Pair of Straight Lines

EXERCISE 4.1 [PAGES 119 - 120]

Exercise 4.1 | Q 1.1 | Page 119

Find the combined equation of the following pair of line:
2x+y=0and 3x-y=0

Solution: The combined equation of the lines2x +y=0and 3x -y =0 s
(2x+y)(3x-y)=0

L BX2-2xy +3xy -y?=0

L BX2+xy-y?=0

Exercise 4.1 | Q1.2 | Page 119

Find the combined equation of the following pair of line:

X+2y-1=0andx-3y+2=0

Solution: The combined equation of the linesx +2y-1=0andx-3y+2=0is
x+2y-1)(x-3y+2)=0

X2 -3Xy +2X+ 2Xy - 6y? + 4y -x +3y-2=0

AX2-Xy-6y?+Xx+7y-2=0

Exercise 4.1 | Q 1.3 | Page 119

Find the combined equation of the following pair of line:
passing through (2, 3) and parallel to the coordinate axes.
Solution: Equations of the coordinate axes are x =0andy =0

~ The equations of the lines passing through (2, 3) and parallel to the coordinate axes
arex=2andy=3.

i.,e.x-2=0andy-3=0

=~ their combined equation is
(x-2)(y-3)=0

S XYy-3Xx-2y+6=0

Exercise 4.1 | Q 1.4 | Page 119



Find the combined equation of the following pair of line:
passing through (2, 3) and perpendicular to the lines 3x +2y -1 =0and x-3y+2=0

Solution: Let L1 and Lz be the lines passing through the point (2, 3) and perpendicular
to the lines3x + 2y -1 =0and x -3y + 2 = 0 respectively.

Slopes of the lines 3x + 2y -1 =0and x -3y + 2 = 0 are _73 and :—1 = % respectively.
=~ slopes of the lines L1 and Lz pass through the point (2, 3), their equations are
y-3=2/3(x-2)andy-3=-3(x-2)

~3y-9=2x-4and y-3=-3x+6

~2x-3y+5=0and3x+y-9=0

their combined equation is

(2x -3y +5)(3x+y-9)=0

5 BX% 42Xy - 18X - 9xy - 3y? + 27y + 156x + 5y - 45 =0

5 BX2-7Xy -3y?-3x+32y-45=0

Exercise 4.1 | Q 1.5 | Page 119
Find the combined equation of the following pair of line:

passing through (-1, 2), one is parallel to x + 3y - 1 = 0 and other is perpendicular to 2x -
3y-1=0

Solution: Let L1 be the line passing through the point (-1, 2) and parallel to the line x +
3y - 1 = 0 whose slope is — 1/3.

= slope of the line L1 is — 1/3
-~ equation of the line L1 is
y-2=-1/3(x+1)
~3y-6=-x-1
~X+3y-5=0

Let L1 be the line passing through (-1, 2) and perpendicular to the line 2x - 3y -1 =0
whose slope is

—2 2
-3 3
= slope of the line L2 is — 1/3

-~ equation of the line L2 is



y-2=-1/3(x+1)

w2y-4=-3x-3

~3x+2y-1=0

Hence, the equations of the required lines are
Xx+3y-5=0and3x+2y-1=0

=~ their combined equation is
(x+3y-50Bx+2y-1)=0

5 3X% 42Xy - X+ 9Xy + 6y? - 3y - 15x - 10y +5=0
5 3X%+ 11xy + 6y? - 16x - 13y +5=0

Exercise 4.1 | Q 2.1 | Page 119

Find the separate equation of the line represented by the following equation:
3y?+7xy =0

Solution: 3y? + 7xy =0

~y(By+7x)=0

=~ the separate equations of the linesarey=0and 7x + 3y =0

Exercise 4.1 | Q 2.2 | Page 119

Find the separate equation of the line represented by the following equation:
5y +9y?=0

Solution:

5y2 + 93;2 =0

2 2

(vR) - (v) o

(v5x+ 3}’) (v DT — Sy) =0

the separate equations of the lines are (\f X + 3y) = 0 and (\f OX — 3}*) =0

Exercise 4.1 | Q 2.3 | Page 119
Find the separate equation of the line represented by the following equation:

x2-4xy =0



Solution: x2 - 4xy = 0
~X(X-4y)=0
=~ the separate equations of the linesarex=0and x - 4y =0

Exercise 4.1 | Q 2.4 | Page 119
Find the separate equations of the lines represented by the equation 3x2-10xy-8y?=0

Solution:

Given pairs of lines 3x% — 10xy — 8y* =0
3x% — 12xy + 2xy — 8}?‘? =0

3x(x —4y) +2y(x —4y) =0
(x—4y)(3x+2y)=0

Separated equations

3x+2y=0 and x—4y =0

Exercise 4.1 | Q 2.5 | Page 119
Find the separate equation of the line represented by the following equation:

3x2 — 2v3xy — 3y =0

Solution:

3x2 —2v3xy — 3y =0

- 3% — 3\/5:{}' + \/Exy —3y’ =0
3x(x — x/ﬁy) + x/ﬁy(x — x/g}r) =0
g (X — \/ﬁy) (3){ + V@y) =0

The separate equations of the lines are

X—\/E}TZUaﬂd?}X—FV/E}':{]

Exercise 4.1 | Q 2.6 | Page 119
Find the separate equation of the line represented by the following equation:



X2 + 2(cosec a)xy +y?=0
Solution: x? + 2(cosec a)xy +y2=0
i.e. y? + 2(cosec a)xy + x> =0
Dividing by x?, we get,
2
(1) + 2coseca. (1) +1=0

X X

y —2cosecar + v/4cosec?a — 4 x 1 x 1

"x 2 x 1
—2coseca + 24/cosec2a — 1
2

= -cosec o + cot o
y

", = = (cota — coseca) and
X

L —(coseca + cota)

X

The separate equations of the lines are

(cosec a- cota) x + y = 0 and (cosec o - cota) x +y = 0

Exercise 4.1 | Q 2.7 | Page 119
Find the separate equation of the line represented by the following equation:

x2+2xytana-y?2=0

Solution:

K2+2}¢ytanu—y2=0

Dividing by yz

2
(E) —I—Z(E)tana—lz[}
Yy Yy



X —Qtana:t\/-itanza—-ixlxl

Uy 2x1
- —2tana + 2+1/tan?a — 1
- 2

= -tan o + sec

x \
(— = (seca — tana) and
Y/

x \
(— = —(tana + seca)
Y/

The separate equations of the lines are

(seca-tana)x +y=0and (seca + tana)x -y =0

Exercise 4.1 | Q 3.1 | Page 119

Find the combined equation of the pair of a line passing through the origin and
perpendicular to the line represented by following equation:

5x? - 8xy +3y?=0
Solution: Comparing the equation 5x? - 8xy + 3y? = 0 with ax? + 2hxy + by? = 0, we get,
a=52h=-8b=3

Let m1 and m2 be the slopes of the lines represented by 5x? - 8xy + 3y> =0

N —2h 8 q a 2 ()
sy 4my=——=—-andmmy = — = — ..
1 2 b 3 1my = + 3
Now required lines are perpendicular to these lines

—1 —1
.. their slopes are — and —

g msa

Since these lines are passing through the origin, their separate equations are



l.e. mqy = - xand myy = - x
lLe.x + mqy =0and x + myy =0

-. their combined equation is

(X + mqy)(x + myy) =0
X+ (mq + 2=
: 1+ Ma)xy + mimoy< =0

8 5

X2 4 —xy+—y> =0 ..[By (1)]
3 3

- 3%% + 8xy + 5y° = 0

Exercise 4.1 | Q 3.2 | Page 119

Find the combined equation of the pair of a line passing through the origin and
perpendicular to the line represented by the following equation:

5x? +2xy - 3y?=0

Solution: Comparing the equation 5x2 + 2xy - 3y? = 0 with ax? + 2hxy + by? = 0, we
get,

a=52h=2b=-3

Let m1 and m2 be the slopes of the lines represented by 5x? + 2xy - 3y> =0

_ N ~—2h -2 2 q a9 )
S 11 mMa = b —_3—3an mlmg—b—_g
Now required lines are perpendicular to these lines

—1 —1
~. their slopes are — and —

my msa

Since these lines are passing through the origin, their separate equations are

-1 g —1
= —xandy = —x
Y my y my



l.e.mqy = -xand myy = - x
lLe.x + myy = 0and x + myy =0

~. their combined equation is

(x + mqy)(x + myy) =0

%%+ (M1 + ma)xy + m1m2y2 =0
2 o
2 2
— =0 ..[By (1
X"+ A [By (1)]

- 3x% + 2Xy - Syz =0

Exercise 4.1 | Q 3.3 | Page 119

Find the combined equation of the pair of a line passing through the origin and
perpendicular to the line represented by the following equation:

Xy +y?=0
Solution: Comparing the equation xy + y2 =0 with ax? + 2hxy + by? = 0, we get,
a=0,2h=1,b=1

Let m1 and m2 be the slopes of the lines represented by xy + y?> =0

N —2h —1 1 and a 0 0 ()
..My +my = = =—landmmy=—=—=0 ..
1 2 b 1 1me = - 1
Now required lines are perpendicular to these lines

—1 —1
.. their slopes are — and —

g msa

Since these lines are passing through the origin, their separate equations are

—1 q —1
= —xandy= —xX
Y my y my

i.e. mwy =-xand may = - X

e.x+my=0and x+mzy =0



=~ their combined equation is
(x+ my)(x+ may) =0

5 X2+ (M1 + m2)xy + mamzy? =0
~x? —xy+0.y% =0 ..[By (1)]
~ X - xy =0

[Note: : Answer in the textbook is incorrect.]

Exercise 4.1 | Q 3.4 | Page 119

Find the combined equation of the pair of a line passing through the origin and
perpendicular to the line represented by the following equation:

3x2- 4xy =0

Solution: Consider 3x? - 4xy =0

~X(3x-4y)=0

-~ separate equations of the linesare x=0and 3x -4y =0

Let m1 and m2 be the slopes of these lines.

: 3
Then my does not exist and my = —

4
Now, required lines are perpendicular to these lines.
1 1

~. their slopes are ——— and ———
my ma

Since mq does not exist, ——— =0
mj

1 4
A|SG, m> = 1,—]1—12 = —g

Since these lines are passing through the origin, their
separate equationsarey = 0 andy = —3% le.dx + 3y =0

=~ their combined equation is



y(4x +3y)=0
~Axy +3y?=0

Exercise 4.1 | Q 4.1 | Page 119

Find k, if the sum of the slopes of the lines represented by x? + kxy - 3y? = 0 is twice
their product.

Solution: Comparing the equation x? + kxy - 3y? = 0 with ax? + 2hxy - by? = 0, we get, a
=1,2h=k,b=-3.

Let m1 and m2 be the slopes of the lines represented by x? + kxy - 3y =0

—2h  k  k

b -3 3

q a 1 1
andmms; = — = — = ——
WeTy T 3 3

m1 + m2:

Now, mq + m> = 2(mqm>) ..(given)

()

~k=-2

Exercise 4.1 | Q 4.2 | Page 119

Find k, the slopes of the lines represented by 3x? + kxy - y? = 0 differ by 4.

Solution: Comparing the equation 3x? + kxy - y? = 0 with ax? + 2hxy - by? = 0, we get, a
=3,2h=k,b=-1.

Let m1 and m2 be the slopes of the lines represented by 3x? + kxy - y?> =0

—2h k 1
Lo M + Mo = = —_—— =
1 2 b —1
a 3
d = _ = _ _ =_3
an m1m2 b 1
o (M1 - m2)2 = (M1 + m2)? - 4mimz
—K2-4(-3)

=k2+12  ..(1)



But |[m1-mz| =4
s(Mmi-m2)2=16 ....(2)

=~ from (1) and (2), k? + 12 = 16
~k2=4

k=2

Exercise 4.1 | Q 4.3 | Page 119
Find k, the slope of one of the lines given by kx? + 4xy - y? = 0 exceeds the slope of the
other by 8.

Solution: Comparing the equation kx? + 4xy - y? = 0 with ax? + 2hxy - by? = 0, we get, a
=k,2h=4,b=-1.

Let m1 and m2 be the slopes of the lines represented by kx? + 4xy - y> = 0
—2h 4
b =1
a k
andmm, = — = — = -k
12 b 1

We are given that m2 =ma1 + 8

4

'.m1+m2=

smi+m+8=4

s2mi=-4 ~m=-2 ..Q2)

Also, mi(mi + 8) = - k

(-2)-2+8)=-k ..[By(1)]

~ (-2)(6) = - k

n-12=-k

~ k=12

Exercise 4.1 | Q 5.1 | Page 120

Find the condition that the line 4x + 5y = 0 coincides with one of the lines given by ax? +
2hxy + by? =0

Solution: The auxiliary equation of the lines represented by ax? + 2hxy + by?> =0 is
bm?2 +2hm+a=0

Given that 4x + 5y = 0 is one of the lines represented by ax? + 2hxy + by?>=0



4
The slope of the line 4x + 5y = 0 is %

" m = —— is a root of the auxiliary equation bm? + 2hm +a =0
4\? 4

b(—g) + 2}1(—3) +a=0

- 16b  8h

35 5 a7l

. 16b - 40h + 25a =0
. 25a + 16b = 40h
This is the required condition.

Exercise 4.1 | Q5.2 | Page 120
Find the condition that the line 3x + y = 0 may be perpendicular to one of the lines given

by ax? + 2hxy + by? =0

Solution: The auxiliary equation of the lines represented by ax? + 2hxy + by? = 0 is
bm? + 2hm+a=0

Since one line is perpendicular to the line 3x + y = 0 whose slope is 1= -3

1
.. slope of that line = m = 3

1
. m = — is the root of the auxiliary equation bm?2 + 2hm + a = 0.

2
1 1

'b—|—2h+ =0
"9 T3 AT
~b+6h+9a=0
9 +b+6h=0

This is the required condition.



Exercise 4.1 | Q 6 | Page 120

If one of the lines given by ax? + 2hxy + by? = 0 is perpendicular to px + qy = 0, show
that ap? + 2hpq + bg? = 0.

Solution: To prove: ap? + 2hpg + bg? = 0.

Let the slope of the pair of straight lines ax? + 2hxy + by? = 0 be m1 and mz

—2h q _a
b and mqmpy = b

Then, mq + my =

Slope of the line px + qy = 0 is _P
q

But one of the lines of ax® + 2hxy + byz = 0 s perpendicularto px + qy = 0

q
— 1y = —
P

—2h

Now, mq1 + my =

—2h a
:>g—|—m2= and (ﬂ)lm:_
P

a
and mym> = 5

b P b
=>——|—m2=_b andmgzi—z

a —2h
a, 3 —2h
p bg b
b2 2
q- +ap _ 9k

Pq

= bq? 4+ ap? = —2h pq
— ap” +2hpg +bg®> =0

Exercise 4.1 | Q 7 | Page 120
Find the combined equation of the pair of lines through the origin and making an
equilateral triangle with the line y = 3.

Solution: Let OA and OB be the lines through the origin making an angle of 60° with
the liney = 3.

~ OA and OB make an angle of 60° and 120° with the positive direction of the X-axis.



-, slope of OA = tan 60° = v/3

- equation of the line OA is

y = V3xie V3x-y=0

Y

" f

BY &) ol YA

120

60°

Y
Slope of OB = tan 120° = tan (180° - 60°)

=—tan60°=—\/§

- equation of the line OB is
yz—\/gx,i.e.\/%x+y=0

~. required joint equation of the lines is

(x/ﬁx—y) (\/E}H—jr) =0

.e. 3x2 - yz =0

Exercise 4.1 | Q 8| Page 120

If the slope of one of the lines given by ax? + 2hxy + by? = 0 is four times the other,
show that 16h? = 25ab.

Solution: Let m1 and mz2 be the slopes of the lines given by ax? + 2hxy + by? =0



2h

LMy + My = ———

b
a
d = —
and mqmsy b
We are given that m> = 4m;
4 2h
mq + 4my = ——
1 1 b
S —2h
miq = b
2h )
my= ——— ..
' 5b
Also, my(dmy) = —
50, mq(4mq) = —
1 1 b
a
s 4m? = =
17 b
m? = —

25b%2  4b
4]12 _ 2 b0
2%b 4’

. 16h% = 25ab

This is the required condition.

Exercise 4.1 | Q 9| Page 120



If one of the lines given by ax? + 2hxy + by? = 0 bisect an angle between the coordinate
axes, then show that (a + b)2 = 4h? .

Solution: The auxiliary equation of the lines given by ax? + 2hxy + by? = 0 is bm? + 2hm
+a=0.

Since one of the lines bisects an angle between the coordinate axes, that line makes an
angle of 45° or 135° with the positive direction of X-axis.

=~ the slope of that line = tan 45° or tan 135°
~m=tan45°=1

or m = tan 135° = tan (180° - 45°)
=-tan45°=-1

-~ m =1 are the roots of the auxiliary equation bm? + 2hm + a = 0.
~b(#1)2+2h(x1) +a=0

~bx2h+a=0

~a+b==%2h

~(a+b)?>=4h?

This is the required condition.

EXERCISE 4.2 [PAGE 124]

Exercise 4.2 | Q1| Page 124
. Show that the lines represented by 3x? - 4xy - 3y? = 0 are perpendicular to each other.

Solution: Comparing the equation 3x? - 4xy - 3y? = 0 with ax? + 2hxy + by? = 0, we get,
a=3,2h=-4,b=-3.

Since a+ b =3 + (- 3) = 0, the lines represented by 3x? - 4xy - 3y? = 0 are perpendicular
to each other.

Exercise 4.2 | Q 2 | Page 124

Show that the lines represented by x? + 6xy + 9y? = 0 are coincident.

Solution: Comparing the equation x? + 6xy + 9y? = 0 with ax? + 2hxy + by? = 0, we get,
a=1,2h=6ie.h=3andb=09.

Since h? - ab = (3)? - 1(9)
=9-9=0,
the lines represented by x? + 6xy + 9y? = 0 are coincident.

Exercise 4.2 | Q 3| Page 124



Find the value of k if lines represented by kx? + 4xy - 4y? = 0 are perpendicular to each
other.

Solution: Comparing the equation kx? + 4xy - 4y? = 0 with ax? + 2hxy + by? = 0, we get,
a=k,2h=4andb=-4.

Since lines represented by kx? + 4xy - 4y? = 0 are perpendicular to each other,
a+b=0

~k-4=0

~k=4

Exercise 4.2 Q 4.1 | Page 124
Find the measure of the acute angle between the line represented by:

3x2 —4V3xy + 3y =0
Solution:

Comparing the equation

3x% — 4v/3xy + 3y® = 0 with

ax® + 2hxy + by2 = 0, we get,
a=32h=-4V3ieh=—-2V3andb =3
Let 6 be the acute angle between the lines.

2v/h? — ab
a+b

2\/(—2\/5)2 — 3(3)

3+3

Sotan B =




2412 — 9 ‘
6

2/3
6

Stan B = i = tan 30°
V3
.0 =30°
Exercise 4.2 | Q 4.2 | Page 124
Find the measure of the acute angle between the line represented by:
4x%+5xy +y? =0
Solution: Comparing the equation
4x? + 5xy + y? = 0 with
ax? + 2hxy + by? = 0, we get,
a=4,2h=5ie.h=52andb=1

Let 6 be the acute angle between the lines.

2v/h? — ab
a+b

2/ -1

441

sotan B =




25
12/ (F) -4
- 5
~ EX%
| 5

3
.'.tanezg

3
-l [ 2
- B =tan (5)

Exercise 4.2 | Q 4.3 | Page 124

Find the measure of the acute angle between the line represented by:
2x2+ 7xy + 3y? =0

Solution: Comparing the equation

2x% + 7xy + 3y? = 0 with

ax? + 2hxy + by? = 0, we get,

a=2,2h=7ie.h=7/2andb=3

Let 6 be the acute angle between the lines.

24v/h% — ab
a+b

2¢/(%)" —2(3)

243

Sotan B =




2 (49—24)
1
) 5
24/ (%)
— —
2% (3)
- —
5
"5
tan 8 = 1
B =tan 1 =45°
o B = 45°

Exercise 4.2 | Q 4.4 | Page 124

Find the measure of the acute angle between the line represented by:
(a2 + 3b?)x? + 8abxy + (b? - 3a?)y? =0
Solution: Comparing the equation

(a% + 3b?)x? + 8abxy + (b? - 3a?)y? = 0 with
AXx? + 2Hxy + By? = 0, we have,

A =a’+3b% H=4aband B =hb?-3a?

~ H? - AB = 16a%b? - (a? - 3b?)(b? - 3a2?)

= 16a%b? + (a? - 3b?)(3a? - b?)

= 16a%b? + 3a* - 10a%b? + 3b*

= 3a* + 6a%b? +3b*

= 3(a* + 2a%b? + b%)

= 3(a2 + b?)?



~ VH? — AB = V3(a’ + b?)
Also, A + B = (a2 - 3b9) + (b? - 3a9)

= _2(a% + b9

Let 6 be the acute angle between the lines, then

Canee |2 H* - AB

Sotan = A n B
24/3(a? + b?)
—2(&2 —|—b2)

= \/g = tan 60°

. B =60°

Exercise 4.2 | Q5| Page 124
Find the combined equation of lines passing through the origin each of which making an

angle of 30° with the line 3x + 2y -11 =0
Solution: The slope of the line 3x + 2y - 11 =0ism1=- 3/2

Let m be the slope of one of the lines making an angle of 30° with the line 3x + 2y - 11 =
0

The angle between the lines having slopes m and mz is 30°.

. tan 30° = o wﬁ.rflﬁer'»?:tar‘u30":L
l1+m.my | V30

1 | m—(-3)

V30 1+m(—3)

1 2m + 3

/30 |12—-3m




On squaring both sides, we get,

1 (2m+ 3)°

3 (2-3m)’

%~ (2-3m)2=3(2m + 2)?

4 -12m +9m? = 3(4m? + 12m + 9)
~4-12m + 9m? = 12m? + 36m + 27
~3m2+48m+23=0

This is the auxiliary equation of the two lines and their joint equation is obtained by
putting m = y/x

=~ the combined equation of the two lines is

3(1)2 +48(£) +23=0

x
3y> 48

S+ 4230
X X

- 3y? + 48xy + 23x% = 0
- 23x% + 48xy + 3y° = 0

Exercise 4.2 | Q 6 | Page 124
If the angle between the lines represented by ax? + 2hxy + by? = 0 is equal to the angle
between the lines 2x? - 5xy + 3y? = 0, then show that 100 (h? - ab) = (a + b)>.
Solution:
The acute angle 8 between the lines ax? + 2hxy + byz = 0 s given by
2v/h? — ab

tan O = 2 (1)

Comparing the equation 2% - 5xy + 3y2 = 0 with ax® + 2hxy + by2 = 0, we get.

E

a:2,2h:—5,i.e.h:—%andb:3



Let a be the acute angle between the lines 2x° - 5xy + 3y? = 0

tan o o 2v/h% — ab
h - a+b
2
12/ (3) -2
B 243
%
(%9
N 5
2><%
| 5
t ! (2)
Sanda= —
5}

If 8 = o, then tan B = tan a

2v/h?® — ab 1
= — ..[By (1) and (2)]

a+b 5
~4(h*—ab) 1
" (a+b)? 25

-~ 100 (h? - ab) = (a + b)?

This is the required condition.

Exercise 4.2 | Q 7 | Page 124

Find the combined equation of lines passing through the origin and each of which
making an angle of 60° with the Y-axis.

Solution:



6021 60"

* YI

Let OA and OB be the lines through the origin making an angle of 60° with the Y-axis.
Then OA and OB make an angle of 30° and 150° with the positive direction of X-axis.

1
.. slope of OA = tan 30° = —

V3
- equation of the line OA is
1
y=—xiex—V3y=0
V3
Slope of OB = tan 150° = tan (180° - 30°)
tan 30° !
= - tan ==
V3
- equation of the line OB is
1
y=———xiex+V3y=0

V3

- required combined equation is

(- Vay) (x-+ Vay) =0

i.e.x?-3y?=0
EXERCISE 4.3 [PAGES 127 - 128]



Exercise 4.3 | Q1.1 | Page 127

Find the joint equation of the pair of the line through the point (2, -1) and parallel to the
lines represented by 2x? + 3xy - 9y? = 0.

Solution: The combined equation of the given lines is

2x% + 3xy - 9y? =0

i.e. 2x? +6xy - 3xy -9y? =0

i.e. 2x(x + 3y) - 3y(x+3y) =0

ie. (x+3y)(2x-3y)=0

=~ their separate equations are

x+3y=0and2x-3y=0

their s| L and 22
- their slopesare my = — and m; = — = —
g 773 2= 373

: : , 2

The slopes of the lines parallel to these lines are my and m> 1.e. —3 and 3

-. the equations of the lines with these slopes and through the point (2, -1) are

1 1( 2) and 1 2( 2)
+1=——(x-2) andy+1=— (x-
y 3 y 3

i.,e.3y+3=-x+2 and 3y+3=2x-4
ie.x+3y+1=0and2x-3y-7=0

=~ the joint equation of these lines is
x+3y+1)(2x-3y-7)=0

5 2X% - 3Xy - TX + 6xXy - 9y? - 21y + 2x -3y -7=0
5 2X% 4+ 3Xy - 9y?-5x-24y-7=0

Exercise 4.3 | Q 1.2 | Page 127

Find the joint equation of the pair of the line through the point (2, -3) and parallel to the
lines represented by x2 + xy - y? = 0.

Solution: The combined equation of the given lines is

X2+xy-y?=0 ..(»1)

with ax? + 2hxy + by? = 0, we get,

a=1,2h=1,b=-1



Let m1 and m2 be the slopes of the lines represented by (1).

Thenm1+m2:—2—h :_—lzlanqumgz 2 :i:—l
b —1

The slopes of the lines parallel to these lines are m1 and m:.

=~ the equations of the lines with these slopes and through the point (2, - 3) are

y+3=mi(x-2) andy+3=m2(x-2)

ie.mi(x-2)-(y+3)=0 andmz(x-2)-(y+3)=0

=~ the joint equation of these lines is

[m1(x-2)-(y+3)][ma(x-2)-(y+3)]=0

Amimz (X-2)2-ma (X-2)(y +3) - mz(x- 2)(y+3) + (y +3)?=0

Aamimz (X-2)2-(Mme+m2)(x-2)(y+3)+(y+3)°=0

—(x—2 - (x—2)(y+3)+(y+3)°=0 ..[By(@)
L(x=2+(x—2)(y+3) - (y+3)" =0
(x4 (xy+3x—2y—6) — (Y +6y+9) =0
X —Ax 444+ xy+3x—2y—6—y —6y—9=0
x4 xy—y —x—8y—11=0

Exercise 4.3 | Q 2 | Page 127

Show that the equation x? + 2xy + 2y? + 2x + 2y + 1 = 0 does not represent a pair of

lines.

Solution: Comparing the equation

X2+ 2xy + 2y? + 2x + 2y + 1 = 0 with

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, we get,
a=1,h=1b=2g=1f=1c=1.

The given equation represents a pair of lines, if



h g
b fl=0andh?-ab=0
f c

O
Il
m 5w

Now, D =

m = oo

h
b
f

o T e R0 =]

1 1 1
=1 2 1

1 11
=12-1)-1(1-1)+ 1(1 - 2)
=1-0-1=0

and h®-ab=(1)-12)=-1<0

" given equation does not represent a pair of lines.

Exercise 4.3 | Q 3 | Page 127

Show that the equation 2x? - xy - 3y? - 6x + 19y - 20 = 0 represents a pair of lines.
Solution: Comparing the equation

2x% - xy - 3y?-6x+ 19y -20=0
with ax2 + 2hxy + by2 + 2gx + 2fy + ¢ = 0, we get,

a=2,h=—l,b=—3,f=Eandc=—2{}
2 2

a h g
~D=lh b f
g f c

2 -3 -3
— 1 19
=|—2 3 3
-3 & 20

Taking 2 common from each row, we get,



4 -1 —6

D :é -1 —6 19

—6 19 —40
— £ [4(240 — 361) + 1(40 + 114) — 6(~19 — 36)]
= %[4(—121) + 154 — 6(—55)]

11
= 5 [4(-11) + 14 - 6(-5)]
2

Also, h? - ab = (—%) — 2(—3) :i_Fﬁ: % >0

.. the given equation represents a pair of lines.

Exercise 4.3 | Q 4 | Page 127

Show that the equation 2x? + xy - y? + X + 4y - 3 = 0 represents a pair of lines. Also, find
the acute angle between them.

Solution: Comparing the equation

2X2 + Xy - y? + X + 4y - 3 = 0 with

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 we get,

1 1
a=2,h=§,b=—‘lrg=E,f=2,c=—3.
1 1
a hgl |2 3 3
D=|h b f|=|F -1 2
gt c |1 2 -3
1
2

Taking — common from each row, we get,



14 1 1
D=—(1 -2 4

*li 4 s
::%HUQ—1Q—1@6—4%+H4+3]
= < [4(~4) ~ 1(-10) + 1(6)]
_ %(—164—104—6):0
Also, h2 - ab = (%)2—2(—1)=%+2=% >0

-. the given equation represents a pair of lines.

Let © be the acute angle between the lines

2v/h? — ab
a+b

2/(3)" - 2-1)

2—-1

s tan @ =

=0 =tan1(3)

Exercise 4.3 | Q5.1 | Page 127



Find the separate equation of the line represented by the following equation:
(X-2)*-3(x-2)(y+1) +2(y +1)*=0

Solution: (x-2)?-3(x-2)(y+1)+2(y+1)°=0

s (X-2)2-2(x-2)(y +1) - (x-2)(y + 1) + 2(y + 1)* =0
S (X-2)[(x-2)-2(y+ 1) (y+ DIx-2)-2(y+1)] =0
W (X-2)(x-2-2y-2)-(y+1)(x-2-2y-2)=0
A(X-2)(X-2y-4)-(y+1)(x-2y-4)=0
~(X-2y-4)(x-2-y-1)=0
~(X-2y-4)(x-y-3)=0

=~ the separate equations of the lines are
X-2y-4=0 andx-y-3=0

Alternative Method:
(X-22-3(x-2)(y+1)+2(y+1)>=0 ..(2)
Putx-2=X andy+2=Y

~ (1) becomes,

X?-3XY +2Y2=0

W X2-2XY - XY +2Y2=0

A X(X-2Y)-Y(X-2Y)=0

H~(X-2Y)(X-Y)=0

=~ the separate equations of the lines are
X-2Y=0and X-Y =0

~(x-2)-2(y+1)=0and (x-2)-(y+1)=0
~X-2y-4=0andx-y-3=0

Exercise 4.3 | Q5.2 | Page 127

Find the separate equation of the line represented by the following equation:
10(x + 1)> + (x + 1)(y - 2) - 3(y - 2> = 0

Solution: 10(x + 1)? + (x + 1)(y - 2) - 3(y - 2)?=0 ....(2)
Putx+l=Xandy-2=Y

~ (1) becomes

10X? + XY -3Y2=0



10X? + 6XY - 5XY - 3Y2=0
2X(5X +3Y) - Y(BX +3Y)=0
(2X-Y)5X+3Y)=0
5X+3Y=0 and 2X-Y=0
5X+3Y=0
5x+1)+3(y-2)=0
5x+5+3y-6=0
~5x+3y-1=0

2X-Y=0
2x+1)-(y-2)=0
2X+2-y+2=0
“2X-y+4=0

Exercise 4.3 | Q 6.1 | Page 127

Find the value of k, if the following equations represent a pair of line:
3x?+10xy + 3y? + 16y +k =0

Solution: Comparing the given equation with
ax? + 2hxy + by? + 2gx + 2fy +c=0
weget,a=3,h=5Db=3,9g=0,f=8,c=k.
Now, given equation represents a pair of lines.
~ abc + 2fgh - af? - bg? - ch?=0

= (3)(3)(K) + 2(8)(0)(5) - 3(8)* - 3(0)* - k(5)*=0
~9k+0-192-0-25k=0

~-16k-192=0

s - 16k =192

~k=-12

Exercise 4.3 | Q 6.2 | Page 127
Find the value of k, if the following equations represent a pair of line:

kxy + 10x + 6y + 4 =0

Solution: Comparing the given equation with



ax? + 2hxy + by? + 2gx + 2fy +c =0
weget,a=0,h=k/2,b=0,g=5,f=3,c=4
Now, given equation represents a pair of lines.

~ abc + 2fgh - af? - bg? - ch?=0

OO +23)6)( 5 ) -0 - 0" - 4(

~0+15k-0-0-k?=0

~15k-k2=0
~-k(k-15)=0
~k=0 ork=15

If k = 0, then the given equation becomes

10x + 6y + 4 = 0 which does not represent a pair of lines.
~k#0

Hence, k = 15.

Exercise 4.3 | Q 6.3 | Page 127

Find the value of k, if the following equations represent a pair of line:

X2+ 3xy +2y?+x-y+k=0
Solution: Comparing the given equation with

ax? + 2hxy + by? + 2gx + 2fy + ¢ =0



3 1 1
weget,a=1h=—b=2g-=

— f=——,c=k
2 2 2
Now, given equation represents a pair of lines.
a h g
.h b fl=0
g f ¢
3 1
L 5 3
le|3 2 —3/=0
1 1
7 —7 K

: 1
Taking out 3 common from each row, we get,

2 3 1

1 3 4 -1 =0
1 -1 2k
2 3 1

3 4 —1/=0
1 -1 2k

L 28k-1)-36k+1)+1(-3-4 =0
.16k -2-18k-3-7=0
n-2k-12=0

n-2k=12 -~ k=-6

Exercise 4.3 | Q 7 | Page 128

Find p and q, if the equation px? - 8xy + 3y? + 14x + 2y + g = 0 represents a pair of
perpendicular lines.

Solution: The given equation represents a pair of lines perpendicular to each other
= (coefficient of x?) + (coefficient of y?) = 0

~p+3=0 ~p=-3

With this value of p, the given equation is



-3x2-8xy +3y?+14x+2y+q=0
Comparing this equation with
ax? + 2hxy + by? + 2gx + 2fy +c =0
a=-3,h=-4,b=3,g=7,f=1andc=q
a h g -3 -4 7
~D=|h b fl=|—4 3
g f c 7T 1 g

=-3(3g-1)+4(-4q-7)+7(-4-21)

=-9q+3-16g-28-175

=-25q - 200

=-25(q+8)

Since the given equation represents a pair of lines, D =0
~-25(q+8)=0

~g=-8

Hence,p=-3andq=-8.

Exercise 4.3 | Q 8 | Page 128

Find p and g, if the equation 2x? + 8xy + py? + gqx + 2y - 15 = 0 represents a pair of
parallel lines.

Solution: The given equation is 2x?> + 8xy + py? + gqx + 2y - 15=0
Comparing it with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, we get,
a=2,h=4,b=p,g=09/2,f=1,c=-15

Since the lines are parallel, h? = ab

= (4)?=2p

~p=8

Since the given equation represents a pair of lines



a h g
D=|h b f| =0whereb=p=28
g f c
2 4 &
iee|4 8 1 |=0
3 1 —15

e.2(—120 — 1) — 4(—60 - %) + %(4 _4q) =0

i.e.-242+240+2q+29-29°=0
ie.-20°+4q-2=0
ie.g’-2q+1=0

ie.(g-1)%=0

~Qq-1=0

~qg=1

Hence,p=8andg=1

Exercise 4.3 | Q9| Page 128
Equations of pairs of opposite sides of a parallelogram are x?> - 7x + 6 = 0 and y? - 14y +
40 = 0. Find the joint equation of its diagonals.

Solution: Let ABCD be the parallelogram such that the combined equation of sides AB
and CD is x? - 7x + 6 = 0 and the combined equation of sides BC and AD y? - 14y + 40 =

0

The separate equations of the lines represented by x> - 7x + 6 =0, i.e. (x - 1)(x-6) =0
arex-1=0andx-6=0

Let equation of the side AB be x - 10 and equation of side CD be x-6 =0

The separate equations of the lines represented by y? - 14y + 40 = 0, i.e. (y - 4)(y - 10) =
Oarey-4=0andy-10=0

Let equation of the side BC be y - 4 = 0 and equation of side ADbey-10=0



Coordinates of the vertices of the parallelogram are A(1, 10), B(1, 4), C(6, 4) and D(6,
10)

-~ equation of the diagonal AC is
y-10 10 —4 _ 6
x—1 1-6 -5

5y +50=06x-6

. 6X +5y-56=0

and equation of the diagonal BD is

y—4 4-10 -6 6

x—1 1-6 -5 5
. 5y-20=6x-6
L 6x-5y+14=0

Hence, the equations of the diagonals are 6x + 5y - 56 = 0 and 6x - 5y + 14 =0
.. the joint equation of the diagonals is

(6x + 5y - 56)(6x - 5y + 14) = 0

- 36x% — 30xy + 84x + 30xy — 25y° + 70y — 336x + 280y — 784 =0

- 36x° — 25y° — 252x + 350y — 784 = 0

[Note: Answer in the textbook is incorrect]

Exercise 4.3 | Q 10 | Page 128



AOAB is formed by the lines x? - 4xy + y2 = 0 and the line AB. The equation of line AB is
2x + 3y - 1 = 0. Find the equation of the median of the triangle drawn from O.

Solution:

| .'I.'I-l-.l.'.I v, + ¥
k, ¥

Adx, vl

v

Let D be the midpoint of seqg AB where A is (x4, y1) and B is (x5, y2).

X1 + Xo Y1+Y2)

Then D h dinat ’
en D has coordinates ( 5 5

The joint (combined) equation of the lines OA and OB is x? - 4dxy +
},2 = 0 and the equation of the line ABis2x + 3y -1=20

.. points A and B satisfy the equations 2x + 3y - 1 = 0 and X2 - 4xy

+ yz = 0 simultaneously.
13y .
—

2 N

We eliminate x from the above equations, i.e,, put x =

the equation X2 - dxy + yz = 0, we get,



2
. (1—23y) —4(1;3F)}’+y2=0
©(1—3y)” —8(1—3y)y +4y> =0
©1-6y+9y?-8y + 24y + 4y2 = 0
£ 37y%-14y +1=0

The roots y; and y, of the above quadratic equation are the y-

coordinates of the points A and B.

b 14
+ Yy = —— = —
y1+Y2 a 37
_ :  yVitys T
- y-coordinate of D = > = 37

Since D lies on the line AB, we can find the x-coordinate of D as

2X + 3 i 1=0
X+ 37 =

2};{:1—E:E
37 37

8

I}{_ﬁ

_ ¥
8/37  7/37

- equation of the median OD is

l.e. 7x-8y =0

Exercise 4.3 | Q 11 | Page 128



Find the coordinates of the points of intersection of the lines represented by x? - y? - 2x
+1=0

Solution: Consider, x2-y?-2x+1=0

S (X2-2x+1)-y?=0

~(x-1)2-y2=0

L(X-1+y)(x-1-y)=0

~(X+y-1)(x-y-1)=0

-~ separate equations of the lines are
Xx+y-1=0andx-y+1=0

To find the point of intersection of the lines, we have to solve
x+y-1=0 ..(1)

andx-y+1=0 ..(2

Adding (1) and (2), we get,

2x=0

~x=0

Substituting x = 0 in (1), we get,
0+y-1=0

~y=1

=~ coordinates of the point of intersection of the lines are (0, 1).

[Note: Answer in the textbook is incorrect.]

MISCELLANEOUS EXERCISE 4 [PAGES 129 - 130]

Miscellaneous Exercise 4 | Q 1.01 | Page 129
Choose correct alternatives:
If the equation 4x? + hxy + y? = 0 represents two coincident lines, then h =
1. +£2
2. +3
3. 4
4. £5
Solution: If the equation 4x? + hxy + y? = 0 represents two coincident lines, then h = +
4.



Miscellaneous Exercise 4 | Q 1.02 | Page 129

Choose correct alternatives:

If the lines represented by kx? - 3xy + 6y? = 0 are perpendicular to each other, then
1. k=6

2. k=-6
3. k=3
4. k=-3

Solution: k=-6
Miscellaneous Exercise 4 | Q 1.03 | Page 129
Choose correct alternatives:
Auxiliary equation of 2x? + 3xy - 9y =0 is
1. 2m?2+3m-9=0
2. 9IM?-3m-2=0
3. 2m?-3m+9=0
4. -9m?-3m+2=0
Solution: Auxiliary equation of 2x? + 3xy - 9y? = 0is 9m? - 3m - 2 = 0.

Miscellaneous Exercise 4| Q 1.04 | Page 129
Choose correct alternatives:
The difference between the slopes of the lines represented by 3x? - 4xy + y> =0 is 2
1. 2
2. 1
3.3
4. 4
Solution: The difference between the slopes of the lines represented by 3x? - 4xy + y? =
Ois 2.
Miscellaneous Exercise 4 | Q 1.05 | Page 129
Choose correct alternatives:
If two lines ax? + 2hxy + by? = 0 make angles a and B with X-axis, then tan (a + B) =
1. h/a+b
2. hla-b
3. 2h/a+b



4. 2h/a-b

Solution:
If two lines ax? + 2hxy + byz = 0 make angles ac and [ with X-axis,
2h
then t =
en tan (o + ) b

Explanation:

mq = tan a, m> = tan

wtan (o + p) = tana + tanfs
R 1 — tana - tanp
mj; + ms o —2]1/]] 2h

_l—mlmg_l—(a/b) a—b

Miscellaneous Exercise 4| Q 1.06 | Page 129
Choose correct alternatives:

2 2
If the slope of one of the two lines given by x + 2xy + Y _ 0
a h b
Is twice that of the other, then ab: he =
1. 1:2
2. 2:1
3. 8:9
4. 9:8
Solution:
o X 2xy ¥
If the slope of one of the two lines given by o + h + n = 0

Is twice that of the other, then ab: h=9:8.

Explanation:

—2b
h

mqi + my = and mym; = —
a



where mq = 2m>

2b b
.'.2m2+m2=—Tand2m2xm2:—
_ ~ —2b o b
. m2 = ah andmz—ﬂ
(-2b\° b
"\ 3h / 2a
)

" 9h? 2a
cab_ 9
‘T8

Miscellaneous Exercise 4 | Q 1.07 | Page 130
Choose correct alternatives:
The joint equation of the lines through the origin and perpendicular to the pair of lines
3x?+4xy -5y?=01s

1. 5x?+4xy -3y?=0

2. 3x?2+4xy-5y?>=0

3. 3x?-4xy +5y?=0

4. 5x>+4xy +3y?=0
Solution: The joint equation of the lines through the origin and perpendicular to the pair
of lines 3x? + 4xy - 5y? = 0 is 5x% + 4xy - 3y2 = 0.

Miscellaneous Exercise 4 | Q 1.08 | Page 130
Choose correct alternatives:
If acute angle between lines ax? + 2hxy + by? = 0 is, /4, then 4h? =
1. a?+4ab + b?
2. a?+6ab +b?
3. (a+ 2b)(a+ 3b)
4. (a-2b)(2a +Db)
Solution:



m

1 then 4h?

If acute angle between lines ax® + 2hxy + byz =01s,

= a2 + 6ab + b%.

Miscellaneous Exercise 4 | Q 1.09 | Page 130

Choose correct alternatives:

If the equation 3x? - 8xy + qy? + 2x + 14y + p = 1 represents a pair of perpendicular
lines, then the values of p and q are respectively.

1. -3and-7
2. -7and -3
3. 3and 7

4. -7and 3

Solution: -7 and - 3
Miscellaneous Exercise 4| Q 1.1 | Page 130
Choose correct alternatives:
The area of triangle formed by the lines x2 + 4xy +y>=0and x-y-4=01s
4/3 sq units
8/\3 sq units
16/N/3 sq units
4. 153 sq units
Solution: The area of triangle formed by the lines x> + 4xy + y?’=0and x-y-4=0

w bR

is 8/\3 sq units

Miscellaneous Exercise 4 | Q 1.11 | Page 130
Choose correct alternatives:

The combined equation of the coordinate axes is
x+y=0

Xy =k

w pnp e

Xy =0
4. x-y=Kk
Solution: The combined equation of the coordinate axes is xy = 0.
Miscellaneous Exercise 4| Q 1.12 | Page 130
Choose correct alternatives:
If h2 = ab, then slopes of lines ax? + 2hxy + by? = 0 are in the ratio



1:2
2:1
2:3
4. 1:1

w N e

Solution: If h? = ab, then slopes of lines ax? + 2hxy + by? = 0 are in the ratio 1:1.

Hint: If h? = ab, then lines are coincident. Therefore slopes of the lines are equal.

Miscellaneous Exercise 4 | Q 1.13 | Page 130
Choose correct alternatives:
If slope of one of the lines ax? + 2hxy + by? = 0 is 5 times the slope of the other, then
5h? =
ab
2ab
7ab
4. 9ab
Solution: If slope of one of the lines ax? + 2hxy + by? = 0 is 5 times the slope of the
other, then 5h? = 9ab.
Miscellaneous Exercise 4| Q 1.14 | Page 130

w N e

Choose correct alternatives:
If distance between lines (x - 2y)? + k(x - 2y) = 0 is 3 units, then k =
1. +£3
2. +5\5
3.0
4. +3\5
Solution: If distance between lines (x - 2y)2 + k(x - 2y) = 0 is 3 units, then k = +3v5
Explanation:
(X-2y)2+k(x-2y)=0
s~ (X-2y)(x-2y+Kk)=0

~ equations of the lines are x - 2y = 0 and x - 2y + k = 0 which are parallel to each other.



‘ _3
k= :I:Sx/_

MISCELLANEOUS EXERCISE 4 [PAGES 130 - 132]

Miscellaneous Exercise 4 | Q 1.01 | Page 130

Find the joint equation of the line:

Xx-y=0andx+y=0

Solution: Find the joint equation of the line x-y=0and x+y =0 s
(x-y)x+y)=0

ax2-y2=0

Miscellaneous Exercise 4 | Q 1.02 | Page 130

Find the joint equation of the line:

Xx+y-3=0and2x+y-1=0

Solution: Find the joint equation of the line x+y-3=0and2x+y-1=0
(x+y-3)(2x+y-1)=0

L2XP XY -X+2Xy +Yy?-y-6x-3y+3=0

S 2X2+ 33Xy +y2-T7x-4y+3=0

Miscellaneous Exercise 4| Q 1.03 | Page 130
Find the joint equation of the line passing through the origin having slopes 2 and 3.

Solution: We know that the equation of the line passing through the origin and having
slope m is y = mx. Equations of the lines passing through the origin and having slopes 2
and 3 are y = 2x and y = 3x respectively. i.e. their equations are

2x -y =0 and 3x - y = 0 respectively.
=~ their joint equation is
(2x-y)(8x-y)=0

-2xy -3xy +y?=0



L BX?-5xy +y2=0

Miscellaneous Exercise 4 | Q 1.04 | Page 130

Find the joint equation of the line passing through the origin and having inclinations 60°
and 120°.

Solution: Slope of the line having inclination 8 is tan 6.

Inclinations of the given lines are 60° and 120°

~. their slopes are m1 = tan 60° = V3 and

m2 = tan 120° = tan (180° - 60°)

= - tan 60° = - V3.

Since the lines pass through the origin, their equations are

y=13xandy = —v3x
l.e. vV3x -y =0and x/§1+j,r=0

~. the joint equation of these lines is

(x/ﬁx-y) (x/ﬁﬁy) =0

- 3x2 - yz =0
Miscellaneous Exercise 4 | Q 1.05 | Page 130
Find the joint equation of the line passing through (1, 2) and parallel to the coordinate
axes
Solution: Equations of the coordinate axesare x =0andy =0

=~ the equations of the lines passing through (1, 2) and parallel to the coordinate axes
arex=1landy=2.

ie.x-1=0andy-2=0

=~ their combined equation is
(x-1)(y-2)=0
~XlYy-2)-1y-2)=0

XYy -2X-y+2=0

Miscellaneous Exercise 4 | Q 1.06 | Page 130



Find the joint equation of the line passing through (3, 2) and parallel to the lines x = 2
andy = 3.

Solution: Equations of the lines passing through (3, 2) and parallel to the lines x = 2
andy=3arex=3andy = 2.

i.,e.x-3=0andy-2=0
=~ their joint equation is
(x-3)(y-2)=0

WXy -2X-3y+6=0
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Find the joint equation of the line passing through (-1, 2) and perpendicular to x + 2y + 3
=0and3x-4y-5=0

Solution: Let L1 and L2 be the lines passing through the origin and perpendicular to the
lines x + 2y + 3 =0 and 3x - 4y - 5 = 0 respectively.

1
Slopes of the linesx + 2y + 3 = 0and 3x-4y -5 =0 are 3 and

3 3 :
— respectively.

T4 4

.. slopes of the lines Ly and L, are 2 and 3 respectively.

Since the lines Ly and L; pass through the point (-1, 2), their
equations are

(Y -yq) = m(x - xq)

Ly -2)=20x+ 1)

Sy-1=2x+2



=2x-y+4=0and

Ly -2) = —4 1
Cy-2= (5 ) D)

=3y-6=(-4x+1)
=3y-6=-4x-4
=4x+3y-6+4=0

= 4x+3y-2=0

their combined equation is

L2x-y+4)dx+3y-2)=0
- 8x2 + 6xy - 4x - 4xy - 3y% + 2y + 16X + 12y -8 = 0

-~ 8x% + 2xy + 12x - 3y° + 14y -8 =0
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Find the joint equation of the line passing through the origin and having slopes 1
+V3and1-+3

Solution:
Let Iy and |5 be the two lines. Slopes of 115 1 + v/3 and that of s 1 - V3

Therefore the equation of a line (I1) passing through the origin and having slope is
y = (1 + \/g)x

(1 + «/E)x —y=0 ..(1)

Similarly, the equation of the line (I5) passing through the origin and having slope is

yz(l—x/ﬁ)x



(1 — \/E)X —y=0 (2
From (1) and (2) the required combined equation is

(1 ¥B)s][(1-v8)x 5] =0

(VB[ (1= VB)x -] — 5[ (1= VB)x 4] -

-. (1—x/§)(1+«/§)x2—(1+w/—)xy (1 )xy—l—y — 0

(- (vB) e [(1+B) + (1 vB) v 47 =

S(1=3)x —2xy+y* =0

L=2x2 —2xy4+y2 =0

L 2x% + 2Xy - yz =

This is the required combined equation.
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Find the joint equation of the line which are at a distance of 9 units from the Y-axis.

Solution: Equations of the lines, which are parallel to the Y-axis and at a distance of 9
units from it, are x =9 and x =- 9

i.,e.x-9=0andx+9=0
LY 4

L 2 L Y‘
r=-9 X

I =

9

=~ their combined equation is



x-9)x+9)=0
~X?-81=0
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Find the joint equation of the line passing through the point (3, 2), one of which is
parallel to the line x - 2y = 2, and other is perpendicular to the line y = 3.

Solution:

Let Ly be the line passes through (3, 2) and parallel to the line x -
. —1 1

2y = 2 whose slope is — = 5

~. slope of the line Ly is 3

- equation of the line L, is

1
y-2= E(X - 3)
n2y-4=x-3
wX-2y+1=0
Let L2 be the line passes through (3, 2) and perpendicular to the liney = 3.
~ equation of the line L2 is of the form x = a. Since L2 passes through (3, 2), 3 = a.
~ equation of the line L2oisx=3,i.e.x-3=0
Hence, the equations of the required lines are
x-2y+1=0andx-3=0
=~ their joint equation is
(x-2y+1)(x-3)=0
SX2-2Xy +X-3x+6y-3=0
W X2-2Xy -2X+6y-3=0
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Find the joint equation of the line passing through the origin and perpendicular to the
linesx+2y=19and 3x +y =18



Solution: Let L1 and Lz be the lines passing through the origin and perpendicular to the
lines x + 2y = 19 and 3x + y = 18 respectively.

Slopes of the lines x + 2y = 19 and 3x + y = 18 are — 1/2 and — 3/1 = -3 respectively.
= slopes of the lines L1 and L2 are 2 and 1/3 respectively.

Since the lines L1 and L2 pass through the origin, their equations are

y=2x andy =1/3x

i.e.2x-y=0 andx-3y=0

=~ their combined equation is

(2x-y)(x-3y)=0

. 2x%2-6xy -xy +3y2=0

L 2X2-Txy +3y?=0
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Show that the following equations represents a pair of line:

X2+ 2xy -y?>=0

Solution: Comparing the equation x? + 2xy - y? = 0 with ax? + 2hxy + by? = 0, we get,
a=1,2h=2ie,h=1andb=-1

~h2-ab=(1)2-1(-1)=1+2=2>0

Since the equation x? + 2xy - y? = 0 is a homogeneous equation of second degree and
h2 - ab > 0, the given equation represents a pair of lines which are real and distinct.
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Show that the following equations represents a pair of line:

4x2+4xy +y?>=0

Solution: Comparing the equation 4x? + 4xy + y? = 0 with ax? + 2hxy + by? = 0, we get,
a=4,2h=4ie,h=2,andb=1

~h?-ab=(2)2-4(1)=4-4=0

Since the equation 4x? + 4xy + y? = 0 is a homogeneous equation of second degree and
h? - ab = 0, the given equation represents a pair of lines which are real and coincident.
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Show that the following equations represent a pair of line:

x2-y?=0

Solution: Comparing the equation x? - y? = 0 with ax? + 2hxy + by? = 0, we get,
a=1,2h=0ie,h=0,andb=-1

~h?-ab=(0)?-1(-1)=0+1=1>0

Since the equation x? - y?2 = 0 is a homogeneous equation of second degree and h? - ab
> 0, the given equation represents a pair of lines which are real and distinct.
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Show that the following equations represent a pair of line:

X2+ 7xy-2y?>=0

Solution: Comparing the equation x2 + 7xy - 2y? = 0 with ax? + 2hxy + by? = 0, we get,

a=1,2h=?i,e,h=%,andb=—2

49
— = 12
7+
57
= e 1425=14>0

Since the equation x? + 7xy - 2y? = 0 is a homogeneous equation of second degree and
h? - ab > 0, the given equation represents a pair of lines which are real and distinct.
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Show that the following equations represent a pair of line:

x> —2vV3xy —y? =0

Solution:



Comparing the equation x> — Zx/gxy — y2 = 0 with ax? + 2hxy +
by? = 0, we get,
a=1,2h=-2v3ieh=v3andb=1

~h2-ab= (x/ﬁ)z -1(1)

=3-1=2>0
Since the equation x% — 2\/5:{3' — 3% = 0is a homogeneous

equation of second degree and h? - ab > 0, the given equation

represents a pair of lines which are real and distinct.

Miscellaneous Exercise 4| Q 3.1 | Page 131

Find the separate equation of the line represented by the following equation:
6X% - 5xy - 6y2 =0

Solution: 6x? - 5xy - 6y2 =0

5 6X2 - 9xy + 4xy - 6y2 =0

s 3X (2x - 3y) +2y(2x-3y) =0

~(2x-3y)(Bx +2y) =0

the separate equations of the lines are

2x-3y =0 and 3x+2y=0.
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Find the separate equation of the line represented by the following equation:
X2 -4y2=0

Solution: x2-4y?=0

“X2-(2y)?=0

~(x-2y)(x+2y)=0

the separate equations of the lines are

x-2y=0 andx+2y=0
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Find the separate equation of the line represented by the following equation:

3x2-y?=0
Solution:

3x? - },2 =0

(v@}:)z ¥ =0

('\/gx —y) (x/gx—l— y) =0

the separate equations of the lines are

V3x—y=0and V3x4+y=0
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Find the separate equation of the line represented by the following equation:
2x%2 +2xy -y>=0

Solution: 2x? + 2xy -y? =0

The auxiliary equationis - m? + 2m+2=0

~m2-2m-2=0

C24/(-2° - 4()(-2

2x1

. m

24448

2

 2£2V3
==

=1++3
~mq=1+v3and my = 1- /3 are the slopes of the lines.

-. their separate equations are



y = mqx andy = msx
ey = (l—l—\/g)xand y = (1—\/5)1{
i.e. (Vg—i—l)x—y:{] and (\/E—l)x—l—y:{l
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Find the joint equation of the pair of a line through the origin and perpendicular to
the lines given by

X2+ 4xy -5y?=0
Solution: Comparing the equation x? + 4xy - 5y? = 0 with ax2 + 2hxy + by? = 0, we get,
a=12h=4,b=-5

Let m1 and m2 be the slopes of the lines represented by x? + 4xy - 5y?> =0

—2h 4 4 a —1 )
SMmp+my= —— =— and mmy = — = — ..
e R
Now, required lines are perpendicular to these lines
—1 1
~. their slopes are — and —
m;y ma

Since these lines are passing through the origin, their separate equations are

—1 —1
y=—xandy=—X
1my myo
i.e. miy =-xand mzy = - x
ie.x+my =0andx+may =0
=~ their combined equation is
(X + my)(x + m2y) =0

5 X2+ (M1 + m2)xy + mumzy? =0

-2+E Lo [By(1)]
SX 5}@' 5}?- ...|By

- 5x2 + 4xy - yz =0
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Find the joint equation of the pair of a line through the origin and perpendicular to
the lines given by

2x% - 3xy - 9y?=0
Solution: Comparing the equation 2x? - 3xy - 9y? = 0 with ax2 + 2hxy + by? = 0, we get,
a=2,2h=-3,b=-9

Let m1 and m2 be the slopes of the lines represented by 2x? - 3xy - 9y? =0

—2h 3 q a 2 )
SMmp+my= ——=—— and mmy = — =—— ..
1 2 b 9 12 b 0
Now, required lines are perpendicular to these lines
—1 1
~. their slopes are — and ———
m; ms

Since these lines are passing through the origin, their separate equations are
-1 —1

y=—xandy=—x
mj ms

i.e. mwy =-xand may = - X

ie.x+my =0andx+may =0

=~ their combined equation is

(x+muy)(x +mz2y) =0

o X2+ (M1 + m2)xy + mamzy? =0

2. (3 2\ 2
. X +( g |t (=9 )y =0 Byl

- 9x? — IXy — Zyz =0
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Find the joint equation of the pair of a line through the origin and perpendicular to
the lines given by

X2+xy-y?=0
Solution: Comparing the equation x? + xy - y? = 0 with ax2 + 2hxy + by? = 0, we get,
a=1,2h=1,b=-1



Let m1 and m2 be the slopes of the lines represented by x? + xy - y> =0

—2h —1 1
'.m1+m2=T:_—1:1 and m1m2:%:_—1:—1 (1)
Now, required lines are perpendicular to these lines

—1 1
~. their slopes are — and ———
1 3

Since these lines are passing through the origin, their separate equations are

-1 g —1
= —xandy = —x
Y m; Yy s

i.e. miy =-xand may = - X
ie.x+miy =0andx+mzy =0
=~ their combined equation is
X+ muy)(x+mz2y)=0

s X2+ (M + m2)xy + mimzay? =0
x4 Ixy 4 (—1)y* =0 ..[By(1)]

x2—|—}qr—y2 =0
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Find k, if the sum of the slopes of the lines given by 3x? + kxy - y?> = 0 is zero.
Solution: Comparing the equation 3x? + kxy - y? = 0 with ax? + 2hxy + by? = 0, we get,
a=3,2h=k,b=-1

Let m1 and m2 be the slopes of the lines represented by 3x? + kxy - y2 = 0.

—2h —k
LM+ my = — z_lzk
Now, my+m> =0 .. (Given)

~ k=0
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Find k, if the sum of the slopes of the lines given by x? + kxy - 3y? = 0 is equal to their
product.

Solution: Comparing the equation x? + kxy - 3y? = 0 with ax? + 2hxy + by? = 0, we get,
a=1,2h=k,b=-3

Let m1 and m2 be the slopes of the lines represented by x? + kxy - 3y? = 0.

—2h —k k

S )

a 1 —1
B S
Now, m7 + m> = mqm> ..(Given)
k-1
'3 3
Lk=-1
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Find k, if the slope of one of the lines given by 3x? - 4xy + ky? =0 is 1.

Solution: The auxiliary equation of the lines given by 3x? - 4xy + ky? = 0 is km? - 4m + 3
=0

Given, slope of one of the lines is 1.

-~ m = 1 is the root of the auxiliary equation km? - 4m + 3 =0

~k(1)2-4(1)+3=0

~k-4+3=0

sk=1
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Find k, if one of the lines given by 3x? - kxy + 5y? = 0 is perpendicular to the line 5x + 3y
=0.

Solution:



The auxiliary equation of the lines given by 3x2 - kxy + 5y2 =0is 5m°-km+3=0
3]

Now, one line is perpendicular to the line 5x + 3y = 0, whose slope is —3

3

~. slope of that line = m = 5

.m = 5 is the root of the auxiliary equation 5m? - km + 3 = 0

FORORR

9 3k
Lo 43=0
5 5

~9-3k+15=0
~ 3k =24

~ k=8
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Find k if the slope of one of the lines given by 3x? + 4xy + ky? = 0 is three times the

other.

Solution: 3x?+ 4xy + ky? =0

= divide by x?

3x?  4xy  ky?
X2 T x2 * x2

4
3+—y+§ —0 ..(1)
X X

=0

LY = MK
Y
X

Put Y = m in equation (1)
X

Comparing the equation km? + 4m + 3 = 0 with ax® + 2hxy + by® = 0, we get,



a=k,2h=4,b=3
mq = 3m> ..(given condition)

-2h 4
m«|+m2:—:——

k k

a 3
m1m2= — =

b  k

4
m1+m2=—E

4
4”’12 = —E (m1 = 3m2}
1
m2 = —E
3
mqﬂ"Iz:E
3
3]11% =% (mq =3m;)
2
1 3 1
11
k2 k
kK =k
k=1 ork=0
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Find k, if the slopes of lines given by kx? + 5xy + y? = 0 differ by 1.
Solution: Comparing the equation kx? + 5xy + y? = 0 with ax? + 2hxy + by? = 0, we get,



a|=|<,2|"|=5i.-a.h=E
2

—2h 3]
m1+m2=T=—T=—5
k
andm1m2:%:T:k

the slope of the line differ by (m1-m2) =1 ....(1)
o (M1 - m2)? = (M1 + m2)? - dmimz

(m1-mz2)2= (- 5)2-4(k)

(M1 - m2)? = 25 - 4k

1=25-4k .. [By(1)]
4k = 24
k=6
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Find k, if one of the lines given by 6x? + kxy + y>=01is 2x +y = 0.

Solution: The auxiliary equation of the lines represented by 6x? + kxy + y> =0 is m? +
km+6=0

Since one of the line is 2x + y = 0 whose slope ism = - 2.
-~ m = - 2 is the root of the auxiliary equation m? + km + 6 = 0.
(22 +k(-2)+6=0

~4-2k+6=0
~ 2k =10
~ k=5
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Find the joint equation of the pair of lines which bisect angles between the lines given
by x2+ 3xy + 2y? =0

Solution: x2 +3xy + 2y =0

S X2+ 2Xy + Xy +2y?=0

XX+ 2y) +y(x+2y) =0



s (x+2y)(x+y)=0
. separate equations of the lines represented by x? + 3xy + 2y? =0 are x + 2y = 0 and X
+y=0

Let P (X, y) be any point on one of the angle bisector. Since the points on the angle
bisectors are equidistant from both the lines,

2 Y
Angle
hisector

WP (x, )

* Angle
hisector

the distance of P(x, y) from the line x + 2y =0

= the distance of P(x, y) from the linex +y =0

x+ 2y ‘ | x+y
1+4 v1+1

2 2
(x+2y)° _ (x+y)
D 2
= 2(x +2y)2 =5(x +y)?
& 2(x2 + 4xy + 4y?) = 5(x? + 2xy + y?)

o 2X2 + 8xy + 8y? = 5x? + 10xy + 5y?

W 3X2+2xy -3y?=0

This is the required joint equation of the lines which bisect the angles between the lines
represented by x? + 3xy + 2y2 =0
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Find the joint equation of the pair of lines through the origin and making an equilateral
triangle with the line x = 3.

Solution:



Y
150° A
_/’ 60°
g 30° X
X 0 30° X
60°
B
r=273
-

Let OA and OB be the lines through the origin making an angle of 60° with the line x =
3.

~ OA and OB make an angle of 30° and 150° with the positive direction of X-axis.

1
~. slope of OA = tan 30° = —

V3
- equation of the line OAisy = —x
V3

Vg —x
X4/ y=0
Slope of OB = tan 150° = tan (180° - 30°)
= -tan 30° = - i

V3
.. equation of the line OB is y = EK
By — —x
S x+V3y =0

~. required combined equation of the lines is
(x— \/gy)(x—l— \/gy) =0

2

e x?-3y°=0
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Show that the lines x? - 4xy + y?> = 0 and x + y = 10 contain the sides of an equilateral
triangle. Find the area of the triangle.

Solution: We find the joint equation of the pair of lines OA and OB through origin, each
making an angle of 60° with x + y = 10 whose slope is - 1.

Let OA(or OB) has slope m.

- its equation is y - mx ...(1)
m — (—1)
Also, tan 60° =
1+m(—1)
m + 1

V3=

1—m

Squaring both sides, we get,
~ (m+ 1)*
(1—m)*

~3@-2m+m?)=m?+2m+1

3

~3-6m+3m2=m2+2m+1
~2m?2-8m+2=0
am2-4m+1=0

(Z)-4(2)+1=0 .y

X X

y?-4xy +x2=0

- X2 - 4xy + y? = 0 is the joint equation of the two lines through the origin each making
an angle of 60° with x +y =10

= X2 - 4xy +y?=0and x +y = 10 form a triangle OAB which is equilateral.

Let seg OM perpendicular line AB whose questionis x +y = 10



~10
COM = |———— | = 5v/2
‘¢1+1‘

omp  (5v2)
i

- area of equilateral A OAB =

50 "
= sq units.
V3
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If the slope of one of the lines given by ax? + 2hxy + by? = 0 is three times the other,
prove that 3h? = 4ab.
Solution: Let m1 and mz2 be the slopes of the lines represented by ax? + 2hxy + by? =0

We are given that mz2 = 3ma

~my + 3 __2%
..I'Il] ]111— l’}
2h
e —
1T 9
Al 3 = —
so, mq(3m-q) 5
. 2 @
31]11—b
(_ ) _= [By (1)]
) b Y
W _a
4> b

g 3h2=4ab, asb#0
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Find the combined equation of bisectors of angles between the lines represented by
5%2 + 6xy - y2 = 0.

Solution:  Comparing the equation 5x? + 6xy - y? = 0 with ax? + 2hxy + by? = 0, we
get,

a=52h=6,b=-1

Let m1 and m2 be the slopes of the lines represented by 5x? + 6xy - y? = 0.

—2h —6 a 5)

mi+m _b ]

The separate equations of the lines are

y = mix and y = mzx, where m1 # mz

i.e. mix-y=0and mxx -y =0.

Let P(x, y) be any point on one of the bisector of the angles between the lines.

=~ the distance of P from the line mix - y = 0 is equal to the distance of P from the line
mzx -y = 0.

mx—y moX —y

1,*1]1% +1 ﬁmg +1
Squaring both sides, we get,

(mix — y)? _ mpx—y
m? + 1 m3 + 1

- (m3 + 1) (myx — y)* = (m] + 1) (mgx — y)
" (1’11% + 1) (m%xz — 2m;xy + yz) = (111% + 1) (ngxg — 2myXxy + }’2)

m%mgxz — Zmlmgygxy + m%yg + mf)‘:2 — 2myxy +y° = m%m%xg — 2m¥mgxy + m%yg + m%:s;2 — 2moxy + y°

(mil2 — mg)xz + 2myms(m; — ma)xy — 2(m; — ma)xy — (m% — 1:I:L§)y2 =0

Dividing throughout by m; — ms (# 0), we get,

(my + mg)xg + 2mymsaxy — 2xy — (m; + Iﬂg)}i’g =0



5 BX%-10xy - 2xy - 6y =0 ...[By (1)]

5 6x2-12xy - 6y =0

W X2-2xy -y?=0

This is the joint equation of the bisectors of the angles between the lines represented by
5x? + 6xy - y2=0.
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Find an if the sum of the slope of lines represented by ax? + 8xy + 5y2 = 0 is twice their
product.

Solution: Comparing the equation ax? + 8xy + 5y? = 0 with ax? + 2hxy + by? = 0, we
get,a=a,2h=8,b=5

Let m1 and m2 be the slopes of the lines represented by ax? + 8xy + 5y? = 0.

—2h 8
IT'I"| + m2 = ]} = —E
q a a
and mims,; = — = —
Now, (mq1 + m>) = 2(mqm5)
8 a
-5 =2(5)
a=4
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If the line 4x - 5y = 0 coincides with one of the lines given by ax? + 2hxy + by? = 0, then
show that 25a + 40h + 16b =0

Solution: The auxiliary equation of the lines represented by ax? + 2hxy + by? = 0 is
bm? + 2hm + a = 0.

Given that 4x - 5y = 0 is one of the lines represented by ax? + 2hxy + by? = 0.



The slope of the line 4x -5y = 0is — =

—3
.. m = — Is a root of the auxiliary equation bm? + 2hm + a = 0.
4\° 4
16b  8h
35 5 T2=0

. 16b + 40h + 25a =0 |.e.

.. 25a +40h + 16b =0
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Show that the following equation represents a pair of line. Find the acute angle
between them:

Ox? - 6xy +y2+18x -6y +8=0

Solution: Comparing this equation with

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, we get,
a=9,h=-3,b=1,g=9,f=-3andc=8

a h g
D=h b £
g f c
9 -3 9
=|-3 1 =3
9 -3 8

=9(8-9)+3(-24+27)+9(9-9)
=9(-1) + 3(3) + 9(0)
=-9+9+0=0
andh?-ab=(-3)?-9(1)=9-9=0



=~ the given equation represents a pair of lines.

Let B be the acute angle between the lines.

2vh? — ab
L tan B =
a+b
2
23 —o(1)
N 10
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Show that the following equation represents a pair of line. Find the acute angle
between them:

2X2+ Xy -y?+x+4y-3=0
Solution: Comparing this equation with

ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, we get,

1 1
a=2h=—b=-19g=—,f=2andc=-3
2 2
a h g
D=|h b f
g f c
2 3 3
_ |1
=3 —1 2
1
5 2 -3




2(3_4)_%(_2—1)+%(1+%)

o 5, 3,1, 11

472 "2 714
=—24+1+1
=-2+2=0

-. the given equation represents a pair of lines.

Let © be the acute angle between the lines.

2v/h? — ab
;o tan B =
a+b
11312
12V (5) - @)=
a 2-1
24/ 5 +2
9
=2/= =3
4
- tan B = tan 3
-~ 0 =tan? (3)
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Show that the following equation represents a pair of line. Find the acute angle
between them:

(X-3)?+ (x-3)(y-4)-2(y-4)*=0

Solution: Putx-3=Xandy - 4 =Y in the given equation, we get,



X2+ XY -2Y2=0
Comparing this equation with ax? + 2hxy + by? = 0, we get,
a=1,h=1/2,b=-2

This is the homogeneous equation of second degree

1 2
mﬁh?abz(i)-—u—m

1 9
— —192-2+0
1471”7

Hence, it represents a pair of lines passing through the new origin (3, 4).

Let 6 be the acute angle between the lines.

2vh? — ab

s tan 6 =
an 25 b

herea=1,2h=1,i.e.h=%andbz—Z

2/(3)" - 1(-2)

1-2

S tan B =

S tan B =3

~ 0 =tan1(3)
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Find the combined equation of lines passing through the origin and each of which
making an angle of 60° with the Y-axis.

Solution:
& Y
B - 150° A
602 60°
) 30°
X O X
- \[rl

Let OA and OB be the lines through the origin making an angle of 60° with the Y-axis.

Then OA and OB make an angle of 30° and 150° with the positive direction of X-axis.

1
- slope of OA = tan 30° = —
V3

- equation of the line OA is

1
yz—xi.e.x—\/gyzﬂ
V3

Slope of OB = tan 150° = tan (180° - 30°)

1
=-tan 30° = ———

V3

- equation of the line OB is

1
y:——xi.e.x+\/§y:{]
V3

- required combined equation is

(- Vay) (x+ V35) =0

e x2-3y2=0
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If the lines represented by ax? + 2hxy + by? = 0 make angles of equal measure with the
coordinate axes, then show that a  b.

OR

Show that, one of the lines represented by ax? + 2hxy + by? = 0 will make an angle of
the same measure with the X-axis as the other makes with the Y-axis, if a = £ b.

Solution:

"
w \I_-'I

B + Y A
% +it
K
[
X' O X

- Yl

Let OA and OB be the two lines through the origin represented by ax? + 2hxy + by? = 0.

Since these lines make angles of equal measure with the coordinate axes, they make
angles a and 11/2 - a with the positive direction of X-axis or a and 11/2 + a with the
positive direction of X-axis.

= slope of the line OA =m1 =tan a

and slope of the line OB = m2
tan( —a)ortan( +a)
=tan| — —a Jor tan| — (o}
2 2

i.e. ma=cotaormz=-cota

~mimz2=tana x cota =1



OR mimz=tana (-cota)=-1
e.mmmz==%1

But mimz = ab

~ alb=%1

~a=z=b

This is the required condition.
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Show that the combined equation of the pair of lines passing through the origin and
each making an angle a with the line x + y = 0 is x? + 2(sec 2a)xy + y>=0
Solution: Let OA and OB be the required lines.

Let OA (or OB) has slope m.

-~ its equation is y = mx (1)

It makes an angle a with x + y = 0 whose slope is - 1.

- ~ m—+ 1

~tana = 1+ m(-1)

Squaring both sides, we get,
1 2

(1 —m)’

~tan?a (1-2m+m?)=m?+2m+1
~ tan?a - 2mtan?a + m?tan?a = m? + 2m + 1

=~ (tan®a - 1)m? - 2(1 + tan®a)m + (tan?a - 1) =0



tan“a —
1+ tan?
m’ 2( +aﬂf)m 1=0
1 —tan“«
2 1 — tan?a
~m” 4 2(sec2a)m+1=0..|. cos 2a = >
1 4+ tan“a
2
g 3’_2 - 2(5&1‘32&)1 +1=0
X X

- y* 2xy sec2a + x> =0 ..[By (1)]
. y2 4 2xysec 2a +x2 =0

%% + 2(sec 2a)xy + yz = 0 is the required equation.
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Show that the line 3x + 4y + 5 = 0 and the lines (3x + 4y)? - 3(4x - 3y)? = 0 form the
sides of an equilateral triangle.

Solution: The slope of the line 3x + 4y +5=0is m1 =-3/4

Let m be the slope of one of the line making an angle of 60° with the line 3x + 4y + 5 =
0. The angle between the lines having slope m and mz1 is 60°.

. tan 6{)”:‘ m . where tan 60‘“:\/5
1+ m.my
3
m— (—=
WRLEE)
4m + 3
VY= —
V3 4 — 3m




On squaring both sides, we get,
(4m + 3)°

(4 — 3m)?

« 3(4 - 3m)2 = (4m + 3)?

« 3(16 - 24m + 9m?) = 16m2 + 24m + 9

%~ 48 -72m + 27m? = 16m? + 24m + 9
~11m?-96m +39=0

3 =

This is the auxiliary equation of the two lines and their joint equation is obtained by
putting m = y/x.

=~ the combined equation of the two lines is

11(1)2 — 96(y’/x) +39 =0

x
11v2 96

Y _ 2 39—
x2 X

~ 11y? - 96xy + 39x%2 =0
~ 39x2 - 96xy + 11y? =0

~ 39x? - 96xy + 11y? = 0 is the joint equation of the two lines through the origin each
making an angle of 60° with the line 3x + 4y +5=0

The equation 39x? - 96xy + 11y? = 0 can be written as: - 39x? + 96xy - 11y? =0
e. (9x” — 48x%) + (24xy + T2xy) + (16y° — 27y°) =0
e (9x” + 24xy + 16y°) — 3(16x" — 24xy + 9y°) =0

i.e. (3x +4y)?-3(4x-3y)?=0
Hence, the line 3x + 4y + 5 = 0 and the lines (3x + 4y)? - 3(4x - 3y)? form the sides of an
equilateral triangle.
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Show that the lines x2 - 4xy + y2 = 0 and the line x + y = V6 form an equilateral triangle.
Find its area and perimeter.

Solution: x? - 4xy + y2 = 0 and x + y = V6 form a triangle OAB which is equilateral.



Let OM be the perpendicular from the origin O to AB whose equation is x + y = V6

Y
A
60 #,
.f-\
M. i
60"
- B
— .
—/6
S OM=|—0W—| =43

vV1+1
OM?
- area of AOAB = ———

V3
2
= % =3 sg.units.

In right-angled triangle OAM,

5iﬂ6£]"=ﬂ

OA
V3 3
"2 T 0A

=~ length of the each side of the equilateral triangle OAB = 2 units.
=~ perimeter of A OAB = 3 x length of each side
=3 X 2 =6 units
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If the slope of one of the lines given by ax? + 2hxy + by? = 0 is square of the slope of the
other line, show that a?b + ab? + 8h® = 6abh.



Solution: Let m be the slope of one of the lines given by ax? + 2hxy + by? = 0.
Then the other line has slope m?

. m+ mé= —2h ..(1) and
b
(m)(m?) = %
e.m3 = % (2
so(m o+ m2j3 = m3 + {mz)3 + B(m}{mz)(m + m2) e[ (P + q]3 = p3 + q3 + 3pq(p + q)]

[ —2h 3_& a._2 SE —2h
A\ ) Ty T e\

_ —8h? a a2 6ah

b B B

Multiplying by b3, we get,
- 8h3 = ab? + a2%b - 6abh
. a?b + ab? + 8h3 = 6abh

This is the required condition.
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Prove that the product of length of perpendiculars drawn from

P(x1, y1) to the lines represented by ax® + 2hxy + by = 0 is
ax% + 2hx1y; + by;
2
Va-b +4h’

Solution: Let m1 and mz2 be the slopes of the lines represented by ax? + 2hxy + by? =0




2h a
LM+ my=———andmmy=— ..(1)

b b
The separate equations of the lines represented by ax® + 2hxy + by? = 0 are

y = mix and y = myx
Le.mqx-y=0and mox-y =0

Length of perpendicular from P(x1, y1) on

mxi —yn

\/m?+1

Length of perpendicular form P(x1, y1) on

mix -y =0is

meX; — ¥V

1#1’11%4—1

.. product of lengths of perpendiculars

mox -y =01s

mixXi —yi 5 mxi—y

/m?+1 m3 + 1

mimyx; — (m; + mz)x1y; + y;

\/m%m%—l—m%—i—m%—kl



mlmgxf - (ml + 1]12)1’{13’1 + 3’%

\/mfmg + (m; + 1]153)2 —2myms + 1

X1 — 1§ X1y + Vi

= |- By (1)
a’ —2 2a
w1 1

a}{% + 2hx;y; + bﬁ

Va2 + 4h2 — 2ab + b2

ax; + 2hx1y; + byi
V/ (a2 — 2ab + b?) + 4b?

ax% + 2hx;y, + b}’%
\/(a- b)? + 4h?
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Show that the difference between the slopes of the lines given by (tan?0 + cos?6)x? - 2xy

tan 6 + (sin?0)y? = 0 is two.

Solution: Comparing the equation

(tan®0 + cos?0)x? - 2xy tan 6 + (sin?0)y? =0
with ax? + 2hxy + by? = 0, wew get,

a = tan?0 + cos?6,
2h= -2tan 6
b = sin?%6

Let m1 and m2 be the slopes of the lines represented by the given equation.



LM+ My = ———

i 8

and mim, = — =

b

{m1 - mz}z = {m1

2
(21:3,119) 4
sinZ@

B [- 2 tanﬂ} B
N sinZ@ N
tanZ0 4 cosZ0 0

sin?

+ m2]2 = 4m1m2

( tan26 1 {:0829)

sinZ@

sin?@

sin’#
4 ( cos=8

sin*@

4

4tanZ0 4 ( tan20 + cosZf )
sinZ6

- 2
(555 -+ cos™)

sin@

4 (Singﬂ + 00549)

sin26. cos20

sin26. cos20

1 [ 1 — sin%0 — c0549]
sinZ@. cos20

cos20 — cos*é }

d
sinZ@. cos20

2tanf

sin?e

(2)



00529(1 — 00529)
— 4 =4

sin2@. cos26

s ma-mz| =2

=~ the slopes differ by 2.
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Find the condition that the equation ay? + bxy + ex + dy = 0 may represent a pair of

lines.
Solution: Comparing the equation ay? + bxy + ex + dy = 0 with Ax? + 2Hxy + By? + 2Gx

+ 2Fy + C =0, we get,

A—OH=2B-aG6-SF-9 -0
' 2 ’ 2’ 2
The given equation represents a pair of lines,
A H G
f H B F|=0
G F C
0 3 5
eif|2 a £]=0
5 3 0

i.e.ifbed-ae?2=0
i.e.ife(bd-ae)=0
i.e.ife=0 or bd-ae=0

i.e.ife=0 or bd=ae



This is the required condition.
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If the lines given by ax? + 2hxy + by? = 0 form an equilateral triangle with the line Ix + my
= 1, show that (3a + b)(a + 3b) = 4h2.

Solution: Since the lines ax? + 2hxy + by? = 0 form an equilateral triangle with the line
Ix + my = 1, the angle between the lines

ax? + 2hxy + by? = 0 is 60°.

2v/h% — ab

- tan 60° =
a+b

2
at+b

~ 3(a + b)2 = 4(h? - ab)

~ 3(a? + 2ab + b?) = 4h? - 4ab
~ 3a2 + 6ab + 3b? + 4ab = 4h?
~ 3a% + 10ab + 3b2 = 4h?

. 3a% + 9ab + ab + 3b? = 4h?
~ 3a(a + 3b) + b(a + 3b) = 4h?
« (3a + b)(a + 3b) = 4h?

This is the required condition.
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If the line x + 2 = 0 coincides with one of the lines represented by the equation x? + 2xy
+ 4y + k =0, then prove that k = - 4.

Solution: One of the lines represented by x? + 2xy + 4y + k=0isx+2=0. .. (2)
Let the other line represented by (1) beax + by +c =0

=~ their combined equation is (x + 2)(ax + by +¢) =0

~ax?+ bxy +cx + 2ax+2by+2c=0

sax?l+bxy+(a+c)x+2by+2c=0 ..(2)



As the equations (1) and (2) are the combined equations of the same two lines, they are
identical.

~ by comparing their corresponding coefficients, we get,

a b 2b 2c
— = — =— =—andZ2a+c=0

1 2 4 k

2c
~a=—andc=-2a
k

2(—2a)
—4

A=

k=-4
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Prove that the combined of the pair of lines passing through the origin and
perpendicular to the lines ax? + 2hxy + by? = 0 is bx? - 2hxy + ay? = 0.

Solution: Let m1 and m2 be the slopes of the lines represented by ax? + 2hxy + by? = 0.

—2h 4 a )
LMy + My = and mim; = — ..
1 2 b 12 b
Now, the required lines are perpendicular to these lines.
1 1
.. their slopes are ——— and ———
my msa

Since these lines are passing through the origin, their separate equations are

1 q 1
= ———x an = ——X
y my Y my

i.e. miy =-xand mzy = - x
ie.x+my=0 and x+m2y=0
=~ their combined equation is

(x+ my)(x + may) =0

o X2+ (M1 + mz)xy + mimzy? =0



—2h a
2 2
X —x 4+ —vyv =0 ..[By(1)]
b b” /
- bx? - 2hxy + ayz =0
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If equation ax? - y? + 2y + ¢ = 1 represents a pair of perpendicular lines, then find a and
C.

Solution: The given equation represents a pair of lines perpendicular to each other.
- coefficient of x2 + coefficient of y> =0

~a-1=0

~a=1

With this value of a, the given equation is

X2-y?+2y+c-1=0

Comparing this equation with

AX? + 2Hxy + By? + 2Gx + 2Fy + C = 0, we get,
A=1,H=0,B=-1,6=0,F=1,C=c-1

Since the given equation represents a pair of lines,

A H G
D=H B F|=0
G F C

1 0 0
-1 1 |=0
0 1 ec-1

Hence,a=1,c=0.



