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1.

CHAPTER

16

The larger of cos (In 6 ) and In (cos 0) if e 20 <§ is

(1983 - 1 Mark)
The function y = 2x2 —In | x| is monotonically increasing

for values of x(#0) satisfying the inequalities ....... and

monotonically decreasing for values of x satisfying the
inequalities .................. (1983 - 2 Marks)
The set ofall x for which In(1 +x) < xisequalto...............

(1987 - 2 Marks)

2 .2
Let P be a variable point on the ellipse x_2+ Z—z =1 with
a
foci F| and F, . If 4 is the area of the triangle PF| F,, then the
maximum valueof 4 is............... (1994 - 2 Marks)
Let Cbe the curve y* —3xy + 2 =0. If His the set of points on
the curve C where the tangent is horizontal and Vis the set
of the point on the curve C where the tangent is vertical
then H=........... and V=........... (1994 - 2 Marks)

True/ False

If x —ris a factor of the polynomial f(x) = anx4 +....+ag,

repeated m times (1 <m <n), then 7 is a root of f'(x) =0

repeated m times. (1983 - 1 Mark)
For 0 < a < x, the minimum value of the function

log, x+log, a is2. (1984 - 1 Mark)

MCQs with One Correct Answer

Ifa+ b+ c=0, then the quadratic equation 3ax?+ 2bx+c=0
has (1983 - 1 Mark)
(a) atleastonerootin [0, 1]

(b) onerootin [2,3] and the otherin [ -2,-1]

(c) imaginaryroots

(d) none of these

AB is a diameter of a circle and C is any point on the
circumference of the circle. Then (1983 - 1 Mark)
(a) theareaof A ABC is maximum when it is isosceles
(b) the area of A ABC is minimum when it is isosceles

(c) the perimeter of A ABCis minimum when it is isosceles
(d) none of these

Applications of
Derivatives

JEE Gidvanced/ IT-)EE
A >

The normal to the curve x = a (cos 6 + 0 sin 0),
y=a (sin 6 — 0 cos 0) at any point ‘0’ is such that
(1983 - I Mark)
(a) itmakes a constant angle with the x— axis
(b) it passes through the origin
(c) itisata constant distance from the origin
(d) none of these
Ify=alnx + bx*+x has its extremum values at x=—1 and

x =2, then (1983 - 1 Mark)
1
@ a=2,b=-1 (b) a=2,b=—5
1
() a=-2,b= Y (d) none of these

Which one of the following curves cut the parabola

y2 = 4ax at right angles? (1994)
(a) x2 +y2 =42 (b) y= e*2a

(© y=ax (d) x*=4ay

The function defined by flx) =(x +2) e*is (1994)

(a) decreasing for all x
(b) decreasingin (-, —1) and increasing in (-1, )
(c) increasing for all x
(d) decreasing in (-1, «©) and increasing in (—o0, —1)

In (7 + x) is

Th i =
e function f(x) (et

(1995S)

(a) increasingon (0, ©)

(b) decreasingon (0, )

(c) increasingon (0, T /e), decreasing on (Tt/e, )
(d) decreasingon 0, 7 /e), increasing on (7 /e, «)

On the interval [0, 1] the function X2 a- x)75 takes its

maximum value at the point (19955)
1 1 1
@@ 0 (b 7 (©) 3 @ 3

The slope of the tangent to a curve y = f{x) at [x, f{x)] is

2x + 1. Ifthe curve passes through the point (1, 2), then the

area bounded by the curve, the x-axis and the linex =1 is
(1995S)

@2 @ 6
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1
© g
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11.

12.

13.

14.

16.

17.

18.

19.

x x
Iff(x)= Sinx and g(x)= ta?,where0<x < 1, thenin

this interval (1997 - 2 Marks)
(a) both f{x) and g(x) are increasing functions
(b) both fix) and g(x) are decreasing functions
(¢) flx)isan increasing function
(d) g(x)isanincreasing function.
The function f{x) = sin* x + cos* x increases if

(1999 - 2 Marks)
(@ 0<x<mws8 (b) w4<x<3mw/8
(c) 3m8<x<5m/8 (d) 5Sw8<x<3m/4
Consider the following statments in S and R (2000S)
S: Both sin x and cos x are decreasing functions in the

. T
interval (E,TE)
R: If a differentiable function decreases in an interval
(a, b), then its derivative also decreases in (a, b).
Which of the following is true ?
(a) Both S andR are wrong
(b) Both S and R are correct, but R is not the correct
explanation of S
(c) Siscorrect and R is the correct explanation for S

(d) Siscorrectand R is wrong

Let f(x)= I e*(x—1)(x—2)dx . Then f decreases in the
interval (2000S)
@ (=-2) ® 2-1)

© (1,2 @ (2+)

Ifthe normal to the curve y = f{x) at the point (3,4) makes an

3
angle T“ with the positive x-axis, then '(3)=  (2000S)

1 b) -3 2 d 1

@ - b - 2 © 3 (d
fi <
Let f(x)= | x|, for O<|x| 2 then at x =0, fhas
I, for x =0
(2000S)

(a) alocal maximum (b) nolocal maximum
(c) alocal minimum (d) noextremum
Forall x €(0,1) (2000S)
(@ e*<l+x (b) log(1+x)<x
(c) sinx>x (d) log,x>x
1£1()= X" then £ (x) is (2001S)
(a) increasingon[-1/2,1] (b) decreasing on R

(c) increasingon R (d) decreasingon[—1/2,1]
The triangle formed by the tangent to the curve f{x) =x2 + bx
— batthe point (1, 1) and the coordinate axes, lies in the first
quadrant. Ifits area is 2, then the value of bis  (2001S)
@ -1 ®) 3 ) 3 @ 1

Let f{x) = (1 + b*)x? + 2bx + 1 and let m(b) be the minimum
value of f{x). As b varies, the range of m(b) is (2001S)
@ [0,1] ® ©12] ( [1V21] @ O1]

20.

21.

22.

23.

24.

26.

27.

Topic-wise Solved Papers - MATHEMATICS

The length of a longest interval in which the function
3 sin x — 4 sin3x is increasing, is (2002S)

T 3n
() 5 © > @d =

The point(s) on the curve y* + 3x% = 12y where the tangent

is vertical, is (are) (2002S)
11
(b) (i \E ’l]

o 5
o (52

T
(@ 3

(© 0,0
In [0,1] Lagranges Mean Value theorem is NOT applicable

to (2003S)
1 1
5 x x< >
@ f(x= 1 2 1
) o
2 2
sin x
0 =1 x " **°
1, x=0
© fx)=xx|
@ f(x)=|

Tangent is drawn to ellipse

2

%+ y2 =1lat (3@ cos9,sin e) (where 0 €(0,7/2)).

Then the value of @ such that sum of intercepts on axes
made by this tangent is minimum, is (2003S)
(@ w3 (b) w6 () w8 d) n4

If f(x)=x3 + bx? + cx + dand 0 < b2 < ¢, then in (—o0, o)
(@) f(x)isastrictly increasing function (2004S)
(b) f(x)has alocal maxima

(¢) f(x)isastrictly decreasing function

(d) f(x)is bounded

Iff(x) = x*log x and £(0) = 0, then the value of o for which
Rolle’s theorem can be applied in [0, 1] is (2004S)
(@ 2 b) -1 © 0 a 12

If P(x) is a polynomial of degree less than or equal to 2
and S is the set of all such polynomials so that P(0) =0,
P(1)=1and P'(x)>0 ¥ x € [0, 1], then (2005S)
(@ S=¢

(b) S=ax+(1-a)x? yac(0,2)

(c) S=ax+(1-a)x* vy ae(0,x)

d) S=ax+(1-a)x? vy ac(0,1)

The tangent to the curve y = ¢* drawn at the point (c, €°)
intersects the line joining the points (¢ — 1, e“!) and
(c+1,ecth (2007 -3 marks)
(@) ontheleftofx=c (b) ontherightofx=c

(c) atno point (d) atall points
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28.

29.

30.

31.

o M-101

Consider the two curves C; : y2=4x, C, : x2+y* —6x +1=0.
Then, (2008)
(@) C, and C, touch each other only at one point.

(b) C, and C, touch each other exactly at two points

(¢) Cjand C, intersect (but do not touch) at exactly two

points

(d) C, and C, neither intersect nor touch each other
The total number of local maxima and local minima of the

3 — -—
function f(x)={ G TP T3<xslL (2008)
x*3 ,—l<x<?2
@ 0 ®) 1 © 2 @ 3

Let the function g:(—oo, w)—)(—%,g) be given by

g(u)=2tan"!(e%) —g .Then, gis (2008)
(a) even and is strictly increasing in (0, « )

(b) odd and is strictly decreasing in (—oo, )

(c) odd and is strictly increasing in (—oo, o)

(d) neither even nor odd, but is strictly increasing in

(_°O> OO)

1
The least value of a € R for which 4ox? + < 21 forallx>0,

is (JEE Ady. 2016)

1 1 1 1
(@ 7 (b) e (© 27 (d) 25

1) I MCQs with One or More than One Correct

Let P(x)=a,+a,x*+ax*+ ...+ a x*" be a polynomial in
areal variable x with

0<ay <a; <a <...<a,.The function P(x) has

(a) neither amaximumnor aminimum (71986 - 2 Marks)

(b) onlyone maximum

(c) onlyone minimum

(d) onlyone maximum and only one minimum

(¢) none of these.

Ifthe line ax + by + ¢ =0 is a normal to the curve xy =1, then
(1986 - 2 Marks)

(b) a>0,6<0

(d) a<0,6<0

@ a>0,6>0
(© a<0,b>0
(¢) none of these.
The smallest positive root of the equation, tan x —x = 0 lies
in (1987 - 2 Marks)

n n
(@) (0, 5) (b) (5’ n)

© (n, 37”) @ (37" 2n)

(¢) None of these

10.

11.

Let fand g be increasing and decreasing functions,
respectively from [0, ) to [0, ). Let A(x) =f(g(x)). If
h(0)= 0, then A(x)—Ah (1)is (1987 - 2 Marks)
(a) always zero (b) always negative

(c) always positive (d) strictly increasing

(¢) None of these.

2012%-1, —
If f(x)={§’7“_“;12x b ~LSx=2 then: (1993 - 2 Marks)

(@ f(x)isincreasingon [—1,2]

(b) x)is continues on [—1, 3]

(©) f'(2)does not exist

(d) f(x)has the maximum value at x=2

Let h(x) =f{x) — (fx))*+ (fix))’ for every real number x. Then
(1998 - 2 Marks)

(@) hisincreasing whenever f7is increasing

(b) A isincreasing whenever fis decreasing

(c) his decreasing whenever fis decreasing

(d) nothing can be said in general.

2
-1
Iffix)= x2 r for every real number x, then the minimum
X+
value of (1998 - 2 Marks)

(a) does not exist because f'is unbounded
(b) is not attained even though f'is bounded
(c) isequaltol

(d) isequalto-1

The number of values of x where the function

fix)=cosx + cos (/2x ) attains its maximum is

(1998 - 2 Marks)
(@ 0
(© 2

(b 1
(d) infinite

X
The function f(x)= [ £(¢' =1) (¢t=1) (t=2) (t-3)° dthas
-1
alocal minimum atx= (1999 - 3 Marks)
@@ 0 b 1 () 2 (@)3
fx) is cubic polynomial with f{2) = 18 and f{1) = —1. Also
Jfix) has local maxima atx =—1 and f"(x) has local minima at
x=0, then (2006 - 5M, -1)
(a) thedistance between (-1, 2) and (a fla)), wherex=ais

the point of local minima is 2v/5
(b) Ax)isincreasing forx €[1,2 NG ]

(¢) flx)haslocal minima atx=1
(d) thevalue of {0)=15

e*, 0<x<1

X

Let /(x)=12-¢"", 1<x<2 and gx)=[f(Odtx€[L3]
x—e, 2<x<3 0

then g(x) has (2006 - 5M, 1)

(a) local maxima atx=1+In2andlocalminimaatx=e
(b) local maxima atx = 1 and local minima atx=2

(¢) noloeal maxima

(d) nolocal minima
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12.

13.

14.

15.

16.

For the function

1
f(x) =x cos e x21, (2009)

(a) foratleastonexintheinterval[1, o0 ), f(x+2)—f(x)<2
® lim f'(x)=1
X—>0
(c) forallxintheinterval[l, o ),f(x+2)—f(x)>2
(d) f'(x)isstrictly decreasing in the interval[1, o0 )

2
If f(x)= j:ef (t-2)(t-3)dt forallx  (0,00), then

(2012)
(a) f hasa local maximum atx =2
(b) f isdecreasingon (2, 3)
(c) thereexists some ¢ € (0, ), such that f’(c)=0
(d) fhasalocal minimumatx=3
A rectangular sheet of fixed perimeter with sides having
their lengths in the ratio 8 : 15 is converted into an open
rectangular box by folding after removing squares of equal
area from all four corners. If the total area of removed squares
is 100, the resulting box has maximum volume. Then the
lengths of the sides of the rectangular sheet are
(JEE Adv. 2013)

d) 60

( 1) dt
e\ !

! Then

(@ 24 ® R (c) 45

Letf: (0,00) — R be given by f(x)

R | —m—x

(JEE Adv. 2014)
(@ f(x)is monotonically increasing on [1,0)
(b) f(x)is monotonically decreasing on (0, 1)

(©) f(x)+f(l) =, forall x e(O,oo)

X
(d) f(2*)isan odd function of x on R
Let f, g: [-1, 2] > R be continuous functions which are
twice differentiable on the interval (-1, 2). Let the values of
fand g at the points —1, 0 and 2 be as given in the following
table:

Il
(=)

x=-1|x x=2
Sx)| 3
gx)| 0
In each of the intervals (-1, 0) and (0, 2) the function
(f—3g)" never vanishes. Then the correct statement(s) is(are)
(JEE Adv. 2015)

(@ f'(x)-3g'(x) = 0 has exactly three solutions in
-1,00v(0,2)
(b) f'(x)—3g'(x) =0 has exactly one solution in (-1, 0)

—1 N
o

-1

(©) f'(x)-3g'(x) =0 has exactly one solution in (0, 2)

(d) f'(x)—3g'(x) =0 has exactly two solutions in (-1, 0)
and exactly two solutions in (0, 2)

17.

Topic-wise Solved Papers - MATHEMATICS

Letf: R > (0,0)andg: R — R betwice differentiable
functions such that f' and g" are continuous functions on

R. Suppose f'(2) = g(2)=0, f'(2) #0 and g'(2) = 0. If
- f(x)g(x)
lim———="~ =1
=gy e

(@) f hasalocal minimum at x=2
() f hasalocal maximum at x=2

© f'@>f2)
d) fx)—f"(x)=0 for at least onex € R

(JEE Ady. 2016)

E Subjective Problems

10.

11.

12.

Prove that the minimum value of (a+x) (b+x) s
(c+x)

a,b>c,x>—cis (\/a—c+x/b—c)2. (1979)
Let x and y be two real variables such that x>0 and xy = 1.
Find the minimum value of x+y. (1981 - 2 Marks)
Forall xin [0, 1], let the second derivative /"' (x) ofa function
Slx) exist and satisfy |/ (x)| < 1. Iff(0)=£(1), then show that
|f'@)|<1forall xin[O,1]. (1981 - 4 Marks)

Use the function f(x)=x"/*, x> 0. to determine the bigger

of the two numbers ¢" and w ¢ (1981 - 4 Marks)
Iff{x) and g(x) are differentiable function for ( < x <1 such
that {0)=2, g(0)=0, f{1)=6; g(1)=2, then show that there
exist ¢ satisfying 0<c <1 and f’ (c)=2g' (¢).

(1982 - 2 Marks)
Find the shortest distance of the point (0, ¢) from the parabola
y= x2 where 0< c<5 . (1982 - 2 Marks)

b
If ax® + " 2 ¢ for all positive x where a > 0 and 5> 0 show

that 27ab? > 4¢3 . (1982 - 2 Marks)

Show that 1+ x In(x+vx? +1)>/1+x* forall x>0
(1983 - 2 Marks)

X
Find the coordinates of the point on the curve ¥ = o a2
+x
where the tangent to the curve has the greatest slope.

(1984 - 4 Marks)

Find all the tangents to the curve
y=cos(x+y), —2n < x < 2n, that are parallel to the line

x+2y=0. (1985 - 5 Marks)
.3 .2 n n .
Let f(x)=sin’ x+Asin“ x, —5<x<5, Find the

intervals in which A should lie in order that f{x) has exactly
one minimum and exactly one maximum. (1985 -5 Marks)

Find the point on the curve 4x? +42y? = 4%, 4<a® <8
that is farthest from the point (0,—2). (1987 - 4 Marks)
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13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

o )%™ [IX]

Investigate for maxima and minima the function
(1988 - 5 Marks)

fix)= f[z(t ~1)(t-2)% +3¢-1)*(-2)*)dt
1

Find all maxima and minima of the function

y=x(x—1)2,0£xs2 (1989 - 5 Marks)

Also determine the area bounded by the curve y=x (x —1)2,
the y-axis and the line y =2.

T
Show that 2sin x + tan x > 3x where 0 < x < 2

(1990 - 4 Marks)
A point P is given on the circumference of a circle of radius
r. Chord QR is parallel to the tangent at P. Determine the
maximum possible area of the triangle POR.

(1990 - 4 Marks)
A window of perimeter P (including the base of the arch) is
in the form of a rectangle surmounded by a semi circle. The
semi- circular portion is fitted with coloured glass while the
rectangular part is fitted with clear glass transmits three
times as much light per square meter as the coloured glass
does.
What is the ratio for the sides of the rectangle so that the
window transmits the maximum light? (1991 - 4 Marks)
A cubic f'(x) vanishes at x = 2 and has relative minimum /

1
14
maximum at x =—1 and x = % if I fdx=?, find the
-1
cubic f{x). (1992 - 4 Marks)
What normal to the curve y = x2 forms the shortest chord?
(1992 - 6 Marks)

Find the equation of the normal to the curve

y=(1+x) +sin"\(sin® x)atx=0 (1993 - 3 Marks)

3+(b3—b2+b—1
(b*+3b+2)
2x -3,

0<x<l

-X
Let f(x)=

1<x<3

(1993 - 5 Marks)
Find all possible real values of b such that f{x) has the
smallest valueatx=1.
The curve y = ax3 + bx* + cx + 5, touches the x-axis at
P(-2, 0) and cuts the y axis at a point Q, where its gradient
is3.Finda, b, c. (1994 - 5 Marks)
The circle x? + y? = 1 cuts the x-axis at P and Q. Another
circle with centre at Q and variable radius intersects the first
circle at R above the x-axis and the line segment PQ at S.
Find the maximum area of the triangle QSR. (1994 - 5 Marks)

24.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Let (A, k) be a fixed point, where 2> 0, k> 0. A straight line
passing through this point cuts the positive direction of the
coordinate axes at the points P and Q. Find the minimum
area of the triangle OPQ, O being the origin.(1995 - 5 Marks)
A curve y = fix) passes through the point P(1,1). The normal
to the curve at Pis a(y — 1) + (x — 1) = 0. If the slope of the
tangent at any point on the curve is proportional to the
ordinate of the point, determine the equation of the curve.
Also obtain the area bounded by the y-axis, the curve and
the normal to the curve at P. (1996 - 5 Marks)
Determine the points of maxima and minima of the function

f (x)=% (nx-bx+x? x>0, where b > 0is a constant.
(1996 - 5 Marks)

xe®™, x<0

Letfix)= { 2.3

xtar—x3, x>0 (1996 - 3 Marks)

Where a is a positive constant. Find the interval in which
f' (x)is increasing.

Let a + b =4, where a < 2, and let g(x) be a differentiable
function.

b
If Z_g > 0 for all x, prove that j: g(x) dx+‘|'0 g(x)dx
X

increases as (b — a) increases. (1997 - 5 Marks)
Suppose f{x) is a function satisfying the following conditions
@ f0)=2AD=1, (1998 - 8 Marks)
(b) fhasaminimum value atx=5/2, and

(¢) forallx,

2ax 2ax—1 2ax+b+1
, b b+1 -1
f'x)=
2(ax+b) 2ax+2b+1 2ax+b

where a, b are some constants. Determine the constants a, b
and the function f{x).

A curve C has the property that if the tangent drawn at any
point P on C meets the co-ordinate axes at 4 and B, then P
is the mid-point of 4B. The curve passes through the point
(1, 1). Determine the equation of the curve. (1998 - 8 Marks)
Suppose p(x) = a, + a,x+ a,x? +....... + ax" If

|p(x)| < el 1‘ for all x>0, prove that

(2000 - 5 Marks)

Let —1 <p < 1. Show that the equation 4x3 — 3x — p =0
has a unique root in the interval[1/2, 1] and identify it.

(2001 - 5 Marks)
Find a point on the curve x> + 2y = 6 whose distance from
the linex +y =17, is minimum. (2003 - 2 Marks)
Using the relation 2(1 — cos x) < x2, x % 0 or otherwise,

|a1+2a2 +. +nan|Sl.

prove that sin (tan x) > x, V x e[o, ﬂ (2003 - 4 Marks)
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35. Ifthe functionf: [0,4] — Risdifferentiable then show that n 3x(x+1)
(i) Fora,b e (0,4), (4))*—(R0))*=8f"(a)fib) 38. Prove that for x G[O, E} , sinx+2x>>———= Explain

T
4 . .
.. he identity if any used in the proof. (2004 - 4 Marks)
fdt = 2[af (a?)+ 2 VO<a,p<2 ¢ y y p

(@) (I)f (Dt = 2lof (@) + B ()] P 39, If|f(x,)—f(x,)| <(x,—x,), forallx, x, € R. Find the equation

of tangent to the cuve y = f(x) at the point (1, 2).
(2003 - 4 Marks) (2005 - 2 Marks)
3 dP(x) 40. Ifp(x)bea polynomial of degree 3 satisfying p(—1) =10, p(1)
36. IfP(1)=0and > P(x) forall x>1 then prove that = _6 and p(x) has maxima at x =— 1 and p'(x) has minima at x
P(x)> 0 forallx>1 (2003 - 4 Marks) = 1. Find the distance between the local maxima and local
. , ] : minima of the curve. (2005 - 4 Marks)

37. Using Rolle’s theorem, prove that there is at least one root L . ) )
in (4517190 46) of the polynomial 41. For a twice differentiable function f(x), g(x) is defined as
— 51101 100_ ) gx) = (f '@)? + f'(x) flx) on [a, e]. If for
P(x)=51x 2323(x) 45x+1035. (2004 - 2 Marks) a<b<c<d<ef(@=0.1(b)=2.1(c)=-1,1(d)=2,
f(e)=0 then find the minimum number of zeros of g(x).
(2006 - 6M)
| 38 Match the Following
Each question contains statements given in two columns, which have to be matched. The statements in P qr s t

Column-1 are labelled A, B, C and D, while the statements in Column-1I are labelled p, q, v, s and t. Any
given statement in Column-I can have correct matching with ONE OR MORE statement(s) in Column-
II. The appropriate bubbles corresponding to the answers to these questions have to be darkened as

illustrated in the following example :

If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of

bubbles will look like the given.

00000
®OO®®
Q00OG®
©OO®

U 0Ow»

In this questions there are entries in columns I and I1. Each entry in column I is related to exactly one entry in column II. Write
the correct letter from column II against the entry number in column I in your answer book.

Let the functions defined in column I have domain (—g x

>

ColumnI
(A) x+sinx

(B) secx

¢l Comprehension Based Questions

PASSAGE-1

If a continuous function f defined on the real line R, assumes
positive and negative values in R then the equation f{x) = 0 has a
root in R. For example, if it is known that a continuous function f
on R is positive at some point and its minimum value is negative
then the equation f{x) = 0 has aroot in R.

Consider f{x) = ke* —x for all real x where £ is a real constant.

1.

The line y=x meets y = ke* for k < 0 at

(2007 - 4 marks)
(a) no point (b) one point
(c) two points (d) more than two points

The positive value of & for which ke* —x = 0 has only one
root is (2007 - 4 marks)

)

®)
@
®

(1992 - 2 Marks)

Column II

increasing

decreasing

neither increasing nor decreasing

@) ®) 1

(©) (d) log2
For k£ > 0, the set of all values of & for which ke*—x =0 has
two distinct roots is (2007 - 4 marks)

1
e
e

el ey
© Goo] @ ©1)
PASSAGE -2

Let f (x) = (1 — x)? sin? x+ x2 for all x € IR and let

g(x)= j(%—lnt} fHdt forallxe (1, ). (2012)
1
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Applications of Derivatives
4.

o M-105

Consider the statements:

P : There exists some x € R such that f (x) + 2x
=2(1+x?)

Q : There exists some x € R such that 2 f(x) + 1 = 2x
(I+x)

Then

(a) both Pand Q are true

(b) Pistrue and Qis false

(c) Pisfalse and Qistrue

(d) both Pand Q are false

Which of the following is true?

(a) gisincreasingon (1, )

(b) gisdecreasing on (1, )

(c) gisincreasingon (1,2) and decreasing on (2, )

(d) gisdecreasing on (1, 2)and increasingon (2, )

PASSAGE-3

Let f: [0, 1] > R (the set of all real numbers) be a function. Suppose
the function f'is twice differentiable, f{0) = f{1) = 0 and satisfies
f"(x)-2f"(x)+f(x)=>.¢",x €][0, 1].

6.

Which of the following is true for 0 <x < 1? (JEE Adv. 2013)

1 1
@ 0<f(x)<o0 ®) —5</@<3

© —%<f(x) <1 @ —o0<f(x)<0

Ifthe function €™ f{x) assumes its minimum in the interval
1
[0, 1]at x= s which of the following is true?

@ S(x)<f (x),% <x< % (JEE Adv. 2013)

® S >f(x),0<x<%
(C) f'(x)<f(x),0<x<%

@ S <f(x),%<x<1

| Bl Integer Value Correct Type

The maximum value of the function

f(x)=2x3—15x% + 36x—48 on the set

A= {x| x>+20 < 9x}is (2009)
Let p(x) be a polynomial of degree 4 having extremum at

x=1,2and lim(l+&§)) =2
x—0 x

Then the value of p (2) is (2009)

Let fbe a real-valued differentiable function on R (the set of

all real numbers) such that f{1) = 1. If the y-intercept of the

tangent at any point P(x, y) on the curve y = f{x) is equal to

the cube of the abscissa of P, then find the value of f(—3)
(2010)

Let fbe a function defined on R (the set of all real numbers)

such that f(x)=2010 (x~2009) (x—2010)? (x~2011)3 (x~2012)*

forallx eR.

If g is a function defined on R with values in the interval

(0, ) such that

Sfx)=In(g(x)), forallx eR
then the number of points in R at which g has a local maximum
is (2010)

let /: IR — IR be defined as f'(x) = |*|+ x —1‘- The total

number of points at which fattains either a local maximum or
a local minimum is (2012)

Let p(x) be a real polynomial of least degree which has a
local maximum atx = 1 and a local minimum atx=3. Ifp(1)=6
and p(3)=2, then p’(0) is (2012)
A vertical line passing through the point (h, 0) intersects the

2 2

ellipse XT+y?=l at the points P and Q. Let the tangents

to the ellipse at P and Q meet at the point R. If A(h) =area of

the triangle PQR, A = 14X A(h) and Ay =, /glsil?sl A(h),

then %Al —8Ay=

The slope of the tangent to the curve (y —x°)? =x(1 + x2)? at

the point (1, 3) is (JEE Adv. 2014)
A cylindrical container is to be made from certain solid
material with the following constraints: It has a fixed inner
volume of ¥’ mm3, has a 2 mm thick solid wall and is open at
the top. The bottom of the container is a solid circular disc
of thickness 2 mm and is of radius equal to the outer radius
of the container.
If the volume of the material used to make the container is
minimum when the inner radius of the container is 10 mm,

(JEE Adv. 2013)

then the value of is (JEE Adv. 2015)

250m
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I Section-B

JEE Main / GIEEE

The maximum distance from origin of a point on the curve
at

Xx = asin t-b sin (;)

at
y=acost—b cos(?) ,botha, b>0is [2002]

@ a-b () atb  (©ya24+p2 @ 2P

If2a+3b+6¢c=0,(a,b,c e R)then the quadratic equation
ax?+ bx + c=0has [2002]
(a) atleastonerootin[0,1] (b) atleastonerootin[2,3]
(c) atleastonerootin[4,5] (d) none of these

If the function f(x)=2x"—9ax®+12a’x+1, where
a>0 , attains its maximum and minimum at p and ¢

respectively such that p?=¢q, thena equals [2003]

1
@ 5 b3 ©1 2
A point on the parabola y? =18x at which the ordinate

increases at twice the rate of the abscissa is [2004]

@ (% %) b 2-4 © (7 %) @ (24

A function y = f(x) has a second order derivative

S "(x) = 6(x—1). Ifits graph passes through the point (2,1)

and at that point the tangent to the graph is y=3x—5, then
the function is [2004]

@ (+1)2 ® -1 © @+1)) @ x-1?

The normal to the curve x = a(l+cos0),y = asin6 at ‘0’
always passes through the fixed point [2004]
@ (@a O®) 0a (© 00 d (a0

If 2a+3b+6¢c=0,then at least one root of the equation

ax? +bx+c = 0 lies in the interval [2004]
@ @3) b 1,2 © @3 @ ©1
Area of the greatest rectangle that can be inscribed in the
2 2
. X y .
ellipse —+=— =11is [2005]
P a® b
@ 26 ®) ab  © Jab @ 5

10.

11.

12.

13.

14.

Topic-wise Solved Papers - MATHEMATICS

The normal to the curve [2005]
x=a(cos@ + 9 sing),y=a(sing — @ cos )atany point
o' s such that

(a) it passes through the origin

(b) itmakes an angle % + @ with the x- axis

(c) it passes through (ag,— a)
(d) itis at a constant distance from the origin
A spherical iron ball 10 cm in radius is coated with a layer of

ice of uniform thickness that melts at a rate of 50 cm> /min.
When the thickness of'ice is 5 cm,then the rate at which the

thickness of ice decreases is [2005]
1 1
a) —— cm/min. —— cm/min.
® 36m ®) 18w
1 . 5 .
(¢) —— cm/min. (d) — cm/min
54m 6m
Ifthe equation a,x" +a, ;x" '+ ... +ax =0

@ # 0,n > 2, has a positive root x = @ , then the equation

— -2 .
na,x" ! +(n=1)a,x"" + ... + a; =0 has a positive

root, which is [2005]
(a) greater than o

(b) smaller than o

(c) greater than or equal to o

(d) equalto a

The function f(x)= §+ 2 has a local minimum at [2006]
X

@ x=2 () x=-2

© x=0 @ x=1

A triangular park is enclosed on two sides by a fence and on
the third side by a straight river bank. The two sides having

fence are of same length x. The maximum area enclosed by
the park is [2006]

3
x
@ 32 0 > ©
2 8
A value of ¢ for which conclusion of Mean Value Theorem
holds for the function f(x) = log, x on the interval [1, 3] is

[2007]

2

@ mx?

1
(@) logse (b) logJ3 (© 2logse (d) 510g3e
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15.

16.

17.

18.

19.

20.

Applications of Derivatives ®
The function f (x) = tan"!(sin x + cos x) is an increasing 22. Letf: R — R be defined by
function i 2007
nction in | ] P k=2x, if x<-1
@ (0 n) ®) ( T n) =1 2x43, if x >-1
"2 272 If fhas a local minimum atx =— 1, then a possible value of
kis [2010]
© [E E) ) [_E E)
4’2 2°4 1
@@ 0 ® -3 (©) -1 @ 1
If p and q are positive real numbers such that p? + ¢? =1, ' .
1 1
= b) — d 2 f(x)= 2010
@3 ®F ©2 @ 2 [2010]
Suppose the cubic x3 — px + ¢ has three distinct real roots 1
where p > 0 and ¢ > 0. Then which one of the following Statement -1 : f(c)= 3 for somec e R.
holds? [2008]
1
(@) The cubic has minima at \/% and maxima at —\/g Statement-2: 0 </(x) < 22’ forallx R
(a) Statement-1 istrue, Statement -2 is true ; Statement -2
(b) The cubic has minima at — \/Z and maxima at \/Z isnota corre(?t explanation for StaFement -1.
3 3 (b) Statement -1 is true, Statement -2 is false.
(c) Statement-1 is false, Statement -2 is true .
(c¢) The cubic has minima at both \/Z and —\/Z (d) Statement- 1 is true, Statement 2 is true ; Statement -2
3 3 is a correct explanation for Statement -1.
24. Theshortest distance between line y —x =1 and curve x = 2
(d) The cubic has maxima at both \/% and —\/g is [2011]
How many real solutions does the equation @) 32 ) 8 © A %) ﬁ
x7+ 14x5 + 1633 + 30x— 560 = 0 have? [2008] 8 32 V3 4
@@ 7 (b 1 (0 3@ 5
Letf(x)=x|x|and g (x)=sinx. ( Sn .
o . . o 5. €10,— |, = |t .
Statement-1 : gofis differentiable at x = 0 and its derivative 25. For x 2 define ./ (x) -([ Jisintd Then has
is continuous at that point.
Statement-2 : gof is twice differentiable atx=0. [2009] o [2011]
(a) Statement-1 istrue, Statement-2 is true; (@ local minimum at wand 27
Statement-2 is not a correct explanation for Statement-1. (b) local minimum at & and local maximum at 2
(b) Statement-1 is true, Statement-2 is false. (c) local maximum at  and local minimum at 27t
(c) Statement-1 is false, Statement-2 is true. (d) local maximumat wand2n
(d) Statement-1 istrue, Statement-2 is true; 26. A spherical balloon is filled with 45007 cubic meters of helium
Statement-2 is a correct explanation for Statement-1. gas. If a leak in the balloon causes the gas to escape at the
Given P(x)=x*-+ax3 + bx2 + cx +d such thatx= 0 is the only rate of 727 cubic meters per minute, then the rate (in meters
real root of P' (x) = 0. If P(—1) < P(1), then in the interval per minute) at which the radius of the balloon decreases 49
[-1,1]: [2009] minutes after the leakage began is : [2012]
(a) P(-1)is not minimum but P(1) is the maximum of P 9 7 2 9
(b) P(-1)is the minimum but P(1) is not the maximum of P @ = ®) 9 ©) ) d =
(¢) Neither P(—1) is the minimum nor P(1) is the maximum 7 2
of P 27. Leta, b € R be such that the function fgiven by f(x) = In |x|+

21.

(d) P(-1)is the minimum and P(1) is the maximum of P

4
The equation of the tangent to the curve ¥ =X+~ that
x

is parallel to the x-axis, is
@ y=1 (b y=2

[2010]

(¢ y=3 (d) y=0

bx? + ax, x # 0 has extreme values at x=—1 and x=2
Statement-1 : f has local maximum at x = —1 and at
x=2.

-1

1
Statement-2 : 4 = 3 and b= T 2012]
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28.

29.

30.

Topic-wise Solved Papers - MATHEMATICS

Statement-1 is false, Statement-2 is true.
Statement-1 is true, statement-2 is true; statement-2 is
a correct explanation for Statement-1.

@)
(b)

Statement-1 is true, statement-2 is true; statement-2 is
not a correct explanation for Statement-1.

©

(d) Statement-1 is true, statement-2 is false.

A line is drawn through the point (1,2) to meet the coordinate
axes at Pand Q such that it forms a triangle OPQ, where O is
the origin. If the area of the triangle OPQ is least, then the
slope of the line PQ is : 2012]

1 1
@ -3 ®-4 ©-2 @

The intercepts on x-axis made by tangents to the curve,
X

y= I|t| dt, x eR, which are parallel to the line y = 2x, are
0

equal to: [JEE M 2013]

(@ *1 (b) +2 (© +3 (d +4

If fand g are differentiable functions in [0, 1] satisfying

f(0)=2=g(1),g(0)=0andf(1)= 6, then for some c €]0,1[
[JEE M 2014

(b) f'()=28'(c)

D 2f'(c)=38'(c)

@ S')=g'(c)
© 2f'(e)=g'(c)

31.

32.

33.

Let f(x) be a polynomial of degree four having extreme values

: f(x) .
atx=1landx=2.1f lim 1+X—2 =3, thenf{2)isequalto :

[JEE M 2015]

@ 0 d) -4

Consider :
f(x)= tan~! '/1+s%nx ,X E(O,EJ.
1-sinx 2

T
A normal toy=f{x)at X = s also passes through the point :

(b) 4 © -8

[JEE M 2016]

2
@ (goJ ®) GOJ © 00 @ (Og’j

A wire of length 2 units is cut into two parts which are bent
respectively to form a square of side = x units and a circle of
radius = r units. If the sum of the areas of the square and the
circle so formed is minimum, then: [JEE M 2016]
(@& x=2r (b) 2x=r

() 2x=(m+4)r d @G-mn)x=n=nr
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Applications of Derivatives

Section-A : JEE Advanced/ IIT-JEE

1 1) 1 I
X € _5’ | an > _w’ _5 U 0’5 3. xZO 4. abe

A1 cos(In ) 2,
5 ¢ {0}
B 1. F 2. F
C 1 ( 2. (@ 3. (© 4. (b) 5. @ 6. (d
7. () 8. (b 9. (@ 10. () 11. (b 12. d)
13. () 14. (d) 15. () 16. (b) 17. (@) 18. (©)
19. () 20. (2) 21. (d) 22. (@) 23. (©) 24. (2
25. (d) 26. (b) 27. (@ 28. (b) 29. () 30. (c)
31. (o)
D 1. (o 2. (b,0) 3. (0 4. (a) 5. (a,b,0) 6. (a0
7. (@ 8. (b 9. (b,d) 10. (b,c) 11. (a,b) 12. (b,c,d)
13. (a,b,c,d) 14. (a,¢) 15. (a,c,d) 16. (b,c) 17. (a,d)
E 2 2 4. om 6. c—% 9. (0,0) 10. 2x+4y-m=0
2x+4y+3n=0
3 3
11. 7»6(—5, OJU(O, 5} 12. (0,2)
13. fisminat x=% 14, ?sq.units 16, % 2
andmax. atx=1
17. 6+7t:6 18. x3+x2—x+2 19. x+-\/5y=\/5 or x_.\/zy=_\/5
20, x+y=1 21. be(-2, -1 u(l, ©) 22. a=—%,b=_73,c=3
2. % sq. units 24. 2kh 25. y=¢"0"D;15q. unit
-2
26. minat x = %(b+\/b2 —-1), max at x=%(b—\/b2 -1) 217. (7 %)
L R 12 3 _
29. a—4,b— 4,c 2 ,f(x) 4x 4x+2 30. xy=1
3. 21 39, y=2 40. 465 41. 6
F 1. A)->pB-or
G 1 (© 2 @ 3. () 4. (0 5. () 6. @ 7. ©
I 1. 7 2. 0 3. 9 4, 1 5. 5 6. 9 7. 9 8 8
9. 4

Section-B : JEE Main/ AIEEE
. ® 2 @ 3 @4 @5 M6 @7 @8 @ 9 @ 10. ®» 1. B 12. @
13. (¢) 14. (©) 15. (@) 16. (c) 17. (@ 18. (b) 19. (b) 20. (@ 21. (c) 22. (c) 23. (d)
24. (@) 25. (©) 26. (c) 27. (b) 28. () 29. (@) 30. (b) 31. (@ 32. (d) 33. (a)
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Topic-wise Solved Papers - MATHEMATICS

I Section-A

A. Fillin the Blanks

i

Wehave e ™2 <0<n/2 = —§<ln(-)<lnn/2

= cos (—1/2) <cos (In 8) <cos (In 7/2)
= cos(ln®>0 . 1
Also —1<cos0<1V 0

-1<In(cosB) <0VO0<cosB<1

= In(cos®)<0 . )
From (1) and (2) we get, cos (In 6) > In (cos 0)
cos (In 0) is larger.

4 1 (Q2x+D)(2x-1
y=2x2—ln|x| = —y=4x——=¢

dx x x
Critical points are 0, 1/2,—1/2

Clearly f(x) is increasing on (—%,OJ v [% , oo) and

f(x) s decreasing on (—oo,—%] v (0, %) -

Letf(x)=log (1 +x)—x forx>—1
1 -X
f'(x)= m—l = T+x
We observe that,
f'(x)>01f-1<x<0and f'(x)<0ifx>0
Therefore fincreases in (— 1, 0) and decreases in (0, « ).
Also f(0)=1ogl-0=0
x20= f(x)< f(0)
= log(l+x)—x<0=log(l+x)<x
Thus we get , log (1+x)<x,Vx >0
Let P(acos6,bsin®) be any point on the ellipse

2 2
+2 =1 with foci F) (ae, 0) and F, (-ae, 0)

b

Then area of APF, F, is given by

QNIR

P (acosb, bsind)

. acos® bsnb 1
A=—| ae 0 1

2
—ae 0 1

=%I—bsin9(ae+ae) |= abe|sin0 |

JEE Advanced/ lIT-)EE

|sin@|<1

Anax = abe
The given curveis C: 33 —3xy+2=0
Differentiating it with respect to x, we get

32 Y 3V 50 H_

dx dx x4 yz
Slope of tangent to C at point (x;, y,) is
Y__n
dx  —x + y12

For horizontal tangent, % =0=>y =0

For y, = 0in C, we get no value of x,
There is no point on C at which tangent is horizontal

H=¢

. 1
For vertical tangent Zx_y = 6 = -x + y12 =0=>x = J’12

From C, y© -3y} +2=0

= y13=1 > =l =>x=1
. There is onlyone point (1, 1) at which vertical tangent
can be drawn

V={1,1)}
B. True/ False

If (x —r) is a factor of /' (x) repeated m times then
f" (x) is a polynomial with (x — r) as factor repeated (m — 1)
times.
Statement is false.
Giventhat 0 <a<x.

>2

Let f(x)=log, x+log,a=log, x+
et f(x)=log, 8x B Xt e

But equality holds for log, x = 1

= x = a which is not possible.

f(x)>2
Jmin cannot be 2.
Statement is false.

C. MCQs with ONE Correct Answer

(@) Consider the function f(x) = ax> + bx?> + cxon [0, 1]
then being a polynomial. It is continuous on [0, 1],
differentiable on (0, 1) and
f0)=f(1)=0 [asgivena +b+c=0]

By Rolle's theorem 3 x €(0,1) such that

F'(x)=0=3ax> +2bx+c=0
Thus equation 3ax? + 2bx + ¢ = 0 has at least one root
in[0, 1].
1 S
(a) Areaof AABC, 4 =5xdcosaxds1not = Tsta
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3. (©
=
=

4. O
=

5. @

6. @

7. ®

C

S

which is max. when sin 2a,=1
Le. a=45°
.. AABC is an isosceles triangle.

%=a(—sin9+sin6+6cose)=aecose (1)
dy . .
i a(cos®—cos0+0sinf) =aBsin® ...(2)

Dividing (2) by (1), we get
dy

— =tan0
dx

Slope of normal =—cot 6
Equation of normal is

(slope of tangent)

cos0

sin®

y sin @ —a sin? @+ a sin 6 cos O
=_xcos0+acos*0+a0sin6cosd
xcosO+ysin®=a

As 0 varies inclination is not constant.
(a) is not correct.

Clearly does not pass through (0, 0).

y—a(sin®—0cos0) = —

(x—a(cos O +0sinB))

a

Il
AN

It's distance from origin =

cos? 0+sin? 0
which 1is constant

y=alnx+bx2+x

has its extremum values at x =— 1 and 2

D _0atx=—1and2
dx

2 o 2bx+1=0 or2bx2+x+a=0

x
has — 1 and 2 as its roots.

2b—1+a=0 ..
8b+2+a=0 -

Solving (1) and (2) we geta=2,b=—1/2.

For y2 = 4ax, y-axis is tangent at (0, 0), while for
x%=4ay, x-axis is tangent at (0, 0). Thus the two curves
cut each other at right angles.

fl(x)=—(x+2)e ¥ +e ¥ =—(x+D)e ¥ =0 x=-1
For x e(—0,-1), f'(x) >0 and for
x e(=Low), f'(x)<0
f (x) is increasing on (—o,—1) and decreasing on
(-1,—0).

In
We have f(x)= ln((::;c))
( ! )ln(e+x)— ! In(m + x)
, T+X (e+x)
1 [in(e + )

10.

11.

b

@

©

U

uuyguyuy

BRIV

)

_ (e+x)In(e+ x)— (n+x)In(+ x)
(e+ x)(m+x)(In(e+ x))?
<0on (0,) since l <e<m

f(x) decreases on (0,00).
Lety=x2 (1-x)7

% =25x241-x)"° - 75xP 1 - %)™
=25x24 (1 —x)" (1 —x—3x) = 2524 (1 —x)"* (1 - 4x)

For maximum value of’y, % =0

x=0,1,1/4, x=1/4 €(0,1)
Alsoatx=0,y=0,atx=1,y=0,andatx=1/4,y>0
Max. value of y occurs atx = 1/4

Slope of tangent at (x, f(x)) is 2x + 1

fl)=2x+1= f(x)=x*+x+c

Also the curve passes through (1, 2)

S)=2

2=1+1+c= ¢=0, .. f(x)=x2+x

1
Required area = jo (x2 + x)dx

We have f(x) = ,L,O<xﬁl
sin x

()= sinx.—;ccosx
sin“ x

where sin“ x is always +ve, when (< x<1. But to
check Nr., we again let

h(x)=sinx—xcosx
h'(x) =xsinx>0for 0< x<1 = h(x)isincreasing
h(0)<h(x),when 0<x<1
0< sinx—xcosx,when 0<x<1
sinx—xcosx>0,when 0<x<1

(x>0, x €(0,1]
f(x)isincreasing on (0, 1]

2

. x
Again g(x)=——
gain g(x) po——

, tan x — xsec’ x
glx)= e L
tan” x
Here tan? x > 0 But to check Nr. we consider
p (x)=tan x—x sec? x

p'(x)= sec? 2 x —x.2secx.secx tan x

,when 0<x<1

X —sec
p'(x)=—-2xsec? xtanx <0 for 0<x <1

p (x) is decreasing, when 0 < x <1

p(0)>p(x) = 0>tanx—xsec’x
g'(x)<0

Hence g (x) is decreasing when 0 < x <1.
We are given f(x) = sin* x + cos* x

f'(x)= 4sin® xcosx —4cos’ xsinx

L ] M-S-245
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12.

13.

14.

15.

16.

@

©

U

@

@

=—4 sin x cos x (cos® x —sin? x)
=—2.sin 2x cos 2x =—sin 4x
Now for f(x) to be increasing function

f'(x)>0=>—sindx>0=>sin4x <0

s 1
<4x<2n > —<x<—
n<4x<2m 1 x >

Since, If f(x) increasing on (n/4,1/2)
n_ 4n_3n
—_—— >
4 8 8

It will be increasing on (rt/4,37/8).

From graph it is clear that both sin x and cos x in the
interval (m/2,m) are decreasing function.

A
Y=sinx

1+ 1 Y=cosx

+ } » X t » X
O 2 x 0+ n/ZI\T:
—1+ -1

S'1s correct.
To disprove R let us consider the counter example :

fx)=sinxon (0,7/2) sothat f'(x)=cosx

Again from graph it is clear that f(x) is increasing on
(0,7t/2) but f' (x) is decreasing on (0,7/2)

R is wrong.

f(x)=jex(x—1)(x—2)dx

For decreasing function, /" (x) <0
Fx-1D(x-2)<0 > (x-1)x-2)<0

- e¥>0VxeR

1<x<2,

Slope of tangent y = f(x) is % = f'(X)3.4)
1 _ 1
S ®aey SO

Therefore, slope of normal =—

= tan(%t] (given)

1 T W o
or —m=tan(5+zj=—l = f(3)—1

It is clear from figure that at x = 0, f (x) is not
differentiable.

D— To %

= f(x)has neither maximum nor minimum atx =0.

b

Let f(x)=¢*—1-x then f'(x)=¢€*—1>0 for
x €(0,1)
f(x)isan increasing function.

S(x)>f(0),Vxe©])

ef-1-x>0=>e" >1+x
(a) does not hold.

(b)

.UU:.

17. (@)

18. (©

=

=
19. @

20. (a)

22. (@)

Topic-wise Solved Papers - MATHEMATICS

Letg(x)=log(l+x)—x
x

then g'(x) =L—1 =— <0,vxe(0,1)
I+x

I1+x
g (x) isdecreasing on (0, 1) .. x>0
gx)<g(0)
log(1+x)—x<0= log(l+x)<x
(b) holds. Similarly it can be shown that (c¢) and (d) do
not hold.
f(x)=xex(1-0)
1) =e 0D +(1-2x)x (170
=12 _x-1)=—0-D 2+ 1) (x-1)
_ + _

< | | »
< | | >
-1/2 1
f(x)isincreasingon [-1/2, 1]
Tangenttoy=x?+bx—bat(1,1)is

y=1=Q2+b)(x-1) = (b+2)x—y=b+1

+1
-1 = +
b1 and y-intercept=—(b+1)
Given Ar (A)=2 = l(ﬂ) [~(b+1)] =2
2\b+2 -

x-intercept=

b2+2b+1=—4(b+2) = b2+6b+9=0
b+3)2=0=> b=-3

f)=(1+b>)x*+2bx+1

It is a quadratic expression with coeff. of
x2=1+5*>0.

f(x) represents an upward parabola whose min value is

-D . . .
4 D being the discreminant.

4b% - 41+ %) 1
aiepty = mO=1

For range of m (b) :

m(b) =—

1
——=>0also p2>0=>1+52>1
1+ b?

L 1 Thusm®)=(0,1]
1+52
3 sin x — 4 sin> x = sin 3x which increases for
3x e(—i E):xe(—i E) hose length i T
> 676) Whoselengthis .
The given curve is y* +3x2 =12y

d
= 3y2%+6x=12% = Ey= 3

For vertical tangents %:%:4—y2 =0=> y=%2

- 4
Fory=2, XZ=M=E: X=t—

V3
—24+8

Fory=-2, X = 3 - —ve (not possible)

.. Req. points are (+4/ \/?_),2) .
There is only one function in option (a) whose critical

point % €(0,1) for therest of the parts critical point
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Applications of Derivatives

23.

24.

25.

26.

©

b

0 € (0, 1). It can be easily seen that functions in options
(b), (c) and (d) are continuous on [0, 1] and differentiable

in (0, 1).
(l— ) , x<1/2
2

1 2
(——) , x=>1/2
2

Now for f(x)=

Here f{%J =-1and f’(1/2+)=—2(%—%) =0
AT e iy
(2)

fis not differentiable at 1/2 € (0,1)
LMYV is not applicable for this function in [0, 1]

2
Equation of tangent to the ellipse ;—7+ y2 =1 at
. 3 0 .

(33 cos0,sin0),0 € (0,1/2) is ‘f"g""s +y.sin0=1
Intercept on x-axis = LA

V3 cos®’

. 1

Intercept on y-axis = ——

sin 0

Sum of intercepts =S = 3+/3sec0+ cosec ©

For min. value of §, as =0
do

3\/5 sec O tan 6 — cosec O cot 06 =0
3\/§sin9_ cos0

=0 = 3J§sin39—cos39=0
sinZ 0

cos? 0

31 1Y
tan" 0=—==| —

33 (\/iJ
tan®=— = tann/6=> 0 =1/6
f)=x3+bx*+cx+d, 0<b <c
fr(x)=3x*+2bx+c
Discriminant = 46% — 12c¢ =4 (b*—3¢)<0
f'(x)>0V xeR
f(x) isstrictlyincreasing V x eR

For Rolle's theorem in [a, b]

S@=f(b),In[0,1] = f(0)=/(1)=0

The function has to be continuous in [0, 1]

f(0)= lim f(x)=0=> lim x* logx=0
x—0" x—0
1 logx
x—0 x~¢
Applying L' Hospital's Rule
o
lim—% 202 lim  =0=a>0
x50 —gx ! -0 O
Let the polynominal be P (x) = ax?+ bx + ¢

Given P(0)=0and P(1)=1 = c=0anda+ b=1
= a=1-b

28.

29.

VRV

@

)

©

P(x)=(1—-b)x*+bx

P'(x)=2(1-b)x+b

Given P’(x) >0,V x €[0,1]

2(1-b)x+b>0

Whenx=0,b>0andwhenx=1,5<2

0<b<2

S= {(1—a)x2+ax,a e(o,z)}

The equation of tangent to the curve y = e* at (c, €°) is
y-e =e(x—c) ..(D)

and equation ofline joining (c—1, e 1) and (c +1, ec*1)is

ot c+l _ -1
y—e =m[X—(C—D]
et _ e
= y-ée =T[x—c+l] ...(2

Subtracting equation (1) from (2), we get
e—e! —2:|+ ¢ (e—e_l\

27

e e =ec(x—c){

e—e -2 e—e -2
2
-1
ete
etel-2 __ 2 I e
- _ —e —ve
2_(e_e 1) l_e e
2
x—c<0 > x<c

The two lines meet on the left of linex=c.

The given curves are

Ci:y*=4x  ..(1)andC,:x*+)?—6x+1=0...(2)
Solving (1) and (2) we get

x2+4x—6x+1=0 =x=1and =>y=2o0r-2

.. Points of intersection of the two curves are (1, 2)
and (1,-2).

dy 2
ForC,, —=—
ot dx y
— = 1= d l —_ '
(dx 1,2) TS e (,-2) ™
dy 3-x (dy)
—_—=— . =1=
For C,, dx vy " \ax w2 my

mp=myand m'=my'

S0

"] M-S-247
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The given function is

2+x), B<x<-1
2/3

f(x)={
x“7, -1<x-2

The graph of y = f(x) is as shown in the figure. From
graph, clearly, there is one local maximum (at x=-1)
and one local minima (at x=0)

.". total number of local maxima or minima =2.

30. () Given thatg(u)= 2tan“(e“)—§

- 11
. g(~u)= 2tan l(e'“)—g = 2tan l(e_“] —g

= 2cot™! (e“)‘% = 2[g—tan‘l (eu)]_g

- n—2tan_l(e“)—g - §—2tan_l(e“)

=-gw)

.. g isan odd function.

u

Also 8'(u) = >0, Yu e(—ow,o)

1+ e

.. gisstrictly increasing on (—oo,0) .

1
Let f{x)= 4ax? + "

Forx>0,f ;, =1

3. (o)

1 1
f/(x)=80X— —=0=> X = ——
X2 2(1,1/3

2
] 1203 =1

fnin = 1= 4“(2a1/3

! 1
= 3a3 =lora= >7
D. MCQs with ONE or MORE THAN ONE Correct
1. (¢ Wehave P'(x) =2a;x +4a,x* + ... + 2na x*"!
P(x)=0=>x=0

P"(x) = 2a; +12a,x% +...+2n(2n - 1)a, x 2" 2

P"(x)|y—0=+ve asa; >0
P (x) has only one minimum at x =0.
2. (b, c)Letthe line ax + by + ¢ =0 be normal to the curve

xy =1 atthe point (x’,y" ), then

x'y'=1...(1) [pt(x’',»') lies on the curve]
Also differentiating the curve xy = 1 with respect to x

dy &y _y

+x—=0=>—=-=

we get )V ax dx o
= Q) =_—J:', .. Slope of normal =x—,
dx (*',3") X y

Also equation of normal suggests, slope of normal

We must have,

!

x¥_a )
5= )
Now fromeq. (1), x'y' >0=x",y' are of same sign

x' a a
= —=tweD-——=+tre=D—=—ve
y' b b
a and b are of opposite sign.
eithera<0andb>0ora >0and b<0.

ORI

wx
STV

yﬂ
A P
YA

=
A ) h

vl

C=IT

v
It is clear from the graph that the curves y = tan x and

y=xintersectat Pin (m,3m/2).

Thus the smallest +ve root of tan x — x = 0 lies in
(n,3m/2).

Since g is decreasing in [0, oo )

Forx>y, g(x)<g(y)
Also g(x), gv) € [0, oo )and fis increasing from [0, oo )
to [0, ).

For g (x), g (¥) €[0,%0) such that g(x) < g(»)
f(&(x) < f(g(y)),where x>y = h(x)<h(y)
h is decreasing function from [0,0) to [0,)
h(x)<h(0),V x>0
But2(0)=0 (given)
h(x)<0V x>0 ...(2)
Alsoh(x) 20V x>0 ...(3)
[ash (x) €[0,0)]
From (2) and (3), we get A (x)=0, V x>0
Hence, A (x)—h(1)=0-0=0V x>0
5. (a,b, c) Weare given that
f(x)z{:sxz +2x-1,  -l1<x<2
37-x, 2<x<3

Thenon[-1,2], f'(x)=6x+12

For —-1<x<2,-6<6x<12
= 6<6x+12<24
= f'x)>0,Vxe[-1,2]

fis increasingon [— 1, 2]

Also f(x) being polynomial for x €[-1,2) U(2,3]

f(x)1s cont. on [- 1, 3] except possibly at
At x=2,

4. (@)

Uy
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LHL = lim f(2—h) = lim 32— h)*> +12(2- h) -1
h—0 h—0

=35
RHL = lim f(2+A) = lim37-(Q2+h)=35
h—0 h—0
and f(2)=3.22+122-1=35
LHL=RHL=/(2)
= f(x)is continuous at x =2
Hence f(x) is continuous on [ 1, 3]

Againatx =2
RD = lim fQR+h-f(2) — lim 37-Q2+h)-35 _
h—0 h h—0 h
h—0 h
p— 2 p— p—
i 3573@ =R ~12Q-h)+1
h—0 h
a2
= lim 3h° +24h — 4
h—0 h
AsLD # RD
f'(2) does not exist. Hence f(x) can not have max. value
atx=2.

6. (a,c) Wehave
H(x) = £/~ 2/ () + 37 ()]
- 3f’(x)[(f(x))2 -3/ +ﬂ

=3 O[{f(x)-1/31% +2/9]
Notethat 4'(x) <0 whenever f'(x)<0 and A'(x) >0

whenever f'(x)>0, thus, /& (x) increases (decreases)
whenever f(x) increases (decreases).

2 2
-1_(?+D)-2 2
7 = =1-
@ Jt0= x2 +1 x? +1 x2 +1
For f(x) to be min 3 lshouldbemax, which is so
X+
ifx2+ 1ismin. Andx? + 1 ismin atx=0.
0-1
==
Suin 0+1
8. () The maximum value of f (x)=cosx+cos(\/§) is2

which occurs at x = 0. Also, there is no value of x for
which this value will be attained again.

d
9. (bd Ey = 1) = 2 D (x-T)(x-23(x=3)° =0
Critical points are 0, 1, 2, 3. Consider change of sign of

dy atx=3.

dx

x<3, Q =—veandx >3, d—y=+ve
dx dx

Change is from —ve to +ve, hence minimum at x = 3.
Again minimum and maximum occur alternately.
2nd minimum isatx=1
10. (b o) Letf(x)=ax® +bx*+cx+d
Then, f(2)=18 = 8a+4b+2c+d=18 ...(1)

@ M-S-249
f)=—1=>a+b+c+d=-1 ...
f(x)haslocal max. atx=—1

= 3a-2b+c¢=0 N C))
f'(x) haslocal min. atx=0 = 5=0 ...(4

Solving (1), (2), (3) and (4), we get

f(x)= %(19;;3 -57x+34)= f(0)= %

Also f'(x)= %(x2 ~1)>0,Vx>1

Also f'(x) =0 = x=1,-1

f"(=D <0, f"(1)>0= x=-1 isapoint of local max.
and x = 1 is a point of local min. Distance between

(~1,2)and (1, £(1)), i.e.(1,—1)is V13 # 245
@b g@=[ rod

e, 0<x<1

= g®=f(x)=12-7,
x—e,

1<x<2
2<x<3

g'(x)=0:>e"‘1=2 or x—e=0
= x—-1=log2 or x=e= x=1+In2ore
e, 0<x<l1
g'(x)=9—- XI, l<x<2
1, 2<x<3

g"(1+In2)=-2 and g"(e) =1= g(x) haslocal max.
atx=1+In2 and local min. atx =e.

14
1 2 3
} ; ; X
e
(1+1W

Graph of g'(x)

Also graph of g’(x) suggests, g (x) has local max. at x
=1 and local min. atx=2

12. (b,c,d) Wehave, f(x)= xcosl, x>1
X

1 1.1
f'(x)=cos—+—sin—
X x

x
lim f'(x) = cos0+(0) x (some finite value)
X—>0
= lim f'(x)=1
X—>0

. 1 .1 1 1
Also f"(x)= %sml——zsm———3008—
x X x X x x

= f"(x)= _—31cosl <0, Vxe[l,»)
X X

EBD_7202



M-S-250 @

Topic-wise Solved Papers - MATHEMATICS

= f'(x) isstrictly decreasingin[1, )
S'(x)> lim f'(x)
X—>0

%>1 = f(x+2)—f(x)>2

13. (a,b,c,d)

X 2
We have f(x)= [’ (t—2)(t-3)dt
0

S 10)= e (x=2)(x-3) S'(X)=0 = x=2,3

2 2
(@)= e* 2x(x? —5x+6)+e* (2x-5)
f"(2)=-veand f"(3)=+ve
. x=21isapoint of local maxima
and x =3 is a point of local minima
Alsoorxe(2,3)f’(x)<0
= fisdecreasingon (2, 3)
Also we observe f"'(0)<0andf"'(1)>0
.. There exists some C (0, 1) such that /”(C)=0
.. All the options are correct.
14. (a,c) Let L=8x, B=15xand y be thelength of square cut off
from each corner. Then volume of box
=(8x-2y) (15x-2y)y
V=120x% —46xy* + 4>
av
e 120x2 - 92xy + 12)?
dv .
Now d_y = 0aty=5 for maximum value of V.
= [30x2-23xy+ 3y2]y=5 =0
= 6x2-23x+15=0=>x=3, %
For x=3, sides are 45 and 24.

x 4l
15. (acd) f(x)= [ e (t ’)ﬂ

1/x

For xe[l,»), f'(x)>0
.. f is monotonically increasing on [l,oo)
(a)is correct.
For xe(0,1), f'(x)>0
.. (b) is not correct
l X _(H.lJﬂ 1/x _(H.l)ﬂ
f(x)+f(—]= Ie t/t +Ie Ut =0
X
1/x x
.. (c)is correct.

1
X
Weget /29)+ £(277) =0 or f(29 =12

f(2%) is an odd function.
.. (d) is correct.

Replacing x by 2% in f(x)+ ( ) =0

16. (b, c) Let A(x)=f{x)—3g(x)
h(=1)=h0)=h2)=3
ByRolle’s theorem h'(x) =0 has atleast one solution in
(-1, 0) and atleast one solution in (0, 2) But 4" (x) never
vanishes in (-1, 0) and (0, 2) therefore 4'(x) = 0 should
have exactly one solution in each interval.

i L) o,
. w0 g (6

e+ g ) _
= x-21"(x)g'(x)+1'(x)g"(x)
g()f(2)_
= m-l = £(2)=£"(2)
fix)— f"(x) =0 foratleastone x € R.
-+ Range of f(x) is (0,)
flx)>0,vxeR
= f2)>0=£'(2)>0
= fhasalocal minimum atx =2

E. Subjective Problems

L ()= (a+x)(b+x)
(c+x)
_(a—c+x+c)(b-c+x+c)
B x+c
_(a-c)b-c)
T x+c

,a,b>c,x>—c

+(x+c)+a+b-2c

' —(a—c)(b-c)
S S\ 2
= S (x+c)2 *
f(x)=0=>x=—cx\/(a—c)(b—c)
= x=-c+(a-c)(b-c) [+vesignistaken " x >—c]

Also f7(x)= 2X4=N0=9

3 >0 fora,b>candx>-c

(x+c¢)

f(x)isleastatx =—c +/(a—c)(b—c)
/Al 31k BN ey )

(a—c)b-c)
+(a-c)+(b-c)

=(a-c)+(b-c)+2(a-c)b-c)

= Wa—c+b—c)?
2.  Given that x and y are two real variables such that x >0
andxy=1.
To find the minimum value of x + y.
Let S=x+y
1 .

= S=x+; (usingxy=1)

ds 1

- = 1 [

dx x2

as

For minimum value of S,E =0
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= 1-—=0 > x=tI f)=5"%, x>0
x
Butx > 0, .. x=1 Let y= PEAEN logy=%logx
Now d*s 2 Differentiating w.r.t. x we get
@ 2 1 x—1.logx

225 ldy 577 %% dy_ y(-logx)
> — =2=+ve y dx 2 dx )

dx x=1

1
Sis minimum whenx=1 .. Spin =1+I=2

We are given that
x €[0,1],] f"(x)I<1 and f(0) =f(1)
To prove that | f'(x) < 1,#x €[0,1]

Here f(x) is continuous on [0, 1], differentiable on (0, 1)

and f(0)=/(1)
. ByRolle'sthm.,

3c €(0,1) such that f'(c)=0 ...(D
Now there may be three cases for x €[0,1]
D) x=c(i)x>c(ii)x<c
Casel:Forx=c.
Ifx=cthen f'(x)=0<1 [from (1)]
Hence the result | f'(x)|<1 is obtained in this case.

Casell : Forx>c¢
Consider the interval [c, x].

As f'(x) is continuous on [c, x] and differentiable on (¢, x)
pyiy 10 =L 8@
= f'x)=(x-0f"()
Now, x,c €[0,1] andx>c¢
X—-c<1l L. Q]
also | f"(x)|< 1,V x (given)
| f"()|<t (i)
Combining (i) and (ii), (x—c)| f"(x)|<1
| f'(x)|<1. Hence the result in this case.

Caselll : Forx<c
Consder the interval [x, c].

where a € (c,x)

[ f'(©)=0]

As f’(x)is continuous on [x , ¢] and differentiable on (x, ¢)
ByLMYV for B e(x,c¢)
(@) = S (C)_J{ x)

[Using f"(c)=0]
Lf' ) = (c—x)/"(B)|

as x,c €[0,1] and x<c
O<c-x<lalso|f"(B)l<las|f"(x)|<L#x
[(c—x)f"(B) <1

| f"(x)|<1 hence the result in this case.
Combining all the three cases we get

| f'(x) < L#x €[0,1]

= [ =—(c-x0)f"P)

For max/min value put Z—y =0
X

y(1-logx)

x2

= =0=>logx=1=>x=e

d 1
Al dzy (d_ic} (1-log x)—;y) x? —2xy(1-log x)
S0, =

dx? x*

x=e x=e

. dy
U —=0,1-logx=0at x=
[ sing —— ogx=0at x e}

~ _el/e e
e3

yismaxatx=e
e'’e is the max. value of f(x).

xl/x <el/e V x

Putx =&, we get, nl/m < elle

= Raising to the power me on both sides we get

TL' < e or e > 11:
Given that f(x) and g (x) are differentiable for x €[0,1] such
that f(0)=2,/(1)=6, g(0)=0;g(1)=2
To show that 3¢ €(0,1) such that f'(c)=2g'(c)
Let us consider £ (x) =f(x)—2g (x)
Then 4 (x) is continuous on [0, 1] and
differentiable on (0, 1)
Also h(0)=f(0)-2g(0)=2-2x0=2
A(D)=f(1)-2g(1)=6-2x2=2
h(0)=h(1)
All the conditions of Rolle's theorem are satisfied for
h(x)on [0, 1]
3¢ €(0,1) such that A'(c)=0
= f'(C)—Zg’(C)=0 = f'(c)=2g'(c)
0,¢),y=x2,0<c<5 .
Any point on parabola is (x, x2)
Distance between (x, x2) and (0, 1) is

D=yx*+ (x - c)2
To minimum D we consider

4

2_2 _1=03 x2=2c—1
2

2
DP=x'—Q2c-1)x2+ & = (2 2c—1) ro—l

which is minimum when x
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; Gi s b | Differentiating with respect to x, we get
. +—2 ...
e se M d 1+ -x2x)  1-x°
Vx>0,a>0,b>0 dr (1+x2)?  (1+x2)?
To show that 27 ab® > 4c>. . 1-x? dy
Let us consider the function f'(x) = ax? + b/x Again let f(x)= 1+ x2)2 T

then f'(x)= Zax—i2 =0
x
= x3=bl2a = x=(b2a)'

f"(x)=2a+§;
x
( 1/3)
= f" (i] =2a+2—bx2a=6a>0
2a b

1/3
fisminimum at x = (—)
2a

As(l)istrue V x

' (b)l/:;
sois for x= —
2a

b 2/3 b
al — +—1/3 >c

2a (b/2a)

)

—|+b
"(m i 3b( 24"
13 2c =D —|— >c
(b/2a) 2\b
As a, b are +ve, cubing both sides we get

3
%‘% >c> = 27ab*>4c> Hence proved.
To show

1+xln(x+\/x2 +1) > 1+x% for x>0
Consider f(x)=1 +x1n(x+\)x2 +1)—\/1+x2)

Here, f'(x)=In(x+x? +1)+———
x+\x?+1

Rl
Va2 +1] 1+o?
=h1(x+m)
Asx+m21forx21

ln(x+m)20

f'(x)=20,Vx>0
Hence f'(x) is increasing function.
Now for x> 0= f(x) = f(0)

= l+xhn(x+vVx2+D)—v1+x2 >0
= 1+xln(x+\/x2+1)Z\)1+x2

Equation of the curve is given by
x

(1)

1+ x2

10.

11.

1+ x%)2 (=2x) - (1- x2)2(1 + x*)(2x)
1+ xH)*
C(1+x2)(20)-(1-x2)22x  x(2x* - 6)
- (1+x2)3 T (1+x?)
For the greatest value of slope, we have

()= x(2x2 —-6)

(1+x2)
Again we find,
o 12223=x%)  6(1-x%)
fiw= A+x)* 1422
f10)=-6and @)=

Thus, second order derivative at x =0 is negative and second

Now, f'(x) =

=0 o x=0,i\/§

order derivative at x =+/3 is positive.

Therefore, the tangent to the curve has maximum slope at
(0,0).

Equation of given curve y=cos (x +y), 21 < x <27
Differentiating with respect tox,

% =—sin(x+ y).[l + ii_ixy}

= [1+sin(x+ y)]j—y =—sin(x +y)
X
= d_y _ Sin(x+ y) ‘..(1)

dx 1+sin(x+ y)
Since the tangent to given curve is parallel tox +2y =0
—sin(x+y) 1
1+sin(x+ y) 2
= 2sin(x+y)=1+sin(x+y)
= sin(x+y)=1
Thus, cos (x +y)=0
Using equation of curve and above result, we get, y=0
= sinx=1= x=nn+(1)'n22,neZ = x=n/2,-3n2
which belong to the interval [- 27, 27]
Thus the points on curve at which tangets are parallel to
given line are (1/2, 0) and (- 37/2, 0)
The equation of tangent at (n/2, 0) is

y—0=—%(x—1t/2)
= 2y=—x+1W2 = 2x+4y—-1=0
The equation of tangent at (—37/2, 0) is
y—0=—%(x+31t/2)

= 2y=—x-312 = 2x+4y+3n=0

Thus the required equations of tangents are
2x+4y—-n=0and 2x +4y+3n=0.

The given function is,
Sf(x)=sin3x+ A sin?x for —m/2 < x <m/2

[For parallel line m, = m,]
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Applications of Derivatives

12.

S (x)=3sin?x cos x + 2\ sin x cos x

= %sin 2x(3sin x+21)

So, from ' (x)=0, we getx=0
or 3sinx+2A=0

3.
Also, f"(x)=cos 2x (3 sin x +2A) +Esm 2xc0osx

Therefore, for A = 3 sinx , we have

f"(x)=3sinx cos? x =—2\ cos? x
Now, if 0 <x<7/2, then— 3/2 <A <0 and therefore
S"(x)>0.
= f(x)has one minimum for this value of A.
Also for x=0, we have f " (0) =2A <0, That is
f(x) has a maximum atx=0
Again if—m/2<x<0,then0 < A< 3/2and
therefore £ (x) =—2A cos? x <0.
So that f(x) has a maximum.
Alsoforx=0,f"(a)=2A>0 so thatf(x) has a minimum.
Thus, for exactly one maximum and minimum value of f(x),A
must liein the interval
—3/2<A<00r0<A<3/2

ie, Ae(=3/2,000(0,3/2).
The equation of given curve can be expressed as

2 2

—+=—=1 where 4<a?2<8
at 4

Clearly it is the question of an ellipse
N

P (acos0, bsind)
(a,0)

/’
V7

0,-2)

Let us consider a point P (a cos 0, 2 sin 0) on the ellipse.
Let the distance of P (a cos 6, 2 sin 0) from (0,—2) is L.
Then, L2 = (a cos 6 — 0)? + (2 sin 0 +2)?

= Differentiating with respect to 0, we have

2
% = cos0[—2a® sin6+8sin 0+ 8]

For max. or min. value of L we should have
d(1%)

a0
= cos0[2a%sinO+8sin® +8]=0
= Eithercos =0

or (8-2a%)sin0+8=0= 9=" or sin= >
2 a -4
Since a?<8 = a?-4<4

= >1 = sin 6> 1 which is not possible

a* -4

d* (%)
do?
+(—sin®)[-2a%sin0+8sin® +8]

Also = COS 9[—2a2 cos6+8cos0]

13.

14.

o M-S-253
2,72
Ato="TL) o 16-2a2]= 2a>-8)<0
27 q0?
asa’<8

L is max. at 0 =7/2 and the farthest point is (0, 2).
We have,

S = l"[z(z —1)t=2)% +(t-1)23(t-2)2)dt
Then using the theorem,

4 [ 0t |- ety o) - Lo )

We get,
fx)=2(x-1)(x-2P2+3x-1)*(x-2)?

=(x-1)(x-2)* Qx—4+3x-3)
=(x-1)(x-2)*(5x=7)

For extreme valuesf'(x)=0 > x=1,2,7/5

Now, " (x)=(x—2)? (5x—=7)+2 (x— 1) (x—2) (5x-7)

+5(x—1)(x—2)?

Atx=1, f"(x)=1(-2)=-2<0

s fismax.atx=1

At x=2f"(x)=0

. fis neither maximum nor minimum atx=2.

At x=7/5

2
7 \(7 2 9 18
S =353 557257

f(x) is minimum atx="7/5.
Wehavey=x (x—1)%, 0<x<2
Z—y= (x=1)% +2x(x—1) = (x—=D(3x—1)
X

b _o

For max. or min. = =
dx

= @-1)Gx-1)=0= x=1,1/3

2
d—2y=3x—1+3(x—1)=6x—4
dx
d2y .
Atx=1, —2=2(+ve) S yismin. atx=1
dx
dzy
At x= 1/3,—2 =-2(—ve) ..yismax.atx=1/3
dx
11 ) 4
Max value of y is =—(—— ) =—
3\3 27

Min value of yis=1(1-1)2=0
y

C(2,2)

| 4 B !
1 2

Now the curve cuts the axis x at (0, 0) and (1, 0). When x
increases from 1 to 2, y also increases and is +ve.
Wheny=2,x(x—1)*=2
= x=2
Using max./min. values of y and points of intersection with
x-axis, we get the curve as in figure and shaded area is the
required area.
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2
Therequired area= Areaof square OBCD — I 0 dx

=2x2—j02x(x—1)2dx

([ (x=17) 2
_g | 32D —lj (x—1)%.1dx
3 Jo 3J0
_ 4 2
—4- f(x—1)3—(x—l)}
3 12
L 0
—4- E_L+L]=4—2=&sq‘units.
3 12 12 33

15. Let f(x)=2sinx+tanx—3xon 0<x<m/2
thenf'(x)=2 cosx +sec2x—3
and " (x)=—-2sinx+2 sec’ x tan x
=2sinx [sec3 x—1]

for 0<x<m/2 f"(x)=0

= f'(x)is an increasing functionon ( < x < /2.
Forx>0, = f'(x)> f'(0)

= f'x)20for0<x<m/2

= f(x)isan increasing functionon 0<x<m/2
Forx >0, f(x)= f(0)

= 2sinx+tanx—-3x>0, 0<x<m/2

= 2sinx+tanx>3x, 0<x<m/2

16. As QR | XY diameter through Pis L QR.

Hence proved

0 4 R

0

X P i
Now area of APQR is given by 4 = %QR.AP
But QR=2.04="2rsin 20
andPA =0A+OP=rcos20+r
A= %‘Zr sin 20.(r + r cos 20)
=72.25sin0cos O .2 cos?> 0 =4r?sin O cos> O

For max. value of area, % =0
= 4r2[cos*0—3sin20cos20]=0
= cos?0(cos?0—3sin?0)=0 = tan0 = L =0=30°
NE)
d*4

Also — = 4r*[~4cos’ 0sinB —6sin Ocos’
do

+6sin’ Bcos 0]
=472 [-10 sin 6 cos 0 + 6 sin3 O cos 0]
1333 1 «/5]

= 47’2 |:—105?+6§7
6=30°

d*4
d6?

P 8J—ve

A is maximum at 6 =30°
And 4, =4rsin 30° cos’ 30° = 4r? x 1 X % = ﬁrz

=452 |:_15\/§ +¥:| = 47? {ﬁ\ =

2 4
17. Let ABCEDA be the window as shown in the figure and let
AB=xm
BC=ym
E
D c
A B
Then its perimeter including the base DC of arch
= (Zx +2y+ E) m
2

T

P=(2+E]x+2y (1)

Now, area of rectangle ABCD = xy

2
and area ofarch DCED = g(%)
Let A be the light transmitted by coloured glass per sq. m.
Then 3A will be the light transmitted by clear glass per sq. m.

2
nx
Hence the area of light transmitted = 3A(xy) +A [5(5] ]

2
= A=A 3xy+% ]

Substituting_the value of y from (1) in (2), we get
i 2
A=1]3xL P—(4+n)x + =
2 2 8

2
=x[3%_mx2+”_]

4 8
aa_,[3P_3¢@+m)  m
dx 2 2 4
ForAtobemaximumﬁ:()]
3P
2
= =
g (12+3n)]
— 4+
4 2
3P 4 6P
= x=—x = x=
2 5Sm+24 St+24
2 —_—

Also d A=k[ 3’(4-'_1':)+E}<0
dc? 2 4
Aismax when x = 6P

St+24

[Using value of P from (1)]
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= (n+24-12-3mx=12y = 2n+12)x=12y For shortest chord, we have to minimize Z, and for that
y_m+6 a _ 0
RO dt
Ilée _:;qlgred ratio of breadth to length of the rectangle o L ~ i L8120 = —1—62+326=0
| 4 273
18. Letf(x)=ax3+bx2+cx+d 3 2 _ 2 4 2 —
ATQ. f(x) vanishes at x =—2 = 2P -62-1=0 > (£A-1)(164+82+1)=0
= —-8a+4b-2c+d=0 (1) = 2= 1 (leaving —ve values of %)
f'(x)=3ax2+2bx +c 2
Againg ATQ, f(x) has relative max./min at 1 1
) > t=—0,-—
=—1land x= 3 2’ V2
2
= f'1)=0=f"(1/3) az_5 .9 ,q
= 3a-2b+c=0 Q) d® 4 2
and a+2b+3¢c=0 N E)) 427z i’z
1 14 —_— = +ve also|—— =+ve
Also, j_l f@== |1 a1
1 V2 V2
- ¢7tx4_|_bx3_|_cx2 dx 14
4 "3 "o EY s Zisminimumat t = — or——
I J_l 3 f N;]
a b ¢ a b ¢ 14 b 7
= [4 3 3 +5 d] [Z_§+5_d]_ 3 = §+d =3 For ¢ = % normal chord is (from (2)) x++/2y =2
= b+3d-7 - 1
From (1)1(23 (:;’) ,(4) 0111 SZIVlgg, we get For ¢ = —E normal chordis x—~2y =—2
a= c=-1,d=
The required cubic is x* +x* —x +2. 20. The given curveisy = (1+x)’ +sin~! (sin?x)
19. The given curve is y = x? () Hereatx=0,y=(1+0yY +sin"! (0)= y=1
Consider any point 4 (¢, ) on (1) at which normal chord .. Point at which normal has been drawn is (0, 1).
drawn is shortest. For slope of normal we need to find dy/dx, and for that we
) A, P)i .
Then eq ofnorrilalto(l)at (t,1%)is N consider the curve as y = u +v = Z_yzz_”_,_?
2 x dx dx
y-r= —dy—(x—t) [where — - dx = 2x from (1)] where u=(1+xy (1)
(E) and v=sin"! (sin® x) ) (i)
(t,r7) Taking log on both sides of equation (i) we get
2 1 ; logu=ylog(1+x)
> __z_t(x_) = ldu_ v +log(1+ &
= x+2y=1+28 . ’ -2) T d 1ry los(l+x)—o
This normal meets the curve again at point B which can be du y dy
obtained by solving (1) and (2) as follows : = —=(+x) [—+ log(1+x) —}
Putting y = x% in (2), we get dx o Ll+x dx
2tx*+x—(t+2£)=0, Also v =sin!(sin%x)
D=1+8t(t+2)=1+8 +16t*=(1+4£)? = dv 1 2 sin xcos x
=—l+1+4t2’—l—1—4t _ 1, @ f|_gin®x
4 . 4 2t - dv _ 2sinx
y=t2,12+4—2+1 dx  [1+sin? x
: d . Thus, we get,
Th -4 .
- B[ ! 2t° ot +4t +1] d—y=(1+x)y[—ly +log(1+x)j—y}+—2sm);
Length of normal chord * +x * 1+sin“ x
dy
2 @ = [1-(1+x)” logl+x)]—=
AB:\/(ZH%) +[L+1] ( ® .]dx
4 5 ) = y(1+x)77! +an
Consider Z = AB? = (Zt +i] +[L2+ 1] I+ Sl2nsiricx
2t 4t ya+xy T+

, .2
1 +i+3+4t = ﬂ_ 1+sin“ x

Tlet 4 dx  1-(1+x)” log(1+x)
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21.

22.

23.

Topic-wise Solved Papers - MATHEMATICS

dy

- Slope of normal =—1
dx (0,1)

=1 >
Equation of normal to given curve at (0, 1) is
y—-1=—1x-0)= x+y=1.

3 B b2 +b-1
X —

3 0<x«<l
b’ +3b+2

We have, f(x)=1{
2x-3, 1<x<3

We can see from definition of the function, that
f(H=2(1)-3=-1

Alsof(x) isincreasing on [1, 3], /' (x) being 2> 0.

- f(1)=-11isthe smallest value of f(x)

Again f'(x)=—3x% forx € [0, 1] such that ' (x) <0

= f(x)isdecreasingon [0, 1]
For fixed value of b, its smallest occur when x — 1

) b —b% +b-1
ie, lim f(1-h)=lim—(1-h> +————
iy (1= d=h) b2 +3b+2
B -b%+b-1
=—1+2—
b +3b+2

As given that the smallest value of f (x) occur at x =1
Any other smallest value > f(1)

b —b%+b-1
—>

= -1 >-1
b% +3b+2
3 2 2 _
I R N 0> +D(G-D
b2 +3b+2 (b+2)b+1)
= (b-D)G+1)(b+2) >0
- + - +
- | ] ] -
- | | | e
-2 -1 1

= be(=2,-1)u(l,w).
Given that y = ax?+ bx2 + cx + 5 touches the x-axis at P (-2, 0)

= (d_y) =0and P(-2,0) lies on curve
dx x=-2
= 3ax?+2bx+c]._ ,=0
= 12a-4b+c=0 -(1)
and —8a+4b-2¢c+5=0 (2

[ (=2,0)lies on curve]
Also the curve cuts the y-axis at O
Forx=0,y=5 .. Q(0,5)
At Q gradient of the curve is 3

= D 3o 32 e2brrc] =3
dx x=0
= c¢=3 E))

Solving (1), (2) and (3), we get

a=-1/2,b=-3/4and c=3.
The given circleis x> +)? =1 (1)
which intersect x-axisat P (— 1,0) and O (1, 0).
Let radius of circle with centre at QO (1, 0) be r, where 7 is
variable.
Then equation of this circle is,

(x—1)2+y2=r2 -2

Y

=10

£ KOS 0 e

Y(
Subtracting (1) from (2) we get
(x—1)2=x2=(r2-1)
2
= -2x+1=r-1 > x=l—%

Substituting this value of x in (2), we get

4 2
r 2 2 r
—+y =r = y=xryl=—
FIe YRR
[ 2 2) .
RL] L e _J point being above x-axis.
2° 4

Area of AQRS = %SQ x ordinate of point R

2
= A=lxr><r 1_r_
2 \} 4

A will be max. if 42 is max.

42 =ﬁ 1_ﬁ\ =ﬁ_£
4L 4J 4 16
2
Differentiating 42 w.r. tor, we get a” =r- 3 »
dr 8
2
For 4% tobemax. 44° _
dr
= r3(1—§r2]=0:>r=&
8 V3
2,42
d (/; )=3r2_£r4
ar 8
2042
= d"(47) =3><§—Exﬁ=—ve
dr2 r2=§ 3 8 9
3
A2

A? and hence 4 is max. when, r = 222

NE)
4 6
_Ni(2v2) 1(22
Max.area= ,|—| — | ——| ——
4 3 16( /3
4 9 16 27 V9 27

4 43

—==——sq. units.

339

24, Letthe givenlinebe £+ % =1, sothat it makes an intercept
a

of a units on x-axis and b units on y-axis. As it passes through
the fixed point (4, k), therefore we must have
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y

N

(h, k)

P
—

k— > ——

L = po%
a a-h

NowAreaof AOPQ=A4= %ab

A=la( ak )
2 \a-h

2
or A=£ a
2la-h
dA

For min. value of 4, — =0
da

2 2_
_, k|2aa-m)-a”|_, _ kla 2a2h =0=>a=2h
2 (a-h) 2| (a-h)
d*4 _ (2a-2h)a-h)* - 2(a - h)(-1)(a® —2ah)
da? (a—h)4
d*4 @R 210 2
7 =7 -7
da a=2h h h
A1s min. when a=2h

k| 4n?
Apin = 5[7] = 2kh

The normal to the curve at Pis
a-D+(x-1)=0
First we consider the case when a #0

()

=

[using (1)]

Also,

>0,[h>0]

25.

Slope of normalat P(1, 1)is = 1
a

= Slope of the tangent at (1, 1)is=a
=a

= (2
dx/ 1)

But we are given that
d d
Doy Poby o Yopgy
dx dx y

= logly|=kx+C = |y|=eFtc=ecel

= y=zxef = y=deo

Where 4 is constant. As the curve passes through (1, 1)
1=4ék = A4d=¢*

y = ek(x_l)
=k

-0,
dx LD

From (1)and (2), (%} =a=k
L1

()

o B _ kD
dx

26.

o y=e®-Dwhich is the required curve.
Now the area bounded by the curve, y-axis and normal to
curve at (1, 1) is as shown the shaded region in the fig.

y

=0

0| )

Req. area = ar (PBC) = ar (OAPBCO)-ar (OAPCO)

1 1
= J-O Ynormal 9% _-[0 YeurvedX

- l(—%(x—l)ﬂ]dx—_[;ea(x_l)dx

0
1 1
= [—l(x— 1)? +x] —[le“(x“)}
2a 0 a 0
EOPREINE SN D UL S
2a a a a 2a

Now we consider the case when a =0. Then normal at (1, 1)
becomes x — 1 =0 which is parallel to y-axis, therefore tangent
at (1, 1) should be parallel to x-axis. Thus

(2,
dx/ (1 1 (3
Since % <y givesy = ek@-1)
(asin a =0 case)

o Y _ ke

dx

)

= =k

(dx wy @)

From (3) and (4), we get k= 0 and required curve becomes
y=1

¥

In this case the required area
=shaded area in fig. = 1 sq. unit.

f(x)= %ﬂnx—bx+x2,x >0,6>0

1
f'(X)=8—x—b+2x ~..(D)
£'(x)=0=16x2—8bx+1=0 (formax. ormin.)
L PP
x—4[bi b 1] ..

EBD_7202



M-S-258 @

Above will give real values of x if b2 —1>( i.e. p>] or
b < —1.But b is given to be +ve. Hence we choose p > 1

If 5=1 then x=%;lfb> 1 then x=%[bi\/b2—l}

16x2 -1
Fr) =g 2=
8x 8x>

X
Its sign will depend on N7, 16x% — 1 as 8x2 is +ve. We shall

1
consider its sign for x = % and x = Z[bi N - l}
f"(x)=0 atx=1/4

Neither max. nor min. as f"(x)=0

N7off"(x)=16x2— 1= [b+Vb> ~1]* -1

=+veforb>1 .. Minima

or N7of f"(x)=(b-Vb:-1)* -1
=—veforb>1
xe™, x<0

x+ax2—x3,

Differentiating both sides, we have
, axe™ +e* x<0
f'(x)=

1+2ax—3x2, x>0
Again differentiating both sides, we have

ax 2. ax.
f,,(x)z{Zae +a“xe™; x<0

.. Maxima

27. Giventhat, f(x)= {
x>0

2a—6x; x>0
For critical points, we put f”(x)=0
— x=_2ifx<0 =%,ifx>0

a
_ + —_

< ] |

—oo —2/a al3
It is clear from number line that

f"(x) is +ve on (_E’ﬁ)

A A

al
= f'(x) increases on [_E %)
a
28. Letb—a=t,wherea+b=4
t+4

= a=% and p = ——

asgivena<2andb>2 = >0

N Ia (x)dx+jb (x)dx
oW Og Og

4t 4+1¢

- J'OT g(x)dx+ j()T g(x)dx = §(¢) [say]

= ()= g(4 ’)(-l)+g(ﬂ)(%) NOTE THIS STEP

2 2 2

[Usingdi[ o roa- f[v(x)]-v'(x)—f[u(x)]u'(x)}
X | Y u(x)

255
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Since g (x) is an increasing function (given)
forx, >x, = g(x;)>g (x,)

Here we have (%} > (ﬁ]

2
441 4—1¢
(%5957
= $0=-= { & (4;’)]>o: $©)>0

Hence ¢ (¢) increase as ¢ increases.
a b

= I g(x)dx+ -[0 g(x)dx increases as (b—a) increases.
0

Applying R; — R; — Rj — 2R, we get

2ax 2ax—-a 2ax+b+1

frx)=| b b+l -1
0 0 1

2ax 2ax-—1 2ax -1 )
Tl b+ 1Tl 1 [Using C;, —» C, — (]
= f'(x)=2ax+b
Integrating, we get , f(x)=ax?+bx + C

where Cis an arbitrary constant. Since fhas a maximum at x
=5/2,

f'(5/2)=0=>5a+b=0 ..(D
Alsof(0)=2 = C=2
andf()=1= a+b+c=1
Sooa+b=-1 ...
Solving (1) and (2) for a, b we get,

a=1/4,b=-5/4
Thus, f(x) =%x2 —%x+2.

Equation of the tangent at point (x, y) on the curve is
dy
Y—y=--X-x
Y= (X -x)

This meets axes in

ALx y—OJ and B(Oy xz)

Mid-point of 4B is L2 Lx yﬂ) 2( —xd—y)j

dx
We are given
1( dx) 1( dy]
—|x-y—|=xand =| y—x—|=
TV g) TR T ) T
S AN
dx y x
Intergrating both sides,
J-Q=—Iﬂ:>10gy=—logx+c
y x
Putx=1,y=1,

= logl=-logl+c= ¢=0
= logy+logx=0= logyx=0= yx=e=1
Which is a rectangular hyperbola.
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31.

32.

33.

Given that, p (x)=a,+a; x+a,x*+...+ax" ...(1)
and|p(x)| < e =1, Vx>0 ...
To prove that,
lay+2ay +...+na, |<1
It can be clearly seen that in order to prove the result it is

sufficient to prove that | p'(1)[<1

We know that,
| pd+h)—-pd)
') |= lim | ————=
L] Jim 0
< i A+ (D)
h—0 | 2|
[Using [x—y] <[x|+]y]]
But | p(1) |<|® -1] [Using equation (2) for x=1]
= [pD)I<0
But being absolute value, | p(1)|>0.
Thus we must have | p(1)|=0
Also | p(1+h)|<| e 1]
| —1]
hl
or |[p'M)I<1 = |ay+2a,+....+na"| <1
Given that 1< p<1.
Consider f(x)=4x>-3x-p=0

Now, f(l/2)=%—%—p=_1_p50 as (1< p)

(Using eq™ (2)forx=1+h)

'M| < lim =1
Thus | p'(1)| Jim

Alsof(1)=4-3-p=1- p>0as (p<1)
f(x) has at least one real root between [1/2, 1].
Also f'(x)=12x*-3>0 on[1/2,1]
= fisincreasing on[1/2,1]
= fhasonly onereal root between [1/2, 1]
To find the root, we observe f(x) contains 4x> — 3x which is
multipe angle formula of cos 360 if we put x = cos 6.

Let the req. root be cos 0 then,
4¢c0s°0—-3cos0—p=0

= c0s30=p = 30=coslp= 9=%cos'l(p)

Root is cos (%cos“l ( p)) .

2 2

The given curve is % + y? =1 (an ellipse)

Any parametric point on it is P(\/6 c0s8,+/35in6) .
Its distance from line x + y =7 is given by
V6 cos0++/35in0—7

V2

For min. value of D, d—D =0
do

D=

= _J6sin0+3cos0=0 = tan@=1/2

V2 . 1
= cosH=— and sinf=—
NE)

Required point Pis (2, 1)

34.

35.

Given that 2 (1-cosx) <x2, x # 0
To prove sin (tan x) > x, x €[0,7/4).
Let us consider f(x) =sin (tan x) —x

= f'(x)= cos(tanx)sec2 x—1

_ cos(tanx) — cos? x

0052 X

Asgiven2 (1—cosx)<x%, x#0
2
X
= cosx>l—7

2
Similary, cos (tan x)>  _ fan” X

l—ltanzx—coszx

f1x)>—2—

COoS™ Xx

sinzx{l— 12}
_ 2cos” x

0082 X

_ sin? x(cos2x)

2cos? x

f'(x)>0= f(x) is an increasing function.
For x €[0,m/4),
x20= f(x)= f(0)

= sin(tanx)— x > sin (tan0)—0

= sin(tanx)— x>0

= sin(tanx) > x Hence proved.

Given that fis a differentiable function on [0, 4]

It will be continuous on [0, 4]
By Lagrange's mean value theorem, we get
4H-f(0
%qw,m ae0,4) ...()
Again since fis continuous on [0, 4] by intermediate mean
value theorem, we get

>0,Vxel[0,n/4)

w= £(8) for b (0,4) L
[Iff(x) is continuous on [, B] then Fpe (a,B)
such that f'(u) = w]
Multiplying (1) and (2) we get

2 2
[f(D] - LSO _ 1) f(b); a,b €(0,4)

o [f@FP-[OF=8f"(f(®)

Hence Proved.
(i) To prove

[ rwdi=2t0 e+ 7@ v0<ap<2

4
Let [ = j' N0

Lett=wulalso t>0=>u—0
= dt=2uduast—>4=>u—>?2

) M-S-259
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J-4f( )d J-Zf( 2)2 d (1) 102 101
t)dt = u”).2udu 100 100
0 0 Now, F(45!/100y _ (45" _ 2323(45)
) X, 2 101
Consider, F(x) = -[0 fw)2udu 2 .
”[l;)h%l clearly F (x) is differentiable and hence continuous on - w + 1()35(45)@
By LMYV theorem, we get some, € (0,2) 2 1
FO)—F(0 =£(45)100 —23x45(45)100
such that () =%0() 2 ,
- — 1
100 —
’ fW?)2udu _B6HT '(425 ) 103545100 — g
> fuhm="t 0

36.

37.

Again by intermediate mean value theorem,
Ja,pBsuchthat0<a< u<f<2

= F'Ww= w ,as fis continuous on [0, 2]
= Fis continuous on [0, 2]
2 2
= foiy - L6
= fh)2n=a/@")+B/(B) e

From (2) and (3), we get
2
[ r@)2udu=20ar@)+psE)
where 0<a,f <2
4
[ 7@di=200 10+ /B

(Using eq” (1))
Hence Proved.

where 0<a,p <2

We are given that,
dP(x)
dx

= &—P(x)>0
dx

> P(x),V,x>1and P(1)=0

Multiplying by e*, we get,
_cdP(x) _,
D) x pry>0
dx

U

ar —x
g[e P(x)] >0
= € P(x)isan increasing function.

Vx>Le*P(x)>e 'P(1)=0 [Using P(1)=0]

= e *P(x)>0,Vx>1
= P(x)>0,Vx>1 [-e™* >0]
We are given,

P(x)=51x101-2323x100 _45x+1035

To show that at least one root of P (x) lies in (45119, 46),
using Rolle's theorem, we consider antiderivative of P (x)

A% 2323410 4547

2 101 2
Then being a polynominal function F{(x) is continuous and
differentiable.

+1035x

Le. F(x)=

38.

And F(46) =

102 101 2
(46)'  2323(46) _45(4216) +103546)

2 101
=23 (46)101-23 (46)101 —23 x 45 x 46+ 1035 x 46 =0
1
F(45190) = F(46) =0
Rolle's theorem is applicable.
Hence, there must exist at least one root of F'(x)=0

1
i.e. P(x)=0in the interval L45100 s 46]

Let us consider,

f(x)=sinx+2x—M

T

= f'(x)=cosx+2—%(2x+l)
= f”(x)=—sinx—§<O,Vxe[O,n/2]
= f'x) isadecreasi:g function. ...(D)
Also f'(0)=3—%>0 Q)
and f’(n/2)=2—%(n+l)=—l—%<0 ..3)

Equations (1), (2) and (3) shows that.
= There exists a certain value of x €[0,n/2] for which

f'(x)=0 and this point must be a point of maximum for
f(x) since the sign of ' (x) changes from +ve to —ve.
Also we can see that £(0) =0 and

7(Z)=mr-2(Za)=2- 15
2 2\2 4 2

Let x = p be the point at which the max. of f(x) occurs.
There will be only one max. point in [0, 7/2]. Sincef (x)=0is
only once in the interval.

Consider, x €[0, p]

= f'(x)>0 = f(x)isan increasing function.

= fO)<Lf(x)[as 0<x]

= fx=z0 . €)]
Also for x €[p, /2]

= f'(x)<0 = f(x)isdecreasing function.
= forx<w2,f(x)>f(n/2)>0 ... ®)

GP_3480



Applications of Derivatives

39.

40.

y

Y=/
Dec.
Inc.

(9] x::p X-ZTE/Z

Hence from (4) and (5) we conclude that
f(x)=0, Vx €[0,n/2].
Given that, |f(x,)—f(x)) | <(x¥,—x,)% X, €R
Letx; =x + h and x, = x then we get
lfx+ D) —f@) <k = |fc+m)—f(x)|<|h?
S&x+h)—[f(x)
h

<|hl

Taking limit as # — 0 on both sides, we get

o [ GER) ()
h—0 h
= [f(DI<d = f'(0=0
= f(x)isaconstant function. Letf(x)=ki.e.,y=k
As f(x) passes through (1,2) = y=2
Equation of tangent at (1, 2) is,
y—2=0x-1)ie.y=2
Let p(x)=ax®+bx*+cx+d
p=1=10
= —a+b-c+d=10
p(1)=-6
= atb+c+d=-6
p (x)hasmax. atx=—1
p'=1D=0
= 3a-2b+c=0
p'(x)hasmin. atx=1
p"(1)=0
= 6a+2b=0
Solving (i), (i1), (iii) and (iv), we get
From (iv), b=-3a
From (iii), 3a+6a +¢c=0 = ¢=-9a
From (ii), a—3a—9a+d=-6 = d=11a-6
From (i),—a-3a+9a+11a-6=10
= 16a=16=> a=1= b=-3,c=-9,d=5
p(x)=x3-3x2-9x+5 = p'(x)=3x*-6x-9=0
= 3@x+DHE-3)=0
= x=-1isapoint of max. (given)
and x =3 is a point of min.
[-.- max. and min. occur alternatively]
points of local max. is (— 1, 10) and
local min. is (3, —22).
And distance between them is

= JB-(D1+(-22-10)?

< & (asmall +ve number)

=/16+1024 = /1040 = 4/65
41, g@)=(f" ) +f" (@) f(x)= %(f () f'(x))
Leth (x)=f(x)f" (x)

Then, f(x) = 0 has four roots namely a, a, B, €

where b<a<candc<p<d.

And f”' (x) = 0 at three points k,, k,, k,

wherea <k <a,a<k,<B,B<k;<e

['.. Between any two roots of a polynomial function

f(x) =0 there lies atleast one root of f ' (x) = 0]
There are atleast 7 roots of f(x) . f' (x)=0

= There are atleast 6 roots of %( fx)f'(x)=0
ie. ofg(x)=0
F. Match the Following

1. (A)f(x)=x+sinxon (-2, n/2)
f'(x)=1+cosx
AsO<cosx<1forx € (-n/2,1/2)
= f(x)>0on (-2, n/2)
(A) —p
(B) f(x)=secx=f"(x)=secxtanx.
Clearly /" (x) <01in (—/2, 0) andf" (x) >0 in (0, 7/2)

T T
On (— 2 E) f(x)is neither increasing non decreasing.
B) »r
G. Comprehension Based Questions

1. (¢) Fork=0,liney=xmeetsy=0,1i.e., x-axis only at one
point.
For k<0, y = ke* meets y = x only once as shown in the
graph.

V4

X
\* kex, k<0
N
Letf(x)=ke*—x
Now for f(x) = 0 to have only one root means the line y
= x must be tangential to the curve y = ke*.
Letitbe soat (x, y,) then

.3

1
= e =7 also y, = ke™ andy, =x,

=>x=1 = l=ke = k=1l/e
(@) - Fory=x tobetangent to the curve
y=ke* k=1/e
For y = ke* to meet y = x at two points we should

have k<l:>k G(O,l] ask>0.
e e

=1=keM

curvel curve2

L ] M-S-261
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4.

©

b

@

©

For the statement P
fix)y+2x=2(1 +x2)
= (1- x)2 sin x+x2 +2x=2(1+x2)
= (1-x)? sm2x ¥ -2x+1+1
= (1- x)2 sin2x=(1-x)2+1
= (1-x)2cos2x=-1
Which is not possible for any real value of x.
.. Pisnot true.
Alsolet H(x)=2fix)+1-2x (1 +x)
H(0)=20)+1-0=1
and H()=21)+1-4=-3
= H(x) has a solution in (0, 1)
.. Qistrue.

We have g(x) = | (2(t+ 11) In t) Ftyit, x (1)

gw=| (+1’—1 e

= Herefix)>0, Vx €(1,0)
2(x-1)
+1 )
4 1 —(x-1
TR
(x+1)° x (x+1)x
h(x) is decreasing function.
Forx>1
h(x)<h(l) = h(x)<0 v x>1
gx)<0v xe(l, )
. g(x)is decreasing on (1, o).
Wehave f "(x)—2f'(x) +{(x) > X

= [£"(x) ' ()]~ [f'(x) - £(x)] = ¥
= [e_xf"(x) - e—xf'(x)]—[e—xf'(x)— e—"f(x)] >1
-e_xf’(x)] —%[e_xf(x)] >1

_e_xf’(x)—e_xf(x)] >1

_ d‘;( "‘f(x))}

Let g(x) =e*f(x)

Then we have g"(x)>1>0

So g is concave upward.

Alsog(0)=g(1)=0

gx)<0,vxe(0,1)

=e*f(x)<0= f{x)<0,vxe€(0,1)
g(x)=e™f(x)

= g®=e'(x)-ex)=e™(f'(x) - fx))

As x=l
4

Also let A(x) = —Inx

<0,x e(1,)

=

=

§-|o. gle &=

is point of local minima in [0, 1]
g'(x)<0for x € (O, %)
and g'(x)>0for x € (%, 1)

" In( i) g'(x)<0
= e * ') -fx)<0= f'x)<f(x)

™

Topic-wise Solved Papers - MATHEMATICS
I. Integer Value Correct Type
The given function is f(x) = 2x> —15x% +36x— 48
and A= {x|x*+20<9x}
= A={x|x2 —9x+20$0}

= A={x|(x-4)(x-5)<0}
> A=[4,5]

Also f(x)=6x* —30x+36 = 6(x* — 5x +6)

=6(x-2)(x-3)

ClearlnyeA f'(x)>0

©)

®

fis strictly increasing function on 4.
Maximum value of f on 4

= f(5)=2x5 —15x5> +36x5-48
=250—375+180—48 =430—423=7

Let p(x)= ax* 16 +ox? +dx+e

Now lim [l+&} =2

x—0 x2

P (D)

= lim 3

x>0 x

= p(0)=0= =0
Applying L 'Hospital’s rule to eq” (1), we get

tim 28 _1 = p0)=0
x—0 2x
= d=0
Again applying L ‘Hospital’s rule, we get
lim 2°0) _ 1 = pr0)=2
x—0 2

= 2c=2o0rc=1

p(x)= ax* + b + x*

= p'(x)=4ax> +3bx> +2x
As p(x) has extremum at x =1 and 2

p'(H)=0 and p'(2)=0
= 4a+3b+2=0 (1)
= 32a+12b+4=0 or 8a+3b+1=0 ..(i)
Solving eq’s (i) and (i) weget a= % and b=-1

x —x3+x2

p(x)=

So, that p(2) = 7—8+4= 0
The equation of tangent to the curve
y = f(x) at the point P (x,y) is

. d d
Its y-intercept=y — x d_y =x = 22 —x?
X
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Applications of Derivatives

j—%dx _

IE. =€

Asf()=1= Atx=1,y=1

-1 ¥ 3x
1= 40 C=32 - y=- 4%
2 /2 5 ==t
At x=-3, y—£—2=9
2 2
 f(-3)=9.

4. (1) Wehave,
£1(x)=2010 (x — 2009)(x — 2010)* (x—2011)* (x—2012)*
Asf()=lng(x) = gx)=™ = gl =/ f(x)
Formax/min, g'(x)=0= f'(x)=0
Out of two points one should be a point of maxima and

other that of minima.
There is only one point of local maxima.

5. (5) Wehave fix)=|xl+|32_1]
—x+x2—1, x<-1
_ —x—x2+1,-1<x<0

x—x2+1, O<x<l1
2

x“+x-1, x2>1
2x-1 , x<-1
We h "x)=|—2x-1 , -1<x<0
¢ havef'x) 2x+1 , O<x<1
2x+1 x>1
Critical pts are %,_—,—1,0 and 1

-ve  +ve -ve +ve, —ve +ve

S
} >

-1 —1/2 0 14 1
We observe at five points f’(x) changes its sign
There are 5 points of local maximum or local minimum.
- p(x) has alocal maximum atx = 1 and alocal minimum
at x =3 and p(x) is areal polynomlal of least degree
s Letp'(x)=k(x—1D(x—3)=k(x2—4x+3)

6. 9

3
= px)= k[?—Zx +3x] +C
Given p(1)=6 and p(3)=2
4
= §k+C=6 and0+C=2 =k =3
P ®)=3x-DE-3)=p(0)=9

2
Vertical line x = A, meets the ellipse xT+yT =1 at

P(h,ﬁ 4-h* | and Q{h AN th

By symmetry, tangents at P and O will meet each other
at x-axis. y

—
N

7. ©9)

A
I
|
I

P

=

D e SR
(Q “&'
\¥
=

") M-S-263
Tangent at Pis —+—\/4 W =1

. . 4
which meets x-axis at R 7 0

AreaofAPQR=li§\/4—h2 x(%—hj

\/—(4 n2)¥?
h

dA \/4—h2(h2+2)
—=_B 122 T
dh h2

A(h) is a decreasing function.

%shsl = Amax =AG) and A, =A(1)

ie, A(h)=

3 A

J5
®) (y—x5)2 =x(l+x2)2
2(y—x5)=(%—5x4J =(1+x2 )2 +2x(1+x2).2x
Atpoint (1, 3)

2(3-1)(%-5):(“1)2+2(1+1)‘2

(4) Letrbetheinternal radius and R be the external radius.
Let 4 be the internal height of the cylinder.

—8A7 =45-36=9

dy
L 2 =8
dx

wh=V=>h=—%5
Also Vol. of material = M= nf(r + 2)>— r?]h+ n(r + 2)? x 2

14
or M=dn(r+1).— +2n(r+2)y>
nr

1 1
= M= 4V[ ]+21t(r+2)2
ot _, [_l 2} An(r+2
—_— = — - |+ +
dr Vr2 3 m(r+2)
For min. value of M, — =0

dr
-4V
=> 3 (r+2)+4n(r+2)=0
r

av V
= 3 =4norr=— =1000
r T
V'=1000n
V —_—
250n
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Topic-wise Solved Papers - MATHEMATICS

il Section-8

1. () Distance oforigin from (x,y)= \/x* + y?
= \/az +b% —2ab cos[t—a—t] :
¢ 6. @
at
<a® +b% +2ab H COS("F)} = _1}
min
=a+b
.. Maximum distance from origin =a+ b
3 2
2. @ Letf(x)= “"Tﬁ%wx — f(0)=0andf(1)
a b 2a+3b+6¢
=—+—t+c=—"7"7"—=0
3 2 6
Also f(x) is continuous and differentiable in [0, 1] and
[0, 1[. So by Rolle’s theorem, f”’(x)=0.
i.e ax?+ bx + ¢ = 0 has at least one root in [0, 1]. 1. @
3. @ f(x)=2x"-9ax?+12a%x+1
£(x) = 6x* —18ax +12a%; f"(x)=12x—18a
For max. or min.
6x* —18ax+12a% = 0 = x* —3ax+2a%> = 0
= x=aorx=2a.Atx=amax. and atx = 2a min
.. p=aandg=2a
As per question p2 =q
sa*=2a=a=2ora=0
but a > 0, therefore, a = 2.
4 @ y2=18x:>2y%=18:>%=2
g 5. @
Given Q=2:>2=2:>y=2
dx y 2
Puttine in v2 9
uttingin y“ =18x = x = 3
e (2 9
.. Required point is )
5. ® f'(x)=6(x—1). Inegrating, we get
f'(x)=3x*—6x+c
Slopeat(2,1) = f'(2Q)=c=3
9. @

[ slope of tangent at (2,1)1s 3]
s (%) =3x% —6x+3=3(x—1)?

Inegrating again, we get  f(x) = (x— 1)3 +D
The curve passes through (2, 1)

=>1=2-1)*+D=>D=0
S fE)=(x=1)}

£=—asin6 and ﬂ= acosO
0 do

& =—cot®.
dx
.. The slope of the normal at® =tan 6

.. The equation of the normal at 6 is

y—asin® =tan0(x —a —acos0)
= ycosO—asinOcosO =xsin®—asinO
—asinBcosO

= xsin®— ycosO =asin6
= y=(x—a)tan0

which always passes through (a, 0)
Let us define a function
3 2
ax”  bx
X)=—+—+cx

S (x) 3 T3
Being polynomial, it is continuous and differentiable,
also,

a b
f(0)=0andf(l)=§+§+c
:>f(l)=w=0(given)
S fO=1D)

- f (x) satisfies all conditions of Rolle’s theorem
therefore f”(x) =0 has arootin (0, 1)

i.e. ax? +bx+c = 0 hasatleaseonerootin (0, 1)
Area of rectangle ABCD = 2acos6
(2bsin0) = 2absin 20

Y

(—acos0, bsin0)
B

-
\

C~
(—acos0,—bsin 0)

(acos0, bsin6)
A

X

%

(acos6,—bsin0)

= Area of greatest rectangle is equal to 2ab
When sin20=1.

x=a(cos0+0sin0)

& _ a(-sinB+sin0+6cosB)

P

= %=a9cose
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10. ()

1. )

12. (@)

13. (©

y=a(sin®—-0cos0)

P _ a[cos®—cos6 +0sin6)|
do

= %=a9sin9

From equations (1) and (2), we get

% =tan @ = Slopeofnormal =—cot 9
Equation of normal at '0' isy—a (sin@ — 9 cos@)
=—cot (x—a(cosg + 0 sin g)

= ysing —asin?0 +a @ cos@sing

=_xc0sQ +acos® +a@singcosp

= xcos@ tysing =a

Clearly this is an equation of straight line which is at
a constant distance ‘@’ from origin.

Given that

dv d (4 3)
“r_ 3/ adll B =50
” 50 cm’/min = 1\ 3 nr

dr
4t &=
= 4nr il 50

dr 50

= A(15)2 ~Tem cm/min  (herer=10+5)

Letf(x) = a,x" +a, X" + cooeerrs +ax =0
The other given equation,

nayx" ! +(m=1) g, x" 2 +..+a=0=1"(x)
Given g #0 = f(0)=0

Again f(x)hasroota, = f(at)=0

S0)=f(o)
.. By Roll’s theorem f'(x) = 0 has root be-

tween (0, o)

Hence f’(x) has a positive root smaller than a.

x 2 1 2
= — 4 — ! =———=0
f@=Z+-= =7 2
>x’=4 orx=2,-2; f"(x):i3
x

S"(®)],_, =+ve=> f(x) has local min atx=2.

Area= %xz sin®

Maximum value of sin@is 1 at @ = g

14. (¢) UsingLagrange's Mean Value Theorem
Let f(x) be a function defined on [a, b]

then, f'(c)= W (i)

c ela,b]
Givenf(x)=logx .. f"(x)= %

1 N - (1

equation (i) become — = SO)-sM)
¢ 3-1

1 _log,3-log,1 _log,3

c 2 =

2
= Ct@ = c=2log,e

j—

15. @ Givenf(x)=tan! (sinx + cosx)

.(cos x—sin x)

f'=

1+ (sinx +cos x)2

ﬁ.(%cosx—%sinx]

1+ (sin x + cos x)2

(cos’t coSsx sinTt sinx)
4 4

1+ (sinx+cos x)2
Vacos(x+ %)
x)=
re 1+ (sin x + cos x)?

iff” (x)> O then f(x) is increasing function.

Hence f(x) is increasing, if —% <x +% < g

= ——<x<E
4 4

Hence, f(x) is increasing when n € (—g,%}

M-S-265
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16. (¢) Giventhatp?+¢?>=1 .. p=cos0 and g =sin@
Then p+¢q=cos0+sin0
We know that
—Ja? +b? <acos®+bsin0 < Va® +b>
5 =2 <cosB+sinB <2
Hence max. value of p + g is /2
17. (@ Lety=x3-px+gq :%=3x2—p

For %=O :>3x2—p=0 :}x:i\/g

2
d—§)=6x
dx
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2 2 21.
L 4 =+ve and 2y 3} =-ve
dx - \/z dx e \/Z
3 3

18. ()

19. ()

20.

Topic-wise Solved Papers - MATHEMATICS

. yhasminimaat x = \/g and maximaat x = —

Let f(x)=x" + 14x + 16x3 + 30x -560
= f'(x)=Tx0+70x*+48x2+30>0,y x R
= fisan increasing function on R

Also lim f(x)=o and lim f(x)=-o
X—>—00

X—>0

P
3

= The curve y = f(x) crosses x-axis only once.
.. f(x) =0 has exactly one real root.

Given that f(x)=x|x | and g (x)=sinx
Sothatgof(x)=g (f(x))=g(x|x|)=sinx|x|

B sin(—xz), if x<0
sin(x?), if x>0
{—sinxz, if x<0

sinxZ, if x>0

-2x cosxz, if x<0

- (gof) ()= {

Here we observe
L(gof)'(0)=0= R(gof) (0)
go fis differentiable at x =0

and (go f) is continuous atx =0

2xcosx2, if x>0

2

—2 cosx® +4x?sinx ,x<0

NOW(gOf)”(x)={ s o
2cosx“ —4x“sinx“, x>0
Here L(gof)"(0)=-2and R (gof)" (0)=2

L(go )" (0) # R(gof)" (0)

g0 f(x) 1s not twice differentiable at x =0.

Statement - 1 is true but statement -2 is false.
Wehave P(x)=x*+ax3 + bx2+cx+d

P'(x) =4x3 +3ax2 +2bx + ¢

But P/(0)=0= ¢c=0

Plx)=x*+ax® + bx* +d

Asgiven that P(— 1) <P (a)

l-a+b+d < 1l+a+b+d= a>0

Now P (x) =4x3 + 3ax? +2bx =x (4x2 + 3ax + 2b)

As P' (x) = 0, there is only one solution x = 0,
therefore 4x% + 3ax + 2b = 0 should not have any real
rootsi.e. D<0

942

942-32b<0 = b>—>0
32

Hencea, b>0 = P'(x) =4x3+3ax2 +2bx >0
Vx>0

P (x) is an increasing function on (0,1)

P(0) <P(a)

Similarly we can prove P (x) is decreasing on (— 1, 0)
P(=1)>P(0)

So we can conclude that

Max P (x)=P(1)and Min P (x)=P(0)

P(—1) is not minimum but P (1) is the maximum of P.

22.

23.

24. (@)

(¢) Sincetangent is parallel to x-axis,
dy 8
S g =>x=2=y=3

Equation of tangentisy—3=0(x—-2)=>y=3
©

k—2x, if x<-1 x+3

2x+3, ifx>-1 1

f(x)={

Thisis true wherek=-1

ex

F+2eF ¥ 42

@ /=

(€** +2)e* —2e** &*
(% +2)?

f'x)=

fl)=0 = 2% 12 = 2%
62x=2 :e.X':\/E
. V2o
maximum f(x)= 1 2h
1
O<f(X)Sm VxeR

Since 0<§<m: for some ce R

f(0)= %

Shortest distance between two curve occurred along
the common normal

Slope of normal to 3 = x at point P(¢2, £) is — 2t and
slopeofliney—x=11is 1.

As they are perpendicular to each other

1
SL(E2)=-1=> t=¢

2
L)
42

and shortest distance = |24
2
y\
y=x
P(12,1)
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25. (©

26. (¢

27. ()

"] M-S-267

. . 32
So shortest distance between them is T

f'(x)=~[xsinx, f'(x)=0

— x=0orsinx=0

= x=2n,ne(0,5?n)

1
"(x) = \/x cos x + —=sinx
S'(x) i
= L(2x cosXx +sin x)
2/x
Atx=m, f"(x)<0
Hence, local maximaatx =1
At x=2x, f"(x)>0
Hence local minima at x =27
Volume of spherical balloon=V = %nr?’

4nr3

3
Differentiating both the sides, w.r.t't' we get,

av = 4nr? ar
dt dt
Now, it is given that il_‘t/ =72n

=(4500—49 x 72)n
=(4500-3528)n
=972 tm’

= 45001 =

After 49 min, Volume

= V=972nm3 972n=§m3
= P=3x243=3x35=36=(32)3 = r=9

Also, we have d—V =727

dt
72m=amxox9[ | = ﬂ:(%]
dt ar |9
Given, f(x)=1In|x|+bx* +ax
f'(x)=l+2bx+a
x

Atx=-1, f(x)=-1-2b+a=0
= a-2b=1 ()

1
Atx=2, f(x)= E+4b+a=0

(i)

1 1
On solving (i) and (ii) we get 4 = E'b = "2

1
+4p= ——
= a+4b

(-~ Given, volume = 45007mm?3)

Thus, f'(x)=

2

x, 1 2-x"+x

1
___+__
x 2 2 2x

_ X +x+2 =—(x2—x—2) _—(x+)(x-2)

2x

2x 2x

A

28. (o)

Somaximaatx=-1,2

Hence both the statements are true and statement 2 is
a correct explanation for 1.

Equation of a line passing through (x,,y;) having
slope m is given by y —y, = m (x-x,)

Since the line PQ is passing through (1,2) therefore its

equation is

-2)=m(x-

1)

where m is the slope of the line PQ.

Now, point P (x,0) will also satisfy the equation of PQ
S y2=m(x-1)

= 0-2=mx-1)

= -2=m(x

-2

-1) = x—l=z
-2

= x=_+1
m

-2

Also, OP = \J(x—0)> +(0-0)? =x =—=+1

m

Similarly, point O (0,y) will satisfy equation of PQ
sy 2=m(x-1)
= y-2=m(E1)= y=2-mand OQ=y=2-m

Area of APOQ = %(op)(og) - %(1-%)(2-;11)

m 2
LetArea=f(m)=2————

Now, f'(m)=
Putf’ (m)=0

("~ Areaof A= %x basexheight )

Q
2 (12)
-1, 2
2 2
m 5 P

Sml=4=m= %2

-4

Now, f"(m)=—
m

” 1
£ (m)|mz == <0
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29. (@
30.
31. (@

1
" _ =_>O
£ )| m=-2 =

Area will be least at m=-2
Hence, slope of PQ is 2.

x
Since, y= J'|t|dt, x€R
0

therefore b _ ||
dx

But from y=2x, d—y=2
dx

= |x|=2 = x=x2
+2

Points y = _[ Jf|d = +2
0

equation of tangent is
y—2=2(x-2)ory+2=2(x+2)

= x-intercept==1.

Since, f'and g both are continuous functions on [0, 1]

and differentiable on (0, 1) then Jce (0,1) such that

fW-f©) _6-2_,
1 1

g)-g0) _2-0_,
1 1

Thus, we get f'(c) =2g"(c)

lim[l+@}=3  lim 1) _

x—0 x2 x—0 x2

fe)=

and g'(c)=

So, f{x) contains terms in x>

Let fix) =a,x2 + ayx3 +a,x*
f(x)

Since lim —2=2 >a, =2
x—0 x

, x> and x*.

Hence, f{x)=2x%+a,x3 +a,x*
f/(x)=4x+3a,x? +4a,x°

Asgiven: f’(1) =0and f’(2) =0

Hence, 4 +3a,+4a,=0  ..(I)

and 8+12a,+32a,=0 (2

By4x (eql)—eq (2), we get

16 +12a, +16a,— (8 + 12a, +32a,)=0
=8-16a;=0 =a;=1/2

andbyeqn. (1),4 +3a,+4/2=0=a,=-2

1
= fix)=2x>-2x3+ EX4

1
f2)=2x4-2x8+ - x16=0

1 [1+sinx
32. @ JSf()=tan (‘/—l—sinx)

33. @)

Topic-wise Solved Papers - MATHEMATICS

=tan~!
1+tanE
=tan”" i
1—tan—
2
-1 (17. x))
=tan | tan| —+—
4 2
= y=—+—
9 1
dx 2

A (E E,,E)
62 12

=—2x+2—n
3

This equation is satisfied only by the point (O, 2?11)

4x+2mr=2 =2x+mr=1
S=x2 +mr?

2

- T 1
>—+—+2mr=0 =Sr=——

2 2 n+4
=>x=i =x=2r

n+4
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