1.2 Coordinate Geometry

COORDINATE GEOMETRY

The coordination of algebra and geometry is called coordinate
geometry. Historically, coordinates were introduced to help
geometry. And so well did they do this job that the very
identity of geometry was changed. The word ‘geometry’ today
generally means coordinate geometry.

In coordinate geometry, all the properties of geometrical
figures are studied with the help of algebraic equations.
Students should note that the object of coordinate geometry
is to use some known facts about a curve in order to obtain
its equation and then deduce other properties of the curve
from the equation so obtained. For this purpose, we require
a coordinate. system. There are various types of coordinate
systerns present in two dimensions e.g., rectangular, oblique,
polar, triangular system, etc. Here, we will only discuss
rectangular coordinate system in detail.

Cartesian Coordinates

Let X' OX and Y'OY be two fixed straight lines at right angles.
X OX is called axis of x and ¥'OY is called axis of y, and O is
named as origin. From any point ‘P’, a line is drawn parallel
to OY. The directed line OM = x and MP = y. Here, OM is
abscissa and MP is ordinate of the point ‘P’. The abscissa
OM and the ordinate MP together written as (x, y) are called
coordinates of point ‘P’, Here, (x, ) is an ordered pair of real
numbers x and y, which determine the position of point ‘P’.

Since X'OX is perpendicular to Y'OY, this system
of representation is called rectangular (or orthogonal)
coordinate system (Fig. 1.1(a)).

When the axes coordinates X'OX and Y'OY are not at
right angles, they are said to be oblique axes.
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Fig. 1.1

The axes of rectangular coordinate system divide the
plane into four infinite regions, called quadrants, each bounded
by two half-axes. These are numbered from 1st to 4th and
denoted by roman numerals (Fig. 1.1 (b)). The signs of the
two coordinates are given below:

. x y
First quadrant + +
Second quadrant - +
Third quadrant - ' -
Fourth quadrant +. -

Lattice point- (with respect is coordinate geometry):
Lattice point is defined as a point whose abscissa and ordinate
are integers.

DISTANCE FORMULA

The distance between two points P(x , y) and O, y,)
is given by

POl =, —x )} + (0, —y )

Q00x )

Fig. 1.2
Therefore, distance of (x,, ,) from origin = X+

Note:

» If distance between two poinis is given, then use
+ sign.

* Distance between (x , 0) and (x,, 0)is |x — x2|'.
* Distance between (0, y,) and (0, »,) sy —y,i

* Circumcentre P(x, y) is a point which is equidistant
Jfrom the vertices of triangle A(xl, yl), B(xz, y2),
C(x3, y3).

Hence, AP = BP = CP, which gives two equations in
x and y, solving which we get circumcentre.

In AABC, prove that AB* + AC -
=2 (40* + BO%), where O is the middle point of BC.



Sol.
Y
A(a, )
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Fig. 1.3

We take O as the origin and OC and OY as the x-and y-axes,
respectively.

Let BC = 2k, then B = (- k, 0), C = (, 0).

Let A=(a,p)

Now L.H.S.
=AB*+ AC? .

- =(@+k*+ (B -01+(@—k+(B-0)?

=&+ B+ 2ak+ B+ + i 2ak+
=2a%+2B%+ 2k
=2@*+B+ 1)

and R.H.S
= 2(40* + BOY)

= 2[(@=0)"+(B = 0 +(~k—0)+(0 ~ 0]
=2+ + )

L.HS. =RHS.

' Find the coordinates of the circumcentre

of the triangle whose vertices are A(5, -1), B(-1, 5), and
C(6, 6). Find its radius also."

Sol.

a0k, y)

Fig. 1.4
Let circumcentre be O(x, y), then
(04)* = (0B)*=(0C)*=(radius)*= R (i)
= =5+ +1)Y=@x+1) +@y-5)
=(x-6)'+(y—-6)

Straight Lines 1.3

Taking first two relations, we get
=5+ +17 =@+ 17+ (-5
= x=y | (ii)
Taking last two relations, we get |
G+ -5 = (-6 + (- 6)
= @+ 1P+ @E-57=(x-6)+(x—6)
= 27— 8x +26=2x—24x+ 72
' x =23/8
= Circumcentre = (23/8, 23/8)

[from (ii)]

R = (x— 57+ (y+ 1Y = (04)

j—

= = [(23/8) — 51* + [(23/8) + 17
= (- 17)%/(64) + (31)%/(64)
= 1250/64

= Radius = 25v2/8 units

Two points O(0, 0) and A(3, v3) with
another point P form an equilateral triangle. Find the
coordinates of P.

Sol. Let the coordinates of P be (, k).

Plh, k)
0(0, 0) i ABAB)
Fig. 1.5

OA = OP = AP or OA> = OP* = 4P*

0A* = OP
= 12 =K+ (i)
and OP* = 4P°
= W+ K= (h =37+ (k—3Y
= 3h+3k=60rh=2—k"3 (if)

Using Eq. (ii) in Eq. (i), we get
Q-3+ =120t~ Bk—6=0

or (k—2V3) (k+3) =0
. k=2vV3or—+3
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From Eq. (ii), we get that

k=2+3,h=0,
=-~3,h=3

Hence, the coordinates of P are

(0,2V3) or (3,—3)

when
when

] 8| If O is the origin and if coordinates of any
two points 0 ; and @ are (xl, yl) and (xz, yz), respectively,
prove that OQ1 . OQ2 cos LQI OQ2 =xx,tyy,

Sol.

Y4
O y)

s 046 1)

—» X

Fig. 1.6
In AQ,00,,
0,0: =00+ 00
- 20Q10Q2 cos AQloQ2
=, 1)+ 0, =y =@ )T @)
: —200Q, 00, c0s£Q 00,
(using cosine Rule)

o x1x2 +y1y2 = OQl OQZ CcOoS Q10Q2

Let A = (3, 4) and B is a variable point Von

the lines |x| = 6. If AB < 4, then the number of position of
B with integral coordinates is

a. 5 b. 4
c. 6 d. 10
Sol. B=(£6,%).S0,AB<4
= BI6 +(y—4°<16
: 9+ (y—4)* < 16,
(- 81+ (y—4)* < 16 is absurd)

= P —8y+9<0
= 4—\/7£y£4+\/7

But y is an integer.

= y=2,3,4,5,6

AREA OF A TRIANGLE

The area of a triangle, whose vertices are (x , y 1), (xz, yz), and
(x,»,)is

Ll 0, =p) 43, 0= 3) 5, 0= )

Proof:
I

A(x,, y)

Cxs, y)

¥y

Fig. 1.7
Let ABC be a triangle whose vertices are A(x , yl), B(x,, ),
and C(x_, y,). Draw AL, BM, and CN as perpendiculars from

A, B, an%i 63 on the x-axis. Clearly, ABML, ALNC and BMNC
are all trapeziums.

We have, .
"Area of A ABC = Area of trapezium ABML + Area of
trapezium ALNC — Area of trapezium BMNC

= Areaof AABC= 1 (BM+AL) (ML) +% (4L + CN) (LN)

—%(BM+ CN) (MN)

:%(yz+y1) x, —x2)+%(yl Ty X))
~ 10, %) (- x)

=L 0, )+, 0 -y 1, 0, 2]

xl yl 1

X Y1
XY

DI | s

Note:

o Area of a triangle can also be found by easy method,
i.e., Stair method. )

N

A= % X2 2
X3 V3
mon

=3I, g, ) O, # 2 )]

[f three points A, B, and C are collinear, then area of
triangle ABC is zero.

o Sign of area: If the points A, B, C are ‘plotted in
two-dimensional plane and taken on the anticlockwise
sense, then the area calculated of the triangle ABC will
be positive, while if the points are taken in clockwise
sense, then the area calculated will be negative. But, if
the points are taken arbitrarily, then the area calculated
may be positive or negative, the numerical value being
the same in both cases. In case, the area calculated is
negative, we will consider it as positive.



Area of Polygon

The area of polygon whose vertices are (x y) (x,, Y,)s
(0 2 - (1,3 ) I

=§|{(x1y2—x2yl)+(x2y3—x}yz)-i- RS Al

Stair Method

Repeat first coordinates one time in last for down arrow use’

+ ve sign and for up arrow use — ve sign.

XN
Xy V2
X3 Vs

1
Area of polygon = ) :

xn y”
XN

- +xr)11)—(ylx2+y2x3+

1
=7|{x1y2+x2y3+ Yy x)H

Note:

Points should be taken in cyclic order in coordinate plane.

! . " Find the area of a triangle whose vertices
are A3, 2), B(ll 8), and C(8, 12).

Sol. Let 4 = (xl, yl) = (3, 2), B(xz, y2) = (11, 8), and C =
(x, ¥,) = (8, 12).
Then, area of A ABC

=51, 0y~ 2) +x, 0, =2+ x, 0, ~ )}
= 2138~ 12)+11(12-2) + 8 2 - 8)}]
=2 1{~ 12+ 110 48}]

= 25 sq. units

Prove that the area of the triangle whose

vertices are (1,1 2), (t+2,¢+2), and (¢ + 3, /) is independent
of 2,

Sol. LetA—(x,y) (t,t-2),B= (x,y,)=(+2,¢+2),and
C=(x,p)= (t + 3 ?) be the vertices of the given triangle.

Then, area of A ABC

=31, 0, ~3) %, 0, =) + 5,0, - )}

=%|{t(t+2——t)+(t+2)(t—t+2)+(t+3)(t—2—t
= 2);l

Straight Lines 1.5

~ L1+ 20+ 44— 12} |=| - 4/= 4 sq. units.
Clearly, area of A ABC is independent of .

Find the area of the quadrilateral ABCD

whose vertices are respectively A(1, 1), B(7,~ 3), C(12, 2), and
D(7, 21).

Sol. Here, given points are in cyclic order, then

1 1
7 3
Area = 312 2
7 21
1 1

= 2I=3-7)+ (14+36) + (252 14) + (7 - 21)|
= 132 sq. units

For what value of k are the points
(k,2 ~2k), (- k+1,2k) and (— 4 — k, 6 — 2k) are collinear?
Sol. Let three given points be 4 = Ce,y)=k2-2k),B= )
=(—k+1,2k),and C= (x,y) (—4 k6 2k)

If the given points are collinear, then A =0
= xl(yz—y3)+x2(y3—yl)+x3()/1—y2)=O
= k2k—-6+2k)+(-k+1)(6—2k~-2+2k)

+(-4-k 2-2k-2k)=0
= k4k-6)-4(k-1)+@+k)(@k-2)=0
= Ak —6k—dk+4+47+14k-8=10

= 8iF+4k-4=0
= W+k-1=0
= QRk-1)(k+1)=0
= k=1/20r-1

Hence, the given points are collinear for.k = 1/2 or — 1.

If the vertices of a triangle have rational

coordmates, then prove that the triangle cannot be
equilateral.
Sol. Let Ax Y, ), B(x,, »,), and C(xs, y3) be the vertices of a

triangle ABC, wherex »¥>1=1,2,3 are rational. Then, the area’

of AABC is g1ven by
7 0, =y) +x, 0, —y) +x, (0, - )]
= arational number [ x, y are rational]

If possible, let the triangle ABC be an equllateral triangle,
then its area i$ given by

\/_

A=~ (side)’ = g (4BY (“AB=BC=CA)
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= g (arational number) [ vertices are rational
.. AB* is a rational]
= an irrational number
T his is a contradication to the fact that the area is a rational
number. Hence, the triangle cannot be equilateral.

If the coordinates of two points A and

Bare (3,4) and (5, - 2), respectively. Find the coordinates of
any point P if P4 = PB and area of A PAB = 10 sq. units.

Sol. Let the coordinates of P be (x, y). Then, PA = PB.

= P4* = PR’
= (-3 +@-H=@-5+@r+2)°
= x=3y-1=0 i)
Now, area of A PAB = 10 sq. units
1|* Y1
= 3 3 4 1t=:l:10
5-21
= 6x+2y—-26=120
= 6x+2y—46 =0
or 6x+2y—6=0
= 3x+y—23=0o0r3x+y—-3=0 (ii)
Solvingx—-3y—-1=0and3x+y-23=0,wegetx=7,
y=2 _
Solvingx—3y—1=0and3x+y-3=0,wegetx=1,
y=0

Thus, the coordinates of P are (7, 2) or (1, 0).

Given that P(3, 1), Q(6, 5), and R(x, y)

are three points such that the angle PRQ is a right angle
and the area of ARQP = 7, then find the number of such
peints R.

Sol. Obviously, R lies on the circle with P and Q as end points
of diameter.

P3, 1)

Fig. 1.8

Distance between points P(3, 1) and Q(6, 5) is 5 units.
Hence, radius is 2.5 units

Area of triangle POR =

[—

RM x PQ =17 (given)

— N

= RM =1 =238

Now the value of RM cannot be greater than the radius:

Hence. no such triangle is possible.

SECTION FORMULA
Formula for Internal Division

Coordinates of the point that divides the line segment

joining the points (s yl) and (xz, v,) internally in the ratio

m : n are given by

+ .
x:mx2 nxl’
m+n

), +thy,
YT Tm¥n
Proof:

Ya

B(x., ,)

(YE
. K

(xu3)

0 L N M
vy’

Fig. 1.9
From the figure,
Clearly, A AHP and A PKB are similar.

- AP _AH _PH
BP PK BK
m_x—xl_y_yl

= mTX-XTy -y

Now,
ﬂzx_xl
n XX

= mx, = mx = nx — nx,

mx2+nxl

= = "m+tn
y-y
Similarl nm-—=
Y nTyy



= my, —my=ny—ny,
_my2+nyl
= Y= Tm¥n

mx, +nx - my,*ny, )

Thus, the coordinates of P are (

m+n m+n

Formula for External Division

Coordinates of the point that divides the line segment joining
the points (xl, yl) and (xz, yz) externally in the ratio m: n are
given by :

X, oex oy, -y,
X="m-n YT m=n
Proof:
e P(x, )
B(x,, y,)
(xn yl)
A H
X'e - » X
o L M N
VY’
Fig. 1.10
From the figure,
Cleaﬂy, triangles PAH and PBK are similar. Therefore,
AP _ AH _PH
PB  BK PK
X—-x_  y-y
m _ 1 1
= nTx=x," Y=Y,
Now,
m_*7%
n T x— X,
= mx — mx, = nx = nx,
mx, —nx,
= Y=~
and
m_Y"Y
noy-y,
= my —my, =ny—ny,
my, —ny,
= Y=—m=n

‘ mx, —nx . my,—ny
Thus, the coordinates of P are ( = = )

Straight Lines 1.7

Note:

e Ifthe ratio, in which a given line segment is divided, is to
be determined, then sometimes, for convenience (instead
of taking the ratio m:n), we take the ratio A: 1 and apply

Axy +x Ay, +»,

A+l 7 A+l )
If the value of A turns.out to be positive, it is an internal
division, otherwise it is an external division. .

L ; . xl+x2 y'1+y2

» The midpoint of(xl, y])-and,(xz, yz) s\—5 5/

the formula for internal division(

) prove that A, B, C, D are vertices of

Show that diagonals AC and BD bisect
each other

Parallelogram

Show that diagonals AC and BD bisect
each other and adjacent sides AB and BC
are equal

Rhombus

Show that diagonals AC and BD are
equal and bisect each other and adjacent
sides AB and BC are equal

Square

Show that diagonals AC and BD are
equal and bisect each other

Rectangle

i Find the coordinates of the point which

divides the line segments joining the points (6, 3) and
(-4, 5) in the ratio 3 : 2 (i) internally and (ii) externally.

Sol. Let P (x, y) be the required point.

i. For internal division, we have

3 2
4(6,3) Pr,y)  BC49)
- Fig. 1.11
_3(-4)+2(6)
B 3+2
_3(5)+203)
and R
= x=0andy=21/5
So the coordinates of P are (0, 21/5).
ii. For external division, we have
» 3«
> o<
4(6,3) p(-4,5) P(x, y)

Fig. 1.12
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_3=9-206)
T T 32
3(5)-203)
and y="3773
= x=—24andy=9

So the coordinates of P are (- 24, 9).

) 1}14 " In what ratio does the x-axis divide the
lme segment joining the points (2, — 3) and (5, 6)?

Sol. L et the required ratio be A:1.
Then, the coordinates of the point of division are
[(BA+2Y A1), (64 -3)A+1)]

But, it is a point on x-axis on which y-coordinates of
every point is zero.

=  (6A-3)(A+1)=0

1
= A= 2
Thus, the required ratio is (1/2): Lor 1 : 2
B8 Given that 4(1, 1) and B(2, — 3) are

two pomts and D is a point on 4B produced such that
AD = 3A4B. Find the coordinates of D.

Sol. We have, AD = 34B. Therefore, BD = 24B.

AT D 2.3 D

Fig. 1.13
Thus, Ddivides AB externally in the ratio AD : BD=3:2

Hence, the coordinates of D are

(3(2) 21), 3(—3) 2(1)

3-2

Determine the ratio in which the line
3x +y — 9 =0 divides the segment joining the points (1, 3)
and (2, 7).

Sol. Suppose the line 3x + y — 9 = 0 divides the line segment
joining A(1, 3) and B(2, 7) in the ratio £ : | at point C. Then,
the coordinates of C are

(2k+1 Tk + 3)

k+1 7 k+1
But, Clieson3x+y—9= 0. Therefore,
2k+ 1Y, Tk+1 _
3 (%55 )+ kr1 00
=6k+3+7k+3-9%-9=20
' =3
= k_ 4

So, the required ratio is 3 : 4 internally

| Prove that the points (-2, — 1), (1, 0),

(4, 3), and (1, 2) are the vertices of a parallelogram. Is it a
rectangle? .

Sol. Let the given points be 4, B, C, and D, respectively.
Then, the coordinates of the midpoint of AC are

S

Coordinates of the midpoint of BD are

(1-51 0+2) (1,1

Thus, AC and BD have the same midpoiﬁt.
Hence, ABCD is a parallelogram. -

Now, we shall see whether ABCD is a rectangle or not.
We have

AC= @4 - (=2 + B - (- D)?

= 2413,
and

BD=(1-1+(0-2=2
Clearly, AC # BD. So, ABCD is not a rectangle.

If P divides 04 internally in the ratio

/1 l and Q divides OA externally in the ratio A : 1, then
prove that OA is the harmonic mean of OP and OQ

Sol.

0 ° .
P A @
Fig. 1.14

| '11 +}“2
We have, Yo /11 OA
and A ll_lz
0) AIOA

1,1 _ 2

= OP " 00~ 04

= OP, OA4 and OQ are in H.P.

Given that A A A
in a plane whose coordinates are (x Y, ), (xz, yz), (x Y, ),
respectively. A A is bisected at the pomt pP,P 1A 3 is d1v1ded
in the ratio 1 : 2 at Pz, P2A4 is divided in the ratio 1 : 3 at
P3, P3A5 is divided in the ratio 1 : 4 at P4, and so on until all
n points are exhausted. Find the final point so obtained.

A are n points



Sel. The coordinates of P (midpoint of 4 4 ) are

(x]+x2 y1+y2)
2 2

jD2 divides P 1 A3 in 1 : 2; therefore, coordinates of P2 are

x +tx - fy. +y )
1" 1 7
(2( 2 )+x3, 2( 2 +y3)

2+1 2+1 .
. x1+x2+x3 yl+y2+y3
i.e., 3 > 3

Now P3 divides P1A4 in 1: 3, therefore,

(x + x +x) .+ y. +y)
1 32 3 +x 3 1 32 3+y
P= 4’ 4
3 3+1 3+1

11 L1
_[4 (xlji—x2+x3+x4),4 (yl+y2+y3+y4)]

Proceeding in this manner, we can show that the coordinates
of the final point are

(e, Fx,+ -t x)n (y +y,+ - +y)n]

COORDINATES OF THE CENTROID, INCENTRE,
AND EX-CENTRES OF A TRIANGLE

Centroid of a Triangle

The point of concurrency of the medians of a triangle is called

the centroid of the triangle. The coordinates of the centroid of

the triangle with vertices as (x], yl), (xz, ¥,), and (x3, y,) are
(x1 +x2+x3’yl +y2+y3)

3 3
Proof:

Let A(xl, yl), B(xz, yz), and C(x3, y3) be the vertices of A ABC
whose medians are AD, BE, and CF, respectively. So D, E,
and F are respectively the midpoint of BC, CA, and 4B.

Ax,, )

<xl+x2,yl+y2
2

R

C
(5 )

L
D
(xzayz)' xz+x3 y2+y3)
v ( 2 "2

Fig. 1.15
Coordinates of D are

(x2+x3 y2+y3)
2 T2

Straight Lines 1.9

Coordinates of a points G dividing 4D in the ratio 2:1
are :

x2+x3 y2+y3
1(x1)+_2 3 1(y1)+2 5
1+2 ’ 1+2
_(xl+x2+x3,yl+y2+y3)
- 3 3

Incentre of a Triangle

The point of concurrency of the internal bisectors of the
angles of a triangle is called the incentre of the triangle.
The coordinates of the incentre of a triangle with vertices as
A(x,y), Bx,, y,) and C(x,, y,) are

(cvcl+ bx,+cx ay +by, + cy})

at+tb+c ° a+b+tc

where a=BC, b=AC and C= 4B

Proof: Let A(xl, yl), B(xz, yz), C(x3, y3) be the vertices of

the triangle ABC, and let a, b, ¢ be the lengths of the sides
BC, CA, AB, respectively. :

Clx,y)

Fig. 1.16

The point at which the bisectofs of the angles of a triangle
intersect is called the incentre of the triangle.

Let AL, BM, and CN be respectively the internal bisectors
of the angles 4, B and C.

As AL bisects ZBAC internally, we have

BL_BA_c 0
IC~ 4AC™ b !
LC_»b
= BL™ ¢
IC,,_ b
= pLtl=etrl
LC+BL _b+c
= BL ¢
BC b+c
= BL ™ ¢
a _b+c
= ﬁ_ I
= BL:b‘jfc (ii)
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Since BI is the bisector of /B, so it divides A/L in the
ratio A1 : IL
Al _ AB _ c _b+c
IL - BL (ac)/(b+c)

[Using (ii)]
(i)

= Al:IL= (b+c¢):a
From (i), L divides BC in the ratioc : b
—> Coordinates of L are

(bx2+cx3, by2+cy3)
b+c = b+c

From (iii), / divides AL in the ratio (b + ¢) : a. So the
coordinates of [ are

bx2+'cx3 by2+cy3
a_x1+(b+c) SHtc ay1+(b+c) ¥
atb+ec ’ atb+c

(aﬁc1+bx2+cx3 ay by, tey, )
or a+b+c atb+c

Ex-centre of a Triangle

Let A(x ’ yl), B(xz, yz), C(xs, y3) be the vertices of the triangle
ABC, and let g, b, ¢ be the lengths of the sides BC, CA, AB,
respectively. The circle which touches the side BC and the
other two sides AB and AC produced is called the escribed
circle opposite to the angle 4. The bisectors of the external
angle B and C meet at a point /, which is the centre of the
escribed circle opposite to the angle 4.

A
cr \b

Fig. 1.17
BL_c A (ro
LCT b *0TL a

The coordinates of / are given by

(—axl tox,tex, —ay, +by2+cy3)
—at+tb+c —atb+c

Similarly, coordinates of I, and/ s (centres of escribed circles
opposite to the angles B and C, respectively).are given by

I = (axl—'bx2+cx3 ayl—by2+cy3)
2 a-b+tc > a-b+tc

. (ax1+bx2—cx3 ayl+by2—cy3)
3 atb-c ° a+b-c

Circumcentre of .a Triangle

Circumcentre P(x, y) is a point which is equidistant from the
vertices of triangle A(xl, yl), B(xz, yz), C(x3, y3).

Hence, AP = BP = CP, which gives two equations in
x and y, solving which we get circumcentre.

Also circumcentre is given by

sin 24 + sin 2B +sin 2C
Y, sin 24 +y, sin 2B+ y, sin ZC)
sin 24 + sin 2B + sin 2C

(x1 sin 24 + x, sin 2B+ x, sin 2C

Orthocentre

The point of concurrency of the altitudes of a triangle is calle(i
the orthocentre of the triangle. o ’

AGpy)
E

(x, ¥,)B D C (x5 ¥5)

Fig. 1.18
In Fig. 1.18, point A is an orthocentre of A4BC, and it is
given by

(x1 tand +x tanB+x tanC y tanA+y tanB+y, tan C)
tan A +tan B+ tan C tan 4 + tan B + tan C

Note:

e Circumcentre O, Centroid G, and Orthocentre H of an
acute AABC are collinear. G divides OH intheratio 1 : 2,
le,0G:GH=1:2

e In an isosceles triangle, centroid, orthocentre, incentre,
and circumcentre lie on the same line. In an equilateral
triangle, all these four points coincide.

If a vertex of a triangle is (1, 1), and the

middle points of two sides passing through it are (-2, 3) and
(5, 2), then find the centroid and the incentre of the triangle.



Sel.
A, 1)

(-2,3)E F(5,2)

(@, p)B Cy, 0)

Fig. 1.19

Let E and F be the midpoints of 48 and AC.

Let the coordinates of B and C be (a, 8) and (y, 9),
respectively, then

>

—_

_lta ,_1+8
-2= 3=
- _1+40
5= 2= "

1+
2
+v
2

a=-5p8=5y=9,0=3

' Therefore, coordinates of B and C are (-5, 5) and
(9, 3), respectively.

Then, centroid is

(1—§+9’1+§+3)’i.e.,(%’3)

and a=BC=V(=5-97+(5-37=10\2
b=CA=VO-17+@3 -1 =217
and c=AB=V(1+57(1-5) =2N13

Then incentre is

( 10V2(1) + 2V17(- 5) + 2V13(9)
10V2 + 2V17 +2¥13

10@(1)+2x/1_7(5)+2m(3))
10V2 +2¥17 + 213

. (sﬁ—5m+9m,5ﬁ+5vﬁ+3x/ﬁ
TN SV2HNTT VI3 T SN2 +N1T7 + 13

; 2 Find the orthocentre of the triangle whose
vertices are (0, 0), (3, 0), and (0, 4).

Sol. This is a right-angled (at origin) triangle, therefore
orthocentre = (0, 0).

Straight Lines 1.11

If the vertices P, O, R of a triangle
POR are rational points, which of the following points of
the triangle POR is (are) not necessarily rational?

a. centroid b. incentre

¢. circumcentre d. orthocentre

(A rational point is a point both of whose coordinates
are rational numbers)
Sol. If 4 = (xl, yl), B= (xz, yz), C= (xz, y3), where X,y etc.,
are rational numbers, then Xx , 2y are also rational.

So, the coordinates of the centroid (le/3 2y1/3) will be
rational. '

As AB=c = \j(x] - x,? + (v, — »,)* may or may not

be rational and it may be an irrational number of the form
\p. Hence, the coordinates of the incentre (Zax 1IZa, 2ay /Za)
may or may. not be rational. If (¢, §) is the circumcentre or
orthocentre, @ and § are found by solving two.linear equations in
a, § with rational coefficients. So ¢, f must be rational numbers.

If the circumcentre of an acute angled

triangle lies at the origin and the centroid is the middle
point of the line joining the points (@*+1,d" +1) and 2a,
— 2a), then find the orthocentre.

Sol. We know from geometry that the circumcentre (O)
centroid (G) and orthocentre (H) of a triangle lie on the line
joining the circumcentre (0, 0) and the centroid (@ + 1)%/2,
(a—1)*12).

HG _2

Also Go ™1 => H has coordinate

3a+ 1) 3(a-— 1)2)
2 2

If a vertex, the circumcentre, and the

centroid of a triangle are (0, 0), (3, 4), and (6, 8), respectively,
then the triangle must be

a. a right-angled triangle

b. an equilateral triangle

c. an isosceles triangle

d. aright-angled isosceles triangle

Sol. Clearly, (0, 0), (3, 4), and (6, 8) are collinear. So, the
circumcentre M and the centroid G are on the median which
is also the perpendicular bisector of the side. So, the A must
be isosceles.

Orthocentre and circumcentre of a A ABC

are (a, b) and (c, d), respectively. If the coordinates of the
vertex A are (xl, yl), then find the coordinates of the middle
point of BC.
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Sol.
(x; »
O@b) 2 1 C'(c,d)
(2)
Ax, 3)
B—"Mm.p €
(b)
Fig. 1.20
_at2c _b+2d
TET3 YT
Now
x + 2p y+ 2q
X=T3nyE 3
a+2c—xI b+2d—y]
p= 3 4= )

Concept Application Exercise 1.1 -

1. Ifthe points (0, 0), (2, 2V3), and (p, g) are the vertices
of an equilateral triangle, then (p, q) is

a. (0,-4) b. (4,4 ¢ 4,00 d (50

2. The distance between the points (a cos @, a sin ) and
(acos B, asinf) is

a. g cos q_;/j b. 2acos a_gﬁ
¢. 2asin a_—?:,[j d. asin a_;[j

3. Find the length of altitude through 4 of the triangle
ABC, where 4 =(-3,0), B=(4,-1), C=(5, 2).

4. Ifthe point (x, - 1), (3, ), (-2, 3), and (- 3, - 2) taken
in order are the vertices of a parallelogram, then find
the values of x and y.

5. If the midpoints of the sides of a triangle are (2, 1),
(-1, =3), and (4, 5). Then find the coordinates of its
vertices.

6. The three points (=2, 2), (8, —2), and (-4, —3) are the

vertices of
a. an isosceles triangle

b. an equilateral triangle

¢. aright angled triangle
d. none of these

(kc+la,kd+lb)
k+1  k+1

a. Vertices of an equilateral triangle

7. The points (a, b), (¢, d), and

b. Vertices of an isosceles triangle

¢. Vertices of a right-angled triangle

d. Collinear ‘
8. The points (- a, — b), (a, b), (d*, ab) are

a. Vertices of an equilateral triangle

b. Vertices of a right-angled triangle

¢. Vertices of an isosceles triangle

d. Collinear

9. Circumcentre of the triangle formed by the line y = x,
y=2x,andy=3x+4is
a. (6,8) b. (6, -8)
¢ (3,4 d. (3,4

10.Find the area of the péntagon whose vertices are
A(1, 1), B(7,21), C(7, -3), D(12, 2), and E(0, -3).

11.If the middle points of the sides of a triangle are
(-2, 3), (4, -3), and (4, 5), then find the centroid of
the triangle.

12.The line joining A(d cos «, b sin @) and B(a cos §,
a sin f) is produced to the point M(x, y) so that
AM and BM are in the ratio b : a. Then prove that
x+ytan (o +p3/2)=0.

13. A point moves such that the area of the triangle
formed by it with the points (1, 5) and (3, -7) is 21
sq. units. Then, find the locus of the point.

14.1f (1, 4) is the centroid of a triangle and the coordi-
nates of its any two vertices are (4, —-8) and (-9, 7),
find the area of the triangle. '

15. A triangle with vertices (4, 0), (— 1, — 1), (3, 5) is
a. isosceles and right-angled
b. isosceles but not right-angled
c. right-angled but not isosceles

d. neither right-angled nor isosceles

LOCUS AND EQUATION TO A LOCUS

Locus

The curve described by a point which moves under given
condition or conditions is called its locus. For example,
suppose Cis a point in the plane of the paper and P is a variable



point in the plane of the paper such that its distance from
C is always equal to a (say). It is clear that all the positions
of the moving point P lie on the circumference of a circle
whose centre is C and whose radius is a. The circumference of
this circle is, therefore, the “Locus” of point P when it moves
under the condition that its distance from the point C is always
equal to constant a.

Let 4 and B be two fixed points in the plane of the paper,
and P be a variable point in the plane of the paper which
mowves in such a way that its distance from 4 and B is always
same. Thus, the “locus” of P is the perpendicular bisector of
AB when it moves under the condition that its distance from A
and B is always equal.

Equation to Locus of a Point

The equation to the locus of a point is the relation which is
satisfied by the coordinates of every point on the locus of the
point.

Steps to find locus of a points

Step I: Assume the coordinates of the point say (k, k) whose
locus is to be found.

Step II: Write the given condition in mathematical form
involving 4, k.

Step III: Eliminate the variable(s), if any.

Step IV: Replace / by x and £ by y in the result obtained in
step 111

The equation so obtained is the locus of the point which
moves under some stated condition(s).

| The sum of the squares of the distances of a

to a constant quantity 2¢%. Find the equation to its locus.

Sol. Let P(h, k) be any position of the moving point and let
A(a, 0), B(— a, 0) be the given points.

Then, we have
PA* + PB* = 2¢* (given)
= (h—a)y + (k=0 + (h+a)y’ + (k- 0)* = 2
20+ 21 + 24 = 2¢°
= R+ =cd-d

2 2

Hence, equation to locus (4, k) is x> +3* = ¢? — &%

Betndwal Find the locus of a point, so that the join
of (-5, 1) and (3, 2) subtends a right angle at the moving
point. '

Sol. Let P(h, k) be a moving point and let A(— 5, 1) and
B(3, 2) be given points.

moving peint from two fixed points (a, 0) and (- a, 0) is equal

Straight Lines 1.13

By the given condition, we have

£ APB = 90°
= A APB is aright-angled triangle
= AB? = AP* + PB?
> @+ +Q- 1) =h+5+E&- 17+ (kh-3)
+ (k-2 _
= 65 = 2(W* + I* +2h - 3k) + 39

= B+ +2h-3k-13=0
Hence, locus of (h, k) is x* + y* + 2x = 3y — 13 =0.

o TOWE®IE. A rod of length / slides with its ends on
two perpendicular lines. Find the locus of its midpoint.

Sol. Let the two perpendicular lines be the coordinates axes.
Let AB be arod of length /.

Let the coordinates of 4 and B be (a, 0) and (0, b),
respectively.

Y4
(0, B
P(h, k)
0 A@0
Fig. 1.21

As the rod slides, the values of @ and b change.
So a and b are two variables.

Let P(h, k) be the midpoint of the rod 4B in one of the
infinite positions it attains.

Then, h=aJ2FOandk=0;b
o h=%andk=2 (i)
From A OAB, we have

AB* = 04* + OB*
= a+p =
= (2h)* + (2k)? = PP [Using (i)]
= An* + 42 = I

Hence, the locus of (4, k) is 4x” + 4% = [*

| AB is a variable line sliding between the

coordinate axes in such a way that 4 lies on x-axis and
B lies on y-axis. If P is a variable point on 4B such that
PA = b, PB = a, and AB = a + b, find the equation of the
locus of P.
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Sol. L.et P(h, k) be a variable point on AB such that
£048 =86. :
Here 0 is a variable.

YAL

» X
Fig. 1.22
From triangles ALP and PMB, we have
sin 6 = 3 1)
cos 0 = -Z— (i)

Herefisa vari_able. So, we have to eliminate 6.
Squaring (i) and (ii) and adding, we get
B KR _
B od

Hence, the locus of (4, k) is

1

2 2
W

=1
b

8%

Two points P and Q are given, R is a

variable point on one side of the line PQ such that ZRPQ
—~ ZROQP is a positive constant 2c. Find the locus of the
point R. .

Sol. Let the x-axis along QP and the middle point of PQ be

origin and let R = (x, y)-
Let OP=0Q=aand ZRPM=0 and ZROM=¢

.ﬂ‘

y
tan§ =20 = @)
In A RQM,
RM _ Y

tan¢=§M—a+x1 (i1)

But given ZRPQ — ZRQP = 2a (constant)

= 6-¢ =2a
= tan (0 — ¢) = tan 2a
tan—tan¢p 5
= 1+l:ant9tan¢_tan ¢
yl yl
a=% "a+x
= 2 Y, = tan 2a
ta=xa+x,
2x1y1
= —#—Z=tan2a
a—-x,ty;

= a—x +yl = 2x1y1 cot 2o or x; — ¥y + 2x y cot 2a
=a

Hence, locus of the point R(xl, y’l) is x* — y2 + 2xy
cot 2a = d*. '

If the coordinates of a variable point P is

(a cos 0, b sin §), where 0 is a variable quantity, then find
the locus of P.
Sol. Let P =(x, y). According to the question
x=acosf (1)
y=>bsind (i)
Squaring and adding (i) and (ii), we get

x ¥ 2 2
S5+ =cos 0+sin" 0
a b
2 y2
2

or St+5=1
a v

' = Find the locus of a point such that the sum

of its distance from the points (0, 2) and (0, — 2) is 6.

Sol. Let P(h, k) be any point on the locus and let 4(0, 2) and
B(0, — 2) be the given points.

By the given condition, we get
PA+PB=6



= V(A0 + (k-2 +\(h-0) + (k+2) =6

V2 + (k=2)* = 6 —\(h—0) + (k+2) |

=
— };2+(k—2)2=36—12\/m
+ 1+ (k+2)
= —8k—36=— 12K+ (k+2)
= (2k+9) =3 B + (k+2)
= 2k +9)* = (K’ + (k+2))
= 4% + 36k + 81 = OK* + 9k + 36k + 36
= Ol + 5% = 45

Hence, locus of (i, k) is 9x% + 5)° = 45.

Concept Applicai;ion ‘Exercisé 1.2

1. Find the locus of a point whose distance from (a, 0) is
equal to its distance from y-axis. -

2. The coordinates of the points 4 and B are (a, 0)
and (—a, 0), respectively. If a point P moves so that
PA* — PB* = 2k*, when k is constant, then find the
equation to the locus of the point P.

3. If A(cos a, sin @), B(sin a, — cos &), C(1, 2) are the
vertices of a A ABC, then as ¢ varies, then find the
locus of its centroid.

4. Let A (2,-3)and B (- 2, 1) be vertices of a triangle
ABC. If the centroid of the triangle moves on the line
2x + 3y =1, then find the locus of the vertex C.

5. Qs a variable point whose locus is 2x + 3y + 4 =0;
corresponding to a particular position of O, P is the
point of section of OQ, O being the origin, such that
OP : PQ =3 :1. Find the locus of P?

6. Find the locus of the middle point of the portion of
the line x cos @ + y sin @ = p which is intercepted
between the axes, given that p remains constant.

7. Find the locus of the point of intersection of lines
xcosa+ysinag=gand xsina —ycosa=2b
(a is a variable).

SHIFTING OF ORIGIN

Let O be the origin and let X’OX and Y'OY be the axis of
x and y, respectively. Let O" and P be two points in the plane
having coordinates (%, k) and (x, y), respectively referred to

Straight Lines 1.15

X'0OX and Y'OY as the coordinates axes. Let the origin be
transferred to O and let X'O'X and Y'O'Y be new rectangular
axes. Let the coordinates of P referred to new axes as the
coordinates axes be (X, Y). :

YA AY
: Plx,y)
; Ly
— X T
X e N S ¢
10k iN
: b
' '\
L :
L : » X
o > x5 M
Y
Fig. 1.24
Then,
O'N =X,PN=Y,OM=x,PM=y,0L=h,andO'L=k
Now,'
x =OM=0OL+IM=0L+0ON=h+X
and

y =PM=PN+NM=PN+OL=Y+k
> x=Xt+thandy=Y+k%

Thus, if (x, y) are coordinates of a point referred to old
axes and (X, Y) are the coordinates of the same point referred
to new axes, then x = X'+ s and y = Y + k. Therefore, the origin
is shifted at a point (4, k), we must substitute X + Zand Y + k
for x and y, respectively.

The transformation formula from new axes to old axes is
X=x-hY=y-k

The coordinates of the old origin referred to the new axes
are (—h, — k).

If the origin is shifted to the point

(1, —-2) without rotation of axes what do the following
equations become?
i 2x*+)* —4x+4y=0and
ii. ) —dx+4y+8=0.
Sol. i. Substituting x =X+ 1,y =Y+ (—2) = ¥ - 2 in the
equation 2x” + y* — 4x + 4y = 0, we get
2X+ 1Y+ (V-2 -4X+ 1) +4T=-2)=0
or2X’ + Y =6
ii. Substituting x = X + 1, y = ¥ — 2 in the equation y* — 4x
+4y+8=0, we get
(Y=2)"—4(X+1)+4(Y-2)+8 =0
or V¥ =4X
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» TNEIKIE At what point the origin be shifted, if the
co’ dinates of a point (4, 5) become (- 3, 9)?

Sol. Let (A, k) be the point to which the origin is shifted.
Then,
x=4,y=5X=-3,Y=9
x=X+thandy=Y+k
= 4=-3+hand5=9+k%
= h=Tandk=-4
Hence, the origin must be shifted to (7, — 4).

Shift the origin to a suitable point so that

the equatlon Y+ 4y + 8x — 2 = 0 will not contain term in
y and the constant term.

Sol. Let the origin be shifted to (4, k). Then,
x=X+handy=Y+k

Substituting x = X + &, y = ¥ + k in the equation * + 4y
+8x —2=0, we get

Y+ k)2+4(YjL k+8X+h)-2=0
= P+ @A+26)Y+8X+ (K +4k+8h-2)=0

For this equation to be free from the term containing
Y and the constant term, we must have

4+2k=0and K> +4k+8h—2=0
k=-2and h=3/4
Hence, the origin is shifted at the point (3/4, — 2).

=

The equation of a curve referred to new
axes, axes retaining their directions, and origin (4, 5) is X
+ ¥* = 36. Find the equation referred to the original axes.

Sol. With the above notation, we have
' =X+4,y=Y+5
X=x—-4,Y=y-5
-. The required equation is
x-4+ (-5 =36

= x°+)’—8x— 10y + 5 = 0 which is equation referred
to the original axes.

=

Find the equation to which the equation
X+ Txy -2+ 17x =26y - 60 =0

is transformed if the origin is shifted to the point (2, —
3), the axes remaining parallel to the original axis.

Sol.

Here the new origin is (2, - 3).

Then, x=X+2,y=Y-3.

" and the given equation transforms to

X+2P+7X+2) (Y=3)—2(Y -3+ 17(X + 2) - 26
(Y-3)-60=0

= X+TXY-2V-4=0

ROTATION OF AXIS

Rotation of Axes without Changing the Origin

Let O be the origin. Let P = (x, y) with respect to axes OX and
OY and let P = (x', y") with respect to axes OX' and OY' where
LX' OX=/£YOY' =0

AY

P(x,

v ' x, )
Ej\(x' ¥)
E 0 ‘\“ yl
y ‘\“\ X
0
0 /x' Y
o a > X

O\¢——x —R

Fig. 1.25

In Fig. 1.25, we have
SR =xtan 6, OS=xsec9,

PS=y—xtan0
Now in triangle PQS,
. G_SQ_x’—xseCG
SIMY=Ppg ™y —xtang
.2
i sin” 6
= x’=ysmt9—xm E(—)%—g
i 1-sin’*@
=ys1n0+xw
= x' =xcosf+ysinf
PQ y'
Also 0059=ﬁ=m
= ‘ Yy =-xsinf+ycosf
= x=x"cos0—y sinb,
y=x'sinf+y cos b
x y
! cos @ sin 6
¥y —sinf cos 6
Note:

Compare real and imaginary parts of the equation (x
+iy) = (' + i) (cos 8 + i sin 6) to remember the
Jormula

- e ! The equatlon of a curve referred to a given
system of axes is 3x* + 2xy + 3y* = 10. Find its equation
if the axes are rotated through an angle 45°, the origin
remaining unchanged.



" Sol. With the above notation, we have
. x, _ y,
x=x"cos45°—y' sin 45° = ——=—
A2
X +y
NG)

Thus, 3x* + 2xy + 3y” = 10 transforms to

(5] ()7 -

= ur+y2=5,

and y =x' sin 45° +)' cos 45° =

Removal of the term xy, from f(x, y) = ax* +

2hxy + by? without changing the origin

Clearly, 7 # 0.
Rotating the axes through an angle 6, we have
x=x'"cos 8-y sin 8
y=x"sin 0+ cos 6.
o, ) = ax® + 2hxy + by*
=q (x' cos 0-y" sin 6)* + 2h(x' cos 6— 0y’ sin ). (x' sin 6
+y' cos ) + b (x' sin + ' cos 6) _
= (acos® 8+ 2% cos Osin O+ b sin? 6) x> +2 [(b - a)cos O
sin 6 + A (cos’ 8- sin’6)] x'y’ + (a sin®> @ —2h cos Bsin O+ b
cos” 6) y'”*
=F(x', ), (say).
In F(x', y"), we require that the coefficient of the X¥-term
to be zero.
. 2[(b— a) cos @ sin 8+ h{cos* 6—sin® 6)] = 0.
= (a—b)sin 20=2h cos 26.

h orcot28= a_—b
a—>b 2h

We use the former or the later equation according as a =
b or a = b. These yield 0, the angle through which the axes
are to be rotated (the origin remaining unchanged) in order to
remove the xy-term from f{x, ).

=tan20=

Given the equation 4x” +2 NE) xy+2t=1.
Through what angle should the axes be rotated so that the
term xy is removed from the transformed equation.

Sol. Comparing the given equation, with
ax’ + 2hxy + by’, we geta=4, h= J3,b=2.
Let O be the angle through which the axes are to be ro-

tated.
Then tan20 = 2h
a»—b
23 s
= tan26= —— = =tan =
an 12 V3 =tan 3
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= 29=£,n+£
3 3

= 6=£,—2£
6 3

Change of Origin and Rotation of Axes

If origin is changed to O’ (e, §) and axes are rotated about the

.new origin O’ by an angle 6 in the anticlockwise sense such

that the new coordiantes of P(x, y) becomes (x’, "), then the
equations of transformation will be

x=aq+x' cosf—y sinf

and
y=pF+x"sinf+y cosh
Ya
) P(x, y)
y Nor s
NP
x'
0 /
5
A :
0/
0 >X
Fig. 1.26

What does the equation 2x* + dxy — 5)°

+ 20x — 22y — 14 = 0 become when referred to rectangular
axes through the point (-2, ~ 3), the new axes being inclined
at an angle of 45° with the old axes?

Sol. Let .0’ be (-2, -3). Since the axes are rotated about
O’ by an angle 45° in anticlockwise direction, let (x, y') be
the new coordinates with respect to new axes and (x, y) be the
coordinates with respect to old axes. Then, we have

x=—2+x"cos45°—-y'sin4 °=—2+( x\/%y)
!+ !
y=-3+x"s5in45°+y cos4 °=—3+( x\/iy)

. The new equation will be

22 (2 ol N )
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= x’-14y -7y"-2=0
Hence, new equation of curve is

X —ldxy -7 -2=0

STRAIGHT LINE

A straight line is a curve such that every point on the line

segment joining any two points on it lies on it.
Slope (Gradient) of a Line

The trigonometrical tangent of an angle that a line makes with
the positive direction of the x-axis in anticlockwise sense is
called the slope or gradlent of the line.

yA
[
X/ 9 .
YT
h/
Y
(a)
Ay
\B
1 0 X
X < o A\ ».
vV
(b)
Fig. 1.27

Note:

» The slope of a line is generally denoted by m. Thus,
m=tarn 6.

« Since a line parallel to x-axis makes an angle of 0° with
x-axis; therefore, its slope is tan 0° = 0.

+ A line parallel to y-axis, i.e., perpendicular to x-axis
makes an angle of 90° with x-axis, so its slope is tan 77/2
= 00,

* The slope of a line equally inclined with the axisis 1 or

— 1, as it makes 45° or 135° angle with x-axis. Slope of
a line in terms of coordinates of any two points on it is
given as shown below:

Y4
Q(xz’yz)/v
P(xu'yl) 0 J '
l : Nyz
. ‘ylk .
X~ 2 t. T:’f
Ol yye L M
Y » X, €
Fig.128
From the figure, slope is
T g OV nH
tan 6 = PN =%, ~%,

_ Difference of ordinates
Difference of abscissae

Angle between Two Lines

The angle 6 between the lines having slope m and m_is given
by

m —m
2 i

ii
tan @ = 1+mm

Proof:

Fig. 1.29

Let m, and m, be the slopes of two given lines AB and

CD which intersect at a point P and make angles 01 and 92,
respectively with the positive direction of x-axis.

Then,
ml
Let LZAPC = 0 be the angle between the given lines.

= tan 01 andm_ =tan6,
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Then, Determine x so that the line passing
0,=0+9, ‘ through (3, 4) and (x, 5) makes 135° angle with the positive
= 0= 92 - 01 direction of x-axis
= tan 8 = tan (92 - 01) Sol. Since the line passing through (3, 4) and (x, 5) makes an
: angle of 135° with x-axis; therefore, its slope is
tan Oz—tan 91 ) o 135° = —
= tan 6 = 1+tan6 tan6, an -
' But, the slope of the line is also equal to
m,—m, ’ . 5_2a
= tan 6 = W - x—3
Since LAPD = x — 0 is also the angle between 4B and = -1= S-4
x=3
CD.
—y+3 =
Therefore, ’ = x+3=1
= x=2
tan LAPD =tan (m — ) =—tan 0
m, —m .rs . .
-2 (ii) [Using ()] Condition for Parallelism of Lines
12

It two lines of slopes m, and m, are parallel, then the angle
From (i) and (ii), we find that the angle between two lines  epween is 0°.

of slopes m and m, is given by tan@ = tan 0° =0

m,—m, mom
tan 6 = % (m) = Trmm = 0
172 12
L mymm = m,=m

= ¢ = tan (i T+m, mz) ‘ Thus, when two lines are parallel, their slopes are equal.
The acute angle between the lines is given by Condition for Perpendicularity of Two Lines

tan @ = i B If two lines of slopes m and m_ are perpendicular, then the

l+mm ! 2
2 angle  between them is 90°.

If A (-2, 1), B2, 3), and C(-2, —4) are cotf=0

three points, then find the angle between BA and BC.
1+m -m
1 2

Sol. Let m, and m, be the slopes of B4 and BC, respectively. ' = =0
Then, 2 1
. 3-1 _2_1 -
™= 3 (2 4°2 = m m,=—1
_-4-3_17 Thus, when lines are perpendicular, the product of their
and m X
2 2-2 4 slope is — 1.
m,—m, If m is the slope of a line, then the slope of a line
tan 6 = W perpendicular to it is — (1/m).
7 1 ahenndidmes Let A(6, 4) and B(2, 12) be two given
_1_472 points. Find the slope of a line perpendicular to AB.
1+ % X % Sol. Let m be the slope of AB, than
10 _12-4_ 8 5
18 2 2-6 -4
~ 11573 .
3 So, the slope of a line L to AB

= 9=tan’l(%) ' = 3=y
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Intercepts of a Line on the Axes

If a straight line cuts x-axis at 4 and the y — axis at B then
04 and OB are known as the intercepts of the line on x-axis and
y-axis respectively. -

YA

Nz

y-intercept

A
» X
%

e x-intercept
Y/
Fig. 1.30

The intercepts are positive or negative according as
the line meets with positive or negative directions of the
coordinates axes.
In figure O4 = x-intercept, OB = y-intercept
~ O4 is positive or negative according as 4 lies on OX or
OX respectively. '

Similarly OB is positive or negative according as B lies
on OY or OY respectively.

Note:

o If line has equal intercept on axes, then its slope is —1.

Equation of a Line Parallel to x-Axis

Equation of a line parallel to x-axis at a distance b from it.
Then, clearly the ordinates of each point on 4B is b.
Thus, AB can be considered as the locus of a point at a

distance b from x-axis.

Thus, if P(x, y) is any point on 4B, then y = 5.
Y4

y=b P(x,y)
b
X'a l » X
o
v
Y!
Fig. 1.31

Hence, the equation of a line parallel to x-axis at a distance
bfromitisy=>b.

Since x-axis is parallel to itself at a distance 0 from it;

therefore, the equation of x-axis is y = 0.

Equation of a Line Parallel to y-Axis

Let 4B be a line parallel to y-axis and at a distance a from
it. Then the abscissa of every point on 4B is a. So it can be

_ treated as the locus of a point at a distance a from y-axis.

Thus, if P(x, y) is any point in 4B, then x = a.

Y4
F 3
® P(x,y)
<---q---
X'« —» X
(0]
x=a
, v
Y'w
Fig. 1.32

DIFFERENT FORMS OF LINE

Slope Intercept Form of a Line

The equation of a line with slope m that makes an intercept ¢
on y-axis is -
y=mxtc

Proof: Let the given line intersects y-axis'at Q and makes an

angle @ with x-axis. Then m = tan 0. Let P(x, y) be any point
on the line as shown in the figure.

YA
)'P(x,y)
y—c
;|
Qt—' I
X 44—
X Ko If .
~/ o) 7 >
Y'v

Fig. 1.33



From APMQ, we have _
PM_Y-—¢
tan0=Q—M= X
—c
g m=yx
= y=mxt+c

which is the required equation of the line.

-Point-Slope Form of a Line

The equation of a line which passes through the point (x p )
and has the slope ‘m’ is

Y=y =mx—x)
Proof: Let O(x i’ yl) be the point through which the line passes

and let P(x, y) be any point on the line. Then, the slope of the
line is

But m is the slope of the line. Therefore,
Y=y
m=x—x =Yy, =mb-x)

Thus, y — Y, =m(x —x ;) 1s the required equation of the

line.

§ Find the equation of a straight line which

cuts-off an 1ntercept of 5 units on negative direction of
y-axis and makes an angle of 120° with the positive direction
of x-axis.

Sol. Here, m = tan 120° = tan (90 + 30°)
and ¢ = — 5. So, the equation of the line is

-V3x-5 =x+y+5=0

=—cot30°=—+3

| Find the equation of a straight line cutting

off an 1ntercept 1 from y-axis and being equally inclined
to the axes.

Sol. Since the required line is equally inclined with coordinates
axes; therefore, it makes an angle of either 45° or 135° with
the x-axes.

Ya

R P

X

(0,-1)

Fig. 1.34

Straight Lines 1.21

So, its slope is either m = tan 45° or m = tan 135°, i.e.,

m=1or— 1. It is given that ¢ = — 1. Hence, the equations of -
the lines are

y=x—landy=—x—1

M3 Find the equation of a line that has

y- mtercept 4 and is perpendlcular to the line joining (2, — 3)
and 4,2).

Sol. Let m be the slope of the required line.

Since the required line is perpendicular to the line joining

. A(2, - 3) and B(4, 2). Therefore,

m % slope of AB = —

243
= “4-2

-1
- o2
5
- The required line cuts-off an intercept 4 on y-axis, so ¢ = 4.
Hence, the equation of the required line is

y= —%x+4

= 2x+5y-20=0

Two-Point Form of a Line

The equation of a line passing through two points (x y,) and
(x,,»,)1s

Y, ™3
Y-y = X, =%

)(x x,)

Proof:

Let m be the slope of the passmg through (x y,) and
(x,,»,), then
Y, 7Y

m = —
% ﬁ

So, the equation of the line is
Y=y, =mx— x,) (Using point - slope form)
Substituting the value of m, we obtain

Y, =¥,
X, =X,

yoy, = Lx-x)

This is the required equation of the line in two-point
form.

Find the equation of the perpendicular

blsector of the line segment joining the points 4(2, 3) and
B(6,-5).

Sol. The slope of 4B is given by m
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_=53_
=62 2

—> The slope of a line L to AB
1

1.1
m=2
Let P be the midpoint of AB, then the coordinates of
Pare
( 2+6,3-5
2 72

) e (4, ‘1)

Thus, the required line passes through P(4, —1) and has
slope 1/2.

So its equation is
y+1 = 2 (c-4)[(Usingy—y, = m(x=x)]
x—2y—-6=20

> - Find the equations of the medians of

the trlangle ABC whose vertlces are A(2 5), B(— 4, 9), and
c-2,-1).

Sol. Let D, E, F be the midpoints of BC, C4 and 4B,

respectively. Then the coordinates of these points are
D(=3, 4), E(0, 2), and F(— 1, 7), respectively.

A(2,5)
F E
(-4,98 D C(-2,-1)
Fig. 1.35
The median AD passes through points A4(2, 5) and
D(=3, 4).
So, the equation of 4D is
4-5
y=5=55 -2
= y=5=%G-2)
= x=5+23=0

The median BE passes through points B(— 4, 9) and £(0, 2)

So, the equation of median BE is

0-9=(§g) e+

= | ITx+4y-8=0
Similarly, the equation of the median CF is
7 +1
o+1=rre+2)
= 8x—y+15=10

9 In what ratio does the line joining the

pomts (2 3) and (4, 1) divide the segment joining the points
(1,2) and (4, 3)?

Sol. The equation of the line joining the points (2, 3) and
4, 1)is

1-3
y-3=436-2
= y—3=—x+2
= Xxty-5=0 ()

Suppose the line j;)ining (2, 3) and (4, 1) divides the
segment joining (1, 2) and (4, 3) at point P in the ratio A : 1.
Then the coordinates of P are

Franbeey

Clearly, P lies on (i)

AL 3H2 g

ZA+1 A+

= A=1

Hence, the required ratio isA:1l,ie,1:1
: {If} Find the equations of the altitudes of the
triangle whose vertices are A(7, 1), B(-2, 8), and C(1, 2)
and hence orthocentre of triangle.
Sol.

A(7,-1)

E

(-2,88 D al,2)

Fig. 1.36
Let AD, BE, and CF be three altitudes of triangle ABC.

Let m, m,, and m, be the slopes of AD, BE, and CF,
respectlvely

Then, AD 1 BC
= Slope of 4D x Slope of BC=—1

- o m x(%+§) -1
- e

BE 1L AC

= Slope of BE x Slope of AC=—1
-1-2

= mx(FH)=

= m2=2




And, CF 1 4B
== Slope of CF x Slope of AB=—1
nd ;1+ g -1
= m, = 1
Since AD passes through A(7, — 1) and has slope
m = 1/2.
So, its equation is
y+l=2x-7
= x—2y-9=0
Similarly, equation of BE is
y—8=2(x+2)
= 2x—=y+12=0
Equation of CF'is
' -2=1(x-1
= x—y+1=0

Intercept Form of a Line

The equation of a line which cuts-off intercepts a and b,
respectively from the x and y-axes is

x Y
a-ﬁ-E:l

Proof: Let AB be the line which cuts-off intercepts O4 = a
and OB = b on the x and y-axes respectively. Let P(x, y) be
any point on the line.

AY

1\3

boa—% N\ P(x, )
I })
X ¢ 0 T A\ » X
Jy——’ a +—
YI
Fig. 1.37

From the diagram, we get that
Area of AOAB = Area of AOPA + Area of AOPB

= %OAXOB=%OA><PL+%OB><PM

1

= jabzl

an-i-%bx

Straight Lines 1.23

= %+%=1

Find the equation of the line which passes

through the pomt (3, 4) and the sum of its intercepts on
the axes is 14.

Sol. Let the equation of the line be

x4 Z 1 ) @)

This passes through (3, 4), therefore

Qw

=1 (iij

+

SIS

Itis given thata + b =
= b=14-a
Putting & = 14 — a in (ii), we get

BTErER

3 4
a

= d—13a+42=0
= (@ 7N@-6=0

= a=7,6
Fora=7,b=14—-7=17
andfora=6,b=14-6=8

Putting the values of g and b in (i), we get the equations
of the lines

x Y _ x, Y _
74‘7— lal’ld6+8—1
or x+y=Tand4x+3y=24

Etample 1. 52 _Find the equation of the straight line that

i. makes equal intercepts on the axes and passes through
the point (2, 3),

ii. passes through the point (—5, 4) and is such that the
portion intercepted between the axes is divided by the
point in the ratio 1 : 2.

Sol. i. Let the equation of the line be
x, Y
aty
Since it makes equal intercepts on the coordinates axes,
therefore a = b.

=1

So, the equation of the lin¢ is
%+J5;= lorx+y=a
The line passes through the point (2, 3).

Therefore, 2+3=a
= a=5
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Thus, the equation of the required line is x +y = 5.

ii. Let the equation of the line be

Clearly, this line meets the coordinate axes at A(a, 0)
and B(0, b), respectively.

The coordinates of the point that divides the line joining
A(a, 0) and B(0, b) in the ratio 1 : 2 are

( 1'.(0) +2(a) 1(b)+ 2(0).) _ (2'_a , _lz)

1+2 °~ 1+2 3.3

It is given that the point (=5, 4) divides 4B in the ratio

1:2.
Therefore, 2a/3=-35andb/3=4
= a=-152and b= 12
Hence, the equation of the required line is
x Y _
-5 + i5 = 1
2
= 8x—5y+60=0

Normal Form or Perpendicular Form of a Line

The equation of the straight line upon which the length of

the perpendicular from the origin is p and this perpendicular

makes an angle a with +ve direction of x-axis is
xcosatysina=p

Proof: Let the line 4B be such that the length of the
perpendicular OQ from the origin O to the line be p and
/X000 =qa.

J

p coseca
p

a A

: » X
. Ol¢————psec o—— 4

4
Y

Fig. 1.38
From the diagram, using the intercept form, we get

Equation of line 4B is

X 4 Y -1
pseca " pcoseca
or xcosa+tysina =p

) - The length of the perpendicular from the

origin to a line is 7 and the line makes an angle of 150° with
the positive direction of y-axis. Find the equation of the line.

Sol. Here p =7 and a = 30°
A Y’

%
30°
‘ » X
0 y,
v \
Fig. 1.39

Equation of the required line is

x 08 30°+ysin 30° =7

V31
=> ' 7x+~2—y=7
= Vx+y =14

ANGLE BETWEEN TWO STRAIGHT LINES
WHEN THEIR EQUATIONS ARE GIVEN

Let the angle 0 between the lines ax + by + ¢ = 0 and
ax+by+c =0isgivenby
) ) ab —apb,

tan@ = |———5 1
aa,+ b1bz

Proof: Let m, and m, be the slopes of the lines a x + bly te,
=0andax+by+tc =0, respectively.

Then,
m, =—a1/bl andm2=—a2/b2
Now,
m —m,
@6 =T m,
2
a a
R
| 7B YD
= 1 2
= tanl = |———(5 -~ a
I
1 2
ab —ab
= tan O = | = l+b1b2
a,a,7o,5,
ab —-ab
= 0 =tan"' |2 l+b1b2
aa,7 09,




Condition for the Lines to be Parallel

If the linesax +by+c =0andax+by+ c,= 0 are
parallel, then ’ '

ml =m2
a a
1 2
e -7 =—-7
bl b2
al bl
sl a - 1
612 b2

Condition for the Lines to be Perpendicular

If the lines ax + by +c =0andax+by+c, =0are

perpendicular, then
- 4 D\ _
LT
aa + blb2 =0

It follows from the above discussion that the lines
ax+byte =0anda2x+b2y+cz=0are

=g

: al bl
i. Coincident, if 7~ = 7=
2%

Q|_Q

2

ii. Parallel, if “ —bl o
. if A=tat
ii. Parallel, if 7 5,*5

a b
iii. Intersecting, if a—l # b—l
2%

iv. Perpendicular, ifa a, + b b, =0

Find the angle between the pairs of
straight lines

i.x-yV3-5=0and Bx+y—-7=0

il. y=2-3)x+5andy=Q2+3)x-7
Sol. i. The equations of two straight lines are

x— W3 -5=0 (1)
and

Vx+y—-7=0 (ii)

Let m and m_ be the slopes of these two lines. Then,

- =1 _ 1
"mTINN
and m, = ~?= -3
Clearly, m m, == 1. Thus, the two lines are at right
angle.

Straight Lines 1.25

ii. Let m and m_  be the slopes of the straight lines
y=(2—3)x+5andy=(2+3)x -7, respectively.
Then,

m =2-V3andm, =2++3
Let 8 be the angle between the lines. Then,
(m, - mz))

1+m1m

tan0=i(

2

_i((z—x/?)—(zwi))
1+ -V3)2 +V3)

(283 ) _

‘i(“1+4 —3)=*\3

So, the acute angle between the lines is given by
tan @ = |+ V3| =3

=2
g = 3 .
A straight canal is 47

miles from a place

and the shortest route from this place to the canal is exactly
north-east. A village is 3 miles north and four east from the
place. Does it lie by the nearest edge of the canal?

Sol. Let the given place be O. Take this as the origin and
the east and north directions through O as the x-and y-axes,
respectively. '

Ya
North
B
L
1
42 Canal

45° East

o > » X
Fig. 1.40

Let AB be the nearest edge of the canal. From the

question, OL is perpendicular to 4B such that OL = 4 % miles
and LLOA = 45°

So, the equation of the canal is
x cos 45° + y sin 45° =4%

= VZ(x+y) =9 (1)

The position of the village is (4, 3). The village will lie on
the edge of the canal if (4, 3) satisfies the Eq. (i).

Clearly, (4, 3) does not satisfy (i). Hence, the village does
not lie by the nearer edge of the canal.
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intéféept; intercept, and normal forms.

Sol.y =2 +3 tan6=m=23,c=3

Intercept form:

x Y 4 __5,_5
(T
2 3
Normal form:
2x + X Iy
V3G
sing = —2 > COS O =— 2 =p=i
V13 V13 V13

A rectangle has two opposite vertices at

the points (1, 2) and (5, 5). If the other vertices lie on the
line x = 3, find the other vertices of the rectangle.

Sol. Let A =(1,2), C=(5,5)
D(37y2)

(1.2) G, 5)

B3, »)
Fig. 1.41

Since vertices B and D lie on line x = 3; therefore, let
B=(3,y)andD=(3, )

Now since AC and BD bisect each other, therefore, middle
points of AC and BD will be same

y2y2=2;50ry1+y2=7 )
Also D? = AC
O, =) = (1 =5 +(2-57=25
or y, =y, =%5 (ii)

Solving (1) and (ii), we get
y,=6,y,=lory = L,y =6

Hence, other vertices of the rectangle are (3, 1) and (3, 6).

- Avertex of an equilateral trlangle is (2,3)

and the equation of the opposite side is x + y = 2, find the
equation of the other sides of the triangle.

Sol. Given line 1s

x+y —-2=0

Reduce the line 2x'— 3y + 5§ = 0 in slope-

m =-1.
A4(2,3)

Its slope

60° 60°
B x+y=2 C

A
v

Fig. 1.42

Let the slope of the line be m which makes an angle of
60° with line in Eq. (i), then

—m
tan 60°

1

m
orfj m\

m,
1+mm

or N IRIETET I

or
m-—1 m

or

l+m=%3(m-1)

_V3+1 V3-1
BREETREET

=2+43,2-3
Equation of other two sides of the triangle are

y-3=@+V)@E-2)

o3 =2-B (-2

and

Two consecutive sides of a parallelogram

are 4x + Sy = 0 and 7x + 2y = 0. If the equation to one
diagonal is 11x + 7y = 9, find the equation of the other
diagonal.

Sol.
2 7)
D(_'3"§
H
Tx+2y=0
5 4)
B(?"?
A(07 0) 4x+5y=0 \
Hx+7y=9
Fig. 1.43

Let the equation of sides 4B and AD of the parallelogram
ABCD be as given in Egs. (i) and (i1), respectively, i.e.,

4x+5y =0
Tx+2y =0

@
(i)

and



" Solving (i) and (ii), we have

x=0,y=0
A4 =(0,0)
Equation of one diagonal of the parallelogram is
llx+7y =9 (iii)

Clearly, A(0, 0) does not lie on diagonal as shown in
Eq. (iii), therefore Eq. (iii) is the equation of diagonal BD.
Solving (i) and (iii), we get B = (% _ g-)
L _(.2,1
Solving (ii) and (iii), we get D = (— 3 3)
Since H is the middle point of BD

n=(bY

. Now, equation of diagonal AC which passes through A(0, 0)
and A (% ) %) is

(x—0ory—x=0

A line 4x + y = 1 through the point

A(2, — 7) meets the line BC whose equation is 3x — 4y + 1
=( at the point B. Find the equation of the line 4C, so that
AB = AC.

Sel.
) B sxog+1=0 C M
Fig. 1.44
Let the equation of BC be
3x—4y+1=0 @)
and the equation of 4B be
dx+y-1=0 (ii)

Since AB =AC .. LZABC = LACB = « (say)
Slope of line BC' = 4/3 and slope of 4B =—4.

Let slope of AC =m, equating the two values of tan ¢,
we get

31 (3
“A-q| g
1-4x3| |1+3m)
19 3 —4m
= % T4 3m
= m=52/800rm=-4

Therefore, equation of AC is
y+7=—(52/89) (x—2)or 52x+89y+519=0

Straight Lines 1.27

A variable straight line is drawn through

the point of intersection of the straight lines x/a + y/b =1
and x/b + y/a = 1 and meets the coordinate axes at 4 and
B. Show that the locus of the midpoint of 4B is the curve
2xy (@t b)=ab (x+)y).

Sol.

) (@0 0
ol @h o\ "
v *
Fig. 1.45
Given lines are y
x .
aty =1 (i)
and Z+g=1 (i)
Solving (i) and (ii), we get
—_ab_,.q,=_ab
SRR S R

Now a variable line passing through these points meets
the axis at points 4 and B. Let the midpoint of 4B be (%, k)
whose locus is to be found.

Then coordinates of 4 and B are (24, 0) and (0, 2k).
Now points 4, B and [ab/(a + b), ab/(a + b)] are coliinear.
Then

. 1 2h 0 1
A=§ 0 2k i1=0
ab ab 1
atb a+b
ab ab  _
:>4hk—2h—a+b—2/ca+b—0

2xy(a + b) = ab(x + y)

If the line (x/a) + (3vb) = 1 moves in such a

way that (1/a%) + (1/b%) = (1/c*) wherecisa constant, prove
that the foot of the perpendicular from the origin on the
straight line describes the circle x* + y* = ¢%,

Sol. Variable line is

x ., Y
aty =1

(1)
b

Any line perpendicular to Eq. (i) and passing through the
origin will be
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Y ..
7-2=0 (i)
Now the foot of the perpendicular from the origin to the
line EEQ. (i) is the point of intersection of Eq. (i) and (ii).

Letbe P (a, §), then & + é 1 (iif)
and

%_é’ =0 (iv)
Squaring and adding Eqgs. (iii) and (iv), we get
{hep)or (e 4)

a a
But
% + # = % (given)

Hence c is a constant and a, b are parameters (variables).
Therefore,

@+p)L =1
C

Hence, the locus of P-(a, ) is

Ay =

Equation of a Line Parallel to a Given Line
The equation of a line parallel to a given line ax + by + ¢ =0 is

ax+by+A =0

where A is @ constant. Find 4 by using given condition.

Equation of a Line Perpendicular to a Given Line

The equation of a line perpendicular to a given line ax + by
+c=0is
bx—ay+A =0

where A is a constant. Find 4 by using given condition.

Find the equation of the line which is

parallel to3x-2y+5=49 and passes through the point
(5, — 6).

Sol. The equation of any line parallel to the line 3x — 2y + 5
=01is
3x-2v+A =0 (1)
This passes through (5, — 6), therefore we get
3Ix(5)-2x(-6)+1 =0

= A==27
Putting A = — 27 in (i), we get
Ix-2y-27=0

which is the required equation.

I 64_ | Find the equation of the straight line that

passes through the point (3, 4) and perpendicular to the
line3x+2y+5=0.

Sol. The equation of a line perpendicular to 3x +2y +5 =0 1is
2x—-3y+A=0 _ 1)
This passes through the point (3, 4), therefore we get
2x(3)-3x(4)+A=0

= A=6
Putting A = 6 in (i), we get
2x-3y+6=0

which is the required equation.

Find the coordinates of the foot of the

perpkéndi‘cular drawn from the point (1, — 2) on the line
y=2x+1. '

Sol. Let M be the foot of the perpendicular drawn from
P(1,—-2) onthe line y=2x + 1.

P(1,-2)
A< " »B
y=2x+1
Fig. 1.46

Then A is the point of intersection of y =2x + 1 and a line
passing through P(1, — 2) and perpendicular to y = 2x + 1.

The equation of a line perpendicular to y = 2x + 1
or2x—y+1=0is

x+2y+A =0 @)
This passes through P(1, — 2), therefore we get
= 1-4+1=0
= ' A=3
Putting 4 = 3 in (i) , we get
x+2y+3 =0
Point M is the point of intersection of 2x —y + 1 =0 and
x+2y+3=0
Solving these equations by cross-multiplication, we get
x _ry 1
-5 =55
= x=-landy=-1

Hence, the coordinates of the foot of the perpendicular
are (-1, -1).



Straight Lines 1.29

[ Tl

' Find the image of the point (-8, 12) with
respect to the line mirror 4x + 7y + 13 = 0.

Sol. Let the image of the point P(—8 12) in the line mirror 4B be
0 (e P).
Then, PQ is perpendicularly bisected at R.

A 3x-2y-5=0_

v

<
<

. P(-8, 12) :
. N
; Fig. 1.48
j R B > Equation of line LM is _
: 3x—2y-5=0 @
0 (@.B8) Equation of P4 is
x-2y-3=0 (ii)
Fig. 1.47 Solving (i) and (ii), we get
' x=1ly=-1
- +12
The coordinates of R are (a 3 8, b 5 ) =(1,-1)
) ) Let slope of AQ = m, slope of LM =3/2, slope of P4 =1/2
Since R lies on 4x + 7y + 13 = 0, we get
: Let LLAP = ZQAM=qa
2a-16+ (78 +84)/2+13=0 As ZLAP =
= 4a+78+78 =0 (1) % % 4
Since PQ L AB, therefore (slope of AB) X (slope of PQ) = tana = I+ 3.1 =7 (iif)
=_1 22
4 ,3— 12 Again ZOAM =«
= -5 -1 3
7 8 m—= )
. _ 2 _|2m=3 .

N s tana = 3 = 2+3m' (iv)
= To—46+104 =0 (ii) L+5m ‘
Solving (i) and (ii), we get From Eq (iii) and (iv), we have

a =— 16, ﬁ =-2 [
‘Hence, the image of (-8, 12) in the line mirror 4x + 7y 2 + 3 7
+13=0is(-16, - 2). m—3 4
or 2+3m 7
A ray of the light is sent along the line _ %, 229
x — 2y — 3 = 0. Upon reaching the line 3x - 2y — 5 = 0, the 1
ray is reflected. Find the equation of the line containing But slope of AP =75
the reflected ray.
". Slope of 4Q ="

Sol. Solving the equations of LM and P4 coordinates of 4 can
be obtained. Now, the equation of 4Q will be

If slope of AQ is determined, then the equation of 40 _29 i
can be determined. 5 (x-1)
If slope of AQ is m, then equating the two values of or 29x-2y-31=0

tan 6 (considering the angles between 4L and AP and between

A ray of light is sent along the line
AM and AQ, m can be found.

2x 3y=-5. After refracting across the line x + y =1 it enters
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the oppposite side after turning by 15° away from the line
x +y = 1. Find the equation of the line along which the
refracted ray travels.

Sol.
P
L
F2x=3y=>5
4
D S
Fig. 1.49
Equation of line 4B is
xty=1 @
Equation of line QP is
2x-3y =5 (ii)

OR is the refracted ray. According to question
Z/SQR =15°

Solving Egs. (i) and (ii), we get

8 ndy=_3
x=zandy=-7%
_(8 3
= 2=\s- 5)
_2
SlopeonP—§
_2
= SlopeonS—§
Let slope of  QR=m
But ZSQR = 15°
2
j—m
= tan 15° = 5
1+5m
3
_12-3m]|
= 2-3 = 3+2m
2-3m _
= 5o, —E2-V3)
= 2-3m =+[6-3V3 + (4 -2V3)m]
6—3V3 + (4 -2V3)m
or 2-3m =6+ 3v3 - (4-2V3)m
N m:3\/§—4 33-8
7-2V3"1-2V3

3./3-8

For required line m = ——=
auit 1-23

Concept Application Exercise 1.3

1. Find the angle between lines x =2 and x — 3y = 6.

2.1f the coordinates of the points 4, B, C, and D, be
(a, b), (a', b'), (— a, b), and (¢, — b'), respectively,
then find the equation of the line bisecting the line
segments 4B and CD:

3. If the coordinates of the vertices of the triangle ABC
are (-1, 6), (=3, —9), and (5, —8), respectively, then
find the equation of the median through C.

4.Find the equation of the line perpendicular to the
line % - % = 1 and passing through a point at which it
cuts x-axis.

5.1f the middle points of the sides BC, C4, and 4B
of the triangle 4ABC are (1, 3), (5, 7) and (-5, 7),
respectively, then find the equation of the side 4B.

6. Find the equations of the lines which pass through the
origin and are inclined at an angle tan"' m to the line
y=mx-+c.

7.If (=2, 6) is the image of the point (4, 2) with respect
to line L = 0, then find the equation of line L.

8.Ifthe linesx+(a—1)y+1=0and 2x +’y — 1 =0
are perpendicular, then find the values of a.

9. Find the area bounded by the curves x + 2[y| = 1 and
x=0.
10. Find the equation of the straight line passing through
the intersection of the linesx —2y=1landx+ 3y =2
and parallel to 3x + 4y =0.

11. A straight line through the point (2, 2) intersects the
lines V3x + y =0 and V3x — y = 0 at the points 4 and
B. Then find the equation to the line 4B so that the
triangle OAB is equilateral.

12.Find the equation of the straight line passing
through the point (4, 3) and making intercepts on the
coordinate axes whose sum is ~1.

13. A straight line through the point A(3, 4) is such that
its intercept between the axis is bisected at 4. Find its
equation.

14. The diagonals AC and BD of a thombus intersect at
(5, 6). If A = (3, 2), then find the equation of diagonal
BD.

15.1f the foot of the perpendicular from the origin to
a straight line is at the point (3, —4). Then find the
equation of the line.

-16.If we reduce 3x + 3y + 7= 0to the formx cosa +y

sin @ = p, then find the value of p.

17.Find the equation of the straight line which passes
through the origin and makes angle 60° with the line

x+V3y+33¥3=0.




18. A line intersects the straight lines 5x —y — 4 =0 and
3x —4y — 4 =0 at 4 and B, respectively. If a point
P(1, 5) on the line 4B is such that AP : PB=2:1
(internally), find point A4.

19. In the given figure PQOR is an equilateral triangle and
OSPT is a square. If OT = 22 units, find the equation

of lines OT, OS, SP, OR, PR, and PQ.

}E R

P A2 L
45°

S
459457
45°450 45° 75°
< >y
M 0 (4]

Fig. 1.50

20. Find the obtuse angle between the lines x —2y +3=0
and3x+y—-1=0.

21. Two fixed points 4 and B are taken on the coordinates
axes such that O4 = a and OB = b. Two variable
point 4’ and B’ are taken on the same axes such that
OA' + OB’ = OA4 + OB. Find the locus of the point of
intersection of AB’ and A'B.

DISTANCE FORM OF A LINE (PARAMETRIC
FORM)

The equation of the straight line passing through (v, y ) and
.making an angle § with the positive direction of x-axis is
X=X y-y
cos@ sinf

where r is the distance of the point (x, y) on the line from
point (xl,yl).
Proof: Let the given line meets x-axis at 4, y-axis at B and
passes through the point Q(xl, yl).

Y‘T .
x, )
P/
0 £p N
Zdl
y
b2 l
AR ‘
T O L >X
X —>
Y'Jr

Fig. 1.51

Straight Lines 1.31

Let P(x, y) be any point on the line at a distance » from
(0] (xl, yl) ie, PO=r. ’

In APQN, we have
9 QN x-x
cosf = p5="F
: x-x .
= cos 0 =—F (1)
d
- sin 0 =EN
PQ
. Y=y .
= sinf = — (i)

From Egs. (i) and (ii), we get

Xx-x, y-y
cosf sinf |

This is the required equation of the line in the distance
form.
= x—x =rcos€andy—y1 =rsinf

= x=x trcos@andy=y +rsinf.

Thus, the coordinates of any point on the line at a distance
r from the given point (x,, y ) are (x + r cos 0, y, trsin 0).
If P is on the right side of (xl, yl), then r is positive and if
Pisonthe leftside of (x , y ), thenr is negative. Since different
values of » determine different points on the line, therefore
the above form of the line is also called parametric form or
symmetric form of a line.

In the parametric form, one can determine the coordinates
of any point on the line at a given distance from the given point
through which it passes. At a given distance » from the point
(xl,yl)ontheline (x—xl)/c056= (y—yl)/sine therearetwopoints

viz., (x + 7 cos t9,y1 + r sin 8) and (x, —rcos G,yl —rsin 6).

A straight line is drawn through the
point P(2, 3) and is inclined at an angle of 30° with the

x-axis. Find the coordinates of two points on it at a distance
4 from P.

Sol. Here (xl,yl) = (2, 3), 6 = 30°, the equation of the line is

x—=2 _ y-=3
cos 30°  sm 30°
x-2 _y—3
= B 1L
R 2
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= x—2=3(-3)
= x=V3y =2-343

Points on the line at a distance 4 from P(2, 3) are
(x £rcos b,y +rsin6)

or (2+4cos30° 3+4sin 30°)

or (2%2V3,3+2)or(2+2v3,5)and (2-2v3, 1)

d Find the equation of the line passing

through the point 4(2,3) and making an angle of 45° with
the x—axis. Also determine the length of intercept on it
between A and the linex+y+1=0.

Sol.
Y‘V
e

Y\:\\\l

Fig. 1.52

The equation of a line passing through 4 and making an angle
of 45° with the x-axis is

x—2 _ y-3
cos 45° ~ sin 45°
x—2 =)’—3
1 1
V2 V2
= x—y+1=0

Suppose this line meets the line x + y + 1 = 0 at P such
that AP = r. ‘

Then, the coordinates of P are given by

x—-2 _ y-3 -,
cos 45°  sin45°

= x=2+rcos45° y =3+rsinds°
=2+L — _;,_L
= X \/Ty 3 N

Thus, the coordinates of P are (2 + —L, 3+ L)

NERRNG}

Since P lies on x + y + I = 0. Therefore,

2+#%+3+#%+1=0
= V2r=-6
= r=-3V2
Therefore,  length AP = |r| =32

Thus, the length of the intercept = 3v2

P { The line joining two points A4(2, 0),
B(3, 1) is rotated about 4 in anticlockwise direction
through an angle of 15°. Find the equation of the line in

the new position. If B goes to C in the new position, what
will be the coordinates of C?

Sol. The slope m of the line AB is given by

m= 1-0_ 1
3-2
YA
X'«
0 A(2,0)
Y'e

Fig. 1.53

So, 4B makes an angle of 45° with x-axis. Now 4B is
rotated through 15° in anticlockwise direction and so it makes
an angle of 60° with x-axis in its new position AC.

Clearly AC passes through 4(2, 0) and makes an angle of
60° with x-axis, therefore the equation of AC is

x-2 _y=0
cos 60°  sin 60°
x—=2 :y—O
1 V3
2 2

We have

AB =3 -2+ (107 =+72.

So, the coordinates of C are given by




the Iine 2x — 3y + 9 = 0 measured along alinex —y+1=0.
Sol. The slope of the linex —y + 1 =0 is 1. So it makes an

angle of 45° with x-axis.

The equation of a line passing through (1, 3) and making

an angle of 45°is
x-1 _y-3 _
cos 45°

" sin45°

263y +9=0

i3

Fig. 1.54

Coordinates of any point on this line are (1 + » cos 45°,

3+rsin45°)=(1+%,3+%)

If this point lies on the line 2x — 3y + 9 = 0, then
3r
+ —9—=—=+9 =
2+7V2 -9 ] 9=0
= F=2\2

Hence, the required distance = 2v2

Find the distance of the point (1, 3) from

x—-y+1=0

Concept Application Exercise 1.4

1. Two particles start from the point (2, — 1), one
moves 2 units along the line x + y = 1 and the other
5 units along the line x — 2y = 4. If the particles. move
towards increasing, then find their new positions.

2. Find the distance between A4(2, 3) on the line of
gradient 3/4 and the point of intersection P of this
line with 5x+ 7y + 40 =0.

3. The centre of a square is at the origin and one vertex

is A(2, 1). Find the coordinates of other vertices of the
square.

CONCURRENCY OF THREE LINES

Three lines are said to be concurrent if they pass through a

common point, i.e., they meet at a point.

Thus, if three line are concurrent the point of intersection of
two lines lies on the third line. Let the three concurrent lines be

Straight Lines 1.33

ax+bytc =0 6]
a2x+b2y-|-c2 =0 . (ii)
a}x+b3y+c3 =0 (iii)

Then the point of intersection of Eqs. (i) and (ii) must lie
on the third.

The coordinates of the point of intersection of Egs. (i)
and (ii) are :

(blc,z—bzc1 claz-czal)
— 3 —_
albz azbl_ aIbZ a2b1

This point lies on line (iii). Therefore, we get

be ~bc ca —ca
12" %
- ( £ +b}( o bl)mzo
4, mahy, NG90, a4, :

= a3(blc2 - bzcl) + b3(cla2 - czal) + c3(a1b2 - azb1) =0

lC1

» & =0
c. .
3

3

a
- a
a

o o O

WwN

This is the required condition of concurrency of three lines.
Alternative Method:
Three line'sL1 Ealx+b1y+cJ =0;L25a2x+b2y+cz=0;
L3 =ax+ b3y +c,=0are concurrent iff there exist constz;ntsll,ﬂ.z,
/13 not all zero at the same time so 1:ha’t/11L1 +/12L2 4-).3L3 =0, ie,

ll(alx +tbytc) +/12(a2x +tby+c) +/13(a3x thy+ c)=0.

; ;ﬁ Find the value of 4, if the lines 3x — 4y — 13

=0, 8 — 11y — 33 and 2x —3y + 1 = 0 are concurrent.

Seol. The given lines are concurrent if

i3 -4 —13
}8—11—33 =0
2 -3 2

= 3(— 114~ 99) +4 (84 + 66) —13 (24 +22)=0

= “A-T7=0=A=-7
Alternative Method: The given equations are
3x—4y—13 =0 )
Sx—11y—33 =0 _ (i)
and 2x—=3y+A =0 (ii1)

Solving Eqgs. (i) and (ii), we get
x=1landy=>5
Thus, (11, 5) is the point of intersection of Egs. (i) and (ii).

The given lines will be concurrent if they pass through

"the common point, i.e., the point of intersection of any two

lines lies on the third.



