CircLe anD TaNGENTS

Introduction

When we look around us we see objects having different shapes. For example, coins,
bangles, wheels ofa cycle, etc. Allthe items mentioned above have some common property.

Edge of acoin Edge of abangle Edge of awheel Edge of a clock
Figure - 1 Figure - 2 Figure - 3 Figure - 4

The edges of all of these items seem circular. We can find many more items or
objects similar to these items. Can you quickly think of six other similar objects? Balls,
marbles, drops of water and many other similar things are spherical.

Ball Marbles
Figure -5 Figure - 6

These objects (figures-5 and 6) are different froma circle and fromthe other figures
given above. Discuss among your classmates and write the differences between things which
are similar to coins and things that resemble a football.

In this chapter we will look at the properties of surfaces of things like coins, that is,
circular surfaces.
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What is a circle?

Take apoint “O” on paper and take another point “P”, 5 cm away from O.

o
o

Som Can we take some more points which are at a distance of 5 cm from the point O?
Figure - 1 (i) How can we locate these points? How many such points are there?

Take a compass and open it 5 cm wide. Put the tip of the compass on point O and
mark point at a distance of 5 cm from O. On joining all points on paper which are at a
distance of 5 cm from O, we will get the shape shown in figure 1(ii). This type of closed
figure drawn on a plane is known as a circle. Circle is a group of points in a plane which
are located at a fixed distance from a fixed point and which forma closed shape. Point O
is called the center of the circle. The distance from the center to any point onthe circle is
Figure-1(ii)  called radius. Can we locate a point on a wheel or clock or bangle or coin, etc. from

which the distance upto the tip is equal?

Try These

Write true or false giving reasons and examples.
Circle has multiple radii.
All radii ofa circle are same.

Chord

Draw a circle on a paper and take two points on its perimeter. Two points, Pand Q are
shown in figure-2. On joining these two points we get a line segment PQ and this line
segment is a chord of the circle. Can you imagine how many such lines are there whose
PSN<—__—"7 end points lie on the circle? You will find there are infinite such chords.

Figure - 2
Try These
1. Identify the chords in the figures given below.
Q m
R 0 S
cC<_—~—0D
Figure - 3 Figure - 4 Figure - 5 Figure - 6
2. Are all chords of same length?

3. Which is the longest chord?
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Longest Chord of a Circle
See figure-7 which shows a circle whose center is O and in which various chords AB, CA/Q\BID
CD, EF and MN, etc. Observe the lengths of these chords. " _
Between AB and MN, which chord is longer? £ E
Between CD and MN, which chord is longer? “X P
Similarly, which is the longer chord among EF and MN? Figure - 7

On comparing A B, and MN, we find that length of chord MN is more. Can
you find any special property in chord MN which is not present in remaining chords?

1

Chord MN passes through the center of the circle. Achord which passes through
the center of the circle is called diameter of circle. Given a circle, can you draw a chord
which is longer than the diameter?

No, you will find that diameter is the greatest chord in a circle.

Think and Discuss

Can we draw more diameters besides MN in figure-7? If yes, then how many
diameters can be drawn?

Arc of a circle

If we take any two points on the pe-
rimeter of the circle then they will di-
vide the circle in two parts (figures-8,
9, 10). A B

A / A\, Is
In this circle one part is small v

and the other is big. The smaller part of M . T

the circle is said to be minor arc AMB Figure - 8 Figure - 9 Figure - 10
and the bigger part is said to be major

arc ANB (figure-9).

In figure-8, if from point Awe start moving in a circular path and reach back A, then
distance travelled is perimeter of circle.

Segment ofaCircle

Draw a chord AB ina circle. Can you tell the number of parts into which the internal
part of the circle is divided by the chord (figure-11)? You can see that the chord
divides the internal part of a circle in two parts. Area which lies withinthe chordand A B
the arc is called segment of a circle. Area which is between chord and minor arc is

called minor segment and area which is between chord and major arc is called major Figure - 11
segment.

Major Segment
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Try These
Draw a circle on a paper and try to find relation between length of chord and corresponding
minor segment by drawing various chords of different lengths.

We can see that when the length of a chord is less, then the area of minor sector
will also be less.

Think and Discuss
1. Radius of acircle is 6 cm. The lengths of some its chords are 4cm, 6 cm, 10 cm
and 8 cm respectively. Write the major segments corresponding to these chords in
increasing order of area.
2. In the circle given above where the radius is 6 cm, when the length of chord is 12
cm then what kind of relation will you find between major segment and minor
segment?

Sector

Q Take two points Aand B on a circle (see figure-12). Join the end points of
arc AB with the center O. The area which lies between the two radii drawn from
the end points of arc AB and the arc itself is called sector.

Minor As inthe case of segment, you will find that the area which is surrounded by
B Sector  minor arc and radii is called minor sector and area which is surrounded by major
arc and radii is called major sector. OAPB is minor sector and OAQB is major

=]
Figure - 12

sector.

Try These

Identify radius, chord, diameter, sector and segment in given figure and write in the table.

Radius Chord Diameter Arc Sector Segment

Figure - 13




Congruent Circles

We saw that two figures which are able to completely cover each
other are known as congruent figures.

respectively. Take diameter AB in circle with center at O, and
diameter CD in circle with center at O, (Figures-14, 15).

Take two circles of equal radii and centers at O, and O, ©. CUD

A
Put the circles on one-another so that center O, lies exactly Figure - 14 Figure - 15
center O, and end points Aand B of diameter AB lie on C and D
respectively. You can see that one circle is completely covering another one and so we can
say that both are congruent. Repeat this activity by drawing more pairs of circles with same
radius.

You will find that circles with equal radius are congruent.

Subtended angle made by chord on center 2

We are given a line segment AB and a point O which does not lie on the line segment
(Figure-16).

JoinOtoAand B. ~/AOB is said to be the angle subtended by line segment B

) Figure - 16
ABonpoint O.

We have a circle whose center is O and which has two chords are AB and CD
(figure-17). Angles made by chord AB and CD are /AOB and ~COD respec-

tively. Can you tell which angle is greater, Z/AOB and ~COD ? Can you see any
relation between the length of chord and angle subtended by chord at the center? You € D

can say that greater the length of chord greater is the angle subtended by it on the AFigure - 178
center.
Try These
Draw a circle with radius 5 cm. Draw pairs of chords of length 3, 5, 8, 10 and 6 cm. -
Measure the angles made by chord on center and write in given table.
Length of chord 3cm 5cm 6 cm 8cm 10 cm
Angles
subtended

After filling the above table you will find that in a circle, equal chords subtend equal
angles at the center.

CIRCLE AND TANGENTS @
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Some theorems related to circles

We have learnt different methods of proving geometrical statements. Now we consider
some statements about circles which reflect the properties of circles. Let us take the same
statement which we mentioned above, that is, in a circle equal chords subtend equal angles
at the center.

Theorem - 1.

S
E )
P Q

Figure - 18

Statement : Equal chord of a circle subtend equal angles at the center.
Given : Acircle with center O where PQ and RS are two equal chords.

To Prove :

Proof:

Thus,

/POQ = Z/ROS

In APOQ and AROS

OP=0R (Radii of same circle)

0Q=0S (Radii of same circle)

PQ=RS (Given)

APOQ = AROS (SSS Congruency)

ZPOQ=4/R0OS (Corresponding parts of congruent triangles)

Will the converse of this statement also be true, i.e. if angles made by chords at the
center are equal, then the chords are equal. Let us prove this statement.

Theorem - 2.
Statement:Ifangles made by chords at the center of a circle are equal, then chords

S
E )
P Q

Figure - 19

Given:

To Prove:

Proof:

Thus,

are also equal.
A circle with center O with two chords PQ and RS and
/POQ = Z/ROS

PQ=RS

In APOQ and AROS

OP=0R (Radii of same circle)
0Q=0S (Radii of same circle)

/POQ = ZR0OS (Given)
APOQ = AROS  (SAS Congruency)
PQ=RS (Corresponding parts of congruent triangles)

If two chords of a circle are equal, then their corresponding arcs are congruent and
conversely, if two arcs are congruent, then their corresponding chords are also equal.
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Example-1.  In figure-20 if chords AB and BC are equal and ZAOB =35° then

find /AOC.
Solution : /AOB=~BOC (Equal chords ina circle subtend equal angles)
/BOC =35° (£AOB =35°given) i‘
Thus, £AOC =/AOB+~/BOC A SN=C

—35° 4 35° Figure - 20
=70°
ZAOC =70°

Example-2.  Aregular pentagon is drawn in a circle. What will be the angle subtended at
the center of the circle by each side of the pentagon?

Solution : All five sides of a regular pentagon are equal and they make equal angles at
the center.
Let each side of the regular pentagon make angle x° at the center. D \ B
Thus,  5x°=360° (Why?) \ /
XO — 360° Ee———A
5 Figure - 21
X°=72°
Try These Hi.
1. Avregular polygonis drawn inside a circle. Each side of the regular polygon makes
an angle of 60° on center. Find the number of side of regular polygon. W

Perpendicular from Center to Chord

On a piece of paper, draw a circle whose center is at O and where AB is a chord. Draw
a perpendicular from center that meets AB at point M. What you can say about AM and
BM?
A B
Are they equal? How can we find out? Here, which mathematical arguments can v

we use? Can we use congruency of triangles? Figure - 22

Theorem - 3.
Statement: Aperpendicular drawn from the center of a circle on to a chord bisects the
chord.

Given : Acircle with center at O and whose chordisAB and OM | AB
To Prove : AM = MB
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Construction : Join O to Aand B.

Proof : In AOMA and AOBM
OA=0B (Radii of same circle)
OM =0M (Common)

I Z/OMA=/0MB (Right angles)
A B AOMA = AOMB (By Right angle — hypotenuse-side congruency)
Flgure - 23 Thus, AM=MB (Corresponding parts of congruent triangles)
What is the converse of this theorem? Is the line drawn from the center which

bisects the chord perpendicular to the chord?

Theorem - 4.

Statement : A line segment which joins the center of a circle and mid-point of a chord is

perpendicular to the chord.

Given : Acircle with center O. AB is chord and M is a mid-point of chord.

To Prove : OM 1L AB

Construction : Join O to Aand B.

Proof : In AOMA and AOMB
OA=0B (Radii of same circle)
AM = MB (Given)

“ OM=0M (Common side)
A ’ AOMA = AOMB (SSS congruency)
igure -

Thus, ZOMA =~/0MB  (Corresponding parts of congruent triangles)
Z/OMA+/0MB=180°  (By linear pair axiom)
Z/OMA +/0MA=180°>°  (ZLOMA =~ZOMB)
2/0MA =180°
Z0OMA =90°
Thus, OM L AB
Let us solve some examples of circle by using these properties of circles.

Example.-3.  Ifradius of a circle is 5 cm then find the length of a chord which is 3 cm
away from center.

Solution : In AOAC, OA=5cm OC=3 cm
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By Pythagoras theorem,
OA? =0C?+ AC?
5% =3% + AC? 0

2 2 2 M 3cm
AC? =5 -3 \ 1 /
AC? =25-9 \/

Fi -2
AC? =16 igure - 25
AC=4
Thus, chord AB=2x AC =8cm

Example-4.  Achord which is 24 cm long is 5 cm away from center of the circle. Find
the diameter of the circle.
Solution : OR =5cm, chord PQ =24 cm

1

PR==PQ cm
2
[e]
= %X 24 A /[5 cm )
=12 €M
Using Pythagoras theoremin AOPR - Figure - 26

OP? = PR’ + OR?
=12% +5°
=144 +25
=169
OP =13
So, diameter of circle =2xOP
=2x13

=26 cm
Example-5.  Alinel intersects two concentric circles (circles with same
center) on pointsA, B, C and D (See figure-27).
If AD =18 cmand BC =8 cm then find AB. Center of circle is O. <—

¢
J
A B\_/C D °~
Solution : Draw a perpendicular OM from center O on line I (See v

figure-28) Figure - 27
OM LBC
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Similarly,
So,
Example-6.
Solution :
/\A
s
o
Q Thus,
B
Figure - 29

BM=MC .. 0)
BM+MC=BC
BM+BM =8

2BM =8

BM =4cm

OM 1L AD
AM=MD = . (ii)
AM +MD =AD

|
2AM =18 A B\\UC D

AM =9cm

AB = AM — BM Figure - 28

=9-4
=5cm

Two chords of a circle PQ and RS are parallel and AB is perpendicular
bisector of PQ. Prove that AB also bisects chord RS.

We know that bisector of a chord of circle passes through center of circle.
Chord AB is perpendicular bisector of PQ.

AB passes through center of circle-

AB L PQ3iR PQIIRS=ABLRS

AB 1 RS and AB passes through center of circle.
AB will be perpendicular bisector of chord RS.

Thus, AB bisects chord AB.

Try This
Find the length of the perpendicular drawn from the center of the circle of radius 5
cmonto a chord of length 6 cm.
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Exercise - 1
Find the length of chord of a circle, if-

()] Radius = 13 cm and distance of chord from center = 12 cm

(i) Radius = 15 cm and distance of chord from center =9 cm

Find the radius of a circle if length of chord and its distance from center are respectively:
()] 8 cm and 3 cm (ii) 14 cm and 24 cm

PQ is diameter of a circle (figure - 30). MN L PQ and PQ=10 cm and PR=2 cm

then find the length of MN.
ﬁ\\
-

N

Figure - 30

In figure-31 chord AB = 18 cm and PQ is perpendicular bisector of chord AB
which meets the chord on point M. If MQ = 3 cm then find the radius of circle.

Figure - 31

A circle with center O and chords PQ and OR such that /PQO = ZOQR =55".
Prove that PQ = QR..
AB and AC are two equal chords of a circle with center O. If OD 1 AB and

OE 1 AC thenprove that AADE is isosceles triangle.



s € 274 P MATHEMATICS-10

Figure - 35

Circlewhichpassesthroughthreenon-collinearpoints.

Take a point P on paper. Draw a circle which is passes through point P. Can we draw one
more circle which passes through point P? How many such circles can be drawn? (See
figure-33)

o & €

Figure - 32 Figure - 33 Figure - 34

You can see several circles can be drawn. Similarly, several circles can be drawn
passing through two points P and Q (See figure-34). Can we draw a circle which passes

through three non-collinear points?

Theorem - 5.
Statement : One and only one circle can be drawn such that it passes through three

non collinear points.
Given : A, Band C are three non-collinear points.
To Prove : One and only one circle can be drawn through the points A, B and C.

Construction : Connect points Ato B and B to C. Draw PL and QM which are

perpendicular bisectors of AB and BC, respectively. Let PL and QM intersect each
other at point O. JoinOto A, Band C.

Proof : Point O lies on PL which is perpendicular bisector of AB

OA=0B ... (i) (Each point which lies on the perpendicular
bisector of a line segment is at the same distance from the end points of the line segment)

Similarly, O lies on MQ which is perpendicular bisector of BC.

oB=oC .. (i)
OA=0B=0C=r (Assume) (PL and QM will intersect at the same
point). O is the only point which will be equidistant from the points A, B and C.

Hence, only one circle passes through three non-collinear points.
We use this fact to draw a circle through all three vertices of a triangle. The circle is
known as the incircle of the triangle and its center is called incenter.
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Try This
Arc ofacircle is given (See figure-36).
Complete the circle after finding its center. m
Figure - 36

Think and Discuss
Can we draw a circle which passes through three collinear points?

Chords and their distances from the center

Infinite chords can be drawn in a circle. Draw a circle of any radius. Draw parallel
chords for this circle (see figure-37). Can you see any relation between lengths of
chords and their distances from the center? Write the chords AB, CD and EF in o
descending order according to their distances from center. You will find that as the A @ lg
lengths of chords increase their distances from center decreases; thus, diameter is the Ev/p

longest chord in a circle whose distance from center is zero. Will the distances from
center of chords be same if we take two equal chords? Let us verify this statement.

Figure - 37

Theorem - 6.

Statement : Equal chords of a circle (or congruent circles) are at the same distance

P
from center (or from centers).

Given : Acircle with center at O and two equal chords PQ and RS; OL and OM are

perpendiculars from O to PQ and RS respectively.

Figure - 38

To Prove : OL=0OM

Construction: JoinOtoPandR.

Proof: PQ=RS (Given)
1 1
ZPQ==RS
2 Q 2
PL=RM (Perpendicular drawn from center divides the

chord into two equal parts)
OP =0OR (Radiiofacircle)
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Z/OLP=~/0MR =90° (Byconstruction)

AOLP = AOMR (By RHS congruency theorem)
- OL=0OM (Corresponding parts of congruent triangles)
Try This

Chords which are equidistant from the center of a circle are equal. Prove.

Let us solve some examples by using the above results.

Example-7. Radius ofa circle is 20 cm. Difference between two equal and parallel chords
is 24 cm. Find the lengths of the chords.

Solution :
OM=ON .. (i) (Equal chords are equidistante
from center)

MN = OM + ON
MN = OM + OM by (i)
24 =2 OM

Figure - 39 OM = 12 cm
OA=20cm

In AOAM

OA? = OM? + AM?
AM? = OA? — OM?

=20°-12°
=400 - 144
= 256
AM = 16
So, length of chord AB =2 x AM
=2x16
=32 cm

Example-8.  Two parallel chords which are 6 cm and 8 cm long respectively lie on
opposite sides of center of a circle. The distance between chords AB and

CD is 7 cm. Find the radius of circle.
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Solution : Here, AB =6 cm

AN :EAB
2
:ix 6
2 Figure - 40
AN =3¢Cm

(Perpendicular drawn from center to chord bisects the chord)
Similarly CD=8cm

CM ZECD
2

1
:—X8:4
2 cm

In AOAN
OA? = ON’ + AN?
OA? =(7-x)"+3* (-~ MN=7CM, let OM=x then ON=7-x)
In AOCM
OC*=0M*+CM?
OC? =x* + 4
OA=0C (Radii of the same circle)
OA? =0C?
So, (7—x)2+32:x2+42
x* —14x +58 = x* +16
-14x =16-58 : ~
14X =42
X=3cm
So, radius of circle
OA? =(7-x)"+3
=(7-3)"+3
=16+9
=25
OA =5cm
Radius of circle OA =5cm
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Figure - 44

3. Centre of a circle is O and PO is the angle bisector of

Exercise - 2

1. Two chords AB and AC of a circle are equal. Prove that center of circle lies on the
bisector of /BAC.

2. Two parallel chords which are 10 cm and 24 cm long respectively lie on opposite
sides of center of a circle. The distance between chords is A

17 cm. Find the diameter of circle.

~/APD (see figure-41). Prove that AB = CD.

Figure - 41
A
4. O and C are centers of two circles whose radii are 13 cm
and 3 cm respectively (see figure-42). If perpendicular o | .
bisector of OC meets on points Aand B ofthe bigger circle o
then find the length of AB.

Figure - 42
5. Two equal chords AB and CD inacircle withcenterat O, c
meet at right angle on point E. If P and Q are mid-points
of chords AB and CD then prove that OPEQ is a square. @
O
/BN
D B
Figure - 43

Angle Subtended by Arc of a Circle at the Centre

If two points Aand B lie on a circle then the circle is divided into two parts. Join the end
point Aand B of minor arc AB to the centre O. Angle ZAOB made by arc AB at the
centre O is known as central angle. Again, take two points P and Q on the circle
such that minor arc PQ made by them is greater than minor arc AB and makes an
Angle ZPOQ at the centre O (see figure-44). Can you see any relation between

o thelengthofthe arc is more, then angle subtended by it at the centre is also more.

/A\ length of arc and angle subtended by arc at the centre? You can see in figure-44 that if
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Think and Discuss

If degree measure of angle of minor arc (figure-45) APB of a circle
be x° then degree measure of major arc will be (360° —x°). Why?

B

P
Figure - 45

Join the end points of an arc of a circle to any point on the remaining circumference
of the circle as shown in figure-46. Then ~ACB is the angle which is subtended by arc
APB at any point on the remaining circumference of the circle.
A~—_%

Let us try to understand the relation between the angle subtended by an arc at

the centre and that subtended on the remaining circumference ofthe circle. Flgure - 46

Theorem - 7.

Statement : The angle subtended by an arc at the centre is double (twice) the angle sub-
tended by it at any point on the remaining circumference of the circle.

Given : ZPOQ subtended by anarc PQ at the centre of the circle and an angle Z/PRQ at
point R on the remaining circumference of the circle.

To Prove : ZPOQ =2/PRQ
Construction : Join R to O and extend to point M.
Proof :

In APOR p e

OP =0OR (Radii ofa circle) Figure - 47

Z0PR = ZORP (Opposite angles on equal sides of a
triangle are equal)
/POM = Z/OPR + Z/ORP  (Exterior angles theorem)
/POM=2/0RP . (1)
In AQOR

OQ=0R (Radiiofacircle)

Z00QR = Z0RQ (Opposite angles on equal sides of a triangle)

ZQOM = ZORQ + ZOQR  (Exterior angles theorem)
ZQ0M=2/0RQ . @)
So, /POM+2Q0OM =2/0RP+2/20RQ ... onadding (1) and (2)
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ZPOQ =2(£ZORP + ZORQ)

ZPOQ =2/PRQ
Let us consider a situation when arc is a semi-circle.

Theorem - 8.
Statement : Angle subtended by the diameter ofa circle at a point on the circumference is
aright angle.

Given: /LLNM issubtended by a chord onthe circle. N

ToProve:  /LNM=90° /\
Proof : Z/LOM =180° (Straight line) L - y
(@]
Z/LOM=2/LNM (Bytheorem-7) U

2/LNM =180° Figure - 48

Or ZLNM :1820

=90°

So, we can say that angle subtended by the diameter at any point on the circumfer-
ence isaright angle.

Example-9.  Infigure-49, Ois centre of the circleand QPR = 30° and ZOQR = 40°.
Then find ZPOQ.

Solution : In APOQ
OP =0OR (Radiiofacircle)
Z/0OPR = Z0ORP =30° (Angles of isosceles triangle)
Similarly, in

ZOQR = Z/ORQ = 40°
So, /PRQ=/ORP+/ORQ

=30°+40°
ZPRQ=70° Figure - 49
/P0OQ =2/PRQ (Angle subtended on centre is twice the

angle subtended on remaining segment)
ZPOQ =2x70°=140°

Example-10. Infigure-50, AB is diameter and O is centre of given circle. If QAP =50°
then find ~OPB.
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Solution:  In AAOP P
OA=0P (Radii of the same circle) 6}
ZOAP = ZOPA =50° A\

Z/APB =90° (Angle subtended by diameter)
So,  /APB=/0OPA+/0OPB Figure - 50
90°=50°+£0PB
Z/OPB = 40° &5
Try These

Find the value of x in given figures-

P : P
0 A 0
2
< 3
O N a 50° v/
A B M N
“ Y B
B
Figure - 51 Figure - 52 Figure - 53 Figure - 54

Let us see the relation between angles which are present in the same segment ofa circle.

Theorem - 9.

Statement : Angles in the same segment of a circle are equal.

Given: ZACB and ~ZADB which are in the same segment of circle where O is the
centre.

ToProve: /ACB=_/ADB

Proof : Z/AOB = 2/ACB (Since the angle subtended by an arc at the centre is
double the angle subtended by it at any point on the remaining part of the
circle.

ZAOB =2/ADB
So, 2/ACB=2/ADB

/ACB=~/ADB
So, we can say that which are in same segment of a circle are equal.

Figure - 55

281

B
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Try These

Find the value of xand y in given figures-

0602

Figure - 56 Figure - 57

Example-11. Infigure-58, ZCAB = 25° and ZADB =35°. Then find ZABC,
Solution : Here infigure
ZADB = ZACB (Angle insame segment)
ZACB = 35°
In AABC
ZABC+ ZACB+ ZCAB =180°

ZABC +35° +25° =180°
ZABC=180°- 60°
ZABC =120°

Figure - 58

Example-12. Prove that the circle drawn on any one of the equal sides of an isosceles
triangle as diameter bisects the base.

Solution : AABC inwhich AB =AC and a circle is drawn by taking AB as diameter which
intersects the side BC of triangle of D.

Since angle in a semi-circle isa right angle.

- ZADB=90°
A
But, /ADB+/ADC=180° Q
B\/D

90°+ ZADC =180°
ZADC =90° Figure - 59
In AADB and AADC
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AB=AC (Given)
AD = AD (Common side)
And ZADB=~/ADC=90°
AADB =~ AADC (By RHS congruence)
BD =DC

Exercise-3
In figure-60, O is centre of circle, PQ isa chord. If ZPRQ =5¢° thenfind ZOPQ .

R
; . ; ——
N

Figure - 60
In figure, find the value PBO if ~AOB=50° and ZPQB =75".

Figure - 61
If O is the centre of circle, find the value of x in figure.

Figure - 62
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4. If O isthe centre of circle, find the value of X.
130°
P S Q
S
Figure - 63
5. If O is the centre of circle, then find the value of x in given figure.

Figure - 64

6. Find the value of ~ABC infigure.

<O

A C
B
Figure - 65

7. Find the value of x infigure and prove that AD||BC

c

o
<

Figure - 66




8. Infigure, O is centre of circleand OD | AB if OD=5 cm then find the value of AC.

C
O
A D B
Figure - 67

Cyclic Quadrilateral

We saw that one and only one circle can be drawn through three non-collinear
points. Can we draw a circle passing through four non-collinear points (of which no three
are collinear)? Ifwe draw a circle through three non-collinear points P, Q, R then the position
of the fourth point S can be as follows (figure-68).

J

o)

R

Position-1 Position-2 Position-3
Figure - 68

In position—1, the point S is located outside the circle, in position -2 it is located
onthe circle and in position— 3 it is located within the circle. Therefore, we can say that if we
take 4 non-collinear points then it is possible for a circle to pass through them and it is also
possible that all four do not lie on the circle.

Infigure— 68, if we join P, Q, Rand S we obtain a quadrilateral (see figure — 69).

P/—\ s Ps P

. ) |

Position-1 Position-2 Position-3

Figure - 69

CIRCLE AND TANGENTS
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All four vertices of the quadrilateral obtained in position — 2 are located on the
circle. Ifall four vertices of a quadrilateral are located on a circle, it is known as cyclic circk.
Does this quadrilateral have any special property not seen in other quadrilaterals?

Try These
Draw a circle of any radius. Take any four points on the circle and use themto form
a quadrilateral. Measure the pairs of opposite angles and find their sum.

You will find that the sum of opposite angles of any quadrilateral whose 4 vertices lie
onacircle is 180°.

We will now try to find the logical proof of the above statement.

Theorem - 10.
Statement : The sum of either pair of opposite angles of a cyclic quadrilateral is 180°.

Given : Acyclic quadrilateral ABCD.
To Prove: /A+ /C=/B+ /D =180°
Construction : JoinAand C to O.

Proof : We know the relation between the angle subtended by arc ABC at centre and at
any point on remaining part of circle.

Figure - 70

o ‘ Angle subtended by arc ABC at the center /AOC =2/ADC (i)
c Angle subtended by arc CDA at the center /COA =2/ABC (i)
/ So, ZAOC+~ZCOA=2(ZADC+ZABC)
A——"" 360°=2(«D+£B)
ZB+ /4D = 360
/B+ /D =180°

In quadrilateral ABCD,
ZA+ ZC+ /ZB+ 2D =360°
ZA+ 2C+180° =360°
ZA+ 2C=180°
So, we can say that the sum of either pair of opposite angles ofa cyclic quadrilateral
is 180°. Is converse of this theorem true as well? Yes, if the sum of any pair of opposite

angles of a quadrilateral is 180°, then the quadrilateral is cyclic, that is, we can draw a circle
passing through all four vertices of this quadrilateral.
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Solution: sA+ ~C =180° (Sum of opposite angles of cyclic quadrilateral is 180°)

Example-13. Find the value of x in figure-71.

X+ 60° =180°
X =120°

Example-14. Find the value of x in figure-72.
Solution : ZABD =90° (Angle subtended by diameter on any point on the circle)

ZABD+ ZBDA+ ZDAB =180°
90° +30? + «DAB =180°

«/DAB =180° -120
/DAB = 60’ Figure - 72

/DCB + ~/DAB =180° (Sumofopposite angles of cyclic quadrilateral)

X+ 60° =180°
x=120°

Example-15. Pisapoint onthe side BC of a triangle ABC such that AB =AP. Through A
and C, lines are drawn parallel to BC and PA respectively, so as to intersect at D (as shown

in figure-73). Show that ABCD is a cyclic quadrilateral. A o
Solution : In AABP
AB=AP (Given)

Thus, ZABP = ZAPB B FiguF;e g
(Opposite angles of equal sides)
AP 1ICD and ADIIBC (Given)
So,  APCD isa parallelogram.
ZAPC = Z/ADC
(Opposite angles of a parallelogram)
Since  /APB + ZAPC =180° (Linear pair axiom)
ZABP + /ADC =180° (£APB = ~ABPand ~APC = Z/ADC)

If the sum of either pair of opposite angles of a quadrilateral is 180° then the quad-
rilateral is cyclic.
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Exercise - 4
.- 1. AB||CD ingiven figure. If ~DAB = 80° then find the remaining interior angles of
the quadrilateral.
e D—"—"—"—">0C

\80°

Figure - 74

2. Find ZQRS and ZQTS inthegiven figure.

Figure - 75

3. ABCD is a cyclic quadrilateral in given figure whose side AB is diameter of the
circle. If ZADC =150° thenfind ZBAC.

D——~C

N,

A ®
O

Figure - 76

4. Find the value of x in given figure.

Figure - 77




/
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5.  PQand RS are two parallel chords of a circle and lines RP and SQ intersect at point
M (See figure-78). Prove that MP = MQ.

K—

Figure - 78

6. PQ is diameter of semi-circle in given figure. If ~PQR = 60° and /SPR = 40° then
find the value of ZQPR and /PRS .

Figure - 79

7. If diagonals of a cyclic quadrilateral are diameters of the circle, then prove that the
quadrilateral isa rectangle.

8. In figure-80 PQRS is a quadrilateral. If £P = ZQRY then prove that PQRS is

cyclic quadrilateral. . Y

X

Figure - 80

9. If two non-parallel sides of a trapezium are equal, then prove that it is cyclic
quadrilateral.

289
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g ) /\
0
Figure - 81
P — >
n < / E\ P>
m < - B »
(o)
Figure - 82
L < B>

Draw a circle and a line on paper as shown in figure-81. Now
draw some lines parallel to .

There are two common points Aand B between line mand
circle ingiven figure-82.

In the same way between line | and the circle there are two
common points C and D. There is only one point E common between
line n and the circle and there are no common points between line
p and the circle.

We find that a line can be in three different positions relative
to acircle.

In figure-83(i), line I does not intersect the circle so there
are no common points between the line and the circle.

If figure-83(ii) line | intersects the circle at two different
points so there are two common points P and Q between the line
and the circle.

A 4

(i) (iif)

Figure - 83

In figure-83(iii) line | touches the circle at only one point so there is only one point M
which is commonto the line and the circle. In this situation, we say that | is tangent of circle
and common point M is tangent point.
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In figure-84 line | is intersecting the circle at two points P and Q. On
keeping line | fixed at point P and rotating it in any direction continuously (see
Q,, Q,, Q, ) we will reach a condition where intersecting point Q becomes
coincident with point P. In this case, we can call secant line as tangent to circle at
point P and P as tangent contact point.

The tangent to a circle is a special case of the secant, when the two end
points of its corresponding chord coincide. Thus, tangent to a circle is that line
which touches the circle at one point. Figure - 84

Think and Discuss
Only one tangent can be drawn at any particular point ona circle. Why?

Try These

Identify and write the names in your notebook of intersecting lines, secants and
tangents in the following figure.

Figure - 85

Tangent line and radius passing through tangent
contact point

The distance between a point and a line (when point is not on the line) is least when it is
perpendicular. Will the distance from tangent to the centre be minimum, that is, is the radius
passing through tangent point perpendicular at contact point?
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Theorem - 11.

Avradius ofa circle meeting the contact point of tangent
to the circle is perpendicular to the tangent.

Known : Acircle with centre at O and having tangent
AB meeting the circle at contact point, P.

To Prove: OP | AB
Construction : Take point PonAB. Also take points ¢ >
A°S R p o B
Figure - 86

Q, R, SonAB. Join all four points to the centre of
the circle O.

Proof : Infigure-86 we can see that points Q, R and S are located outside the circle and we
know that distance between a point located outside the circle and the centre is more than the
radius. Therefore, length of OP is least among OQ, OR and OS. Therefore, ofall points on
tangent AB, contact point P is at the least distance from the centre of the circle.

. OP LAB

We use this fact to draw the tangent at any point on the circle when we know
the centre of the circle.

How many tangents through a point located outside
the circle

Take a point P outside the
circle. Tryto draw tangents

to the circle passing
through external point P
(see figure —87). You will
find that two and onlytwo P
tangents can be drawn on

the circle from a point
outside the circle. The
distance between the
external point P and the Figure - 87
contact point of the tangent

is known as length of the tangent. See figure —87 and try to find some relation between PS
and PT. Measure the lengths of PS and PT. You will find that PS = PT. Let us see the proof
for this statement.

T
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Theorem - 12.

The lengths of tangents drawn from an external point to a
circle are equal.

Known : APand AQ are two tangent segments to a circle

A
drawn from the same external point A.

To Prove : AP=AQ
Construction : Join A, P, Q to the centre of the circle O.

Q
Proof : In AOPA and AOQA Figure - 88
OP =0Q
(radii of the same circle)
OA=0A (common side)

ZAPO = ZAQO0 =90° (radii passing through contact points are

perpendicular to the tangent)
AOPA = AOQA (angle-side congruency in right angle triangles)
Thus, AP=AQ (corresponding sides of congruent triangles)

In the proof of the above theorem, AOPA = AOQA thus ZOAP = ZOAQ We

can say that the centre of the circle is located on the angle bisector of ZPAQ We can use

this information to draw a circle which touches two intersecting lines. Especially, we can
draw a circle that touches the three sides of a given triangle. The circle is known as incircle
of the triangle and its centre is known as the incentre.

Example-16. In figure — 89, OP = 13 cm and the radius of the circle is 5 cm. Find the
lengths of tangents PT and PS drawn on the circle from point P.

Solution : INAOPT
Z0TP =90°
Inrightangle triangle AOPT
OP? =OT? +PT?
Or  132=524PT?
Or  PpT?=13*-5°
PT? =169-25

PT?2 =144 Figure - 89
PT=12cm
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We know that,
PS=PT
Thus, PS=12cm
Thus, tangent PT=PS=12cm

Example-17. In figure — 90, O is centre of the circle and PA and PB are tangents. If
ZAPB = 60° thenfind Z/AOB.
Solution : Inquadrilateral AOPB
Z0OAP = Z0BP =90°
And ZOAP+ /APB+ /PBO+ ZAOB = 360°
90°+60°+90° + LAOB = 360°
240° + ZAOB = 360° P
Z/AOB =360°-240°
ZAOB =120° Figure - :O

Example-18. Infigure-91, P, Q and R are points external to a circle with its centre at O.
The lengths of tangents PA, QB and RC are 3 cm, 4 cmand 5 cm respectively. Find

the perimeter of APQR .
Solution : We know that lengths of tangent segments drawn from the same external point

are equal.
PC=PA=3cm
QA=0QB=4cm
RB=RC=5cm
PQ = PA+AQ
PQ=3+4=7cm
QR=0QB+BR
QR=4+5=9 cm
PR =PC +CR P C  som R
PR=3+5=8cm Figure - 91

Thus, perimeter of APQR =PQ +QR +PR

=7+9+8cm

Q

=24 cm
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Example-19.Tangents TP and TQ are two tangents drawn from external point T on the
circle with the centre at O. Prove that /PTQ =220PQ.

p

Solution : Assume that Z/PTQ =6
TP=TQ (fromtheorem-12)

Thus, ATPQ isanisosceles triangle where T o
ZTPQ+/TQP=180°- 0
LTPQ:LTQP:%(180° - 0) 5
Figure - 92

ZTPQ=90°- %e

/OPT=90° &l  (fromtheorem-11)
Z0PQ = ZOPT - /TPQ

=90°-(90°- 19]
2

Thus, ZPTQ=2/0PQ Hence Proved.

Segments of a Chord
PQ is a chord and R is a point on the chord located S R

inside the circle. It is said that R internally divides the P : e
chord PQ into two segments PR and RQ. Similarly, if S ©

is a point on line PQ located outside the circle then S is

said to externally divide the chord into two segments SP

and SQ.

A

Figure - 93

Relation between tangent and secant

We have already seen the relation between two tangents drawn from the same external

point. Is there any relation between the tangent and secant passing through the same external
point?
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Theorem - 13.

Statement : If PAB is a secant to a circle which intersects the circle at Aand B and PT is
atangent to the circle then PA x PB = PT?
Given : Secant to the circle which intersects the circle at Aand B and tangent PT to the

circle. 5
To Prove : PAxPB =PT? A‘
Construction : Draw OL perpendicular to ‘

AB. Join OP, OT and OA. P O
Proof : PAxPB=(PL—-AL)(PL+LB)
=(PL-AL)(PL+AL) TFMW&04

(Perpendicular to a chord from the centre of the circle
divides it into two equal parts)

=PL* - AL?
=PL*-(0A*-0L%) (From Pythagoras theorem)
=PL*-0A’ +0L?
=PL? +0OL? - 0A? (from Pythagoras theoremin triangle AOPL.)
=OP? - OA?
= OP?-0QT? (OA =0T = radii)
— PT? (from Pythagoras theorem)
PAxPB=PT?
Do This

Iftwo chords of the same circle intersect each other internally or externally then the product
of the segments of any one of the chords is equal to the product of the segments of the
chord. That is, PAx PB =PC x PD.

Figure - 95 Figure - 96
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Example-20. Let AB and CD be two chords of the circle, which intersect each other
internally at point P. If PA=2cm, PB =3 cmand PC =4 cm then find the length

of PD.
Solution : Given,
PA=2cm, PB=3cm, and PC =4 cm, CA
Let PD =xcm ' 4 b
We know that PAxPB=PCxPD B
2x3=4xX
X :% Figure - 97
x=1.5¢cm
PD=15cm

Example-21. Chords PQ and RS intersect each other at point M which lies outside the
circle. If MQ =3 cm, MP =8 cm and MS =4 c¢cm then find the lengths of MR and
RS.
Solution : Given, MQ=3cm, MP=8cmand MS =4 cm
Assume that MR =X cm
We know that: MQ x MP = MSx MR

3x8=4xMR
M
MR :E
4
MR =6cm
Chord RS = MR - MS Figure - 98
=6-4
Chord =2 cm T
Example-22. Infigure —99, if PA=4cmand PB =9 cmthen
find the length of PT.
Solution : We know that PA xPB =PT? P
4x9=PT? A
PT? =36 B

Figure - 99
PT=6cm
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Angle made by a chord and a tangent

Suppose we are given a circle with its centre at O and AB is a tangent at point P on the
circle. Draw chord PQ from P. Take R on the major arc of the circle.

Major arc PRQ is called the alternate segment of the segment made by the chord

PQ.
Infigure —100, if ZQPB = x° then ZOPQ =90°-x° (Why?)
Z/0PQ = Z0QP =90°-x° (- OP = 0OQ = radius)
In APOQ

£POQ =180°—[(90°—x°)+(90°~x°)
=180°-[180° - 2x°]
=2X°
ZPRQ = %LPOQ
:%x 2X° Figure - 100

=X°
Thus, we can say that “the angle between a tangent and chord at the contact point is
equal to the angle made by that chord in the alternate segment.”
This is also a theorem which is used to draw the tangent when we do not know
the centre of the circle.

Example-23. Infigure-101 PQ is tangent to the circle. If AOB is diameter of the circle
and ZSAB =50° then find ZASP

Solution : /BSQ = ZSAB =50°

(fromresult of alternate segment) m
ZASB =90° A 0 B

(angle formed by the diameter) S >0
— = ZABS+ ZASB + /BAS =180° )
ZABS+90°+50°=180°
Figure-101 O
ZABS = 40°
ZASP = ZABS

(fromresult of alternate segment)
ZASP =40°
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Example-24. Tangent MN touches the circle at point P. Chord PQ is such that
ZQPN =52°. Find ZPOQ when O isthe centre of the circle.

Solution : Let R be a point on the circumference of the circle. Join centre O to points P

and Q. Similarly, join Rto Pand Q.

ZQPN = /PRQ =52° (Since, the angle between a tangent and chord at the con-
tact point is equal to the angle made
by that chord in the alternate segment)

/P0OQ =2/PRQ (Angle at the centre is twice the angle
formed on the circumference)

/POQ =2x52°

ZPOQ =104°

A

Figure - 102

Exercise 5

1. From a point P, which is at a distance of 10 cm from the centre of the circle, the

length of tangent segment is 8 cm. Find the radius of the circle.

2. Infigure—103, ~POQ =100°,APand AQ are tangents. Find the value of /PAQO.

Q

Figure - 103
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Mz,

3.

Prove that the tangents drawn at the endpoints of a diameter of a circle are parallel

to each other.
Acircle touches all sides of quadrilateral ABCD. Prove that AB + CD = BC + DA.

Prove that the angle between two tangents drawn from the same external point is
supplementary to the angle subtended at the centre by the chord which is formed

by joining the contact points of the tangents.

Prove that the intercept of a tangent between two parallel tangents to a circle

subtends a right angle at the centre.

What We Have Learnt

1.

The set of all points on a plane which are equidistant from a given point is called
circle.

Two equal chords in a circle subtend equal angles at the centre.

If the angles subtended by two chords at the center of a circle are equal then the
chords are equal.

A perpendicular dropped from the centre ofa circle on a chord bisects the chord.
The bisector from the centre ofa circle on a chord is perpendicular to the chord.
One and only one circle can be drawn passing through three non-collinear points.
Two equal chords ina circle are equidistant from the centre.

The angle subtended by an arc at the centre is twice the angle subtended by the
same arc at any other point on the circumference.

The angle subtended by the diameter onany point on the circumference is a right
angle.

10. Angles inthe same segment of a circle are equal to each other.

11. Inacyclic quadrilateral, the sum of any opposite pair of angles is equal to 180°.
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12. 1f the sum of any pair of opposite angles of aquadrilateral isequal to 180°, then

the quadrilateral is cyclic.

13. The radius drawn from a tangent is perpendicular to the tangent.

14. The length of tangents to

a circle drawn from the same external point is equal.

15. The angle between a tangent and chord at the contact point is equal to the angle

made by that chord in the alternate segment

1. (i) 10 cm
2. (1) 5cm
3. 8 cm

2. 26 cm

1. 40°

3. 35¢°

5. 75°

7. 80°

ANSWER KEY

Exercise - 1

(i) 24 cm
(i) 25 cm
4, 15 cm
Exercise - 2
4, 24 cm
Exercise - 3
2. 80°
4. 25°
6. 120°
8. 10 cm
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Exercise - 4

1. «DCB=100°, /ABC =80°, ZADC =100°
2. ZQRS=104°, ZQTS =104°

3. /BAC=60°

4, 62°

6.  ZQPR=30°, ZPRS = 20°

Exercise - 5

1. 6 cm 2. 40°
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