Exercise 15.6

Chapter 15 Multiple Integrals 15.6
The area of the surface with equation z =fx, ), [:t, ;u:l e L), where #; and 7, are

continuous, is 4(§) = [ \/1 + (%T + [%Tm

o

We have z=2+ 2x + 4y Then, E = 3 and E = 4.

&% e
= [+ + @

From the dimensions of the rectangle, we get the limits of x as (0, 3) and the limits of ¥ as
(1,43

Cin substituting the known values in the expression for area, we get

Jl ] 4V drdy.

Evaluate the terated integral

”Jt i 4P dxdy

526 dy
15426

Il
1 — e

Therefore, the area of the surface is 15426




Chapter 15 Multiple Integrals 15.6 2E
Consider the plane 2x+5y+z=10.

Find the area of the surface of the given plane insider the cylinder * +y2 =0,

The surface § is shown in the below figure:

= x2+32=9
2x+5y+2=10 4

Area of the surface with equation z = g(x, y)is given by the following formula:

- &3] 14

Here, D is the domain of integration.




The projection of the cylinder on xy- plane is a disk of radius 3.

So clearly, the surface § is lies above and below the disk D with center the origin and radius 3.
The region p can be written as D:{[r,yﬂ 3L <3 9= " iiyii«.ﬂ‘;—xz}.

Use polar coordinates, x =rcosd, y=rsinf,dvdy = rdrdf.

The region p can be written in polar coordinates as D:{[r, 6'}| 0=r=30=¢= 2;-':'}.

Rewrite the plane equation as follows:

z=10-2x-5y.
Find the partial derivatives rﬁi,&
ax
&z 0
—=—(10-2x-5
Sy )
=-2
% 2 (10-20-5y)
ay av
==5

J[%T +[%JI +1= ,f{—zf +(=5)" +1

=J4+25+1
=30

The surface area of the plane inside the cylinder is,
* 2
e HJ[G‘_*) [2] 1

b Y\ox ay

= [[ /30 dxdy
i

=-J%H(l} dxey

Iy

Ir

=J3_ﬂj'jrdrda
o
3

-l |2 ]

- o3
=9307

Therefore, the area of the plane that lies inside the cylinder is 0, #3{]}? i




Chapter 15 Multiple Integrals 15.6 3E
Find the area of the surface of the plane 3x+2y+z=6 thatlies in the first octant.

Rewrite the plane equation z= f(x,y)= 6-3x-2y.
At first sketch the plane z = 6 -3x -2y in the first octant.
107]

gl

EI..-

-

From the figure, it is obvious that, the variable y varies from 0 to 3,

Lower limit of x is obviously zero as the plane lies in the first quadrant, the upper limit of x is
obtained by setting z=01in z=6-3x-2y and solving for x.

0=6-3x-2y

3% =0 —2y Hence. on the given surface the variable x varies from 0o 2 "32-”’,
6-2y

3

X =

The area of the surface with equation z= f(x,y). (x, y) € D.

Where f and f are continuous functions, is

A(S) = [!JI + [g_xj+ [%T.ﬂw ...... (1)




Use the formula {l) and also use limits of the variable x and y, to find the required

Surface area -

=7
z=ﬁ-3x-2;=:}§z =~-3and — = -2
o

6-2w

5
A(S) = [ [ 1+ (=3) +(-2) dvay

L]

(6= 2y

Therefore, the area of the surface is | 3314 unit?|
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Consider the part of the surface z=1+3x+ 2},2

The area of the surface with equation z = fix, y). [.r, y} e D, where fx and fy are continuous,

s A(S) = J;!'JI + [%T+(%Td.4-

Since z=1+3x +2y2.

& oz
Then, i Jand — = 4y
ox ay
Therefore,

HJI +(4y



Now, let us sketch the region that lies above the triangle with vertices (0, 0), (0, 1), and (2, 1).
}'!
A

2

B

From the figure, see that the limits of x as (0, 2y) and the limits for y as (0, 1).

On substituting the known values in the expression for area, obtain that

1 2%

=”Jl+(3 + (4y) dxdy

Mow evaluate the iterated integral.

1 2§

”JH(:-’. +(4y) dxdy
J10 +16)7 (x).” dy
2y4J10 + 16)7 dy




Suppose 10+16y =u. Then 32ydy=du. That is 2_1,,,5.,=%du

Limits: When y=0=u=10
When y=1=>uw=26

Therefore,

1
A(S) = [2p\10 + 16" dy
o
I‘[-J";[EJHJ
26
;[z,,i]
1613 )
g (ool . 2
=—(261—l{]3]
24

=%(25J2_6~1uﬁ]
| >(13v26-510)
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1679-15.6-6E RID: 1411] 21/02/2016

Recall that, the surface area of an equation z = g(x, y)is given by the following formula:

Hf[x«ng{ra}'))\/[gi]z +[%T +1dA.

L

Here, D is the domain of integration.

The domain of integration is the part of the paraboloid z =4 - x* — y* that lies above the xy-—

plane.

The domain is shown below:
D={(r,0)|0<r<2,0<0<2x}

Since the part of the sphere that lies above the xy-plane is

*»

z=4—x* — P
The partial derivatives of z =4 - x* —y* are calculated as,

oz @

s et et
E_c?.t(d * '})
==2x
z & 2 2
5 o)
=—2_],J

Substitute all the values, and then the surface area can be calculated as,

= J;;[f(.r,y,g(x,ﬂ]\/(%]? _{z_;_]! +1 dA
= [[(=2x) +(=2»)’ +1 a4

Iy

= [[Jax* +4)7 +1 dd
I




Use polar coordinates, x =rcosé, y=rsin@,r* =x* + y*and 44 = rdrd@. then the surface
area of the surface is becomes,

s=[[ Jax* +4y% +1 dA
I
= [ [ 144 rarao

Use substitution method: Let | 4 4,2 = ;2. then derivative is

Brdr = 2idt

1
rdr = —tdt
4
Limits of integration: If ,=2then ;= |||_,_4(3}1 = f17andif y=0Qthen

t=y1+4(0) =1

Hence, the surface area of the paraboloid that lies above the xy-plane is,

S= '[.[ﬁ/stf +4y? +1 dA
I
& [D j: 1+ 417 rdrdo
ix pdl7 |
=[] e
a ﬂ. jl""”ﬁdsde
I (P VI7
g [g]l

=é(2f}[(\fﬁ]3—|]
- %[l?»fﬁ—]}

tdtd @

Chapter 15 Multiple Integrals 15.6 7E
The formula for the surface area of a surface given by function z = F(x, ¥) overregion )
18

Als) = [NH[%T +(%Ta{ﬂ

Find the partial derivatives and limits of integration and use this formula




Take the partial dertvative in terms of x:

R S

oz

—=—ix

i
Take the partial derivative in terms of
z=y oyl

oz

oy

Plugging into the formula for surface area, we now have

As) = [[J1+(-2x)" +(2v) a4

The region of integration 1s between a circle of radius 1 and a circle of radius 2. We
convert to polar coordinates and let » range from 1 to 2. The limits in & go all the way

around the circles, or 0 to 277 To rewrite the integrand in polar coordinates, use the
conversion formulas

r=rcosd
Y=paine

Alzo, in converting to polar coordinates we must add a factor of » into the integrand:

4@ = [ [ 1+ (~2r cos 6 + (2rsin 8 dér

= J-lg I;Ir\/1+(4r2 Cog 5')+ (4?2 sin® S')cf&z'r

: hr 1+4r% [ cos® 845’ 8 d Sar
L L;

Use the Pythagorean identity, cos® 84sin’ & =1, to simplify:

A = [ [ r 1+ a7 (Naear
= ['[" i artasar

Integrate in terms of &, leaving » constant:

Afs) = f j;"hh 47 dBdr
= f[arm )
a2 f(zm 1+4r7 ~0Yar

= 2:’?‘_[12 [rm,u'l + 472 )dr

ix
dr
I




To integrate in terms of », use a substitution:

w=1+4r
di = Brdr
.:iu: Fedr

Find the limits 1in terms of 2
1+4(h* =5
1+4(2* =17

Plug in &, ¢, and the new limitzs, and integrate:

&
A= 2, (V)5
= 5L (e

17
- E[Eum]
443 s

_ %(l?m " 53;2)

= g[l?ﬁ—ﬁﬁ)
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3 3

Consider the surface z =%[_r3 + 1!3] andtheintervals 0 < x<land 0y <1.
3 : i

The region T is described by 7' ={(x,y)| 0<x<1, 0<y<1}.

The area of surface bounded by the surface is 4 :”\/l +[L] +[£] o
J ox ;

The partial derivatives with respectto x are,



The area of surface is,

JE) +(V5) +1 dyar
Jx+y+1 dydx

3
I+x+ )2 | dx
J

0

A(S)

D ey, D ey,
e s,

| by Bl

& t—y— mlm

=

(|+x+|]§—(1+x)§]dx
:%j[{2+x}%-[l+.r);:|dx
_—x—j[{2+t —(1+4x) 1
-2 -5 -5 -7
i—Ef 12\;—

=1.4068

Hence, the area of the surface is ] 4068

u.

Chapter 15 Multiple Integrals 15.6 9E
Consider the part of the surface z = xythat lies within the cylinder »? +y3 =].

The polar coordinates are x =rcos#, y=rsin@ and r* =x* +?

The region D is described by D :{[r,{]]| D<r<l, 028< Z:r}.

&Y (a
The area of surface is 4 = ” ]...( ] [é;] dd -
ox y

The partial derivatives with respectto x are,
zZ=xy
Z. =y

The partial derivatives with respectto y are,
z=xy
zZ, =X



The area of surface is,
g oY (e
A _INIJ{E] +[EJ dA
A =”‘.I'I+y3 +x°ddA
]
=Tju"l+rlr drd® ... (1)
LR}

Let 1447 =4
Then

2rdr =1 dt

redr = l i
2

Substitute the values into the equation (1),

_2:?(2-4'5—1]

3

2221

Hence, the area of the surface is
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Consider the surface x* + y* + z* = 4that lies above the plane z =1.

The equation of surface is,
+y 42t =4
v¥+yi+l=4
¥+ =3

r=v3

The region D is described by D: (.a ,6' 0<r<3, 0<@< E;rf}.

The area of the surface is 4= ”\/] .,.(_‘iz_ ] dd -
CH] é
The partial derivatives of - = ||' —x* — % with respectto x are,
z=J4-x -y
—X
2.1: = 4
4—x* -y

The partial derivatives of - - ||' —x* —y* with respectto x are,

~.||'-'-1- xt =y
1|' —x' =y



Thus, the area of the surface Is,

aeffe(3) (5]

<]
i A
g U oo

Substitute the polar coordinates,

. e 2 R
J-fl X y2+.r2+} A
4-x" -y

2r A3
Ll ’_

A:Ej - drd
0 4 —p*

Put

4—r" =

Then

—2rdr=dt

The limits are,
Lower Limit:r =0,thenr =4
Upper Limit:r = J3,thent =1

The area of the surface becomes,



crd

2x 3
— r-
s E][ 'I.- m"l4—1'

-

Therefore, the area of the surface is

Chapter 15 Multiple Integrals 15.6

The formula for the surface area of a surface given by function z = F(x, ¥) overregion D
13

2 2
Als) = ” 1+(ﬁ] +{%J il
o x the
Find the partial derivatives and limits of integration and use this formula

since we are concerned with only the surface abowe the xy-plane, we can rewrite the
surface

X+ yz +z* =q4?
That we are working with as

Tl g
b=y o el e Vo

Take the partial derivative in terms of x:
Foiid s 2

Take the partial derivative in terms of
B da e _

6z _ 1.3 a2
—=—(a"-x" - =
> 2( YRy
Y L



Plugging into the formula for surface area, we now have

2

A= ”JH(—,-{((E ety Y o ey la¥ e Ay i

=”J1+(x2{.::2—xz—yjj'ljl+(y2{a2—xg—ygjl'l).:iﬂ

o

[[ 1+ @® -2 = )72 +%)da

o

%P
J‘fH[ﬂg—(f +.}*2)Jdﬂ

The region is within the cylinder 2° +3* = ax. We are going to want to integrate in polar

Il
Sy

coordinates, so we convert this boundary equation using the conversion formulas

x4y (D)
x=rcosd
y=rsin 8

The equation for the cylinder then becomes
r*=arcosd

r=agcosd

The cross-section of this cylinder 15 a disk, and erdinarily a function with cos & would
take a period of 27T to traverse a full circle. Howewver, once cos & becomes negative, the
rvalues become negative and begin to repeat the same circle. We therefore want to
traverse only the positive & walues, and we let the & limits range from —a/ 2 tosr/ 2.
The » limits range from the origin to the function that borders 7, or O toa cos &

“We again apply (1) to convert the integrand to polar coordinates, and we also fill in the
limits of integration. Converting to polar coordinates requires multiplying a factor of #
into the integrand:

n % +_}?2
0[] o 2

T N I

[ R

To integrate in terms of #, use a substitution:

2 2
= —F



We can also write this substitution as

.?"2=E12—H

So that we can plug in for 2.
Find the new limits of integration in terms of u:

at = 0F = g*

& —(c:u::c::usﬂj =a’—a’cos’ 8

=T (l—cos &)

=a’sin® g
The last step uses the fact that the Pythagorean identity, sin® 84cos® 8=1, can be
rearranged to be sin® 8=1-rcos® & and substituted in.

Plug in with u and o and simplify:
afd pocosd
AES}:.I-_HM.I-U & 1+[ 4

2

(e

=2 patsmt 2 &
=.|-—.a'."2-|-|:'. ﬂ 1+[ﬂu J( gu]dg

L o] ) e

z}fmi'ﬂ

s )
- —%j_’ijfsm?” TP = lasd
e _%I_‘”lj‘fsm?ﬂ S

lll-z."ﬂ J-ﬂ sin'te R

—=iada?

Integrate in terms of'u:

Als) =— —r” [ e

:_E.I-_Ijz(hm)ﬂ

=— rm |:|.:zs1n.5'| |.:z|:k;¢'5'

atsita

d &




Motice that taking the square root of a square gives the absolute value of the quantity.
Because of symmetry, whether & was originally positive or negative doesn’t matter—the
area of the surface in question will be the same. So we assume @ positive. Between our

litnits of integration, sin & 1z positive from O to 77/ 2 but negative from —7r/ 2 to 0, and
since its values are otherwise symimetric,

We integrate from 0 to 77 2 only and double it:
=2 .
A=) :—Ecz_[u |[.:x g1t 5—@):3’5‘

Integrate in terms of &:
all )
ﬂ{s)z—?a[ﬂ I:cz sifl E'—cx)dé?

=—da(—acos H—cx.&?ﬂ;ﬂ

=—2a(—acos(A{ 2)—al(m! 2)— (—acos(0)—a(07))

i —amj—f§l+aﬂ)+m]
=—Za —E+a]
2
= 247 f—q
2

=la*(m-2)




Chapter 15 Multiple Integrals 15.6 12E
Consider the sphere x* + y* + z* =4z and paraboloid z = x* + 7.

The objective is to find the surface area of the solid obtained from the part of the sphere that
lies inside the paraboloid.

Use cylindrical coordinates to find the surface area of the solid as follows:
x=rcosd, v=rsind, and r* = x" +
Substitute these values in the above sphere and paraboloid.

rP+zi=d4z z=p"

From the two equations,

z+z' =4z
22 -3z=0
z(z=3)=0

z=00rz=3



Substitute z =0 and z =3in the equations ? + z? =4z, z =* to get the values of r as

follows:

r=0r =\E--

Since the base of the part of the sphere is a circle upon xy-plane, sothat <@ < 2.
Thus, the region of the integration is, D= {(r,S}J O0=r= ﬁ,{} =@ =< 2;&'}.

Find the value of z from the sphere equation x* 4+ y* +z* =4z.

X’y 4zl =4z

z —4z+{xl+yz]=ﬂ
It is in the form the quadratic equation.

Apply the quadratic formula to find the value of z.
= (-4)xJ(~4) -4 (1)(x* +)?)

. 2
41 J16-4(x*+)7)

= 2

41:,#4-(_:%;;*}

2

=2i\||'4~xz r—yz

Since here the objective is to find the surface of the part of the sphere, so take
z=2+4Jd-x*— )"

Now calculate the partial derivatives of the function z.

dz 0 o T
Er_=ExP[2+ 4-x =¥ )
e —2x
2\J4-x"—)*
—X




Substitute all the values into the surface area formula S:H JH(
I»
(&Y (&)
s=[[. 1+~E] [ ]dA
i
= 1+ ¢l
J]-D J4 x*—y ] [Jd-.r— ]

"&

-U”\de—,:;- ke f y
4—x* -y p?
I

=J’ T

D 'Id-—-.rl—_]lz

Oz



Use polar coordinates to simplify the integral as follows:

Substitute the polar coordinates x =rcosé, y =rsin#,d4 = rdrd@ in the above integral.
ix
s=| j —dsd&

Use substitution method: Let 4_!-3 =‘|-:"

Its derivative is.

~2rdr = 2idl

rdr = —tdt
Lower limit: If p=(Qthen y=2.
Upper fimit: If . —,f3then ¢ =1.

So the surface area integral can be written as follows:

:2!"2{!-' ~(—dlt)do [since _Ec.l’.’c = j:r{—.rfx})

Hence, the required surface area is, § :_

Chapter 15 Multiple Integrals 15.6 13E
The formula for the surface area of a surface given by function z = F(x, ¥) over region O

13

o

Find the partial derivatives and limits of integration and use this formula




Take the partial derivative in terms of x

ey
z=g" 7"

_xt_yt

%:—Exe
th

Take the partial derivative in terms of y:
Zi=

v T ]
g

0 —2ye* "
&

Plugging into the formula for surface area, we now have

A =[ J1+(—2xe"f“'ﬂ"‘ )2 +(—2 yat )zciﬂ
il

The region 18 a disk of radius 2. We are going to want to convert to polar coordinates, so
for limits of integration we let » range from 0 to 2, and & must encompass the whole
circle, going from O to 277

To convert the integrand to polar coordinates, use the conversion formulas
ré =t 4yt

X=rtosH

BFA 4 Lot RN s

We apply the formulas i (1) to convert the integrand to polar coordinates, and we also

fill in the limits of integration. Converting to polar coordinates requires multiplying a
factor of # into the inte grand:

Aty = ”J (—zxe"‘“'f )2 +(—2ye"""f )gdﬂ

_I-h J1+ —2rcos e :| (—Ersinﬂe"’i)gdﬂdr

I
I _[ r\}}1+4r cos? 8 14rtsin? Be ¥ dEdr

_L_[ J1+4r g2 (cos & 4sin* Sd &dr



Use the Pythagorean identity, cos® 84sin’ 8 =1, to simplify;
Afs) = E [;’m’1+4r’*e'f““ (1)d 8edr
Als) = _I-; .I-;Im'1+4rgea'g’ﬂ d dr

Integrate in terms of &

Ay j; j;’ﬁm-«:lr?e'ﬂ”“ d6dr
= E(E'm.'l g )Ezdr
- E(zmﬂhwr?g-ﬂ’* = o)dr

= EFTI; i1+ 4?"2@'2’3 dr

We now have the surface area in a single integral, as the problem asks for. As specified,

we use a calculator to solve, estimating the surface area to be approximately (1329783

Chapter 15 Multiple Integrals 15.6

The formula for the surface area of a surface given by function z = F(x, ¥) overregion D
13

o T

Find the partial derivatives and limits of integration and use this formula

Take the partial derivative in terms of x
z=cos(x +y°)

dz :

— = —2xsnlx’ +3)

2y
Take the pattial derivative in terms of ¥
z=rcos(x* +3°)

%= —2ysin(x + )

Flugging into the formula for surface area, we now have

A= .J1+[:—2xsin(xz 7)) + {2y sin® +5%) a4
I

The regton 1 instde a cylinder of radius 1, meaning the region of integration 15 a disk of
radius 1. We are going to want to convert to polar coordinates, so for limits of

integration we let » range from Oto 1, and & must encompass the whole circle, going
from 0 to 257,



To convert the integrand to polar coordinates, use the conversion formulas
r?=x +.J*’2

x=rcosd

B =FEE s (1)

We apply the formulas 1n (1) to conwvert the integrand to polar coordinates, and we also

fill in the limits of integration. Conwerting to polar coordinates requires multiplying a
factor of # into the inte grand:

As)=|[ Jl—i—(—?xsin(xg +38)) +(~2psina® +7)) a4
il

2 I:[;’r\fn(—zr cos Bsin(r?)) +(~2r sin Osin(r)) dodr

= _I-Dl_l-nhrJlﬂi-“-’lrg cos” Ssinj{rgjl:l +(4r2 sin” &sin” {r‘z}:ldé'a‘r

= I:I;zr\/1+4r2 sin® (74} I:I::-::-s2 8+sin’ 5).:1'5‘:;3?‘

se the Pythagerean identity, cos® 84sin & =1, to simplify:
1p2x .
Als) = L [D rJ1+4r2 sin? (%) (1)d Sdr

Als) = Ll [j"rwfn-qrﬂ sin’(r2)d &r
Integrate in tertms of &:

As) = jﬂl (:~5J1+4r2 sin’ (rE})Ezc‘fr

jﬂl(zm« i+ a7 5% - oar

= EITI: (r .J1+4r2 sin® (%) )dr

We now have the surface area 1n a single integral, as the problem asks for. As specified,
we use a calculator to solve, estimating the surface area to be approximately 4. 1073

Chapter 15 Multiple Integrals 15.6

The formula for the surface area of a surface given by function z = f(x, v) over region O
15

A{s]zg‘jl+[%]g+(%}2dﬂ (D

Find the partial derivatives and limits of integration and plug into this formula. Then
compare using the Midpoint Eule versus a calculator.




Take the patrtial derivative in terms of x:
z=x+y°

gz
—= 2

33
Take the partial derivative in terms of y:
=

We have been given the limits of integration; both x and v range from 0to 1. Plug the
litnits of integration and partial derivatives into the surface integral formula, (1)

Als) = ” i (20 +(20) e
—” J1+ (422} + (45 )yt

(a) Jze the Midpoint Eule to estunate this double integral. The Midpoint Eule states
that the double integral of a function # (x., ¥) over aregion & can be approzimated as
followrs:

HfhﬁMﬁZZfﬁﬁmﬂ
iml =l
there %, 18 the midpoint of [x,,%] and ¥, 15 the midpoint of [y, . 3, ].

Here, 1f [0, 1]=[0,1] 15 to be estimated using the Midpoint Eule with four squares, we
must divide each side of the region into two intervals:

Ao TS AR 5,004

il faul

=22 f(&%. 5,44

jml gul

= f(@.bd+ F(F ) bd+ (x5, Jbd+ iz, y)hd



since the x and y dimensions are each divided in half, both the x- and y-intervals are [0,
1/2]) and [1/2, 1]. The midpoints of the four regions occur at (1/4, 1/4), (144, 3/, (544,

1id), and (344, 3/4). The area of each square 15 (1/2) {1/2) = 1/4. Plug in these wvalues and
the integrand of () for the function #

Alsym F(x 00 0A+ (xR, 7 )8 A+ (%00 A4+ 7 (X, ) bd
= \/1+[4[U4}2)+|[4[1f4}2]{1f4)+J1+[4(3f4}2]+[4[H4}2)[H4j

+J1+(4(1f4}9)+[4(3f4)9j(1f4)+J1+[4(3f4fj+[3(1f4)2)(1f4)
.

(b)  Use a calculator to evaluate (2):

Als) = LIEJH(alfj +(4y* v
e

This 15 fairly close to the answer obtained using the MMidpoint Eule in part (a), showing
that the Midpoint Eule gives a good estimation for this integral

Chapter 15 Multiple Integrals 15.6
Consider the surface z=1+2x+ 3_1-+4_1-~‘ and the intervals are 1€ x<4and 0 y <1

The region D is described by D={(x,y)|1<x<4, 0< y<1]

The surface area is 4 :”1\/1 + ['i_:} 4.[{3;:]-{!,1.
n

ey oy
The partial derivatives of z with respectto x are,

z=14+2x+3y+4y°
2

X

The partial derivatives of

4

z with respectto y are,

z=1+2x+3y+4y’
z, =3+8y



Use I‘w'faple software to find the area of the surface.
The key strokes and its resulis are shown below.
> with( Student] MultivariateCalculus]) :

Smﬁzﬁwn&'u{ l+2x+3y+ 4.5:2.__1' =1.4,y=0.1, output = fm’egmf]

4.1

J 5+ (-8y—13)° dpds
| | : ;
[

Srnj'&ﬂﬂwail +2x+3y+ 4};,1' =1.4,y= l}_.l]

= :4-—ln(rm+3r1+ > 1n(3/3 VT +11(3)

5
at 5 digits
E—

22.166
Therefore; the exact area is 45\.1’_ —I og 370 +1195 =22.166].
ﬁ+3~f§

Chapter 15 Multiple Integrals 15.6 1SE
Consider the surface z = |+I+y+fand intervals =2 <x<land -1y <1

The region D is described by D = {(x,y)|-25 x£l,-1<y iil}.

The area of the surface is 4 = ”\/ (E] ...[.%‘f".]‘dg.
ox y

The partial derivatives of z with respectto x are,

z=l+x+y+a’
z, =14+2x

The partial derivatives of z with respectto y are,

:f:=]+,1r+1],ﬂ-+~x1

zyz]



Use Maple software to find the area of the surface.
The key strokes and its results are shown below.
> withl Studeni] Multivariate Caleulus]) :

. T
.ifm_]fm'fzi'.r'::ﬁ{] +x+yt+a,x=-2. .1 y=-1.1, output = :'mqaf.r'uf]
1

d 24H[-2x—1) dpdy

e B

¥ ¥
Mrrjfuff:.rl‘.r'm( l+x4+pt+r,x==2.13p=-

|
310 =Im{ 211 =302 ) +mlS2

1)
: o

| +3\l...:|

oy

at 5 digits
bt n_seiks

12.943

Hence, the area of the surface is [12.943|.

Chapter 15 Multiple Integrals 15.6 19E

The formula for the surface area of a surface given by function z = f(x, ») over region 2
15

2 2
As)=[ 1+[§J +(%} i — (1)

o

Find the partial derivatives and limits of integration and plug into this formula. Then use
a calculator to evaluate.

Talke the partial derivative in terms of x;
z=14+x""

oz ’

&
Take the partial derivative in terms of ¥
z=14z%"

%:nyg
Ay



Plug into the surface integral formula, (1)
Als) = J1+ (207 ) +( 2y ) i . (2

The regmn of integration 15 a disk of radius 1. We are going to want to convert to polar
coordinates, so for limits of integration we let »range from 0 to 1, and & must encompass

the whole circle, going from 0 to 207,
To convert the integrand to polar coordinates, use the conversion formulas

r"gz:i'::*—l—y2
x=rcosd
= FEE o {3

Plug the conversion formulas (2 into equation (2, adding 1n the limits of integration.
Converting to polar coordinates require s multiplying a factor of 7 into the integrand:

Als) = J1+ z;g: ny ) dA

= .[u .[u Ir\j1+(2r cos & sin’ 5')2 +(2r sin & cos? 5')2.:1'&:3:“

= _I-Dl_l-nhr\h+[:4r2 cos” &r' sin® E':I +(4r2 sin® 8r' cos’ H)dﬂdr

= IDIIDEIrJl+4rﬁ cos® Bsin? -153'Izsin2 8+cos” H)d&fr

se the Pythagerean identity, cos® 84sin’ 8=1, to simplify:
As) = [[ |7 r\[T+ 47 cod” Bsin® (T)a6dr

= J-ulll-;z.?"\l'll-i-il.?"ﬁ cos” Sein’ 4 84r

Az specified by the problem, solve this integral using a calculator to estimate the surface

area as .

Chapter 15 Multiple Integrals 15.6
Consider the surface z=ax+by+¢

The region D is described by in the xy— planeis D={(x,y)[0<x<1,0< y<1}.

The area of the surface is A:”\/H[i_} [h]dﬂ
ox ay

i

1

The partial derivatives of z with respectto x are,

z=ax+by+c

o

The partial derivatives of z with respectto y are,
z=ax+by+c

Z.=b



The area of the region is,

o
1

The surface area of the region is,

A= I!\IH[%T +[§-£PJEJA
A(S)=\1+a +b jdy

=Jl+a’ +b’
=Vl+a® +b° (1)
=\l+a* +b° A(D)

Therefore, the area of the surface is |f] + & +53,4[ﬂ} !

&

(v), dx

9,

— Sy — Sy —

S

b

Chapter 15 Multiple Integrals 15.6 22E
The top of the half sphere is x* + y* + z* = g” bounded by a circle x* 4 y* =4°

The area of the surface is ,4:”\/]...(@]- 4 [_af.]‘d,q.
D dx ay

The partial derivatives of z with respectto x are,

I3+_}f3+32 =g
G ﬂaz_xz_yz
P ... S
The partial derivatives of z with respectio y are,
Cayiit=a
Z, = ————

R
¥
'—r'}:l
faz_xz_ya



The surface area of the sphere is,

.[LF

I £

a—x—y

II
=“-—ql=

=4lim J'Jj' ——— dydx

r«w—u s HZ_I _};-

=4alim || sin™ [L) dx
f=wgp= ol ﬂi _xl

¢ a ._1{' 'Jrz_xz]

=4dg lim || sin

& ||1 2
I—Zur“ ka‘_.x

The surface area of the top half of the sphere is obtained as 2;,4%.

Thus, the surface area of the sphere is 2[2;1-53 ) =_



Chapter 15 Multiple Integrals 15.6 23E
Consider the parabolic y = x* + z*cut off by the plane y =25.

- 3

The area of the surface areais 4= ”\IH(%]- +[%]-d’q'
'y

The partial derivatives of z with respectto x are,

y=xt+£
Y, =2x
The partial derivatives of z with respectto y are,

y= 4zt
y, =2z
In order to convert the integral to polar coordinates, replace x by peps@ and ywith psin@.

From the given inequality, the region D is described by D = {(r,.-:-?} [0£r<5,028%< E;r} .

The area of the surface is,

A(S) = [ [{1+4(rcosB) +4(rsing) da

r\ll +4(rcos 3}1 +4(rsin 5‘]3 dr d@

|:(1+4r2]§]:
[1015—1]

i
Hence, the area of the surface is A(S}:%[lml -]] A

Il
sty
=

b2
=

o |

ta | b2

e e

Chapter 15 Multiple Integrals 15.6 24E
Area of surface with equation z = f(x, y)where (x,y)e D

A8 = [ J[j_; (x. )] +[ £, (%) +1d4

]

Where f . ,f; are continuous function. This shape has a lot of symmetry. We find the surface
area over one eighth of it one quarter of the top half and then multiply by 8.

To find the surface area of that eighth, we use one cylinder as the surface equation and the
curve of intersection between the two to find the limits of integration.



Rearrange the two equations to be

-

z*=1-y*
2 =1-x*

Set them equal to each other to find the [x,y)values of the curve of intersection;

1-y*=1-x
=yt
Ty==xx

In the xy-plane, this forms two lines through the origin of slopes 1 and -1, bisecting all the

quadrants. This is the projection of the cylinders’ curve of intersection in the xy-plane. These
lines slice the coordinate plane into four quarters; any one of these can give us our limits of
integration. We choose the two lines y=x and y=-x for positive x. By choosing this area,
we must use as the surface of the cylinder parallel to the y-axis, as that is the cylinder these
boundaries will cut off in the way we want. So the surface we will be integrating is that of the
22 4 y? =1 cylinder.

It remains to find the limits of integration in x . They are the most extreme values of x, so will
be the origin, where the region of integration begins, and the boundary of our cylinder's
surface as it intersects the xy-plane, which happens at y =1 since the cylinder has a radius
of 1.

To summarize, use the surface -2 4 4?2 — 1. which, since we are locking at only the positive half,
Wwe can rewrite as

z=+1-x°

With limits of integration in y between —x and x and in xbetween 0 and 1.

Now we find the surface area. The formula for the surface area of a surface given by function

z= f(x,y) over region pis:

A(s) =_Q'J1+[§T +[%z]zcm

Find the partial derivatives and limits of integration and use this formula.

Take the partial derivative in terms of x

z=31-x

%%{I -t (-2)

s _.-1'{] _IE'}—I."Z



Take the partial derivative in terms of y;

] —x*

=
e b
dy
Plugging these into the formula for surface area along with our limits of integration, we now
have

A(s) = J'ﬂ' [" 12 =2 ") + 0%y
=[[" 1+ 202y "y

Integrate in terms of ¥

[ 1+ a=x) " dya
:_';[y\fuf(i-f]")i o
: "ﬂ‘[xJi 2 (1=2)" = (=1 + (1= xF)” }:tr
_ _:[zx\h + 21— )d.r

A(s) =2£[xm ]dx

To integrate in terms of x, use a substitution;

A(s)

u=1-x
i ==2xdx
xedy = ._i{
2

The substitution can also be written this way

X=1l-u

To substitute in for the extra ,2



Find the limits of integration in w;
1-0% =1
-1 =0

Plug in u, 4y and the new limits of integration;

f
i

k,
_ % i
-—jl (u )du
Integrate in terms of wu;

A'{S] = _Jlu[u_ul )ﬂ'ﬁ

=—@u")
=—(2(0)-2(1))
=2

The surface area of 1/8 of the solid is 2. Therefore, the surface area of the entire solid is

(2)(8) =[16]-





