Chapter 10

THE PARABOLA

196. Conic Section. Def. The locus of a point
P, which moves so that its distance from a fixed point is
always in a constant ratio to its perpendicular distance
from a fixed straight line, is called a Conic Section.

The fixed point is called the Focus and is usually
denoted by 8.

The constant ratio is called the Eccentricity and is
denoted by e

The fixed straight line is called the Directrix.

The straight line passing through the Focus and per-
pendicular to the Directrix is called the Axis,

‘When the eccentricity e is equal to unity, the Conic
Section is called a Parabola.

When e is less than unity, it is called an Ellipse.

When ¢ is greater than unity, it is called a Hyper=
bola.

[The name Conic Section is derived from the fact that

these curves were first obtained by ecutting a cone in
various ways. ]
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197. 7o find the equation to a Parabola.

Let S be the fixed point and ZJ) the directrix. We
require therefore the locus
of a point P which moves
so that its distance from &
is always equal to P, its M
perpendicular distance from
ZM.

Draw SZ perpendicular
to the directrix and bisect 2
S4 in the point 4 ; produce
Z A to ..:1".

The point 4 is clearly a
point on the curve and is

called the Vertex of the
Parabola.

Take A as origin, 4X as the axis of =, and AY,
perpendicular to it, as the axis of w.

Let the distance Z4, or AS, be called a, and let F be
any point on the curve whose coordinates are 2 and y.

Join SP, and draw PN and P33 perpendicular respec-
tively to the axis and directrix.

We have then SP2= PM?,
(6—af 4= ZN? = (a+ o)
: yi=4ax .. ......cooooiiiii. (1).

This being the relation which exists between the co-
ordinates of any point P on the parabola is, by Art. 42, the
equation to the parabola.

F

Cor. The equation (1) is equivalent to the geometrical
proposition
PN?=4485. 4N,

198. The equation of the preceding article is the
simplest possible equation to the parabola, Throughout
this chapter this standard form of the equation is assumed
unless the contrary is stated.
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1f instead of 4X and AY we take the axis and the
directrix ZM as the axes of coordinates, the equation
would be
(2 — 20) + 4* =,
i.e. G = g () vussasamensnmasosnmis (1).

Similarly, if the axis SX and a perpendicular line SZ
be taken as the axes of coordinates, the equation is

2 +y* = (z + 2a),
7.6 gt = da(-Ha) ciinnmninaann ()

These two equations may be deduced from the equation
of the previous article by transforming the origin, firstly to
the point (- @, 0) and secondly to the point (a, 0).

199. The equation to the parabola referred to any focus and
directrix may be easily obtained. Thus the equation to the parabola,
whose focus is the point (2, 8) and whose directrix is the straight
line & - 4y +8=0, is

oy (y—sp= T3] "
foe.  17[a2+y%— 4o - 6y +13]={a®+ 16y% + 9 — 8oy + 62 — 24y},
i.e. 1622442+ 8Bey — T4 — TBy +212=0.

200. 7o trace the curve
b

S i v aovanssasTRE R (1).

If @ be negative, the corresponding values of y are
imaginary (since the square root of a negative quantity is
unreal) ; hence there is no part of the curve to the left of
the point 4.

If y be zero, so also is @, so that the axis of » meets
the curve at the point 4 only.

If = be zero, so also is y, so that the axis of y meets
the curve at the point A only.

For every positive value of « we see from (1), by taking
the square root, that y has two equal and opposite values.
Hence corresponding to any point P on the curve there

is another point 7 on the other side of the axis which is
obtained by producing PN to F' so that PV and N/ are
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equal in magnitude. The line PP is called a double
ordinate,

As 2 increases in magnitude, so do the corresponding
values of % ; finally, when @« becomes infinitely great, ¥
becomes infinitely great also.

By taking a large number of values of a and the
corresponding values of y it will be found that the curve is
as in the figure of Art. 197.

The two branches never meet but are of infinite length.

201. The quantity y* — daa’ is negative, zero, or positive
according as the point (', y') is within, wpon, or without the
parabola.

Let @ be the point («, ') and let it be within the
curve, .e. be between the curve and the axis 4X. Draw
the ordinate ¢V and let it meet the curve in P,

Then (by Art. 197), PN?*=4a.a',

Hence 3", i.e. QN? is < PN? and hence is = 4aa',

. y*—4aa’ is negative.

Similarly, if ¢ be without the curve, then y*, i.e. QN7

is = PN? and hence is > 4o,

Hence the proposition,

202. Latus Rectum. Def. The latus rectum of
any conic is the double ordinate LSZ' drawn through the
focus S.

In the case of the parabola we have SZ = distance of L
from the directrix =87 = 2a.

Hence the latus rectum = 4a.

‘When the latus rectum is given it follows that the
equation to the parabola is completely known in its
standard form, and the size and shape of the curve
determined.

The quantity 4e is also often called the principal
parameter of the curve.

Focal Distance of any point. The focal distance
of any point P is the distance SP.

This focal distance = PM =ZN =24 + AN =a + =.
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Bx. Mind the vertex, axis, focus, and latus rectum of the parabola
4y? + 122 — 20y + 67=0.
The equation can be written
y* - by = -3z -4,

i.e (y—4)P=-8u—S 4= -3 (x+1).
Transform this equation to the point (-§, %) and it becomes
4*= — 3z, which represents a parabola, whose axis is the axis of x

and whose coneavity is turned towards the negative end of this axis.
Algo its latus rectum is 3,

Referred to the original axes the vertex is the point (- %, &), the
axis is ¥ =%, and the focus is the point ( - § - %, £), .e. (—2F, &),

Find the equation to the parabola with
1. foeus (3, —4) and direetrix 6z — Ty +5=0.

2, focus (a, b) and direetrix 2+¥=]..

b
Find the vertex, axis, latus rectum, and focus of the parabolas
3. yi=dx-+4y. 4, 2*42y=8zx-T7.
5. x*-2ax+2ay=0. 6. yi=dy—4de.

7. Draw the curves
(1) 9= —daw, (2) s*=day, and (3) a*= —4duy.

B. Find the value of p when the parabola y*=4pr goes through
the point (i) (3, —2), and (ii) (9, —12).

9. For what point of the parabola y®=18x is the ordinate equal
to three times the abscissa?

10. Prove that the equation to the par abola, whose vertex and foeus
are on the axis of 2 at distances a and a' fmm the origin respectively,
is y*=4(a'—a) (x - a).

11. In the parabola y*=6z, find (1) the equation to the chord
through the vertex and the negative end of the latus rectum, and
(2) the equation to any chord through the point on the curve whose
abseissa is 24.

12, PFrove that the equation 9%+24x+42By+ =0 repregents a
parabola, whose axis is parallel to the axis of x, and find its vertex and
the equation to its latus rectum.

13, Prove that the locus of the middle points of all chords of
the parabola y®=4ax which are drawn through the vertex is the
parabola y*=2az,
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14, DProve that the locus of the centre of a cirvele, which intercepts
a chord of gwen length 24 on the axis of 2 and passes through a given
point on the axis of dlstant b from the origin, is the eurve
- 2yb 4+ bi=a"
Trace this parabola.

15. PQ is a double ordinate of a parabola. Find the locuns of its
ypoints of trisection.

16. FProve that the locus of a point, which moves so that its
distance from a fixed line is equal to the length of the tangent drawn
from it to a given cirele, is a parabola. Find the position of the
focus and directrix.

17. If a circle be drawn so as always to touch a given straight
line and also a given ecircle, prove that the locus of its centre is
a parabola.

18. The vertex 4 of a parabola is joined to any point P on the
curve and PQ is drawn at right angles to AP to meet the axis in Q.
Prove that the projection of PQ on the axis is always equal to the
latus rectum,

19, If on a given base triangles be deseribed such that the sum of
the tangents of the base angles is constant, prove that the locus of
the vertices is a parabola.

20. A double ordinate of the curve y*=4px is of length 8p ; prove
that the lines from the vertex to its two ends are at right angles.

21, Two parabolas have a common axis ahd coneavities in oppo-
site directions; if any line parallel to the common axis meet the
parabolas in P and P, prove that the locus of the middle point of PP’
18 another parabola, provided that the latera recta of the given para-
bolas are unegnal.

99. A parabola is drawn to pass through 4 and B, the ends of
a diameter of a given eircle of radins a, and fo have as directrix a
tangent to a eoncentric circle of radius b; the axes being AB and
a perpendicular diameter, prove that the locus of the focus of the

yﬁ
Fr==L

1, (Tx+6y)%- 5702+ 750y +2100=0,
2.  (ax-by)? - 208z — 208 + at 4 a*H*+ =0,
3. (-1,2); y=2; 4; (0, 2). 4 (4 1); a=4; 2; (4 4).

parabola is :3;3 -
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d. (a, %); z=a; 2aj (a, 0). 6. (1,2); y=2; 4; (0,2)
8, (i) 4; ()4 9. (2,68, 11, y=-2; y—12=m(x—24).
12, (577 -B)s a=T55 = 15, 9y*=tax.

SOLUTIONS/HINTS

bz —Ty + 5
1- (x— 3)2 + (y + 4)2 { 76;__'_ 7 } ’ etc.

9. (w—a)'+(yj—b)'= {btj “ “”} e,

3. The equation may be written (y — 2)°=4 (z + 1).

As in Art. 202, the vertex is (— 1, 2); the latus rectum
is 4 ; the focus is (0 2); and the axis is y = 2.

4. The equation may be written (z—4)*=—2 (y—2).

As in Art. 202, the vertex is (4, 3); the la.t.us rectum
is 2 ; the focus is (4 4) ; and the axis is z =4,

5. The equation may be written in the form
(z—a)*=—2a <g/— g)

The vertex is (a, g) ; the latus rectum is 2a; the

focus is (#, 0); and the axis is z =a.
6. The equation may be written (y —2)?=—4 (z—1).
The vertex is (1, 2); the latus rectum is 4 ; the focus is
(0, 2); and the axis is y = 2.
8. (i) Wehave (— 2)*=4p.3; .. p=1.
(ii) We have (—12)*=4p.9; .. p=4.
9. Putting y =3z, we have (3:1:)“‘ 18»r
So2=2 and y=6.
10. See equation (i) of Art. 198 ; the latus rectum
=484 =4 (a' — a).
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11. (i) The coordinates of the negative end of the

latus rectum are (¢, — &), %.e. (3, —3). Hence the required
equation is y + 22 = 0.

(i) If =24, »"=6x24; .. y=+12. .. the
required equation is y—12 =m (xz — 24).
12. The equation may be written
B -C
(y+By==-24(v— = )
As in Art, 202, the equation to the axis is y + B=0;

the vertex is (52:1_0’ —B); and the abscissa of the focus
. B—-C 4 . B-4*-C

18— —gi W& g, .. the latus rectum is
L B—-4:-C
24 g
13. 1If (A, k) be any point on the locus, we have
(2k)?=4a (2h); .. = 2ah, etc.

14. Let (A, k) be the centre and » the radius of the
circle, It is easily seen from a figure that

R+ (k-0 =r'=k+a*;
hence the required locus is ®— 2by + 6 = a®

2
The equation may be written, a*=2b (y 2 2—b bg) .

which is a parabola whose vertex is (O, - a’2—ab')’ whose

axis is the axis of ¥, and whole latus rectum is 20, the
concavity being turned towards the positive end of the
axis of .

16. If 4°=4az be the equation of the parabola and
(h, k) a point on the locus; then the point (h, 3%) lies
on the original curve; .. (3%k)’=4ah.

Hence the required equation is 9% = 4ax.
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16. Take the centre of the given circle as origin, and
the lines through it, which are respectively parallel and
perpendicular to the given line, as axes,

Let a*+3°=a” be the equation to the circle and
y+b6=0 the equation to the line. Then if (A, k) be any
point on the locus we have (%4 +0)* =4+ 2*—a®, [Art. 168.]

2 2
Hence the required equation is a%=2b (y+a—2-—l-b—b- '
2
This is a parabola whose vertex is the point (0, - ?—2-*-7)—12-2 ;
and whose latus rectum is 25. Hence the coordinates of
a*+ 0 b @’
the focus are (0, e T §), z.e. (O, —55)’ and the

2 2
s é) , and parallel

directrix is the line through (0, g

a2
2“3'—‘0.

17. Taking the same equations as in No. 16, it is
easily seen from a figure that, if (A, £) be the centre of
any such circle, then its radius must be equal to both

k+b and to N +E—a. Hence {k +b+al2=h2+i%
Hence the required equation to the locus is
a®— 2y (a +b)— (a+b)*=0, which is a parabola.

18. Let y*=4ax be the equation to the parabola,
and my =« the equation of 4. Solving, the coordinates
of P are (4am?® 4am). The equation of the line through P
perpendicular to 4 is y — 4am + m (¢ — 4am®)= 0. Putting

y=0, we have AQ=4a +4am®. .. NQ=4a.

19. Let (a, 0), (=@, 0) be the coordinates of the ex-
tremities of the base, and (=, ) the coordinates of the

to the axis of @, viz. ¥+ b+

vertex. Then —/— + —/_ =cons.=c¢ (say).
: a-x a+x

*. 2ay = c(a®— 2*), which is a parabola.
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20. If PNP' be the double ordinate, then
PN=4p; .. AN=4p. .. PAN=45; . PAP'=90".

21. Take the common axis for the axis of = and the
origin midway between the vertices. Let y*=4a (z—c) and
i+ 4b (z + ¢) =0, be the equations to the parabolas. The
abscissae of the points where y =% cuts these curves are

kg k2 . - -
P T Hence, if (z, ) be the middle point,
gl 1
2 —_ -— o iy am— « =
o= {a b} , and =%

Eliminating %, we have 8abx=z’(b—a), which is a
parabola, unless a = 2b.

22. Let (h, k) be the coordinates of the focus and
acos @ +ysinf =b (Art. 178) the equation of the directrix.

The equation of the parabola will therefore be

(@—h)? + (y — k)*= (x cos 0 + y sin 6 — b)".
Since it passes through the point (a, 0),

S (@a—=h)+ B = (acos 6 —b).

S a?sin® 0 — 2ah + B+ K = b* — 2ab cos 6.

So, since it passes through the point (— e, 0), we have
a*sin® 0 + 2ah + b + & = b* + 2ab cos 0

Adding, «®sin®@+ A*+ k* = b*; subtracting, & = b.cos 6.

Eliminating 6; «* ( 1- gj) + R+ =0

.0 I? (0% —a®) + 0%* = 0% (1 —a”).  Hence, etc.
I
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203. 7o find the points of intersection of any straight
line with the parabola

o =dass coonsisniaasi (1).
The equation to any straight line is
A e R (2).

The coordinates of the points common to the straight
line and the parabola satisfy both equations (1) and (2),
and are therefore found by solving them.

Substituting the value of ¥ from (2) in (1), we have
(ma + ¢)* = 4o,

1.8, P+ 2w (me —2a)+ =0 ...ovvvrnnnn, (3).

This is a quadratic equation for « and therefore has two
roots, real, coincident, or imaginary.

The straight line therefore meets the parabola in two
points, real, coincident, or imaginary.

The roots of (3) are real or imaginary according as

{2 (mie — 2a)}* — 4n’c?

is positive or negative, i.e. according as — ame+ @ 18
positive or negative, ¢.e. according as me is = 4a,

204. To find the length of the chord intevcepted by the parabola on
the straight line
PESMEAE sovconwerrsmmipsssvnssmmsssnss (1)

If (x;, ;) and (z,, y,) be the common points of intersection, then,
as in Art. 154, we have, from equation (3) of the last article,
(%0 = @g)? = (g + 2y)% ~ davyiry
4 (me —2a)  4¢®  16a(a—mc)
Tt T wmE wmb !
and Y1~ Yg=m (2 — x).

Hence the required length= /(1 — y)*+ (i, — 25)

S 4
= a1+ m? () — 2g) = o A/ 1 +m? Nala—me).
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205. o find the equation to the tongent af any point
(@, &) of the parabola y* = dauw.

The definition of the tangent is given in Art. 149,

Let P be the point (<, %) and ¢ a point (2", ") on the
parabola.

The equation to the line Pg) is

¥ 1 Hi_' : 7
y—y:‘i?,_i,{mn:x;} ................. (1).
Since P and ¢ both lie on the curve, we have
TR & S P T (2),
and g e (3).

Hence, by subtraction, we have
y'"

1.6 (" — o) (" + ') = da (2 —a'),
2y :yr o 4
' & Yy

Substituting this value in equation (1), we have, as
the equation to any secant P,

—y?=da (a" —a'),

and hence

=t (=)
Y~y == (w—a
¥y iy
%8, y (y' +4") = dax + o'y + y* — 4o’
=dax+ Yy e, (4).

To obtain the eguation of the tangent at (2, ') we take
() indefinitely close to P, and hence, in the limit, put »" =y/".

The equation (4) then becomes
=y + dax = dax + 4ax,
i.e. yy =2a (x4 x).
Cor. It will be noted that the equation to the tangent

is obtained from the equation to the curve by the rule of
Art. 152,
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BExs. The equation to the tangent at the point (2, —4) of the
parabola y®=8zx is
y(-4)=4(x+2),
1.6 z+y+2=10,

2
The equation to the tangent at the point (52 ’ ?—E) of the parabola

yi=4ax is
25__2{_“ - il
Yo =" m2) '

i (
€, Yy=mz-+—,
i

206. To find the condition that the straight line

=R e s s e e es (1)
may touch the parabole  y=4dax ... (2).

The abscisse of the points in which the straight line (1)
meets the curve (2) are as in Art. 203, given by the equation
m?® + 22 (me — 2a) + =0 ............(3)
The line (1) will touch (2) if it meet it in two points
which are indefinitely close to one another, .. in two
points which ultimately coincide,

The roots of equation (3) must therefore be equal.
The condition for this is

4 (me — 2a)* = 4m’e,
o — ame = 0,
a
Substituting this value of ¢ in (1), we have as the

equation to a tangent,

; a
Y—-mx-l-E-

In this equation me is the tangent of the angle which

the tangent makes with the axis of a,
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The foregoing proposition may also be obtained from the equation
of Art. 205.
For equation (4) of that article may be written

2a Qar’
y:TJ,—m’ ] ?‘ EEa et Em A aA b AR d bR AEY EEE RS {I}I
In thiz e tion put ﬂa_m 1.8 -:’—2”'
IR I T

2ax’ _ a

,_ Y2 _a .
and hence p=te=—, and —=-—.
’y T

T da T mE’

The equation (1) then becomes y =mz + %.

il ‘ §lcoe % a 2a
Also it is the tangent at the point (&', ), €. e. (ﬁ* ; m) A
207. Egquation to the normal at (&, ¥'). The required
normal is the straight line which passes through the point
(#, 4') and is perpendicular to the tangent, i.e. to the

straight line

2 ;
gpo y, (x4 a),

Its equation is therefore
y— oy =m' (x—a),

2 -
where m’ x —i,L ==1, te m=-— Y 3 (Art. 69.)
Y 2a
and the equation to the normal is
F y’ T
Y=Y =5 (& =B} s (1).

208. To ewpress the equation of the normal in the form
Yy = max — dam — am’,
In equation (1) of the last article put
_—;% =m, e ¥y =—2Jam,
i . :urg

s
=t = qnc.
4q

Henee a
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The normal is therefore
Y+ 2am =m (2 — am?),
6. y = mx — 2am — am3,
and it is a normal at the point (am®, — 2am) of the curve.
In this equation @ is the tangent of the angle which
the normael makes with the axis. It must be carefully
distinguished from the m of Art. 206 which is the tangent

of the angle which the tangent makes with the axis. The
“m?” of this article is — 1 divided by the “m™ of Art. 206,

209. Subtangent and Subnormal. Def. If
the tangent and normal at any point P of a conic section
meet the axis in 7' and @ respectively and PN be the
ordinate at P, then N7 is called the Subtangent and VG the
Subnormal of P,

To find the length of the subtangent and subnormal.

If P be the point («, ') the equation to 7'P is, by
Art. 205,

yy =2a(c+a)...... (1).

To obtain the length of 47, we
have to find the point where this
straight line meets the axis of «,
i.e. we put y=0in (1) and we
have

== ... (2)
Hence A= AN,

[The negative sign in equation (2) shews that 7' and
N always lie on opposite sides of the vertex A.]

Hence the subtangent N7 = 24N = twice the abscissa
of the point P,

Since TP@ is a right-angled triangle, we have (Eue. v1, 8)
PN*=TN.NG.
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Hence the subnormal NG
_PN* PN
T TN 24N

The subnormal is therefore constant for all points on
the parabola and is equal to the semi-latus rectum,

= 2.

210. EBx. 1. Ifa chord which is normal to the parabola at one
end subtend a vight angle at the vertex, prove that it is inclined at an
angle tan~1,/2 to the aris.

The equation to any chord which is normal is
iy =max — 2am — am®,
i.e. mae— 3 =2am+ am’,
The parabola is y*=4dax.
The strajght lines joining the origin to the intersections of these
two are therefore given by the equation
9 (2am + am?) - dax (mx —y)=0.
If these be at right angles, then
2am 4+ am® — dam=10,
i.e. m== =k, /3
Bx. 2. From the point where any normal to the parabole y*=4ax

meels the axis is drawn a line perpendicular to this normal ; prove that
this line always touches an equal parabola.

The equation of any normal to the parabola is
¥ =mz — 2am — am®,
This meets the axis in the point (2a + am? 0).

The equation to the straight line through this point perpendicular
to the normal is

y =my (x - 2a — am?),
where mym= -1,
The equation is therefore

Y=my | t—2a—- %
y=m|: m?)’
1 Yy =m, (x - 2a) &
.8, = - P
iy

This straight line, as in Art, 206, always touches the equal parabola
yﬂz —da {3‘! - 2(1-},

whose vertex is the point (24, 0) and whose concavity is towards the
negative end of the axis of .
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Write down the equations to the tangent and normal
1. at the point (4, 6) of the parabola y*=9x,
2. ab the point of the parabola y®=06x whose ordinate is 12,
3. at the ends of the latus rectum of the paraboela y*=12«,
4, at the ends of the latus rectum of the parabola y*=4a (x — a).

5. Find the equation to that tangent to the parabola y*=Taz
which is parallel to the straight line 4y -x+3=0. Find also its
point of contact,

6. A tangent to the parabola y®=4ax makes an angle of 60° with
the axis; find its point of contaect.

7. A tangent to the parabola y?=8x makes an angle of 45° with
the straight line y=28r+5. Find its equation and its point of
contact,

8. Find the points of the parabola y?=4ax at which (i} the
tangent, and (ii) the normal is inclined at 30° to the axis.

g, TFind the equation to the tangents to the parabola 4?=9x which
goes through the point (4, 10).

10. Prove that the gtraight line x4y =1 touches the parabola
Y=z — -

11. Prove that the straight line y =mx -+ ¢ touches the parabola
yi=da (x+a) if ﬂ:'ﬂtﬂ--{-ﬁ.

12. Prove that the straight line Iz + my 47 =0 touches the parabola
y?=dax if In=am?.

13. For what point of the parabola y*=4ax is (1) the normal equal
to twice the subtangent, (2) the normal equal to the difference between
the gubtangent and the subnormal ?

Find the equations to the common tangents of

14, the parabolas y?=4ax and x*=4by,

15. the cirele 22+ y*=4axr and the parabola 3% =4ax.

16. Two equal parabolas have the same vertex and their axes are
at right angles; prove that the common tangent touches each at the
end of a latus rectum.
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17. Prove that two tanpents to the parabolas y*=4a(z+a) and
y*=4a’ (z+a'), which are at right angles to one another, meet on the
straight line a +a+4a'=0.

Shew also that this straight line is the common chord of the two
parabolas.

18, PN is an ordinate of the parabola; a straight line is drawn
parallel to the axis to bisect NP and meets the curve in @ ; prove
that N meets the tangent ab the vertex in a point I' such that
AT=3NP,

19. Prove that the chord of the parabols y*=4ax, whose equation
iy —a\/2+4a,/2=0, is a normal to the curve and that its length is
6 /3a.

20, If perpendiculars be drawn on any tangent to a parabola from

two fixed points on the axis, which are equidistant from the focus,
prove that the difference of their squares is constant.

21, If P, Q, and R be three points on a parabola whose ordinates
are in geometrical progression, prove that the tangents at P and R
meet on the ordinate of ¢.

92. Tangents are drawn to a parabola at points whose abscissm
are in the ratio u : 1; prove that they intersect on the curve
yi=(uwt +p "} aa.

23, If the tangents at the points (2, ¥") and (=", y") meet at the
point (x,, y;) and the normals at the same points in (x,, ¥,), prove
that

_ ¥y _y+y”
(L) &= ren and ;= 5

: yr+y'y+y'"” -
(8) @y=2a -+ and yy=-yy" g5,

and hence that

p—9g Y e AU
(3) @y=2a+4 i and y,= =

94. From the preceding question prove that, if tangents be drawn
to the parabola y*=4ax from any point on the parabola y?*=a (z+D),

then the normals at the points of contact meet on a fixed straight
line.

25. Find the lengths of the normals drawn from the point on the
axis of the parabola y*=8ux whose distance from the focus is 8a.

96. TProve that the locus of the middle point of the portion of a
normal intersected between the curve and the axis is a parabola whose
vertex is the foous and whose latus rectum is one quarter of that of
the original parabola.

97. Prove that the distance between a tangent to the parabola and
the parallel normal is a cosee # sec® @, where @ is the angle that either
makes with the axis,
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28. PNP is a double ordinate of the parabola; prove that the
loeus of the point of infersection of the normal at P and the diameter
through P’ is the equal parabola y*=4a (- 4a).

29, The normal at any point P meets the axis in G and the
tangent at the vertex in G'; if 4 be the vertex and the rectangle
AGQG be eompleted, prove that the equation to the locus of ) is

¥ =2ax + ay’.
30, Two equal parabolas have the same foous and their axes are
at right angles; a normal to one is perpendicular to a normal to the

other; prove that the loeus of the point of intersection of these
normals is another parabola.

31. If a normal to a parabola make an angle ¢ with the axis,
shew that it will cut the curve again at an angle tan™! (] tan ¢).

32. Prove that the two parabolas y*=4ax and y*=4c¢ (x -- b) cannot

: b
have a common normal, other than the axis, unless i 2.

33, If a®=B82 prove that a point can be found such that the two
tangents from it to the parabola y®=4a» are normals to the parabola
23=dby.

34, Prove that three tangents to a parabola, which are such that
the tangents of their inclinations to the axis are in a given harmonical
progression, form a friangle whose area is constant.

35. Prove that the parabolas y?=4ax and x*=4by cut one another
3a5 by
2 (af 4+ 08)
36. Prove that two parabolas, having the same focus and their axes
in opposite divections, eut at right angles,
37. Shew that the two parabolas
22 4da(y —-2b—al=0 and y'=40 (z—2a+ 1)

intersect at right angles at a common end of the latus rectum
of each,

at an angle fan™?

38. A parabola is drawn touching the axis of  at the origin and
having its vertex at a given distance k from this axis. Prove that the
axis of the parabola is a tangent to the parabola #*= — 8k (y - 2k).
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1. 4y=38x4+12; 42+ 3y=584: 2. dy—-x=24; 4x+y=108,
3. y—-ax=3; y+a=9; a+y+3=0; z—-y=9
4 y=z; x+y=4a; y+a=0; 2-y=4a, .
a 2a

5. dy=w+28; (28, 14). 6. (5’ ﬁ)
7. y+2x+1=0; (4, —2); 2y=x=+8; (8, 8).

' 2,/3 ;
8. (2a,2./3a); (gf, r_EL a;). 9., 4y=9x+4; 4y=w+ 36,
13. ('_\”5;13, aJﬂJﬁ—]—E); (B, 2,/3a).
14, Vy+adz+adti=0. 15. ==0.

l. Put @’ =4, ¥'=6, a=3 in the equations of Arts.
205, 207.

2. Put«'=24, y/ =12, = in the equations of Arts.
205, 207.

3. Put2'=3, /=46, a=3 in the equations of Arts.
205, 207.

4. The coordinates of the ends of the latus rectum
of the parabola 3° = 4ax, are (a, + 2a).

Hence, by Arts. 205, 207, the equations of the tangents
and normals are

z+a=+y, and z+y=3a.

Changing 2 into x—a, we have for the required
equations x=+y, x+y= 4a.

5. Put m=}, a=] in the equations of Art. 206.
.. the required tangent is 4y=a+ 28, and the point of

1 a 2a\ . o
contact, is i o)y e (28, 14).
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6. By Art. 206, i ia the point (;n‘i, %“ . welist
m = tan 60° = /3.
7. The “m’s” of the tangents are (Art. 72)

24 iand $71, e —2 and 4.
Also a = 2.

Hence the required tangents are, by Art. 206,
y=—2w—1 and y=4x+4,
and the points of contact are

(%, -_12-> and (;, %), or (%, —2) and (8, 8).

8. Any point on the parabola is (—:’?, %S) By
Art. 206 in the first case m — tan 30"—::}3’

and in the
second case i = tan 60° = /3.
9. Any tangent to the parabola »* = 9z is

Y = ML + — ,
Y 4in

Tf this passes through the point (4, 10) we have
10=4m+—i whence m =~ or = .
4m’ 4 4
Substituting for m, we have the required equations.

10. The common points are given by 1 - 2= —2? or
@*— 2x+ 1 =0, which is a perfect square.

11. The common points are given by
(ma+ ¢)*=4da(z+a), or m*%® + 2z (me — 2a) + ¢ — 4a* =0,
The condition for equal roots is

(me— 2a)* =m* (¢* — 4a?), so that c=ma+1%.
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12. TIn the condition of Art. 206, for m put —1%

n . l
and for ¢ put — —, and it becomes ﬁg =a.
m m

13. (1) In the figure of Art. 209, we have
PN?*+ NG*=PG*=4NT"

S+ 4a*=162% de. ax + a=42"

2
‘/l_’g“a, and g =% (VIT+1).

(2) PG=NT-NG=24N-NG.

Sy +4a’=4 (x-a) .. dax = 42® - Bax.

o2 =3a, and 9 =4ax =124

14. The common points of y = ma + 1% (a tangent to
the first parabola), and a* = 4by are given by

w’=4b(ma:+ )

i
m ’
3
which has equal roots if m =~ Z—i . Substitute for m, etec.

15. Solving, the common points are given by a?=0;

2

and the circle is entirely within the parabola. Hence the
only common tangent is « =0,

16. Let y*=4ax, 2°=4ay be the equations to the
parabolas.

The common points of y=max + 7%, a tangent to the
first parabola, and a* = 4ay are given by
Pkl (mo: @ 7%),
which has equal roots if m = — 1.

" the equation of the common tangent is y + 2 + @ =0,
which passes through the points (4, — 2a) and ( - 24, a).
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17. Any tangent to the first parabola is
y=m(z +a) + 7% -
A perpendicular tangent to the second parabola is
1 N
y-—;b(:vﬂz)—am.
Subtracting, the point of intersection lies on
1 1 ’ 1 ’
m(m-l-——) +a(m+——) +a (m+—)=0, or z+a+a =0,
m m m

The same equation is obtained by subtracting the
equations to the two parabolas. Hence etc.

18. Tet (am® 2am) be the coordinates of P. The
line y =am cuts the curve where a*m?®= 4az, or % = }am?,

. the coordinates of @ are (lam? am) and the coordinates
of V are (am? 0). Hence the equation of QN is

Yy x-am?
am ~ — jam®”
Putting # =0, we have A7'=4am =2 NP,
19. Whatever be the value of m, the line
Y =mz — 2am — am®
18 a normal to the curve, (Art, 208.)

Put m = /2, and the equation becomes y = /22 — 4a,/2.
In the result of Art. 204, put m = /2 and ¢= —4a,/2.
Hence the required length

=4JT+2Va(a+8a)=643.a
20. The difference of the squares on the perpendicu-

lars from (@ + ¢, 0) upon any tangent (ma: -y + -1% - 0)

2 2
{m(a+c)+ﬁ}—{m(a—c)+g} 4acm<1)z+l)
m m m
= == =4ae
1 +m? 1+ m?
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21. Let the coordinates of P, ¢), K be

(a 2a,) a g‘—")and(a 2a
mit ) (o m) ™ (3 )

1 | A . : 7
so that — = e since the ordinates are in geometrical

My
progression. By Art. 206,

Y= 'm,:z:+77b1 and y =m,x + 173
are the equations of the tangents at 7 and R.
Solving, their point of intersection is given by
@ a
momy | myt’
which is the equation of the ordinate of Q

22. Let y=mu e a.nd Y =max + 77., be the equation
of the tangents, so tha.t m2 p.m? by Art 206.

Solving T=—r = ; ey enn bR (1)
mmy  ptmy’
{ [ | 1 1
and y=a{—+—}=a{—+T}.
my My m pomy
bi
a -
== & y—+ el (2)
P

Eliminating m, between (1) and (2), we have, as the
required locus,

berye o1y Lyl
g b === s R = Q. K = *-{- iﬂ.
{y' ub } p-}.a:. v (w{ pd } MUSLET)

23- (1) SOlﬁngW=2a<x+w')’ and yy"=2d(x+x"),

we have
=2a(w’-w") ly e s I
WETY=y iy 8
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and y"-i-Jy =4awx, + 4ax’, so that x,_.y‘:;

(2) Solving
2a (y—y )=y —=y, and 2a(y- y")—w”z/’ zy", (Art. 207),

we have  2a(y’—y)= ¥ 4:/ +a(y" —y).

]

Yy +yy" + y"”
4a

Y oy YGYY +y")
i a0y .

. Xy= 20 +

Hence 2ay,— 2ay’ =
. 3/2:_3/3,103,’8“s 4
(3) This follows at once from (1) and (2).
24. The condition that (ml, ,) should lie on the
parabola y?=a (z + b) is (3/ Y ) ("// + b) or

o '
Y “/M"W:b. Hence z,= 2a+b, ete.

25. The axis is one normal, and, if ¢ be the given
point, AG=AS+ SG =2a +8a=10a. Also

AG=AN+NG=AN + 4a;
‘. AN=6a, so that PN*= 484
. PGP= PN"+NG“ 48a* + 16a?=64a?. ., PG =8a.

26. Taking 3* = 4ax as the parabola, if the coordinates
of P are (am? 2am), the coordinates of & (Art. 209) are
(am® + 2a, 0). If (2, y) be a point on the locus,

20 = 2am® + 2a, and 2y = 2am.
Eliminating m, we have »*=a(z — a),
which is a parabola whose vertex is (@, 0), and the length
of whose latus rectum is a.
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27. Let y:mx+% and y=mx = 2am —am® be the

equation of the tangent and parallel normal. The portion
they intercept on the axis of «

=(2a + am®) — ( - %)=2a+a,tan’0+acot20

(where m =tan 6)
= @ (cosec® 0 + sec® ) = a cosec? §. sec® .
Hence the required length
=acosec’f.sec’d. sin 0 — a cosec § . sec? 6.
28. If y=max - 2am—am® be the equation to the
normal at P, the coordinates of P will be (am?® - 2am).

[Art. 208.] Ience P’ is the point (am?, 2am), so that the
equation of the diameter through 2P’ is y = 2am.

Eliminating m, #*=4a (z—4a).
29. Putting y=0 and =0 successively in the equa-
tion y=max — 2am — am?®, the coordinates of ¢ are seen to be

Multiply (i) by m, and add (ii); .". y + mae=0, t.e. m=—

Eliminating m, we have z°= 2aa® + ay’.

30. Let *=4a(x+a) and 2*=4a (y + ) be the equa-
tion of the parabolas, the common focus being the origin.
The equations of perpendicular normals will be
y=m(z+a)—2am— am®, and ==—m (y + a) + 2am + am®.
_bty,
=
Substituting for m, we have y = o 2@y

-y w-y (z—y)}’
whence (x— y)*= 20 (¢ + y), which is a parabola.

31. If the lines

By adding, m

y-y,=-%‘i(m-xl) (Art. 207)
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are coincident, then 20 =~ _tan P.
NhtYs 2a

Eliminating 7,, we have ¥, tan ¢ = 2a tan® ¢ + 4a.
Also the tangent at the point (a,, 3,) makes an angle

tan™! (Za with the axes,
a % ~ tan ¢
. the required angle = tan—1 <22 5
1+—tan ¢
Y.

2
— tan-1 Z: g“f: tt:; (B . tan ¢ = tan-1 (% tan ¢.) ;
32. The lines
y=mx—2am—am® and y=m(x—>b)—2em—cm?
are coincident if
2a+am®=b+2c+cm’, Qe if mP(a—c)=b-2(a—c).

. L—2>0 if m is real.
a-c¢
33. |If x—l __a_ and z——l—y—:é —-% (viz. a
mY  m?’ m mo m
tangent to the first and a normal to the second parabola),
are coincident, then & b
— =2b+ —;.
m m
"« 2bm®* — am + b =0, which has real roots if a?> 86%
ot ol tag gt o doaas b g
g my Ty my

mny
Hence, by Ex. x. 16,

A~—II(——"—‘3) a’t’.

35. By solving, the common point is (4a.*b§ 4a§b§)
and the m’s of the tangents at this point are
2a 4adpt | o 24

and: — g gy T

dafpd ah o5t b
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2a§ aé
ol 5 73
.. the required a.ng]e = tan-1 —._b b — tan—?! 3a®. b .
.9 2 (a + %)
pE

36. Taking the common focus as origin, let
yi=4a(x+a) and y°=— 4b (x—b)
be the equations to the parabolas.
. Solving #=b—a, y=2 ,/ab. Hence the m’s of the

tangents at these points are \/ g and — \/ f—t.

Aliter. ILet P be one of the points of intersection of
the two parabolas, and let the tangents at P to them meet
the axis in 7" and 7”. By Art. 211, both S7" and S7” are
equal to SP. Hence S is the centre of the circumcircle of
TPT". .. TPT"is a right angle, ¢.e. the tangents at P are
perpendicular. '

- 37. By drawing the curves, it is easily seen that the
foci are (24, 0) and (0, 2b). Hence the point (2a, 2b) is a
common end of the latus rectum of each parabola. The
m’s of the tangents at this point are 1 and —1,

38. Let 4 be the vertex, and let the axis of the
parabola cut the axis of zin 7. Draw ON perpendicular
to A7, and NE and AH perpendicular to the axis of z.

Let JV?)R = 0.

Since AN = AT (Art. 209),
S NR=24H =2k. .. ON = NR cosec § = 2k cosec 6.
.". the equation to the axis is 2:cos § + y sin 6 = 2k cosec 6, or

2k
m:-yta.n9+2k(tan0+oot9)=—tan0(y—2k)+m:

which always touches the }.)a.rabola, a®=— 8k (y — 2k).
|
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211. Some properties of the Parabola.

(o) If the tangent and normal at any point I of the
parabola meet the axis in 1" and G respectively, then

ST = 8SG =8P,

and the tangent at P is equally inclined to the axis and the
Jocal distance of P,

Let 2 be the point (2, 3/).

Draw PM perpendicular

to the directrix, M B
By Art. E{Jg‘, Yl

g T <‘

we have A7 = AN. / W
S T8=TA+ A8 T 2

-
1
L]
I
[}

AN+ Z4 W
—ZN=MP=4P,
and hence ¢ S7TP= ¢ SPT.
By the same article, NG =248=28.
" SG =8N + NG=Z25 + SN=MP=SP.
(B) If the tangent at P. meet the directriz in K, then
KSP 15 a right angle.
For L SPT =4+ PTS=: KPM.

Hence the two triangles KPS and KPM have the two
sides AP, P§ and the angle KPS equal respectively to the
two sides P, PM and the angle K P

Hence ¢ KSP=: KMP=a right angle,

Also L SKEP=t MKP,

(v) ZTangents at the extremities of any focal chord inter-
sect at right angles in the direciriz,

For, if P§ be produced to meet the curve in P', then,

since 2 FP'SK is a right angle, the tangent at /' meets the
directrix in A"




316 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

Also, by (), Lt MKP =+ SKP,
and, similarly, ¢ MKP =1 SKP'.

Hence

t PEP =} t SKM +} « SKM' = a right angle.

(&) IfSY 58 perpendicular to the tangent at P, then V
lies on the tangent at the vertex and ST2= AS. SP.

For the equation to any tangent is

a
Y= A — oinnins rensens (1).

The equation to the perpendicular to this line passing
through the focus is

ST (L ) [ (2)
The lines (1) and (2) meet where
a 1 1 @
me+ —=——(x—a)=——x+—,
mm m. m

t.e. where x=0.
Hence Y lies on the tangent at the vertex.
Also, by Eue, vi. 8, Cor.,
SY*=84.87T=A48.8P.

212. 7o prove that through any given point (x, i)
there pass, in general, two tangents to the parabola.

The equation to any tangent is (by Art. 2006)

¢t
Y=ME A (1)
If this pass through the fixed point (2, 3,), we have

e g B
Yy = wney + -‘_I‘TL 3

1. €. e, —mgh + =0 ..o (2),

For any given values of ®, and %, this equation is in
general a quadratic equation and gives two values of m
(real or imaginary).

Corresponding to each value of m we have, by substi-
tuting in (1), a different tangent.
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The roots of (2) are real and different if #,* — 4aax, be
positive, t.e,, by Art. 201, if the point (x, g,) lie without
the curve.

They are equa.l 1.e. the fwo tangents coalesce into one
tangent, if 1% — 4ax, be zero, i.e. if the point (ix;, 3,) lie on
the curve.

The two roots are imaginary if 4,° —4ax, be negative,
t.e. if the point (x,, 7,;) lie within the curve.

213. ZFguation to the chord of contact of fangenis
drawn from a pownt (x, ).

The equation to the t.'a.ngf-nt at any point ¢, whose
coordinates are z’ and %/, 1

Yy —2&(m+m’).
Also the tangent at the point £, whose coordinates are
o’ and ¥", is
yy' =2a (x+ a").
If these tangents meet at the point 7, whose coordi-
nates are @ and ¥, we have

iy =2a (o + &) s ()

and hy =2 (@, 07 s (2).
The equation to QX is then

yvi=2a(X4+%)... ..o (3).

For, sinee (1) is true, the point (2, ¥') lies on (3).

Also, since (2) is true, the point (2", ¥) lies on (3).

Hence (3) must be the equation to the straight line
joining (&, %) to the point (x", "), i.e. it must be the
equation to Q& the chord of contact of tangents from the
point (z,, ).

214. The polar of any point with respect to a para-
bola is defined as in Art. 162,

To find the equation of the polar of the point (x,,.1,)
with respect to the parabola 1* = 4awx.

Let © and R be the points in which any chord drawn
through the point P, whose coordinates are (x,, ¥,), meets
the para,bola,
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Let the tangents at ¢ and B meet in the point whose
coordinates are (%, k).

T(h*) R

We require the locus of (4, &).
Since ) R is the chord of contact of tangents from (/, k)
its equation (Art. 213) is
ky = 2a (a + k).

Since this straight line passes through the point (x,, #,)
we have

Rapi= S (o +0) i vasiimiiiiniagsin (1).
Since the relation (1) is true, it follows that the point
(h, k) always lies on the straight line
V¥ = 28 (X4 Xy) ooooviicnvainaiii (2).
Hence (2) is the equation to the polar of (x,, ).

Cor. The equation to the polar of the foeus, viz, the point (a, 0),
is 0=a +a, so that the polar of the focus is the directrix.

215. When the point (z,,%,) lies without the parabola
the equation to its polar is the same as the equation to the
chord of contact of tangents drawn from (a,, ¥,).

‘When (w,, #;) is on the parabola the polar is the same
as the tangent at the point.

Ag in Art. 164 the polar of (@, %) might have been
defined as the chord of contact of the tangents (real or
imaginary) that can be drawn from it to the parabola.

216. (Geometrical construction for the polar of a point
(ml:l ?fl)'
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Let 7" be the point (2, 3,), so that its polar is

T ) N —— (1).
Through 7' draw a straight line parallel to the axis ; its
equation is therefore

Y=g eerinrrnnnnnnns (2).
Let this straight line meet the polar T
in J and the curve in . v

The coordinates of V, which is the &
intersection of (1) and (2), are therefore

R

Ja

Also P is the point on the curve
whose ordinate is y,, and whose coordi- Fig, 1
nates are therefore )

a, 8
-‘ilgr and 1/,.

. . abscisga of 7"+ abscissa of |”
Sinece abscissa of P= —— , there-

2
fore, by Art. 22, Cor.,, P is the
middle point of 7'V,

Also the tangent at P is

£
v, = 2a (m + g:_m) :
which is parallel to (1)
Hence the polar of 7'is parallel
to the tangent at P. Fig, &,
To draw the polar of 7" we therefore draw a line through
7', parallel to the axis, to meet the curve in /2 and produce

it to ¥ so that TP = PV ; a line through V parallel to the
tangent at P is then the polar required.

217. If the polar of a point P passes through the point T, then
the polar of T goes through P. (Fig. Avt. 214),

Let P be the point (x,, ;) and T" the point (&, k).
The polar of P is yy, =2a (x+x,).
Since it passes through T, we have
Yih=2a (B 4+B) oeereiiieieeen (1)
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The polar of T'is yk=2a (z+ h).

Since (1) is true, this equation is satisfied by the coordinates z;
and ;-

Henee the proposition.

Cor. The point of intersection, T', of the polars of two points,
P and @, is the pole of the line P¢).

218. To find the pole of a given straight line with respect to the
parabola.

Let the given straight line be
Az+ By + C=0.

If its pole be the point (x;, w,), it must be the same straight
line as

Yy, =2a (24 x,),

1., Qax — yy, + 2ax, =0,
Since these straight lines are the same, we have
20—y Zam,
A B @
g : 2Ba
L. @y = and e e

219. 1o find the equation to the pair of tangents that
cam be drawn to the parabola from the point (x, y,).

Let (4, &) be any point on either of the tangents drawn

from (ay, ). The equation to the line joining (x,, ;) to
(h, k) is

k—
Y=ty =72 (w— ),

f— @y
k— &0, kyl ﬁ:ml
h— 9:1  h—ay

If this be a tangent it must be of the form

%.6. 1Y =

a
Y =me+ —,

T
56, Chit k=g _ 0 ang b _ o
h— h—xz  m
Hence, by multiplication,
k—y, hyy — ko,
Th— x h—a

%. €. a (h—a,)? = (k- ) (hyy — Foy).
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The locus of the point (A, &) (i.e. the paer of tangents
required) is therefore

a(z—a) =y —uy) (@ —y2) oorvennnn (1).
It will be seen that this equation is the same as

(y* — dam) (y,* — dam,) = {yy, — 2 (x+ ;)

220. 7o prove that the middle points of a system of
parallel chords of a parabola all lie on o straight line whick
18 parallel to the axis.

Since the chords are all parallel, they all make the same
angle with the axis of . Let
the tangent of this angle be m.

The equation to (£, any
one of these chords, is there-
fore

Y =mr+e...... (1),

where ¢ 18 different for the
several chords, but m is the
game.

This straight line meets the parabola #®= 4 in points
whose ordinates are given by

my® = 4a (y —c),

g da dac
ﬂ—— ——
i.e. Yy = b e e ) 8

Let the roots of this equation, i.e. the ordinates of @
and R, be 3 and ", and let the coordinates of V, the
middle point of @R, be (%, k).

Then, by Art. 22,

k:y’ + 3f 2a

}
2 m’
from equation (2).
The coordinates of ¥ therefore satisfy the equation

2

m!‘

so that the locus of V is a straight line parallel to the axis
of the curve,
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The straight line y= iﬁ meets the curve in a point P,

. . 2 . . b
whose ordinate is = and whose abscissa is therefore —

The tangent at this point is, by Art. 205,
= ma + —
o = % ]

and is therefore parallel to each of the given chords.

Hence the locus of the middle points of a system of
parallel chords of a parabola is a straight line which is
parallel to the axis and meets the curve at a point the
tangent at which is parallel to the given system.

221. To find the equation to the chord of the parabola which is
bisected at any point (h, k).

By the last article the required chord is parallel to the tangeni at
the point P where a line through (h, &) parallel fo the axis meets the
curve,

Also, by Art. 216, the polar of (&, k) is parallel to the tangent at
this same point P,

The required chord is therefore parallel to the polar yk=2a (x + h).
Henee, since it goes through (&, k), its equation is
E(y—Tk)=2a(x- ) (Art. 67).

222. Diameter. Def. The locus of the middle points
of a system of parallel chords of a parabola is called a
diameter and the chords are called its double ordinates.

Thus, in the figure of Art, 220, PV is a diameter and
QR and all the parallel chords are ordinates to this
diameter.

The proposition of that article may therefore be stated
as follows.

Any digmeter of a parabola is parallel to the axis and
the tangent at the point where it meets the curve is parallel
to its ordinates.

223. The tangents ot the ends of any chord meet on
the diameter which bisects the chord.

Let the equation of QR (Fig., Art. 220) be
O U G A (1),
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and let the tangents at @ and R meet at the point 7
(w1, 31)-

Then @R is the chord of contact of tangents drawn
from 7, and hence its equation is

yih = 2a (z + ;) (Art. 213).
Comparing this with equation (1), we have

?Ezﬂm, so that 9’1:%1
&1 m
and therefore 7' lies on the straight line
2a
i

But this straight line was proved, in Art. 220, to be
the diameter PV which bisects the chord.

224. To find the equation to a parabola, the axes
being any diameter and the tangent to the parabola af the
point where this diameter meets the curve,

Let PVX be the diameter and PY the tangent at P
meeting the axis in 7'

Take any point () on the curve,
and draw QM perpendicular to the
axis meeting the diameter PV in L.

Let 2V be x and V¢ be v.

Draw PN perpendicular to the
axis of the curve, and let

=t ¥YPX =+ PTM.
Then
448 . AN=PN?*=NT?tan® =44 N?2. tan® 0.
AN =AS. cot® § = a cot? 4,
and PN = 148, AN = 2a cot 6.
Now CME=448 . AM=4a. AM............ (1).
Also
QM =NP+ LQ=2acotd + V@sin 6 = 2a cot @ + y sin 6,
and AM=AN+PV + VL=acot*d + a + ycosb.

Q

1\{

v L X

i
=

A
T A\S
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Substituting these values in (1), we have
(2a cot @ -+ y sin 0)* = 4a (@ cot® 6 + = + y cos §),

i €. o sin? f = 4aa.
The required equation is therefore
g O con e T (2),
where

]
__% _ 2 g — # Art. 202).
p=g=a(l +cot ) =a -+ AN=SP (by Ar )

The equation to the parabola referred to the above axes
is therefore of the same form as its equation referred to the
rectangular axes of Art. 197.

The equation (2) states that
QV*=4S5P. PV,

225. The quantity 4p is called the parameter of the
diameter V. 1t is equal in length to the chord which is
parallel to PY and passes through the focus.

For if ' V'R’ be the chord, parallel to PY and passing
through the focus and meeting £V in V', we have

PV =8T=8P=p,
g0 that QV=4p. PV' =4p*,
and hence QR =20V =4p.

226. Just asin Art. 205 it could now be shown that
the tangent at any point (2, ) of the above curve is
yy' = 2p (x + ).
Similarly for the equation to the polar of any point.

1. Prove that the length of the chord joining the points of
contact of tangents drawn from the point (z,, y,) is

N+ et Ny, - daxy
il

2. Prove that the area of the triangle formed by the tangents
from the point (x,, ¥,) and the chord of contact is (y,* - 4&.-::1}3—:-2-1.
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8. If a perpendicular be let fall from any point P upon its polar
prove that the distance of the foot of this perpendicular from the
focus is equal to the distanee of the point P from the directrix.

4, What is the equation to the chord of the parabola y*=8z
which is bisected at the point (2, —-3)?

5. The general equation to a system of parallel chords in the
parabola y*=4Fa is e -y +k=0.

What is the equation to the eorresponding diameter?

6. P, Q,and R are three points on a parabola and the chord PQ

cuts the diameter through R in 7. Ordinates PM and QN are drawn
to this diameter. Prove that RM . RN=RV*

7. Two equal parabolas with axes in opposite directions touch at
s point 0. From a point P on one of them are drawn tangents F¢)
and P@’ to the other. Prove that Q' will touch the first parabola in
P’ where PF' is parallel to the common tangent at O.

4, 4x+3y+1=0, 5. H0y=25,

SOLUTIONS/HINTS

1. The polar of (z,, 3,), Viz. ¥y, = 2a (z + x,), meets the
parabola y* = 4ax, where 2yy, =3° + 4ax,. Hence if (2, ¥)
and (2", y”) be the points of contact, we have

y +y" =2y, and ¥y = dax,.

=02 = o
“+ (chord)*=(y/ - /") + (& ') =(y/ ")+ (L4{;L’>’

2 ! a2 (ﬁ{""‘y”)g flas s as\D Aodof? (?/'4_?/")2‘
(' =9") {1+ 164% }—-{(yH/)—iyzz }{””iés?ﬁfj

~ {4y~ 16a} {1+ L} - W= 74 27

2. The perpendicular from (z,, %,) upon Yy =2a(x+a,)
s Yoz,

i

Hence, by the last example,
ez 1 y*—dax, (n*— 4ax,)b (% + 4:11"')gi

2" Jyi+da 5 =(y’~da)} + 2a.
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3. The polar of (z,, ) may be written
Y — 20 (x —a) = 2ax, + 2a°.
The perpendicular from (z,, ¥,) upon this line is
(x - @)y + 20y = 2y, + ay,.

The foot of the perpendicular is the common point of these
two lines.

Square and add ;
@ =a) + v Y+ 4a?) = (30 4 @) (1P + 4a?),
where (x, y) are now the coordinates of the foot of the
perpendicular.
S (@—a) + = (2, + @)’
.. distance of (z, y) from (a, 0) = distance of (%, ¥) from
x+a=0.
4. By Art. 221, the required equation is
-3(y+3)=4(x—-2), ie 4x+3y+1=0.

5. See Art. 223 ;
25 . : _ 2¢ 25
m =4, @=5g. .". the required equation is y=—-= .

6. The diameter and tangent through R being the
axes, the equation to the parabola is, by Art. 224,

Bt . TR I (1)

Let the equation to PQ be y=mx + ¢, so that RV:—% :

This meets the parabola where (ma + c)*— 4pz = 0.

*. RM. RN =y =5 = RV*

Aliter. Take the diameter and tangent through & as
axes, and let 7 and @ be the points Z,, £, respectively (Art.
229). Put y=0 in the equation of £Q. Then z=—att,
[Art. 229].

. RVP3=a22=RM .RN.
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7. Take O for origin, and
:l/:z — dax = 0, ..................... (l)

P+ 4az =0, Levverrierirreerenns. (i)

as the equations of the parabolas, the diameter and common
tangent at O being the axes. Let the coordinates of the
point P be (af, 2ai). Its polar with regard to (ii) is

@
y=—-z—at,

which touches (i) at the point (a#’, —2af). .. PP’ is
parallel to the axis of y, the common tangent at 0.
e —

Coordinates of any point on the parabola ex-
pressed in terms of one variable.

22%7. Tt is often convenient to express the coordinates
of any point on the curve in terms of one variable,
Tt is elear that the values
i 2at
= YT
always satisfy the equation to the curve.

Hence, for all values of m, the point

a 2a
G B

lies on the curve. By Art. 206, this m is equal to the
tangent of the angle which the tangent at the point makes
with the axis.

The equation to the tangent at this point is
a

Yy=mz+—_,

and the normal is, by Art. 207, found to be

1
my + =26 +—,.
(i
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228. The coordinates of the point could also be ex-
pressed in terms of the m of the normal at the point; in
this case its coordinates are am® and — 2am.

The equation of the tangent at the point (am®, — 2am)
is, by Art. 205,
my + x+ am® = 0,

and the equation to the normal is
g = max — Jam — am’,
229. The simplest substitution (avoiding both nega-
tive signs and fractions) is
x = at? and y =2at.
These values satisfy the équation g* = daz.

The equations to the tangent and normal at the point
(at?, 2atf) are, by Arts. 205 and 207,

ty =2 + at®,
and y + ta = 20t + af’.
The equation to the straight line joining
(at?, 2at,) and (at?, 2ai)
is easily found to be
o (b + ;) = 2 + 2at,t,.
The tangents at the points
(at?, 2at,) and (at?, 2at,)
are Ly =x+ at?
and Loy = @ + at,’.
The point of intersection of these two tangents is clearly
{utdy, @t +8)}

The point whose coordinates are (af, 2af) may, for
brevity, be called the point “¢.”

In the following articles we shall prove some important
properties of the parabola making use of the above substi-
tution.
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280. I the tangents at P and @ meet in T, prove that
(1) TP and TQ subtend equal angles at the focus S,
(2} 8I*=5P. SQ:
and (8) the triangles SPT and ST'Q are similay.
Let P be the point (at? 2at,), and @ be the
point (aty®, ﬂarg], g0 that (Art, 229) T is the point
lat ty, a(t; +t:)}.
(1) The equation to SP is y= ﬂ-f:f’l (z - a),
at;® —a
i.{‘.‘-. {flz_l}y—ﬂtlm “l"ga'tl:{}q
The perpendicular, TU, from 1 on this
straight line
_af{t? = T) (4 4 tg) — 3, - at by + 2@1_{1 (t® — 1,%) + (t, — to)
N (E— T 412 841
— ﬂ- {II s tﬂ}.
Similarly U’ has the same numerical value.
The angles PST and QST are therefore equal.
(2) By Art. 202 we have SP=qa (1+1¢,%) and §Q=a (14-1,9).

Alse ST=(att, — a)*+a® (t; +t,)*
=a? [42,2+ 4,2+ 1,2+ 1) =a? (1 + ;) (1 + £,5).
Henee ST*=8P. 8Q.

(8) Bince S_lj; = %-‘; and the angles 'SP and T'SQ are equal, the
triangles SPI' and ST'Q are similar, so that
L8QT= £ STP and £8TQ=.S8PIT.

231. The area of the triangle formed by three points on a

parabola is twice the area of the triangle formed by the tangents at
these points.

Let the three points on the parabola be
(at;?, 2aty), (at?, 2aty), and (at?, 2aty).

The area of the triangle formed by these points, by Art. 25,
=3 [aty® (2aty — 2aty) + aty’® (2aty — 2at,) + at,? (2at; — 2at,y)]
=—a? (- tg) (= 1) (ti—ty).

The intersections of the tangents at these points are (Art. 229)

the points
{atety, a(ty+tg)}, {atgty, a(tg+ 1)}, and {atity, @ (t;+ty)}.
The area of the triangle formed by these three points
=1 {alyly (aty - aty) +atyt, (at, — aly) + atty (aty—at,)}
=4a* (ty—tg) (tg—1y) (8, — 2g).
The first of these areas is double the second.



330 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

232. The circle circumseribing the triangle formed by any three
tangents to a parabola passes through the focus.

Let P, (), and R be the points at which the tangents are drawn
and let their coordinates be

(at? 2at)), (at,?®, 2at,), and (at?, 2aty).
As in Art. 229, the tangents at ¢ and R intersect in the point
{atgty, a(ty+15)}.
Similarly, the other pairs of tangents meet at the points
{atyh, a(t;+t,)} and {atyfy, a (4 +1t5)}.
Let the equation to the circle be
2+ 4+ 2004+ 2y +e=0. a1
Since it passes through the above three points, we have
a2t + a? (ty + )7 + 2gatety + 2 (ty+ 1) +e=0.........(2),
a®t2t 24 a® (1, + 1,)% + 2gatyt, + 2fa (tg+ ) +e=0..ne, (3%,
and a®t, 22+ a® (1, + )% + 2gat,ta + 2fa (t, + 1)) +c=0......... (4).
Subtracting (3) from (2) and dividing by a (1, - ,), we have
@ {ty® (b + ty) + 8y + 8y + 285} + 2gt, 4+ 2f =0,
Bimilarly, from (3) and (4), we have
a{t? (ty+ )+t + 85+ 26} + 29t + 27 =0.
From these two equations we have
2= —a (1 +tytg+tot; + t3t,) and 2f= — a [ty + iy + 8 — tiqts].
Substituting these values in (2), we obtain
c=a? (tyts+tst; + ).
The equation to the eirele is therefore
a4y - ax (L4 tyty 1ty +hyta) — ay (8 + Ly + {y— tlyty)
+a? (toty + tot, + tit) =0,
which clearly goes through the focus (a, 0).

283. If O be any point on the avis and POP' be any chord
passing through O, and if PM and P'M' be the ordinates of P and P,
prove that AM . AM'=A0% and PM.P'M'= —4a.40.

Let O be the point (, 0}, and let P and P’ be the points

(aty® 2at;) and (af,® 2at,).

The equation to PP’ is, by Art. 229,

(ty+ 1) ¥ — 20="2at,t,.
If this pass through the point (2, 0), we have
—2h=2at,,

. h
T.8. tltﬂz = ao
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g
Hence AM. Aﬂi"’:mtﬁ.a@‘*:a%%:hzzﬁﬂﬁ,
it
h
and PM . PM' =2at, . 2at,, =4a? ( = E)__- —da , A0,
Cor. If O be the focus, 40 =g, and we have
1
tltgz _1! TI:.S. t2= -
51

The points (at,® 2at;) and ( Ll ﬂ') are therefore at the ends
of a focal chord.

284. To prove that the orthocentre of any triangle formed by
three tangents to a parabole lies on the directriz.

Let the equations to the three tangents be

a
M e S e Ly
iy
L
U TG -~ usnsnrernnnnsssansiansrannns 2
Y g ‘|‘m2 (2),
and E m3m+—.........................H...{3}.

iy

The point of intersection of (2) and (3) is found, by solving them,

to be
o tlarat
, a{=—4=—)t.
Mgty My Mg

The equation to the straight line through this point perpendicular
to (1) is (Art. 69)

<1 1 1 {:,B]
Y=l | e 2T e | I )
My My my Mgt

1 1 i

i.ﬂi y+_-_a' +_+__ l-l-ilil-..l..1|....-..|.(4]l-
ml m2 'HI-S mﬂ'ﬁgﬂiﬂ

Similarly, the equation to the straight line through the intersection
of (3) and (1) perpendicular to (2) is

y+£=u(i+l+ 2 ){5},

and the equation to the straight line through the intersection of (1)
and (2) perpendicular to (3) is

o | a
J+—= ( o ) .................. (6).
My my o My TN
The point which iz common to the straight lines (4), (5}, and (6),
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i.2. the orthocentre of the triangle, is easily seen to be the point
whose coordinates are
1 1 1 1
z=—a, y=a|—+—+—1 :

my Mg Mg Mg
and this point lies on the directrix.

1. If @ be the angle which a focal chord of a parabola makes with
the axis, prove that the length of the chord is 4a cosec® w and that the
perpendicular on it from the vertex is a sin w,

2. A point on a parabola, the foot of the perpendieunlar from it
upon the directrix, and the focus are the vertices of an equilateral
triangle. Prove that the foecal distance of the point is equal to the
latus rectum,

3. Prove that the semi-latus-rectum is a harmonic mean between
the segments of any focal chord.

4, If T be any point on the tangent at any point P of a parabola,
and if T'L be perpendicular to the focal radius SP and T'N be perpen-
dicular to the directrix, prove that SL=TN.

Hence obtain a geometrical eonstruction for the pair of tangents
drawn to the parabola from any point 1.

5. Prove that on the axis of any parabola there is a certain point
K which has the property that, if a chord P@ of the parabola be drawn
through it, then
1 1

PRt QR
is the same for all positions of the chord.

6. The normal at the point (at,?, 2at,) meets the parabola again
in the point (at.?, 2at,) ; prove that

2
ty=—t- .

7. A chord is a normal fo a parabola and is inelined at an angle
# to the axis; prove that the area of the triangle formed by it and
the tangents at its extremities is 4a®sec?®  cosec?® 4.

8. If PQ be a normal chord of the parabola and if S be the focus,
prove that the locus of the centroid of the triangle SPQ is the curve

36ay? (3z — ba) — 81y4=128a4.
9, Prove that the length of the intercept on the normal at the
point (at?, 2at) made by the cirele which is deseribed on the focal
distance of the given point as diameter is a ,J 142
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10. Prove that the area of the triangle formed by the normals to
the parabola at the points (at,?, 2at,), (at,? 2ai,) and (aty?, 2aty) is

a2
3 (ta = tg) (ts— 1) (81 = 29} (B + 2+ 85)%

11. Prove that the normal chord at the point whose ordinate
is equal to its abscissa subtends a right angle at the focus.

12. A chord of a parabola passes throngh a point on the axis
(outside the parabola) whose distance from the vertex is hali the
latus rectum ; prove that the normals at its extremities meet on the
curve.

13, The normal at a point P of a parabola meets the curve
again in @, and T is the pole of P ; shew that T' lies on the diameter
passing through the other end of the foeal chord passing through P,
and that PT is bisected by the directrix.

14, If from the vertex of a parabola a pair of chords be drawn at
right angles to one another and with these chords as adjacent sides a
rectangle be made, prove that the locus of the further angle of the
rectangle is the parabola

yﬂ.:‘iﬂ. {-‘17 =i BH]

15. A series of chords is drawn so that their projections on a
gtraight line which is inclined at an angle a to the axis are all of
constant length ¢ ; prove that the locus of their middle point is the
curve

(3 — dax) (y cos e+ 2agin a)*+a’e®*=0.
16. Prove that the locus of the poles of chords which subtend a
right angle at a fixed point (h, k) is
ax? = hy?+ (4a®+ 2ah) 2 — 2aky +a (AP + k%) =0.

17. Prove that the locus of the middle points of all tangents
drawn from points on the directrix to the parabola is

Y2 (22 +a)=a(3z +a)®.

18. Prove that the orthocentres of the triangles formed by three

tangents and the corresponding three normals fo a parabola are
equidistant from fhe axis,

19, T is the pole of the chord PQ; prove that the perpendiculars
from P, T, and ¢ upon any tangent to the parabola are in geometrical
progression.

20. If », and r, be the lengths of radii vectores of the parabols

which are drawn at right angles to one another from the vertex, prove
that

rlf‘f r,?f =16a* {rﬁ + rﬁj.

21, A parabola touches the sides of a friangle ABC in the points
D, E, and F respectively ; if DE and DF cut the diameter through the
point 4 in b and ¢ respectively, prove that Bb and Cec are parallel.
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99 Prove that all circles described on focal radii as diameters
touch the directriz of the curve, and that all cireles on focal radii as
diameters touch the tangent at the vertex.

23. A circle is described on a foeal ehord as diameter; if m be the
targent of the inclination of the chord fo the axis, prove that the
equation to the eircle is

x?+y?— 2ax (1-[—%) - L:f - 3a%=0,

94, LOL' and MOM' are two chords of a parabola passing through
a point O on its axis. Prove that the radical axis of the circles
deseribed on LL' and MM’ as diameters passes through the vertex of
the parabola.

95. A circle and a parabola intersect in four points; shew that the
algebraic sum of the ordinates of the four points is zero.

Shew algo that the line joining one pair of these four points and
the line joining the other pair are equally inclined to the axis.

926. Circles are drawn through the vertex of the parabola to cut
the parabola orthogonally at the other point of intersection. Prove
that the locus of the centres of the circles iz the curve

2y (2)% + 2% — 12az) = az (3 — 4a)?.

27. Prove that the equation to the circle passing through the

points (at,?, 2at)) and (at,®, 2at;) and the interseetion of the tan-
gents to the paralbnla. at these points is

4y = ax [t +6)2 4+ 2] - ay (6, +15) (1-ty8) +aPty 1o (2~ 1y 25) =0,

98. TP and T'Q are tangents to the parabola and the normals at P
and () meet at a point R on the eurve; prove that the centre of the
girele cireumseribing the triangle T'PQ lies on the parabola

2yl=a (zr—a).

99, Through the vertex 4 of the parabola y*=4ax two chords 4P
and 4¢ are drawn, and the circles on AP and 4¢ as diameters
intersect in R. Prove that, if 8,, #;, and ¢ be the angles made with
the axis by the tangents at P and ¢ and by 4R, then

cot 6, 4 cot 8, + 2 tan ¢ =0.

30. A parabola is drawn such that each vertex of a given triangle
is the pole of the opposite side; shew that the focus of the parabola
lies on the nine-point cirele of the triangle, and that the orthocentre of

the triangle formed by joining the middle points of the sides lies on
the directrix,



CHAPTER 10: THE PARABOLA 335

25. Take the general equation to the eirele and introduce the
condition that the point (at?, 2at) lies on it; the sum of the
roots of the resulting equation in ¢ is then found to be zero.

28. It can be shewn that the normals at the points ‘““t,” and *‘t,”
meet on the parabola when #,f,=2; then use the previous
example,

SOLUTIONS/HINTS

1. See Art. 225. From a figure it is clear that the
perpendicular from the vertex on the focal chord = a sin w.

2. Let PM be perpendicular to the directrix.
Then SM?*=S8P% ie. (2a)+ (2at)*=a® (£ + 1)
g6 U-20-3=0. ..#=3 .. SP=a(t+1)=4a.

3. SP=a(l+8), SP’:a(I-{—ZlE). [Art. 233, Cor.]

o I 3¢ & & 2
= IS?+.S_P’=E{1+¢2+ 1+c?}= 2a’

4. Removing the origin to the focus, the tangent
y=atan 6 +acot @ becomes y cos @ —xsin 6 =a cosec b ;
and since PSX =20 (Fig. p. 188), the equation to 7'L is
x cos 20 + ysin 20 = p, where SZ=p. Whence, solving,
z=p-2a. .. TN=p=9SL.

5. If P and @ are the points ¢,, 4, then, by Art. 229,
K is (- atyt,, 0).

tell, #4) 1 1 1
VPR QR T (G v ) + At T af) (h + b+ Aatt
1 24t 1

T B i 2w 4!
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and this by the question = A_I'KQ (by taking P at 4 and
hence @ at infinity)

1
". the point (2a, 0) has the given property.
6. The chord y (¢, +1,) = 22 + 2at,¥%, and the normal
Y + ha = 2at, + at?

-

are coincident if ¢, + ¢, = T &,=-t,—-g.

7. In the result of Ex. xxviI. 2,
put x, = atty and ¢, =a (6, + &).

-

" A=F (-t Bu fy=——7 (Ex.6).

t,—t,z2tl+tgl=2(ta.n0+cob0)=28000.008030.

. A = 4a?sec® 0 cosec® 0.

8. If (z, y) be the centroid,
3z=a(l +22+t2)...(A), 3y=2a(t,+t)...(ii) [p. 13, Ex. 2];

and b +ly=— s (iii) (Ex. 6).
o 40 . 4a 3
From(u)a.nd(m),t,:—@; ..t,=§3;+§%.
2 2
Substitute in (i); .- 3ac=a(5 4 37;; + %’;:)

" 36ay® (3z — ba) = 8ly* + 1284
9. In the figure on page 188, SPe = SGP.

: A 2at : - __1
A t&nSGP-——QE—t. ..COSSﬁG—m.
If the circle cut PG in H,

A 1 L
PH =8P . cos SPH=a(l +8) 7 =a N1+2
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10. Solving y + t, 2= 2at, + at)’, and y + t,x = 2at, + aty’,
we obtain x=a (2 + §*+ & + 4ity), y=—at ity (4, + 1),
and similar expressions for the other points.
A=31a®3[tt,(t +6) {(2+ 8>+ 62 + baty) — (2 + 82+ 4% + 4310) ]
=@ (b +la+ 1) Dbty (L + ) (—ty),
=3@® (t +ta+ ) Bt 2y (L~ ) (G + Ly + Ly),

3 9
since 3 48,8, (1, — ) =0, = as (b =) (La—2) (= &) (L + Ly + 1)
11. Let ¢, ¢, be the extremities of the chord
Then 2at, =ab®. . L=2.
)
Ao f=-4->=-2-1=-3 (Ex 6).

1

The m’s of the lines SP, SP’ are 222':' i t’2tgl , and
: B - R
2¢, 2% . 4.6
ﬁ'tg S b W
. PSP isa right angle.
12. The chord joining ¢, and ¢, cuts the axis of

1+

where z=— at,t,, Hence ,¢,= 2.
If the normal at ¢, cuts the curve again at Z,,
2 2
then =—4—= (Bx.6) =—-—-—¢,.

Hence the normal at ¢, passes through ¢,.
13. TLet PS cut the curve in 7. Draw the ordinates
PN, P'N' and TH perpendicular to the axis.
By Ex. 6 bt + 6= -2,
“ AN+ AH = at? + atyty=— 2a=— 24X,

". X is the middle point of NH, i.e. PT is bisected by
the directrix. '
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2
Also TH =a(t +8)=— Z‘” =P'N'. [Art 233.]

14. The lines joini igi i
of y(t,+8,) =2z + 23;212125(; 1;/3 :zc%;natr: Mot e
Y. 2atty=dax {y . (¢, + ) — 2a}.
They are at right angles if ¢¢,+ 4 —0.
The coordinates of the further corner of the rectangle
are then  2z=a(t*+¢?), and y=2a(t +t,).

Y= 4a? (67 + 1 + 2,2)) = 4a? (2_‘: - s) — da (2 — 8a).
16. Let y (4, + t,) = 2z + 2at,t, be the equation of the

chord.  Tts middle point is given by
2 =a(t?+¢?), and ¥ =a(f + Z,).

Whencoe dax’ —y'*=a* (1, — L)
If the chord is inclined at an angle ¢ to the given line,
2
tana-t,-l-t, Y’ sin a — 2a cos a
SATL e 2y cosa+2asina
l+tana. e
y'* + 4a’

el +m’¢:(y’cos&.+ 2a sin a)*’
Agin, Fsec’ p=a{(6?— & + 4 (4~
—a (t- ) (o + 6+ 4 = (o — ) (L 4 1),
Eliminating ¢, the locus of (', ¥') is
(y cos a + 2a sin a)* (y* — 4ax) + a*c®= 0.
16. The chord joining ¢,, ¢, will subtend a right angle
at (h, k) if (k— 2at,) (k — 2at,) + (b —at®) (b —at?) = 0,
i.e. if & — 2ak (4, + &) + 4a’ 4L,
+h—a(ti+ ) h+at2%=0. ...(1)
The coordinates of the pole are given by
z=atty, and y=a(t+1),
whence y® — 2ax = a@® (¢, + &;°).
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Substituting in (1), we have )
B Shy s doas B—p =3 g,

@
or ai® — hy? + (4a® + 2ah) @ — 2aky + a (A + %) = 0.
17. The intersection of x+ a =0 with ty =z + af® is
at*—a '
(—a, =).

If (=, ¥) be the middle point of the tangent

2E=a— @) ..ooeiiiaiiiiiionaies (1)
al® — a a
and 2y = : +2at=3qt—2-.
S 2y =3af —a; also 6x=3af’— 3a.
P T A (2)

Eliminate ¢ between (1) and (2);
S (22 + a)y*=a(3z + a)t
18. Solving for the normals at #,, ¢, we obtain
2=a(t2+ 6 + bty + 2), y=—atyty (4 +1).
The line z—tyy =c (which is perpendicular to the
normal at £) will pass through this point if
c=a{t®+ 8 + Lty + 2 + bty (6, + 1)}
={(ta+8) (b + by + L+ bit58,) +2 = St 2,).
One perpendicular of the normal triangle is
-ty =a{(t,+1;) (4 + b, + b5+ ‘1‘2‘3) +2 -3¢t}
Similarly, another is
z—ty=a{(tatls) (b + g+ t; + tlyt,) + 2 — St}
Subtracting, y=a(t, + &+ t; + ¢, t,t,)
=length of ordinate of orthocentre of
tangent triangle. [Art..234.]
19. Tet (at? 2at); (at?, 2at;); {att,, a(t, +4,)} be
the coordinates of 7, @, 7' respectively, and
@ — ty + at® = 0 the equation of any tangent.
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" (perpendicular from 7')® x (1 + ) = a® {t,t,— ¢ (t, + &,) + &2,
= @ (t— ) (¢~ b
Also (perp. from 7) (perp. from @) x (1 +#)
=@ (4, = 2t + &) (& — 2ty + ) = a® (¢~ 4,) (6 —1,)>.
Hence the required result.

20. Let r, be inclined at 6 to the axis of 2, and let
(at?, 2at,), (at?, 2at,) be the coordinates of the ends of the
radii vectores,

2
Then ta.n0=t—; St =2cot 6. Hence é,= —2tané,
1
r? =a® (4, + 44,°) = 16a® cot? 6 (1 + cot?6)
1 + tan®¢

=Jea [T Wy
~ 164 ( -
ry' = a® (t, + 44,") = 16a® tan® @ (1 + tan®6),
. rlr2=tan’é, tan’0=r9§/r1’§.
3 )
. . 4 '
Jo P = 16a’$ (l +%) 5 o rlg'rg‘ = 16a’(rl§ +r,§).
21. Let D, E, F be the points ¢,, 2, &.

The point & is the intersection of chord DE and the
diameter through A, that is

y (6 +t) — 20~ 2at,£,=0, and y—a(t+4)=0.

Let y(t +8)— 2x — 2at,ty—A{y — a(ta+ &)} =0 be the
equation of Bb.

Since it passes through B, whose coordinates are

[atits, a(t+ )],
So () (G + ) — 268, — 2,8, — A (G + t— b — £,) =0.
2

bo+ b
.'. Bb is parallel to FE. Similarly C'¢ is parallel to #Z.

. A=t —1¢t. Hence the “m?” of Bb=
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22. (i) The equation of the circle on a focal chord as

diameter is (z — af®) ( - g) + (y — 2at) (y + 27&) = 0.
[Arts. 145 and 233.]

2
This meets z + =0 where {y—a(t—%)} =

Hence the directrix touches the circle.

(ii) The equation of the circle on a focal radius as
diameter is (z—a) (¢ —af®) +y (y — 2at)=0. [Art. 145.]
Putting z= 0 we have (y —at)*= 0.
Hence the tangent at the vertex touches the circle.

23. By last Ex., the equation of the circle is

w‘+y’—ax(t"‘+;2)-—2ay( _%)-3&:0.
% .2 . 1

Also m=t,a.n2PTS=—l—_—_—t-,. "ﬁzt-?'

" 9%54- 2=+ L‘l’ On substituting, we obtain the

required result.

24, Let L, L, M! M’ be the points ¢,, f, 4, 4. In
the equations of the circles on LL and MM’ as diameters
the constant terms will be

a4’ + 4a*tyt, and a®t,°t? + 4attl,. [Art. 145.]
But, since the chords intersect on the axis,
. hity=tgt,. [Arts. 229 and 233.]
‘. the constant terms are equal.

Hence in the equation of the radical axis, there will be
no constant term: .". it passes through the origin.
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25. On solving y*=4aw, and #* +3° + 29z + 2fy + ¢ =0,
we obtain a quartic for y which has no term in *.
S Wt Yt ysty,=0. [Art. 2]
. 4o —4a
Hence = ———, 4.6, the line joining one pair of
N+t Yoty B _J . g
points is equally inclined to the line joining the other pair.

[See Art. 205.]

26. The centre is the intersection of the tangent
at “2” viz, W ==l L iniasissvvesivaine (1)

and the line bisecting 4 P at right angles, viz.
2
z(a.-—%’;) +2(y—at) =0,

or tx+2y=(~f)f+2at. .................. (2)
fy tox att
From (1), = e T S (3)
Hence from (2) and (3), #y + ¢ (4a — 3z) — 4y =0,
Also (1) is tPa—ty+x=0,
Whence i : .

1 +a(3e-4a) y(e+4a) 3 -z (3z—4da)’
and the required result follows by eliminating ¢ .

27. Let a®+3*+ 292+ 2fy +¢=0 be the equation of
the circle through the three points,

Then
@41+ a* (G + o) + 2agt 8, + 2af (¢ + ) +¢ =0, ...(1)
C @ttt + 4@’ + 2agt 2+ daft, + ¢ =0, ......... (ii)
and a*tt + 40°t,? + 2agt,® + 4afte + ¢ =0. ......... (iii)

From the sum of (ii) and (iii) subtract twice equation (i);
“alh+t)?+ 2a + 2g=0.
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Subtracting (iii) from (ii),

@ty + 1) (63 + 85) + 4a (b +6) + 29 (b + ) =~ 47
Substitute for g; .. a(f,+t) (1 —48)=—2f.
Substitute for g and fin (ii), and we have

@t + 40t — a2 (47 + &% + 21, 1,)
- 2a*t® - 207t (1 —t,t,) (4, + &) + ¢ =0,
whence e=a’tt,(2-t¢t,). Hence, etc. '

28. Let 2 and @ be the points ¢, and ¢,.
Since the normals at 7 and ¢ meet at & (¢,),

2 2
oty + = &+ = (- &), [Ex.6]. .. 4t=2
2
Also, from Ex, 27, if (x, y) be the coordinates of the

centre,
2z=a{(ty+t)*+2}, and 2y=a(t, +2.)(1 —tit)=—a(t, + 1)

% 2x=a{4a—?f+2}. S 2P =a(z—a).

29. Tet P and @ be the points ¢ and #. The
equations of circles on 47, AQ as diameters are
z(x—at?’) +y (y — 2at,) =0, and @ (z— at,?) + y (y — 2aty) = 0.

Whence the equation of 4R (their common chord) is

x (&, +t,) +2y=0.
o 2tan @ + ¢ + ¢, =0, that is, 2 tan ¢ + cot 6, + cot ,= 0.

30. From Arts. 232 and 234 we have only to shew
that the lines joining the middle points of the sides of the
triangle are tangents to the parabola. Let O be one
vertex of the triangle and 0P, 0@ the tangents from it ;
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then we are given that P and @ lie on the opposite sides
of the triangle, so that the line joining the middle points
of OP, Of) bisects the sides of the given triangle which
pass through 0. 1If P be (at? 2at,) and Q be (at.?, 2at,),
then O is [att,, a(t, +2,)].

.. the middle points of 0P, 0Q are

[ac, (6, + 1) a(3t,+t.,)] i [at,(tlu,) (¢, ;352)]'

2 d 2 2 ’
The equation to the straight line joining them is easily

2 b+t .
Fa+a. ~5—, which clearly touches the

-

:seentobey:tl

parabola,
I



