
Derivatives as the Rate of Change
dy

dx
 is nothing but the rate of change of y, relative to x. If a variable quantity y is some

function of time t  i.e. y f t= ( ), then small change in time ∆t  have a corresponding change ∆y

in y. Thus, the average rate of change = ∆
∆

y

t

When limit ∆t → 0 is applied, the rate of change becomes instantaneous and we get the rate
of change with respect to at the instant t , i.e. 

                                                  lim
∆

∆
∆t

y

t

dy

dt→
=

0

dy

dt
 is positive if y increases as t  increase and it is negative if y decrease as t  increase.

Increasing and Decreasing Function
l A  function  f  is said to be an increasing function in  ]a b, [, if x x f x f x1 2 1 2< ⇒ ≤( ) ( ), 

∀ ∈x x a b1 2, ] , [.

l A  function  f   is  said  to be a decreasing function in ] , [,a b  if x x f x f x1 2 1 2< ⇒ ≥( ) ( ), 
∀ ∈x x a b1 2, ] , [.

l f x( ) is known as increasing, if f x′ ≥( ) 0 and decreasing, if f x′ ≤( ) 0.

l f x( ) is known as strictly increasing, if f x′ >( ) 0 and strictly decreasing, if f x′ <( ) 0.

l Let f x( ) be a function that is continuous in [ , ]a b  and differentiable in ( , )a b . Then,

(i) f x( ) is an increasing function in [ , ],a b  if ′ >f x( ) 0 in ( , )a b .

(ii) f x( ) is strictly increasing function in ( , )a b , if ′ >f x( ) 0 in ( , )a b .
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(iii) f x( ) is a decreasing function in [ , ],a b  if ′ <f x( ) 0 in ( , )a b .

(iv) f x( ) is a strictly decreasing function in [ , ],a b  if ′ <f x( ) 0
in ( , )a b .

Monotonic Function
A function f  is said to be monotonic in an interval, if it is
either increasing or decreasing in that interval.

Results on Monotonic Function
(i) If f x( ) is a strictly increasing function on an interval 

[ , ]a b , then f −1  exists and it is also a strictly increasing
function.

(ii) If f x( ) is strictly increasing function on an interval [ , ]a b
such that it is continuous, then f −1  is continuous on 
[ ( ), ( )]f a f b .

(iii) If f x( ) is continuous on [ , ]a b  such that f c′ ≥( ) 0 [ ( ) ]f c′ > 0
for each c a b∈( , ), then f x( ) is monotonically increasing
on [ , ]a b .

(iv) If f x( ) is continuous on [ , ]a b  such that f c′ ≤( ) 0 ( ( ) )f c′ < 0
for each c a b∈[ , ], then f x( ) is monotonically decreasing
function on [ , ]a b .

(v) Monotonic function have atmost one root.

Tangent and Normal to 
a Curve

(i) If a tangent is drawn to
the curve y f x= ( ) at a
point P x y( , )1 1  and this
tangent makes an angle 
ψ with positive
X -direction, then

(a) The slope of the
tangent is  
dy

dx
x y







=
( , )

tan

1 1

ψ

(b) Equation of tangent is y y
dy

dx
x x

x y

− = 



 −1 1

1 1( , )

( )

(c) Length of tangent is 

PA y= 1 cosec ψ =

+ 
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(d) Length of subtangent AC y= 1 cot ψ = y

dy dx x y

1

1 1
( / )( , )

(ii) The normal to a curve at a point P x y( , )1 1  is a line
perpendicular to tangent at P and passing through P,
then

(a) The slope of the normal is − 1

1 1
( / )( , )dy dx x y

(b) Equation of normal is y y
dy

dx

x x

x y

− = −






−1 1

1

1 1( , )

( )

(c) Length of normal is PB y= 1 sec ψ = + 
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dx x y

1
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1
1 1( , )

(d) Length of subnormal is BC y= 1 tan ψ = 



y

dy

dx x y

1

1 1( , )

Angle of Intersection of Two Curves
The angle of intersection of two curves is defined to be the angle
between their tangents, to the two curves at their point of
intersection.

The angle between the tangents of the two curves y f x= 1( ) and 
y f x= 2( ) is given by

tan
( , ) ( , )φ =





 − 





+ 
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dx
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Orthogonal Curves
If the angle of intersection of two curves is a right angle, the two
curves are said to intersect orthogonally and the curves are
called orthogonal curves.

If φ = = −π
2

11 2, m m   ⇒  
dy

dx

dy

dx











 = −

I II

1

• Two curves touch each other, if m m1 2= .

Rolle’s Theorem
Let f  be a real-valued function defined in the closed interval 
[ , ]a b , such that

(i) f x( ) is continuous in the closed interval [ , ]a b .

 (ii) f x( ) is differentiable in the open interval ( , )a b .

(iii) f a f b( ) ( )= , then there is some point c in the open interval 
( , )a b , such that f c′ =( ) .0

Geometrically,

graph of a differentiable function, satisfying the hypothesis of
Rolle’s theorem.

There is atleast one point c between a and b, such that the
tangent to the graph at ( , ( ))c f c  is parallel to the X -axis.

Algebraic Interpretation of Rolle’s Theorem
Between any two roots of a polynomial f x( ), there is always a
root of its derivative f x′ ( ).
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Lagrange’s Mean Value Theorem
Let f  be a real function, continuous on the closed interval [ , ]a b
and differentiable in the open interval ( , )a b . Then, there is
atleast one point c in the open interval ( , )a b , such that 

graph of a continuous functions explain Lagrange’s mean
value theorem.

  f c
f b f a

b a
′ = −

−
( )

( ) ( )
.

Geometrically For any chord of the curve y f x= ( ), there is a

point on the graph, where the tangent is parallel to this chord.

Remarks In the par tic u lar case, where f a f b( ) ( )= .

The expression 
f b f a

b a

( ) ( )−
−

 becomes zero.

Thus, when f a( ) = f b f c( ), ( )′ = 0  for some c in ( , )a b .

Thus, Rolle’s theorem becomes a particular case of the mean
value theorem.

a bc
X

Y

O

(a, f(a)) (c, f(c))

(b, f(b))

1 If the vol ume of a sphere is in creas ing at a con stant rate,

then the rate at which its ra dius is in creas ing, is

(a) a constant
(b) proportional to the radius
(c) inversely proportional to the radius
(d) inversely proportional to the surface area

2 Mov ing along the X -axis there are two points with 

x t 2 . The speed with which they are

reach ing from each other at the time of en coun ter is (x is

in centi metre and t is in sec onds)

(a) 16 cm/s (b) 20 cm/s (c) 8 cm/s (d) 12 cm/s

3 An ob ject is mov ing in the clock wise di rec tion around the 

unit cir cle x 2 1. As it passes through the point 

1

2

3

2
, , its y-co or di nate is de creas ing at the rate of 3

units per sec ond. The rate at which the x-co or di nate

changes at this point is (in unit per sec ond)

(a) 2    (b) 3 3 (c) 3    (d) 2 3

4 The po si tion of a point in time ‘ ’t  is given by 
x bt 2 . Its ac cel er a tion at time ‘ ’t  is

(a) b 2c

5 Wa ter is drip ping out from a con i cal fun nel of

semi-ver ti cal an gle 
4

 at the uni form rate of 2 cm2 /s in the 

sur face area, through a tiny hole at the ver tex of the

bot tom. When the slant height of cone is 4 cm, the rate of 

de crease of the slant height of water, is j

(a) 
2

4
 cm/s (b) 

1

4
 cm/s

(c) 
1

2
 cm/s (d) None of these

6 A spher i cal bal loon is be ing in flated at the rate of 

35 cc/min. The rate of in crease in the sur face area 

(in cm2 /min) of the bal loon when its di am e ter is 14 cm, is
j JEE Mains 2013

(a) 10 (b) 10 (c) 100 (d) 10 10

7 Oil is leaking at the rate of 16 cm3 /s from a vertically kept 

cylindrical drum containing oil. If the radius of the drum is 

7 cm and its height is 60 cm. Then, the rate at which the

level of the oil is changing when oil level is 18 cm, is

(a) 
6

4
(b) 

−16

48 π
(c) 

16

49π
(d) 

−16

47 π

8 Two men A and B start with ve loc i ties v at the same time

from the junc tion of two roads in clined at 45° to each

other. If they travel by dif fer ent roads, the rate at which

they are be ing sep a rated. j NCERT Exemplar

(a) 2 2− ⋅v (b) 2 2+ ⋅v

(c) 2 1− ⋅v (d) 2 2+ ⋅v

9 The in ter val in which the func tion f x x x( ) /= 1  is

in creas ing, is

(a) ( , )−∞ e (b) ( , )e ∞
(c) ( , )−∞ ∞ (d) None of these

10 The func tion f x
x

x
( )

| |
=

+1
 is

(a) strictly increasing
(b) strictly decreasing
(c) neither increasing nor decreasing
(d) not differential at x = 0

11 The length of the lon gest in ter val, in which the func tion 

3 4 3sin sinx x−  is in creas ing, is

(a) 
π
3

(b) 
π
2

(c) 
3

2

π
(d) π
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12 An an gle θ, 0
2

< <θ π
, which in creases twice as fast as its 

sine, is j NCERT Exemplar

(a) 
π
2

(b) 
3

2

π
(c) 

π
4

(d) 
π
3

13 The value of x for which the poly no mial 

2 9 12 43 2x x x− + +  is a de creas ing func tion of x, is

(a) − < <1 1x (b) 0 2< <x

(c) x > 3 (d) 1 2< <x

14 If f x
x

x( ) log( )=
+

− +1

1
1 , x > 0, then f  is

(a) an increasing function

(b) a decreasing function

(c) both increasing and decreasing function

(d) None of the above

15 If f x x x( ) sin cos= − , the in ter val in which func tion is

de creas ing in 0 2≤ ≤x π, is

(a) 
5

6

3

4

π π
,





(b) 
π π
4 2

,





(c) 
3

2

5

2

π π
,





(d) None of these

16 If f x x x( ) = − +2 213 2  − 60x + 41, then

(a) f x( ) is de creas ing in ( , )−∞ 1
(b) f x( ) is de creas ing in ( , )−∞ 2
(c) f x( ) is in creas ing in ( , )−∞ 1
(d) f x( ) is increasing in ( , )−∞ 2

17 Func tion f x
x x

x x
( )

sin cos

sin cos
= +

+
λ 6

2 3
 is monotonic in creas ing, if

(a) λ > 1 (b) λ < 1 (c) λ < 4 (d) λ > 4

18 The sum of in ter cepts on co or di nate axes made by

tan gent to the curve x y a+ = , is

(a) a (b) 2a
(c) 2 a (d) None of these

19 Line join ing the points (0, 3) and (5, −2) is a tan gent to

the curve y
ax

x
=

+1
, then

(a) a = ±1 3 (b) a = φ 
(c) a = − ±1 3 (d) a = − ±2 2 3

20 The equa tion of the tan gent to the curve y x
x

= + 4
2

, that

is par al lel to the X-axis, is j AIEEE 2010

(a) y = 0 (b) y = 1 (c) y = 2 (d) y = 3

21 The slope of the tan gent to the curve

x t y t= + = −3 1 12 3, , at x =1 is

(a) 0 (b) 
1

2
(c) ∞ (d) − 2

22 Co or di nates of a point on the curve y x x= log  at which

the nor mal is par al lel to the line 2 2 3x y− = , are

(a) (0, 0) (b) ( , )e e

(c) ( , )e e2 22 (d) ( , )e e− −−2 22

23 The tan gent drawn at the point (0, 1) on the curve

y e x= 2 , meets X -axis at the point

(a) 
1

2
0,





(b) −





1

2
0, (c) (2, 0) (d) (0, 0)

24 If the nor mal to the curve y x2 5 1= −  at the point ( , )1 2−  is

of the form ax y b− + =5 0, then a and b are

(a) 4 14,− (b) 4 14, (c) −4 14, (d) 4 2,

25 The curve y ax bx cx= + + +3 2 5 touches the X -axis at 

P( )−2, 0  and cuts the Y -axis at a point Q, where its

gra di ent is 3. Then,

(a) a = − 1

2
, b = − 3

4
 and c = 3

(b) a = 1

2
, b = − 3

4
 and c = − 3

(c) a = 1

2
, b = − 1

4
 and c = 3

(d) None of the above

26 The prod uct of the lengths of subtangent and sub nor mal

at any point of a curve is

(a) square of the abscissa (b) square of the ordinate
(c) constant (d) None of these

27 The tan gent at ( , )1 7  to the curve x y2 6= −  touches the

cir cle x y x y c2 2 16 12 0+ + + + =  at

(a) ( , )6 7  (b) ( , )−6 7 (c) ( , )6 7−  (d) ( , )− −6 7

28 If the line ax by c+ + = 0 is nor mal to curve xy + =5 0,

then

(a) a b+ = 0 (b) a > 0 (c) a b< <0 0, (d) a b= − 2

29 The length of sub nor mal to the curve y
x

x
=

−1 2
 at the

point hav ing ab scissa 2 is

(a) 5 2 (b) 3 3 (c) 3 (d) 3 2

30 If m is the slope of a tangent to the curve e xy = +1 2 , then

(a) m ≤1 (b) m > − 1 (c) m >1 (d) m >1

31 If the curves y a x=  and y bx=  in ter sects at an gle α , then 

tanα is equal to

(a) 
a b

ab

−
+1

(b) 
log log

log log

a b

a b

−
+1

(c) 
a b

ab

+
−1

(d) 
log log

log log

a b

a b

+
−1

32 If the curves y x2 6= , 9 162 2x by+ =  intersect each other

at right angles, then the value of b is

(a) 6 (b) 
7

2

(c) 4 (d) 
9

2

33 An gle be tween the tan gents to the curve y x x= − +2 5 6

at the points (2, 0) and (3, 0) is

(a) 
π
2

(b) 
π
6

(c) 
π
4

 (d) 
π
3



34 If the curves 
x y2 2

4
1

α
+ =  and y x3 16=  in ter sect at right

an gles, then the value of  α is j JEE Mains 2013

(a) 2 (b) 
4

3
(c) 

1

2
(d) 

3

4

35 f x( ) sat is fies the con di tions of Rolle’s the o rem in [1, 2]

and f x( ) is con tin u ous in [1, 2], then f x dx′∫ ( )
1

2

 is equal to

(a) 3 (b) 0 (c) 1 (d) 2

36 If the func tion f x x x ax b( ) = − + +3 26  sat is fies Rolle’s

the o rem in the in ter val [1, 3] and f ′ +





=2 3 1

3
0, then

(a) a = −11 (b) a = − 6 (c) a = 6 (d) a = 11

37 If f x( ) sat is fies the con di tions for Rolle’s the o rem in [3, 5], 

then f x dx( )
3

5

∫  is equal to

(a) 2 (b) −1 (c) 0 (d) − 4

3

38 A value of C for which the con clu sion of mean value

the o rem holds for the func tion f x xe( ) log=  on the in ter val 

[1, 3] is j AIEEE 2007

(a) 2 3log e (b) 
1

2
3loge

(c) log3 e (d) loge 3

39 The ab scissa of the points of the curve y x= 3  in the

in ter val [ , ],−2 2  where the slope of the tan gents can be

ob tained by mean value the o rem for the in ter val [ , ],−2 2

are

(a) ± 2

3
(b) + 3

(c) ± 3

2
(d) 0

40 In the mean value the o rem, f b f a b a f c( ) ( ) ( ) ( )− = − ′ , if 

a b= =4 9,  and f x x( ) ,=  then the value of c is

(a) 8.00 (b) 5.25 (c) 4.00 (d) 6.25

1 A kite is mov ing hor i zon tally at a height of 151.5 m. If the

speed of kite is 10 m/s, how fast is the string be ing let out, 

when the kite is 250 m away from the boy who is fly ing the 

kite? The height of boy is 1.5 m. j NCERT Exemplar

(a) 8 m/s (b) 12 m/s (c) 16 m/s (d) 19 m/s

2 The normal to the curve y x x x( ) ( )− − = +2 3 6 at the

point, where the curve intersects the Y -axis passes

through the point

(a) − −





1

2

1

2
, (b) 

1

2

1

2
,





(c) 
1

2

1

3
, −





(d) 
1

2

1

3
,





3 The val ues of a for which the func tion 

( )a x ax ax+ − + − =2 3 9 1 03 2  de creases monotonically

through out for all real x, are

(a) a < − 2 (b) a > − 2
(c) − < <3 0a (d) − ∞ < ≤ −a 3

4 If f x
x

x
( )

sin
=  and g x

x

x
( )

tan
,=  where 0 1< ≤x , then in 

this interval

(a) both f x( ) and g x( ) are increasing functions
(b) both f x( ) and g x( ) are decreasing functions
(c) f x( ) is an increasing function
(d) g x( ) is an increasing function

5 f x t a dt
x

( ) | log [log {log (cos )}]|= +∫ 2 3 4
0

. If f x( )

is in creas ing for all real val ues of x, then

(a) a ∈ −( , )11  (b) a ∈ ( , )15  
(c) a ∈ ∞( , )1 (d) a ∈ ∞( , )5

6 If f x( ) sat isfy all the con di tions of mean value the o rem in 

[ , ].0 2  If f ( )0 0=  and | ( )|f x′ ≤ 1

2
 for all x in [ , ],0 2  then

(a) f x( ) < 2        (b) | ( )|f x ≤ 1
(c) f x x( ) = 2      (d) f x( ) = 3 for atleast one x in [ , ]0 2

7 If f x f x x′ < ′ ′ > ∀ ∈



(sin ) and (sin ) , ,0 0 0

2

π
 

and g x f x( ) (sin )=  + f x(cos ), then g x( ) is de creas ing in

(a) 
π π
4 2

,





(b) 0
4

,
π





(c) 0
2

,
π





(d) 
π π
6 2

,





8 If f x x p x q x r( ) ( )( )( )= − − − , where p q r< < , are real

numbers, then application of Rolle’s theorem on f  leads to

(a) ( )( )p q r pq qr rp+ + + + = 3
(b) ( ) ( )p q r pq qr rp+ + = + +2 3
(c) ( ) ( )p q r pq qr rp+ + > + +2 3
(d) ( ) ( )p q r pq qr rp+ + < + +2 3

9 If f x( ) is a monotonic poly no mial of 2 1m −  de gree, where 

m N∈ , then the equa tion 

    [ ( ) ( ) ( ) ... ( ) ]f x f x f x f m x m+ + + + − = −3 5 2 1 2 1 has

(a) atleast one real root (b) 2m roots
(c) exactly one real root (d) ( )2 1m +  roots

10 A spher i cal bal loon is filled with 4500 π cu m of he lium

gas. If a leak in the bal loon causes the gas to es cape at

the rate of  72π cu m/min, then the rate (in m/min) at

which the ra dius of the bal loon de creases 49 min af ter

the leak age be gan is j AIEEE 2012

(a) 
9

7
(b) 

7

9
(c) 

2

9
(d) 

9

2
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1 (d) 2 (c) 3 (b) 4 (d) 5 (a) 6 (a) 7 (c) 8 (a) 9 (a) 10 (a)

11 (a) 12 (d) 13 (d) 14 (b) 15 (d) 16 (b) 17 (d) 18 (a) 19 (b) 20 (d)

21 (a) 22 (d) 23 (b) 24 (a) 25 (a) 26 (b) 27 (d) 28 (c) 29 (d) 30 (a)

31 (b) 32 (d) 33 (a) 34 (b) 35 (b) 36 (d) 37 (d) 38 (a) 39 (a) 40 (d)

1 (a) 2 (b) 3 (d) 4 (c) 5 (d) 6 (b) 7 (b) 8 (c) 9 (a) 10 (c)
11 (d) 12 (d) 13 (b) 14 (a) 15 (c) 16 (a)

SESSION 1

SESSION 2

11 The nor mal to the curve x xy y2 22 3 0+ − =  at ( , )1 1

(a) does not meet the curve again j JEE Mains 2015

(b) meets the curve again in the second quadrant
(c) meets the curve again in the third quadrant
(d) meets the curve again in the fourth quadrant

12 If f  and g are dif fer en tia ble func tions in ( , )0 1  sat is fy ing 

f g g( ) ( ), ( )0 2 1 0 0= = =  and f ( )1 6= , then for some 

c ∈] , [0 1 j JEE Mains 2014

(a) 2f c g c′ = ′( ) ( ) (b) 2 3f c g c′ = ′( ) ( )
(c) f c g c′ = ′( ) ( ) (d) f c g c′ = ′( ) ( )2

13 If y f x= ( ) is the equa tion of a pa rab ola which is touched

by the line y x=  at the point where x =1, then

(a) 2 0 3 1f f′ = ′( ) ( ) (b) f ′ =( )1 1
(c) f f f( ) ( ) ( )0 1 1 2+ ′ + ′ ′ = (d) 2 0 1 0f f( ) ( )= + ′

14 Let a b+ = 4, a < 2 and g x( ) be a monotonically

in creas ing func tion of x. Then,         

f x g x dx g x dx
a b

( ) ( ) ( )= +∫ ∫0 0

(a) increases with increase in ( )b a−
(b) decreases with increase in ( )b a−
(c) increases with decreases in ( )b a−
(d) None of the above

15 The an gle of in ter sec tion of curves, 

y x x= +[| sin | | cos | ] and x y2 2 5+ = , where [ ]⋅
de notes great est in te gral func tion is

(a) 
π
4

(b) tan− 





1 1

2

(c) tan ( )−1 2 (d) None of these

16 In [0, 1], Lagrange’s mean value the o rem is not

ap pli ca ble to

(a) f x

x x

x x

( )

,

,

=
− <

−





≥









1

2

1

2
1

2

1

2

2 (b) f x
x

x
x

x

( )
sin

,

,

= ≠

=







0

1 0

(c) f x x x( ) | |= (d) f x x( ) | |=

ANSWERS

SESSION 1
1 Given that, 

dV

dt
k=  (say)

Q V R= 4

3

3π  ⇒ 
dV

dt
R

dR

dt
= 4 2π

⇒  
dR

dt

k

R
=

4 2π
Rate of increasing radius is inversely
proportional to its surface area.

2 They will en coun ter, if

 10 6 3 2+ = +t t

⇒  t t2 6 7 0− − =  ⇒ t = 7

At t = 7 s, moving in a first point

v
d

dt
t1 10 6 6= + =( )  cm/s

At t = 7 s, moving in a second point

v
d

dt
t2

23= +( ) = = × =2 2 7 14t  cm/s

∴ Resultant velocity 

= − = − =v v2 1 14 6 8 cm/s

3 The equa tion of given cir cle is

x y2 2 1+ =
On differentiating w.r.t. t, we get

2 2 0x
dx

dt
y

dy

dt
+ =

⇒  x
dx

dt
y

dy

dt
+ = 0

But we have, x = 1

2
, y = 3

2
 

and 
dy

dt
= −3, then 

1

2

3

2
3 0

dx

dt
+ − =( )

⇒  
dx

dt
= 3 3

4 Given point is x a bt ct= + − 2

Acceleration in x direction and point

is y at bt= + 2 = = −d x

dt
c

2

2
2

and point is y at bt= + 2 acceleration
in y direction 

= =d y

dt
b

2

2
2

∴  Resultant acceleration 

= 





 + 








d x

dt

d y

dt

2

2

2 2

2

2

  

= − + = +( ) ( )2 2 22 2 2 2c b b c

5 If S rep re sents the sur face area, then

 
dS

dt
= 2 cm /  s2

Hints and Explanations 

r

h l
π/4



S rl l l l= = ⋅ =π π π π
sin

4 2

2

Therefore, 

 
dS

dt
l

dl

dt
l

dl

dt
= ⋅ = ⋅2

2
2

π π

when l
dl

dt
= =

⋅
4

2

2 4
cm,

π

  = =1

2 2

2

4π π
cm / s

6 V r= 4

3

3π    ⇒  
dV

dt
r

dr

dt
= 4

3
3 2π

⇒ 35 4 7
5

28

2= ⇒ =π
π

( )
dr

dt

dr

dt

Surface area of balloon, S r= 4 2π

∴                                   
dS

dt
r

dr

dt
= 8π

= × × =8 7
5

28
10π

π
cm  /  min2

7 Let h be height of oil level at any instant 
t and V  be the volume of oil in
cylindrical drum.

Given, h = 60 cm, r = 7 cm

and  
dV

dt
= − 16 cm3/s

Q  V r h= π 2  ⇒  
dV

dt
r

dh

dt
= π 2

(since, r  is constant all the time)

⇒ − =16 7 2π( )
dh

dt
 ⇒ 

dh

dt
= − 16

49π

⇒ dh

dt h







= −
=at 18

16

49π
So, height of oil is decreasing at the rate 

of 
16

49π
 cm/s.

8 Let L and M be the po si tions of two men 
A and B at any time t.

Let OL x=  and LM y=  

Then,   OM x=         

Given,  
dx

dt
v=  and we have to find 

dy

dt

From ∆LOM,

cos 45
2

2 2 2

° = + −
⋅ ⋅

OL OM LM

OL OM

⇒ 
1

2 2

2

2

2 2 2 2 2

2
= + −

⋅ ⋅
= −x x y

x x

x y

x
 

⇒ 2 22 2 2x x y= −  

⇒   ( )2 2 2 2− =x y

∴  y x= −2 2    

On differentiating w.r.t. t, we get

 
dy

dt

dx

dt
= −2 2

   = −2 2v Q
dx

dt
v=





Hence, they are being separated from

each other at the rate 2 2− v.

9 Given, f x x x( ) /= 1     

⇒   f x
x

x x x′ = −( ) ( log ) /1
1

2

1

  f x′ >( ) ,0 if 1 0− >log x

⇒ log x < 1  ⇒  x e<      

∴ f x( ) is increasing in the interval 
( , ).− ∞ e

10 Given,  f x
x

x
( )

| |
=

+1

∴ f x
x x

x

x
x

′ =
+ ⋅ − ⋅

+
( )

( | |)
| |

( | |)

1 1

1 2

     =
+

> ∀ ∈1

1
0

2( | |)
,

x
x R

⇒ f x( ) is strictly increasing.

11 Let f x x x x( ) sin sin sin= − =3 4 33  

Since, sin x is increasing in the interval 

−





⋅π π
2 2

,

∴ − ≤ ≤π π
2

3
2

x   ⇒  − ≤ ≤π π
6 6

x

Thus, length of interval

 = − −





=π π π
6 6 3

12 Given, 2
d

dt

d

dt
(sinθ) θ=  

⇒ 2 × =cosθ θ θd

dt

d

dt
 

⇒  2cosθ = 1    ⇒ cosθ = 1

2
 ⇒ θ π=

3

13 Let f x x x x( ) = − + +2 9 12 43 2

⇒ f x x x′ = − +( ) 6 18 122

f x′ <( ) 0 for function to be decreasing

⇒  6 3 2 02( )x x− + <
⇒ ( )x x x2 2 2 0− − + <

⇒      ( )( )x x− − <2 1 0  ⇒  1 2< <x

14 Given curve is f x
x

x( ) log( )=
+

− +1

1
1

On differentiating w.r.t. x, we get

 f x
x x

′ = −
+

−
+

( )
( )

1

1

1

12
    

⇒ f x
x x

′ = −
+

+
+







( )
( )

1

1

1

1 2

⇒ f x′ = −( ) ve, when x > 0

∴ f x( ) is a decreasing function.

15 Q f x x x( ) sin cos= −
On differentiating w.r.t. x, we get

f x x x′ = +( ) cos sin

 = +





2
1

2

1

2
cos sinx x

 = +





2
4 4

cos cos sin sin
π π

x x

 = −











2
4

cos x
π

For decreasing, f x′ <( ) 0

 
π π π
2 4

3

2
< −





<x  

(within 0 2≤ ≤x π)

⇒ 
π π π π π π
2 4 4 4

3

2 4
+ < − +





< +x

⇒  
3

4

7

4

π π< <x   

16 Given,
f x x x x( ) = − + − +2 21 60 413 2 …(i)

On differentiating Eq. (i) w.r.t. x, we get

f x x x′ = − + −( ) 6 42 602

  = − − +6 7 102( )x x  
   = − − −6 2 5( ) ( )x x

If x < 2, f x′ <( ) 0  i.e.  f x( ) is decreasing.

17 Q f x
x x

x x
( )

sin cos

sin cos
= +

+
λ 6

2 3
 …(i)

On differentiating w.r.t. x, we get 

 f x

x x

x x
x x

′ =

+
−

− +

( )

( sin cos )

( cos sin )
( sin cos )

( co

2 3

6
6

2

λ
λ

s sin )

( sin cos )

x x

x x

−

















+
3

2 3 2

The function is monotonic

increasing, if f x′ >( ) 0

⇒  
3 12

0

2 2

2 2

λ (sin cos )

(sin cos )

x x

x x

+ −

+ >

⇒ 3 12 0λ − >  ( sin cos )Q 2 2 1x x+ =
⇒      λ > 4

18 x y a
x y

dy

dx
+ = + =; ( )i

1

2

1

2
0

∴        
dy

dx

y

x
= −

Hence, tangent at ( , )x y  is  

Y y
y

x
X x− = − −( )

⇒    X y Y x xy x y+ = +( )

⇒  X y Y x xy a+ =

(using Eq. (i))

h

H

r

A Lx

y

M

x

B
O

45°



⇒ 
X

a x

Y

a y
+ = 1

Clearly, its intercepts on the axes are

 a x⋅  and a y⋅ .

Sum of intercepts = +a x y( )  

                      = ⋅a a = a

19 Equa tion of line join ing the points (0, 3) 
and (5, −2) is  y x= −3 . If this line is

tan gent to y
ax

x
=

+( )1
, then 

( ) ( )3 1− + =x x ax should have equal
roots.

Thus, ( )a − + =2 12 02  ⇒ no value of a 
⇒ a ∈ φ.

20 We have, y x
x

= + 4
2

On differentiating w.r.t. x, we get
dy

dx x
= −1

8
3

Since, the tangent is parallel to X -axis,
therefore

dy

dx
= 0   ⇒  x3 8=   

∴  x = 2  and  y = 3

21 Given curve is x t y t= + = −3 1 12 3,

For x = 1, 3 1 12t + =  ⇒ t = 0

∴ 
dx

dt
t= 6 , 

dy

dt
t= 3 2

Now,  
dy

dx

dy

dt
dx

dt

t

t

t=
















= =3

6 2

2

∴ dy

dx t







= =
=( )0

0

2
0 

22 Given curve is y x x= log

On differentiating w.r.t. x, we get
dy

dx
x= +1 log

The slope of the normal 

= − = −
+

1 1

1( / ) logdy dx x

The slope of the given line 2 2 3x y− =  is
1.

Since, these lines are parallel.

∴   
−

+
=1

1
1

log x
  

⇒    log x = −2  

⇒       x e= −2

and          y e= − −2 2

∴ Coordinates of the point are 
( , )e e− −−2 22 .

23 Given curve is y e x= 2

On differentiating w.r.t. x, we get

dy

dx
e x= 2 2  ⇒ 

dy

dx
e





= =
( , )0 1

02 2

Equation of tangent at (0, 1) with slope

2 is

   y x− = −1 2 0( ) ⇒  y x= +2 1

This tangent meets X -axis.

∴ y = 0 ⇒ 0 2 1= +x   ⇒  x = − 1

2

∴  Co or di nates of the point on X -axis is 

−





1

2
0, .

24 We have,   y x2 5 1= − …(i)

  At ( , ),1 2−   
dy

dx y
= 






 = −

−

5

2

5

4
1 2( , )

∴ Equation of normal at the point ( , )1 2−
is

[ ( )]y x− − −





+ − =2
5

4
1 0

∴ 4 5 14 0x y− − = …(ii)

As the normal is of the form  

             ax y b− + =5 0

On comparing this with Eq. (ii), we get 

a = 4  and b = − 14 

25 Since, we have the curve 
y ax bx cx= + + +3 2 5 touches X-axis at 
P( ),−2, 0  then X -axis is the tan gent at 
( ).−2, 0  The curve meets Y-axis in ( , ).0 5

dy

dx
ax bx c= + +3 22

⇒ dy

dx
c





= + + =
0 5

0 0 3
,

(given)

⇒  c = 3   …(i)

and  
dy

dx







=
−( )2, 0

0 

⇒ 12 4 0a b c− + = [from Eq. (i)] 

⇒ 12 4 3 0a b− + = …(ii)

and ( )−2, 0  lies on the curve, then

0 8 4 2 5= − + − +a b c

⇒ 0 8 4 1= − + −a b  ( )Q c = 3

⇒ 8 4 1 0a b− + = …(iii)

From Eqs. (ii) and (iii), we get 

a = − 1

2
, b = − 3

4

26 Length of subtangent  = y
dx

dy

and length of subnormal = y
dy

dx

∴ Product = y2   

⇒ Required product is the square of
the ordinate.

27 The tan gent to the pa rab ola 
 x y2 6= −  at ( , )1 7  is 

 x y( ) ( )1
1

2
7 6= + −  ⇒ y x= +2 5      

which is also a tangent to the given
circle.

i.e.  x x x2 22 5 16+ + +( )

+ + + =12 2 5 0( )x c

⇒ ( )5 60 85 02x x c+ + + =  must have
equal roots.

Let the roots be α β= .

∴              α β+ = − 60

5
 

⇒    α = − 6

∴                     x = − 6  and  
   y x= + = −2 5 7

28 Given curve, is xy = − <5 0

⇒    x
dy

dx
y+ = 0 ⇒  

dy

dx

y

x
= − > 0 

[ ]as xy = − <5 0

Slope of normal = −1

dy

dx

 = <x

y
0

[as xy = − <5 0]

Hence, slope of normal will be negative.

The line  ax by c+ + = 0 

⇒ by ax c= − −  

⇒   y
a

b
x

c

b
= − −

Slope of normal 
−a

b
 is negative.

⇒    
− <a

b
0 ⇒  

a

b
> 0   

⇒  a b> >0 0,     or   a b< <0 0,

29 Given,  y
x

x
=

−1 2

At         x = 2, y = − 2, therefore

point is ( , )2 2− .

∴                 
dy

dx

x

x
= +

−
1

1

2

2 2( )

⇒  
dy

dx







= +
−

=
−( , ) ( )2 2

2

1 2

1 2
3 

∴  length of subnormal at ( , )2 2−

= − =|( )( )|2 3 3 2

30 We have, e xy = +1 2

⇒       e
dy

dx
xy =2     

⇒       
dy

dx

x

x
=

+
2

1 2

⇒     m
x

x
=

+
2

1 2
,  

   | |
| |

| |

| |

| |
m

x

x

x

x
=

+
=

+
≤2

1

2

1
1

2 2

Q | | | |x x2 1 2 0+ − ≥ ≥
⇒     (| | )x − ≥1 02

⇒           | | | |x x2 1 2+ ≥  

⇒                     1
2

1 2
≥

+
| |

| |

x

x



31 Clearly, the point of in ter sec tion of
curves is ( , )0 1 .

Now, slope of tangent of first curve,

 m1  = =dy

dx
a ax log  

⇒ 
dy

dx





 ( , )0 1

 = =m a1 log

Slope of tangent of second curve,

            m2 = =dy

dx
b bx log

⇒             m2 =






=dy

dx
b

( , )

log
0 1

∴ tan α = −
+

m m

m m
1 2

1 21
  

= −
+

log log

log log

a b

a b1

32 We have, y x2 6=

⇒         2 6y
dy

dx
=  

⇒    
dy

dx y
= 3

Slope of tangent at ( , )x y1 1  is m
y

1

1

3=

Also,         9 162 2x by+ =  

⇒        18 2 0x by
dy

dx
+ =      

⇒                         
dy

dx

x

by
= −9

Slope of tangent at ( , )x y1 1  is m
x

by
2

1

1

9= −

Since, these are intersection at right
angle.

∴ m m1 2 1= −  ⇒ 
27

11

1
2

x

by
=

⇒           
27

6
11

1

x

bx
= [Q y x1

2
16= ]

⇒               b = 9

2

33 Q               y x x= − +2 5 6 

∴          
dy

dx
x= −2 5

Now, m
dy

dx
1

2 0

= 



 ( , )

 = − = −4 5 1

and   m
dy

dx
2

3 0

= 



 ( , )

 = − =6 5 1

Now,     m m1 2 1 1 1= − × = −

Hence, angle between the tangents is 
π
2

.

34 Slope of the curve, 
x y2 2

4
1

α
+ =  is 

m
x

y
1

4= −
α

.

Now, slope of the curve, y x3 16=  is 

m
y

2 2

16

3
= .

Now, apply the condition of
perpendicularity of two curves,

i.e.  m m1 2 1= −  

and get α = 4

3
 with the help of equation

of curves.

35 f x dx f x f f′ = = − =∫ ( ) [ ( )] ( ) ( )1
2

1

2

2 1 0

[Q f x( ) satisfies the 
  conditions of Rolle’s theorem]

∴ f f( ) ( )2 1=

36 Q f x x x ax b( )= − + +3 26

On differentiating w.r.t. x, we get

f x x x a′ = − +( ) 3 122

By the definition of Rolle’s theorem

f c′ =( ) 0 ⇒ f ′ +





=2
1

3
0

⇒ 3 2
1

3
12 2

1

3
0

2

+





− +





+ =a

⇒  3 4
1

3

4

3
12 2

1

3
0+ +





− +





+ =a

⇒ 12 1 4 3 24 4 3 0+ + − − + =a

⇒ a = 11

37 Since, f x( ) sat is fies all the con di tions of

Rolle’s the o rem in [3, 5].

Let  f x x x x x( ) ( )( )= − − = − +3 5 8 152

Now,  f x dx x x dx( ) ( )= − +∫∫ 2

3

5

3

5

8 15

= − +





x x
x

3 2

3

5

3

8

2
15  

= − +





− − +125

3
100 75 9 36 45( )

= − = −50

3
18

4

3

38 Using mean value theorem,

  f c
f f′ = −

−
( )

( ) ( )3 1

3 1

Q f c
f b f a

b a
′ = −

−






( )
( ) ( )

⇒   
1 3 1

2c

e e= −log log

∴       c
e

e= =2

3
2 3

log
log

39 Given that, equa tion of curve 
y x f x= =3 ( )

So,  f ( )2 8=  and f ( )− = −2 8

Now, f x′( ) = 3 2x  ⇒ f x′( ) = −
− −

f f( ) (– )

( )

2 2

2 2

⇒  
8 8

4

− −( )
 = 3 2x       

∴        x = ± 2

3
 

40    f x x( ) =

∴ f a( ) = =4 2

   f b( ) ;= =9 3  f x
x

′ =( )
1

2

Also, f c
f b f a

b a
′ = −

−
( )

( ) ( )
  = −

−
3 2

9 4
 = 1

5
 

∴       
1

2

1

5c
=   ⇒  C = =25

4
 6.25

SESSION 2
1 Let AB be the po si tion of boy who is

fly ing the kite and C be the po si tion of
the kite at any time t.

Let BD x=  and AC y= , then AE x=
Given, AB = 1.5 m, CD =  151.5 m 

∴     CE = 150 m

Given,   
dx

dt
= 10 m/s

Here, we have to find 
dy

dt
 when

y = 250 m

Now, from ∆CAE, y x2 2 2150= +
On differentiating, we get

 2 2y
dy

dt
x

dx

dt
=

⇒   
dy

dt

x

y

dx

dt

x

y
= ⋅ = ⋅ 10       …(i)

In ∆ACE, x = −250 1502 2  (Q y = 250)

     = 200 m      

∴ From Eq. (i), we get 

dy

dt
= × =200

250
10 8 m/s

2 Given curve is 

   y x x x( )( )− − = +2 3 6  …(i)

Put x = 0 in Eq. (i), we get

y( ) ( )− − =2 3 6 ⇒ y = 1

So, point of intersection is (0, 1).

Now,    y
x

x x
= +

− −
6

2 3( )( )

⇒  
dy

dx
= 

1 2 3 6

3 2

2 32 2

( )( ) ( )

( )

( ) ( )

x x x

x x

x x

− − − +
− + −

− −

E

DB

A

y

1.5 m

x

1
5

0
 m

1
.5

 m

1
5

1
.5

 m

C



⇒   
dy

dx







= +
×( , )0 1

6 30

4 9
 = =36

36
1

∴  Equation of normal at (0, 1) is given by

y x− = − −1
1

1
0( )  ⇒  x y+ − =1 0

which passes through the point 
1

2

1

2
,




.

3 Let f x a x ax ax( ) ( )= + − + −2 3 9 13 2

de creases 
monotonically for all x R∈ , then 
f x′ ≤( ) 0 for all x R∈
⇒ 3 2 6 92( )a x ax a+ − +  ≤ 0 

for all x R∈
⇒ ( )a x ax a+ − +2 2 32  ≤ 0 

for all x R∈
⇒ a + <2 0 and discriminant ≤ 0

⇒ a a a< − − −2 8 242,  ≤ 0 

⇒ a < − 2 and a a( )+ 3  ≥ 0

⇒ a a< − ≤ −2 3,  or a ≥ 0 ⇒ a  ≤ − 3

∴ − ∞ < a ≤ − 3

4 Now,  f x′( ) = −sin cos

sin

x x x

x2
 

= −cos (tan )

sin

x x x

x2
       

∴    f x′ >( ) 0 for 0 1< ≤x

So, f x( )  is an increasing function.

Now,   g x
x x x

x
′ = −
( )

tan sec

tan

2

2

= −sin cos

sin

x x x

x2
 = −sin

sin

2 2

2 2

x x

x

Again, 
d

dx
x x x(sin ) cos2 2 2 2 2− = −  

      = 2 (cos )2 1 0x − <
So, sin 2 2x x−  is decreasing. 
⇒ sin 2 2 0x x− <   

∴           g x′ <( ) 0

So,  g x( ) is decreasing.

5 f x x a′ = +( ) | log [log {log (cos )}] |2 3 4

Clearly, f x( ) is increasing for all values
of x, if

log [log {log (cos )}]2 3 4 x a+  is defined
for all values of x.

⇒ log [log (cos )]3 4 0x a+ > , ∀ ∈x R

⇒            log (cos )4 1x a+ > , ∀ ∈x R

⇒                  cos ,x a+ > 4  ∀ ∈x R

∴                               a > 5

6 Since,  
f f

f x
( ) ( )

( )
2 0

2 0

−
−

= ′

⇒  
f ( )2 0

2

−
 = ′f x( )   ⇒  

df x

dx

( )
 = f ( )2

2
 

⇒   f x( ) = +f
x C

( )2

2

Q f ( )0  = 0 ⇒  C = 0 

∴      f x( ) = f
x

( )2

2
 …(i)

Also,  | ( )|f x′  ≤ 1

2
   ⇒  

f ( )2

2
 ≤ 1

2
…(ii)

From Eq. (i), | ( )|f x        

= = ≤f
x

f
x x

( ) ( )
| | | |

2

2

2

2

1

2

[from Eq. (ii)]

In interval [ , ]0 2 , for maximum x,

| ( )|f x ≤ ⋅1

2
2 ⇒ | ( )|f x ≤ 1 [ ]Q x = 2

7 g x f x x′ = ′ ⋅( ) (sin ) cos  − ′ ⋅f x x(cos ) sin

⇒ g x f x x′ ′ = − ′ ⋅( ) (sin ) sin

+ ′ ′cos (sin )2 x f x

+ ′ ′ ⋅ − ′ ⋅f x x f x x(cos ) sin (cos ) cos2  

> 0, ∀ ∈ 





x 0
2

,
π

⇒ g x′( ) is increasing in 0
2

,
π




. 

Also, g ′ 





=π
4

0

⇒ g x′ >( ) 0, ∀ ∈ 





x
π π
4 2

,  

and g x′ <( ) 0, ∀ ∈ 





x 0
4

,
π

Thus, g x( ) is decreasing in 0
4

,
π




.

8 We have, f x x p x q x r( ) ( )( )( )= − − −
⇒ f p f q f r( ) ( ) ( )= = =0

⇒ p q,  and r  are three distinct real
roots of f x( ) = 0

So, by Roolle’s theorem, f x'( ) has one
real root in the interval ( , )p q  and other
in the interval ( , )q r . Thus, f x'( ) has two
distinct real roots.

Now, f x x p x q x r( ) ( )( )( )= − − −
⇒   f x x x p q r( ) ( )= − + +3 2

+ + + −x pq qr rp pqr( )

⇒ f x x p q r x'( ) ( )= − + +3 22

+ + +( )pq qr rp

As f x'( ) has distinct real roots

∴ 4 12 02( ) ( )p q r pq qr rp+ + − + + >
⇒ ( ) ( )p q r pq qr rp+ + > + +2 3

9 Given that, f x( ) is monotonic.

⇒  ′ =f x( ) 0 or ′ > ∀ ∈f x x R( ) ,0

⇒  ′ <f px( ) 0 or ′ > ∀ ∈f px x R( ) ,0

So, ′f px( ) is also monotonic.

Hence, f x f x f m x( ) ( ) ... [( ) ]+ + + −3 2 1
is a monotonic.

Polynomial of odd degree ( )2 1m − , so it
will attain all real values only once.

10 Since, the bal loon is spher i cal in shape,
hence the vol ume of the bal loon is 

V r= 4

3

3π .

On differentiating both the sides w.r.t. t, 
we get

 
dV

dt
r

dr

dt
= ×





4

3
3 2π

⇒  
dr

dt

dV dt

r
= /

4 2π
            …(i)

Now, to find 
dr

dt
 at the rate t = 49 min,

we require 
dV

dt
 the radius ( )r  at that

stage. 
dV

dt
= − 72 3πm /min

Also, amount of volume lost in 49 min 
= ×72 49 3π m

∴   Final volume at the end of 49 min 
= −( )4500 3528π π m3 

              = 972 πm3

If r  is the radius at the end of 49 min,

then  
4

3
9723π πr =  ⇒ r3 729=

⇒  r = 9  

Radius of the balloon at the end of 49
min = 9 m

From Eq. (i),  

dr

dt

dV dt

r
= /

4 2π
 ⇒ 

dr

dt

dV

dt

rt

t

t







=







=

=

=49

49

2
494π ( )

        
dr

dt t







= =
= 49

2

72

4 9

2

9

π
π( )

m/min

11 Given equation of curve is 

x xy y2 22 3 0+ − =
On differentiating w.r.t. x, we get

2 2 2 6 0x xy y yy+ ′ + − ′ =  

⇒ ′ = +
−

y
x y

y x3

At x y y= = ′ =1 1 1, ,  i.e.  
dy

dx







=
( , )1 1

1

Equation of normal at (1, 1) is

  y x− = − −1
1

1
1( ) ⇒y x− = − −1 1( )

⇒   x y+ = 2

On solving Eqs. (i) and (ii)
simultaneously, we get

      x x x x2 22 2 3 2 0+ − − − =( ) ( )

⇒ x x x x x2 2 24 2 3 4 4 0+ − − + − =( )

⇒       − + − − + =x x x x2 24 12 3 12 0

⇒                      − + − =4 16 12 02x x

⇒                         4 16 12 02x x− + =
⇒                                x x2 4 3 0− + =
⇒                             ( ) ( )x x− − =1 3 0

⇒                 x = 1 3,

Now, when x = 1,  then y = 1

and   when x = 3, then y = − 1

∴   P = ( , )1 1  and  Q = −( , )3 1

Hence, normal meets the curve again at 
( , )3 1−  in fourth quadrant.

Alternate Method

Given, x xy y2 22 3 0+ − =  

⇒ ( ) ( )x y x y− + =3 0

⇒   x y− = 0 or x y+ =3 0

Equation of normal at (1, 1) 

y x− = − −1 1 1( )  ⇒ x y+ − =2 0

It intersects x y+ =3 0 at (3, − 1) and
hence normal meets the curve in fourth
quadrant.



12 Given, f g g( ) ( ), ( )0 2 1 0 0= = =
and      f ( )1 6=  

f  and g are differentiable in ( , )01 .

Let      h x f x g x( ) ( ) ( )= − 2 …(i)

⇒   h f g( ) ( ) ( )0 0 2 0= −
⇒      h( )0 2 0= −  ⇒  h( )0 2=
and    h f g( ) ( ) ( ) ( )1 1 2 1 6 2 2= − = −
⇒       h h h( ) , ( ) ( )1 2 0 1 2= = =
Hence, using Rolle’s theorem, we get

h c′ =( ) ,0 such that c ∈ ( , )01

On differentiating Eq.(i) at c, we get

f c g c′ − ′ =( ) ( )2 0 ⇒ f c g c′ = ′( ) ( )2

13 Let  y ax bx c= + +2  

[equa tion of pa rab ola]

As it touches y x=  at x = 1.

∴    y a b c= + +
and  y = 1 ⇒ a b c+ + = 1

Now,  
dy

dx
ax b= +2

⇒  
dy

dx
a b

x







= +
=at 1

2  ⇒ 2 1a b+ =

[from   ,  slope  1]y x= =
Now, f x ax bx c( ) = + +2  

⇒ f x ax b′ = +( ) 2   ⇒  f x a′ ′ =( ) 2

∴  f c( )0 = , f b′ =( )0 , f a′ ′ =( )0 2 ,

f a b′ = + =( )1 2 1

14 a b+ = 4  ⇒ b a= −4  

and b a a t− = − =4 2 (say)

Now, 
0 0 0

a b a

g x dx g x dx g x∫ ∫ ∫+ =( ) ( ) ( )

dx g x dx I a
a

+ =
−

∫ 0

4

( ) ( )

⇒  
dI a

da
g a g a

( )
( ) ( )= − −4

As a < 2 and g x( ) is increasing.

⇒  4 − >a a  ⇒  g a g a( ) ( )− − <4 0        

⇒      
dI a

da

( ) < 0

Now,  
dI a

d a

dI a

dt

dt

da

( )

( )

( )= = − ⋅2
dI a

dt

( )

⇒     
dI a

dt

( ) > 0

Thus, I a( ) is an increasing function of t.
Hence, the given expression increasing
with ( )b a− .

15 We know that,

1 2≤ + ≤|sin | |cos |x x

⇒ y x x= + =[|sin | |cos |] 1

Let P and Q be the points of intersection 
of given curves.

Clearly, the given curves meet at points
where y = 1, so we get

x2 1 5+ =  ⇒ x = ± 2

Now, P(2, 1) and Q( , )−2 1

On differentiating x y2 2 5+ =   w.r.t. x,
we get

2 2 0x y
dy

dx
+ =  ⇒ 

dy

dx

x

y
= −

   
dy

dx







= −
( , )2 1

2

and   
dy

dx







=
−( , )2 1

2

Clearly, the slope of line y = 1 is zero
and the slope of the tangents at P and Q
are ( )−2  and (2), respectively.

Thus, the angle of intersection is 
tan ( ).−1 2

16 There is only one func tion in op tion (a), 

whose crit i cal point 
1

2
0 1∈ ( , ) but in

other parts crit i cal point 0 0 1∉( , ). Then,
we can say that func tions in op tions (b), 
(c) and (d) are con tin u ous on [0, 1] and
dif fer en tia ble in (0, 1).

Now, for f x

x x

x x

( )

,

,

=
− <

−





≥









1

2

1

2
1

2

1

2

2

Here,  Lf ′ 





= −1

2
1

and Rf ′ 





= −





− =1

2
2

1

2

1

2
1 0( )

∴  Lf Rf′ 





≠ ′ 





1

2

1

2

⇒ f  is non-differentiable at x = ∈1

2
0 1( , ).

∴  Lagrange mean value theorem is not
applicable to f x( ) in [0, 1].

Y

XX′

Y′

(1, 1)

O

(3, –1)

x + 3y = 0

x + y = 2
y = x

–√5

√5

O P y=1

O
x

2 2x +y =5

–√5
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