Chapter 7. Probability Distributions

EXERCISE 7.1 [PAGES 232 - 233

Exercise 7.1 | Q 1 | Page 232

Let X represent the difference between the number of heads and the number of tails
when a coin is tossed 6 times. What are the possible values of X?

SOLUTION 1

Given: X = Number of heads — Number of tails

Number Number Number of

of heads | of heads | heads —
Number of
tails

0 6 -6

1 5 -4

2 4 -2

3 3 0

4 2 2

5 1 4

6 0 6

Therefore, the possible values of X are :
-6,-4,-2,0,2,4,6

SOLUTION 2

When a coin is tossed 6 times, the number of heads can be 0, 1, 2, 3, 4, 5, 6.
The corresponding number of tails will be 6, 5, 4, 3, 2, 1, 0.

~ X can takevalues0-6,1-5,2-4,3-3,4-2,5-1,6-0
ie.-6,-4,-2,0, 2, 4,6.

“X={-6,-4,-2,0,2 4,6}

Exercise 7.1 | Q 2 | Page 232
An urn contains 5 red and 2 black balls. Two balls are drawn at random. X denotes
number of black balls drawn. What are possible values of X?



The urn contains 5 red and 2 black balls. If two balls are drawn from the urn, it contains
either O or 1 or 2 black balls.

X can take values 0, 1, 2.
~X={0, 1, 2}.

Exercise 7.1 | Q 3.1 | Page 232
State if the following is not the probability mass function of a random variable. Give
reasons for your answer.

X Jo [1 [2
P(X)| 040402

SOLUTION

P.m.f. of random variable should satisfy the following conditions:
(a) 0 < pi <1

(b) 2pi=1

X Jo J1
P(X)|0.4]0.4]0.2

(a) Here 0 < pi =1

(b) >pi=04+04+02=1

Hence, P(X) can be regarded as p.m.f. of the random variable X.
Exercise 7.1 | Q 3.2 | Page 232

State if the following is not the probability mass function of a random variable. Give
reasons for your answer.

X Jo J1 [2 [3 4
P(X)|0.1]05]02[-0.1]0.2

SOLUTION

P.m.f. of random variable should satisfy the following conditions:
(@)0=pi=1

(b) 2pi=1

X Jo J1
PX)|0.1]05]02]-0.1]0.2




P(X =3) =-0.1, i.e. pi < 0 which does not satisfy 0 < pi < 1
Hence, P(X) cannot be regarded as p.m.f. of the random variable X.

Exercise 7.1 | Q 3.3 | Page 232
State if the following is not the probability mass function of a random variable. Give
reasons for your answer.

X Jo 1 ]2
P(X)|0.1]0.6|0.3

SOLUTION

P.m.f. of random variable should satisfy the following conditions :
(@)0<pi =1

(b) 2pi =1

X Jo J1
P(X)|0.1]0.6]0.3

(@) Here 0 <pi <1

(b) >pi=0.1+06+03=1

Hence, P(X) can be regarded as p.m.f. of the random variable X.
Exercise 7.1 | Q 3.4 | Page 232

State if the following is not the probability mass function of a random variable. Give
reasons for your answer

Z 3 2 1 041
P() 0.3 0.2 0.4 0 0.05

SOLUTION

P.m.f. of random variable should satisfy the following conditions :
(@)0=pi=1

(b) 2pi=1

z [3 [2 J1 Jo[
P(z)|0.3/0.2/0.4]|0]0.05

Here }pi=03+0.2+04+0+0.05=0.95#1

Hence, P(Z) cannot be regarded as p.m.f. of the random variable Z.




Exercise 7.1 | Q 3.5 | Page 232

State if the following is not the probability mass function of a random variable. Give
reasons for your answer.

Y [1]o [1
P(Y)|0.6/0.1]0.2

P.m.f. of random variable should satisfy the following conditions :
(@)0=spis1
(b) > pi =1

Y [1Jo [1
P(Y)|0.6]0.1]0.2

Here Ypi=06+0.1+0.2=09#1
Hence, P(Y) cannot be regarded as p.m.f. of the random variable Y.
Exercise 7.1 | Q 3.6 | Page 232

State if the following is not the probability mass function of a random variable. Give
reasons for your answer.

X Jo [-1 -2
P(X)|0.3]0.4]0.3

P.m.f. of random variable should satisfy the following conditions :
(@)0=spis1
(b) 2pi=1

X Jo [1 -2
P(X)| 0.3]0.4]0.3

(a) Here 0 < pi<1
(b) >pi=0.3+04+03=1
Hence, P(X) can be regarded as p.m.f. of the random variable X.

Exercise 7.1 | Q 4.1 | Page 232
Find the probability distribution of number of heads in two tosses of a coin.




When one coin is tossed twice, the sample space is

{HH, HT, TH, TT}

Let X represent the number of heads s in two tosses of a coin.
~XHH) =2, X(HT) =1, X(TH)=1, X (TT)=0

Therefore, X can take the value of 0, 1, or 2.

It is known that,
1
P(HH) = P(HT) = P(TH) = P(TT) = E

1
P(X =0) = P(TT) = -

1 1 1
P(X=1)=PHT) +P(TH) = — + — — —
( ) = P(HT) + P(TH) 2 + 1= 3
P(X =2) = P(HH) = 1
4
Thus, the required probability distribution is as follows.

X 0 1 2

P(X)

1 1
2 4

1
4
Exercise 7.1 | Q 4.2 | Page 232

Find the probability distribution of number of tails in the simultaneous tosses of three
coins.

When three coins are tossed simultaneously, the sample space is
{HHH,HHT,HTH,HTT, THH, THT,TTH,TTT}
Let X represent the number of tails.

It can be seen that X can take the value of O, 1, 2, or 3.



1
POX = 0) = P(HHH) = —
TR
- -

1 13
P(X = 1) = P(HHT) + P(HTH) + P(THH) = — — ==
8 8 8
1 1 1 3
P(X =2) = P(HTT) + P(THT) + P(TTH) = = + — + — = —
(}(}(}{}8+8+88

P(X = 3) = P(TTT) = é

Thus, the probability distribution is as follows.
X 0 1

P(X)

oo | w
oole ™

1
8
Exercise 7.1 | Q 4.3 | Page 232

Find the probability distribution of number of heads in four tosses of a coin

SOLUTION

When a coin is tossed four times, the sample space is

S = {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH, TTHH,
HTTT, THTT, TTHT, TTTH, TTTT}

~n(S)=16

Let X be the random variable, which represents the number of heads.
It can be seen that X can take the value of O, 1, 2, 3, or 4.

When X =0, then X ={TTTT}

~nX)=1

“P(X=0)=

n(X) 1
)

n(S 16
When X = 1, then

X = {HTTT, THTT, TTHT, TTTH}
~nX)=4

oo | =



P K= 1) = ()) 4 1

n(S 16 4
When X = 2, then
X = {HHTT, HTHT, HTTH, THHT, THTH, TTHH}

s n(X) =

6 3
~PX=2)= i )} 6~ 3

n(S 8
When X = 3, then

X = {HHHT, HHTH, HTHH, THHH}
~n(X) =

-Pm—a—mx}—d _ 1
a T n(S) 16 4

When X = 4, then

X = {HHHH]}
~n(X) =1
_ . n(X) 1
”Pm_m_nw)_lﬁ

.. the probability distribution of X is as follows :
X 0 1 2 3 4

> 00 1 1
16 4 8 4 16

Exercise 7.1 | Q 5 | Page 232

Find the probability distribution of the number of successes in two tosses of a die, where
a success is defined as number greater than 4 appears on at least one die.



When a die is tossed twice, the sample space S has 6 x 6 = 36 sample points.
~n(S) =36

Trial will be a success if the number on at least one die is 5 or 6.

Let X denote the number of dice on which 5 or 6 appears.

Then X can take values 0, 1, 2

When X =0 i.e., 5 or 6 do not appear on any of the dice, then

X={11),(1,2.(1,3).(1,4),(21),(22),(223),(24),31),(8,2),(3,3), 3.4, (4
1), (4, 2), (4, 3), (4, 4)}.

~ n(X) = 16.

n(X) 16

When X =1, i.e. 5 or 6 appear on exactly one of the dice, then

X=1{(1,5),(1,6), (2, 5). (2 6), (3, 5), (3, 6), (4, 5), (4,6), (5 1), (5, 2), (5, 3), (5, 4), (6, 1), (6, 2), (6, 3), (6, 4)}
=000 = 16
n(X) 16 4

SPX=1) = - — =
( : n(S) 36 9

When X = 2, i.e. 5 or 6 appear on both of the dice, then
X =1(5,5), (5, 6), (6, 5), (6, 6)
~on(X) = 4.

n(X) 4 1

CRXEAETS T 36 T 9

~. the required probability distribution is

X=x 0 1 2
4 41
PX=x) — — —
9 9 9

Exercise 7.1 | Q 6 | Page 232
From a lot of 30 bulbs which include 6 defectives, a sample of 4 bulbs is drawn at

random with replacement. Find the probability distribution of the number of defective
bulbs.



SOLUTION

It is given that out of 30 bulbs, 6 are defective.
= Number of non-defective bulbs = 30 - 6 = 24
4 bulbs are drawn from the lot with replacement.

Let X be the random variable that denotes the number of defective bulbs in the selected
bulbs.

~ X can take the value 0, 1, 2, 3, 4.

- P (X = 0) = P (4 non-defective and 0 defective) = *Cy x i i X i X E = E
D 5 H D 625
1 4\° 256
P (X = 1) = P (3 non-defective and 1defective) =%C; x (—) P (—) = ——
5 5 625
2 2
P (X = 2) = P (2 non-defective and 2defective) =*C%5 x z X 4 = 96
5 5 625
3
P (X = 3) = P (1 non-defective and 3defective) 4C3 X i X i = E
5 5 625
1 4\" 1
P (X = 4) = P (0 non-defective and 4defective) = ‘o, x (—) P (—) = —
5 5 625

Therefore, the required probability distribution is as follows.

KX=x 0 1 2 3 4
256 256 96 16 1
625 625 625 625 625

P (X =x)

Exercise 7.1 | Q 7 | Page 232

A coin is biased so that the head is 3 times as likely to occur as tail. If the coin is tossed
twice, find the probability distribution of number of tails.

SOLUTION



Given a biased coin such that heads is 3 times as likely as tails.

. P(H) = = and P(T) = —
S —46”'1 —4

The coin is tossed twice.
Let X can be the random variable for the number of tails.

Then X can take the value 0, 1, 2.

'P{}{—O)—P(HH}—g X — = J
h - 474 16
3 1 1 3 6 3
PX=1=PMHT.TH =2 x — + = x = = — = =2
( ) ( ]4>-<4+4><4 T 2
1 1 1
PX=2)=P(M= - x — = —
( ) (TT) 1 1 T

Therefore, the required probability distribution is as follows.

X 0
9
16

—h

2
1

P(X) 16

3
8

Exercise 7.1 | Q 8 | Page 232

A random variable X has the following probability distribution :

X 0|12 |34 |5]| 6 7
P(X)| 0|k |2k |2k |3k |k?|2k?|7k*+k
Determine :

(i) k
(i) P (X<3)

(i) P (X > 4)



SOLUTION

(i) Since P (x) is a probability distribution of x,

n o P(zx)=1

SPO)+PM+PR)+PE)+PA) +PE)+PB)+P(7)=1
~0+k+2k+2k+3k+kZ+2kZ+ Tk + k=1

2 10k? + 9k-1=0

~10k* + 10k -k-1=0

S0k (k+1)-1(k+1)=0

S (k+1)(10k-1)=0

- 10k-1=0

10k -1= 0k -1)
1
" 10
(i) P(X<3)=P(0)+P(1) +PQ)

=0+ k+2k=3k
1 3
=3 — | = —.
(10) 10
(i)P(0<X<3)=+P()+P2)
=k + 2k = 3k

1 3
-3 =) ==
(10) 10

Exercise 7.1 | Q 9 | Page 232

Find expected value and variance of X for the following p.m.f.

| x [2]1]0o] 1 [ 2 |




|P(X)][0.2]0.3[0.1]0.15]0.25 |

SOLUTION
We construct the following table to calculate E (X) and V (X) :

X = Xi pi =P [X = xi] Xi + Pi Xi 2:pi = Xi X Xi-Pi
-2 0.2 -04 0.8
-1 0.3 -0.3 0.3
0 0.1 0 0
1 0.15 0.15 0.15
2 0.25 0.5 1
Total 1 -0.05 2.25

From the table, Zxi - pi = -0.05 and Zx? - pi = 2.25
~E (X) = Zxi - pi= -0.05

and V (X) = Zxi? -pi- ( Zxi - pi)?

= 2.25 - (-0.05)2

=2.25-0.0025 = 2.2475

Hence, E (X)=-0.05 and V (X) = 2.2475.
Exercise 7.1 | Q 10 | Page 233

Find expected value and variance of X, where X is number obtained on uppermost face
when a fair die is thrown.

SOLUTION
If a die is tossed, then the sample space for the random variable X is
S={1,2,3,4,5, 6}



1
PO = < X=123.456
E) = DxesX. P(X)
Y0 DAY D IVIPY S0 WY S Y R Y
% 6 6 6) °\%6 6

:%(1+2—|—3+4+5+6]
27
6 2
V (X) = E(X%) -[E(X))?

Yxes X2 P(X) — (E)g

2
[0 (3) () 3) ) () ()]
=—(1—|—4+9—|—16+25+36)—i—9
SR oI B e

6 4 12 12
Exercise 7.1 | Q 11 | Page 233

Find the mean number of heads in three tosses of a fair coin.
SOLUTION

Let X denote the success of getting heads.

Therefore, the sample space is

S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

It can be seen that X can take the value of O, 1, 2, or 3.
~P(X=0)=P(TTT)

= P(T) . P(T) . P(T)



|~ |~
b | =

= P(X = 1) = P(HHT) + P(HTH) + P(THH)

1 1 1 1 1 1 1 1 1
= XEX

2
3
8

— X=X -+ =-X=—X—-+=-X—-X—
2 7 2 2+2 2 2+2 2 7 2
3

8

= P(X = 3) = P(HHH)

1 1 1

:_}c:_).(_

2 2 2

1

-8

Therefore, the required probability distribution is as follows.

X 0 1 3

2
g L 3 31

8 8 8 8
Mean of X E(X), p =Y X;P(X;)

1 3 3 1
:ng+1x§+2xg+3xg
_ 3 3 3
—0—|—§—|—1+g



3
12
1.5

Exercise 7.1 | Q 12 | Page 233

Two dice are thrown simultaneously. If X denotes the number of sixes, find the
expectation of X.

SOLUTION

Here, X represents the number of sixes obtained when two dice are thrown
simultaneously. Therefore, X can take the value of 0, 1, or 2.

25
- P (X =0) =P (not getting six on any of the dice) = 36
P (X = 1) = P (six on first die and no six on second die) + P (no six on first die and six on second die)
1 D 10
2( = x =) ==—
[i] Li] 36
. , 1
P (X = 2) = P (six on both the dice) :%

Therefore, the required probability distribution is as follows.

X 0 1 2
25 10 1
PO — — —
36 36 36

Then, expectation of X = E(X) = Z X;P(X;)

25 10 1
=0x —+1x —+2x —
36 36 36
_1
3

Exercise 7.1 | Q 13 | Page 233

Two numbers are selected at random (without replacement) from the first six positive
integers. Let X denotes the larger of the two numbers obtained. Find E(X).



The two positive integers can be selected from the first six positive integers without
replacement in 6 x 5 = 30 ways

X represents the larger of the two numbers obtained. Therefore, X can take the value of
2,3,4,5,0r6.

For X = 2, the possible observations are (1, 2) and (2, 1).

2 1
P(X=2)= —=—
30 15
For X = 3, the possible observations are (1, 3), (2, 3), (3, 1), and (3, 2).
4 2
LP(X=3)= —=—
30 15
For X = 4, the possible observations are (1, 4), (2, 4), (3, 4), (4, 3), (4, 2), and (4, 1).
6 1
LP(X=4)= — = —
30 5
For X = 5, the possible observations are (1, 5), (2, 5), (3, 5), (4, 5), (5. 4), (5, 3), (5, 2), and (5, 1).
8 4
P(X=5)=—=—
30 15
For X = 6, the possible observations are (1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (6,5), (6, 4), (6, 3), (6, 2), and (b, 1).
P(X=6 -2 _1
30 3

Therefore, the required probability distribution is as follows.
X 2 3

2
P(X) — —

| =

Then, E(X) = Z x; P(x))

:2xi+3xi+4xi+5xi+ﬁx—
1 15 15 15 15

2+ 6+12+20+ 30

- 15

_ 70

T 15

14
3



Exercise 7.1 | Q 14 | Page 233
Let X denote the sum of the numbers obtained when two fair dice are rolled. Find the
standard deviation of X.

SOLUTION

If two fair dice are rolled then the sample space S of this experiment is

S={1.1),
(1,2),(1,3),(1,4),(1,5),(1,5),(1,6).,(2,1),(2,2),(2,3).(2,3),(2,4),(2,5),(2,6),(3,1),(3,2).(3,3).(3,
4),(3,5),(3,6),(4,1),(4,2),(4,3),(4,4),(4,5),(4.6).(5,1).(5,2),(5,3).(5,4).(5,5),(5,6).(6,1).(6,2).(
6,3),(6,4),(6,5),(6,6)}

~n(S) =36
Let X denote the sum of the numbers on uppermost faces.
Then X can take the values 2, 3, 4,5, 6, 7, 8, 9, 10, 11, 12

sum of Nos. (x) Favourable events No of favourable P (x)
2 1,1 1 i
(1.1) 36
3 1,2), (2, 1 2 i
(1,2), (2, 1) 36
4 1, 3), (2, 2), (3, 1 3 i
(1,3), (2 2), (3 1) 36
4
5 (1,4), (2,3), (3, 2), 4 1) 4 36
5
6 (1,5), (2, 4), (3, 3), (4, 2), (5, 1) 5 36
7 (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1) 6 %
5
8 (2,6),(3,5), (4,4), (5, 3), (6, 2) 5 36
4
9 (3, 6), (4, 5), (5, 4), (6, 3) 4

36



10 (4, 6), (5, 5), (6, 4) 3 36
2

11 (5, 6), (6, 5) 2 36
1

12 (6,6) 1 36

=~ the probability distribution of X is given by

X=x;{, 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 5 4 3 2 1
36 36 36 36 36 36 36 36 36 36 36

P[X=x;]

Expected value = E (X) = Zxi- P (xi)
2l 3i 4i 5i 'l:‘pi 7i 8i 9i 10i 11
() ~2(as) +4(55) o) o) +7(56) +o(a) +o(5s) + (56 +
2 1
(3) +12(50)
1
:gﬁ—l—ﬁ—l-12—|—2D+3U+42+40+36+30+22+12]

1
— % 252 =1T.
36

Also, Ix:2 - P ()

4 ! +9 2 + 16 2 + 25 1 + 36 > + 49 0 + 64 > + 81 4 + 100 2 + 121
X — X — K — X — X — X — X — X — X —
36 36 36 36 36 36 36 36 36

2 1
¥ — + 144 w —
36+ 36



1
—[4+ 18 + 48 + 100 + 180 + 294 + 320 + 324 + 300 + 242 + 144]

1
— (1974) = 54.863
36

~. variance = V(X) = Exiz - P () - [E(X)]°

5483 - 49
5.83

—

. standard deviation = 1?," V(X)

v 5.83 = 2.41

Exercise 7.1 | Q 15| Page 233

A class has 15 students whose ages are 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20, 17,
16, 19 and 20 years. One student is selected in such a manner that each has the same
chance of being chosen and the age X of the selected student is recorded. What is the
probability distribution of the random variable X? Find mean, variance and standard
deviation of X.

There are 15 students in the class. Each student has the same chance to be chosen.
Therefore, the probability of each student to be selected is 1/15

The given information can be compiled in the frequency table as follows.
X 14 15 16 17 18 19 20 21

f 2 1 2 3 1 2 3




P(X=14) = %,P{X: 15) = f,P(X =16) = 1—25
P(leﬁ}—i,P(X 18)—L,P(X—19}:i, (){:20}:ijP(X:ﬂ):i
15 15 15 15 15
Therefore, the probability distribution of random variable X is as follows.
X 14 15 16 17 18 19 20
.2 1 2 3 1 2 3
15 15 15 15 15 15 15

Then, mean of X = E(X)

X P(X)

=14 2 15 1 16 2 17 3 18 1 19 2 20 3 21
= e N GXE—F XE-F XE—'_ Xﬁ"— XE—F XE—'_ Xﬁ

1
=E@S—I—15+32+51+18+38+60+21)

263

15

= 1753

E(X%) = IX? PX)

2 3 2 1
® — +(21) x —
15 (21) 15

2

= (14)% x % + (15)% x % + (16)% x % +(17)° x % +(18)% x % +(19)% x % + (20)
1
= E[SQE + 225+ 512 + 867 + 324 4+ 722 + 1200 + 441)

4683
15

=312.2

Variance = V(X) = 2x2 . P(x)) - [E(X)]?

=312.2 - (17.53)
=3122-3073=49

Standard deviation = 1/ V(X)= V4.9 = 2.21

Hence, mean = 17.53, variance = 4.9 and standard deviation = 2.21.
Exercise 7.1 | Q 16 | Page 233

In a meeting, 70% of the members favour and 30% oppose a certain proposal. A
member is selected at random and we take X = 0 if he opposed, and X = 1 if he is in
favour. Find E(X) and Var(X).



SOLUTION

It is given that P(X = 0) = 30% = 30/100 = 0.3

P(X—1)—70% — 2 _ o7
100

Therefore, the probability distribution is as follows.
X 0
PXX) 0.3
Then, E(X) = 3X;P(x)
=0 x03+1x0.7
=07
E(X2) = 2XiP(x)
=0%x03 + (1)x07
=07
It is known that, var (x) = E (X%) - [E(X)]?

= 0.7 - (0.7)%
= 0.7 - 0.49
= 0.21

Hence, E(X) = 0.7 and Var(X) = 0.21.

EXERCISE 7.2 [PAGES 238 - 239

Exercise 7.2 | Q 1.1 | Page 238

Verify which of the following is p.d.f. of rv. X:

f(x) =sinx, for0 £ x < 3

0.7



SOLUTION

f(x) is the p.d.f. of rv. Xif
(@) f(x) = 0 forall x e R and

f fl(z)dz =1

(a]f{x]-smx:*[]lf[]{x{—

f f(x)dx = f f(m)dm—l—f flz)dz + f f(x)dz

—D+f sinrdr+ 0
0

=[— CDSI]E = —cos(%) +cos0=0+1=1
Hence, f (x) is the p.d.f. of X.

Exercise 7.2 | Q 1.2 | Page 238

Verify which of the following is p.d.f. of r.v. X:
f(x)=x,forO<x<1and-2-xforl<x<2

f(x) is the p.d.f. of rv. Xif
(a) f(x) = 0forall xeR and

o0
b}f flz)dz =1

—00
fx)=x=20if0<x<1
Forl1<x<2 <-2<-%x<-1

L2 -2<-2-xw<-2-1



e -d <f(x)< -3iflex<?2

Hence, f (x) is not p.d.f. of X.
Exercise 7.2 | Q 1.3 | Page 238

Verify which of the following is p.d.f. of r.v. X:
f(x)=2,forOsx<1.

SOLUTION

f (x) is the p.d.f. of rv. Xif
a)f(x) = 0forall xeR and

f flz)dz =1

f)=220for0<x <1

f; f(z)dz = f_m f(z)dz + fnlf(m)dm i ff f(z)dx

1
:O+f 2dz+ 0
0

= [2x]p'

=2-0

=2 %1

Hence, f (x) is not p.d.f. of X.
Exercise 7.2 | Q 2.1 | Page 239

The following is the p.d.f. of rv. X:

T
f(x) = 3 for 0 < x < 4 and = 0 otherwise.

Find P (x < 1-5)



SOLUTION

I
:5‘""‘-1.
!
en
oo |8
=
3]

I
00 | =
1
m|5'3h_._
| I
= -

@n

Exercise 7.2 | 2.2 | Page 230
The following is the p.d.f. of rv. X :

f(x) = Y for0 < x < 4 and = 0 otherwise

P{(1<x<2)
SOLUTION

P(1<x<?2)

= flﬂ flz)dz



14 1
sl2 2

3
16

Exercise 7.2 | O 2.3 | Page 239
The following is the p.d.f. of rv. X:
T
f(x) = 3 for 0 < x < 4 and = 0 otherwise.

Px > 2)

P(x>2)

Exercise 7.2 | Q 3.1 | Page 239

It is known that error in measurement of reaction temperature (in 0° c) in a certain
experiment is continuous r.v. given by



2

f(x) = % , for=1 < x < 2 and = 0 otherwise
Verify whether f (x) is p.d.f. of rv. X.

11;'2
f(x) = Y > 0,for-1<x<?2

m.

Also,[ flz)dz

-1 2 0o
- d d d
| t@dss [ f@yz + [ fw)is

2 22 1 [ 23712

:0+[_1f(?)dm+0=§[?]_1
_1[8 (D] _1(9]_,
"3 {3 3 ] 3 {3] -
o f (%) is the p.d.f. of X.

Exercise 7.2 | Q 3.2 | Page 239

It is known that error in measurement of reaction temperature (in 0° ¢) in a certain
experiment is continuous r.v. given by

2
f(x) = — ,for-1 < x < 2 and = 0 otherwise

1
PO < x £1) 2[ flz)dz
0

1 .2
:] m—dm
0o 3



Exercise 7.2 | Q 3.3 | Page 239

It is known that error in measurement of reaction temperature (in 0° ¢) in a certain
experiment is continuous r.v. given by

2
f(x) = Y , for=1 < x < 2 and = 0 otherwise

Find probability that X is negative

P(x is negative)

0
P(0< x < 1) :f f(z)dx
-1

I
—
o =
m|f‘9m

.

5




Exercise 7.2 | Q 4.1 | Page 239

Find k if the following function represent p.d.f. of rv. X

1 3
f(x) = kx, for 0 < x < 2 and = 0 otherwise, Also find P (Z < 1< E)

SOLUTION

Since, the function fis p.d.f. of X
od
/ f(e)dz = 1
—00

/_ : f(z)dz+ £ " Ha)d + [2 " Ha)dz =1

2
.-.U+f kxdx + 0 =1
0

-k

where k= —

2
1 3
:—[a:d:r:
2 U3



I
b2 | =
1
[© | R,
| —
ba e

N T =
I

)

|

_
I —|

35
64

Exercise 7.2 | 4.2 | Page 239

Find k if the following function represent p.d.f. of rv. X.

f(x) = ke (1-x), for0 < x < 1and = 0 otherwise, Also find P (i < x < %),P(m <

SOLUTION

Since, the function fis the p.d.f. of X,

/:Z f(z)dx = 1

/_'; f(m]d$+£l f(m)dm+£m f(z)dz = 1

1
O+/ kx(l — z)dz + 0 =1
0
1
k/ (I—Iz)d$= 1
0

2 371
Y P
2 3 o






1

=D+f2k:r:(1—;1:}dm
0

=k[i(m—$2)dm
0

Exercise 7.2 | Q 5.1 | Page 239

Let X be amount of time for which a book is taken out of library by randomly selected
student and suppose X has p.d.f

f (x) = 0.5x, for 0 < x < 2 and = 0 otherwise.

Calculate: P(x<1)

flx) =05x, 0=<x<?2

=0, otherwise

1
P(X£1}=f 0.5 x dx
0

1
=D.5/xdx
0



Exercise 7.2 | Q 5.2 | Page 239

Let X be amount of time for which a book is taken out of library by randomly selected
student and suppose X has p.d.f

f (x) = 0.5x, for 0 < x < 2 and = 0 otherwise.

Calculate: P(0.5<x<1.5)

SOLUTION

flx) =05x%x, 0=<x<?
=0, otherwise

P05 < X<1.5)

1.5
:[ 0.5x
0.5
1.5
f x dx
0.5

I
=
o

1 x21h°
= — % | —
2 2 |,
1 1 ) )
_ —x =5 —0.5]
> x5 [(15)" - (0.5)
1 1
— = x =[2.25— 0.25]
2 "2
1,1
4 2
1
PO5<X<15) =



Exercise 7.2 | Q 5.3 | Page 239
Let X be amount of time for which a book is taken out of library by randomly selected

student and suppose X has p.d.f
f (x) = 0.5x%, for 0 < x <2 and = 0 otherwise. Calculate: P(x 2 1.5)

SOLUTION

fx) =05x, 0=<x<?2
=0, otherwise

P(x > 1.5)
2

= f(xz)dx

1.5

)
= ] 0.5xdx
15

I

=

o

|E-z

[8=]

|
— b
=n

0.875 y 1000
2 1000
875 + 125

2000 =125

T

16




Exercise 7.2 | Q 6.1 | Page 239

Suppose that X is waiting time in minutes for a bus and its p.d.f. is given by
1

f(x) = 3 ,for0 £ x < 5 and = 0 otherwise.

Find the probability that waiting time is between 1 and 3

SOLUTION

Required probabilityP(1 < X < 3)
3
= / f(x)dx
1
1

= fl g (z)dz

Exercise 7.2 | Q 6.2 | Page 239

Suppose that X is waiting time in minutes for a bus and its p.d.f. is given by
f(x) = 3 ,for0 < x £ 5and = 0 otherwise.

Find the probability that waiting time is more than 4 minutes.



SOLUTION

Required probabilityP(X > 4)

:Lm f(z)dz
_ / " f(z)da+ [ " fla)de
f —dz +0

Exercise 7.2 | Q 6.2 | Page 239

Suppose that X is waiting time in minutes for a bus and its p.d.f. is given by
1
fx) = 3 ,for0 £ x £ 5 and = 0 otherwise.

Find the probability that waiting time is more than 4 minutes.

Required probabilityP(X > 4)
o0

= f(z)dz



Exercise 7.2 | Q 7.1 | Page 239

Suppose error involved in making a certain measurement is continuous rv. X with p.d.f.
f(x)=k (4—:1‘:2), for-2 < x £ 2 and = 0 otherwise.
Px > 0)

Since, fis the p.d.f. of X,

]i: f(z)dz = 1

[: f(zx)dz +[: f(x)dz + [:0 flz)dz=1

2
-0 +f k(:i—:rﬂ)dm =1

2

.-.kf_g (4 —z*)dzx =1

a 2
k[@: _ "i] - 1
31



k{ s_ﬁ) - (—s+ E)]=1
3 3
16 16
k(ﬁ) P
3
k=
32
P(x > 0)
= N f(z)dz
0
2 o0
= f f(z)dxz+ flz)dx
0 2

3 2272 3
S P [ k= —
32 | 3 |, 32
3 8 3 16 1
= |8 — — | = — % — = —
32 3 32 7 3 2

Exercise 7.2 | Q 7.2 | Page 239

Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
fx) =k (4—:1‘:2), for-2 £ x £ 2 and = 0 otherwise

P-1<x<1)



SOLUTION

Since, fis the p.d.f. of X,

/:: f(z)dz = 1

[: flz)dz +]:Z flz)dz + /;G flz)dz=1
20+ f:k@—mz)dm =1

kf_z (4 — z®)dz =1

Ao
fe-5)- ()
k(i’%) - 1

T 32
P-1 <x<1)

= [t f(z)dz
1

:[1k[4—m2)dx
= [t (-ﬁl—mﬂdm



Exercise 7.2 | Q7.3 | Page 239
Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
f(x) =k (4—:1‘:2), for-2 £ x £ 2 and = 0 otherwise.

P(-05<xorx>05)

SOLUTION

Since, fis the p.d.f. of X,

[L: f(z)dz = 1
f_: f(z)dzx +/i22 f(z)dx + /:G f(z)dz=1

9
-0 +[ k(ﬁl—mﬂ)d:r, =1

2

.-.kf_2 (4 —2%)dx =1

9 2
k[4;1~: _ ‘i] =1
31



e
k(%? - 1

P (=05 < xorx > 0-5)
=Px<-05)+Px>-05)

—0.5 00
= [ flz)dz + flz)dx

0.5

-2 —0.5 2
:f f(z)dz + / flz)dz+ [ f(z)dz
o - 0.5

2

2
= U+f;;k(4 — xﬂ)dm + ] k(4 — mﬂ]dﬂ? +0

2

I

2
:k ? (4 — xz)d:r: + / (4 - mg)dm
T

+ /:0 f(z)dz



_ 3 (—4?+16+16_47)
32\ 24 3 '3 2
3 [ 47+ 128 + 128 — 47

" 32 ( 24 )
3 (162 81

- (31) - 135

- 0.6328

Alternative Method :
P (x<=0>5 orx > 05)

=1-P(-05=<x<0.5)
0.5




128 —47 81
128 128
= 0.6328

Exercise 7.2 | 8.1 | Page 239
The following is the p.d.f. of continuous r.v.

T
f(x)= 3’ for 0 < x < 4 and = 0 otherwise.

Find expression for c.d.f. of X

SOLUTION

Let F(x) be the c.d.f. of X

Then F(x) :f f(z)dx

:fn_m f(z)dz + /; f(z)dz

T
=0+ —dzx
8
1 I

0
812 |,

1 [ z2 2

=—|— =0 = —

8| 2 16
Fog = L
X) = —
16

Exercise 7.2 | Q 8.2 | Page 239
The following is the p.d.f. of continuous r.v.

f(x) = % ,for 0 < x < 4 and = 0 otherwise.

Find F(x) atx =0-5,1.7and 5



SOLUTION

1 2

16 64
(1.7)* 2.89
F(1.7) = = —0.18
16 16

f{x}zg,for[}{xﬂzdandE}ﬁl
s F(5) = 1.

Exercise 7.2 | @ 9.1 | Page 239

2
Given the p.d.f. of a continuous rv. X, f (x) = Y Jfor-1 < x < 2 and = 0 otherwise

Determine c.d.f. of X hence find
Plx<1)

Let F(x) be the c.d.f. of X

Then F(x) = fz f(z)dz

o0 —1
T 2 T
T 1
:D+f —dr = — ridr
-1 3 -1
. ‘mﬁr
3 -1




a EE AL
P(x<1) = F(1) — F(~1) — [1 ;1] _ [( 1)9“

Exercise 7.2 | Q9.2 | Page 239

Given the p.d.f. of a continuous r.v. X,
2

f(x) = Y , for-=1 < x < 2 and = 0 otherwise

Determine c.d.f. of X hence find P(x < -2)

SOLUTION

Then F(x) = f f(z)dx

-1 z
_ f f(z)dz + / f(z)dz
—0 -1
r 2 1 T
:O+f m—dm=—[m2dm
1 3 3J
_m_gr
L3 1

5-(53)

T
f{x]:?,for—1{Xﬁ2And—2{—1

Wl W

2]

“F(-2)=0ieP(x<-2)=0




Exercise 7.2 | O 9.3 | Page 239

Given the p.d.f. of a continuous rv. X,
2
T
f(x)= Y , for—1 < x < 2 and = 0 otherwise

Determine c.d.f. of X hence find P( X > 0)

SOLUTION

Then F(x) = fz f(z)dz

-1 z
_ / f(z)dz + / f(z)dz
—00 -1
r .2 1 T
:D+f m—dmz—/a:?dm
! 3/,
_$_3r
13 1

3E-(3)

P(X>0)=1-PX<0)

W~ w|

=1-[FO) - F(-1)]




Exercise 7.2 | Q 9.4 | Page 230

Given the p.d.f. of a continuous r.v. X,
2

f(x) = Y , for=1 < x < 2 and = 0 otherwise

Determine c.d.f. of X hence find P(1 < x < 2)

Then F(x) = f f(x)dzx

-1 T
:f f(a:)dm—l—f f(z)dz
—00 -1
z .2 1 T
:O+] m—d$=—[iﬂ2d“£
1 3 3J1
)
L3 1

5-(5)

¢+ 1

- f(x) =

P(Ml<x<2)=F(2)-F(1)

(2 +1 P+1)_, 2 7
B 9 9 N 9 9
Exercise 7.2 | Q 10 | Page 239

If a rv. X has p.d.f,
f0 = — for1<x<3, c>0, Find ¢ E(X) and Var (X).
I

SOLUTION



Since, f(x) is p.d.f. of rv. X

/ f(z)dz =1

/_m f(z)dzx —|—/3 flz)dx + /:j flz)dz =1

3
.-.D—|—/ flx)de +0=1
1

3
f Ed:.f:=1
[ —dr =1

logm] =1
cllog3-log1]=1
“ Togz L og 1=
00 1 3 -
E[}{]:/ a:f{:c]dwzf a:f(m)d:t:—l—f mf(:r:)d:r+[ rf(x)dx
—0 —o0 1 3

£

3 3,
=D—|—/ mf(m)dm—l—ﬂzf . —dz
1 1

= c/ dz, where ¢ =
1 log 3
2
]c:-g 3 Tog3 [ ]1 log 3 3-1]= log 3
o0 1 3 00
= consider, / o f(z)dz = / 2 f(z)dz —|—/ z’ f(z)dz + f 2 f(z)dz
—00 —00 1 3

3 o0 o
=0+ [ mzf(m}d:r:—l—l]=f z®. —dz
1 _

a0 £



1 f3 1 [a?

= rdr = —
log3 /4 log3 | 2 |,

1. [9 1] 4
log3 | 2 2|  log3

Now, var (x) = [_OG :Ezf(ﬂ?)dl-‘ - [E(a’}]g

s (as)
B log 3 log 3
4 4
log3  (log 3]2
_ 4(log3) — 4 _ 4[log 3 — 1]
(log 3)° (log 3)°
1 2 4[log3 — 1]
Hence, ¢ = JE(z) = and Var(z) = 5
log 3 log 3 (log 3)

MISCELLANEOUS EXERCISE [PAGES 241 - 242

Miscellaneous Exercise | Q 1 | Page 241

Choose the correct option from the given alternative :
Pdf ofacrvXisf(x)=6x(1-x),for0 <x <1 and =0, otherwise (elsewhere)
IfP(X<a)=P(X>a)thena=

1

N el

IfP(X<a)=P (X>a),thena=1/2



Miscellaneous Exercise | Q 2 | Page 242

Choose the correct option from the given alternative:

If the p.d.fof a.c.r.v. Xis f (x) = 3 (1 — 2x2), for 0 < x <1 and = 0, otherwise (elsewhere)
then the c.d.f of X is F(x) =

1. 2x — 3x?
2. 3x - 4x3
3. 3x-2x3
4. 2x3 - 3x
SOLUTION

If the p.d.fofa.c.r.v. Xisf(x) =3 (1 -2x2), for0<x<1and=0, otherwise
(elsewhere) then the c.d.f of X is F(x) = 3x = 2x3

Miscellaneous Exercise | O 3 | Page 242

Choose the correct option from the given alternative:

2
If the pdfofacrv. Xisf(x) =x" 18 for -3 < x < 3 and = 0, otherwise then P (| X| < 1) =

2| | 5| = =

SOLUTION
2

-~

X I
If the p.d.f of a.c.r.v. Xis f (x) = 18 for-3<x<3and= 0, otherwise then P (| X | <
1) = 1/27

Miscellaneous Exercise | Q 4 | Page 242

Choose the correct option from the given alternative:
If ad.r.v. X takes values 0, 1, 2, 3, . . . which probability P (X =x) =k (x + 1)-5 ™, where
k is a constant, then P (X =0) =



SOLUTION

If a d.r.v. X takes values 0, 1, 2, 3, . . . which probability P (X=x) =k (x + 1)-5 -x,
where k is a constant, then P (X = 0) = 16/25

1 2 3
Hint:k[—+— +—=+...] =1
50 5! 52

k k k
Lets = — +2— +3— + cierninnnn.
50 5l 52

_ k k
ies=k+2—+3— + ..........
52

5
1 E 2k 3k
— 85 = — —— T T eesens
5 5 52 53
1 ko k k
s— —8s=k+ —+ —+ — + enunun..
5 K2 3
4 1 1 1
—s=k|l+—-+ —+ — +
5 52 53
1 k
1—%
25k
16
16
25

16

“P(z=0)=k(0+1)5" = k= —.
(z=0) = k(0 +1) -



Miscellaneous Exercise | Q 5| Page 242
Choose the correct option from the given alternative:

(<z)

P

5
If p.m.f.ofad.rv. XisP (X=x) = Z forx=0,1, 2,3,4,5and =0, otherwise If a =
P(X<2)andb =P (X=3),then E (X) =

a<b
a>b
a=b
a+b

PwonNPE

SOLUTION

)

5
If p.m.f.ofad.rv. XisP (X=x) = . forx=0,1, 2,3,4,5and =0, otherwise If a =
P(X<2)andb=P (X=3),thenE(X)=a=b

Miscellaneous Exercise | Q 6 | Page 242

Choose the correct option from the given alternative:

I‘?

Ifpmfofadrv.XisPX=x)= ———, forx=1,2,3,..., nand = 0, otherwise then E (X ) =
n(n + 1)

HENIEEIERIE
+  + + +
w|Ro| o | | =

SOLUTION
2
If p.m.f.ofad.rv. XisP (X=x) = n(n+1) forx= 1,2,3,..., nand =0, otherwise
7 1

then E (X) = 3 6



Miscellaneous Exercise | Q 7 | Page 242
Choose the correct option from the given alternative :
C
If pm.f.ofadrv. XisP (x) = — forx =1, 2, 3 and = 0, otherwise (elsewhere) then E (X) =

-
343

297
294

251
297

294
294

297

c

3 L
If p.m.f.ofad.rv. XisP (x)= €~ forx=1, 2,3 and = 0, otherwise (elsewhere) then E
(X) = 294/251

Miscellaneous Exercise | O & | Page 242

Choose the correct option from the given alternative:

If the a d.r.v. X has the following probability distribution
X -2 -1 0 1 2 3
p(X=x) 0.1 k 0.2 2k 0.3 k
thenP(X=-1)=

ot ot ot ot
::>|*'="::|W::>|”|:|"‘

If the a d.r.v. X has the following probability distribution:



x |2]1]0]1]2]3
p(X=x) | 0.1 | k |0.2] 2k | 0.3

then P (X=-1)=1/10

Miscellaneous Exercise | Q 9 | Page 242

=~

Choose the correct option from the given alternative:
If the a d.r.v. X has the following probability distribution:

X 112 |3 |4 |5 |6 I
P(X=x) | kK | 2k | 2k | 3k | k2 | 2k2 | 7k2+k
k =

1

7

1

8

1

9

1

10

SOLUTION

If the a d.r.v. X has the following probability distribution:
X 112 |3 |4 |5 |6 I
P(X=x) | k | 2k | 2k | 3k | k2 | 2k2 | 7k2+k
k=1/10

Miscellaneous Exercise | Q 10 | Page 242

Choose the correct option from the given alternative:
Find expected value of and variance of X for the following p.m.f.

X -2 -1 |0 |1 2
P(x)]0.3]04/0.2]0.15|0.25
1. 0-85
2. —=0-35
3. 0-15
4. -0-15

Find expected value of and variance of X for the following p.m.f.




X -2 -1 |0 |1 2
P(x) ] 0.3/0.4]0.2]|0.15]|0.25

=-0-35

MISCELLANEOUS EXERCISE [PAGES 242 - 244

Miscellaneous Exercise | Q 1.1 | Page 242

Solve the following :

Identify the random variable as either discrete or continuous in each of the following.
Write down the range of it.

An economist is interested the number of unemployed graduate in the town of
population 1 lakh.

SOLUTION

Let X = number of unemployed graduates in a town.

Since, the population of the town is 1 lakh, X takes the finite values.

~ random variable X is discrete.

Range = {0, 1, 2, ..., 99999, 100000}

Miscellaneous Exercise | Q 1.2 | Page 242

Solve the following :

Identify the random variable as either discrete or continuous in each of the following.
Write down the range of it.

Amount of syrup prescribed by physician.

SOLUTION

Let X = amount of syrup prescribed by a physician.
Then X takes uncountable infinite values.

-~ random variable X is continuous.

Miscellaneous Exercise | Q 1.3 | Page 242

Solve the following :

Identify the random variable as either discrete or continuous in each of the following.
Write down the range of it.

The person on the high protein diet is interested gain of weight in a week.

SOLUTION

Let X = gain of weight in a week



Then X takes uncountable infinite values

~ random variable X is continuous.
Miscellaneous Exercise | Q 1.4 | Page 242
Solve the following :

Identify the random variable as either discrete or continuous in each of the following.
Write down the range of it.

20 white rats are available for an experiment. Twelve rats are male. Scientist randomly
selects 5 rats number of female rats selected on a specific day
SOLUTION

Let X = number of female rats selected on a specific day

Since the total number of rats is 20 which include 12 males and 8 females, X takes the
finite values

~ random variable X is discrete.

Range ={0, 1, 2, 3, 4, 5}

Miscellaneous Exercise | Q 1.5 | Page 242

Solve the following:

Identify the random variable as either discrete or continuous in each of the following.
Write down the range of it.

A highway safety group is interested in studying the speed (km/hrs) of a car at a check
point.

Let X = speed of the car in km/hr
Then X takes uncountable infinite values
~ random variable X is continuous.

Miscellaneous Exercise | Q 2 | Page 242
The probability distribution of discrete r.v. X is as follows :

X =X 1 2 3 4 |5 |6
P[x=x] K 2K 3k 4k |5k |6k

(i) Determine the value of k.
(if) Find P(X<4), P(2<X< 4), P(X23).

SOLUTION



(i) Since P (x) is a probability distribution of x,

¢ P(z)=1

PO +P()+P2)+PE)+PA)+PG)+P(B) =1
~k+2k+ 3k + 4k + 5k + 6k =1

s 21k =1

1
~k=—
21

(ii)

P(X < 4)

=P (0)+P(1)+P(2) + P(3) + P(4)
=k + 2k + 3k + 4k

P(2< X < 4)
= P(3)

=P (1) + P(2) + P(3)



=k+ 2k + 3k

Miscellaneous Exercise | Q 3.1 | Page 242

Solve the following :
The following probability distribution of r.v. X

X=X

-3

-2

-1

0

P(X=x)

0.05

0.1

0.15

0.20

0.25

0.15

Find the probability that
Xis positive

SOLUTION
P (Xis positive) =P(X=1)+P (X=2) + P(X = 3)
=0.25+0.15 +0.1+ = 0.50

Miscellaneous Exercise | Q 3.3 | Page 242
Solve the following :

The following probability distribution of r.v. X

X=X -3 -2 -1 0 1 2 3
P(X=x) [ 0.05]0.100.15/0.20]0.25]0.15]0.1

Find the probability that
Xis odd

SOLUTION

P (X is odd)
=P(X=-3)+P(X=-1)+P (x=1) + P (X=3)
=0.05+0.15+0.25+0.1=0.55




Miscellaneous Exercise | Q 3.4 | Page 242
Solve the following :

The following probability distribution of r.v. X

X=x -3 -2 -1 0 1 2 3
P(X=x) ]0.05 0.10 0.15 0.20 0.25 0.15 0.1
Find the probability that
Xis even
SOLUTION
P (X is even)

=P(X=-2)+P(X=0)+P (X=2)
=0.10+0.20+0.15=0.45

Miscellaneous Exercise | Q 4 | Page 242
5

C;
The p.m.f. of a rv. Xis given by P (X = x) :? Lforx=0,1,2, 3,4, 5and = 0, otherwise.
Then showthatP (X < 2) =P (X = 3).

SOLUTION
P(X<2)=P(X=0)+PX=1)+P(X=2)

°C °C °C
= —

25 25 25

°C °C °C
_ 5 4 3 ney _n _
25 + 25 + 25 e O = "Cp — 1]

=PX=5)+PX=4)+P(X=23)

=P (X>3)
“P(X<2)=P(X23)
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In the p.m.f. of rv. X
X 1T 2 34 5

1 3 1
PX) — — a da —
20 20 20
Find a and obtain c.d.f. of X
For pm.f. ofarv. X
5
Z P(X=x) = 1
i1
~ P(X=1) + P(X=2) + P(X=3) + P(X=4) + P(X=5)
= + ; +a+ 2a + L 1
Soo— — a (1 — =
20 20 20
5 1 3
Ja=1—-—=1— — = —
20 4 4
1
Ca= =
4
. the p.m.f. of the rv. X is
X 1 2 3 4 5

1 3 5 10 1
20 20 20 20 20

P X =x

Let F (x) be the c.d.f. of X.
Then F (x) = P(X < %)

SF(M=PX<1) = PX=1)= —



F(2)=P(X£2)= PX=1)+ PX=2)

20 20 20 5
F(3)=P(X<3)= P(X=1)+ P(X=2)+ P(X=3)
1 3 5 9

20 20 20 20
FA)=P(X<4) = P(X=1)+ PX=2)+P(X=3) + P(X=4)
1 3 5 10 19

20 20 20 20 20
F(5)=PX<5) = PX=1)+ PX=2)+P(X=3) + P(X=4) + P(X=5)
_ 1 " 3 N D 4 10 n 1 _ 20 _1

20 20 20 20 20 20

Hence, the c.d.f. of the random variable X is as follows :

X 1 2 3 4 5

119191

F{XJ —
20 5 20 20
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Solve the following problem :

A fair coin is tossed 4 times. Let X denote the number of heads obtained. Identify the
probability distribution of X and state the formula for p. m. f. of X.

SOLUTION 1

When a fair coin is tossed 4 times then the sample space is

S = {HHHH,HHHT ,HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH, TTHH,
HTTT, THTT, TTHT, TTTH, TTTT}

~n(S)=16

X denotes the number of heads.

~ X can take the value 0, 1, 2, 3, 4 When X =0,
then X={TTTT}

~nX)=1



n(z) 1 *Cy
n(s) 16 16

When X = 1, then

- P (X=0) =

X = {HTTT, THTT, TTHT, TTTH}
~nX)=4

n(z) 4  *Cy
n(s) 16 16

When X = 2, then

L P(X=1) =

X ={ HHTT, HTHT, HTTH, THHT, THTH, TTHH}
~nX)=6

_nf(x) 6 0y
n(s) 16 16

When X = 3, then

X ={ HHHT, HHTH, HTHH, THHH]
~nX)=4

n(z) 4 0y

PSS T 16 T 16

When X = 4, then
X = {HHHH}
~nX) =1

n(z) 1 4Cy
n(s) 16 16

~ P (X=4) =

- the probability distribution of X is as follows :

X 0 1

1 4
p(x) — — —

16 16 16



Also, the formula for p.m.f. of Xis
4

T

16
x=01234

P(x)=

= 0 otherwise.

SOLUTION 2

A coin is tossed 4 times.
~nS)=24=16

Let X be the number of heads.
Thus, X can take values 0, 1, 2, 3, 4

When X = 0, i.e., all tails {TTTT},
nx) = *Cg = 1
1

~PX=0)=—
( ) T

When X = 1, i.e., only one head.
nX)=*Cy =4

4
SPK=1) = —

( ) 16

When X = 2, i.e., two heads.
4!

_ A _
0 ="Ca =y =6
“PX=2) = 6
T 16

When X = 3, i.e,, three heads.



nX)=*Cy=4

P(){:g)zi _1
16 14
When X = 4, i.e, all heads = {HHHH},
n(X) = Cy =1
e
16
Then,
X 0 1 5 3 s
P(X) L 4 6 4 N
16 16 16 16 T

- Formula for p.m.f. of X'is
(4)
T
PX)= ——,2=012234
16

=0, otherwise.
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Find the probability distribution of the number of successes in two tosses of a die, where
a success is defined as

(i) number greater than 4

(i) six appears on at least one die

SOLUTION

When a die is tossed two times, we obtain (6 x 6) = 36 number of observations.
Let X be the random variable, which represents the number of successes.
Here, success refers to the number greater than 4.

P (X =0) =P (number less than or equal to 4 on both the tosses) =

4 4 16 4

6 6 36 9

P (X =1) =P (number less than or equal to 4 on first toss and greater than 4 on second
toss) + P (number greater than 4 on first toss and less than or equal to 4 on second
toss)



4.2 4 2 8 8 16 4
6 6 6 6 36 36 36 9
P (X = 2) = P (number greater than 4 on both the tosses)
2 2 4 1
= ¥ — = = _
6 6 36 9

Thus, the probability distribution is as follows.
X

P(X)

Ok o

(if) Here, success means six appears on at least one die.

P (Y =0) = P (six appears on none of the dice) =

5]
X_
6

7= TS

O] = o

P(Y = 1) = P (six appears on none of the dice x six appears on at least one of the dice )
+ P (six appears on none of the dice x six appears on at least one of the dice)

—1><5—|—1><5— 5+5_10
6 6 6 6 36 36 36
P (Y = 2) = P (six appears on at least one of the dice) = 1 1 _1
PP 6 6 36
Thus, the required probability distribution is as follows
Y 0 1
pY) 25 10
36 36 36
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A random variable X has the following probability distribution :
X=X 0 1 2 3 7
PX=x) |0 K 2K 2K 3k K2 2KZ | 7K + K

Determine (i) k

(i) P(X> 6)




(i) P(0<X<3).

SOLUTION

Refer to the solution of Q. 8 of Exercise 7.1.
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The following is the c.d.f. of r.v. X

x |3 ]2 ]1]0 [1 |2 [3 |4
F(X) | 0.1/0.3]0.5/0.65|0.75|0.85| 0.9 1

Find p.m.f. of X.

From the given table

F(-3)= 0.1, F(-2)=0.3,F(-1)=0.5

F(0) = 0.65, f(1) = 0.75, F(2) = 0.85
F(3)= 0.9, F@4)=1

P(X=-3) =F(-3)=0.1

P(X=-2)=F(-2)- F(-3)=0.3-0.1=0.2
P(X= - 1)= F(-1)-F(-2) = 0.5 - 0.3=0.2
P(X=0)=F(0) - F(- 1) =0.65 - 0.5=0.15
P(X=1)=F(1)-F(0)=0.75-0.65=0.1
P(X=2)=F(2)-F(1)=0.85-0.75=0.1
P(X=3)=F(3)-F(2)=0.9-0.85=0.05
P(X=4)=F4)-F(3)=1-0.9=0.1

~ the p.m.f of X is as follows :

X=X -3 |2 |-1 |0 1 4
P(X=x)]0.1]02]0.2/0.15]0.1/0.1]005 0.1
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The following is the c.d.f. of r.v. X

X 3 2 -1 0 1 2 3
FX) 01 03 05 065 075 0.85 0.9

*1



P(-1<X<2)

SOLUTION

P(-1<X<2)

=P(X= -1) +P(X=0)+ P(X = 0)+P(X = 2)
=0.2+0.15+0.1+0.1=0.55
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The following is the c.d.f. of r.v. X

X -3 -2 -1 0 1 2 3

FX) |01 |03 |05 |0.65 0.75 0.85 0.9

P (X<3/X>0)

(X <3)n (X>0)

=1{-3,-2,-1,0,1,2,31n{1,2,3, 4

={1,2, 3}

LPIX<3)n(X>0)

= P(X = 1)+ P(X = 2)+ P(X = 3)
~P[(X<3)/(X>0)]

_ P[(X <3)N (X > 0)]

- P(X = 0)

. P(X=1) + P(X=2) + P(X =3)
- P(X=1)+P(X =2) + P(X =3)+P(X =4)
~ 01+0.1+0.05

0.1+ 0.1+0.05+0.1




025
035
5
K
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Find the expected value, variance and standard deviation of the random variable whose
p.m.f.’s are given below :

¥ =X 1 2 3
1 2 2
PX=x — — —
5 5 5

SOLUTION

We construct the following table to find the expected value, variance and standard
deviation:

X

=
—
.
=

-
—
=

Xj 2.p (%) = x5 % %P (x;)

b oo oot | =

Total

—
m‘ﬁm|c:.r.n|.mm|n—ﬂ
m|ﬁcﬂ|;w|mw|n—l

From the table,
2 X - POg) =

Y x2.P(x)=

[
-:.ﬂ|mm|'—'

Expected value = E (X) = 3 x;. P (x;)

11
5

2.2

Variance = V(x) = :-(-I2 P0G - [ %P (%) G



27 121
~ 5 25
14
" 25
- 0.56

JE—
Standard deviation = \/V{X] = v/0.56

= 0.7483
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Find the expected value, variance and standard deviation of the random variable whose
p.m.f.’s are given below :

X=X -1 0 3
1 2 2
P(X=x — — —
5 5 5
SOLUTION

We construct the following table to find the expected value, variance and standard
deviation:

X; P () ;P (x}) %; 2P (%)) = %; % %P (x))
’ 1 1 1
D ) D
2
0 — 0 0
D
1 2 2 2
3] 3] D
1 3
Total 1 — —
3] D



From the table,
1
2XiP (%) = 5

5 % 2P (x) =

wr| w

Expected value = E (X) = %P (x) = — = 0.2

o =

Variance = V (x) = 3 x 2p () - [ 2P () 12

) 1
"5 25
151
" 25 25
14
25

= 0.56

Standard deviation = 4/ V(X)

= v 0.56
= 0.7483
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Find the expected value, variance and standard deviation of the random variable whose

p.m.f.’s are given below :

X=X 1 2
1 1
PX=x — —
7 mn

3|~ w

2|~ 3



We construct the following table to find the expected value, variance, and standard

deviation:

=
-

—
>

—

)('l'P {Xi)

[
S|l=3|=3|-
S|lw I |3

=
SR
3|3

From the table,
n

1 2 3
2% .Px)=—+ —4+ —+ ..+ —
n n n n

1
=—(1+2+3+..+n)

1 & 1 n(n+1)
N R
mn n

r=1 2
_n—l—l
2
1 22 32 n?
2 Plx)=—+—+—+ ..+ —
T T T2 7L

= %(12+22+3?+...+n?]

1 Z"': s 1 y n(n+1)(2n + 1)
n< n

6

r=

Xj 2.p (x5) = x5 = %P (x3)

S|~

33|3M5



n+1
2

Variance = V(X) = ) xi‘z P Og) - 12 %P () 1°

_(n+1@En+1) (n+1)2

6 2
n+1[2n+1 n+1]
2 | 3 2
- n+1[4n+2—3n— 3]
2 ] 6
_(n—l—l)(n—l)

B 12
_:-‘12—1
C 12
S

Standard deviation = \/V{X)

_‘/ﬂﬂ—l
12
n?—1
2/3
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Find the expected value, variance, and standard deviation of the random variable
whose p.m.f.’s are given below :

X =X o 1 2 3 4 5
1 5 10 10 5 1
32 32 32 32 32 32

PX=x

SOLUTION

We construct the following table to find the expected value, variance and standard
deviation:



Xi P (Xi}
1
0 il
32
H
1 -
32
10
2 il
32
10
3 -
32
H
4 -
32
1
5 il
32
32
Total it
32

From the table,

5
2%-Pli) = o0 =7
5 %2 P (x) 240 15
. P (%)= — = —
| Y32 2
Expected value = E (X) = 3 x.
5
-~ =725
2

Variance = V(x) = } X_lg P0) - [ %P (%) 12

15 5\’
_?_(5)
15 25
2 4
30 25
4 4

X'l'P {Xi}

32
20

32
30

a2
20

32

32
80

32

x; P (1)) = x; % ;P (x)

32
40

32
90

32
30

32
29

32
240

32



= 1.25

Standard deviation = \/V{X) = v 1.25
=1.118
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Solve the following problem :
A player tosses two coins. He wins % 10 if 2 heads appear, ¥ 5 if 1 head appears, and X
2 if no head appears. Find the expected value and variance of winning amount.

SOLUTION 1

When a coin is tossed twice, the sample space is
S = {HH, HT, TH, HH}

Let X denote the amount he wins.

Then X takes values 10, 5, 2.
P(X = 10) = P(2 heads appear)=

P(X = 5) = P(1 head appears) =

W | b
— | W | =
'—I.

P(X = 2) = P(no head appears) = 7

We construct the following table to calculate the mean and the variance of X :

X; P (x;) xi P () xi2 P (%;)
1 5
10 — - 25
4 2
1 5
5 — = 25/2
2 2
1 1
2 — —* 1
4 2
Total 1 5.5 38.5



From the table 3x; P(x) = 5.5, 32 - P(x;) = 38.5

E(X) = 3xP(x;) = 5.5
Var (X) = x; 2 P(x;) - [E(X)]°

= 38.5 - (5.5)2
=385 -30.25 = 8.25

.. Hence, expected winning amount 5.5 and variance of winning amount 38.25

Let X denote the winning amount.

. Possible values of X are 2, 5, 10

1
Let P(getting head) = p = By

PR S
B L

> 1
- P(X=2) =P(no head) = qg=q :E
P(X = 5) = P(one head) = pg + qp = 2pq
:2)(1)(1

2 2

2
4

2 ].
P(X = 10) = P(two heads) = pp = p :I

. The probability distribution of X is as follows:

X=x

P(X =x)

| = o

Expected winning amount

3
=E(X) = ) ziP(x:)
i=1

= 02w

| =



2 1—|—5 2+10 !
= " — wWo— woo—
4 4 4

2410+ 10
- 4

22

4
=355

2

EX%) = ) aP(x;)

i=1

2 1 2 2 2 1
= (2)" x 4—|—(5) X 4+(1{]) X 1
4+ 50+ 100
B 4
154
4
= 385

Variance of winning amount

= Var(X) = E(X?) - [E(X)]°
= 38.5 - (5.5)2

= 38.5-30.25

=% 8.25
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Let the p.m.f. of rv. X be

3_
P(x) = Tw — 0, forx=-1,0,1, 2 and = 0, otherwise

Calculate E(X ) and Var (X).



SOLUTION

P(X)= =
© 10
X takes values -1,0, 1, 2
3+1 4
P(X = -1)= P(-1) = _
( )= P(-1) T 10
3-0 3
P(X = 0)= P(0) = —
( )= P(0) 0 o
PX = 1)=p(1) = 2L 2
- 10 10
Px=2=P@ =2 -1
- 10 10

We construct the following table to calculate the mean and variance of X :

Xi P () X P () x;% P ()
1 4 4 4
10 10 10
3
0 — 0 0
10
3 2 2 2
10 10 10
1 2 4
2 - N N
10 10 10
Total 1 0 1

From the table

yx; P0G)0 and ¥x:2 -P(x;)= 1

Var (X) = 3x:2 - P(x;) - [EQQ]2



=1-0=1

Hence, E(X) = 0, Var (X) = 1.
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Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
fx)=k (4—:1‘:2), for-2 £ x £ 2 and = 0 otherwise.

P(x > 0)

Since, fis the p.d.f. of X,

]i: f(z)dz = 1

[: f(zx)dz +[: f(x)dz + [:0 flz)dz=1

2
0+ f k(4— mﬂ)daz =1
9

.-.kf_g (4 —z*)dzx =1

a 2
k[@: _ "i] - 1
31

e5)- ()
(29)-
(@)



i
32
P(x > 0)

= fum f(z)dx

_ f,;. " (o)das /2 " fla)de
:/Ek(4—m2)dx+n

0
2
=k (4 — mg)dm
0

sk

3 2372 3
=— |4z — — —
32 | 3, 32

3 8 3 16 1
- - — | = — % — = —
32 | 3 32 3 2
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Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
fx)=k (4—:1*:2), for-2 < x £ 2 and = 0 otherwise
P-1<x<1)

Since, fis the p.df. of X,
0
[ f(z)dz = 1
-

[: flz)dzx +/:Z flz)dz + /:G flz)dz=1

2
-0 +f k(4—$2)d$ =1

2



9
I(f (4 —xg)dm =1
—9

2 2
k[4:s _ ‘i] = 1
3 1 9

“fo-5) ()

(18, 16
k() =
k(ﬁ)1

3

3
k= —
32

P-1 <x<1)

= f_ll f(z)dz

= f_lk@— z?)dz
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Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
fx) =k (4—:1‘:2), for-2 £ x < 2 and = 0 otherwise.
P{-05 <xorx>0-5)

Since, fis the p.d.f. of X,

/:Z f(z)dz =1

f_: f(z)dz +/;Z flz)dz + ]:0 flz)dz=1

2
-0 +f k(4—m2]dm =1

2

9
k[ (4 - :t:?)dm =1
—9

g -
e (s
o(2)-



3
~k=—
32

P(-05 <xorx>0-5)
=Px<-05+P(x>-05)

—0.5 oG
= f_ f(z)dz + flz)dz

fa's] 0.5

—9 —0.5 2
:f f(x)dz + / flz)dz + flz)dz +
—00 0.5

-2
-1

2
:O+Tk(4_$ )dm—l—] k(él—mﬂ)dm+0

2

fl
-k =2 (4 - 2%)d 4—2%)d
5 m :B-I—/( :c) T
: 37132 372
:i 43:—1:—] —|——[4:r:—;i] .......
32 | 3|, 3 s
_ 3] 2+ 1 8—!—8 +
32 | 24 3 32
3 [ —47 16 N 3 /16 47
32\ 24 3 32\ 3 24
3 —4’?+16+16 A7
32\ 24 3 3 24
3 [ —47+ 128+ 128 — 47T
32 24
3 /162 8l
32\ 24/ 128
0.6328

Alternative Method :

f:ﬁ f(x)dz



P (x<=05 orx=>05)
=1-P(-05<x=<0.5)

0.5
=1- f(z)dz

—0.5

) 3 47 A7
32 12 128
12847 81

T 128 128

- 0.6328
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The p.d.f. of a continuous r.v. X is given by

f(x) = EL ,for0<x<2aand =0, Dthemise.ShowthatP[}f < %] = P[X = %] :
a



P(X < E} = /3 f(z)dz

f f(m]d:l:—l—f f(z)de

(5]

2a
= f(z)dz + f(:r:)dm
2a

2a 1
—] —dxr +0
. 2a

2

1 2a 1 9
= — ldr = —[z]

2a 2a[ ]%

1 3a 1 fa
20— 24| = = (_) —
2& { 2 ] 2a \ 2 4
From (1) and (2), we get

3a

P|X < 2] =P{X:::- ?].
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The p.d.f. of rv. of X is given by

f(x) = —— , for0 < x < 4 and = 0, otherwise. Determine k .
T

Determine c.d.f. of X and hence P (X < 2) and P(X < 1).

Since, fis p.df. of therv. X,

]:: f(z)dz =1

[Z flz)dx + ]: flz)dz + ]:G flz)dz =1

4k
.-.i}—l—/ —dzx+0=1
0 Vz

4 1
k/ r 2dr=1
0

s 2k[2-0] =1
sodk =1
ck= L
4
Let F(X) be the c.d.f. of X.






