draw these lines.

Now let’s ask in reverse: can we draw a
circle touching two lines meeting at a point?
See this picture.

The radii are perpendicular to these lines. In other words, the centre of the
circle must be at the same distance from these lines. So it must be on the
bisector of this angle.

The centre of a circle touching two lines meeting at a point is on
the bisector of the angle formed by the lines.

We can take any point on the angle
bisector as centre to draw a circle touching
the lines.

So, the next question is whether we can draw a circle touching all three sides
of atriangle.
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g We can take any point on the

Draw an angle and its bisector in | bisector of the angle made by
GeoGebra. Mark a point on this | the bottom and left side to draw
bisector and draw the perpendicular
from this point to one of the sides of
the angle. Mark their point of

a circle touching these two
sides.

intersection. Draw the circle with
centre at the point on the bisector | Taking any point on the bisector

and passing through the pointonthe | ofihe angle made by the bottom
side. Doesn’t it touch both sides?

Move the centre along the bisector
and see.

and right side as centre, we can
draw a circle touching these two

sides.

So, what if we take the point of both these bisectors, that is their point of
intersection?

The lengths of the perpendiculars from this point to all three
sides are equal, right?

What about the circle of radius this length, centred at this
point?

This circle is called the incircle of the triangle.

We note another thing here. Since the centre of the incircle
is at the same distance from the left and right sides, it is
also on the bisector of the angle joining these sides.

Draw a triangle and its
incircle in GeoGebra.

1
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The bisectors of all three angles of a triangle meet at a point.

There are some relations between the points where the incircle touches the
triangle and the sides of the triangle.

To see it, we draw the incircle of a triangle and
join its centre to the points of contact with the
sides.

The sides of the triangle are formed by the tangents to the incircle
from the vertices. And the lengths of the tangents from each corner
are equal. So taking the lengths of the tangents as x, y, z, we can mark them
as below:

( . . .. )
Circumcircle and incircle

Every triangle has a circumcircle and
an incircle. But in the case of
quadrilaterals, some have neither of

these, some have only one and some
have both.

4 Y

The sum of all these lengths is the perimeter of the triangle.
That is, the perimeter of the triangle is 2(x + y +z) . In
other words, x +y + z is half the perimeter of the triangle. O
Takingitass,

xtytz=ys

Next if we take the lengths of the sides of the triangle as a, b, c, the picture
gives

xXt+ty=a
ytz=b

z+tx=c
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Now to get x, we need only subtract y +z fromx+y +z:

x=(x+ty+tz)— (y+tz)=s— >

Mathematics

Similarly, we see that
y=(x+y+z)= (+x)=s-c
and
z=(xty+z)- (xty)=s-a
So the lengths of tangents are like this:

For example, consider a triangle of sides 5 centimetres, 6 centimetres and
7 centimetres. Half'the perimeter is 9 centimetres.

So the points of contact with the incircle divides the sides like this: 9 —5=4,
9-6=3,9-7=2

The radius of the incircle has a relation with
the area of the triangle. The lines joining the
centre of the incircle to the vertices divide the
triangle into three.
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One side of each of these small triangles is a side of the original large triangle
and the height from it is equal to the radius of the incircle. So, if we take the
sides of the triangle as a, b, ¢ and the radius of the incircle as 7, then the areas

1

. 1 1
of these small triangles are San 5 br, Scr.

Their sum is the whole area of the large triangle. Taking it as 4, we have

1 1 1 1
= Zar+Zbr+ Zcr=>(a+b+c)r=
A S ar zbr 5 CT 2(a b+c)r=sr

This equation can written as

=

A
s

The radius of the incircle of a triangle is its area divided by half

the perimeter.

The incircle of a triangle is the circle inside
the triangle, which touches all three sides.
Ifthe requirement is only touching all three

sides, then we can draw three more such
circles.

These are called excircles of the triangle. They are drawn using the bisectors
of the external angles.

Consider a triangle and one of its excircles:

P B C

P, O, R are the points where the circle touches the sides of the triangle.

D 155 I
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Let’s find the lengths of the tangents CP and CQ. Taking the length BC, CA,
AB of the triangle as a, b, ¢, we get

Mathematics

CP=CB+BP=a+BP  CQ=CA+AQ=b+A40

Now BP = BR, being tangents from B and AQ = AR, being tangents from 4.
So,

CP= a+BR CO=b+AR

We also see that AR + RB = AB. This together with the two equations above
gives

CP+CQ=a+b+BR+AR=a+b+c

But this is the perimeter of the triangle. Also, CP and CQ have the same
length. So, what do we get?

CP=CQ=s
Thus we have the following:

The lengths of the tangents from a vertex of the triangle to the excircle
opposite it are equal to the perimeter of the triangle.

Now let’s draw the incircle also. Let  be the radius of the incircle and 7, the
radius of the excircle.

Q s—a Bs—bpP
ACIP and ACJQ of the picture on the left have the same angles, and so ratio
of sides opposite equal angles are also the same.
s-cC

(1) s

D 10 I

sin cos Tan




Now in the picture on the right, look at the angles of ABIP and ABJQ
at B. Since BI, BJ are the bisectors of the internal and external angles
at B of AABC,

ZOBJ = 3 Z0BA = 5(180° — ZCBA) = 90°~ £PBI

Thus APBI and AQBJ have the same angles, which gives

Using cross multiplication, we get
2) rr=(—a)(s—>b)
Now from equations (1) and (2), we have

S-c

;
3 XI”I"IZTX(S—CI)(S—C)

_ (s-3a(s-b(s-9
S

,,.2

We have already noted that the area of AABC'is rs. Using the above equation
the area is

Js(s—a) (s—b) (s—c)

This method of computing the area of a triangle using the lengths of its side is
known as Heron’s Formula.

(1) Draw atriangle of sides 4 centimetres, 5 centimetres, 6 centimetres and
draw its incircle. Calculate its radius.

(2) Draw arhombus of sides 5 centimetres and one angle 50° and draw its
incircle.

Draw an equilateral triangle and a semicircle
touching its two sides, as in the picture.




O s

Mathematics X

(4) Prove the radius of the incircle of an equilateral triangle is half'the radius
of its circumcircle.

(5) Prove thatifthe hypotenuse of a right triangle is / and the radius of its
incircle is 7, then its area is » (2 +r).

Calculate the area of a triangle of sides 13 centimetres, 14 centimetres,
15 centimetres.

Looking back %

C With
Learning outcomes teacher's Must
help improve

Understanding what happens to a line joining
two points on a circle when they are closer
and closer, and hence the idea of a tangent.

Realising that the tangent at a point on a circle
and the radius through the point are
perpendicular to each other.

Understanding the relations between the angle
between the tangents to a circle at the ends
ofa chord, the central angle of the chord and
the angle which the chord makes at a point
on the circle.

Realising that two tangents can be drawn to
a circle from a point outside and actually
drawing them.

Drawing a circle touching all three sides of a
triangle.

D 10 I
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Pyramids
We can make prisms by cutting thick paper in various ways and pasting the
edges.

And we have learnt much about them.

Let’s make another kind of solid:

©
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g First, cut out a figure like this in paper.

Pyramids in GeoGebra

We have seen in Class 9 how
\/E; prisms can be drawn in
GeoGebra. Now let’s see how
pyramids can be drawn. Open
3D Graphics and make the
necessary preparations (See the
section, Solids in GeoGebra of
the lesson, Prisms in the Class 9
textbook) Draw a square in
Graphics. Choose Extrude to
Pyramid or Cone in 3D Graphics
and click on the square. In the
window opening up, type the
height of the pyramid. (we can | A square in the middle and four triangles around it; all four of
also make a slider and give its | them are isosceles triangles and they are equal. Now fold and
name as the height). paste as shown below.

What shape is this? Can’t be called a prism; prisms have two equal bases and
rectangles on the sides. In the shape we have made now,

we have a square at the bottom, a point on top and triangles

all around.

Instead of square, the base can be some other rectangle,
atriangle or some other polygon. Try! (It is better looking
when the base is a regular polygon.)

Such a solid is generally called a pyramid.

©, 1)
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The sides of the polygon forming the base of a
pyramid are called base edges and the other sides
of the triangles are called /ateral edges. The
topmost point of a pyramid is called its apex.

Base edge

The height of a prism is the distance between its bases, isnt it? The height of a
pyramid is the perpendicular distance from the apex to the base.

Area

What is the surface area of a square pyramid of base edges

10 centimetres and lateral edges 13 centimetres? Surface | L€t’s see how GeoGebra helps us

area is the area of paper needed to make it. How will it look, o s e oui il gpirsed slhizge

if we cut this pyramid open and lay it flat? UL NS ML G
3D graphics as described earlier.
Choose Net and click on the
pyramid. We get the shape of the
paper used to make it (It is called
the net of the solid). We also get
a slider in Graphics. By moving
the slider, we can see how the
pyramid is made from the net. We
can also hide the original pyramid
by clicking against the pyramid in

the Algebra window.
\
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The area of the square is easily seen to be 100 square centimetres. What
about the triangles?

The sides of the triangle are 10, 13, 13 centimetres. We have Heron’s help to
compute the areas; subtracting each side from half the perimeter, we can
calculate the area as

J18x8x5x5=+/9%x16x5x5 = 60

Thus the area of each triangular face is 60 square centimetres. So the surface
area of the pyramid is,

100 + (4 X 60) = 340 square centimetres

The area of the triangle can also be computed as half
the product of'its base and height.

10 cm

For that, we need the height of the triangle. Since the triangle
is isosceles, this altitude bisects the base.

o
C
2

So using Pythagoras Theorem, the height of the triangle is

g J13 —5° = 12 centimetres

Thus the area of the triangle is 60 square centimetres. What
will be the height of the triangle, when the paper is turned

Height and slant height
Draw a pyramid in GeoGebra. Click
Midpoint or Centre to mark the mid into a pyramid?
points of a base edge and the midpoint
of'a diagonal of the base. Use Segment
to mark the height and slant height of
the pyramid. Use Polygon to make the
right triangle with height, slant height
and half the base edge as sides. Using
Net, the pyramid can be cut and spread.
We can also hide the pyramid.

\_




This length is called the slant height of the pyramid.

We have seen the relation between the base edge, lateral
edge and slant height of a pyramid in the problem we did
just now. As shown in the picture on the right, there is a
right triangle on each side of the pyramid - its
perpendicular sides are the slant height and halfthe base
edge, the hypotenuse is a lateral edge.

Now do this problem: what is the surface area of a pyramid

. 2
with base edges 2 metres and lateral edges 3 metres? Half the base edge

The base area is 4 square metres. To compute the areas
of lateral faces, we need the slant height. In the right triangle
mentioned above, one side is halfthe base edge, that is,
1 metre and the hypotenuse is the lateral edge of 3 metres.
So, slant height is

[ 1" =22 metres

Using this, the area of each triangular face is

% X 2 X 2+/2 =22 square metres.

So, the surface area of the pyramid is,

4+ (4% 242)=4+82 square meires.

Ifnot satisfied with this, a calculator can be used, (or an approximate value of
2 recalled) to compute this as 15.1 square metres.

A square of side 5 centimetres, and four isosceles triangles of base
5 centimetres and height 8 centimetres, are to be put together to make

a square pyramid. How many square centimetres of paper is needed?

A toy is in the shape of a square pyramid of base edge 16 centimetres
and slant height 10 centimetres. What is the total cost of painting 500

such toys, at 80 rupees per square metre?

Solids
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(3) The lateral faces of a square pyramid are equilateral triangles and the
length of a base edge is 30 centimetres. What is its surface area?

(4) The perimeter of the base of square pyramid is 40 centimetres and the
total length of all its edges is 92 centimetres. Calculate its surface area.

(5) Canwe make a square pyramid with the lateral surface area equal to
the base area?

Height and slant height
The height of a pyramid is often an important measure. See this problem:
A tent is to be made in the shape of a square pyramid of base

edges 6 metres and height 4 metres. How many square metres
of canvas is needed to make it?

To calculate the area of the triangular faces of the tent, we need the slant
height. How do we compute it using the given specifications?

See this picture:

The slant height we need is AM.
Joining CM, we get aright triangle
with A M as hypotenuse. What is the
length of CMin it?

6 metres

Pyramids of Egypt
The very word pyramid brings to our
mind the great pyramids of Egypt.
138 such pyramids are found from
various parts of Egypt. Many of
them were built around 2000 BC.

6 metres

From the picture, AM= /32 4 42 = 5 metres.
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So to make the tent, four isosceles triangles of base 6 metres and height

. . 1
6 metres are needed. Their total area is 4 X X 6 x5 =60 square metres.

So this much canvas is needed to make the tent.

In this problem, we have found something which is true
in the case of all square pyramids. Within every square
pyramid, we can imagine a right triangle with
perpendicular sides as the height of the pyramid and
half the base edge and hypotenuse as the slant height.

Using a square and four
triangles with dimensions as
specified in the picture, a
pyramid is made.

What is the height of this pyramid?

-
Great Pyramid

The largest pyramid in

Egypt is the Great
Pyramid of Giza.

Its base is a square of =

almost half a lakh square metres and its
height is about 140 metres. It is estimated
that about 20 years would have been
needed to complete it. These royal tombs
built with huge blocks of stones stacked
with precision to end in a point are living

symbols of human labour, engineering skill

and mathematical knowledge.

24 cm

What if the square and triangles are like this?
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(2) Asquare pyramid of base edge 10 centimetres and height 12 centimetres
is to be made of paper. What should be the dimensions of the triangles?

= (3) Provethatin any square pyramid, the squares of the height, slant height
and lateral edge are in arithmetic sequence.

\/EJ A square pyramid is to be made with the
triangle shown here as a lateral face. What
would be its height? What if the base edge
is 40 centimetres instead of 30
centimetres?

Can we make a square pyramid with any four equal isosceles
triangles?

Volume of a pyramid

We have seen that the volume of any prism
is equal to the product of the base area and
the height. What about the volume of a
pyramid?

Let’s take the case of a square pyramid.
Make a hollow square pyramid with thick
paper and also a square prism of the same
base and height.

N . S . .
D ¥l or Fill the pyramid with sand and transfer it to the prism.
raw a square ramid and square . . .

¢ 2 = Measure the height of the sand in the prism and see what

fraction of the height of the prism it is. A third isn’t it? So
to fill the prism, how many times should we fill the pyramid?

prism of the same base and with the
same height in GeoGebra. To
distinguish between them, change the
colour of the pyramid and make Thus we see that the volume of the prism is three times
Opacity 100. (Object properties — the volume of the pyramid. (A mathematical explanation
Colour). Find their volumes using of this is given at the end of this lesson).

Volume. What is the relation between
them? Change the base and height
and see.

We have seen in Class 9 that the volume of a prism is
equal to the product of the base area and the height.

sin cos Tan
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So what can we say about the volume of a square pyramid?

The volume of a square pyramid is equal to a third of the product
of the base area and the height.
For example, the volume of a square pyramid of base edge 10 centimetres

. . .1 2 . .
and height 8 centimetres is 3 % 10>x 8=266 3 cubic centimetres.

A metal cube of edges 15 centimetres is melted and recast into a square

pyramid of base edge 25 centimetres. What is its height?

The volume of the cube is 153 cubic centimetres. The volume of the square
pyramid is also this. And the volume of a pyramid is a third of the product of
the base area and height. Since the base area of our pyramid is 25% square

centimetres, a third of the height is 1_52 and so the height is,
25

15 .
R P 16.2 centimetres.

What is the volume of a square pyramid of base edge 10 centimetres
and slant height 15 centimetres?

Two square pyramids have the same volume. The base edge of one is
halfthat of the other. How many times the height of the second pyramid
is the height of the first?

The base edges of two square pyramids are in the ratio 1 : 2 and their
heights in the ratio 1 : 3. The volume of the first is 180 cubic centimetres.

What is the volume of the second?
All edges of a square pyramid are 18 centimetres. What is its volume?

The slant height of a square pyramid is 25 centimetres and its surface

area is 896 square centimetres. What is its volume?
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(6) Alledges of asquare pyramid are of the same length and its height is

12 centimetres. What is its volume?

(7) What is the surface area of a square pyramid of base perimeter

64 centimetres and volume 1280 cubic centimetres?

Cone

Cylinders are prism-like solids with circular bases. Similarly, we have pyramid-

like solids with circular bases:

Al

They are called cones.

We can make a cylinder by rolling up a rectangle. Likewise, we can make a
cone by rolling up a sector of a circle.

What is the relation between the dimensions of the sector we start with and
the cone we end up with?

Cone. Base radius and
height can be changed The radius of the sector becomes the slant height of the cone. The

Cone
We can draw cones in
GeoGebra, just as we drew
pyramids. Draw a circle in
Graphic and in 3D Graphics,

use Extrude to Pyramid or

using sliders. arc length of the sector becomes the circumference of the base of

the cone.

©, 1)




We often specify the size of a sector in terms of the central angle. See this

problem:

From a circle of radius 12 centimetres, a sector of central angle
45°1is cut out and made into a cone. What are the slant height

and base radius of this cone?

Slant height of the cone is the radius of the circle itself: 12 centimetres. What
about its base radius?

45°1s % of 360°. And the arc length of a sector is proportional to the central

angle. So this arc length is % of'the circumference of the full circle.

This arc becomes the base circle of the cone. Thus the circumference of the

. .1 . .
base circle of the cone is 3 of the circumference of the larger circle from

which the sector was cut out. Since radii of circles are proportional to their

. . . .1 .
circumferences, the radius of the smaller circle is 3 of'the radius of'the large

. . 1 .
circle. Thus the radius of the base of the cone is 3 X 12 = 1.5 centimetres.

How about a question in the reverse direction?

How do we make a cone of base radius 5 centimetres and slant

height 15 centimetres?

To make a cone, we need a sector. Since the slant height is to be 15 centimetres,

the sector must be cut out from a circle of radius 15 centimetres.

What should be its central angle?
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5
The radius of the small circle forming the base of the cone is -~ 5= of the

radius of the large circle from which the sector is to be cut out. (How dowe
. . . 1 .
getthis?). So, the circumference of the small circle is also 3 of the circumference

of the large circle.

The circumference of the small circle is the arc length of the sector. Thus the

.1 . S .
arc of the sector is 3 of the circle from which it is cut out. So its central angle

must be 360 x % =120°.

(1)  What are the radius of the base and slant height of a cone made by
rolling up a sector of central angle 60° cut out from a circle of radius 10
centimetres?

| (2) Whatis the central angle of the sector to be used to make a cone of
base radius 10 centimetres and slant height 25 centimetres?

(3) Whatis the ratio of the base-radius and slant height of a cone made by
rolling up a semicircle?

Curved surface area

Asin the case of a cylinder, a cone also has a curved surface - the part which
rises up at a slant. The area of this curved surface is the area of the sector
used to make the cone. (For a cylinder also, the area of the curved surface is
the area of the rectangle rolled up to make it, isn’t it?)

See this problem:

To make a conical hat of base radius 8 centimetres and slant
height 30 centimetres, how much square centimetres of paper
do we need?

What we need here is the area of the circular sector we roll up to make this
hat. Since the slant height is to be 30 centimetres, we must cut out the sector
from a circle of this radius. Also the radius of the small circle forming the base

8 _4
of the cone must be 8§ centimetres, that is T of the radius of the large

circle from which the sector is cut out. So the circumference of small circle is




also the same fraction of the circumference of the large circle.
The arc length of the sector is the circumference of the small

. .4 .
circle. Thus the sector to be cut out is e of the full circle.

So, its area is the fraction of the area of the circle; that is,

n><302><1i5=n><2><30><4=240n

Thus we need 2407 square centimetres of paper to make
the hat (It can be computed as approximately 754 square
centimetres).

As in apyramid, the height of a
cone is the perpendicular
distance from the apex to the
base, and it is the distance
between the apex and the centre
of'the base circle.

O s
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\circumference and the slant height.

~
Curved surface

The area of the curved surface of a
cone is the area of the sector used to
make it. If we take the base radius of
the cone as r and its slant height as /,

then the radius of the sector is / and its
LT . .
central angle is T x 360° . So its area is

ix(£><360)><7d2=7trl
360 \I

(Recall the computation of the area of
a sector in Class 9).

Thus the area of the curved surface of
a cone is half the product of the base

Again as in the case of a square pyramid, the height is related

to the slant height via a right triangle.

For example, in a cone of base radius 5 centimetres and height

10 centimetres the slant height is,

5 +10% =+/125= 55 centimetres

(1) What is the area of the curved surface of a cone of base radius

12 centimetres and slant height 25 centimetres?

What is the surface area of a cone of base diameter 30 centimetres

and height 40 centimetres?

A conical fire work is of base diameter 10 centimetres and height

12 centimetres. 10000 such fireworks are to be wrapped in colour

paper. The price of the colour paper is 2 rupees per square metre.

What is the total cost?
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(4) Prove that for a cone made by rolling up a semicircle, the area of the

curved surface is twice the base area.

\Y Z Volume of a cone

To find the volume of a cone, we can do an experiment similar to the one we
did to find the volume of a square pyramid. Make a cone and a cylinder of the
same base and height. Fill the cone with sand and transfer it to the cylinder.
Here also, we can see that the volume of the cone is a third of the volume of
the cylinder. Thus we have the following:

The volume of a cone is equal to a third of the product of the

base area and height.
g \

As in the case of square (A mathematical explanation of this also is given at the end of this lesson)

pyramids, draw a
cylinder and a cone of
same base and height in
GeoGebra. Compare

For example, the volume of a cone of base radius 4 centimetres and
height 6 centimetres is

1
- 2 — 3 3
their volumes. 3 X Tt X 4*% 6 =321 cubic centimetres.

The base radius and height of a cylindrical block of wood are 15
centimetres and 40 centimetres. What is the volume of the largest cone
that can be carved out of this?

The base radius and height of a solid metal cylinder are 12 centimetres
and 20 centimetres. By melting it and recasting, how many cones of
base radius 4 centimetres and height 5 centimetres can be made?

A sector of central angle 216° is cut out from a circle of radius 25
centimetres and is rolled up into a cone. What are the base radius and
height of the cone? What is its volume?

The base radii of two cones are in the ratio 3 : 5 and their heights are in
the ratio 2 : 3. What is the ratio of their volumes?

Two cones have the same volume and their base radii are in the ratio
4 :5. What is the ratio of their heights?

D 0
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Sphere

Round solids enter our lives in various

ways - as the thrill of ball games and as
the sweetness of laddus. Now let’s look
at the mathematics of such solids called
spheres.

It we slice cylinder or cone parallel to a

base, we get a circle. In whatever way
we slice a sphere, we get a circle.

The distance of any point on a circle from the centre isthe N
Sphere and cylinder
Consider a cylinder which can cover a
sphere precisely. Its base radius is the
radius of the sphere and its height is
double its

radius.

same. A sphere also has a centre, from which the distance
to any point on its surface is the same. This distance is called
the radlius of the sphere and double this is called the diameter.

If we slice a sphere into exact

halves, we get a circle whose So if we take

centre, radius and diameter are the radius of
those of the sphere itself. the sphere as r,
the base radius
We cannot cut open a sphere and and height of

spread it flat, as we did with other solids. The fact is that we | the eylinder
are r and 2r.

So its surface area is

cannot make the surface of a sphere flat without some folding

or stretching.
Q2mrx2r) + (2 X w?) = 6112

But we can prove that the surface area of a sphere of radius b emidPos e o gt T di

Thus the ratio of these surface areas
1s3:2.

Again, the volume of the cylinder is

ris 412 (An explanation is given at the end of the lesson).

The surface area of a sphere is equal to the

square of its radius multiplied by 4.
T2 X 2r =21

Also, we can prove that the volume of a sphere of radius » | ahd the volume of the sphere is
gnr3 , so that the ratio of the volumes

1salso3:2
\_ J

is g 7 (An explanation of this also is given at the end of the

lesson.)

©, 1)



@\ra . ¥ > ' N "I-.‘ f
Mathematics Xo" 0 '-) Vd‘(

See this problem:

What is the surface area of the largest sphere that can be carved
from a cube of edges 8 centimetres?

We can see from the picture that the

diameter of the sphere is the length of
an edge of'the cube. So, the surface area
of'the sphere is

4 x 4% = 647 square centimetres

Another problem:
A solid sphere of radius 12 centimetres is cut into
two equal halves. What is the surface area of each
hemisphere?

The surface of the hemisphere consists of half the surface

of'the sphere and a circle.

Since the radius of the sphere is 12 centimetres, its area s,
4mx 12% = 5761 square centimetres
Since the radius of the circle is 12 centimetres, its area is
1 122 = 1447 square centimetres
So the surface area of the hemisphere is,
% x 5761 + 144n= 4321 square centimetres
One more example:

A water tank is in the shape of a hemisphere attached to a cylinder. Its
radius is 1.5 metres and the total height is 2.5 metres. How many litres
of water can it hold?

1.5 metre 1.5 metre

9]
=}
Q
g
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The volume of the hemispherical part of the tank is,

Solids

%TCX (1.5)*=2.25m cubic metres.

And the volume of the cylindrical part is

X (1.5)*(2.5 — 1.5) = 2.25n cubic metres.
So, the total volume is

2.25m+2.25n = 4.5t = 14.13 cubic metres.

Since one cubic metre is 1000 litres, the tank can hold about 14130 litres of

water.

(1)  The surface area of a solid sphere is 120 square centimetres. Ifit is cut

into two halves, what would be the surface area of each hemisphere?

(2) The volume of two spheres are in the ratio 27 : 64. What is the ratio of
| their radii? And the ratio of their surface areas?

(3) Thebaseradius and length of a metal cylinder are 4 centimetres and 10
centimetres. If it is melted and recast into spheres of radius 2 centimetres,

how many spheres can be made?

A metal sphere of radius 12 centimetres is melted and recast into 27

small spheres. What is the radius of each sphere?

From a solid sphere of radius 10 centimetres, a cone of height 16
centimetres is carved out. What fraction of the volume of'the sphere is

the volume of the cone?

(6) The picture shows the dimensions of a petrol tank.

< 6metres ——>

How many litres of petrol can it hold?
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(7)  Asolid sphere is cut into two hemispheres. From one, a square pyramid
and from the other a cone, each of maximum possible size are carved
out. What is the ratio of their volumes?

What is the speciality of the square pyramid of maximum volume
that can be cut out from a solid hemisphere?

Looking back %

C With
Learning outcomes teacher's Must
help improve

Finding the relation between the base edge,
lateral edge, height, slant height and base
diagonal of a square pyramid.

Making square pyramids of specified
dimensions by cutting out squares and
isosceles triangles.

Computing the surface area and volume of a
square pyramid using given measurements.

Computing the dimensions of sectors needed
to make cones of specified dimensions.

Explaining the relation between the base
radius, height and slant height of a cone.

Explaining the methods to compute surface
areas and volumes of cones.

Explaining the methods to compute the
surface areas and volumes of spheres and

hemispheres.

D 0o N
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Appendix
We have seen only the techniques of calculating volumes of pyramids and
cones, and also the surface area and volume of a sphere. For those who may
be interested in knowing how they are actually got, we give some explanations
below.

Volume of a pyramid
We can think of a stack of square plates,
of decreasing size as an approximation to

a square pyramid.

As we decrease the thickness of the plates
and increase their number, we get better

approximations.

And the sum of the volumes of these plates get nearer to the volume of the
pyramid.

Suppose we use 10 plates, to start with. Each plate is a square prism of small
height. Let’s use plates of same height. So, if we take the height of the pyramid

as h ,each plate is of height %h . How do we compute the base of each

plate?
If we imagine the pyramid and the stack

of plates sliced vertically down from the
vertex, we get a picture like this.

b

Starting from the top, we have isosceles triangles of increasing size. Their

. . 1
heights increase at the rate of m h for each plate.
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Since these triangles are all similar (why?) their bases also increase
at the same rate. So, if we take the base edge of the bases of the pyramid to

be b, the bases of the triangles starting from the top are - b, E b,...,b.

So, the volumes of the plates are

2 2
(ib) xih,(zb) xih, ...,bzxih
10 10 \10 10 10

And their sum?

2 2 2
Ln iz+2—2+...+9—2+% =—b2h( +22+3 +..+10%)
10 10° 10 10° 10 1000

We have seen how such sums can be computed in the section, Sum of squares

of the lesson, Arithmetic Sequences.

12+22+32+...+102:(—15><10><(10+1)><(2><10+1)

Thus the sum of the volumes

—b*hx= ><10><11><21——b2 10 E><£'=1b2h><11><21
1000 6 10 10 10 6

Now imagine 100 such plates (we cannot draw it anyway.)

The thickness of a plate becomes ﬁh and the base edges would be

1

Kob ﬁ)b ﬁ)b ----- b. So the sum of the volumes would be

Sb’h (1 +2°+ 3 +...+1007) = _bPhx1x100x101x 201
100 6

1., 100 101 210
Zh'hx —x—x——
6 100 100 100

= %bzhxl.mx 2.01

What if we increase the number of plates to 1000? Without going through
detailed computations, we can see that the sum of volumes would be

%bzhxl.001x 2.001
What is the number to which these sums get closer and closer to?
It is the volume of the pyramid; and it is

lb2h><1><2= lbzh
6 3
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