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Exercise 11.7

Consider the series:

z”: 1

o=l "+3.

The objective is to test whether the series convergent or divergent.

To test whether the series is convergence and divergence follow the steps:
The comparison test state that

Let 3 a, and ) b be series with positive terms, then

1)If b, is convergent and a, <b,foralln, then » a, is also convergent
2)If )b, isdivergentand g, 2b,foralln then ) a_ is also divergent

Here,

0<3 <n+3”

1 1
-{—
n+3" 3

And,

55253

0<

The common ratio of the geometric series Z%is H = % <].

=1
So, Z_.:B_' is converges.

is convergent.

Hence, by the comparison test the series z

=1

n+3"
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S0... Now use Root Testl

B}‘ Root test the Series CDH"-‘E[QES EDSDMIEI}‘ and so converges .
Q3E

Consider the series,

2{—IJ"L

n+2
The Dh}EﬂWE is o determine whether the series converges or [ﬁ"ul'ErgES.

Alternating Series Test:

=

The alternating series z:{—lj'r b_ is said to be convergent if it satisfies the following two
=l

conditions,

(i) b, <b, forall m

mil —

(i) limb, =0

=R



Condition (i):

Show that. the sequence b, is decreasing, thatis. b,,, <b,.

For the given series, we have that

b_.ﬂ

" 2

Consider b, —b

p _p =ttt n
=" n+3 n+2
n +3n+ 2-(111 +3n]|
- (n+2}(n+3}
2
= >0
[n+2}(n+3}

Thus b ,—b >0foral peN

So, the condition (i)failed.

Condition (ii):

Show that the limit of the sequence b, tends to zero, as » tends to infinity.

: . n
limb, =lim——
e U e 4)

. n
=Ill'|'.l—
nll+-
n

y 1
-

Since limb, =120

B

So, the given series does not satisfy the two conditions of the Alternating Series Test.

n
n+2

i
Thus, the series Y (~1)"

=1

is divergent.
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Consider the following series:

Z(}

Test the absolute convergence of the given series:

n+2

et o, =(-1) 7

Then, the series of absolute values is computed as under:

ZIaI-Z[ }T|

Verify the conditions of the Integral test.
Condition (i):
Check, whether the function f(x) is decreasing or not.

e M=

-

_I'

, 2

The first derivative of the function f(x) is. J'(¥)=—"——=-
{r +2)

Clearly, f'(x)<01if 2_x* <g.thatis. x> 2.

Thus, the funclion f(x) is decreasing on the interval (ﬁ,ﬂﬁ).

This means that. f(n+1)< f(n).

So, the funciion f{.r] = is decreasing.

+2

Condition (ii):

Check the continuity of the function f(x).

Clearly, the function f(x)is continuous posiive function, because x and ,2? ;7 are
polynomial functions and always positive on the interval [l,m]_



5

x +2
Integral Test as shown below:

The function, f{.r} = is continuous, positive, and decreasing on [],m}; 50, use the

X

ooz
=[%In(f +z)]j

[%In(m’+2)—%lnllz +z]]

x T
Since the integral I I (x}dris divergent, the series z ——is also divergent by the Integral
i

=1 n+ 2
Test.

Then, the series of absolute values  |a,|is also divergent.
=1

= is not absolutely convergent.
n+2

Therefore. the series ia_ =Z:E:(—I)’I
=] m=l

Since the given series is alternating, use the Alternating Series Test.

Let, b_: IH‘ .
n+2
n+l1
Then, the (p+1)" termis b,., = (1) 22’

Verify conditions (i) and (ii) of the Alternating Series Test:
Condition (i):

Show that, the sequence §_ = i 5 Is decreasing, thatis, b, <b,.
n o+
X
Let, )= .
1(x) X +2

, 2—-x*

The first derivative of the function f(x) is, f (-T) PE—
{r - 2}

Clearly, f'(x)<0if 2_4* <g.thatis, x5 f3,
Thus, the function f {;) is decreasing on the interval (\ﬁ,w).

This means that, f(n+1)< f(n) and therefore. b, <b,.



Condition (ii):
Show that the limit of the sequence b, tends to zero, as » tends to infinity.

, : [ n
limb, =lim| —
A=rT LR b 4 “H‘ + 2

= lim

= HI[I - E,)
>

Therefore, limb, =0.

So, the given series satisfies the two conditions of the Aliernating Series Test
Hence, the given series is convergent by the Alternating Series Test.

Clearly, the given series is convergent but not absolutely convergent.

Therefore, the series Z"n :Z[—I}" ," > is conditionally convergent.
=l =l ﬂ' +

Q5E

Consider the series

i "3 2-—I

=l {—5}‘

Its need to determine whether the series convergence or divergence.

Observe that. in the given series ,% power occurs. so it is better to apply the Root Test to
decide the convergence of the given series rather than Ratio Test.

Root Test:

(i) If lim ;ﬂa__[ = L <1, then the series Za_ is absolutely convergent (and therefor
e =1

convergent).
i) If hmz =L>]1.or lm= =0 then the series is divergent
@ 1f limgfa,|=L>1. o limgfa,]=o0 Ya, isdverg

@ It limgfa,| =1. the Root Test is inconclusive:

e



32l—| "Z Zn—l
. observe that a_ =

~=-( ) Ty
Consider !{E‘lm

For the series

= lim w2
—={|(-1)"5"
fime 2
sz 57
i 2 ]l'
_*—Ik.'l: 54‘
() 2~
= lim =
= @)

Continuation to the above
-t
I1m \na_ = hm (J_) ’

=%(1i:=:=’5)2[1i:-:2"'}
=502

=E (<1)

Thus I1m.J|a_ = {-.:I)

Az

= T mm-l

=l (—5}" -
IlmJla_ —{{ 1)

R

For the series we observe that

|

—n
By the Root Test, the series ZH,, =z { 5)_ is |convergent|.
=l | =
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Consider the series,

Z‘: 1

~2n+l

The objective is to find whether the series is convergent or divergent.

For large values of n, the denominator of each term is close to 2n, because the 2gxterm will
be very large compared to the constant term1.

Compute the limit of the ratios of the terms of z

=11
d R —
an ;2 p

S 2n+l
|
lim 28+l _ 127
wve 11 e 2nsl 1
2 n
. 2n
=lim
mx 2 +1
1/2
= Iimu o Divide and multiply by (1/2n) forn= 0.

== (1/2n) 2n+1

. 1
=lim
e A I

I+—

2n| — 21
2n

1

= lﬂm Cancelling common factors,

Theterm. (1/2n) > 0asn—> o

So, the limit above converges, lim—— =1
== | +(1/2n)

That is, the limit of the ratios of terms of Z and le converges, lim21+1 _ |
S 2n+1 = n sz 1 1

2 n



The series Z and le are series of positive terms, and the limit of the ratios of

—2n+l =2n
1
their terms ]imz""—"'ll converges to the finite positive number 1.
2n

By the Limit Comparison Test.

The series Z ] converges it and ClnI'_h" it Zl-l converges.
m=l 2-’3""'] w=l 2 n

The series Z%-lis a constant multiple of the harmonic series Zl and the series zl is
m=l n o=l " o=l n

divergent.

So. le diverges.

=l 2 n
Therefore. by the Limit Comparison Test the series )" 5 L divergent.
m=1 n+ ]
Q7E

We have the series
i 1
Y M

1
Let i [x) =
xJlnx

Since f{(z) 15 an decreasing, positive, and continuous function, we can use integral

test.
P N L S
J, 7 (R)dr=lim 2r finx
Lt:tu=1nx;‘>:ﬁ.t=ldx
x

When z=2u=In2 and whenxz=t, u=Int

Thus,
[ j[x)dx:EI:u'm:ﬁ:

-s[a].
- [2-27]

=0

Therefore improper integral is divergent and so the series E
32 M i

is divergent.
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= 251 = vof 3
Webave the series o)~ R (F+2)(k+1)F
2!‘.
:z'[fﬁz)(kﬂ)
We use The Ratio Test with a =L
T (EH2) (R4
aa| | 2 (k+2)(k+1)]

a | |[(k+3)(k+2)  2* |

RCOWETY

k+3 143/ k
(140
Then 1lim |2¥{= ( )=2:-.~1
3w | g, 1+0

Thus by the Eatio test, the given series
QOE

Here &% term of the ZIVen Series is,

(;i:+1):Iil term of the given series 1s,

(k+1)"

T e My |
e

2
Now. il _ (Fc+1) i

!
e
1 Sinceg > 2

Thus, by ratio test, the given series Z BPe* is w
E-1
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Given series is e ™
z-1
Since the integral I: e dr canbe easily evaluated, so we use integral test.
Let f(x)= e . then 15 continuous and postive for all x.
And f'(x) =2z +(-32)

=2ze™ —3xte™
=(2-3)x™ <0 forx=1
So the function f 1s a decreasing function

Tet x*=f then 3x’dx=df and £—00 as x—>00
Then Inx:e_'!dx=lne_’£
1 1 3
LT S
3]—}-11
—hm —e_’]:

= l]1.|:|:1 -7 +e'1]
¥

1 - 1
=§[U+e l]zg

Thus Ln Pevdx is convergent so by integral test the senes Z W™
-1

convergent

Q11E

Given series Z (iB +l)

1% # 3

1 1

Let — and &, =—
a, = and &,

L1 4]
We have Z a, 15 convergent since it 15 a p-series with p =3>1.
=l

= S : : : 1 1
We have Zb,, 1s convergent since it 15 a geometric series with a = Eand = = <l.
n=1

Hence Z (a,+b,)= Z( )15 convergent.

Therefore given series 1s convergent.
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e 1

Given series _
=k +1

We have
BEl>i2

=2+ > 2

1
< —

Ic2+*’f

hfﬁkz

We lnow thatz k2 is convergent (p-series with p=2).

Thus given series Z ———— is convergent by Comparison Test.
HLEVER +1
Q13E
Consider the series —':
=1 M-

Need to determine whether the series is absolutely convergent, conditionally convergent or
divergent.

Here use the Ratio test

Ratio Test
mIf lim <=t = [ < 1, then the series Z a, is absolutely convergent.
A=k 'a—q prr-
(i) If hm =L>lor lim —i oo, then the series Za_ is divergent.
R=pT a,, Foas s a"l =l
(i) I lipn |—=L Boer| _ =1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the
R=sE a’r

convergence or divergence of » a,.

Let 4 3
n!
And
mvl 2
ﬂ‘.=3 [n+|j
" {H-L‘-l}!
3 3(n+1)
- {n+]]n!
_3"-3-(n+1)



Then the ratio is

_¥-3-(n+1) nt ,

a, n! 3.0
B 3(n+1)

M

aut

Take the limit

!E'EI%"F’,L":?{I—:%]
=?ﬂ[53[.+5]]

=0-3(1+0)
=0
Therefore ljm |zt

Ml X a-
[

=0=<]1.

Hence by Ratio Test (Condition (i)), the given series is absolutely convergent.
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Try to go for absolute convergence since,

sin(x) goes from -1 to 1. By doing this the

domain is restricted to 0 to 1.

Apply the Direct Comparison Test

sind 2m) < i

**2. zn

0 <

Evaluate the compared series

£
'_\_"

H

[



this is a geometric series

b &
P
v | -
S
a

r=

r-.ll-w

H

therefore the series is convergent by the
Geometric Series Test which makes the
original series convergent by the Direct
Comparison Test. This means the series
is Absoluiely Convergent, because we ook

the absolute value of the series originally.

Q15E
Consider the series
oy 2‘-'3‘*"
—_—
=k
To determine the given series is convergent or divergent, use the Ratio test

Ratio test states that

x
(i) If lim Dot _ 1 < 1, then the series Za' is absolutely convergent.

BT a-" ==

a . a
L'{=J[.:=»!n:1|r Iim
a. FE o s

(i) If lim

-
'—*'{ =0, then the series ) g, is divergent
ﬂd‘

(i) If lim Dust = |, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the

A=k a.

convergence or divergence of Za_.



Use the Ratio Test with a, =

kl

zl’—l 3&+l
K

kl‘

And
Z{hl}—lju-l}-l
T Y ™
(k+1)
By
(k+l)t{k+l)
Now, the ratio Teer i
al
213!'1-1
a., (k+1)(k+1)
a . 2]:—I3I:+I
i E_
213’;42
T (k+1) (k+1) 2737
B . o o
- k P — "t
1 1y 2°-27-3"-3
k(1 _] k[l _]
( %) Uk
~ 3 1
(. 1Y 1) 2"
1+—| k| 1+—
[J'kJ (+-‘r;
- 6
- - -
k(]+l (I+l
k k)




Then,

\
V]3]

Then
a
jlLim i{=1im my :
—x| g —E
) k |+—] |+—]
k k
=lim| — f
R
k k
6 . 1
=0-— Since — >0, ask > x
(1+0) (1+0) k
=0
2!
So.as k— o, = 0<l.
a,
% zl‘—l k+1
Thus. by the Ratio Test. the given series ———converges.
o K
k=1
Q16E
We have the seres Zﬂ
o +1
2 2
‘We use the hmit comparnison test with a, = H3 . and &, = H—3= 4
# +1 n oA
e
2
‘We have i=M:+1.='s!= i
b x+1 1+l
T el 1.

=1 . )

But >’ — is divergent p-series (p=1)
»] A

Thus the given series 15 also
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Consider the series Z ]2.3;: .ii" - II]]
- - n —

=1

Determine whether the given series is convergent or divergent.
Here, use the Ratio test

Ratio test:

(i) If lim

h‘ = L<I, then the series Zcr_ is absolutely convergent
a, L

(i) If lim | 2=t = 1>1 or lim[%=1] = 0
B=FE a’n "L ﬂ'.

then the series Za, is divergent
=1

(iii) If lim[2=2L| = 1, the Ratio test is inconclusive
L I |

et g = 1BSeQn-])
205e8e---o(3n-1)

Then,
o 1320 1)(2(n+1)-1)
T 20508030 —1)(3(n+1)-1)
_ 1e3e5e---o(2n—1)s(2n+1)
© 2e5e8e-o(3n—1)s(3n+2)

Find the ratio:

[e3¢50---o( 20 —1)o(2n+1)
2e5e8s---o(3n—1)s(3n+2)

a | [ 135ee(2n-1)
20508---+(3n—1) ‘

N 1.3.5.....{zn-|)-{2n+1]}{2-53---43»—0]‘

| 205080 o(3n=1)s(3n+2) ) | 14350220~ 1)

(2n+1)
(3n+2)




Take limit on both sides.

L= lim |[Z2=
nax | g
i
2+1]
" n
=
3+ )
. n
=§ [Asn—»:c.l—}ﬂ]
]
= (.6666666667 < 1

a0
Since L <1, by the Ratio Test. the given series Z o e ). is absolutely convergent.

2+5+8+---+(3n-1)

=1

Q18E

Series 1s é (-.;;)—1

This 15 an alternating series with & = .

Jn—1

‘We use test for convergence of Alternating series.

Since SN
= fr-1<fu+1-1

= : 51
Jrrl-1 Jr-1
=b, =5,

Wow limihs =time—

l—}nJ;_l
1/-fn
= m—:U
e 1—1f
=1limb_ =0

So given series 1s |camvergent
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Consider the series,

Sy e

The object is to determine whether the series converges or diverges

Rewriie the sequence as,
Z( gy 1ndz) In(n) e l)' ln{l} (- l}z].l'l{z) e l}_~.|n{3)

In{l} ln{Z] In(3)

TR TR B

This is an alternating series.
Use the alternating series test- suppose for g, there existan N sothatforall > N

1. Here q_is posiiive and monotone decreasing.

_ lima, =0 Then the alternating series test a, converges.

Let ﬂ_:%.

Since g, is positive and monotone decreasing from p =7

The limit of the series g = M.':it n—> xis
Jn

ima, = tim 2
1
" £5) i L)

=lim—2 Use lim
e 1 e g(x) e g(x)

2Jn
. 2dn
=hm

e n-
=limi
= Jn
_ 2
limn

=0
Hence, the series converges conditionally by the altermating series test




Q20E

_ =
(jiven series Em
We have
JE+1::-JE
::>k(JE+1)>kJE
1 1
:}H— +1{.ch_
_ -1 e
kJ_ & +1 kJ_
J_ 1
A:J_ & +1 kT‘E

We knowthat 3 EL’EE convergent (p—se:ties with p =% ::-1)
=l

Thus given series 15 convergent by Comparison Test.

Comparison test:

Suppose that 3" a, and 3 b, are series with positive terms.

(1) ¥ 3 b, is convergent anda, <3, foralln, then )’ a, is also convergent
n) f 1s divergent anda_, = & for all n, then 15 also divergent
(1) erg a, a, erg
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Consider the series
ah
" 1
2. (-1 WS(—:]-
=1 n
To determine the given series is convergent or divergent, use the Test for Divergence.

Test for Divergence:

if lima, does notexistor if lima, #0,then the series )" a, is divergent

Take, a, =(-1)" ms[l,]

Then
fim =l (-1 e
-l (- imeos{
=li_|'1;{—l]'-cos[l}} Since Lz—}{]asn—}m.
= lim (-1)"-(1) Since cos(0)=1
= lim (-1

Clearly the imit lim(-1)" does not exist because the terms oscillate between 1 and —|
e

infinitely often, {-1)' does not approach any number.

Thus, lim(-1)"does not exist and therefore lim @, does not exist

A A=

al
Hence the series Z (-1)’ ms[iz] diverges by the Test for Divergence.
"

=l
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Consider the series
i |
io 2+sink
To determine the given series is convergent or divergent, use the Comparison test.
Comparison test states that
Suppose that Za_ and Zb_ are series with positive terms.
() If )b, is convergentand g, <b,foralln. then » a, is also convergent
(i) If Y’ b, is divergent and a, 2 b, for alln, then ) g, is also divergent

Use the Comparison Test with g, = ;
2+sink

Clearly. —]1<sink<I.

Consider, sink <1

Add 2 on both sides of the inequality.

2+sink <3
_1r .1
2+sink 3
Take, b* =l_

3

Therefore, a, 2 b,. forall k.

an
And the series )" b, =

- =
is diverges as It is a constant series.
k=l k=1

!
3
Since Zbl diverges, so Z"i is also diverges by condition (if) of the Comparison Test.

0
Hence the given series Z ;ris diverges by the Comparison Test.
i 2+sink

Q23E

Consider the series i: tan(1/n)-

=1

User the Limit Comparison Test with g, =tan(1/n) and b, =1/n as follows:

. i
Reason: The series Za" and E b, with positive terms. If |11'I'Ib—" =c¢ where c is a finite
R

number and ¢ ()-



Let l =@ then @ —( as m—»o0 and obiain the series as follows:
n

. a . tan#
Im—= =lhm——
frare b. #—si H

Since this limit exists and zl Is a divergent p-series with p=1.
a=1 n

x
The given series Zum{l / n} divergence by the Limit Comparison Test.

m=1

Q24E

Consider the series Znsm(l}
n

=1
Determine whether the given series is convergent or divergent.
Here, use the Test for Divergence:
It lima, does notexistorif lima, #0,then the series )_a, is divergent

=1

(1
Let a_=nsm[—}
n

Find the imit of g, as » tendsto oo

ima, =t -sn |
s

=m~sin{ﬂ]

=ua0-0)

Indeterminate form aop.()is obtained by direct substitution.

To use the L'hospital's rule, it has to be changed as one of the indeterminate forms

A=

88



L'Hospital’s Rule:

Suppose that f and g are differential functions and that lim f(x)=limg(x)=0 or
p [

d
lim f(x)=limg(x)=o0. if lim ‘i"’(f{x)) = [ then lim /(x) =
i e s E( 2( x}) e g(x)

L.

Rewrite a, as follows:

1
n

Take limit on both sides.

a =

. {I]
smmj —
lima, =lim I"
| n
' ])
sinj| —
_ \ 00
1
aD
Sm{ﬂ}
0



Indeterminate form % is obtained by direct substitution so L'hospital’s rule can be applied:

==
=)

=lim
-
=C0)
=lim| cos| —
=R "
=cos(0) [Since asn— m,—l— -~ {].}
i

=1

i e N

. . . (1
Therefore, lima, = lim [n sin (—)] =1.
Since !an a, =1 0,by Test for divergence, conclude that the given series is diverges.

Hence. Znsin(l)is diverges.
n

Q25E

A |
Series 1s Z—t
l-l'E:l

Since series involves nl |, 50 we use ratio test

zl (=+1)!
Here =y then ST e
2y o dya D



+1)If Y
i &)

x
3w ?IHE'I

So  lim |2
Bk al

So by ratio test given series 15 |comvergent

Q26E
We have the series Zﬂ
Lo
2
We use the Ratio test with a_znj;l_l

2
aﬂl_[(”ﬂ) +1] 5
Wetiee a, - g -|:n1+1)

[(n +1) +1]

5(x" +1)

() At 1

——  asx—»oo
5[1+1m‘)
1
So 1@‘%:—{1

Thus by the Ratio test the given series

[Using L-hospital rule]
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Series is Z(klﬂ‘;
10541
kElnk klnk Ink
g, = we take = =
3 UH_]); b = FE 2
"We have it k3 Elﬂ—f
(k+1) £k

Mow we apply comparison test and for this we have to check that the series

nk . i
Z ? 15 convergent or divergent

Let f{x)= E , this function is positive and continuous for = >1

And (0= x’[ux) (]nx)[Ex)

I
1= 2]”1:0 for 1-21n x <0 => x >&2

=== =
So the function f1s decreasing

Then we use integral test.

We use integrat:ion by part

[ —d =ln x| xdx~ I(—lnx)( xdx)dx

]nx



I
So ﬁm[h—fdx=um[—E—1+n+1]
Hnl x f ol )

£ £
~ < im BB
I—am I
——fim 41 [byL-hospital rule]
=S v L-hospr e
r
=tim [ 2X dr=—0+1
= I
1
r
=him [P X dx=1

So l?dx converges. Therefore by integral test, the series Zln_x 15
1 Eml

convergent. Then by comparison test, series Z (f_:} is |[:onvfu'gt:nt
k-1

Q28E

We have the series Z-i:
=l M

iz
g

Siﬂ[:ﬂ _2£

And since Z
1

2
)
n
2
2

=1 i i i
= EZ- —; = constant multiple of convergent p-series withp = 2>1
n a1 72

Thus by comparison test, the given series
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o
Giventhat I

i—1y

eoshin)

Substitute this in:

Cﬂﬁh(ﬂ) — T

fr = - =«

i—n 2
T ———=FE{—1y——
& +e w1 g e

Apply the alternating series test

I} bu—i EIbu' bﬂz—

F ] -
£ v E
2 2
»n$1 —An+ 1k F ] -
€ £ £
i lim, ..b,=0
2
b, .a————0
£ +F

Therefore, the series converges by the aliernating series test.
Q30E

Since is é(—l)f%

This 15 an alternating series so we apply the test for convergence of alternating

5

series with bJ-=
J+5



We take j[x)=—

Then Sf(x)= 2Jx

oy (5=7)
=)= 2(x+5) Jx

Since j'(x) <0 when x> 5, so the function fis decreasing
And then we have b =b;

o lim£= jmﬁzlzu
jo j+5 w145/ 140
So limé&; =0
Jowo

Then the series 3 (<17 3_; t
n the series Jz_:l[ )J_j+5 15 |convergen

Q31E

Consider the series,

- 51
§31+41 )

The object is to test whether the series converges or diverges.

5]:
34t

Replace kby k +1. then the series becomes,

Let a, =

5]: +1

a-**' = 3-*+I +4l:--l

ﬂ'* +1
a,

Recall that the ratio test, if there exista )y sothatforall > N. a, #0and lim = Lihen

A=

the following conditions are hold.
If L<1.then ) a, converges.
If L>1.then ) a, diverges.

If 7. =1. and then the test is inconclusive.

Use ratio test, then the limit value can be calculated as,



. |a i
lim |24 = lim

By ratio test, it confirms that . - | so the series diverges.

Hence, the series Z diverges.
k=1
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apply root test:

I/m
w1y}
= lim, _ » [’ — |
ot
= lim,_ o —
n
== =1 [since for a large value of n, n! will beat out nd]

so the given series diverges by the Root Test.
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We have the series Z{L)
anatl

‘We use the Root test with a, = (L)

zn+1
vz n Y
We have (a,) :(m)
s (e -2
()
o\ 1+1fn
1 1

Clim(141/2)° e
Thus by the Eoot test the given series
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L = 1
Rl §n+n cos®
We have cosn<l
=cos n<l
=14cos’n<2
= ntncos n<2n

o1 g1
atrncos n 2m

I’E‘u::l:;2 and b,=i then a =&,

aAtxrcos xn
. = = 1
Since b=y —
L2,

And %Zl 15 a constant multiple of divergent (harmonic) series.
P
b 1

——— i5 divergent
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Then by comparison test, the series
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wen series Z —
= =
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I:Et an = L]_’bn = l
H— #
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Then
1
T
lim e _ lim 2=
nsmb  m3w© l
#
Hﬂ
=1>0

We know that the series 3 lis diverges.
==l 7
Hence the given series 1s diverges by the Limit Comparison Test.

Limit Comparison Test:
Suppose that 3" a, and 3’ b, are series with positive terms. If

lim 22—
o b

where ¢ 15 a finite number and ¢ > 0, then either both series converge

or both diverge.
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L = 1
Series i3
é(m n)

Since [lnn)hl = (ehh)h
-
_ s

Since lnlnx—>co as A —=>C0

So Inlnzn>2 Jjor large » [.u > ITUU)
Thus [lnn)h. >
Then 1 = < lﬂ

(an)” 7

Since Z = 15 a convergent p-series with p = 2> 1. Then by comparison test
=2

The series i({r’i—l) 1s also M
2-1
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Series is 3" (¥2-1)
z-1
Ths 1s the form of Za: so we use root test
We have lim Ya,| = lim(¥2-1)
=lim{2%-1)
=2"-1
=0
So  limzfs,| <1
Then series i({-’i —l)l 15 |convergent
21
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Let aJ:ﬁ_] and b'=l_
"

Clearly Zb- = zlis a divergent harmonic series.
n

Then

L]
. a Y.L |
lim—==lim .
— b- — l

n

Use L'Hospital's rule to evaluate this limit.



L'Hospital's rule: Suppose jf and g are differentiable and g'{x] # 0 on an open interval j§
that contains a_ Suppose that

liﬂf(xlzﬂ and J|“i_T,g_'{:u:}:l]

Or that lim f(x) =4 and |img{x)=iu::

In other words an indeterminate form of type 2o
o0
Then
. flx) . f(x
Ilmf[ )zllmf (x)

e g(x) =eg'(x)

The limit of the numerator is

(1
lim(a, )= lim| 27 -1
- n—bd:-lh

y 1 *

=1Iim 2= -1
P § J
=2°-1

=1-1
=0
And the limit of the denominator is

limb, = Ii].'nl

A LR re _ﬂ

=0



So we get the indeterminate form % L'Hospital's rule gives

Iirriﬂ = lim E'I—l
: n
d !
—| 27 -1
I' ‘ﬁ]( J
=lim
dn\ n

=lim| 2" In2

= lim 2°In2
0

=2%(In2)

~(1)(1n2)
=In2

So limZ==n2>0.

Since this limit exists and Zb_ = zlis a divergent harmonic series, the given series
n

diverges by the Limit Comparison Test.



