“In nature, we have to deal not with material points but with material bodies ... - Max Planck

@ LEARNING OBJIECTIVES

MOTION OF SYSTEM OF
PARTICLES AND RIGID BODIES

In this unit, the student is exposed to

« relevance of the centre of mass in various systems of particles
« torque and angular momentum in rotational motion

« types of equilibria with appropriate examples

« moment of inertia of different rigid bodies
« dynamics of rotation of rigid bodies

on FARL
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» distinguishing translational motion from rotational motion
« rolling motion, slipping and sliding motions.

INTRODUCTION

Most of the objects that we come across in
our day to day life consist of large number of
particles. In the previous Units, we studied
the motion of bodies without considering
their size and shape. So far we have treated
even the bulk bodies as only point objects. In
this section, we will give importance to the
size and shape of the bodies. These bodies
are actually made up of a large number of
particles. When such a body moves, we
consider it as the motion of collection of
particles as a whole. We define the concept
of centre of mass to deal with such a system
of particles.

The forces acting on these bulk bodies
are classified into internal and external
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forces. Internal forces are the forces acting
among the particles within a system that
constitute the body. External forces are
the forces acting on the particles of a
system from outside. In this unit, we deal
with such system of particles which make
different rigid bodies. A rigid body is the
one which maintains its definite and fixed
shape even when an external force acts on it.
This means that, the interatomic distances
do not change in a rigid body when an
external force is applied. However, in real
life situation, we have bodies which are
not ideally rigid, because the shape and
size of the body change when forces act on
them. For the rigid bodies we study here,
we assume that such deformations are
negligible. The deformations produced on
non-rigid bodies are studied separately in
Unit 7 under elasticity of solids.
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CENTRE OF MASS

When a rigid body moves, all particles that
constitute the body need not take the same
path. Depending on the type of motion,
different particles of the body may take
different paths. For example, when a wheel
rolls on a surface, the path of the centre point
of the wheel and the paths of other points
of the wheel are different. In this Unit, we
study about the translation, rotation and
the combination of these motions of rigid
bodies in detail.

Centre of Mass of

a Rigid Body

When a bulk object (say a bat) is thrown at
an angle in air as shown in Figure 5.1; do all

the points of the body take a parabolic path?
Actually, only one point takes the parabolic path
and all the other points take different paths.

»

For bodies of regular shape and uniform
mass distribution, the centre of mass is at the
geometric centre of the body. As examples, for
acircleand sphere, the centre of mass is at their
centres; for square and rectangle, at the point
their diagonals meet; for cube and cuboid, it is
at the point where their body diagonals meet.
For other bodies, the centre of mass has to be
determined using some methods. The centre
of mass could be well within the body and in
some cases outside the body as well.

Centre of Mass for
Distributed Point
Masses

A point mass is a hypothetical point particle
which has nonzero mass and no size or shape.
To find the centre of mass for a collection of
n point masses, say, m , m,, m, ... m_we have
to first choose an origin and an appropriate
coordinate system as shown in Figure 5.2.
Let, X, X, X, .. . X_ be the X-coordinates of
the positions of these point masses in the X
direction from the origin.

Ay
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S £XCM1 Yemr Zem)
Figure 5.1 Centre of mass tracing the fci\'/l' @M
path of a parabola ‘
@M
The one point that takes the parabolic o F > X
path is a very special point called centre of
mass (CM) of the body. Its motion is like the
motion of a single point that is thrown. The :
centre of mass of a body is defined as a point
where the entire mass of the body appears to
f ')/ 2 ‘D Figure 5.2 Centre of mass for
be concentrated. Therefore, this point can o .
_ distributed point masses
represent the entire body.
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The equation for the x coordinate of the
centre of mass is,

T - J

where, >'m, is the total mass M of all the
particles, (Z:mi = M) Hence,

2mx (5.1)

Similarly, we can also find y and z
coordinates of the centre of mass for these
distributed point masses as indicated in
Figure (5.2).

miYi
Yem = ZT (5.2)
2m, (5.3)
Z = .
E M

Hence, the position of centre of mass of
these point masses in a Cartesian coordinate

system is (x z.,)- In general, the

o Yew
position of centre of mass can be written in

a vector form as,

. Zmiri (5.4)

where, T, = XCMi+yCMj+zCMlA< is the
position vector of the centre of mass and
fi:xii+yij+zif< is the position vector of
the distributed point mass; where, i, J and k

are the unit vectors along X, Y and Z-axes

Centre of Mass of Two
Point Masses

With the equations for centre of mass, let
us find the centre of mass of two point
masses m and m,, which are at positions
x, and x, respectively on the X-axis. For
this case, we can express the position of
centre of mass in the following three ways
based on the choice of the coordinate
system.

(i) When the masses are on positive X-axis:

The origin is taken arbitrarily so that the
masses m and m, are at positions x and x, on
the positive X-axis as shown in Figure 5.3(a).
The centre of mass will also be on the positive
X-axis at X, as given by the equation,

— mlxl + mZXZ

CM —
m, +m,

(ii) When the origin coincides with any one
of the masses:
The calculation could be minimised if the
origin of the coordinate system is made to
coincide with any one of the masses as shown
in Figure 5.3(b). When the origin coincides
with the point mass m, its position x, is
zero, (i.e. x, =0). Then,

m (O) +m,X,

m, -i-Il’l2

1

Xem =

The equation further simplifies as,

WS
Xem =
m, + m,

(iii) When the origin coincides with the
centre of mass itself:
If the origin of the coordinate system is

respectively. made to coincide with the centre of mass,
€10 UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES
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then, x,, = 0 and the mass m, is found
to be on the negative X-axis as shown in
Figure 5.3(c). Hence, its position x, is
negative, (i.e. -x,).

m, (—x,)+m,x,

0=
1’1’114-1'1'12

0=m, (—x1)+ m,X,

mX, =m,X,

The equation given above is known as
principle of moments. We will learn more
about this in Section 5.3.3.

YA
m
my cM 2
5 * @—>x
<Xy >
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\

(a) When the masses are on positive X axis

Y
m CcM g
1
< = 2 @—x
------------ DY
----- Xem===-»

(b) When the origin coincides with any
one of the masses

(c) When the origin coincides with the center

EXAMPLE 5.1

Two point masses 3 kg and 5 kg are at
4 m and 8 m from the origin on X-axis.
Locate the position of centre of mass of the
two point masses (i) from the origin and
(ii) from 3 kg mass.

Solution

Let us take, m =3 kgand m =5 kg

(i) To find centre of mass from the origin:

The point masses are at positions, X, = 4 m,
x, =8 m from the origin along X axis.

YT
<« O .—»x

---------------- S L)

The centre of mass X, €an be obtained
using equation 5.4.

1'1’11X1-|-1'l'12X2
e T T +m
1 2
(3x4)+(5%8)
T T TS
12+40 52
Xy =g =g =65m

The centre of mass is located 6.5m from
the origin on X-axis.

(ii) To find the centre of mass from 3 kg mass:
The origin is shifted to 3 kg mass along
X-axis. The position of 3 kg point mass is
zero (x, = 0) and the position of 5 kg point
mass is 4 m from the shifted origin (x,=4 m).

of mass itself Y
Figure 5.3 Centre of mass of two P 3kg oM S.kg .
point masses determined by shifting o, P >
the origin Xy
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(3x0)+(5x4)
X =
M 3+5
N PP

The centre of mass is located 2.5m from
3 kg point mass, (and 1.5 m from the
5 kg point mass) on X-axis.

O O

= This result shows that the centre of
mass is located closer to larger mass.

= If the origin is shifted to the centre
of mass, then the principle of
moments holds good. mx, =m_x;
3x2.5=5x1.5;75=75

(e, O

When we compare case (i) with case
(ii), the Xy =2.5m from 3 kg mass could
also be obtained by subtracting 4 m (the
position of 3 kg mass) from 6.5 m, where
the centre of mass was located in case (i)

EXAMPLE 5.2

From a uniform disc of radius R, a small

disc of radius % is cut and removed as

shown in the diagram. Find the centre
of mass of the remaining portion of
the disc.

Solution

Let us consider the mass of the uncut full
disc be M. Its centre of mass would be at
the geometric centre of the disc on which

Hence, the remaining portion of the
disc should have its centre of mass to the
left of the origin; say, at a distance x. We
can write from the principle of moments,

(M= m)x=(m)

o3

If ¢ is the surface mass density (i.e. mass

; then, the

2)

per unit surface area), ¢ =

mass m of small disc is,

m = surface mass density X surfacearea

R 2
m=GCXT| —
2

M RY M R* M
m= S = | == n—=—
R 2 R 4 4

substituting m in the expression for x

M M
the origin coincides. 4 R 4 R
: X=0F ——X—= X —
Let the mass of the small disc cut and M) 2 (3M) 2
removed be m and its centre of mass is at 4 4
a position & to the right of the origin as =R
shown in the figure. 6
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The centre of mass of the remaining portion

) ) R
is at a distance — to the left from the centre
of the disc.

O O

m If, the small disc is removed
concentrically from the large disc,
what will be the position of the
centre of mass of the remaining
portion of disc?

EXAMPLE 5.3

The position vectors of two point masses
10 kg and 5 kg are (-32+2}'+4]€) m and
(3f +6JA'+5]2) m respectively. Locate the
position of centre of mass.

Solution
m, =10kg
m, =5kg

Fo=(=3i+2j+4k)m
7 =(3i+6]+5k)m
_ mlﬁ +m2;;2

m, +m2

10(=31 +2 + 4k) + 5(31 + 6] + 5k)
10+5

ST =

_ —30i +20] + 40k +15i +30] +25k
15
_ —15i +50j +65k
15

; [—f+£ﬁ+2ﬁ]m
r= 3773

The centre of mass is located at position 7.

Centre of mass for uniform
distribution of mass

If the mass is uniformly distributed in a bulk
object, then a small mass (Am) of the body can
be treated as a point mass and the summations
can be done to obtain the expressions for the
coordinates of centre of mass.

_ Z(Ami )xi

N Z:Ami

YCM=Z(ZA;;?“ (5.5)
_ > (Am, )z,

o Z:Ami

On the other hand, if the small mass
taken is infinitesimally* small (dm) then, the

X

Z

summations can be replaced by integrations as

given below.
o J.xdm
o Idm
d
Vi = ijd—:]: (5.6)
~ Izdm
- J.dm

EXAMPLE 5.4

Locate the centre of mass of a uniform rod
of mass M and length /.

Solution

Consider a uniform rod of mass M and
length ¢ whose one end coincides with the
origin as shown in Figure. The rod is kept
along the x axis. To find the centre of mass

- # Infinitesimal quantity is an extremely small |

quantity.
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of this rod, we choose an infinitesimally
small mass dm of elemental length dx at a
distance x from the origin.

A is the linear mass density (i.e. mass
M

per unit length) of the rod. A = 7

The mass of small element (dm) is,

dm = M ax
;

Now, we can write the centre of mass
equation for this mass distribution as,

. :dem
o Idm
14
X de)
CM:J (6 —lixdx
M 07
=] e
2], el 2
14
Xew =2
2

Lo L :
Asthe position — is the geometric centre
of the rod, it is concluded that the centre

of mass of the uniform rod is located at its
geometric centre itself.

Motion of Centre of
Mass

When a rigid body moves, its centre of
mass will also move along with the body.
For kinematic quantities like velocity (VCM)
ov) of the centre of
mass, we can differentiate the expression
for position of centre of mass with respect

to time once and twice respectively.

and acceleration (a

For simplicity, let us take the motion
along X direction only.

In the absence of external force, i.e. F_ =0,
the individual rigid bodies of a system
can move or shift only due to the internal
forces. This will not affect the position of
the centre of mass. This means that the
centre of mass will be in a state of rest
or uniform motion. Hence, v, will be
zero when centre of mass is at rest and
constant when centre of mass has uniform
motion (VCM =0orvg, = constant). There

will be no acceleration of centre of mass,
(aCM = 0) :

€14 UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES
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®
From equation (5.7) and 5.8, [Given: There is friction between the man
— and the boat and no friction between the
my.
Vo = % i _ 0 (or) 7., = constant boat and water. ]
mi
It implies Solution
_— Y ma, 0 Mass of the man (m,) is, m = 50 kg
M3 m, Mass of the boat (m,) is, m, = 300 kg
With respect to a stationary observer:
Here, the individual particles may still The man moves with a velocity, v, =
move with their respective velocities and 2 m s and the boat moves with a velocity
accelerations due to internal forces. v, (which is to be found)
In the presence of external force, (i.e.
- P ( (i) To determine the velocity of the boat with
FE_#0), the centre of mass of the system i
e , , respect to a stationary observer on land:
will accelerate as given by the following _ .
_ As there is no external force acting on the
equation.
system, the man and boat move due to the
friction, which is an internal force in the
F = (Z:mi )ECM; E =Mid,; boat-man system. Hence, the velocity of
the centre of mass is zero (v, = 0).
Using equation 5.7,
EXAMPLE 5.5
. myv, myv, +m,v
A man of mass 50 kg is standing at one end of = Z =—L1 22
a boat of mass 300 kg floating on still water. Zmi m, +1m,
He walks towards the other end of the boat 0=m,v, +m,v,
with a constant velocity of 2 m s™ with respect My —m.y
to a stationary observer on land. What will be e
the velocity of the boat, (a) with respect to the v,=— oy v,
stationary observer on land? (b) with respect m,
to the man walking in the boat? 50 5 100
V,=——X =
' 300 300
v,=-033ms"
The negative sign in the answer implies
that the boat moves in a direction opposite
to that of the walking man on the boat to a
stationary observer on land.
(ii) To determine the velocity of the
boat with respect to the walking man:
We can find the relative velocity as,
Vo = Ve = Vg
UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES 219
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| T T ©
where, v, is the relative velocity of the boat Solution
with respect to the walking man. It is an explosion of its own without any
external influence. After the explosion, the
vy =(-0.33)-(2) centre of mass of the projectile will continue
v, =—2.33ms" to complete the parabolic path even though
o R the fragments are not following the same
The negative sign in the answet implies tbat parabolic path. After the fragments have
t}?e b(?at appears to move in t.he OPPOSIte fallen on the ground, the centre of mass
direction to the man walking in the rests at a distance R (the range) from the
boat. pointof projection as shown in the diagram.
(e O
= The magnitude of the relative
velocity of the boat with respect to
the walking man is greater than the
magnitude of the relative velocity of 3 kg 2kg
the boat with respect to the stationary < R— >CM
observer. 3R> lrr—d—>
= The negative signs in the two < R+d >
answers indicate the opposite If the origin is fixed to the final position
direction of the boat with respect of the centre of mass, the principle of
to the stationary observer and the moments holds good.
walking man on the boat.
- ) Lkt = 1022
Centre of mass fn'explos?ons: . where, m = 3 kg, m. = 2 kg, x = lR. Lhe
Many a times rigid bodies are broken in to ! 2 Loy
. value of x, =d
fragments. If an explosion is caused by the 2
internal forces in a body which is at rest or
in motion, the state of the centre of mass is 3% lR —2xd;
not affected. It continues to be in the same 4
state of rest or motion. But, the kinematic 3
quantities of the fragments get affected. If the o= 8 R
explosion is caused by an external agency,
then the kinematic quantities of the centre The distance between the point of launching
of mass as well as the fragments get affected. and the position of 2 kg mass is R+d.
A projectile of mass 5 kg, in its course . .
of motion explodes on its own into two
fragments. One fragment of mass 3 kg falls at The other fragment falls at a distance of
three fourth of the range R of the projectile. 1.375R from the point of launching. (Here
Where will the other fragment fall? R is the range of the projectile.)
€16 UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES

‘ ‘ UNIT-5(XI-Physics_Vol-1).indd 216

®

28-01-2020 13:55:34‘ ‘



TORQUE AND ANGULAR
MOMENTUM

When a net force acts on a body, it produces
linear motion in the direction of the applied
force. If the body is fixed to a point or an
axis, such a force rotates the body depending
on the point of application of the force on
the body. This ability of the force to produce
rotational motion in a body is called torque
or moment of force. Examples for such
motion are plenty in day to day life. To
mention a few; the opening and closing of a
door about the hinges and turning of a nut
using a wrench.

L
3958.JF

The extent of the rotation depends on
the magnitude of the force, its direction
and the distance between the fixed point
and the point of application. When torque
produces rotational motion in a body, its
angular momentum changes with respect
to time. In this Section we will learn

about the torque and its effect on rigid
bodies.

Definition of Torque

Torque is defined as the moment of the
external applied force about a point or axis
of rotation. The expression for torque is,

T=fxF (5.9)

where, T is the position vector of the point
where the force F is acting on the body as
shown in Figure 5.4.

Figure 5.4 Torque on a
rigid body

Here, the product of ¥ and F is called the
vector product or cross product. The vector
product of two vectors results in another
vector that is perpendicular to both the
vectors (refer Section 2.5.2). Hence, torque
(?) is a vector quantity.

Torque has a magnitude rFsin® and
direction perpendicular to ¥ and F . Its unit
is N m.

?:(rFsine)ﬁ (5.10)

Here, 0 is the angle between T and F, and
n is the unit vector in the direction of 7.
Torque (%) is sometimes called as a pseudo
vector as it needs the other two vectors ¥ and
F for its existence.

The direction of torque is found using
right hand rule. This rule says that if fingers
of right hand are kept along the position
vector with palm facing the direction of the
force and when the fingers are curled the
thumb points to the direction of the torque.
This is shown in Figure 5.5.

The direction of torque helps us to find
the type of rotation caused by the torque.
For example, if the direction of torque is out

UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES ZID
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Figure 5.5 Direction of torque using
right hand rule

of the paper, then the rotation produced by
the torque is anticlockwise. On the other
hand, if the direction of the torque is into
the paper, then the rotation is clockwise as
shown in Figure 5.6.

In many cases, the direction and
magnitude of the torque are found

=l

(b) clockwise rotation

Figure 5.6 Direction of torque and the
type of rotation

separately. For direction, we use the vector
rule or right hand rule. For magnitude, we
use scalar form as,

t=r F sin® (5.11)

The expression for the magnitude of
torque can be written in two different ways
by associating sin 0 either with r or F in the
following manner.

—r(F s1n6 rx FJ_ (5.12)
T= (r sme (5.13)

Here, F sme) is the component of F
perpendicular to ¥. Similarly, (r sin@) is the
component of ¥ perpendicular to F. The
two cases are shown in Figure 5.7.

F cos 0

@) t=r(Fsin®)=r(FL)

(b) T=(rsin6) F = (rL)F

Figure 5.7 Two ways of calculating the
torque.
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Based on the angle 6 between ¥ and E,
the torque takes different values.

The torque is maximum when, ¥ and F
are perpendicular to each other. Thatis when
0 =90°and sin 90°=1, Hence, 1, =TrF.

The torque is zero when T and F are
parallel or antiparallel. If parallel, then 6 =
0°and sin 0°=0. If antiparallel, then 6 = 180°
and sin 180° = 0. Hence, 1=0.

The torque is zero if the force acts at the
reference point.ie.asT =0, T = 0. The different
cases discussed are shown in Table 5.1.

Table 5.1 The Value of 7 for
different cases.

(0]
0=90%t =rF : 0=0%1=0
S
A : "
(o) (e}
0=180%1t=0 r=0;t=0

EXAMPLE 5.7

If the force applied is perpendicular to
the handle of the spanner as shown in the
diagram, find the (i) torque exerted by the
force about the centre of the nut, (ii) direction
of torque and (iii) type of rotation caused by
the torque about the nut.

15cm

Solution

Arm length of the spanner, r = 15 cm
=15x107*m

Force, F=2.5N

Angle between r and E, 6 =90°

25N

o——15cm———>ltJd-----

(i) Torque, t=rF sin®

T=15x10" X 2.5%sin(90°)
[here, sin 90° =1]
1=375x10>Nm

(ii) As per the right hand rule, the
direction of torque is out of the page.

(iii) The type of rotation caused by the
torque is anticlockwise.

EXAMPLE 5.8

A force of ( 41-3j+ 5k) N is applied at a point

whose position vector is 7{+4j_2f< m.
Find the torque of force about the origin.

Solution

Pl &
T=|7 4 =2
4 -3 5

—

T

(20-6)—j(35+8) + k(-21-16)

©= (14 - 43j-37k) N'm
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EXAMPLE 5.9

A crane has an arm length of 20 m inclined
at 30° with the vertical. It carries a container
of mass of 2 ton suspended from the top end
of the arm. Find the torque produced by the
gravitational force on the container about
the point where the arm is fixed to the crane.

[Given: 1 ton = 1000 kg; neglect the weight of
the arm. g=10 m s?]

- In many problems, the angle

0 between T and F will not

be directly given. Thus,

the students must get accustomed to

identify and denote always the angle
between the T and F as 0. The other
angles in the arrangement may be
denoted as a, 3, ¢ etc.

The force F at the point of suspension is
due to the weight of the hanging mass.

F=mg=2 x 1000 x 10 = 20000 N;
The arm length, r =20 m

We can solve this problem by three different
methods.

Method - 1
The angle (0) between the arm length (r)
and the force (F) is, 6 = 150°

The torque (7) about the fixed point of
the arm is,

t=rF sin0
T =20%20000x sin (150"
= 400000 x sin (90 +60° )
[here, sin(90° + 6) =cos0]
= 400000 x cos(60")
1 . 1
=400000x — | cos 60" =—
2 2
=200000 Nm
1=2x10°Nm
Method - 11
Let us take the force and perpendicular
distance from the point where the arm is
fixed to the crane.
o
O
£
(72}
= (r J_) F
T=rcos mg
T=20xcos60° x20000
1
=20x—x%x20000
2
=200000 Nm
1=2x10°Nm
Method - 111

Let us take the distance from the fixed
point and perpendicular force.
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Torque about an Axis

In the earlier sections, we have dealt with
the torque about a point. In this section we
will deal with the torque about an axis. Let
us consider a rigid body capable of rotating

mg cos 60

about an axis AB as shown in Figure 5.8. Let
\&7 the force F act at a point P on the rigid body.
i R The force F may not be on the plane ABP. We
can take the origin O at any random point
on the axis AB.

rzr(F J_)
T=rmg cos¢

T=20x20000x cos60’

=20x20000 x l
2
=200000 Nm
1=2x10°Nm
B
Figure 5.8 Torque about
(O] All the three methods, give the same 8 : qu “ (O]

an axis

aAnNSwer.

Tamil Nadu is known for creative and innovative
traditional games played by children. One such
very popular game is “silli” (&lebedl) or “sillukodu”
(HlebeisC@ai(h). There is a rectangular area which
is further partitioned as seen in the Figure. One
has to hop through the rectangles. While doing so,
children lean on one side.

i What is the reason? ;
' Naturally the body takes this position to balance
' the gravitational force (mg) and Normal force E
i (N) acting on the body and to nullify the torque. i
+ Failing which, both these forces act along !
i different lines leading to a net torque which i
' makes one to fall. i
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The torque of the force F about O is,
% = x F. The component of the torque along
the axis is the torque of F about
the axis. To find it, we should first find the
vector T=7xF and then find the angle ¢
between T and AB. (Remember here, F is not
on the plane ABP). The torque about AB is
the parallel component of the torque along
AB, which is ‘fxf:‘ cos ¢. And the torque

perpendicular to the axis AB is ‘f X 13‘ sin ¢.

The torque about the axis will rotate the
object about it and the torque perpendicular
to the axis will turn the axis of rotation.
When both exist simultaneously on a rigid
body, the body will have a precession. One
can witness the precessional motion in a
spinning top when it is about to come to rest
as shown in Figure 5.9.

{ precess\o"

| Figure 5.9 Precession of a spinning top

Study of precession is beyond the scope of
the higher secondary physics course. Hence,
it is assumed that there are constraints
to cancel the effect of the perpendicular
components of the torques, so that the
fixed position of the axis is maintained.
Therefore, perpendicular components of
the torque need not be taken into account.

Hereafter, for the calculation of torques on
rigid bodies we will:

1. Consider only those forces that lie on
planes perpendicular to the axis (and do
not intersect the axis).

2. Consider position vectors which are
perpendicular to the axis.

- « Forces parallel to the
axis will give torques
perpendicular to the axis
of rotation and need not
be taken into account.

o Forces that intersect (pass
through) the axis cannot
produce torque as r = 0.

o Position vectors along the
axis will result in torques
perpendicular to the axis and
need not be taken into account.

EXAMPLE 5.10

Three mutually perpendicular beams AB,
OC, GH are fixed to form a structure which
is fixed to the ground firmly as shown in
the Figure. One string is tied to the point
C and its free end D is pulled with a force
E Find the magnitude and direction of the
torque produced by the force,

(i) about the
points D, C, O
and B

(ii) about the axes
CD, OC, AB
and GH.
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| T T ] ® CH ||

Solution The torque of a force about an axis is
independent of the choice of the origin as

(i) Torque about point D is zero. (as F o o .
long as it is chosen on that axis itself. This

passes through D).
can be shown as below.

Torque about point C is zero. (as F
passes through C). Let O be the origin on the axis AB, which

Torque about point O is (66) < F and is the rotational axis of a rigid body. F is the

direction is along GH. force acting at the point P. Now, choose

N, another point O" anywhere on the axis as
Torque about point B is (BD )xF and

shown in Figure 5.10.
direction is along GH

(The perpendicular distance of BD with A
respect to F is OC).

(ii) Torque about axis CD is zero (as F is
parallel to CD).

Torque about axis OC is zero (as F
intersects OC).

Torque about axis AB is zero (as F is B
parallel to AB).

Torque about axis GH is (OC)xF and
@ direction is along GH. @

Figure 5.10 Torque about
an axis is independent of origin

[

Identify the direction of torque in country press shown in picture
(in Tamil, ‘Marasekku’ Lop&6&&5@)
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The torque of F about O’ is,

e,

As O'OxFis perpendicular to 0’0, this
term will not have a component along AB.
Thus, the component of OPxE is equal to
that of OPx F.

'-m
||

Torque and Angular
Acceleration

Let us consider a rigid body rotating about
a fixed axis. A point mass m in the body will
execute a circular motion about a fixed axis
as shown in Figure 5.11. A tangential force
F acting on the point mass produces the
necessary torque for this rotation. This force
F is perpendicular to the position vector T
of the point mass.

AT
o 4

A\

Figure 5.11 Torque and Angular
acceleration

The torque produced by the force on
the point mass m about the axis can be
written as,

T=rFsin90°=rF sin90°=1]

T=rma [ (Fzma)]
[+ (a=ra)]

T=rmro=mr’a

e

Hence, the torque of the force acting
on the point mass produces an angular
acceleration (oc) in the point mass about the
axis of rotation.

In vector notation,

7 :(mrz)& (5.15)

The directions of T and o are along
the axis of rotation. If the direction of 7T is
in the direction of «, it produces angular
acceleration. On the other hand if, T is
opposite to ¢, angular deceleration or
retardation is produced on the point mass.

The term mr? in equations 5.14 and 5.15
is called moment of inertia (I) of the point
mass. A rigid body is made up of many such
point masses. Hence, the moment of inertia
of a rigid body is the sum of moments of
inertia of all such individual point masses
that constitute the body (I = miriz).
Hence, torque for the rigid body can be
written as,

11

i=(dmr’)a (5.16)

T=1Ia (5.17)

We will learn more about the moment of
inertia and its significance for bodies with
different shapes in section 5.4.

SN Angular Momentum

The angular momentum in rotational
motion is equivalent to linear momentum
in translational motion. The angular
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momentum of a point mass is defined as
the moment of its linear momentum. In
other words, the angular momentum L of a
point mass having a linear momentum p at
a position r with respect to a point or axis is
mathematically written as,

L=txp (5.18)

The magnitude of angular momentum could
be written as,

L=rpsin0 (5.19)

where, 0 is the angle between T and p. L is
perpendicular to the plane containing ¥ and
p. As we have written in the case of torque,
here also we can associate sin @ with either
T or p.

L= r(psine) :r(pJ_) (5.20)
L:(r sin@)p:(rJ_)p (5.21)

where, pl is the component of linear
momentum p perpendicular tor,and r L is the
component of position r perpendicular to p.

The angular momentum is zero (L = O),
if the linear momentum is zero (p = 0) or if
the particle is at the origin (f = O) orif ¥ and
p are parallel or antiparallel to each other (6
=0°or 180°).

There is a misconception that the angular
momentum is a quantity that is associated
only with rotational motion. It is not true.
The angular momentum is also associated
with bodies in the linear motion. Let us
understand the same with the following
example.

EXAMPLE 5.11

A particle of mass (m) is moving with
constant velocity (v). Show that its angular
momentum about any point remains
constant throughout the motion.

Solution

L,
L,
Q L,
’ e
)

Y
ol

Let the particle of mass m move with
constant velocity V. As it is moving with
constant velocity, its path is a straight line.
Its momentum (f):mV) is also directed
along the same path. Let us fix an origin
(O) at a perpendicular distance (d) from
the path. At a particular instant, we can
connect the particle which is at positon Q
with a position vector (f = @)

Take, the angle between the T and p as 6.
The magnitude of angular momentum of
that particle at that instant is,

L=0Qpsin0=0QmvsinO = mv(OQsinG)

Theterm (OQ sine) isthe perpendicular
distance (d) between the origin and line
along which the mass is moving. Hence,
the angular momentum of the particle

about the origin is,

The above expression for angular
momentum L, does not have the angle 6.

L=mvd

As the momentum (p = mv) and the

UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES 229

‘ ‘ UNIT-5(XI-Physics_Vol-1).indd 225

®

28-01-2020 13:55:52‘ ‘



perpendicular distance (d) are constants,
theangular momentum of the particleisalso
constant. Hence, the angular momentum
is associated with bodies with linear motion
also. If the straight path of the particle
passes through the origin, then the angular
momentum is zero, which is also a constant.

Angular Momentum
and Angular Velocity

Let us consider a rigid body rotating about
a fixed axis. A point mass m in the body will
execute a circular motion about the fixed
axis as shown in Figure 5.12.

Figure 5.12 Angular momentum
and angular velocity

Thepointmassmisatadistancer fromthe
axis of rotation. Its linear momentum at any
instantis tangential to the circular path. Then
the angular momentum L is perpendicular
to T and p. Hence, it is directed along the
axis of rotation. The angle 0 between 1 and
p in this case is 90°. The magnitude of the
angular momentum L could be written as,

L=rmvsin90° =rmv

L=rmro

L:(mrz)m (5.22)

The directions of L and  are along the
axis of rotation. The above expression can be

written in the vector notation as,
i:@nﬁ)@ (5.23)

As discussed earlier, the term mr’ in
equations 5.22 and 5.23 is called moment of
inertia (I) of the point mass. A rigid body
is made up of many such point masses.
Hence, the moment of inertia of a rigid
body is the sum of moments of inertia of all

such individual point masses that constitute

the body (I =>mr’ ) Hence, the angular
momentum of the rigid body can be
written as,

L=(Ymr)o (5.24)
L=16 (5.25)

The study about moment of inertia (I) is
reserved for Section 5.4.

Torque and Angular
Momentum

We have the expression for magnitude of
angular momentum of a rigid body as,
L=Iw. The expression for magnitude of
torque on a rigid body is, t=Ia

We can further write the expression for

torque as,
where, v is the linear velocity. Th
between linear velocity vand angular velocity doo do
 in a circular motion is, v = r . Hence, t=1— - (OL = —] (5.26)
dt dt
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Where, ® is angular velocity and o is
angular acceleration. We can also write
equation 5.26 as,

d(Iw)
dt
dL

== 5.27
= (5.27)

The above expression says that an
external torque on a rigid body fixed to
an axis produces rate of change of angular
momentum in the body about that axis.

This is the Newton’s second law in rotational

motion as it is in the form of F= @ which

t
holds good for translational motion.

Conservation of angular momentum:

From the above expression we could
conclude that in the absence of external
torque, the angular momentum of the rigid
body or system of particles is conserved.

dL
If =0 then, E =0; L = constant

The above expression is known as law
of conservation of angular momentum.
We will learn about this law further in
section 5.5.

EQUILIBRIUM OF RIGID
BODIES

When a body is at rest without any motion
on a table, we say that there is no force
acting on the body. Actually it is wrong
because, there is gravitational force acting
on the body downward and also the normal
force exerted by table on the body upward.
These two forces cancel each other and thus

there is no net force acting on the body.
There is a lot of difference between the
terms “no force” and “no net force” acting
on a body. The same argument holds good
for rotational conditions in terms of torque
or moment of force.

A rigid body is said to be in mechanical
equilibrium when both its linear momentum
and angular momentum remain constant.

When the linear momentum remains
constant, the net force acting on the body
is zero.

E_ =0 (5.28)

In this condition, the body is said to be in
translational equilibrium. This implies that
the vector sum of different forces F,E,,E, ...
acting in different directions on the body is
zero.

FE+E+E+--+E =0 (529)

If the forces E,E,,E ... act in different
directions on the body, we can resolve them
into horizontal and vertical components
and then take the resultant in the respective
directions. In this case there will be horizontal
as well as vertical equilibria possible.

Similarly, when the angular momentum
remains constant, the net torque acting on

the body is zero.
T, = (5.30)

Under this condition, the body is said to
be in rotational equilibrium. The vector sum

!
(e)

of different torques 7,,%,,7T,... producing
different senses of rotation on the body is zero.
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As the forces and torques are vector
quantities, the directions are to be taken
with proper sign conventions.

T +T,+T,++T, =0 (5.31)

Thus, we can also conclude that a rigid

body is in mechanical equilibrium when the

Types of Equilibrium

net force and net torque acts on the body is

7610, Based on the above discussions, we come to a
conclusion that different types of equilibrium
are possible based on the different conditions.
They are consolidated in Table 5.2.

Type of Conditions

equilibrium

Translational |= Linear momentum is constant.

equilibrium Net force is zero.

Rotational Angular momentum is constant.

equilibrium Net torque is zero.

Static Linear momentum and angular momentum are zero.

equilibrium Net force and net torque are zero.

Dynamic Linear momentum and angular momentum are constant. @

equilibrium Net force and net torque are zero.

Stable Linear momentum and angular momentum are zero.

equilibrium The body tries to come back to equilibrium if slightly disturbed and
released.
The centre of mass of the body shifts slightly higher if disturbed from
equilibrium.
Potential energy of the body is minimum and it increases if disturbed.

Unstable Linear momentum and angular momentum are zero.

equilibrium The body cannot come back to equilibrium if slightly disturbed and
released.
The centre of mass of the body shifts slightly lower if disturbed from
equilibrium.
Potential energy of the body is not minimum and it decreases if disturbed.

Neutral Linear momentum and angular momentum are zero.

equilibrium The body remains at the same equilibrium if slightly disturbed and
released.
The centre of mass of the body does not shift higher or lower if disturbed
from equilibrium.
Potential energy remains same even if disturbed.
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EXAMPLE 5.12

Arun and Babu carry a wooden log of mass
28 kg and length 10 m which has almost
uniform thickness. They hold it at 1 m and
2 m from the ends respectively. Who will
bear more weight of the log? [g= 10 ms?]

Solution

Let us consider the log is in mechanical
equilibrium. Hence, the net force and net torque
on the log must be zero. The gravitational force
acts at the centre of mass of the log downwards.
It is cancelled by the normal reaction forces
R, and R applied upwards by Arun and Babu
at points A and B respectively. These reaction
forces are the weights borne by them.

The total weight, W = mg =28 x 10 =
280 N, has to be borne by them together.
The reaction forces are the weights borne
by each of them separately. Let us show all
the forces acting on the log by drawing a
free body diagram of the log.

For translational equilibrium:
The net force acting on the log must be

Z€10.

’7 R, +(-mg)+R, =0 J

the

forces R,
taken positive as they act upward. The
gravitational force acting downward is

taken negative.

Here, an RB are

R, +R;, =mg

For rotational equilibrium:

5m

R,q RB

A B
4m mg

1m 3m

The net torque acting on the log
must be zero. For ease of calculation,
we can take the torque caused by all the
forces about the point A on the log. The
forces are perpendicular to the distances.
Hence,

li(()RA)+(—4mg)+(7RB)=(J

Here, the reaction force R , cannot
produce any torque as the reaction forces
pass through the point of reference A. The
torque of force mg produces a clockwise
turn about the point A which is taken
negative and torque of force R, causes
anticlockwise turn about A which is taken
positive.

7R, =4mg
4
R; = ;mg

4
R, :;x28><10:160N

By substituting for R, we get,

R, =mg-R,

R, =28x10-160=280-160=120 N

As R, is greater than R, it is concluded
that Babu bears more weight than Arun.
The one closer to centre of mass of the log
bears more weight.
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Couple

Consider a thin uniform rod AB. Its centre
of mass is at its midpoint C. Let two forces
which are equal in magnitude and opposite
in direction be applied at the two ends
A and B of the rod perpendicular to it. The
two forces are separated by a distance of 2r
as shown in Figure 5.13.

AY

A (o) B

N

| Figure 5.13 Couple

As the two equal forces are opposite in
direction, they cancel each other and the
net force acting on the rod is zero. Now the
rod is in translational equilibrium. But, the
rod is not in rotational equilibrium. Let us
see how it is not in rotational equilibrium.
The moment of the force applied at the end
A taken with respect to the centre point
C, produces an anticlockwise rotation.
Similarly, the moment of the force applied
at the end B also produces an anticlockwise
rotation. The moments of both the forces

cause the same sense of rotation in the
rod. Thus, the rod undergoes a rotational
motion or turning even though the rod is in
translational equilibrium.

A pair of forces which are equal in
magnitude but opposite in direction and
separated by a perpendicular distance so
that their lines of action do not coincide that
causes a turning effect is called a couple. We
come across couple in many of our daily
activities as shown in Figure 5.14.

There are cases in which the
two forces may not cancel
each other. If the two forces

are not equal or the direction of the

forces is not exactly opposite, then the
body will have both translational as
well as rotational motion.

Principle of Moments

Consider a light rod of negligible mass
which is pivoted at a point along its length.
Let two parallel forces F and F, act at the two
ends at distances d, and d, from the point
of pivot and the normal reaction force N at

| Figure 5.14 Turning effect of Couple
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the point of pivot as shown in Figure 5.15.
If the rod has to remain stationary in
horizontal position, it should be in
translational and rotational equilibrium.
Then, both the net force and net torque

.

O

must be zero.

<—d1—>A: d, >
"/ v 4
Fl F2

| Figure 5.15 Principle of Moments

For translational equilibrium,
net force has to be zero, —=F, + N—F, =0

For rotational equilibrium,
net torque has to be zero, d F —d,F, =0

dF =dF (5.33)

The above equation represents the principle of
moments. This forms the principle for beam
balance used for weighing goods with the

N=F +F

condition d = d ; F, = F,. We can rewrite the
equation 5.33 as,

LY (5.34)
K,

1

If F, is the load and F, is our effort, we
get advantage when, d ;< d,. This implies
that F > F.. Hence, we could lift a large load

with small effort. The ratio [%j is called

1
mechanical advantage of the simple lever.

The pivoted point is called fulcrum.

Mechanical Advantage(MA) = % (5.35)

1

There are many simple machines that
work on the above mentioned principle.

Centre of Gravity

Each rigid body is made up of several point
masses. Such point masses experience

gravitational force towards the centre of
Earth. As the size of Earth is very large
compared to any practical rigid body we
come across in daily life, these forces appear
to be acting parallelly downwards as shown
in Figure 5.16.

c
g
/
v v v
L ows ws | w1
w2 :/'v v
W4

Figure 5.16. Centre of gravity

The resultant of these parallel forces
always acts through a point. This point
is called centre of gravity of the body
(with respect to Earth). The centre of
gravity of a body is the point at which the
entire weight of the body acts irrespective
of the position and orientation of the
body. The centre of gravity and centre of
mass of a rigid body coincide when the
gravitational field is uniform across the
body. The concept of gravitational field
is dealt in Unit 6.
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We can also determine the centre of gravity
of a uniform lamina of even an irregular
shape by pivoting it at various points by trial
and error. The lamina remains horizontal
when pivoted at the point where the net
gravitational force acts, which is the centre of
gravity as shown in Figure 5.17. When a body
is supported at the centre of gravity, the sum
of the torques acting on all the point masses
of the rigid body becomes zero. Moreover the
weight is compensated by the normal reaction
force exerted by the pivot. The body is in static
equilibrium and hence it remains horizontal.

’_—__\

-~

==

Figure 5.17. Determination of
centre of gravity of plane lamina by
pivoting

There is also another way to determine
the centre of gravity of an irregular lamina.
If we suspend the lamina from different

Figure 5.18 Determination of centre of
gravity of plane lamina by suspending

points like P, Q, R as shown in Figure 5.18,
the vertical lines PP', QQ', RR' all pass
through the centre of gravity. Here, reaction
force acting at the point of suspension and
the gravitational force acting at the centre
of gravity cancel each other and the torques
caused by them also cancel each other.

;Eﬂ’
TSR
JA24L3

Bending of Cyclist in
Curves

Let us consider a cyclist negotiating a
circular level road (not banked) of radius
r with a speed v. The cycle and the cyclist
are considered as one system with mass m.
The centre gravity of the system is C and it
goes in a circle of radius r with centre at O.
Let us choose the line OC as X-axis and the
vertical line through O as Z-axis as shown
in Figure 5.19.

Figure 5.19 Bending of cyclist
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The system as a frame is rotating
about Z-axis. The system is at rest in
this rotating frame. To solve problems
in rotating frame of reference, we have
to apply a centrifugal force (pseudo

2
mv

force) on the system which will be
r

This force will act through the centre of

gravity. The forces acting on the system
are, (i) gravitational force (mg), (ii)

normal force (N), (iii) frictional force (f)
2

\'
). As the

and (iv) centrifugal force (

system is in equilibrium in the rotational

frame of reference, the net external force
and net external torque must be zero. Let
us consider all torquesabout the point A in
Figure 5.20.

A
mv2
R
C
0
A 'mg
N I
Y |
> : >
A f B

Figure 5.20 Force diagrams for
the cyclist in turns

For rotational equilibrium,

The torque due to the gravitational force
about point A is (mg AB) which causes a

clockwise turn that is taken as negative.
The torque due to the centrifugal force is

2
mv
( BCJ which causes an anticlockwise
r

turn that is taken as positive.

2
-mg AB + my BC=0
r
mv>
mg AB = BC
r

From A ABC,
AB=ACsin0 and BC=ACcos90

2
mgAC sin0 = =V ACcos

r
2
tanf=—
g

V2

O=tan" [—j (5.36)
g

While negotiating a circular level road of
radius r at velocity v, a cyclist has to bend by
an angle 6 from vertical given by the above
expression to stay in equilibrium (i.e. to
avoid a fall).

EXAMPLE 5.13

A cyclist while negotiating a circular path
with speed 20 m s is found to bend an
angle by 30° with vertical. What is the
radius of the circular path? (given,

g=10ms?)
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Solution

Speed of the cyclist, v=20 m s™
Angle of bending with vertical, 6 = 30°
2
Equation for angle of bending, tan6 = v
g

Rewriting the above equation for radius
2

\%
r=
tanOg
Substituting,
(200 20x20
(tan3o°)x 10 (tan30°)>< 10
400

]
— |x10
&
rz(\/g)x40=l.732><40
r=69.28m

MOMENT OF INERTIA

In the expressions for torque and angular
momentum for rigid bodies (which are
considered as bulk objects), we have come
across a term Y'm,r’. This quantity is called
moment of inertia (I) of the bulk object. For
point mass m. at a distance r, from the fixed
axis, the moment of inertia is given as, m.r”.

Moment of inertia for point mass,

I=mp’ (5.37)
Moment of inertia for bulk object,

[=>mr’ (5.38)

In translational motion, massisameasure
of inertia; in the same way, for rotational

motion, moment of inertia is a measure
of rotational inertia. The unit of moment
of inertia is, kg m? Its dimension is ML
In general, mass is an invariable quantity
of matter (except for motion comparable
to that of light). But, the moment of inertia
of a body is not an invariable quantity. It
depends not only on the mass of the body,
but also on the way the mass is distributed
around the axis of rotation.

To find the moment of inertia of a
uniformly distributed mass; we have to
consider an infinitesimally small mass (dm)
as a point mass and take its position (r) with
respect to an axis. The moment of inertia of
this point mass can now be written as,

o o)

We get the moment of inertia of the entire

dI=(dm)1r2

bulk object by integrating the above
expression.

= JdI = j(dm)rz
= J.rzdm (5.40)

We can use the above expression for
determining the moment of inertia of some
of the common bulk objects of interest like
rod, ring, disc, sphere etc.

Moment of Inertia of a
Uniform Rod

Let us consider a uniform rod of mass (M)
and length (/) as shown in Figure 5.21. Let
us find an expression for moment of inertia
of this rod about an axis that passes through
the centre of mass and perpendicular to
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Figure 5.21 Moment of inertia of
uniform rod

the rod. First an origin is to be fixed for
the coordinate system so that it coincides
with the centre of mass, which is also the
geometric centre of the rod. The rod is now
along the x axis. We take an infinitesimally
small mass (dm) at a distance (x) from the
origin. The moment of inertia (dI) of this

mass (dm) about the axis is,
di= (dm) x’

As the mass is uniformly distributed, the

mass per unit length () of the rod is, A = %

The (dm) mass of the infinitesimally
small length as,dm=A dx = %dx

The moment of inertia (I) of the entire
rod can be found by integrating dI,

" L
[=— Ixzdx=M X—}
—£/2 3 —l/2
M2 (e mfe e
f_24 24 /124 24

(5.41)

EXAMPLE 5.14

Find the moment of inertia of a uniform
rod about an axis which is perpendicular

to the rod and touches any one end of
the rod.

Solution

The concepts to form the integrand to find
the moment of inertia could be borrowed
from the earlier derivation. Now, the origin

is fixed to the left end of the rod and the
limits are to be taken from 0 to 7.

m
o |

X >

A d
d

M ‘
[=— |x’dx ! Ml M|
/ Iz—szdxz— I
I /13 . {13
As the mass is distributed on either side 1.,
of the origin, the limits for integration are I= ng
taken from —¢/2to ¢ /2.
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The moment of inertia of
the same uniform rod is
different about different axes
of reference. The reference axes could

be even outside the object. We have two

useful theorems to calculate the moments
of inertia about different axes. We shall
see these theorems in Section 5.4.5.

Moment of Inertia of a
Uniform Ring

Let us consider a uniform ring of mass M
and radius R. To find the moment of inertia
of the ring about an axis passing through its
centre and perpendicular to the plane, let us
take an infinitesimally small mass (dm) of
length (dx) of the ring. This (dm) is located
at a distance R, which is the radius of the
ring from the axis as shown in Figure 5.22.

A

Figure 5.22 Moment of
inertia of a uniform ring

The moment of inertia (dI) of this small
mass (dm) is,

li dI=(dm)R’ 4|

The length of the ring is its circumference
(2nR). As the mass is uniformly

distributed, the mass per unit length () is,
mass M

B length  27R

The mass (dm) of the infinitesimally
small length is, dm =A dx = ﬂdX
21tR
Now, the moment of inertia (I) of the
entire ring is,

I=[dI=[(dm)R’ :j(%dxjw

To cover the entire length of the ring, the
limits of integration are taken from 0 to 2nR.

2nR
= MR j dx
2n
1= MR MR 1R — 0]
2w - 21
I=MR’® (5.42)

Moment of Inertia of a
Uniform Disc

Consider a disc of mass M and radius R. This
disc is made up of many infinitesimally small
rings as shown in Figure 5.23. Consider one
such ring of mass (dm) and thickness (dr)
and radius (r). The moment of inertia (dI)
of this small ring is,

li dI=(dm)r’ 4|

As the mass is uniformly distributed, the

. . mass M
mass per unit area (G) is, ¢ = =—
area 7R
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Figure 5.23 Moment of inertia of a
uniform disc

The mass of the infinitesimally small
ring is,

dm =o2nrdr = %ZTcrdr
TR

where, the term (an dr) is the area of this
elemental ring (27r is the length and dr is

the thickness). dm = ZR—I\Z/[rdr

dl= —r3dr

The moment of inertia (I) of the entire

Radius of Gyration

For bulk objects of regular shape with
uniform mass distribution, the expression
for moment of inertia about an axis involves
their total mass and geometrical features
like radius, length, breadth, which take care
of the shape and the size of the objects. But,
we need an expression for the moment of
inertia which could take care of not only
the mass, shape and size of objects, but also
its orientation to the axis of rotation. Such
an expression should be general so that it is
applicable even for objects of irregular shape
and non-uniform distribution of mass. The
general expression for moment of inertia is
given as,

- o

where, M is the total mass of the object and
K is called the radius of gyration.

I=MK?

The radius of gyration of an object is
the perpendicular distance from the axis of
rotation to an equivalent point mass, which
would have the same mass as well as the same
moment of inertia of the object.

As the radius of gyration is distance, its
unit is m. Its dimension is [L].

disc is,
A rotating rigid body with respect to any
axis, is considered to be made up of point
I= IdI masses m,, m, m,, ...m_at perpendicular
) T distances (or positions) r, I, I, . ..T
[= J' 2 3 dr =22 [ Pdr respectively as shown in Figure 5.24.
RZ
0 0 The moment of inertia of that object can
_2M {74 T M {R 0} be written as,
~n2 | 4 2| 4 n
S, S0 I= 2miriz:m11'12+m2r22+m31r32+---+mn1'n2
i=1
|
I_EMR (5.43) If we take all the n number of individual
masses to be equal,
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\j

‘ Figure 5.24 Radius of gyration

m=m =m,=m,=...= m,

then,

2 2 2 2
[=mr”+mr,” +mr,” +---+mr,

:m(r12+r22+r32+---+r2)
n

2 2 2 2
I +r 1+t
=nm 1 2 3 n
n

I=MK’

where, nm is the total mass M of the body
and K is the radius of gyration.

2 2 2 2

4 et

K:\/1 24 2 (5.45)
n

The expression for radius of gyration
indicates that it is the root mean square (rms)
distance of the particles of the body from the
axis of rotation.

In fact, the moment of inertia of any object
could be expressed in the form, I = MK>.

For example, let us take the moment
of inertia of a uniform rod of mass M and
length /. Its moment of inertia with respect
to a perpendicular axis passing through the

centre of mass is, [ = iMf 2
12

In terms of radius of gyration, I= MK®

Hence, MK* = %Mfz

KZ ZLEZ
12

K=—/ or K——K or K= (0.289)f

1
iz 23

Find the radius of gyration of a disc of
mass M and radius R rotating about an axis
passing through the centre of mass and
perpendicular to the plane of the disc.

Solution

The moment of inertia of a disc about an
axis passing through the centre of mass

1
and perpendicular to the disc is, [ = EMRZ

In terms of radius of gyration, = MK®
1
Hence, MK* ==-MR?* K*= ERZ

I I
K=—RorK=——RorK=(0.707)R
1.414

2

From the case of a rod and also a disc, we
can conclude that the radius of gyration
of the rigid body is always a geometrical
feature like length, breadth, radius or their

combinations with a positive numerical
value multiplied to it.
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w]: Obesity, torque and
- 'Kiow?  Moment of Inertia!

Obesity and associated ailments like back
pain, joint pain etc. are due to the shift
in centre of mass of the body. Due to this
shift in centre of mass, unbalanced torque
acting on the body leads to ailments. As
the mass is spread away from centre of the
body the moment of inertia is more and
turning will also be difficult.

Theorems of Moment
of Inertia

As the moment of inertia depends on the
axis of rotation and also the orientation
of the body about that axis, it is different
for the same body with different axes of
rotation. We have two important theorems
to handle the case of shifting the axis of
rotation.

(i) Parallel axis theorem:

Parallel axis theorem states that the moment
of inertia of a body about any axis is equal
to the sum of its moment of inertia about a
parallel axis through its centre of mass and
the product of the mass of the body and the
square of the perpendicular distance between
the two axes.
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If I is the moment of inertia of the body
of mass M about an axis passing through the
centre of mass, then the moment of inertia I
about a parallel axis at a distance d from it is

given by the relation,
I=I.+Md* (5.46)

Let us consider a rigid body as shown in
Figure 5.25. Its moment of inertia about an
axis AB passing through the centre of mass
is I.. DE is another axis parallel to AB at
a perpendicular distance d from AB. The
moment of inertia of the body about DE is
I. We attempt to get an expression for I in
terms of I .. For this, let us consider a point
mass m on the body at position x from its
centre of mass.

D A

E B

Figure 5.25 Parallel axis theorem

The moment of inertia of the point mass
about the axis DE is, m(x + d)z.

The moment of inertia I of the whole
body about DE is the summation of the
above expression.

T mew

&/
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This equation could further be written as,
I= Z:m(x2 +d*+ 2xd)
I= Z:(mx2 +md® + 2dmx)

I= me2 + Z:md2 + Zdme

Here, Z:mx2 is the moment of inertia of
the body about the centre of mass. Hence,

I. = me2

The term, me =0 because, x can take
positive and negative values with respect to
the axis AB. The summation (me) will be
Zero.

Thus, I=1, +>'md” =1  +(Ym)d’

Here, > m is the entire mass M of the

object (Zm = M)
I=I.+Md’

Hence, the parallel axis theorem is
proved.

(ii) Perpendicular axis theorem:
This perpendicular axis theorem holds good
only for plane laminar objects.

The theorem states that the moment of
inertia of a plane laminar body about an
axis perpendicular to its plane is equal to
the sum of moments of inertia about two
perpendicular axes lying in the plane of the
body such that all the three axes are mutually
perpendicular and have a common point.

Let the X and Y-axes lie in the plane and
Z-axis perpendicular to the plane of the
laminar object. If the moments of inertia of

the body about X and Y-axes are I, and I,
respectively and I, is the moment of inertia
about Z-axis, then the perpendicular axis
theorem could be expressed as,

I, =1 +I, (5.47)

To prove this theorem, let us consider a plane
laminar object of negligible thickness on
which lies the origin (O). The X and Y-axes
lie on the plane and Z-axis is perpendicular
to it as shown in Figure 5.26. The lamina is
considered to be made up of a large number
of particles of mass m. Let us choose one such
particle at a point P which has coordinates
(x,y) at a distance r from O.

Z A

| Figure 5.26 Perpendicular axis theorem

The moment of inertia of the particle
about Z-axis is, mr>

The summation of the above expression
gives the moment of inertia of the entire
lamina about Z-axis as, I, = » mr”

Here, r* =x* +y*

Then, I, = Z:m(x2 + yz)

C meenw |

In the above expression, the term Y'mx” is
the moment of inertia of the body about the
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Y-axis and similarly the term $'my” is the
moment of inertia about X-axis. Thus,

Iy =Ymy’ and I, =) mx’

Substituting in the equation for I gives,
z

L _

Thus, the perpendicular axis theorem is
proved.

IL=I,+I,

Bl ™
JCHUST

EXAMPLE 5.16

Find the moment of inertia of a disc of mass
3 kg and radius 50 cm about the following
axes.

(i) axis passing through the centre
and perpendicular to the plane of
the disc,

(ii) axis touching the edge and
perpendicular to the plane of the disc
and

(iii) axis passing through the centre
and lying on the plane of the
disc.

Solution

The mass, M = 3 kg, radius R = 50 cm =
50x10°m=0.5m

(i) The moment of inertia (I) about an
axis passing through the centre and
perpendicular to the plane of the

disc is,

IleR2
2

1
I:Ex3x(0.5)2=0.5><3><O.5><0.5

[=0.375kgm’

(ii) The moment of inertia (I) about an axis
touching the edge and perpendicular
to the plane of the disc by parallel axis
theorem is,

;x
g/)

I=I.+Md’

1
where, I = EMRZ and d=R

I=%MR2 +MR? ngRZ

3
I:5x3x(0.5)2:1.5><3><0.5><0.5

[=1.125kgm*
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(iii) The moment of inertia (I) about an
axis passing through the centre and
lying on the plane of the disc is,

I,=I,+I,

1
where, I, =1, =Tand [, :EMRZ

IZ:ZI;I—EIZ
1 1 1
[==-x—MR? = -MR?

2 4

1
I:Zx3><(0.5)2=0.25><3><0.5><0.5

[=0.1875kgm’

D O
= About which of the above axis it is
easier to rotate the disc?
= It is easier to rotate the disc about
an axis about which the moment of
inertia is the least. Hence, it is case (iii).
o O

EXAMPLE 5.17

Find the moment of inertia about the
geometric centre of the given structure made
up of one thin rod connecting two similar
solid spheres as shown in Figure.

Solution

The structure is made up of three objects;
one thin rod and two solid spheres.

The mass of the rod, M = 3 kg and the
total length of the rod, =80 cm =0.8 m

The moment of inertia of the rod

. . 1.,

about its centre of mass is, =M
TO 1

I

rod

[ ,=0.16kgm’

The mass of the sphere, M = 5 kg and the
radius of the sphere, R=10cm =0.1 m

=L 3x(08) =2 x0.64
12 4

The moment of inertia of the sphere

about its centre of mass is, I. = gMRZ
5

The moment of inertia of the sphere
about geometric centre of the structure is,
L, =1 +Md’

Where,d=40cm+10cm=50cm=0.5m

I =2MR2+Md2

sph g

I h=§><5><(0.1)2+5><(0.5)2

Sp

I, =(2X0.01)+(5%0.25)=0.02+1.25
I, =1.27kgm’

As there are one rod and two similar solid
spheres we can write the total moment of
inertia (I) of the given geometric structure
as, I=1 ,+(2xI,)

1=(0.16)+(2x1.27) = 0.16 + 2.54
[=2.7kgm?

Moment of Inertia of

Different Rigid Bodies
The moment of inertia of different objects
about different axes is given in the Table 5.3.
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ROTATIONAL DYNAMICS

The relations among torque, angular

acceleration,  angular =~ momentum,
angular velocity and moment of inertia
were seen in Section 5.2. In continuation
to that, in this section, we will learn the
relations among the other dynamical
quantities like work, kinetic energy in
rotational motion of rigid bodies. Finally
a comparison between the translational
and rotational quantities is made with a

tabulation.

Effect of Torque on
Rigid Bodies

A rigid body which has non zero external
torque (r) about the axis of rotation would
have an angular acceleration (o) about
that axis. The scalar relation between the
torque and angular acceleration is,

t=Ia (5.48)

where, I is the moment of inertia of the rigid
body. The torque in rotational motion is
equivalent to the force in linear motion.

EXAMPLE 5.18

A disc of mass 500 g and radius 10 cm
can freely rotate about a fixed axis as
shown in figure. light and inextensible
string is wound several turns around
it and 100 g body is suspended at its
free end. Find the acceleration of this
mass. [Given: The string makes the
disc to rotate and does not slip over it.
g=10ms?]

Solution

Let the mass of the disc be m and its
radius R. The mass of the suspended
body is m..

m_ =500 g =500x10"> kg=0.5 kg
m, =100 g=100x10" kg =0.1 kg
R=10cm=10x10"m=0.1 m

As the light inextensible string is wound
around the disc several times it makes
the disc rotate without slipping over it.
The translational acceleration of m, and
tangential acceleration of m will be the
same. Let us draw the free body diagram
(FBD) of m and m, separately.

FBD of the disc:
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Its gravitational force (m, g) acts downward
and normal force N exerted by the fixed
support at the centre acts upward. The
tension T acts downward at the edge. The
gravitational force (m,g) and the normal
force (N) cancel each other. m g =N

The tension T produces a torque (R T),

which produces a rotational motion in the
a

disc with angular acceleration, [a :Ej
Here, a is the linear acceleration of a point
at the edge of the disc. If the moment of
inertia of the disc is I and its radius of
gyration is K, then

RT=Ia; RT:(lez)%

T:(lez)%

FBD of the body:

Its gravitational force (m,g) acts downward
and the tension T acts upward. As
(T < m,g), there is a resultant force (m,a)
acting on it downward.

T

m.g

m,g—T=m.a

Substituting for T from the equation for

2

K
The expression (R—j for a disc rotating

2
about an axis passing through the centre
K> 1
and perpendicular to the plane is, PO
(Ref Table 5.3) Now the expression for

acceleration further simplifies as,
m2

TN\ 78 =7 — 78
(3 )emf

substituting the values,

a=

ne 28 e Y
[0.5+0.2] 0.7
a=2.857ms"

Conservation of

Angular Momentum

When no external torque acts on the body,
the net angular momentum of a rotating
rigid body remains constant. This is
known as law of conservation of angular

disc, momentum.
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dL
T=—0
dt
If T =0 then, L = constant (5.49)

As the angular momentum is L=Iw, the
conservation of angular momentum could
further be written for initial and final
situations as,

Lo, =10, (or) Io = constant (5.50)

The above equations say that if I increases
o will decrease and vice-versa to keep the
angular momentum constant.

There are several situations where
the principle of conservation of angular
momentum is applicable. One striking
example is an ice dancer as shown in
Figure 5.27. The dancer spins slowly when
the hands are stretched out and spins faster
when the hands are brought close to the
body. Stretching of hands away from body
increases moment of inertia, thus the angular
velocity decreases resulting in slower spin.
When the hands are brought close to the
body, the moment of inertia decreases, and

thus the angular velocity increases resulting
in faster spin.

A diver while in air as in Figure 5.28

curls the body close to decrease the moment
of inertia, which in turn helps to increase
the number of somersaults in air.

Figure 5.28 Conservation of angular
momentum for a diver

Figure 5.27 Conservation of angular momentum for ice dancer
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EXAMPLE 5.19

A jester in a circus is standing with his
arms extended on a turn table rotating with
angular velocity ®. He brings his arms closer
to his body so that his moment of inertia is
reduced to one third of the original value.
Find his new angular velocity. [Given: There
is no external torque on the turn table in
the given situation. ]

Solution

Let the moment of inertia of the jester
with his arms extended be I. As there is
no external torque acting on the jester
and the turn table, his total angular
momentum is conserved. We can write
the equation,

Lo, =10,

1 1
Ii(’oizgliwf ('Ifzgli)
(Df=3(l)i

The above result tells that the final angular
velocity is three times that of initial angular
velocity.

Work done by Torque

Let us consider a rigid body rotating
about a fixed axis. Figure 5.29 shows a
point P on the body rotating about an axis
perpendicular to the plane of the page. A
tangential force F is applied on the body.

h-—-ﬂ’

| Figure 5.29 Work done by torque

=

As the distance ds, the angle of rotation dO

dw =Fds

-

and radius r are related by the expression,

ds=rdo

-
-

The expression for work done now becomes,

.

dw=TFds; dw=Frdo

-

The term (Fr) is the torque T produced by
the force on the body.

dw =1d0O (5.51)

-
H

This expression gives the work done by the
external torque T, which acts on the body
rotating about a fixed axis through an angle do.

The corresponding expression for work
done in translational motion is,

It produces a small displacement ds dw = Fds
on the body. The work done (dw) by the
force is,
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Kinetic Energy in

Rotation

Let us consider a rigid body rotating with
angular velocity w about an axis as shown
in Figure 5.30. Every particle of the body
will have the same angular velocity w and
different tangential velocities v based on its
positions from the axis of rotation.

Figure 5.30 Kinetic energy in rotation

Let us choose a particle of mass m,
situated at distance r, from the axis of
rotation. It has a tangential velocity v, given
by the relation, v. = r, w. The kinetic energy
KE, of the particle is,

Writing the expression with the angular
velocity,

For the kinetic energy of the whole body, which
is made up of large number of such particles,
the equation is written with summation as,

KE = %( ml.lrf)oo2

where, the term Ymyr’ is the moment of
inertia I of the whole body. I= Y'm,r;

Hence, the expression for KE of the rigid
body in rotational motion is,

1
KE:EIwz (5.52)

This is analogous to the expression for
kinetic energy in translational motion.

KE = lMV2
2

Relation between rotational kinetic energy
and angular momentum

Let arigid body of moment of inertia I rotate
with angular velocity .

The angular momentum of a rigid body
is,L=Tw

The rotational kinetic energy of the rigid
1
body is, KE = 51(1)2

By multiplying the numerator and
denominator of the above equation with I,
we get a relation between L and KE as,

2 2 I 2
KE=11© _ 1)
21 2 1
2
KE=L (5.53)
21

EXAMPLE 5.20

Find the rotational kinetic energy of a ring
of mass 9 kg and radius 3 m rotating with
240 rpm about an axis passing through its
centre and perpendicular to its plane. (rpm
is a unit of speed of rotation which means

revolutions per minute)

UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES 249

‘ ‘ UNIT-5(XI-Physics_Vol-1).indd 249

®

28-01-2020 13:56:39‘ ‘



Solution

1
The rotational kinetic energy is, KE = B lo®

The moment of inertia of the ring is,
[= MR’

[=9x3*=9x9=8lkgm’

The angular speed of the ring is,

240x2m
—

®=240rpm = ads™

2
KE =L x81x| 22027 | _ L g1 (8n)
2 60 2
KE:%x81x64x(ﬂ)z =2592x(7)
KE = 25920]
KE = 25.920 kJ

(n)2 ~10

Power Delivered by
Torque

Power delivered is the work done per unit
time. If we differentiate the expression for

work done with respect to time, we get the
instantaneous power (P).

P=d—w=’5@ . (dw =1d0)
dt dt
P=10 (5.54)

The analogous expression for instantaneous
power delivered in translational motion is,

e

Comparison of
Translational and
Rotational Quantities

Many quantities in rotational motion
have expressions similar to that of
translational motion. The rotational
terms are compared with the translational
equivalents in Table 5.4.

Table 5.4 Comparison of Translational and Rotational Quantities

S.No Translational Motion Rotational motion about a fixed axis
1 Displacement, x Angular displacement, 0
2 Time, t Time, t
3 Velocity, v = C3 Angular velocity, o = @
dt dt
4 Acceleration, a = 4 Angular acceleration, o = do
dt dt
5 Mass, m Moment of inertia, I
6 Force, F = ma Torque, 1=1a
7 Linear momentum, p = mv Angular momentum, L = Iw
8 Impulse, F At=Ap Angular impulse, TAt = AL
9 Work done, w="Fs Work done, w=16
L Kinetic energy, KE = % mv’ Kinetic energy, KE = %Ia)z
11 Power, P=Fv Power, P = tw
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ROLLING MOTION

The rolling motion is the most commonly
observed motion in daily life. The motion
of wheel is an example of rolling motion.
Round objects like ring, disc, sphere etc. are
most suitable for rolling .

Let us study the rolling of a disc on a
horizontal surface. Consider a point P on
the edge of the disc. While rolling, the point
undergoes translational motion along with
its centre of mass and rotational motion
with respect to its centre of mass.

Combination of

Translation and
Rotation

We will now see how these translational and
rotational motions are related in rolling. If
the radius of the rolling object is R, in one
tull rotation, the centre of mass is displaced
by 2nR (its circumference). One would
agree that not only the centre of mass, but
all the points on the disc are displaced by the
same 27R after one full rotation. The only
difference is that the centre of mass takes
a straight path; but, all the other points

Cycloid path followed
by the point on the rim

undergo a path which has a combination
of the translational and rotational motion.
Especially the point on the edge undergoes
a path of a cycloid as shown in the
Figure 5.31.

"

SAJVPD

As the centre of mass takes only a
straight line path, its velocity v is only
translational velocity v

v A%

TRANS( CM: TRANS)'
All the other points have two velocities.
One is the translational velocity Vo rANs
(which is also the velocity of centre of
mass) and the other is the rotational
wor Veor = TO). Here, 1 is the

distance of the point from the centre of

velocity v

mass and ® is the angular velocity. The
; is perpendicular
to the instantaneous position vector
from the centre of mass as shown in
Figure 5.32(a). The resultant of these two
velocities is v. This resultant velocity v is

rotational velocity v,

perpendicular to the position vector from
the point of contact of the rolling object

Object rolls one revolution
without slipping

2R

Y

Figure 5.31 Rolling is combination of translation and rotation
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VTRANS
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5
___§___

—Von |
|
|
|
|
I
I
|
I
|
|
|

(a) with respect to centre of mass

VROT

<
(@)
g =
]
=
:

21

(b) with respect to point of contact

| Figure 5.32 Resultant velocity at a point

Motion of ...motion of
the CM equals...

the CM plus...
1"’

A

_|_

These two velocity
vectors sum to give
zero velocity at bottom.

with the surface on which it is rolling as
shown in Figure 5.32(b).

We shall now give importance to the
point of contact. In pure rolling, the point
of the rolling object which comes in contact
with the surface is at momentary rest. This
is the case with every point that is on the
edge of the rolling object. As the rolling
proceeds, all the points on the edge, one by
one come in contact with the surface; remain
at momentary rest at the time of contact and
then take the path of the cycloid as already
mentioned.

Hence, we can consider the pure rolling
in two different ways.

(i) The combination of translational
motion and rotational motion about
the centre of mass.

(or)

(ii) The momentary rotational motion

about the point of contact.

As the point of contact is at momentary
rest in pure rolling, its resultant velocity v
is zero (v = 0). For example, in Figure 5.33,
at the point of contact, v is forward (to

TRANS
right) and v, is backwards (to the left).

...motion of individuals
points on the wheel..

— '/' —
Vem ALY

The bottom of =~ ™.
the wheel is at
rest! But only
for an instant.

| Figure 5.33 In pure rolling, the point of contact is at rest
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That implies that, Vo RANS

in magnitude and opposite in direction

(v= Virans~ Veor = 0). Hence, we conclude

that in pure rolling, for all the points on the

edge, the magnitudes of v,

equal (v ). As v,

TRANS . VROT TRANS

Voor = RO, in pure rolling we have,

and v, are equal

and Voo are
= Ve and

(5.55)

We should remember the special feature
of the equation 5.55. In rotational motion,
as per the relation v = r, the centre point
will not have any velocity as r is zero. But
in rolling motion, it suggests that the
centre point has a velocity v, given by
equation 5.55.

For the topmost point, the two velocities
Vieans and v, are equal in magnitude
and in the same direction (to the right).
Thus, the resultant velocity v is the sum
of these two velocities, v = v . o+ v, .
In other form, v = 2 v, as shown in

Figure 5.34.

P ’
o———— > vy,

Figure 5.34 Velocity of different
point in pure rolling

Slipping and Sliding

When the round object moves, it always
tends to roll on any surface which has a
coefficient of friction any value greater than
zero (| > 0). The friction that enabling the
rolling motion is called rolling friction. In
pure rolling, there is no relative motion of
the point of contact with the surface. When
the rolling object speeds up or slows down,
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it must accelerate or decelerate respectively.
If this suddenly happens it makes the rolling
object to slip or slide.

Sliding
Sliding is the case when v_, >Rw
(OF Vopuns > Vaop)- 1he translation is more

than the rotation. This kind of motion
happens when sudden break is applied in a
moving vehicles, or when the vehicle enters
into a slippery road. In this case, the point
of contact has more of v, . than v .
Hence, it has a resultant velocity v in the
forward direction as shown in Figure 5.35.
The kinetic frictional force (f,) opposes
the relative motion. Hence, it acts in the
opposite direction of the relative velocity.
This frictional force reduces the translational
velocity and increases the rotational velocity
till they become equal and the object sets
on pure rolling. Sliding is also referred as
forward slipping.

V1rans

| Figure 5.35 Sliding

Slipping
Slipping is the case when v_, < R®
(O Vouns < Veor)- 1he rotation is more

than the translation. This kind of motion
happens when we suddenly start the vehicle

from rest or the vehicle is stuck in mud. In
this case, the point of contact has more of

Vor than v It has a resultant velocity

TRANS®
v in the backward direction as shown in
Figure 5.36. The kinetic frictional force (f,)
opposes the relative motion. Hence it acts
in the opposite direction of the relative
velocity. 'This frictional force reduces
the rotational velocity and increases the
translational velocity till they become equal
and the object sets pure rolling. Slipping

is sometimes empahasised as backward
slipping.

VTRANS

A rolling wheel has velocity of its centre of
mass as 5 ms'. If its radius is 1.5 m and
angular velocity is 3 rad s, then check
whether it is in pure rolling or not.
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Solution

Translational velocity (v ,...) or velocity of

TRANS
centre of mass, v, =5ms’

The radius is, R=1.5 m and the angular
velocity is, =3 rad s!

Rotational velocity, v Rw

ROT =
Veor = 1.5%3

— -1
Veor = 45ms

As v, > Ro (or) v >R, It is not in

TRANS

pure rolling, but sliding.

Kinetic Energy in Pure
Rolling

In genreal pure rolling is the combination of
translational and rotational motion, we can
write the total kinetic energy (KE) as the
sum of kinetic energy due to translational
motion (KE_, ¢
rotational motion (KE

) and kinetic energy due to

ROT) :

KE=KE s + Koy (5.56)

If the mass of the rolling object is M, the

velocity of centre of mass is v, its moment

cM’
of inertia about centre of mass is I, and

angular velocity is ®, then
Loz L 2
KE:EMVCM +EICMO‘) (557)

With centre of mass as reference:
The moment of inertia (I,) of a rolling
object about the centre of mass is,

Iy =MK? and v, = Ro. Here, K is radius
of gyration.

1l 2 VZCM
KE EMVCM-F—(MK )?

1 1 K?
KE = EMvéM + 5Mng (?J (5.58)

2
KE=-Mv,,, (1+§j (5.59)

With point of contact as reference:

We can also arrive at the same expression by
taking the momentary rotation happening
with respect to the point of contact (another
approach to rolling). If we take the point of
contact as O, then,

KE=1 [ o
2

Here, 1 is the moment of inertia of the object
about the point of contact. By parallel axis
theorem, I =I_, + MR®. Further we can
write, I, = MK* + MR”. With v, = Ro or

cM

R

W=

2

KE=~ (MK’ + MR?) Vo
2

1 K?
KE = EMV?:M (1 + Fj (5.60)

As the two equations 5.59 and 5.60 are the
same, it is once again confirmed that the
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pure rolling problems could be solved by

considering the motion as any one of the

following two cases.

(i) The combination of translational motion
and rotational motion about the centre of
mass. (or)

(ii) The momentary rotational motion about
the point of contact.

EXAMPLE 5.22

A solid sphere is undergoing pure rolling.
What is the ratio of its translational kinetic
energy to rotational kinetic energy?

Solution

The expression for total kinetic energy in
pure rolling is,

KE =KE ;,ns T KEgor

For any object the total kinetic energy as
per equation 5.58 and 5.59 is,

2
KE = %MVZCM + %MVZCM [K—j

1

KE =

)

2
2
EMVCM (14‘ 2

Then,

1. , K*) 1., 1, (K
EMVCM £1+FJ:EMVCM+EMVCM F

The above equation suggests that in pure
rolling the ratio of total kinetic energy,

2
For a solid sphere, — =—
P R* 5

Then, KE ;s : KEgop 21t

Rolling on Inclined

Plane

Let us assume a round object of mass m and
radius R is rolling down an inclined plane
without slipping as shown in Figure 5.37.
There are two forces acting on the object along
the inclined plane. One is the component of
gravitational force (mg sin6) and the other is the
static frictional force (f). The other component
of gravitation force (mg cos6) is cancelled by
the normal force (N) exerted by the plane. As
the motion is happening along the incline, we
shall write the equation for motion from the
free body diagram (FBD) of the object.

_ . _ Figure 5.37 Rolling on inclined
translational kinetic energy and rotational plane
kinetic energy is given as,
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For translational motion, mg sin® is the
supporting force and f is the opposing force,

mg sinf — f = ma (5.61)

For rotational motion, let us take the
torque with respect to the centre of the
object. Then mg sin® cannot cause torque as
it passes through it but the frictional force f
can set torque of Rf.

e

By using the relation, a =r o, and moment of
inertia I = mK?, we get,

2
Rf=mK2%; f=ma(K—)

2

Now equation (5.61) becomes,

K2
mg sinO — ma[yl =ma

K2
mg sin® = ma + ma [R_}

2

2
a{l+%j:g sin@

After rewriting it for acceleration, we get,

g sin0
K2
%)

We can also find the expression for final

a= (5.62)

velocity of the rolling object by using third
equation of motion for the inclined plane.

v? =u’ +2as. If the body starts rolling from
rest, u=0. When h is the vertical height of

the incline, the length of the incline s is,
h

§=—r0

sin0
v g sin6 ( h J: 2gh
(1+I§J sin6 (1 ij
By taking square root,
2gh

(5.63)

The time taken for rolling down the incline
could also be written from first equation of
motion as, v =u+at. For the object which
starts rolling from rest, u =0. Then,

(5.64)

The equation suggests that for a given
incline, the object with the least value of
radius of gyration K will reach the bottom
of the incline first.
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SUMMARY

= A rigid body is the one in which the distances between different particles remain

EXAMPLE 5.23

Four round objects namely a ring, a disc, a
hollow sphere and a solid sphere with same
radius R start to roll down an incline at
the same time. Find out which object will
reach the bottom first.

Solution

For all the four objects namely the ring,
disc, hollow sphere and solid sphere, the

1 2
radii of gyration K are R, \/;R, \/;R,
2

\/;R (ref Table (5.3)). With numerical

values the radius of gyration K are 1R,
0.707R, 0.816R, 0.632R respectively. The
expression for time taken for rolling has
the radius of gyration K in the numerator
as per equation 5.63

The one with least value of radius of
gyration K will take the shortest time to
reach the bottom of the inclined plane.
The order of objects reaching the bottom
is first, solid sphere; second, disc; third,
hollow sphere and last, ring.

constant.

= For regular shaped bodies with uniform mass distribution, centre of mass always

lies at the geometrical centre.

= Net torque produces turning motion in rigid object.

= A rigid body is in translational equilibrium if the total external force on it is zero. It
is in rotational equilibrium if the total external torque on it is zero.

= The centre of gravity of an extended body is that point where the total gravitational

torque on the body is zero.

= If the external torque acting on the body is zero, the component of angular
momentum along the axis of rotation is constant.

= There are rotational equivalents for all the translational quantities.

= Rolling motion is the combination of translational and rotational motions.

= Rolling can also be treated as the momentary rotation about the point of contact.

= In pure rolling, the total kinetic energy is the sum of kinetic energies of translational

and rotational motions.

= In sliding the translational motion is more than rotational motion.
= In slipping the rotational motion is more than translational motion.
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Motion of System of Particles and

Moment of Inertia

Dynamics of

Rolling
Vem = 1o
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EVALUATION -@~

/

I. Multi Choice Question

1.

The centre of mass of a system of
particles does not depend upon,

(a) position of particles
(b) relative distance between particles
(c) masses of particles
(d) force acting on particle
[AIPMT 1997, AIEEE 2004]

2. A couple produces,

(a) pure rotation
(b) pure translation
(c) rotation and translation
(d) no motion
[AIPMT 1997]

3. A particle is moving with a constant

velocity along a line parallel to positive
X-axis. The magnitude of its angular
momentum with respect to the origin is,

(a) zero
(b) increasing with x
(c) decreasing with x

(d) remaining constant

about a perpendicular
bisector, its moment of inertia,

(a) increases (b) decreases
(c) remains constant
(d) depends on direction of rotation.

[IIT 1998]

. A rigid body rotates with an angular

momentum L. If its kinetic energy is
halved, the angular momentum becomes,

(a) L (b) L/2
(c) 2L (d) L/\2
[AFMC 1998, AIPMT 2015]

. A particle undergoes uniform circular

motion. The angular momentum of the
particle remain conserved about,

(a) the centre point of the circle.

(b) the point on the circumference of
the circle.

(c) any point inside the circle.
(d) any point outside the circle.
[IIT 2003]

. Whenamassisrotatingin a plane about

[IIT 2002] o .
a fixed point, its angular momentum is
4. A rope is wound around a hollow directed along,
cylinder of mass 3 kg and radius 40 , :
. _ (a) a line perpendicular to the plane of
cm. What is the angular acceleration of rotation
the cylinder if the rope is pulled with a
force 30 N? (b) the line making an angle of 45° to
. the plane of rotation
(a) 0.25 rad s2 (b) 25 rad s P
(c) the radius
(c)5ms? (d) 25 m s i . .
t ttot t
BESIn o fers AIPMT 2012
5. A closed cylindrical container is . [ . ']
partially filled with water. As the e .dISCS of same moment ?f 1ner.t1a
container rotates in a horizontal plane rotating about theirregularaxis passing
through centre and perpendicular to
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10.

11.

12.

|| T T

H 2 man

®
the plane of disc with angular velocities part of the disc about a perpendicular
w and w, They are brought in to axis passing through it
1 2 Y & p g g
contact face to face coinciding the axis (a) 15MR?*/32 (b) 13MR?/32
of rotation. The expression for loss of (c) 11MR¥/32 (d) 9MR?/32
enerlgy during this process is, [NEET 2016]
(a) n [(o,—,)? (b) I(w,~,)* 13. The speed of a solid sphere after rolling
1 1 down from rest without sliding on an
(c) g [(o-o,) (d) 5 [(o,—,)? inclined plane of vertical height h is,
[NEET 2017] 4 10
@) |5 8 (b) || gh
A disc of moment of inertia I_is rotating
inahorizontal plane about its symmetry 1
axis with a constant angular speed w. () y2gh (d) Egh
Another discinitially at rest of moment
of inertia I, is dropped coaxially on to 14. The speed of the centre of a wheel
the rotating disc. Then, both the discs rolling on a horizontal surface is v. A
rotate with same constant angular point on the rim in level with the centre
speed. The loss of kinetic energy due to will be moving at a speed of speed of,
friction in this process is,
2 (a) zero (b) v
1 I ) 0
@ —"—o
2(I,+1,) (©) 2V, (d) 2v,
I 2
(b) 0 i ; )a)z [PMT 1992, PMT 2003, IIT 2004]
a b
( I —1] )2 15. A round object of mass M and radius
(c) Ib n Ia ’ R rolls down without slipping along
E a ; Ib) an inclined plane. The frictional force,
(d) E(Ibfb[)wz [AIPMT 2001] (a) dissipates kinetic energy as heat.
@t (b) decreases the rotational motion.
The ratio of the acceleration for a solid (c) decreases the rotational and
sphere (mass m and radius R) rolling el seeern
down an incline of angle 6 without . .
(d) converts transnational energy into
slipping and slipping down the incline .
_ r rotational energy
without rolling is,
[PMT 2005]
(@)5:7 (b)2:3 (¢)2:5 (d)7:5
[AIPMT 2014] Answers.
From a disc of radius R a mass M, a 1)d 2)a 3)d 4)b
circular hole of diameter R, whose rim 5)a 6)d 7)a 8)a
passes through the centre is cut. What is 9)a 10)d 11)a 12) b
the moment of inertia of the remaining 13) b 14) ¢ 15)d
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Il. Short Answer Questions
Define centre of mass. 9. Define couple.
2. Find out the centre of mass for the 10. State principle of moments.
given geometrical structures. 11. Define centre of gravity.
a) Equilateral triangle 12. Mention any two physical significance
b) Cylinder ¢) Square of moment of inertia
3. Define torque and mention its unit. 13. What is radius of gyration?
What are the conditions in which force 14. State conservation of angular
can not produce torque? O NEI AL
5. Give any two examples of torque in 15. What are the rotational equivalents for
day-to-day life the physical quantities, (i) mass and (ii)
. : force?
6. What is the relation between torque ) o )
and angular momentum? 16. What is the condition for pure rolling?
7. e i et 17. What is the difference between sliding
and slipping?
8. How do you distinguish between stable RS
and unstable equilibrium?
I1l. Long Answer Questions
1. Explain the types of equilibrium with axis passing through the centre and
suitable examples. perpendicular to the plane.
2. Explain the method to find the centre of 6. Derive the expression for moment
gravity of a irregularly shaped lamina. of inertia of a uniform disc about an
3. Explain why a cyclist bends while axis  passingthrought the {centresand
negotiating a curve road? Arrive at the p e.rpendlcular to the. RS
expression for angle of bending for a 7o DiSEIES con.servatlon of angular
. : momentum with example.
given velocity. .
: : 8. State and prove parallel axis theorem.
4. Derive the expression for moment of ' .
inertia of a rod about its centre and 2 S andl prove perpentiGiar e
, theorem.
perpendicular to the rod. _ _ o
) ) 10. Discuss rolling on inclined plane
5. Derive the expression for moment : .
€ inertia of » oo ab and arrive at the expression for the
of inertia of a uniform ring about an acceleration.
1VV. Numerical Problems
1. A uniform disc of mass 100g has a 2. A particle of mass 5 units is moving
diameter of 10 cm. Calculate the total with a uniform speed of v = 3,/2 units
energy of the disc when rolling along a in the XOY plane along the line y =
horizontal table with a velocity of 20 cms™. x + 4. Find the magnitude of angular
(take the surface of table as reference) momentum.
Ans: 0.005] Ans: 60 units
€62 UNIT 5 MOTION OF SYSTEM OF PARTICLES AND Ri1GID BODIES

28-01-2020 13:56:54‘ ‘



‘ ‘ UNIT-5(XI-Physics_Vol-1).indd 263

®

®

3. A fly wheel rotates with a uniform 5. Two particles P and Q of mass 1kg and
angular acceleration. If its angular 3 kg respectively start moving towards
velocity increases from 20z rad/s each other from rest under mutual
to 407 rad/s in 10 seconds. Find attraction. What is the velocity of their

the number of rotations in that centre of mass?
period. Ans: Zero
Ans: 150 rotations Find the moment of inertia of a
A uniform rod of mass m and length ¢ hydrogen molecule about an axis
makes a constant angle 8 with an axis passing through its centre of mass
of rotation which passes through one and perpendicular to the inter-atomic
end of the rod. Find the moment of axis. Given: mass of hydrogen atom
inertia about this axis. 1.7 x 107 kg and inter atomic distance

| M i is equal to 4 X 10 "'m.

3 Ans: 1.36 X 10* kg m?
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ICT CORNER

Moment of inertia

Which is harder to rotate:
Circular ring or Circular disc?

4

[

STEPS:

o Open the browser and type the given URL to open the PhET simulation on Torque. Click the picture
link or the download button. Once downloaded, click ok to open the java applet.

o Set platform mass 0.1 kg, Outer radius 4 m. (Keep inner radius = 0). Now it is a circular disc. Click the
button ‘go’ to get the value of moment of inertia.

o Adjust the values of mass and radius and then observe how moment of inertia changes in the middle
graph.

« Keep the inner and outer radius same (say R = r = 4 m.) and mass 0.1 kg. Now it becomes circular ring.
Click the button ‘go’ to start the calculation.

o Observe the moment of inertia from the middle graph. Compare the moment of inertia of a circular disc
and circular ring with same mass and radius.

@ Hint: If moment of inertia is relatively large, it is very difficult to accelerate in angular direction. @

PhET simulation’s URL:

https://phet.colorado.edu/en/simulation/torque

* Pictures are indicative only.

*If browser requires, allow Flash Player or Java Script to load the page.

A,

B163_11_Phy_EM
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APPENDIX 1

By substituting in the given equation,
SOLVED EXAMPLE UNIT-1 = ML T2 ML 2 ML T ]
1. Find the dimensions of a and b in iy SO S el TR
the formula [P +%] [V —b]=RT where =M°L'T' =[T]

P is pressure and V is the volume of
the gas

3. Find the dimensions of mass in terms of
Energy, length and time

Solution:

Solution:
By the principle of homogeneity, ornon

a/V2 is of the dimensions of Let the dimensions of Energy, Length

and Time be [E],[L],[T] respectively.

@® pressure and b is of the dimensions of ®
volume. We know that Force = mass x
acceleration
[a] = [pressure] [V?] = [ML'T™?] [L°] I
=[MLT™] Wi Force
[b] = [V] = [L?] acceleration
_ Workdone (or) Energy
2. Show that (P¥°p"E") is of the * accelerationx displacement
dimension of time. Here P is the pressure, S
p is the density and E is the energy of a [m] = nergy
bubble) lacceleration][displacement ]
Solution: = [LT[_EZ]] 0 = LZ[YE“L] =[EL’T?]
Dimension of Pressure = [ML'T 7]

Dimension of density = [ML™]
4. A physical quantity Q is found to

Dimension of Energy = [ML’T ] depend on quantities x,y,;z obeying
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x2y3
Zl

errors in x, y and z are 2%, 3% and 1%

relation Q = . The percentage

respectively. Find the percentage error in

Q
Solution:
2.3
Let, Q=27
Z
Ax A A
It is given, — =2% 2 =3% — =1%
X y z

&2(&)”[&}1(@
Q X y z
=2(2%) + 3 (3%) + 1(1%)

%:4%+9%+1%:14%

. The mass and volume of a body are

found to be 4+.03 kg and 5+.01 m’
respectively. Then find the maximum
possible percentage error in density.

Solution:

Mass m =4 + 0.03 kg (m + Am)
Volume V=5 .01 m’ (V + AV)
Density = ?

Am  0.03
Error in mass =—=—-x100
m

=0.75%

A :
Error in volume = 7V = % x 100

=0.2%

mass

Density =

volume

Error in density = error in mass + error
in volume

=0.75% +0.2% = 0.95%

6. Using a Vernier Callipers, the length of

a cylinder in different measurements is
found to be 2.36 cm, 2.27 cm, 2.26 cm,
2.28 cm, 2.31 cm, 2.28 cm and 2.29 cm.
Find the mean value, absolute error, the
relative error and the percentage error of
the cylinder.

Solution:

The given readings are 2.36 cm, 2.27 cm,
2.26 cm, 2.28 cm, 2.31 cm, 2.28 cm and
2.29 cm

The Mean value [ =
2.36+2.27+2.26+2.28+2.31+2.28+2.29
7

16.
$=2.29 cm

Absolute errors in the measurement are,

|AL|=1]2.29-2.36/=0.07
|AL| = 2.29-2.27|=0.02
|AL|=[2.29-2.26|=10.03
AL |=[2.29-2.28|=0.01
|AL| = [2.29-2.31/=0.02
|AL|=[2.29-2.28|=0.01
|AL|=]2.29-2.29|=0.00

Mean Absolute error

Almean =
0.07+0.02+0.03+0.01+0.02+0.01+0.00
7

.16
=—=.02
7

APPENDIX 1 Z%D

28-01-2020 14:13:26‘ ‘



7.

Relative error

Percentage error = £8.7 x 107 %100 =

0.87%x100==%(8.7x107")=0.9%

The shadow of a pole standing on a level
ground is found to be 45 m longer when
the sun’s altitude is 30° than when it was
60°. Determine the height of the pole.
[Given \/5 =1.73]

Solution:

Let the height of the pole be h.

60° 30°

«“———X——»<«——45m—>

x+45
cot30°

> =cot30° = h=

x+4
Solution

% =cot60° = x =hcot60°

Substituting the values of x in the above
equation

B hcot60°+ 45
B cot30°

h cot 30° = h cot 60° + 45

h(cot 30°- cot 60°) =45

= 45 = 45 =3897
" cot 30° - cot 60° \/’ ] oo

NG
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8. Calculate the number of times a

human heart beats in the life of
100 years old man. Time of one heart
beat = 0.8s.

Solution:

Life of the man = 100 years
100 years includes 76 normal years and
24 leap years

Total no of days =76 X 365 + 24 X 366
= 36524 days

Number of seconds = 36524 X 24 X
3600 = 3.155 x 10° second

Number of heart beats =

Total no of Seconds
Time period of heart beat

~3.155x10’
0.8s

=3.94%x10°

9. 'The parallax of a heavenly body measured

from two points diametrically opposite
on equator of earth is 2'. Calculate the
distance of the heavenly body. [Given
radius of the earth = 6400km] [1” =4.85
x 10°rad]

Solution:

Angle6=2'=2x60"=120"=120x4.85
X 10°rad

0 =5.82x10*rad;
]

The distance of heavenly body

d 12800x10°

0 582x10"
D=2.19%10"m
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10. Converta velocity of 72kmh™ intoms™

11.
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o
o

with the help of dimensional analysis.

Solution:
n="72 kmh! n=7?m st
L1 =1Km L2:1m
T, = 1h T=1s

a b
n,=n L L
L] LT
The dimensional formula for velocity is

[LT]

a=1b=-1

- 1 =1
1K 1h
n=72| —2 |2
| 1m Is

- 1 =i

1000 3600

n, =72 — :
1m 1s

=72 % 1000 X 1/3600 = 20m s']

72kmh™?=20ms™

Check the correctness of the following
equation using dimensional analysis.
Make a comment on it.

S = ut + 1/4 at’ where s is the
displacement, u is the initial velocity,
t is the time and a is the acceleration
produced.

Solution:

Dimension for distance s = [L]
Dimension for initial velocity

v=[LT™]

_

Dimension for time t = [T]
Dimension for acceleration

a=[LT]

_

According to
homogeneity,

the principle of

Dimensions of LHS = Dimensions
of RHS

Substituting the dimensions in the
given formula

1
S=ut+1/4at?, Zis a number. It has

no dimensions

[L] = [LT"] [T']+[LT] [T?]
[L]=[L] + [L]

12.

13.

As the dimensional formula of LHS
is same as that of RHS, the equation is
dimensionally correct.

Comment:

But actually it is a wrong equation.
We know that the equation of motion is
s=ut+1/2 at®

So, a
equation need not be the true (or)

dimensionally  correct

actual equation

But a true equation is always
dimensionally correct.

Round - off the following numbers as
indicated.
a) 17.234 to 3 digits

b) 3.996 x 10° to 3 digits
c) 3.6925x 107 to 2 digits
d) 124783 to 5 digits.

Solution:
a) 17.2 b) 4.00 x 10°
¢) 3.7x1073 d) 124780

Solve the following with regard to
significant figures.

a) v4.5-3.31

b) 5.9%10°-2.3x10*

APPENDIX 1 269
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14.

c) 718 +4.3
d) 6.5+.0136

Solution:

a) Among the two, the least number of
significant after decimal is one

h J45-331 =V 1.19 :1.09J

b) The number of minimum significant
figures is 2

5.9x10°-2.3x10"
=5.9x10°-0.23x10
=5.67x10°=5.7x%x 10
c) Thelowestleastnumber of significant

digit after decimal is one

7.18 + 4.3 = 11.48 Rounding off we
get 11.5

d) The

significant digit after decimal is one

6.5 +.0136 = 6.5136 = 6.5

Arrive at Einstein’s mass-energy relation

lowest least number of

by dimensional method (E = mc?)

Solution:

Let us assume that the Energy E depends
on mass m and velocity of light c.

- ]

E =km“c® where K a constant

Dimensions of E = [ML*T ]

E oo m*cb

Dimensions of m = [M]
Dimensions of ¢ = [LT™]

Substituting the values in the above
equation

€70 APPENDIX 1
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F [ML*T]=K [M]*[LT'’ J

15.

By equating the dimensions,

a=1

b=2

-b=-2
E = k.m¢?

The value of constant k =1

E = mc®> This is Einstein's mass
energy relation

The velocity of a body is given by the
equation v = b/t + ct’+dt’. Find the
dimensional formula for b.

Solution:

(b/t) should have the dimensions of
velocity
b has the dimensions of (velocity
X time)

[b] = [LT][T]=[L]=[M"LT"]

16. The initial and final temperatures of

a liquid in a container are observed
to be 754 +£0.5°C and 56.8 +0.2°C.
Find the fall in the temperature of the
liquid.

Solution:

t, = (75.4+0.5)°C

t, = (56.8+0.2)°C

Fall in temperature = (75.4 £0.5°C) -
(56.8 +0.2°C)

’7 t=(18.6 £0.7)°C J
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17. Two resistors of resistances R, = 150
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+2 Ohm and R,=220 £6 Ohm are
connected in parallel combination.
Calculate the equivalent resistance.

Solution:

The equivalent resistance of a parallel

combination
— RIRZ
R +R,
1 22
= 20220 = 53000 =89.1 Ohm
150+ 220 370
1 1 1
We know that, —=—+—
R R R,
AR’ AR AR,
— +
(R R® R/
AR AR
AR =Ry’ —' + (R’ =2
R
1 2
»\2 5 N2
- & ARl + 5 AR2
R, R,
Substituting the value,

2 2
[T [T
150 220

=0.070 + 0.098 = 0.168

R’ =89.1 £0.168 Ohm.

18. A capacitor of capacitance C =
3.0+0.1uFis charged to a voltage of
V = 18%0.4Volt. Calculate the charge
Q [Use Q= CV]

Solution:

(C+AC) = (3.0 £ 0.1) uf
(V+AV)=(18+04)V
Q=CV

Q=3.0x10°%x 18 =54 x 10° coulomb

Errorin C = A—ch 100

1
:O?x100=3.3%

ErrorinV = A7V x100

= %x 100=2.2%
18

Error in Q = Error in C + Error in V
=3.3% + 2.2% =5.5%

.Charge Q=(54%10°+£5.5%) coulomb

SOLVED EXAMPLE UNIT-2

1. The position vector for a particle is
represented be 7 = 3t% + 5t + 6k, find the
velocity and speed of the particle at t=3 sec?

Solution:

{,’_E_ ?+ %
It 6ti +5j-

The velocity at any time ¥ is given by
V=6t +5]
The magnitude of velocity is speed. The speed

at any time ‘f is then given by

APPENDIX 1 273
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Speed = \/(6t) +5* = /361" +25

Now the velocity at t = 3sec is given by
7=6(3)i+5]=18i+5].
and speed at t = 3 sec, is given by

speed = /349 ms™

A gun is fired from a place which is at
distance 1.2 km from a hill. The echo of
the sound is heard back at the same place
of firing after 8 second. Find the speed of
sound.

Solution:

The echo will be heard when the
sound reaches back at the place of
firing. So, the total distance travelled
by sound is 2 X 1.2 km = 24 km
= 2400 m.

2400 m
8s

=300 ms™

speed =

A train 100 m long is moving with a
speed of 60 kmh™. In how many seconds
will it cross a bridge of 1 km long?

Solution:

Total distance to be covered = 1 km +
100 m = 1100 m (including both bridge
and time)

Then, Speed = 60 km h™*

150  _
— 60X msl= = ms!
18 9
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Then, Time taken to cover this

distance =

100
S=66s
9

. Draw the resultant direction of the two

unit vectors i and j. Use a 2-dimensional
Cartesian co-ordinate system. Is i +}' a
unit vector?

By using the triangular law of addition
i + j as shown in the following figure,

y \

So, { + ] is not a unit vector.
To make any vector to a unit vector,
must divide the vector by its magnitude,

The norm of the vector § + ] = \/5 .

|IJ>1

A=

!

. it
Hence, the unit vector is ?

. A swimmer moves across the Cauvery

river of 750 m wide. The velocity of the
swimmer relative to water (v )is 1.5ms
and directed perpendicular to the water
current. The velocity of water relative to
the bank (v ,) is 1 m s'. Calculate the
(a) velocity of the swimmer with respect
to the bank of the river (v ).
(b) time taken by the swimmer to cross
the Cauvery river.
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Solution:

(a) We can draw the following picture
from the given data in the problem.

H

___f\:___ S ¢ T

The velocity of the swimmer relative to
the bank v, =v_+v ,

Since the swimmer travels in the
perpendicular direction against the
water current

The magnitude is given by

V=4V, +v,
V152 +12 =/3.25ms ™ =1.802ms”

The direction of the swimmer relative to
the bank is given by

tan@——:
0 =tan™' )z

(c) The time taken by the swimmer to
cross the river is equal to the total
distance covered by the swimmer
with velocity 1.802 ms™.

<
u-'
—

The total distance covered by him,

width of the river _ 750
sin56° ©0.829
The time taken by the swimmer,

d= =904.7m

p_d _9047
v, 1.802

~502s

6. A monkey hangs on a tree. A hunter

aims a gun at the monkey and fires the
bullet with velocity v, which makes
angle O with horizontal direction. At
the instant gun fires, monkey leaves the
branch and falls straight down to escape
from the bullet as shown in the figure.
Will bullet hit the monkey or will the
monkey escape the bullet? (ignore air

resistance)

As soon as the monkey begins to fall, it
will have downward vertical motion with
acceleration due to gravity g.

Its equation of motion at any time t is
given by

yo=h=2g’ @

When the bullet comes out of the
gun, it has both vertical and horizontal
components of velocity given by

Vox =V, €0s03vy, =V, sinf  (2)

Let us assume the horizontal distance
between the monkey and hunter is ‘d.

At time t, the horizontal distance
travelled by the bullet x = v, cos0 t.

APPENDIX 1 279
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When the horizontal position of
bullet, x =d, thetimed =v_ T.Itimplies
that T=d/v,,

At this time T, the vertical distance
covered by the bullet is

1 v, d 1
Vb :VOyT_EgTZ =;)—y—5gT2.

0x

v, cos@ 2

=d tanf — %gT2 (3)

h
But from the figure we can write, tanf = E .

h=d tan0 .

By substituting this in the equation (3),

N

we get,

1
¥, :h—EgT2 (4)

At this same time T, the vertical position
of the monkey can be calculated from
the equation (1)

1
=h——oT? 5
Y 58 (

Note that at the time T, the y coordinate
of both monkey and bullet is same.
It implies that the bullet will hit the
monkey.

s

. A three storey building of height 100 m
is located on Earth and a similar building

is also located on Moon. If two persons
jump from the top of these buildings on
Earth and Moon simultaneously, when
they reach the ground, what will be their
speed? (g=10m s?)

Solution:

of /%
® Moon

For both persons, the Kinematic equations
are the same, with u = 0, a_ = g and

=£.Then
6

moon

— g =
a,=ganda,="_

For a person on earth, Vi =+28h

= /2100 =/2x10x100

Hence,V, , =~2000 m s' gives the

earth —

velocity at the ground, on earth.

Similarly, for a person on the moon,

Vmoon = & = 2000 m S_l
6 J6

The person on earth reaches ground
with greater velocity than the person on

the moon

. The following graphs represent position

— time graphs. Arrange the graphs in
ascending order of increasing speed.

X X

(@) (b)
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(©) (d)

The slope in the position - time graph
will give the speed of the particle.

In the graph (a) slope is zero. Graph
(c) has higher slope than graphs (b) and

(d). So we can arrange the speeds in
ascending order as

v, <v,<v, <V,

® SOLVED EXAMPLE UNIT-3

1.
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A body of mass 100 kg is moving with an
acceleration of 50 cm s Calculate the
force experienced by it.

Solution:

Mass m = 100 kg
Accelerationa=50cm s?=0.5m s>
Using Newton’s second law,

F=ma

F=100kgx0.5ms?=50N

Identify the free body diagram that
represents the particle accelerating in
positive x direction in the following.

The relative magnitude of forces
should be indicated when the free body
diagram for mass m is drawn.

F
1 F,
Fs Fa Fs Fy
F, ;,
@) (b)
Fq
Fs F,
F2

Case (a):

The forces F, and F, have equal length but
opposite direction. So net force along
y-direction is zero. Since the force is zero,
acceleration isalso zero along Y-direction
(Newton’s second law). Similarly in the
x direction, F, and F, have equal length
and opposite in direction. So net force
is zero in the x direction. So there is no
acceleration in x direction.

Case (b):

The forces F, and F, are not equal in
length and act opposite to each other.
The figure (b) shows that there are
unbalanced forces along the y-direction.
So the particle has acceleration in
the -y direction. The forces F, and F,
are having equal length and act in
opposite directions. So there is no
net force along the x direction. So the
particle has no acceleration in the x
direction.

Case (¢):
The forces F, and F, are equal in
magnitude and act opposite to each
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other. The net force is zero in y direction.
So in y-direction there is no acceleration.
The forces F, and F, are not equal in
magnitude and F, is greater than F,. So
there is a net acceleration in negative x
direction

Case (d):

Theforces F,and F,areequalin magnitude
and act opposite to each other. The net
force is zero in y direction. So there is no
acceleration in y-direction. The forces F,
and F, are not equal in magnitude. The
force F, is greater than the force F,. So
there is a net acceleration in the positive
x direction.

A gun weighing 25 kg fires a bullet
weighing 30 g with the speed of
200 ms™'. What is the speed of recoil of
the gun.

Solution:

Mass of the gun M = 25 kg

Mass of the bullet m =30 g=30x 10 kg
Speed of bullet v=200 m s™

Speed of gun V=2

The motion is in one dimension.
Asperlaw of conservation of momentum,

MV +mv=0
Ve —mv
M

_ =30x107° %200
25

A4 =-240x10"ms™"

The negative sign shows that the gun
moves in the opposite direction of the
bullet. Further the magnitude of the
recoil speed is very small compared to
the bullet’s speed.
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4. A wooden box is lying on an inclined

plane. What is the coefficient of friction
if the box starts sliding when the angle of
inclination is 45°.

Solution:

Angle of inclination © = 45°
.. Coefhicient of friction 4 = tan © =
tan 45°=1

. Two masses m =5 kg and m, = 4 kg

tied to a string are hanging over a
light frictionless pulley. What is the
acceleration of each mass when left free
to move? (g=10 ms™)

m, —m,
a= Xg
I’I’ll+1’}’l2
5—4 1
== —x10==x10=1.1ms™
5+4
N
m, = 4kg
m; = 5kg

6. Ablock of mass mis pushed momentarily

along a horizontal surface with an initial
velocity u. If u, is the coefficient of
kinetic friction between the object and
surface, find the time at which the block
comes to rest.
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Solution:

When the block slides, the force acting
on the block is kinetic friction which is

equal to f, = u,mg

From  Newton’s second law
ma =—p,mg

The negative sign implies that

force acts on the opposite direction of
motion.

The acceleration of the block while
slidinga=—-p, g.

The negative sign implies that the
acceleration is in opposite direction of
the velocity.

Note that the acceleration depends
only on g and the coefficient of kinetic
friction p,

We can apply the following kinematic

equation
v=u+at

The final velocity is zero.

O=u—pu,gt

Three blocks of masses 10 kg, 7 kg
and 2 kg are placed in contact with
each other on a frictionless table. A
force of 50 N is applied on the heaviest
mass. What is the acceleration of the
system?

Solution:

50N
—>| 10kg | 7kg 2 kg

We know that

F | soN
A= m +m,+m, | 10kg+7kg+2kg

_0_ 2.63ms™
19

. The coefhicient of friction between a

block and plane is L If the inclination
V3

of the plane gradually increases, at what

angle will the object begin to slide?

) ) |
Since the coefficient of friction is —

3

Tan@zL

NG

= 0=30°

Find the maximum speed at which a car
can turn round a curve of 36 m radius
on a level road. Given the coefficient of
friction between the tyre and the road
is 0.53.

Radius of the curve r =36 m
Coefficient of friction p=0.53

Acceleration due to gravity g=10 ms™

. =+/1rg =+/0.53x36x10
=13.81ms"

10. Calculate the centripetal acceleration

of the Earth which orbits around the

APPENDIX 1 27)
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11.

Sun. The Sun to Earth distance is
appriximately 150 million km. (Assume
the orbit of Earth to be circular)

2

. : v
The centripetal acceleration a, = —
,

V - velocity of Earth around the orbit

r - radius of orbit or distance of
Earth to Sun

Velocity of Earth is written in terms
of angular velocity () as

By substituting in the centripetal

2.2
ar

= ’r

acceleration formula, a_=
’

2r
But o = ? where T is time for the

Earth to orbit around the sun, which is
one year.

T=365days=365><24><60><60
s=3.1x10"s

@ =2.02x107 rad per sec

a, =(202x107) x(150x10°)

a,=6.12x10" ms™

A block 1 of mass m , constrained to move
along a plane inclined at an angle 0 to the
horizontal, is connected via a frictionless,
massless and inextensible string that passes
over a massless pulley, to a second block 2
of mass m,. Assume the coefficient of static
friction between the block and the inclined

€78 APPENDIX 1
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plane is 1. and the coefficient of kinetic
friction is g1,

What is the relation between the
masses of block 1 and block 2 such that
the system just starts to slip?

Solution:

For all parts of this problem, it will
be convenient to use different coordinate
systems for the two different blocks. For
block 1, take the positive x -direction to be
up the incline, parallel to the plane, and the
positive y -direction to be perpendicular to
the plane, directed with a positive upward
component. Take the positive direction of
the position of block 2 to be downward.

The normal component N of the contact
force between block 1 and the ramp will be

N=mgcosH. (1)

The net x -component of the force on
block 1 is then

le = T_ffriction - ml g Sin e (2)

where T is the tension in the string

For the just-slipping condition, the
frictional force has magnitude

| fuum s AN=Amgeosh ()

The tension in the string is the
gravitational force of the suspended mass,
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12.

13.
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T e o

For the just-slipping condition,
the net force on block 1 must be zero.
Equations (2), (3) and (4) gives

0=m,g-4t, m g cos 6 - m gsin 6

m_=m (L cos 8 + sin 0)

Consider two objects of masses 5 kg and
20 kg which are initially at rest. A force
100 N is applied on the two objects for
5 second.

a) What is the momentum gained by
each object after 5 s.

b) What is the speed gained by each
object after 5 s.

Final momentum on each object
AP = FAt = 100X 5 =500 kgms™

Final speed on the object of mass
5kg=500/5=100 m s

Final speed on the object of mass
20 kg =500/20 =25 m s~

Note that momentum on each object
is the same after 5 seconds but speed
is not the same after 5 seconds. The
heavier mass acquires lesser speed than
the one with lower mass.

An object of mass 5 kg is initially at rest
on the surface. The surface has coefficient
of kinetic friction p, =0.6. What initial
velocity must be given to the object so
that it travels 10 m before coming to rest?

When the object moves on the

surface it will experience three forces.
a) Downward gravitational force (mg)
b) Upward normal force (N)

c) Frictional force opposite to the
motion of the object.

Since there is no motion along the
vertical direction, magnitude of normal
force is equal to the magnitude of
gravitational force.

e

Applying Newtons second law along

the x direction

ma = - ,ukmgf
Note that the acceleration is along the x

The acceleration is d = — 4, mgi

direction since the frictional force acts
along the negative x direction.

Or a=-ug

Note that the acceleration is uniform
during the entire motion. We can use
Newton’s kinematic equation to find the
final velocity.

Along the x direction v’ =1’ + 2as

Here v = final velocity and u=
initial velocity to be given to travel a
distance s.

In this problem s =10 m

Since the particle comes to rest, the
final velocity v=10

0=u’—-2u,gs

u=.\2u,8s

U=+2%0.6x9.8x10=10.8 ms"
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14. In the section 3.7.3 (Banking of road)
we have not included the friction
exerted by the road on the car. Suppose
the coefhicient of static friction between
the car tyre and the surface of the road
is u, calculate the minimum speed with
which the car can take safe turn?

When the car takes turn in the
banked road, the following three forces
act on the car.

(1) The gravitational force mg acting
downwards

(2) The normal force N acting
perpendicular to the surface of the
road

(3) The static frictional force f acting
on the car along the surface.

The following figure shows the forces
acting on the horizontal and vertical
direction.

When the car takes turn with the
speed v, the centripetal force is exerted
by horizontal component of normal
force and static frictional force. It is
given by

2
N sinf + f cosO = my (1)
r

In the vertical direction, there is no

acceleration. It implies that the vertical
component of normal force is balanced
by downward gravitational force and
downward vertical component of frictional
force. This can be expressed as
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Ncosf (Nsm@j_i_'us 5
N cos6 Vo

NcosO =mg + fsinf
Or NcosO — fsin0 =mg (2)

Diving the equation (1) by equation (2), we
get
Nsin@+ fcosf v’

= (3)
NcosO — fsinf rg

To calculate the maximum speed for the
safe turn, we can use the maximum static
friction is given by f = u N. By substituting
this relation in equation (3), we get

2
max

NsinO + uNcos® v
NcosO —uNsin0@ rg

By simplifying this equation,

Ncos@(l—,u Ns1n9j rg

* N cosf

(tan6 + u,) Ve

max

1-p tan6 - rg

The Maximum speed for safe turn is given

tanf + u )
b = (—S 4
¥ Vs \/rg (1-p, tan0) @

Suppose we neglect the effect of friction
(4, = 0), then safe speed

Ve =A7g tanb (5)

Note that the maximum speed with which
the car takes safe turn is increased by friction
(equation (4)). Suppose the car turns with
speed v <v_,, then the static friction acts up
in the slope to prevent from inward skidding.
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8 8
W:IFdx :J(3x2 —4x +5)dx
0 0

W= {3 (8)° — 4(§j + 40}
3 2

If the car turns with the speed little greater
than, then the static friction acts down the
slope to prevent outward skidding. But if the
car turns with the speed much greater than
v, then static friction cannot prevent from
outward skidding.

SOLVED EXAMPLE UNIT-4

1. Aforce F={+2j+ 3k N acts on a particle
and displaces it through a distance
S=4i+ 6} m. Calculate the work done.

Solution:
Force F :i+2j+3lA<N
Distance S = 4] + 6} m

Work done = F-S = G+ Zj + 31A()-(4f + 6})
=4+124+0=16]

2. A particle moves along X- axis from x=0

to x=8 under the influence of a force
given by F= 3x* —4x + 5. Find the work
done in the process.

Solution:

Work done in moving a particle from
x=0 to x=8 will be

8

3x°  4x®
:[i-xm}
0

3 2

=[512—-128 + 40] =424]
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3. A body of mass 10kg at rest is subjected
to a force of 16N. Find the kinetic energy
at the end of 10 s.

Solution:
Mass m = 10 kg
Force F=16 N
timet=10s
=F/m I
10

we know that, v =u + at

=0+1.6x10=16ms"

1
Kinetic energy K.E = B my’

:%x10x16x 16

=1280]

4. A body of mass 5kg is thrown up
vertically with a kinetic energy of 1000 J.
If acceleration due to gravity is 10 m s72,
find the height at which the kinetic
energy becomes half of the original value.

Solution:
Mass m = 5kg
K.E E=1000]
g=10ms>
4L G E
At a height ‘h; mgh = )
1
5><10><h:—000
2
h:@=10m

5. Two bodies of masses 60 kg and 30 kg
movinginthesamedirectionalongstraight
line with velocity 40 cm s and 30 cm s™

APPENDIX 1 ZSD
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respectively suffer one dimensional
elastic collision. Find their velocities
after collision.

Solution:

Mass m, = 60 kg

Mass m, = 30 kg
V, =40 cms™
V, =30 cms™

Solution:

m, —m 2m
v, =| —2 |y, + — |u,
m, +m, m, +m,

(m2 —ml) 2m
v, = u, + u
m, +m, m, +m,

Substituting the values, we get,

, _(60-30) . 2x30

1

x 30

Vi

1
=— [1200+1800 ]
90

_ 3000 _ 33.3cms™
90

Likewise,

30-60 2x60
= 80260

; 0+ X 40

1
v, =55 [-900+ 4800]

cEW 433cms™"
90

6. A particle strikes a horizontal frictionless
floor with a speed u at an angle 0 with the
vertical and rebounds with the speed v at
an angle ¢ with the vertical. The coefficient
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of restitution between the particle and
floor is e. What is the magnitude of v?

Solution:

Applying component of velocities,

ucos o :9
I

I
I
|

A\

v sin ¢

The x - component of velocity is

’7 usin €= vsin ¢ ﬂ

The magnitude of y - component of
velocity is not same, therefore, using
coeflicient of restitution,

o VoS )
ucosf

Squaring (1) and (2) and adding we get

v:sin® @ =u’ sin’ 0
v: cos’ @ =e’u’ cos’ O
adding
v: =u’sin’ 0 +e’u’ cos’ 0

v =ul [sin2 0 + ¢* cos® 9}

V= u\/sin2 6 + ¢’ cos* O
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A particle of mass m is fixed to one end
of a light spring of force constant k and
un-stretched length . It is rotated with
an angular velocity @ in horizontal
circle. What will be the length increase
in the spring?

Solution:

Mass of particle = m
Force constant = k
Un-stretched length =/
Angular velocity = ®

---------- -(----__"-~_
X=0,
'(FL
}
! a
1

Let X’ be the increase in the length of
the spring.
The new length = (l+x) =

When the spring is rotated in a
horizontal circle,

Spring force = centripetal force.

kx = mw?([+x)
mo?l
X =
k-mm?

A gun fires 8 bullets per second into a
target X. If the mass of each bulletis 3 g
and its speed 600 ms™, then calculate the
power delivered by the bullets.

Solution:

Power = work done per second = total
kinetic energy of 8 bullets per second

P =8 x (kinetic energy of each
bullet per second)

:8><%><(3><10_3)><(600)2

P=4320W
P =4.320 kW

SOLVED EXAMPLE UNIT-5

1. Three particles of masses m, = 1 kg,

m, =2 kg and m, =3 kg are placed at the
corners of an equilateral triangle of side
1m as shown in Figure. Find the position
of centre of mass.

Solution:

The centre of mass of an equilateral
triangle lies at its geometrical centre G.

The positions of the mass m , m_ and
m, are at positions A, B and C as shown
in the Figure.

From the given position of the
masses, the coordinates of the masses
m, and m, are easily marked as (0,0) and
(1,0) respectively.
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To find the position of m, the
Pythagoras theorem is applied. As the
ADBC is a right angle triangle,

BC?* =CD* + DB?
CD? = BC* — DB?

The position of mass m, is

[l,ﬁj or (0.5,0.5\/5)
2 2

) X Coordinate of centre of mass,

CM

_ X+ myX, X,

xCM

m, +m, +m,

_(1x0)+(2x1D)+(3x0.5) _3.5

1+2+3

X —7m
CM 12

Y Coordinate of centre of mass,

Yem =

CM

my tmy, +my,
ml+mz+m3

=(1xo)+(2x0)+(3xo.5xﬁ) _

6

1+2+3
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1.5V3
6

.. The coordinates of centre of mass G

lﬁj

(v 1%

. An electron of mass 9 x107>'kg revolves

around a nucleus in a circular orbit
of radius 0.53 A. What is the angular
momentum of the electron? (Velocity of
electron is, v=2.2 x10°ms™")

Solution:
Mass of the electron, m =9 x 107" kg
Radius of the electron, r = 0.53 A =
0.53 x10"°m
Velocity of the electron, v = 2.2 X
10°ms™
Angular momentum of electron is,
L=Tw

Electron is considered as a point mass.
Hence, its moment of inertia is, I = m r?

, v
The relation, ® =— could be used.
r

v
Angular momentum, L = mr’*x—
r

=mvr

=9.1x10"%x2.2x10°%0.53x107"°
L=1.06 x 10" kg m* s

. A solid sphere of mass 20 kg and radius

0.25 m rotates about an axis passing
through the centre. What is the angular
momentum if the angular velocity is
S5rads™

Solution:
Mass of the sphere, m =20 kg
Radius r=0.25m
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4.

2m
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Angular velocity w=>5rads™

Solution:

2
Angular momentum L =Iw = S mr’

2
:gxzoxm2sfx5:40xm0&5)=z5

L=25kgm’"

A solid cylinder when dropped from a
height of 2 m acquires a velocity while
reaching the ground. If the same cylinder
is rolled down from the top of an
inclined plane to reach the ground with
same velocity, what must be the height
of the inclined plane? Also compute the
velocity.

Solution:

@ /@
lh h,
In the first case,
potential energy = kinetic energy
mthe Lo
s 2
1 5
mgx2 = 2 my (1)

In second case,

potential energy = translational kinetic
energy + rotational kinetic energy

1 1
mgh’ = ~mv’+ — 0’
2 2

s.mgh’ = 3mv2 (2)
4
Dividing (2) by (1),
3
mw’:4mvzix2_§
mg x 2 lmvz 4 1 2
2
h'=3m

1
From equation (1), 2mg = 3 mv’

v=yJag=2¢
v=2x+/9.81

v=6.3ms"

5. A small particle of mass m is projected

with an initial velocity vat an angle 6 with x
axis in X-Y plane as shown in Figure. Find
the angular momentum of the particle.
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Solution:

A

vsing —>»

Y

vcos9 —>

Let the particle of mass m cross a
horizontal distance x in time t.

Angular momentum L = If dt

But7 =7 xF

F:x{+y}'andﬁ':—mg;'

nT= (xz + y])x(—mg])

7= —mgx(fx}') = —mgxlz

L= —mgj(xdt)l; = —mgv cos&(jtdt)l%

Let initial time t = 0 and final time t = t,

tf A A
= L=—mgvcos 6{_.‘ tdt Jk: —%mgvcos ot; k
0

Negative sign indicates, L point inwards

6. From a complete ring of mass M and
radius R, a sector angle 6 is removed.
What is the moment of inertia of the
incomplete ring about axis passing
through the centre of the ring and
perpendicular to the plane of the ring?
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Solution:

Let R be the radius of the ring and M be
the total mass of the complete ring.

Let m be the mass of the section
removed from the ring then, mass of the
incomplete ring is M-m

——lao
-~ S

Mass, M-m

Let us introduce a positive integer (n),
360°

such that, n@ =360°, or n =

mass of incomplete ring =M —m

m:£x9
360

M
. mass of incomplete ring =M ———x0

360
-1
mass of incomplete ring = M M_ MM
n n
360°
For example, a) when 6 =60% n=——=6
Son—1=5
. . 5
mass of incomplete ring = EM
360°
b) when 6 =30°, n= =12
00
n—1=11

mass of incomplete ring = EM
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The moment of inertia of the

incomplete ring is, [ = M gR2
n

A massless right angled triangle is
suspended with its right angle corner.
A mass of 100 kg is suspended from
another corner B which subtends an
angle 53°. Find the mass m that should be
suspended from other corner C so that
BC (hypotenuse) remains horizontal.

Solution:

100 m

From the principle of moments,

100 X g xx, =mX gXxx,
100 x cos 53°=m X cos 37° (1)

Where, x, and x, are the arm lengths.

The right angle triangle with angles
37°,53°and 90° is a special triangle which
has the respective sides in the ratio, 3:4:5
as shown in the diagram.

37°

53°

Substituting the values in equation (1),

100 x cos 53°=m X cos 37°
100><§:m><é
5 5
m=100><é
4
m="75kg

. If energy of 1000 ] is spent in increasing

the speed of a flywheel from 30 rpm to
720 rpm, find the moment of inertia of
the wheel.

Solution:

3
o, =30rpm =27 x s = s
1 60

®, =720rpm

72
=2 rx 6—00mds_l =247 rads

Change in kinetic energy,
1
AKE = E1(0022 —o)

_ 2x AKE _ 2x1000

(@ -0}) (24n) —(r)

2000

= —— Remember:
25 x 231

a’-b*’=(a+Db) (a-b)

[~0.35kg m’ as 7’ =10

. Consider two cylinders with same

radius and same mass. Let one of the
cylinders be solid and another one
be hollow. When subjected to same
torque, which one among them gets
more angular acceleration than the
other?
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Solution:

Moment of inertia of a solid cylinder

1
about its axis I, = EMRZ

Moment of inertia of a hollow cylinder
about its axis I, = MR

1
IS ZEIh or Ih :2IS

G e L When the insect moves towards the
1 - centre (from A to O), the moment of

a=2 inertia (I) decreases. Thus, the angular

I velocity (@) increases. When it moves
T T away from centre (from O to B), the

o, =—and @, =— . . .
I I, moment of inertia (I) increases. Thus,

I, the angular velocity (®) decreases.
ol =a,l, = a, :ahI—

s S

s 11. (i) What is the shape of the graph
I>1 :>I_h>1 between \/ET« and L? (E,, is the
Since, I rotational kinetic energy and L is
Lo > angular momentum)
@ - (ii) What information can you get ®

For the same torque, a solid cylinder gets from the slope of the graph?

leration than a holl linder. [
more acceleration than a hollow cylinder. (iii) You are given the graph of \/E,

Note: The above two cylinders must be and L for two bodies A and B.
made up of materials of different Which one has more moment of
density. (Say why?) inertia?

10. A thin horizontal circular disc is Solution:
rotating about a vertical axis passing i) We know that, Rotational kinetic
through its centre. An insect goes Energy
from A to point B along its diameter 1
as shown in Figure. Discuss how the E. = 51 o’
angular speed of the circular disc S
changes? B N Py L
2 2 21 o=L/I
Solution: I
As the disc is freely rotating, with the E,.= BY;
insect on it, the angular momentum of
the system is conserved. L*=2IE,
L =1 = constant L=q2IE, = \/E\/ETW
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Graph of \/E,, and L:

LA

»

—»
VE,,

The shape of the graph is a straight

line

ii) The slope of the graph gives the
value of moment of inertia I.

iii) We know that the slope gives
the value of moment of Inertia.
The line A has higher slope and
hence more moment of Inertia.

v

<
m
E)

12. Consider a thin uniform circular ring
rolling down in an inclined plane
without slipping. Compute the linear

acceleration along the inclined plane
if the angle of inclination is 45°.

Solution:

The linear acceleration along the inclined
plane can be computed by

gsm@
1+—

For a thin uniform circular ring, axis
passing through its centre is I = MR’

And the angle of inclination, 6 = 45°

1
= (sin45° = —)

V2

Hence,

COMPETITIVE EXAM CORNER
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APPENDIX 2

- L
JFCa6L9

Table A1.1 Systematic developments in Physics over centuries

Observation of motion of Sun, Stars, Planets
and Moon

Around 3000 BC (Early Greeks)

In the universe everything is changing.
Nothing remains in the same state
indefinitely. The idea of ‘time’ started with
this understanding.

Around 500 BC (Heraclitus).

Everything is composed of
small indivisible elements called ‘atoms.
Development of theory of ‘atomism. But
that time it is a hypothesis. No experimental

proof.

entirely

End of 500 BC (Democritus and Leucippus)

= Idea of natural laws behind every day
phenomena

= Idea of motion with gravity

= Theory of four elements(Everything is
made up of Earth, water, fire, air able to
inter-transform into each other)

= Earth is centre of universe(Hypothesis)
= Force is required to move the object

= Heavier object falls faster towards Earth
than lighter object

Around 3" century BC (Aristotle)

= Earth is sphere

® Measurement of radius of the Earth
almost accurately

Around 240 BC (Eratosthenes)
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Sun is centre of the solar system
(Hypothesis. Could not be proven by
experimental evidence)

Idea of Earth rotation around its own
axis.

Around 2™ century BC (Aristarchus of
Samos)

Around 2™ century BC (Seleucia)

Foundation of hydrostatics
Idea of lever
Mechanical work using pulleys

Law of Buoyancy known as a Archimedes
principle

First accurate value of the number ‘pi’

Around 3" century BC (Archimedes)

Focused on motion of planets and stars
Prediction of solar eclipses

Calculation of distance of Earth to Moon,
Earth to Sun

Astronomical observation were recorded

End of 2" century BC (Hippachrus)

Geo centric model (Not hypothesis.
Explained a lot of naked eye observation)

Explanation of Planets ‘retrograde
motion’

“Almagest”- First book on astronomy

Around 100 AD(CE) (Ptolemy)

Idea of Earth’s rotation about its own axis
Idea of zero

Contribution to mathematics

5% Century AD (Aryabhatta-India)

Understanding of early optics

Boon on ‘Treasury of astronomy’-
Accurate astronomical table than
Ptolemy’s data

9 century AD (Ibn al-Hayatham- Arabia)

12" Century AD (Nasir al-Din- Persian
astronomer)

From 7™ century to 14" century major
development in science happened
in muslim countries (Arabia, Persia,
Iran etc.)
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Copernicun Revolution

Heliocentric model (Not hypothesis.
It provides simplest explanation than
Ptolemy model for motion of stars and
Planets )

Accurate astronomical datas

Laws of Planetary motion

15" Century AD
AD 1543 (Copernicus)

Tycho Brahe
Kepler

Law of inertia

Telescope  observation(Founder  of
modern observational astronomy)
Calculation of time period of the Moons
of the Jupiter

Earth is not flat

All object fall to Earth at the same rate
(Disproved Aristotle’s argument)

Law of inertia(Force need not required
to maintain the motion- disproved
Aristotle’s argument)

Pendulum, inclined plane experiments
Study of projectile motion

Introduction of ‘controlled experiments’

Gallieo Galilei (1564- 1642)

Introduction of Cartesian coordinate
system
Idea of analytical geometry

Rane Descarte (1596-1650)

17™ and 18"century Development

Laws of motion

Quantitative idea of motion

Law of gravitation

Development of calculus independent of
Leibnitz

Founder of modern optics (reflection,
dispersion, prism)

Light consists of minute particles
‘corpuscules’

Derivation of Kepler laws

Greatest  book  “The  principia
mathematica’(1687)

Wave theory of light

Isaac Newton (1642-1727)

Christian Huygens; Father of modern optics
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Work on magnetism

Behavior of gases

Fluid dynamics - Bernoullis theorem
(1734)

Early ideas of kinetic theory of gases
Study of spring motion(Hooke’s law)

Derivation of frequency of vibration in
strings(1714)

Reformulation of Newtonian mechanics
using Energy approach (Lagrangian
mechanics)

Invention of steam engine(1781)-

Force between charges (Coulomb’s law)

William Gilbert (Around 1600)

Robert Boyle (1627- 1691)& Robert Hooke

Daniel Bernoulli(1700- 1782)

Daniel Bernoulli (1700 - 1782)
Robert Hooke
Taylor

De Alembert, Lagrange

James Watt

Coulomb

19" century development

Early ideas of Thermodynamics(1840s)
Caloric theory
Laws of thermodynamics(1850s)

Behavior of gases, and

speed(1860s)

Foundation of statistical mechanics and
entropy formula (around 1870s)

velocity

James Joule, Carnot

Kelvin, Clausius

James Clark Maxwell

Boltzmann

Wave nature of light- Experiments
Behavior of electric charges

Magnetic effect of electric current(1820s)
Force between two parallel currents

Principle of Least action, Hamilton
mechanics (1821)

Young and Fresnel

Oersted
Ampere

William Hamilton

Maxwell equations
modern technology

-Paved way to

Alternating current

= Electric powered motor, electricity | Micheal Faraday
demonstration

= Theory of electromagnetism(1873)- | James Clerk Maxwell
Bridge  between  electricity and
magnetism

Tesla

‘ ‘ Appendix-2.indd 293

APPENDIX 2

28-01-2020 14:14:38‘ ‘



20" century developments

Study of black body radiation

Max planck(around 1900)

Formulation of quantum field theory
Particle physics, standard model

X-ray diffraction(1930s)- Paved way to
understanding the materials

Raman effect
Study of stars and black holes
Invention of transistor(1947)

Classification of stars using temperature
(Astro thermodynamics), Sahaionization
formula

Field of Cosmology (1920s)
Expanding universe model(1922)
Discovery of redshift

= Discovery of an electron J.J.Thomson
= Rutherford atomic model Rutherford(1910s)
= Study on radioactivity Marie Curie(1920s and 30s)
= Special theory of relativity, Photo electric | Albert Einstein

effect, Existence of atom(1905), E=mc?
= Revolution of physics after Newton
= New Idea of space and time
= The General theory of relativity(Greatest

theory of 20" century)- 1915
= Study of specific heat capacities
= Study of atoms
= Bohr atom model (1912) Niels Bohr
= Behavior of electron, proton - | Schrodinger

Schrodinger equation

o . ®

= Uncertainty principle Heisenberg
= Formulation of Quantum Mechanics Paul Dirac

Dirac, Feynman, Schwinger

Gellman, Weinberg, Abdus salam

C.V. Raman(India)
Chandrasekhar(Indian origin)

John Bardeen, Walter Brattain,William
Schokley

Megnad Saha(India)

Eddington, Schwarchild
Thomas Friedmann

Edwin Hubble
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®  Birth of materials science

physics

matter, String theory

= Nanotechnology, Condensed matter

= Gravitational waves, Dark energy, Dark

APPENDIX A1.2

vi) Error involving the division of two
quantities (using the method of
differentiation)

n

Consider z=4

m

Taking logarithms of both the sides,

logZ =log A" —log B™
logZ =nlog A—mlogB

Differentiating both sides, we get,

dz  dA dB
SE a2
zZ A B

In terms of fractional error, this may be
written as,

Z A B

Maximum possible relative error in z is
given by

AZ  AA AB
—=n—+m—
Z A B

vii) Error involving the product of three
quantities (using calculus method)
let u=x"y"Z*?
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Taking logarithms on both sides, we get

logu=logx™ +1log y" +log Z*
logu=mlogx+nlogy+ plogZ

Differentiating both sides, we get

du dx dy dz
—=m—+n—=+p—
u x y z

In terms of fractional error, the equation
maybe rewritten as,
SN

T—=+m
u X y z

APPENDIX A2.1

Parallelogram Law of Vector addition:
Iftwonon-zerovectors A and Barerepresented
by the two adjacent sides of a parallelogram
then the resultant is given by the diagonal of
the parallelogram passing through the point
of intersection of the two vectors.

Consider the figure 2.19 below. Here
the two vectors A and B are connected
by a common tail at an angle 6. The
parallelogram OACB is next constructed.
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Then the diagonal OC is the resultant (R)
passing through the common tail O.

B C
SRR
B / B sin 6
B
0
B o B
O ~ )A N
A <€ BCOSGBI

Figure 2.19 Magnitude of resultant
vector by parallelogram method

We next find the magnitude and direction
of this resultant vector.

(i) Magnitude:
First extend OA to the point N, so
that we get ON. Then CN is drawn
perpendicular to this ON, from C.
Then ONC is a right angled triangle.
We can write R> = ON” + CN?

R*=(0OA+ AN)’ +CN?

— R*=A”>+B*+2ABcos6

.‘.R=‘R‘z‘ﬁ+]§"=\/A2+Bz+2ABcose
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Special cases:
When 6 =0°, then R=A+B

When 6 =180°, then R = A-B
When 0 =90°, then R=+ A + B*

(ii) Direction

Let S be the angle between the vectors
A and R. Then

tan f§ =

CN Bsinf

ON - A+ BcosO
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Some important formulae for Integral

(1) Idx=x;%(x):l

xn+1 d xn+l
nd — .2 — 3P
) Ix * (n+l} dx(n+lj *

(3) '[ cudx = cj udx where c is a constant

(4) J-(uiviw)dx:Judxijvdxijwdx
(5) ‘[ldlenx+C
x
(6) ‘[exdx:e"+C
(7) Ic059d9=sin9+C

(8) Isin@d@ =—cosO +C

Some important formulae
in Differential calculus

L. i(c) =0, if cis a constant
dx

2. Ify = cu, where c is a constant

and u is a function of x then

3. Ify =u +v +w where u,v and w are
functions of x then

Q: i(uiviw) =@iﬂi@
dx dx ds dx dx
4. Ify =x", where n is the real number then
& = i(x”) =nx""
dx dx
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5. Ify = uv, where u and v are functions

of x then
dx dx dx dx

6. If yisa function of x, then dy = % dbx
d

7. —(e")=¢e"
o (e)=e

d 1
8. —(Inx)=—
dx( %) X

9. a (sin@) =cosO
do
10 i(cos 0)=—sin6
" do ®
11. Ifyisa trigonometric function of 6 and 6
is the function of t, then

q (sinf) =cos0 a9
dt dt

i(cos@) =-sind 6
dt dt
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APPENDIX 4

(THE GREEK ALPHABET)
(HICyd:a 61(1p58I56T)

The Greek Alphabet Upper Case Lower Case
Alpha A o
Beta

Gamma
Delta
Epsilon
Zeta

(O] Eta
Theta

Tota

D3 yN | [0 R ™

—

Kappa
Lambda
Mu

Nu

Xi
Omicron
Pi

Rho

Sigma

Tau

Upsilon
Phi
Chi
Psi
Omega

DIE (XS | <A M9 QIO | Z|Z2I> R~ |N|H(> | |w

gl€R|e|ec|lala|jo |a |0 |ux|< |E |[>2|A

()
(«7=]
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SOME IMPORTANT CONSTANTS IN PHYSICS

Name Symbols Value

Speed of light in vacuum c 2.9979 x 106 m s-!
Gravitational constant G 6.67 x 10 N m? kg
Acceleration due to gravity

(sea level, at 45° latitude) 4 9.8 ms>
Planck constant h 6.626 x 10 s
Boltzmann constant K 1.38 x 102 K
Avogadro number N, 6.023 x 102 mol!
Universal gas constant R 8.31 ] mol! K-!
Stefan — Boltmann constant o 567 x 10 W m=2 K-
Wien’s constant b 2,898 x 10° m K
Permeability of free space ", A7t x 107 H m-!
Standard atmospheric pressure latm 1.013 x 10° Pa
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Acceleration

Angular Momentum
Astro physics

Average Velocity
Angular displacement
Angular velocity
Angular acceleration
Angle of friction
Angle of repose
Centripetal acceleration
Circular Motion
Concurrent forces
Coplanar force
Centripetal force
Centrifugal force
Coeflicient of friction
Centre of mass

Couple

Centre of gravity
Circular Motion
Collision

Conservative force
Dimensional Analysis
Displacement

Escape -Speed

Elastic potential energy
Elastic collision

Free body diagram
Gravitational Constant
Gravitational field
Gravitational potential
Gravitational Potential energy
Gross Error

Geo stationary satellite

Horizontal plane
Horse power

wp(h&&LD

CHTewT 2_hHLD
eureswmLMNLIGH
FInFfs $lewgFGausid
Garevst @LLIOLIITSS)
Garewid SanaGausLd
Gaprever (Lp(h&HLD

2 Jmiieyd GCHTewILD
FMISGHG CHTewILD
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37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
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60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.

Instantaneous Velocity
Inclined plane

Inertial frame

Impulse

Instantaneous power
Kinetic friction

Linear motion

Linear density

Linear momentum
Least Count error
Motion

Moment of inertia
Non conservative force
Orbital speed

One dimensional motion
accuracy

Parallax Method
Projectile

Point mass

Precison

Planetary Motion
Polar satellite

Precession

Pulley

Rolling

Random error
Rounding oft

Rest

Retardation
Relative velocity
Range

Rolling friction
Rigid body
Radius of gyration
Rotational Motion
Spring Constant
Sliping

Sliding

Systematic error
Static friction
Significant Number
Time of flight
Torque
Translational Motion
Tension

Velocity

o | &Lg | Hewsid HlewFGaibLd
FIUISHGTLD

Ihlew VLD @M ILIMILILD
S SHH1HS,

o | 3119 dmedt

Quids 2 7Miie)
CriGsL’ (h @uidmLd
56T 2L 75
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LBFFIMmene) LNewLp
[OTE N
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® . mam i
LOGARITHM TABLE
Mean Difference

0 1 2 3 4 5 6 7 8 9 112|314|5|6|718]|9
10 0.000 | 0.004 | 0.009 | 0.013|0.01710.02110.02510.02910.03310.03714|18(11]17)121|25|29]|33|37
11 0.041 1 0.045 | 0.049 | 0.053 | 0.057 | 0.061 | 0.064 | 0.068 | 0.07210.076 | 4| 8 |11]115]119|23|26|30|34
12 0.079 1 0.083 | 0.086 | 0.090 | 0.093 | 0.097 | 0.100 | 0.104 | 0.107 | 0.111 | 3| 7 |10|14|17|21|24|28|31
13 0.114 | 0.117 | 0.121 1 0.124 | 0.127 1 0.130 1 0.134 |1 0.137 | 0.140 1 0.143 | 3 |1 6 110(13|16119|23|26|29
14 0.146 1 0.149 | 0.152 | 0.155 | 0.158 | 0.161 | 0.164 | 0.167 | 0.170 | 0.173 | 3 | 6 | 9 |12|15|18|21|24|27
15 0.176 1 0.179 1 0.182 1 0.185 | 0.188 | 0.190 | 0.193 1 0.196 | 0.199 | 0.201 | 3| 6| 8 |11|14|17|20|22|25
16 0.204 1 0.207 | 0.210]10.212 1 0.21510.21710.22010.223 1022510228 |1 3|5|8)11|13|16(|18|21|24
17 0.230]10.233 | 0.236 |1 0.238 1 0.241 1 0.243 | 0.246 | 0.248 | 0.25010.253 |2 | 5| 7 |10]12|15|17|20]|22
18 0.25510.258 | 0.260 | 0.262 | 0.265 | 0.267 | 0.270 | 0.272 1 027410276 | 2| 5| 719 |12|14|16]|19|21
19 0.27910.281 |1 0.283|0.286 | 0.28810.29010.292 10294 1029710299 |24 |7 19 11|13|16]18|20
20 0.301]10.303|0.305(10.30710.310]1 0312 0.314]10.316 | 0.3181 0320|112 |4 | 6| 8111|13|15(17]|19
21 0.32210.324 1 0.326 1| 0.328 | 0.33010.33210.33410.336/|0.33810.340| 2| 4|6 |8|10|12|14|16|18
22 0.342 1 0.344 1 0.346 | 0.348 | 0.350 |1 0.352 | 0.354 | 0.356 | 0.358 | 0.360 | 2|4 | 6| 8|10|12|14|15|17
23 0.362 1 0.364 | 0.365 | 0.367 | 0.369 1 0.371 ] 0.373]10.375|10.37710378|1 2|14 |6|7]9]|11|13|15]|17
24 0.380]10.382]10.384|0.3860.38710.38910.39110.39310.3941039 | 2|4 |5]|7]19|11|12]|14|16
25 0.398 1 0.400 | 0.401 | 0.403 | 0.40510.407 1 0.40810.41010.41210413 |12 |3|5]7]191|10|12]14|15
26 0.41510.417 | 0.418 | 0.420 | 0.422 1 0.423 1 0.42510.427 10.428 1043012 |3|5]|7]8|10(11]13|15
27 0.431]10.433]10.435|10.436(10.43810.43910.4411044210444 1044612 |3|5]16]18|9(11]|13|14
28 0.447 1 0.449 | 0.450 | 0.452 | 0.453 1 0.455 1 0.456 10458 | 0.459 0461 |2 |3|5|6|8|9]|11|12|14
29 0.462 |1 0.464 | 0.465 | 0.467 | 0.468 | 0470 | 047110473 |10.47410476|11|3|14|16|7]|9]10(12|13
30 0.477 10.479]10.480|0.481|0.48310.48410.48610.48710.48910490|11|3|4]|6]|7|9(10]11|13 @
31 0.491 1 0.493 | 0.494 | 0.496 | 0.497 | 0.498 | 0.500 | 0.501 | 050210504 |1113|4|6]7]|8|10(11]12
32 0.50510.507 | 05081 0509|0511 10512|10513|0515|0516 1051711314 |5|17|18]9 (11|12
33 0519105201 0521105220524 1052510526 0528 0529105301134 |15|16]|8]9](10(|12
34 0.531 1053310534 ]10535|053710538]0539|10540|0542|0543111|13|4|5|618]|]9|10111
35 0.544 1 0.545 |1 0.547 |1 0.548 | 0.549 | 0.550 | 0.551 | 0.553 | 0554|0555 11214 |5|16]|7]9(10(111
36 0.556 1 0.558 | 0.559 | 0.560 | 0.561 | 0.562 | 0.563 | 0.565 | 0566 | 0567|112 |3|5]|6]|7|8|10]11
37 0.568 1 0.569 | 0.571 | 0.572 | 0.573 105741 0575|0576 | 05771057911 |12|3]|5]|16|7|8]9]10
38 0.580]10.581 10582 |0583|10.58410.585|0587|0588|058 0591|1112 |3]|5|16|7|8]9]10
39 0.591]10.592 | 0.593 |1 0.594 | 0.595 |1 0.597 | 0.598 | 0.599 | 0600|0601 |21 |2|3|4]|5]|7|8|9]10
40 0.602 | 0.603 | 0.604 | 0.605 | 0.606 | 0.607 | 0.609 | 0610|0611 |0612|1|2|3|14|5|6]8|9]|10
41 0.61310.614 | 0.615]0.616 | 0.617 | 0.618 | 0.619 0620062110622 |1(2|3|14|5|6]|71]|81]9
42 0.623 1 0.624 | 0.625 | 0.626 | 0.627 | 0.628 | 0.629 1 0.630]0.631(10632|1|12|3|4|5|6|7|8]9
43 0.633]10.634 | 0.635|0.636|0.63710.63810.639|1064010641106421112|314]|5|6|7]8]9
44 0.643 1 0.644 | 0.645 | 0.646 | 0.647 1 0.648 |1 0.649 1065010651 10652|1112|3|4]|5|6|7]|8]9
45 0.653 1 0.654 | 0.655 | 0.656 | 0.657 | 0.658 | 0.659 | 0.660 | 0.661 10662 |1 |2 |3|4|5|6|7]|8]|9
46 0.663 | 0.664 | 0.665 | 0.666 | 0.667 | 0.667 | 0.668 | 0.669 | 0.670|10671 11|12 |3|4|5|6|7]|7]8
47 0.672 1 0.673 | 0.674 | 0.675| 0.676 | 0.677 | 0.678 | 0.679 10679106801 1|2|3|4|5|5|6]|7]|8
48 0.681]10.682 | 0.683|0.684|0.685|0.686|0.687|10688|0688|10689|112|31414|5|6]|7]8
49 0.690 1 0.691 1 0.692 1 0.693 | 0.694 | 0.695 | 0.695 | 0696 069710698 | 1|2 |3 |14|14|5|6|7]|8
50 0.699 1 0.700 | 0.701 | 0.702 | 0.702 1 0.703 | 0.704 | 0.705|10.706 | 0.707 | 1|2 |34 |4 |5|6|7]|8
51 0.708 1 0.708 | 0.709 | 0.710 | 0.711 1 0.712 1 0.71310.71310.71410.7151 112|314 14 |5|6]|7]8
52 0.716 1 0.717 | 0.718 | 0.719 | 0.719 1 0.720 1 0.721 1 0.722 1 0.72310.723 |1 |2 |2 |4 |14 |5|6 |77
53 0.724 1 0.725 | 0.726 | 0.727 | 0.728 1 0.728 | 0.729 | 0.730 1 0.73110.732 | 1|2 |2 |4 |4 |5|6|6|7
54 0.73210.73310.73410.735]| 0.736 | 0.736 | 0.737 | 0.738 | 0.739(0.740 | 1|2 |2 |14 |4 |5|6|6|7
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@
LOGARITHM TABLE
Mean Difference
55 0.740 | 0.741 [ 0.742 | 0.743 | 0.744 | 0.744 [ 0.745 | 0.746 | 0.747 | 0.747 |1 (2 |2 |4 |4 |5|5]| 6| 7
56 0.748 1 0.749 |1 0.750 | 0.751 | 0.751 |1 0.752 | 0.753 | 0.754 [ 0.754 [ 0.755 (1 |2 |2 |4 |4 |5|5]|6 | 7
57 0.756 | 0.757 | 0.757 | 0.758 | 0.759 | 0.760 | 0.760 | 0.761 | 0.762 | 0.763 |1 |2 |2 |4 |4 |5(|5]| 6|7
58 0.763 | 0.764 [ 0.765 | 0.766 | 0.766 | 0.767 [ 0.768 | 0.769 | 0.769 | 0.770 |1 (1|2 (4|4 |4 |5]| 6|7
59 0.77110.772 |1 0.772 |1 0.773 | 0.774 | 0.775 | 0.775 | 0.776 | 0.777 | 0.777 | L |1 |2 |3 |4 |4 |5]|6 |7
60 0.778 | 0.779 [ 0.780 | 0.780 | 0.781 | 0.782 [ 0.782 | 0.783 | 0.784 | 0.785 |1 (1|2 (3|4 |4 |5|6| 6
61 0.7850.786 | 0.787 | 0.787 | 0.788 | 0.789 [ 0.790 | 0.790 | 0.791 | 0.792 |1 (1|2 |3 |4 |4|5]| 6|6
62 0.792 1 0.793 | 0.794 |1 0.794 | 0.795 | 0.796 | 0.797 | 0.797 [ 0.798 [0.799 (1|1 |2 |3|3|4|5|6 |6
63 0.799 | 0.800 | 0.801 | 0.801 | 0.802 | 0.803 [ 0.803 | 0.804 | 0.805|0.806 1|1 |2|3|3|4|[5|5]|6
64 0.806 | 0.807 | 0.808 | 0.808 | 0.809 | 0.810 ( 0.810 | 0.811 |0.812| 08121 (1|2 (3|3 |4|[5]|5]|6
65 0.8130.814 (0.814 | 0.815]0.816 | 0.816 [ 0.817|0.818|10.818|0.819 |1 (1|2 (3|3 |4|5]|5]| 6
66 0.820 | 0.820 | 0.821 | 0.822 |1 0.822 |1 0.823 [ 0.82310.82410.825|0825|1 (1|2 (3|3 |4|[5]|5]|6
67 0.826 | 0.827 [ 0.827 | 0.828 1 0.829 1 0.829 (0.83010.83110.831|0832 |1 (1|23 |3|4|5]|5]|6
68 0.8330.833(0.834|0.834]0.835|0.836 [ 0.836 |0.83710.838|10838|1(1|2|3|3|4|4]|5]|6
69 0.839(0.839(0.840 | 0.841]10.84110.842(0.843]10.843|10.844|0844|1(1|2|2|3|4|4]|5]|6
70 0.8450.846 | 0.846 | 0.847 | 0.848 |1 0.848 (0.849]10.84910.850|0851 |1 (1|22 |3|4|4]|5]|6
71 0.851 | 0.852 [ 0.852 | 0.853 | 0.854 | 0.854 [ 0.855|0.856 | 0.856 | 0.857 |1 (1|2 |23 |4|4]|5]|5
72 0.857 | 0.858 | 0.859 | 0.859 | 0.860 | 0.860 | 0.861 | 0.862 | 0.862 | 0863 |1 (1|2 |23 |4|4]|5]|5
73 0.863 | 0.864 | 0.865 | 0.865 | 0.866 | 0.866 | 0.867 | 0.867 | 0.868 | 0.869 (1 (1|2 |23 |4|4]|5]|5
74 0.869 | 0.870 | 0.870 | 0.871 | 0.872 | 0.872 [ 0.873 | 0.87310.874 0874 |1 (1|2 |2|3|4|4]|5]|5
75 0.8750.876 | 0.876 | 0.877 | 0.877 | 0.878 [ 0.87910.87910.880|0880 (1 (1|22 |3|3|4]|5]|5
76 0.881(0.881 | 0.882 | 0.883|0.883|0.884 (0.884]0.885|0.885|0.886|1(1|2|2|3|3|4]|5]|5
77 0.886 | 0.887 [ 0.888 | 0.888 |1 0.889 | 0.889 [ 0.890 | 0.890 1 0.891 108921 (1 |2(|2|3|3|4]|4]|5
78 0.892 | 0.893 [ 0.893 | 0.894 |1 0.894 | 0.895 [ 0.895|0.896 | 0.897 | 0897 (1 (1|2 |23 |3|4]|4]|5
79 0.898 | 0.898 | 0.899 | 0.899 | 0.900 | 0.900 [ 0.901 | 0.901 | 0.902 | 0903 |1 (21 |2(|2|3|3|4]|4]|5
80 0.903 | 0.904 [ 0.904 | 0.905 | 0.905 | 0.906 | 0.906 | 0.907 | 0.907 |0908 |1 (1|2 (|2|3|3|4]|4]|5
81 0.908 [ 0.909 [ 0.910 | 0.910 | 0.911 | 0.911 [ 0.912 | 0.912 |1 0.913 0913 |1 (1|2 |2 3|3 |4 |4 |5
82 0.914 1 0.914 [ 0.915| 0.915] 0.916 | 0.916 [ 0.917 | 0.918 | 0.918 | 09191 (212|223 |3 |4 |4 |5
83 0.91910.920 | 0.920 1 0.921 1 0.921 1 0.922 [ 0.922 1 0.923 (0.923 (0924 (1 |1|2]|2|3|3|4|4]|5
84 0.924 | 0.925 [ 0.925 | 0.926 | 0.926 | 0.927 [ 0.927 | 0.928 1 0.928 | 0.929 |1 (1|2 (2|3 |3|4]|4|5
85 0.929 1 0.930 [ 0.930|0.931]0.93110.932(0.93210.933|10.933|0934|1(21|2|2|3|3|4]4]|5
86 0.934 1 0.935 [ 0.936 | 0.936 | 0.937 | 0.937 [ 0.93810.93810.939|0939 (1 (1|2|2|3|3|4]|4]|5
87 0.940 [ 0.940 [ 0.941 | 0.941 |1 0.942 |1 0.942 [ 0.94310.94310.943|0944 |0 (2 |2|2|2|3|3]|4]|5
88 0.944 1 0.945 [ 0.945 | 0.946 | 0.946 | 0.947 [ 0.947 | 0.948 1 0.948 | 09490 (1|21 |2|2|3|[3]|4]|4
89 0.949 | 0.950 | 0.950 | 0.951 | 0.951 | 0.952 [ 0.952 | 0.953 1 0.953|0954 |0 (1 |1|2|2|3|3|4]|4
90 0.954 | 0.955 [ 0.955 | 0.956 | 0.956 | 0.957 [ 0.957 | 0.958 | 0.958 | 0.959 |0 (1|21 |(2|2|3|3|4]|4
91 0.959 | 0.960 | 0.960 | 0.960 | 0.961 | 0.961 [ 0.962 | 0.962 | 0.963 | 0963 |0 (1|21 |(2|2|3|3|4]|4
92 0.964 | 0.964 [ 0.965 | 0.965 | 0.966 | 0.966 [ 0.967 | 0.967 | 0.968 | 0968 |0 (1|1 |2|2|3[3|4]|4
93 0.968 | 0.969 [ 0.969 | 0.970 | 0.970 | 0.971 [ 0.971 | 0.972 |1 0.972 | 0973 |0 (1|21 |2|2|3 3|4 |4
94 0.97310.974 1 0.974 1 0.975 1 0.975] 0.975 | 0.976 | 0.976 [ 0.977 (0977 [0 |1 |1 ]|]2|2|3|3|4|4
95 0.978 | 0.978 [ 0.979 | 0.979 | 0.980 | 0.980 [ 0.980 | 0.981|0.981|0982|0 (1 |212|2|2|3|3|4]|4
96 0.982 | 0.983 [ 0.983|0.984 |1 0.984 | 0.985 [ 0.985]0.985|0.986|0986 (0 |(1|21|2|2|3|3]|4]|4
97 0.987 | 0.987 [ 0.988 | 0.988 1 0.989 | 0.989 [ 0.989|0.990 | 0.990 | 0991|021 |21|2|2|3|3|4]|4
98 0.991 | 0.992 [ 0.992 | 0.993 | 0.993 | 0.993 [ 0.994 | 0.994 | 0.995| 09950 (1|21 |2|2|3[3|4]|4
99 0.996 | 0.996 | 0.997 | 0.997 | 0.997 | 0.998 [ 0.998 | 0.999 | 0.999 |1.000(0 (2|2 |2|2|3[3]|3|4
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ANTILOG TABLE
Mean Difference

0 1 2 3 4 5 6 7 8 9 112|314 |5|6]7]18]9
0.00 1.000 | 1.002 | 1.005 | 1.007 | 1.009 | 1.012 | 1.014 | 1.016 | 1019|1021 OO |2 |1|1|21]|]2]|]2]|2
0.01 1.023 | 1.026 | 1.028 | 1.030 | 1.033 | 1.035 | 1.038 | 1.040 | 1042 1045 |0 O |2 |1 |1|21]|]2]|]2]|2
0.02 1.047 | 1.050 | 1.052 | 1.054 | 1.057 | 1.059 | 1.062 | 1.064 | 1067 | 1069 |OfO |2 |1 |1|1]|2]|2]|2
0.03 1.072 | 1.074 | 1.076 | 1.079 | 1.081 | 1.084 | 1.086 | 1.089 | 1.091 1094 |0 fO |21 |1 |1|1]|2]|2]|2
0.04 1.096 | 1.099 | 1.102 | 1.104 | 1.107 | 1.109 | 1.112 | 1114 | 1117 | 1119 |O 1|2 |1|1|2|]2]|2]|2
0.05 1.122 | 1.125 | 1.127 | 1.130 | 1.132 | 1.135 | 1.138 | 1.140 | 1143 | 1146 |O |1 |21 |1 |1|2]|2]|2]|2
0.06 1.148 | 1.151 | 1.153 | 1.156 | 1.159 | 1.161 | 1.164 | 1.167 | 1169 | 1172 |0 (1|21 |1 |1|2]|2]|2]|2
0.07 1.175 | 1.178 | 1.180 | 1.183 | 1.186 | 1.189 | 1.191 | 1.194 | 1197 | 1199 |01 |21 |1 |1 |2]|2]|2|2
0.08 1.202 | 1.205 | 1.208 | 1.211 | 1.213 | 1.216 | 1.219 | 1222 | 1225 | 1227 |O |1 |21 |1|1|2|2]|2]|3
0.09 1.230 | 1.233 | 1.236 | 1.239 | 1.242 | 1.245 | 1.247 | 1,250 | 1253 | 1256 O 1|21 |1|1f|2]|2]|2]|3
0.10 1.259 | 1.262 | 1.265 | 1.268 | 1.271 | 1.274 | 1.276 | 1.279 | 1282 | 1285 |0 |1 |21 |1|1|2]|2]|2]|3
0.11 1.288 | 1.291 | 1.294 | 1.297 | 1.300 | 1.303 | 1.306 | 1.309 | 1312 | 1315 |0 1|1 |1|2|2|2|2]|3
0.12 1.318 | 1.321 | 1.324 | 1.327 | 1.330 | 1.334 | 1.337 | 1.340 | 1343 | 1346 |0 (1|21 |1|2|2]|2]|2]|3
0.13 1.349 | 1.352 | 1.355 | 1.358 | 1.361 | 1.365 | 1.368 | 1.371 | 1374 | 1377 |0 1|21 |1|2|2]|2]|3]|3
0.14 1.380 | 1.384 | 1.387 | 1.390 | 1.393 | 1.396 | 1.400 | 1.403 | 1406 | 1409 |O 1|21 |1|2|2]|2]|3]|3
0.15 1413 | 1.416 | 1.419 | 1422 | 1426 | 1.429 | 1432 | 1435 | 1439 | 1442 |0 1|1 |1|2|2]|2]|3]|3
0.16 1.445 | 1.449 | 1.452 | 1.455 | 1.459 | 1.462 | 1.466 | 1.469 | 1472 | 1476 |0 |1 |1 |1|2|2]|2]|3]|3
0.17 1.479 | 1.483 | 1.486 | 1.489 | 1.493 | 1.496 | 1.500 | 1503 | 1507 | 1510 |0 1|21 |1|2|2]|2]|3]|3
0.18 1514 | 1.517 | 1.521 | 1.524 | 1.528 | 1.531 | 1.535 | 1538 | 1542 | 1545 |0 1|21 |1|2|2]|]2]|3]|3
0.19 1.549 | 1.552 | 1.556 | 1.560 | 1.563 | 1.567 | 1.570 | 1.574 | 1578 | 1581 |0 1|1 |1|2|2]|3]|3|3
0.20 1.585 | 1.589 | 1.592 | 1.596 | 1.600 | 1.603 | 1.607 | 1611 | 1614 | 1618 |O |1 |21 |1|2|2]|3]|3]|3
0.21 1.622 | 1.626 | 1.629 | 1.633 | 1.637 | 1.641 | 1.644 | 1.648 | 1.652 | 1656 | O |1 |1 |2|2|2]|3|3]|3
0.22 1.660 | 1.663 | 1.667 | 1.671 | 1.675 | 1.679 | 1.683 | 1.687 | 1.690 | 1.694 |0 |1 |1 |2|2|2]|3|3]|3
0.23 1.698 | 1.702 | 1.706 | 1.710 | 1.714 | 1.718 | 1.722 | 1.726 | 1.730 | 1.734 |0 |1 |1 |2 | 2|2 |3 |3 | 4
0.24 1.738 | 1.742 | 1.746 | 1.750 | 1.754 | 1.758 | 1.762 | 1.766 | 1.770 | 1774 |0 1|1 |2 |2 |2 |3 |3 | 4
0.25 1.778 | 1.782 | 1.786 | 1.791 | 1.795 | 1.799 | 1.803 | 1.807 | 1.811 | 1816 |01 |1 |2| 2|2 |3 |3 | 4
0.26 1.820 | 1.824 | 1.828 | 1.832 | 1.837 | 1.841 | 1.845 | 1.849 | 1854 | 1858 |0 |1 |1 |2|2|3|3|3]|4
0.27 1.862 | 1.866 | 1.871 | 1.875 | 1.879 | 1.884 | 1.888 | 1.892 | 1.897 | 1901 |0 1|1 |2|2|3|3|3]|4
0.28 1.905 | 1.910 | 1.914 | 1919 | 1923 | 1.928 | 1.932 | 1936 | 1.941 | 1945 |0 |1 |1 |2|2(|3|3|4]|4
0.29 1.950 | 1.954 | 1.959 | 1.963 | 1.968 | 1.972 | 1.977 | 1982 | 1986 | 1991 |0 |1 |1 |2|2|3|3|4]|4
0.30 1.995 | 2.000 | 2.004 | 2.009 | 2.014 | 2.018 | 2.023 | 2.028 | 2032 | 2037 |01 |21 |2|2|3|3|4|4
0.31 2.042 | 2.046 | 2.051 | 2.056 | 2.061 | 2.065 | 2.070 | 2.075 | 2.080 | 2084 |0 1|1 |2 |2 |3|3|4|4
0.32 2.089 | 2.094 | 2.099 | 2.104 | 2.109 | 2.113 | 2118 | 2123 | 2128 | 2133 |0 (1|1 |2|2|3|3|4]|4
0.33 2.138 | 2.143 | 2.148 | 2.153 | 2.158 | 2.163 | 2.168 | 2173 | 2178 | 2183 |0 (1|1 | 2| 2|3 |3 |4 |4
0.34 2.188 | 2.193 | 2.198 | 2.203 | 2.208 | 2.213 | 2218 | 2223 | 2228 | 2234 |1 |1|2|2|3|3|4|4]|5
0.35 2.239 | 2.244 | 2.249 | 2.254 | 2.259 | 2.265 | 2.270 | 2275 | 2280 | 2286 | 1 |12 |2 |3 |3|4|4]|5
0.36 2.291 | 2.296 | 2.301 | 2.307 | 2.312 | 2317 | 2323 | 2328 | 2333|2339 |1 |1]|2|2|3|3|4]|4]|5
0.37 2.344 | 2.350 | 2.355 | 2.360 | 2.366 | 2.371 | 2.377 | 2382 | 2388 | 2393 |1 |1]|2|2|3|3|4]|4]|5
0.38 2.399 | 2404 | 2410 | 2415 | 2421 | 2427 | 2432 | 2438 | 2443 | 2449 |1 |12 | 2|3 |3|4|4]|5
0.39 2.455 | 2.460 | 2.466 | 2472 | 2477 | 2483 | 2489 | 2495 | 2500 | 2506 |1 (1|2 |2 |3|3|4|5]|5
0.40 2512 | 2518 | 2523 | 2529 | 2535 | 2541 | 2547 | 2553 | 2559 | 2564 |1 |1|2|2|3|4]|4]|5]|5
0.41 2570 | 2.576 | 2.582 | 2.588 | 2.594 | 2.600 | 2.606 | 2.612 | 2618 | 2624 | 1 |1 |2 |2 |3 |4 |4 |5]|5
0.42 2.630 | 2.636 | 2.642 | 2.649 | 2.655 | 2.661 | 2.667 | 2673 | 2679 | 2685 | 1|1 |2 |2 |3|4]|4]|5]|6
0.43 2.692 | 2.698 | 2.704 | 2.710 | 2.716 | 2.723 | 2.729 | 2.735 | 2742 | 2748 | 1 | 1|2 |3 |3 |4 |4 |5]|6
0.44 2.754 | 2.761 | 2.767 | 2773 | 2.780 | 2.786 | 2.793 | 2.799 | 2805 | 2812 | 1 |1|2 |3 |3 |4 |4 |5]|6
0.45 2.818 | 2.825 | 2.831 | 2.838 | 2.844 | 2.851 | 2.858 | 2.864 | 2871 | 2877 | 1 |12 |3 |3 |4|5|5]|6
0.46 2.884 | 2.891 | 2.897 | 2904 | 2911 | 2917 | 2924 | 2931 | 2938 | 2944 | 1 |1|2|3|3|4]|5|5]|6
0.47 2951 | 2958 | 2.965 | 2972 | 2979 | 2.985 | 2.992 | 2999 | 3.006 | 3.013 |1 |1|2|3|3|4]|5|5]|6
0.48 3.020 | 3.027 | 3.034 | 3.041 | 3.048 | 3.055 | 3.062 | 3.069 | 3.076 | 3.083 |1 |1]|2|3|4|4]|5|6|6
0.49 3.090 | 3.097 | 3.105 | 3.112 | 3.119 | 3.126 | 3.133 | 3.141 | 3.148 | 3155 |1 | 1|2 |3 |4 |4]|5]|6|6
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ANTILOG TABLE
Mean Difference
0.50 3.162 | 3.170 | 3.177 | 3.184 | 3.192 | 3.199 | 3.206 | 3.214 | 3.221 | 3228 |1 |12 |3 41516 |7
0.51 3.236 | 3.243 | 3.251 | 3.258 | 3.266 | 3.273 | 3.281 | 3.289 | 3.296 | 3304 | 1|2 |2 |3 |4 |5|5]|6|7
0.52 3.311 | 3.319 | 3.327 | 3.334 | 3.342 | 3.350 | 3.357 | 3.365 | 337313381 |1|2|2|3|4|5|5]|6]|7
0.53 3.388 | 3.396 | 3.404 | 3.412 | 3.420 | 3.428 | 3.436 | 3443 | 3451 | 3459 | 1|12 |2 |3|4|5|6|6]|7
0.54 3.467 | 3.475 | 3.483 | 3.491 | 3.499 | 3.508 | 3.516 | 3524 | 3532 | 3540 |12 |2 |3|4|5|6|6]|7
©.55 3.548 | 3.556 | 3.565 | 3.573 | 3.581 | 3.589 | 3.597 | 3.606 | 3614 | 3622 |1 |2 |2 |3 |4 |5|6|7]|7
0.56 3.631 | 3.639 | 3.648 | 3.656 | 3.664 | 3.673 | 3.681 | 3.690 | 3.698 | 3.707 | 1L |2 |2 |3 |4 |5]|6]|7]|8
0.57 3.715 | 3.724 | 3.733 | 3.741 | 3.750 | 3.758 | 3.767 | 3.776 | 3.784 | 3.793 | 1 |2 |3 |3 |4 |5|6]|7|8
0.58 3.802 | 3.811 | 3.819 | 3.828 | 3.837 | 3.846 | 3.855 | 3864 | 3873 | 3882|112 |3|4|4|5|6|7]|38
0.59 3.890 | 3.899 | 3.908 | 3.917 | 3.926 | 3.936 | 3.945 | 3.954 | 3963 | 3972 | 1|12 |3 |4|5|5|6|7]|38
0.60 3.981 | 3.990 | 3.999 | 4.009 | 4.018 | 4.027 | 4.036 | 4.046 | 4055 | 4064 | 1|12 |3 |4|5|6|6|7]|38
0.61 4.074 | 4.083 | 4.093 | 4.102 | 4.111 | 4.121 | 4130 | 4.140 | 4150 | 4159 | 1|12 |3 |4 |5|6|7|8]|°9
0.62 4169 | 4.178 | 4.188 | 4.198 | 4.207 | 4.217 | 4227 | 4236 | 4246 | 4256 |1 |2 |3 |4 |5|6]|7]|8]|9
0.63 4.266 | 4.276 | 4.285 | 4.295 | 4.305 | 4.315 | 4325 | 4335 | 4345 |1 4355 | 1|2 |3|4|5|6]|7]|8]|9
0.64 4.365 | 4.375 | 4.385 | 4.395 | 4.406 | 4416 | 4.426 | 4436 | 4446 | 4457 | 1|12 |3 |4|5]|6|7|8]|9
0.65 4.467 | 4.477 | 4.487 | 4.498 | 4508 | 4519 | 4529 | 4539 | 4550 | 4560 | 1|12 |3 |4|5]|6|7|8]|29
0.66 4571 | 4581 | 4592 | 4603 | 4613 | 4.624 | 4634 | 4645 | 4656 | 4667 | 1 |12 |3 |4 |5|6|7|9]10
0.67 4.677 | 4.688 | 4.699 | 4.710 | 4.721 | 4.732 | 4.742 | 4753 | 4764 | 4775 | 1|12 |3 |4 |5|7|7|9]|10
0.68 4786 | 4.797 | 4808 | 4.819 | 4.831 | 4.842 | 4853 | 4864 | 4875|4887 | 1|2 |3|4|5|7|8]9]|10
0.69 4.898 | 4909 | 4920 | 4.932 | 4.943 | 4955 | 4966 | 4977 | 4989 | 5000 |1 |2 |3 |4|5|7|8]9]|10
0.70 5.012 | 5.023 | 5.035 | 5.047 | 5.058 | 5.070 | 5.082 | 5093 | 5105 | 5117 {112 |3 |4 |5|7|8|9|11
0.71 5.129 | 5.140 | 5.152 | 5.164 | 5.176 | 5.188 | 5.200 | 5.212 | 5224 | 5236 (1|2 |4 | 5|6 | 7|8 |10|11
0.72 5.248 | 5.260 | 5.272 | 5.284 | 5.297 | 5309 | 5321 | 5333 | 5346 | 5358 1|12 |4 |5|6 |79 |10|11
0.73 5.370 | 5.383 | 5.395 | 5.408 | 5.420 | 5.433 | 5445 | 5458 | 5470 | 5483 |1 |13 |4 |5|6 8|9 |10]|11
0.74 5.495 | 5.508 | 5.521 | 5.534 | 5.546 | 5.559 | 5.572 | 5585 | 5598 [ 5610 | 1 |3 |4 |5|6|8]|9|10]12
0.75 5.623 | 5.636 | 5.649 | 5.662 | 5.675 | 5.689 | 5.702 | 5.715 | 5728 | 5741 | 1 | 3|4 |57 | 8|9 |10]|12
0.76 5.754 | 5.768 | 5.781 | 5.794 | 5.808 | 5821 | 5834 | 5848 | 5861 | 5875 |1 |3 |4 |5| 7|89 |11]|12
0.77 5.888 | 5.902 | 5.916 | 5929 | 5943 | 5957 | 5970 | 5984 | 5998 | 6.012 |1 |3 |4 | 5|7 |8 |10|11|12
0.78 6.026 | 6.039 | 6.053 | 6.067 | 6.081 | 6.095 | 6.109 | 6.124 | 6.138 | 6.152 | 1 |3 |4 | 6| 7|8 |10[11|13
0.79 6.166 | 6.180 | 6.194 | 6.209 | 6.223 | 6.237 | 6.252 | 6.266 | 6.281 | 6295 | 1 |3 |4 |6 | 7|9 ]|10[11|13
0.80 6.310 | 6.324 | 6.339 | 6.353 | 6.368 | 6.383 | 6.397 | 6.412 | 6427 | 6442 | 1 |3 |4 |6 |7 |9]|10|12]|13
0.81 6.457 | 6.471 | 6.486 | 6.501 | 6.516 | 6.531 | 6.546 | 6.561 | 6577 | 6592 | 2 |3 | 5|6 |8 |9 |11|12]|14
0.82 6.607 | 6.622 | 6.637 | 6.653 | 6.668 | 6.683 | 6.699 | 6.714 | 6.730 | 6.745 | 2 |3 | 5|6 |8 |9 |11|12|14
0.83 6.761 | 6.776 | 6.792 | 6.808 | 6.823 | 6.839 | 6.855 | 6.871 | 6.887 | 6902 | 2 |3 | 5|6 |8 |9 |11(13|14
0.84 6.918 | 6.934 | 6.950 | 6.966 | 6.982 | 6.998 | 7.015 | 7.031 | 7.047 | 7063 | 2 |3 | 5| 6| 8 |10|11|13|15
0.85 7.079 | 7.096 | 7.112 | 7.129 | 7.145 | 7.161 | 7.178 | 7.194 | 7.211 | 7.228 | 2 |3 | 5| 7| 8 |10]|12|13|15
0.86 7.244 | 7.261 | 7.278 | 7.295 | 7.311 | 7.328 | 7.345 | 7.362 | 7.379 | 7.396 | 2 | 3| 5| 7| 8 |10|12|13|15
0.87 7413 | 7.430 | 7.447 | 7.464 | 7.482 | 7.499 | 7.516 | 7.534 | 7551 | 7568 | 2 | 3| 5|7 |9 |10|12|14|16
0.88 7.586 | 7.603 | 7.621 | 7.638 | 7.656 | 7.674 | 7.691 | 7.709 | 7.727 | 7.745 | 2 | 3| 5| 7| 9 |10]|12|14|16
0.89 7.762 | 7.780 | 7.798 | 7.816 | 7.834 | 7.852 | 7.870 | 7.889 | 7.907 | 7925 |2 |4 | 5| 7| 9 |11|12|14|16
0.90 7.943 | 7.962 | 7.980 | 7.998 | 8.017 | 8.035 | 8.054 | 8.072 | 8091 | 8110 [ 2 |4 |6 | 7| 9 |11]|13|15|17
0.91 8.128 | 8.147 | 8.166 | 8.185 | 8.204 | 8.222 | 8.241 | 8.260 | 8279 | 8299 | 2 |4 | 6 |8 | 9 |11|13|15]|17
0.92 8.318 | 8.337 | 8.356 | 8.375 | 8.395 | 8414 | 8433 | 8453 | 8472 | 8492 | 2 |4 | 6|8 |10|12|14|15(|17
0.93 8.511 | 8.531 | 8551 | 8.570 | 8.590 | 8.610 | 8.630 | 8.650 | 8.670 | 8690 | 2 |4 | 6 | 8 |10|12|14|16|18
0.94 8.710 | 8.730 | 8.750 | 8.770 | 8.790 | 8.810 | 8.831 | 8851 | 8872 | 8892 | 2 |14 | 6 |8 |10|12|14|16|18
0.95 8.913 | 8.933 | 8.954 | 8.974 | 8.995 | 9.016 | 9.036 | 9.057 | 9.078 | 9.099 | 2 |4 | 6 | 8 |10|12|15|17 |19
0.96 9.120 | 9.141 | 9.162 | 9.183 | 9.204 | 9.226 | 9.247 | 9.268 | 9.290 | 9311 | 2 |4 | 6 | 8 |11 |13|15(17|19
0.97 9.333 | 9.354 | 9.376 | 9.397 | 9.419 | 9.441 | 9.462 | 9.484 | 9506 | 9528 | 2 |4 | 7|9 |11]|13|15(17|20
0.98 9.550 | 9.572 | 9.594 | 9.616 | 9.638 | 9.661 | 9.683 | 9.705 | 9.727 | 9.750 | 2 | 4 | 7 | 9 |11 |13|16|18| 20
0.99 9.772 | 9.795 | 9.817 | 9.840 | 9.863 | 9.886 | 9.908 | 9.931 | 9.954 | 9977 | 2 | 5|7 |9 |11|14)|16]18|20
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NATURAL SINES

X 0 1 2 3 4 5 6 7 8 9

0 0] 0.0017453) 0.0034907| 0.0052360f 0.0069813] 0.0087265] 0.010472] 0.012217] 0.013962] 0.015707
1 0.017452] 0.019197] 0.020942| 0.022687| 0.024432] 0.026177] 0.027922] 0.029666] 0.031411] 0.033155
2 0.034899] 0.036644] 0.038388] 0.040132| 0.041876] 0.043619] 0.045363] 0.047106 0.04885] 0.050593)
3 0.052336] 0.054079] 0.055822| 0.057564] 0.059306f 0.061049] 0.062791] 0.064532] 0.066274] 0.068015
4 0.069756] 0.071497| 0.073238] 0.074979| 0.076719f 0.078459] 0.080199] 0.081939] 0.083678] 0.085417
5 0.087156] 0.088894] 0.090633] 0.092371] 0.094108] 0.095846] 0.097583 0.09932] 0.101056] 0.102793§
6 0.104528] 0.106264] 0.107999| 0.109734| 0.111469] 0.113203] 0.114937] 0.116671] 0.118404] 0.120137
7 0.121869] 0.123601] 0.125333] 0.127065] 0.128796] 0.130526] 0.132256] 0.133986] 0.135716] 0.137445
8 0.139173] 0.140901] 0.142629| 0.144356] 0.146083] 0.147809] 0.149535] 0.151261] 0.152986 0.15471
9 0.156434] 0.158158] 0.159881] 0.161604] 0.163326] 0.165048] 0.166769] 0.168489] 0.170209] 0.171929)
X 0 1 2 3 4 5 6 7 8 9

10 0.173648] 0.175367| 0.177085| 0.178802| 0.180519f 0.182236] 0.183951] 0.185667] 0.187381] 0.189095
11 0.190809| 0.192522] 0.194234] 0.195946] 0.197657] 0.199368] 0.201078] 0.202787] 0.204496] 0.206204)
12 0.207912] 0.209619] 0.211325 0.21303] 0.214735 0.21644] 0.218143] 0.219846] 0.221548 0.22325
13 0.224951] 0.226651] 0.228351 0.23005) 0.231748] 0.233445] 0.235142] 0.236838] 0.238533] 0.240228)
14 0.241922] 0.243615] 0.245307] 0.246999 0.24869 0.25038] 0.252069] 0.253758] 0.255446 0.257133'
15 0.258819] 0.260505| 0.262189] 0.263873] 0.265556] 0.267238 0.26892 0.2706 0.27228] 0.273959|
16 0.275637] 0.277315] 0.278991] 0.280667| 0.282341] 0.284015] 0.285688] 0.287361] 0.289032] 0.290702
17 0.292372 0.29404] 0.295708] 0.297375] 0.299041] 0.300706 0.30237] 0.304033] 0.305695] 0.307357
18 0.309017] 0.310676] 0.312335] 0.313992| 0.315649] 0.317305] 0.318959] 0.320613] 0.322266] 0.323917
19 0.325568] 0.327218] 0.328867| 0.330514| 0.332161}] 0.333807] 0.335452] 0.337095] 0.338738 0.34038f
X 0 1 2 3 4 5 6 7 8 9

20 0.34202 0.34366] 0.345298] 0.346936] 0.348572] 0.350207] 0.351842] 0.353475] 0.355107] 0.356738}
21 0.358368] 0.359997| 0.361625| 0.363251] 0.364877] 0.366501] 0.368125] 0.369747] 0.371368 0.372988'
22 0.374607] 0.376224] 0.377841] 0.379456 0.38107] 0.382683| 0.384295| 0.385906] 0.387516] 0.389124)
23 0.390731] 0.392337] 0.393942| 0.395546] 0.397148] 0.398749] 0.400349] 0.401948] 0.403545] 0.405142
24 0.406737 0.40833] 0.409923] 0.411514] 0.413104] 0.414693] 0.416281] 0.417867] 0.419452] 0.421036
25 0.422618] 0.424199] 0.425779| 0.427358] 0.428935] 0.430511] 0.432086] 0.433659] 0.435231] 0.436802
26 0.438371] 0.439939] 0.441506| 0.443071] 0.444635] 0.446198] 0.447759] 0.449319] 0.450878] 0.452435
27 0.45399] 0.455545] 0.457098 0.45865 0.4602| 0.461749| 0.463296] 0.464842] 0.466387 0.46793}
28 0.469472] 0.471012| 0.472551] 0.474088| 0.475624] 0.477159] 0.478692] 0.480223] 0.481754] 0.483282
29 0.48481] 0.486335 0.48786] 0.489382] 0.490904] 0.492424] 0.493942| 0.495459] 0.496974] 0.498488)
X 0 1 2 3 4 5 6 7 8 9

30 0.5] 0.501511 0.50302] 0.504528] 0.506034] 0.507538] 0.509041] 0.510543] 0.512043] 0.513541
31 0.515038] 0.516533] 0.518027] 0.519519 0.52101) 0.522499] 0.523986] 0.525472] 0.526956] 0.528438)
32 0.529919| 0.531399] 0.532876] 0.534352| 0.535827 0.5373] 0.538771 0.54024] 0.541708| 0.543174)
33 0.544639] 0.546102| 0.547563| 0.549023] 0.550481}] 0.551937] 0.553392] 0.554844] 0.556296] 0.557745
34 0.559193] 0.560639] 0.562083] 0.563526| 0.564967] 0.566406] 0.567844 0.56928] 0.570714] 0.572146
35 0.573576] 0.575005| 0.576432| 0.577858] 0.579281}] 0.580703] 0.582123] 0.583541] 0.584958] 0.586372
36 0.587785] 0.589196] 0.590606f 0.592013] 0.593419] 0.594823] 0.596225] 0.597625] 0.599024 0.60042
37 0.601815] 0.603208] 0.604599| 0.605988] 0.607376f 0.608761] 0.610145] 0.611527] 0.612907] 0.614285
38 0.615661] 0.617036] 0.618408] 0.619779] 0.621148] 0.622515 0.62388] 0.625243] 0.626604] 0.627963)
39 0.62932] 0.630676] 0.632029] 0.633381] 0.634731] 0.636078] 0.637424] 0.638768 0.64011 0.64145
X 0 1 2 3 4 5 6 7 8 9

40 0.642788] 0.644124] 0.645458 0.64679 0.64812] 0.649448] 0.650774] 0.652098] 0.653421] 0.654741
41 0.656059] 0.657375] 0.658689] 0.660002| 0.661312 0.66262] 0.663926 0.66523] 0.666532] 0.667833)
42 0.669131] 0.670427| 0.671721] 0.673013] 0.674302 0.67559] 0.676876 0.67816] 0.679441] 0.680721
43 0.681998] 0.683274] 0.684547| 0.685818] 0.687088] 0.688355 0.68962] 0.690882] 0.692143] 0.693402
44 0.694658] 0.695913] 0.697165| 0.698415] 0.699663] 0.700909] 0.702153] 0.703395] 0.704634] 0.705872
45 0.707107 0.70834] 0.709571] 0.710799] 0.712026 0.71325] 0.714473] 0.715693] 0.716911] 0.718126
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46 0.71934] 0.720551 0.72176] 0.722967] 0.724172) 0.725374] 0.726575] 0.727773] 0.728969] 0.730162
47 0.731354] 0.732543 0.73373] 0.734915] 0.736097] 0.737277] 0.738455] 0.739631] 0.740805] 0.741976
48 0.743145] 0.744312] 0.745476] 0.746638| 0.747798] 0.748956] 0.750111] 0.751264] 0.752415] 0.753563)
49 0.75471] 0.755853] 0.756995] 0.758134] 0.759271] 0.760406] 0.761538] 0.762668] 0.763796] 0.764921
X 0 1 2 3 4 5 6 7 8 9

50 0.766044] 0.767165] 0.768284 0.7694] 0.770513] 0.771625] 0.772734 0.77384] 0.774944] 0.776046
51 0.777146] 0.778243] 0.779338 0.78043 0.78152] 0.782608] 0.783693] 0.784776] 0.785857| 0.786935
52 0.788011] 0.789084] 0.790155] 0.791224 0.79229] 0.793353] 0.794415] 0.795473 0.79653] 0.797584
53 0.798636] 0.799685| 0.800731] 0.801776] 0.802817] 0.803857] 0.804894] 0.805928 0.80696 0.80799§
54 0.809017] 0.810042| 0.811064| 0.812084| 0.813101] 0.814116] 0.815128] 0.816138] 0.817145 0.81815
55 0.819152] 0.820152] 0.821149| 0.822144| 0.823136f 0.824126] 0.825113] 0.826098] 0.827081 0.82806
56 0.829038] 0.830012] 0.830984| 0.831954| 0.832921] 0.833886] 0.834848] 0.835807] 0.836764] 0.837719)
57 0.838671 0.83962] 0.840567] 0.841511] 0.842452] 0.843391] 0.844328| 0.845262] 0.846193] 0.847122
58 0.848048] 0.848972] 0.849893| 0.850811] 0.851727 0.85264] 0.853551] 0.854459] 0.855364] 0.856267
59 0.857167] 0.858065 0.85896] 0.859852] 0.860742] 0.861629] 0.862514| 0.863396] 0.864275] 0.865151
X 0 1 2 3 4 5 6 7 8 9

60 0.866025] 0.866897|] 0.867765| 0.868632| 0.869495] 0.870356] 0.871214] 0.872069] 0.872922] 0.873772
61 0.87462] 0.875465] 0.876307] 0.877146] 0.877983] 0.878817] 0.879649] 0.880477] 0.881303] 0.882127
62 0.882948] 0.883766] 0.884581] 0.885394] 0.886204] 0.887011f 0.887815] 0.888617| 0.889416] 0.890213f
63 0.891007] 0.891798] 0.892586| 0.893371] 0.894154] 0.894934] 0.895712] 0.896486] 0.897258 0.898028'
64 0.898794| 0.899558| 0.900319] 0.901077] 0.901833| 0.902585] 0.903335] 0.904083| 0.904827| 0.905569)
65 0.906308] 0.907044] 0.907777| 0.908508] 0.909236f 0.909961] 0.910684] 0.911403 0.91212] 0.912834
66 0.913545| 0.914254 0.91496] 0.915663] 0.916363 0.91706] 0.917755] 0.918446] 0.919135] 0.919821
67 0.920505] 0.921185] 0.921863] 0.922538 0.92321 0.92388] 0.924546 0.92521] 0.925871] 0.926529)
68 0.927184] 0.927836] 0.928486] 0.929133] 0.929776] 0.930418] 0.931056] 0.931691] 0.932324] 0.932954|
69 0.93358] 0.934204] 0.934826] 0.935444 0.93606] 0.936672] 0.937282] 0.937889] 0.938493] 0.939094
X 0 1 2 3 4 5 6 7 8 9

70 0.939693] 0.940288] 0.940881] 0.941471] 0.942057] 0.942641] 0.943223] 0.943801] 0.944376] 0.944949)
71 0.945519] 0.946085] 0.946649 0.94721] 0.947768] 0.948324] 0.948876] 0.949425] 0.949972| 0.950516
72 0.951057] 0.951594] 0.952129] 0.952661] 0.953191}] 0.953717 0.95424] 0.954761] 0.955278] 0.955793})
73 0.956305] 0.956814] 0.957319] 0.957822| 0.958323 0.95882] 0.959314] 0.959805] 0.960294 0.960779'
74 0.961262] 0.961741] 0.962218] 0.962692| 0.963163 0.96363| 0.964095| 0.964557] 0.965016] 0.965473|
75 0.965926] 0.966376] 0.966823] 0.967268] 0.967709] 0.968148] 0.968583] 0.969016] 0.969445] 0.969872
76 0.970296] 0.970716] 0.971134] 0.971549] 0.971961 0.97237] 0.972776] 0.973179] 0.973579] 0.973976
77 0.97437] 0.974761] 0.975149] 0.975535] 0.975917] 0.976296] 0.976672] 0.977046] 0.977416] 0.977783}
78 0.978148] 0.978509| 0.978867| 0.979223] 0.979575] 0.979925] 0.980271] 0.980615] 0.980955 0.981293'
79 0.981627] 0.981959| 0.982287] 0.982613] 0.982935| 0.983255] 0.983571] 0.983885| 0.984196| 0.984503)
X 0 1 2 3 4 5 6 7 8 9

80 0.984808] 0.985109| 0.985408] 0.985703] 0.985996] 0.986286] 0.986572] 0.986856] 0.987136] 0.987414)
81 0.987688 0.98796] 0.988228] 0.988494] 0.988756] 0.989016] 0.989272| 0.989526] 0.989776] 0.990024
82 0.990268] 0.990509] 0.990748] 0.990983] 0.991216f] 0.991445] 0.991671] 0.991894] 0.992115] 0.992332
83 0.992546] 0.992757] 0.992966] 0.993171] 0.993373] 0.993572] 0.993768] 0.993961] 0.994151] 0.994338)
84 0.994522] 0.994703] 0.994881] 0.995056f 0.995227] 0.995396] 0.995562] 0.995725] 0.995884] 0.996041
85 0.996195] 0.996345] 0.996493| 0.996637| 0.996779] 0.996917] 0.997053] 0.997185] 0.997314] 0.997441
86 0.997564] 0.997684] 0.997801] 0.997916] 0.998027] 0.998135 0.99824] 0.998342] 0.998441] 0.998537
87 0.99863] 0.998719| 0.998806 0.99889] 0.998971] 0.999048] 0.999123] 0.999194] 0.999263| 0.999328)
88 0.999391 0.99945] 0.999507 0.99956 0.99961] 0.999657] 0.999701] 0.999743] 0.999781] 0.999816
89 0.999848] 0.999877] 0.999903] 0.999925] 0.999945] 0.999962] 0.999976] 0.999986] 0.999994] 0.999998})
90 1] 0.999998] 0.999994] 0.999986] 0.999976] 0.999962| 0.999945] 0.999925] 0.999903 0.999877'
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X 0 1 2 3 4 5 6 7 8 9

0 1] 0.999998] 0.999994] 0.999986] 0.999976] 0.999962] 0.999945] 0.999925] 0.999903| 0.999877
1 0.999848] 0.999816] 0.999781] 0.999743] 0.999701] 0.999657 0.99961 0.99956] 0.999507 0.99945
2 0.999391] 0.999328] 0.999263] 0.999194| 0.999123] 0.999048] 0.998971 0.99889] 0.998806f 0.998719)
3 0.99863] 0.998537] 0.998441] 0.998342 0.99824] 0.998135] 0.998027] 0.997916] 0.997801] 0.997684
4 0.997564] 0.997441] 0.997314] 0.997185] 0.997053] 0.996917] 0.996779] 0.996637] 0.996493] 0.996345
5 0.996195] 0.996041] 0.995884| 0.995725| 0.995562] 0.995396] 0.995227] 0.995056] 0.994881] 0.994703)
6 0.994522] 0.994338] 0.994151] 0.993961] 0.993768] 0.993572] 0.993373] 0.993171] 0.992966] 0.992757
7 0.992546] 0.992332] 0.992115] 0.991894| 0.991671] 0.991445] 0.991216] 0.990983] 0.990748] 0.990509)
8 0.990268] 0.990024] 0.989776] 0.989526| 0.989272] 0.989016] 0.988756] 0.988494] 0.988228 0.98796
9 0.987688] 0.987414] 0.987136] 0.986856| 0.986572] 0.986286] 0.985996] 0.985703] 0.985408] 0.985109)
X 0 1 2 3 4 5 6 7 8 9

10 0.984808] 0.984503] 0.984196] 0.983885] 0.983571] 0.983255] 0.982935] 0.982613] 0.982287] 0.981959)
11 0.981627] 0.981293| 0.980955] 0.980615] 0.980271| 0.979925] 0.979575] 0.979223| 0.978867| 0.978509
12 0.978148] 0.977783] 0.977416] 0.977046] 0.976672] 0.976296] 0.975917] 0.975535] 0.975149] 0.974761
13 0.97437] 0.973976] 0.973579] 0.973179] 0.972776 0.97237] 0.971961] 0.971549] 0.971134] 0.970716
14 0.970296] 0.969872] 0.969445| 0.969016] 0.968583] 0.968148] 0.967709] 0.967268] 0.966823] 0.966376
15 0.965926] 0.965473] 0.965016] 0.964557] 0.964095 0.96363] 0.963163] 0.962692] 0.962218] 0.961741
16 0.961262| 0.960779] 0.960294] 0.959805| 0.959314 0.95882] 0.958323] 0.957822] 0.957319] 0.956814)
17 0.956305] 0.955793] 0.955278] 0.954761 0.95424] 0.953717] 0.953191] 0.952661| 0.952129] 0.951594)
18 0.951057] 0.950516] 0.949972| 0.949425| 0.948876] 0.948324] 0.947768 0.94721] 0.946649] 0.946085
19 0.945519] 0.944949] 0.944376] 0.943801| 0.943223] 0.942641] 0.942057] 0.941471] 0.940881] 0.940288)
X 0 1 2 3 4 5 6 7 8 9

20 0.939693] 0.939094| 0.938493] 0.937889] 0.937282] 0.936672 0.93606] 0.935444] 0.934826] 0.934204)
21 0.93358] 0.932954] 0.932324] 0.931691] 0.931056] 0.930418] 0.929776] 0.929133] 0.928486] 0.927836
22 0.927184] 0.926529] 0.925871 0.92521] 0.924546 0.92388 0.92321] 0.922538] 0.921863] 0.921185
23 0.920505] 0.919821] 0.919135] 0.918446| 0.917755 0.91706] 0.916363] 0.915663 0.91496] 0.914254
24 0.913545] 0.912834 0.91212] 0.911403] 0.910684] 0.909961] 0.909236] 0.908508] 0.907777] 0.907044f
25 0.906308] 0.905569] 0.904827] 0.904083] 0.903335] 0.902585] 0.901833] 0.901077] 0.900319 0.899558'
26 0.898794] 0.898028| 0.897258] 0.896486] 0.895712| 0.894934] 0.894154] 0.893371] 0.892586| 0.891798)
27 0.891007] 0.890213] 0.889416f 0.888617| 0.887815] 0.887011] 0.886204] 0.885394] 0.884581] 0.883766
28 0.882948] 0.882127| 0.881303] 0.880477| 0.879649] 0.878817] 0.877983] 0.877146] 0.876307] 0.875465
29 0.87462] 0.873772] 0.872922] 0.872069] 0.871214] 0.870356] 0.869495] 0.868632| 0.867765| 0.866897
X 0 1 2 3 4 5 6 7 8 9

30 0.866025] 0.865151] 0.864275| 0.863396| 0.862514] 0.861629] 0.860742] 0.859852 0.85896] 0.858065
31 0.857167] 0.856267] 0.855364] 0.854459| 0.853551 0.85264] 0.851727| 0.850811] 0.849893] 0.848972
32 0.848048] 0.847122] 0.846193] 0.845262| 0.844328] 0.843391] 0.842452] 0.841511] 0.840567 0.83962
33 0.838671] 0.837719] 0.836764| 0.835807| 0.834848] 0.833886] 0.832921] 0.831954] 0.830984] 0.830012
34 0.829038 0.82806] 0.827081] 0.826098] 0.825113] 0.824126] 0.823136] 0.822144] 0.821149] 0.820152
35 0.819152 0.81815] 0.817145] 0.816138] 0.815128] 0.814116] 0.813101] 0.812084] 0.811064] 0.810042
36 0.809017 0.80799 0.80696] 0.805928] 0.804894] 0.803857] 0.802817] 0.801776] 0.800731] 0.799685
37 0.798636] 0.797584 0.79653] 0.795473] 0.794415] 0.793353 0.79229] 0.791224] 0.790155] 0.789084}
38 0.788011] 0.786935] 0.785857| 0.784776] 0.783693] 0.782608 0.78152 0.78043| 0.779338| 0.778243|
39 0.777146] 0.776046] 0.774944 0.77384] 0.772734] 0.771625] 0.770513 0.7694] 0.768284] 0.767165
X 0 1 2 3 4 5 6 7 8 9

40 0.766044] 0.764921] 0.763796] 0.762668| 0.761538] 0.760406] 0.759271] 0.758134] 0.756995] 0.755853)
41 0.75471] 0.753563] 0.752415] 0.751264] 0.750111] 0.748956] 0.747798] 0.746638] 0.745476] 0.744312
42 0.743145] 0.741976] 0.740805| 0.739631] 0.738455] 0.737277] 0.736097] 0.734915 0.73373] 0.732543)
43 0.731354] 0.730162] 0.728969| 0.727773| 0.726575] 0.725374] 0.724172] 0.722967 0.72176] 0.720551
44 0.71934] 0.718126] 0.716911] 0.715693] 0.714473 0.71325] 0.712026] 0.710799] 0.709571 0.70834}
45 0.707107] 0.705872] 0.704634] 0.703395| 0.702153] 0.700909] 0.699663] 0.698415] 0.697165 0.695913'
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46 0.694658] 0.693402] 0.692143] 0.690882 0.68962| 0.688355| 0.687088] 0.685818] 0.684547| 0.683274)
47 0.681998] 0.680721] 0.679441 0.67816] 0.676876 0.67559] 0.674302] 0.673013] 0.671721] 0.670427
48 0.669131] 0.667833] 0.666532 0.66523] 0.663926 0.66262] 0.661312] 0.660002] 0.658689] 0.657375
49 0.656059] 0.654741] 0.653421] 0.652098] 0.650774] 0.649448 0.64812 0.64679] 0.645458] 0.644124§
X 0 1 2 3 4 5 6 7 8 9

50 0.642788 0.64145 0.64011] 0.638768] 0.637424] 0.636078] 0.634731] 0.633381] 0.632029| 0.630676
51 0.62932] 0.627963] 0.626604] 0.625243 0.62388] 0.622515] 0.621148] 0.619779] 0.618408] 0.617036
52 0.615661] 0.614285] 0.612907| 0.611527| 0.610145] 0.608761] 0.607376] 0.605988] 0.604599] 0.603208)
53 0.601815 0.60042] 0.599024] 0.597625] 0.596225] 0.594823] 0.593419| 0.592013] 0.590606] 0.589196
54 0.587785] 0.586372] 0.584958| 0.583541] 0.582123] 0.580703] 0.579281] 0.577858] 0.576432] 0.575005
55 0.573576] 0.572146] 0.570714 0.56928] 0.567844] 0.566406] 0.564967] 0.563526] 0.562083| 0.560639)
56 0.559193] 0.557745] 0.556296| 0.554844| 0.553392] 0.551937] 0.550481] 0.549023] 0.547563] 0.546102
57 0.544639] 0.543174] 0.541708 0.54024] 0.538771 0.5373] 0.535827] 0.534352] 0.532876] 0.531399}
58 0.529919] 0.528438] 0.526956] 0.525472| 0.523986] 0.522499 0.52101] o0.519519] 0.518027] 0.516533]
59 0.515038] 0.513541] 0.512043] 0.510543] 0.509041] 0.507538] 0.506034] 0.504528 0.50302] 0.501511
X 0 1 2 3 4 5 6 7 8 9

60 0.5] 0.498488] 0.496974] 0.495459| 0.493942| 0.492424] 0.490904] 0.489382 0.48786] 0.486335
61 0.48481] 0.483282] 0.481754] 0.480223] 0.478692] 0.477159] 0.475624] 0.474088] 0.472551] 0.471012
62 0.469472 0.46793] 0.466387] 0.464842] 0.463296] 0.461749 0.4602 0.45865] 0.457098] 0.455545
63 0.45399] 0.452435] 0.450878] 0.449319] 0.447759] 0.446198] 0.444635] 0.443071] 0.441506] 0.439939}
64 0.438371] 0.436802] 0.435231] 0.433659] 0.432086] 0.430511] 0.428935| 0.427358] 0.425779 0.424199'
65 0.422618] 0.421036] 0.419452| 0.417867| 0.416281] 0.414693] 0.413104] 0.411514] 0.409923 0.40833
66 0.406737] 0.405142] 0.403545| 0.401948] 0.400349] 0.398749] 0.397148] 0.395546] 0.393942] 0.392337
67 0.390731] 0.389124] 0.387516] 0.385906| 0.384295] 0.382683 0.38107] 0.379456] 0.377841] 0.376224)
68 0.374607] 0.372988] 0.371368] 0.369747| 0.368125] 0.366501] 0.364877] 0.363251] 0.361625] 0.359997
69 0.358368] 0.356738] 0.355107| 0.353475| 0.351842] 0.350207] 0.348572] 0.346936] 0.345298 0.34366
X 0 1 2 3 4 5 6 7 8 9

70 0.34202 0.34038] 0.338738] 0.337095] 0.335452] 0.333807] 0.332161] 0.330514] 0.328867] 0.327218§
71 0.325568] 0.323917] 0.322266f 0.320613] 0.318959] 0.317305] 0.315649] 0.313992] 0.312335] 0.310676
72 0.309017] 0.307357] 0.305695] 0.304033 0.30237] 0.300706] 0.299041] 0.297375] 0.295708 0.29404§
73 0.292372] 0.290702] 0.289032| 0.287361] 0.285688] 0.284015] 0.282341] 0.280667] 0.278991] 0.277315
74 0.275637] 0.273959 0.27228 0.2706 0.26892] 0.267238] 0.265556] 0.263873] 0.262189| 0.260505
75 0.258819] 0.257133] 0.255446] 0.253758] 0.252069 0.25038 0.24869] 0.246999] 0.245307] 0.243615
76 0.241922] 0.240228] 0.238533] 0.236838] 0.235142]| 0.233445] 0.231748 0.23005] 0.228351] 0.226651
77 0.224951 0.22325] 0.221548] 0.219846] 0.218143 0.21644] 0.214735 0.21303] 0.211325] 0.209619§
78 0.207912] 0.206204] 0.204496f 0.202787| 0.201078f 0.199368] 0.197657] 0.195946] 0.194234] 0.192522
79 0.190809] 0.189095| 0.187381] 0.185667| 0.183951] 0.182236] 0.180519] 0.178802] 0.177085] 0.175367
X 0 1 2 3 4 5 6 7 8 9

80 0.173648] 0.171929] 0.170209| 0.168489| 0.166769] 0.165048] 0.163326] 0.161604] 0.159881] 0.158158)
81 0.156434 0.15471] 0.152986] 0.151261] 0.149535] 0.147809] 0.146083| 0.144356] 0.142629] 0.140901
82 0.139173] 0.137445] 0.135716] 0.133986| 0.132256f 0.130526] 0.128796] 0.127065] 0.125333] 0.123601
83 0.121869] 0.120137] 0.118404] 0.116671] 0.114937] 0.113203] 0.111469] 0.109734] 0.107999] 0.106264)
84 0.104528] 0.102793] 0.101056 0.09932] 0.097583] 0.095846] 0.094108] 0.092371] 0.090633| 0.088894
85 0.087156] 0.085417] 0.083678] 0.081939] 0.080199] 0.078459] 0.076719] 0.074979] 0.073238] 0.071497
86 0.069756] 0.068015] 0.066274] 0.064532] 0.062791] 0.061049] 0.059306] 0.057564] 0.055822] 0.054079j
87 0.052336] 0.050593 0.04885] 0.047106] 0.045363] 0.043619] 0.041876] 0.040132] 0.038388] 0.036644)
88 0.034899] 0.033155] 0.031411] 0.029666| 0.027922] 0.026177] 0.024432] 0.022687] 0.020942] 0.019197
89 0.017452] 0.015707] 0.013962] 0.012217] 0.010472] 0.0087265| 0.0069813] 0.0052360f 0.0034907] 0.0017453f
90 0] 0.0017453] 0.0034907] 0.0052360f 0.0069813] 0.0087265] 0.010472] 0.012217] 0.013962 0.015707I
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X 0 1 2 3 4 5 6 7 8 9

0 0] 0.0017453] 0.0034907] 0.0052360] 0.0069814]. 0.0087269] 0.010472] 0.012218] 0.013964] 0.015709}
1 0.017455] 0.019201] 0.020947| 0.022693] 0.024439] 0.026186] 0.027933] 0.029679] 0.031426 0.033173'
2 0.034921] 0.036668] 0.038416] 0.040164] 0.041912] 0.043661 0.04541] 0.047159] 0.048908 0.050658'
3 0.052408] 0.054158] 0.055909 0.05766] 0.059411] 0.061163] 0.062915] 0.064667 0.06642 0.068173'
4 0.069927] 0.071681] 0.073435 0.07519] 0.076946] 0.078702] 0.080458] 0.082215] 0.083972 0.08573I
5 0.087489] 0.089248] 0.091007| 0.092767| 0.094528] 0.096289] 0.098051] 0.099813] 0.101576 0.10334I
6 0.105104] 0.106869| 0.108635] 0.110401] 0.112168] 0.113936] 0.115704] 0.117473| o0.119243| o0.121013}
7 0.122785] 0.124557| 0.126329| 0.128103] 0.129877] 0.131652] 0.133428] 0.135205] 0.136983] 0.138761
8 0.140541] 0.142321] 0.144102] 0.145884| 0.147667] 0.149451] 0.151236] 0.153022] 0.154808] 0.156596
9 0.158384] 0.160174] 0.161965| 0.163756] 0.165549] 0.167343] 0.169137] 0.170933 0.17273] 0.174528)
X 0 1 2 3 4 5 6 7 8 9

10 0.176327] 0.178127] 0.179928] 0.181731] 0.183534] 0.185339] 0.187145] 0.188952 0.19076 0.19257
11 0.19438] 0.196192] 0.198005 0.19982] 0.201635] 0.203452] 0.205271 0.20709] 0.208911] 0.210733§
12 0.212557] 0.214381] 0.216208] 0.218035| 0.219864| 0.221695] 0.223526 0.22536] 0.227194] 0.229031
13 0.230868] 0.232707] 0.234548 0.23639] 0.238234] 0.240079] 0.241925] 0.243774] 0.245624| 0.247475
14 0.249328] 0.251183] 0.253039] 0.254897| 0.256756] 0.258618 0.26048] 0.262345] 0.264211] 0.266079)
15 0.267949] 0.269821] 0.271694] 0.273569] 0.275446] 0.277325] 0.279205| 0.281087] 0.282971] 0.284857
16 0.286745] 0.288635| 0.290527 0.29242] 0.294316] 0.296213] 0.298113] 0.300014] 0.301918] 0.303823)
17 0.305731 0.30764] 0.309552] 0.311465] 0.313381] 0.315299] 0.317219| 0.319141] 0.321065] 0.322991
18 0.32492 0.32685] 0.328783] 0.330718] 0.332656] 0.334595] 0.336537| 0.338481] 0.340428] 0.342377
19 0.344328] 0.346281] 0.348237| 0.350195] 0.352156f 0.354119] 0.356084] 0.358052] 0.360022] 0.361995
X 0 1 2 3 4 5 6 7 8 9

20 0.36397] 0.365948] 0.367928] 0.369911] 0.371897] 0.373885] 0.375875| 0.377869] 0.379864] 0.381863f
21 0.383864] 0.385868] 0.387874] 0.389884| 0.391896 0.39391] 0.395928] 0.397948] 0.399971] 0.401997
22 0.404026] 0.406058] 0.408092 0.41013 0.41217] 0.414214 0.41626] 0.418309] 0.420361] 0.422417
23 0.424475] 0.426536] 0.428601] 0.430668| 0.432739] 0.434812] 0.436889] 0.438969] 0.441053] 0.443139)
24 0.445229] 0.447322] 0.449418] 0.451517 0.45362] 0.455726] 0.457836] 0.459949] 0.462065| 0.464185
25 0.466308] 0.468434] 0.470564] 0.472698| 0.474835] 0.476976 0.47912] 0.481267] 0.483419] 0.485574}
26 0.487733] 0.489895] 0.492061] 0.494231] 0.496404] 0.498582] 0.500763] 0.502948] 0.505136 0.507329'
27 0.509525] 0.511726 0.51393] 0.516138] 0.518351] 0.520567] 0.522787| 0.525012 0.52724 0.529473'
28 0.531709 0.53395] 0.536195] 0.538445] 0.540698] 0.542956] 0.545218| 0.547484] 0.549755 0.55203
29 0.554309] 0.556593] 0.558881] 0.561174| 0.563471] 0.565773] 0.568079 0.57039] 0.572705] 0.575026
X 0 1 2 3 4 5 6 7 8 9

30 0.57735 0.57968] 0.582014] 0.584353] 0.586697] 0.589045] 0.591398| 0.593757 0.59612] 0.598488)
31 0.600861] 0.603239] 0.605622 0.60801] 0.610403] 0.612801] 0.615204] 0.617613] 0.620026f 0.622445
32 0.624869] 0.627299] 0.629734] 0.632174] 0.634619 0.63707] 0.639527] 0.641989] 0.644456] 0.646929)
33 0.649408] 0.651892] 0.654382| 0.656877| 0.659379] 0.661886] 0.664398] 0.666917] 0.669442] 0.671972
34 0.674509] 0.677051] 0.679599| 0.682154| 0.684714] 0.687281] 0.689854] 0.692433] 0.695018 0.69761
35 0.700208] 0.702812] 0.705422] 0.708039| 0.710663] 0.713293 0.71593] 0.718573] 0.721223] 0.723879)
36 0.726543| 0.729213] 0.731889] 0.734573] 0.737264] 0.739961] 0.742666| 0.745377] 0.748096] 0.750821
37 0.753554] 0.756294] 0.759041] 0.761796] 0.764558] 0.767327] 0.770104] 0.772888 0.77568] 0.778479)
38 0.781286 0.7841] 0.786922] 0.789752 0.79259] 0.795436 0.79829] 0.801151] 0.804021 0.806898'
39 0.809784] 0.812678 0.81558] 0.818491] 0.821409] 0.824336] 0.827272| 0.830216] 0.833169 0.83613
X 0 1 2 3 4 5 6 7 8 9

40 0.8391] 0.842078] 0.845066] 0.848062] 0.851067] 0.854081] 0.857104] 0.860136] 0.863177| 0.866227
41 0.869287] 0.872356] 0.875434| 0.878521| 0.881619] 0.884725] 0.887842] 0.890967] 0.894103] 0.897249)
42 0.900404] 0.903569] 0.906745 0.90993] 0.913125] 0.916331] 0.919547] 0.922773 0.92601] 0.929257
43 0.932515] 0.935783] 0.939063] 0.942352| 0.945653] 0.948965] 0.952287] 0.955621] 0.958966] 0.962322
44 0.965689] 0.969067] 0.972458] 0.975859| 0.979272] 0.982697] 0.986134] 0.989582] 0.993043] 0.996515
45 1 1.0035 1.00701 1.01053 1.01406 1.01761 1.02117 1.02474 1.02832 1.03192
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46 1.03553 1.03915 1.04279 1.04644 1.0501 1.05378 1.05747 1.06117 1.06489 1.06862
47 1.07237 1.07613 1.0799 1.08369 1.08749 1.09131 1.09514 1.09899 1.10285 1.10672
48 1.11061 1.11452 1.11844 1.12238 1.12633 1.13029 1.13428 1.13828 1.14229 1.14632
49 1.15037 1.15443 1.15851 1.16261 1.16672 1.17085 1.175 1.17916 1.18334 1.18754
X 0 1 2 3 4 5 6 7 8 9

50 1.19175 1.19599 1.20024 1.20451 1.20879 1.2131 1.21742 1.22176 1.22612 1.2305
51 1.2349 1.23931 1.24375 1.2482 1.25268 1.25717 1.26169 1.26622 1.27077 1.27535]
52 1.27994 1.28456 1.28919 1.29385 1.29853 1.30323 1.30795 1.31269 1.31745 1.32224
53 1.32704 1.33187 1.33673 1.3416 1.3465 1.35142 1.35637 1.36134 1.36633 1.37134
54 1.37638 1.38145 1.38653 1.39165 1.39679 1.40195 1.40714 1.41235 1.41759 1.42286
55 1.42815 1.43347 1.43881 1.44418 1.44958 1.45501 1.46046 1.46595 1.47146 1.47699)
56 1.48256 1.48816 1.49378 1.49944 1.50512 1.51084 1.51658 1.52235 1.52816 1.534
57 1.53986 1.54576 1.5517 1.55766 1.56366 1.56969 1.57575 1.58184 1.58797 1.59414
58 1.60033 1.60657 1.61283 1.61914 1.62548 1.63185 1.63826 1.64471 1.6512 1.65772
59 1.66428 1.67088 1.67752 1.68419 1.69091 1.69766 1.70446 1.71129 1.71817 1.72509)
X 0 1 2 3 4 5 6 7 8 9

60 1.73205 1.73905 1.7461 1.75319 1.76032 1.76749 1.77471 1.78198 1.78929 1.79665
61 1.80405 1.8115 1.81899 1.82654 1.83413 1.84177 1.84946 1.8572 1.86499 1.87283)
62 1.88073 1.88867 1.89667 1.90472 1.91282 1.92098 1.9292 1.93746 1.94579 1.95417|
63 1.96261 1.97111 1.97966 1.98828 1.99695 2.00569 2.01449 2.02335 2.03227 2.04125
64 2.0503 2.05942 2.0686 2.07785 2.08716 2.09654 2.106| 2.11552 2.12511 2.13477
65 2.14451 2.15432 2.1642 2.17416 2.18419 2.1943 2.20449 2.21475 2.2251 2.23553)
66 2.24604 2.25663 2.2673 2.27806 2.28891 2.29984 2.31086 2.32197 2.33317 2.34447
67 2.35585 2.36733 2.37891 2.39058 2.40235 2.41421 2.42618 2.43825 2.45043 2.4627
68 2.47509 2.48758 2.50018 2.51289 2.52571 2.53865 2.5517 2.56487 2.57815 2.59156
69 2.60509 2.61874 2.63252 2.64642 2.66046 2.67462 2.68892 2.70335 2.71792 2.73263)
X 0 1 2 3 4 5 6 7 8 9

70 2.74748 2.76247 2.77761 2.79289 2.80833 2.82391 2.83965 2.85555 2.87161 2.88783)
71 2.90421 2.92076 2.93748 2.95437 2.97144 2.98868 3.00611 3.02372 3.04152 3.0595
72 3.07768 3.09606 3.11464 3.13341 3.1524 3.17159 3.191 3.21063 3.23048 3.25055
73 3.27085 3.29139 3.31216 3.33317 3.35443 3.37594 3.39771 3.41973 3.44202 3.46458)
74 3.48741 3.51053 3.53393 3.55761 3.5816 3.60588 3.63048 3.65538 3.68061 3.70616
75 3.73205 3.75828 3.78485 3.81177 3.83906 3.86671 3.89474 3.92316 3.95196 3.98117
76 4.01078 4.04081 4.07127 4.10216 4,1335 4.1653 4.19756 4.2303 4.26352 4.29724
77 4.33148 4.36623 4.40152 4.43735 4.47374 4.51071 4.54826 4.58641 4.62518 4.66458(
78 4.70463 4.74534 4.78673 4.82882 4.87162 4.91516 4.95945 5.00451 5.05037 5.09704
79 5.14455 5.19293 5.24218 5.29235 5.34345 5.39552 5.44857 5.50264 5.55777 5.61397
X 0 1 2 3 4 5 6 7 8 9

80 5.67128 5.72974 5.78938 5.85024 5.91236 5.97576 6.04051 6.10664 6.17419 6.24321
81 6.31375 6.38587 6.45961 6.53503 6.61219 6.69116 6.77199 6.85475 6.93952 7.02637
82 7.11537 7.20661 7.30018 7.39616 7.49465 7.59575 7.69957 7.80622 7.91582 8.02848f
83 8.14435 8.26355 8.38625 8.51259 8.64275 8.77689 8.9152 9.05789 9.20516 9.35724
84 9.51436 9.6768 9.84482 10.0187 10.1988 10.3854 10.5789 10.7797 10.9882 11.2048)
85 11.4301 11.6645 11.9087 12.1632 12.4288 12.7062 12.9962 13.2996 13.6174 13.9507|
86 14.3007 14.6685 15.0557 15.4638 15.8945 16.3499 16.8319 17.3432 17.8863 18.4645
87 19.0811 19.7403 20.4465 21.2049 22.0217 22.9038 23.8593 24.8978 26.0307 27.2715
88 28.6363 30.1446 31.8205 33.6935 35.8006 38.1885 40.9174 44.0661 47.7395 52.0807
89 57.29 63.6567 71.6151 81.847 95.4895 114.589 143.237 190.984 286.478 572.957
90
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