Exercise 12.3

Answer 1E.

(&)

®)

(ad)<c
This 15 a meaningless expression because ab is a scalar quantity and (;.E)E
becomes the dot preduct of a scalar and a vector, which 1s not possible.

(EE)E (meaﬂingful)
Since (Ej?) 15 a scalar quantity and a vector ¢ canbe multiplied by the scalar

o) |§|[£E) (meaningful)

@)

Here Fl 1s magnitude of the vectnr;, which 15 a scalar quantity and (!_‘.;Jr:: 1s also
a scalar quantity. Two scalar quantities can be multiphed.

a (;'.; +E) (meaningﬁll)
Since (.-_';+E) 15 a vector and it 15 possible to find the dot product of two wectors.
ab+c

This 15 a meaningless expression because @b is a scalar quantity and ab+c
becomes the addition of a scalar and a vector, which 15 impossible.

® 6

This 15 a meaningless expression because B+4c isavector quantity and Flis a
scalar quantity . The dot product of a vector with a scalar quantity 15 meaningless.



Answer 2E.

If Ez(al,ag) and gz(ﬁq,ﬁg}ﬂmn their dot product 1s the number a & givenby

G b=ak +ak

In this problem, we are given that & ={-2,3},5 = {0.7,1.2).
Using the formula abowe, their dot product would be
{-2.3)-{0.7.1.2)}=(-2){0.7)+3(1.2)

=-14+36

=22

Answer 3E.

If g = (ah g3>and b= (bh bz)then their dot product is the number ;. ' given by

a*bh= ﬂ'gb; ‘i‘ﬂzbz

In this problem, we are given that g = (—2, %)? b= (—5! ]2). Using the formula

above, their dot product would be

(-2, }}(—5 12) = (—2)( -5)+ }[12) —10+4=14

Answer 4E.

240314-12_3-4E AID: 200 | 22/11/2015

Consider the following two vectors:

a=(6,-2,3). and

b=(2,5,-1).

The objective is to find the value of g.h.

The dot product of a = (a..a;.a,}- and b :(g.,,b_,,g.,}is the number g.p . defined by as follows:
ash =(a,.a,,a,){b,.b,.b,)

=ab +ab, +ab, .. (1)
Then, the dot product of a =(6,-2,3). and b =(2,5,—1) will be,
asb =(6,-2,3)«(2,5,-1)

=6(2)+(-2)(5)+3(-1) Use (1)

=12-10-3

Therefore, the dot product of a= (ﬁ_ _2,3}. and b= (2,5,_|}is ,..,=E|_



Answer 5E.
Consider the following vectors:

o)

b= {6, -3,-8)

Find the dot product of the given vectors.

The dot product of two veciors a=(a,,a,,a,) and b={(b,b,,b,)is
a-b=agb +ab, +ab,.

So, use the formula for g.p and find the dot product of the given vectors a and §. This can
be compuied as follows:

a-b :(4,1.&)-(6, -3,-8)

= 4(6) +(_3}(1) + (-3}[%] Muliiply the corresponding elemenis

=24-3-2
=19
Therefore, the dot product of the given vectors is,



Answer 6E.
540314-12 3-6E AID: 500 | 22/11/2015

Consider the following two vectors:
a=(p,-p,2p).and

b=(29.9.-q)

The objective is to find the value of geb .-

The dot product of a = (al,a_,_,az}. and b :{b“bl,b:)is the number g.h . defined by as follows:

a-b=(a, a,,a,){b.b,.b,)

=ab +ab, +ab, (1)
Then, the dot product of a=(p,-p,2p). and b=(2q,q,—q)will be.
a-b=(p,—p.2p)(29.9.-9)

=p(29)+(-p)(g)+2p(-q) Use (1)

=2pq-pqg—-2pq

=—pg
Therefore, the dot product of a={p,—p,2p). and b=(2q,9,—q)is a-b=|-pq|.

Answer 7E.
540314-12.3-7TE AID: 500 | 22/11/2015

Consider the following two vectors:
a=2i+j. and
b=i-j+k.

The objective is to find the value of g.b .

The dot product of a=g,i+a,j+a;k. and b=4ji+b,j+ bk is the number g.ph . defined by as
follows:

asb=(aji+a,j+ak)(bi+bj+bk)
=ab +ab, +ab, (1)
Then, the dot product of a=2i+ j. and b=i- j+kwill be,
ash=(2i+j){i-j+k)
=(2i+1j+ 0k Jo{li-1j+1k)
=2(1)+1(-1)+0(1) Use (1)
=2-1+0

.
Therefore, the dot product of a=2i+j. and b=i-j+kis a-b=[1]-



Answer 8E.
Consider the following two vectors:

a=3i+2j-k.and b=4i+5k.
The objective is to find the value of g.b,

The dot productof a=g,i+a, j+a,k.and b=5,i+b, j+ b, kis the number g.p . defined as
follows:
ab=(qi+a, j+a,k){bi+h,j+bk)
=ab +ab,+ab, e (1)

The dot product of a=3i+2j-k.and b=4i+5k will be,
a-b=(3i+2j-k)-{4i+$k]

=(3i+2j-1k)«(4i+0j+5k)

=3(4)+2(0)-1(5) Use equation (1).

=12+0-5

=7
Therefore, the dot product of a=3i+2j-k.and b=4i+5k is ,.hz_

Answer 9E.
Consider the magnitudes,

la|=6. [b]=5
Angle between the vectorsis 2z /3.
Thatis §=2x/3
Write the angle formula between the vectors aand }

fa bl

Use the given angle in the formula to find g-b
2z _a-b

3 Tl

‘%:(:i(bs) (““2?”‘%]

1 a-b

2 30

30
2
=-15

Therefore g4.h :@

cosfl =

a-b=



Answer 10E.

Given

lal =3, pl=6

Angle © between vectors a and b is 450.
To solve this, we use the formula from the definition of the dot product:

a -b= |g||bicos(f)
Plugging the given values into the formula,

a -b=(3) (/6 ) (cos(450))

- e[ £)

=33

Answer 11E.
z: 15 a untt vector then
‘i\: 1,‘% - 1,|$‘= 1,
Angle between w and vis &=60°

—+ —+

Then wwv= u‘ v|. cos &

Jeosélf
1

—+

—

2

Angle between w and wis &= 180—60°
=120°

Then
W = )I:H;‘EGSIED‘J

(Y

1
2



Answer 12E.

Angle between w and v is i =45°
Then wv= |§H§|c05 457
=1 L L (as H = L Jualf the length of diagonal of a unit square)
PR V2
|1
Tz

Lngle between w and wis 90° .LThen
W= FH;‘EOS a0°
=1.1.0
:@_

Answer 13E.
We know that i, j axd & are umit vectors along x-axis, y-axis and z-axis,

Thus these three are perpendicular to each other.

(&)
i =i | |cos 90
=1.10
=10
}.s?: :r k|cos 907
=1.1.0
=10
EE.E: % ;.COSQD"
=1.1.0
=10
(b)
ii=i| [|cos0”
=1.1.1
=1
:r:rz :} :}cosﬂﬂ
=1.1.1
=1
E‘.ﬁ?z ﬁ; E:l::os[:lﬂ
1.1



Answer 14E.

It a street vendor sells a hamburgers, b hot dogs and ¢ soft drinks on a given day
and if he charges §2 for a hamburger, § 1.50 for a hot dog and §1 for a soft drink,
if

A=labcy and P={2151)
Then A-P=(a.b.c) {2151}

=Za+1.20+1c

=Zda+158+c
1e AP denotes the total amount which the street vendor earns 1n a day.

Answer 15E.

First find the values of |a| and |I:-|

Now, the value of |a|. for the vector: a=(4,3). will be.
al=(4.3)]
— /4% +3* Use i{a,,a::}| =.Ja +a

=16+9

=25

~5

And. the value of |h| for the vector: h={2,—l). will be,

Ib[=|(2.-1)]
- 1’2: +{—I): Use |{ﬂ']--ﬂ:}| =\a +a;
=4+

55

Therefore, the values of |a| and |b|for a=(4,3). and b=(2,-1)are,
|a|=5 ana |h|=\'!§-

Next, find the dot product gel -

The dot produci of a=(4,3). and b ={2,~1)will be,
ash = (4,3)+(2,-1)
=4(2)+3(-1) Use (a,,a,){b,,b,) =ab, +ab,

~3

Il
oo

L [}

Therefore, the dot product of a=(4,3). and b=(2,~1)is ab =5.



By above steps. the values of |a|. |b]. and a-bfor a=(4,3). and b={2,-1)are.

|n|=5. and
|h|:J:'—._ and
ash=5.

Use formula (1), and find the angle between a =(4,3), and b =(2,-1)as follows:

ab
cos = —— Use formula (1)

fal bl

cosf = % Substitute values

msi?=7;
o ()

=63".

Therefore, the angle between the vectors a=(4,3), and b=(2,-1)is ms"[
Answer 16E.

)zﬁT .

u.l"'

First find the values of |.| and ||.|_

Now, the value of |a]. for the vector. a=(-2,5). will be,
la|=[(-2.5)
-2y +5 Use f(a.a)

=+J4+25
= Jﬁ.
And, the value of [b|. for the vector. b=(5,12). will be.
bl =(s.12)
=57 +12° Use [(a.a,)|={a] +a}
=4J25+144
=169

=13
Therefore, the values of |a| and |b|for a={-2,5). and b=(5,12)are,

=
= ."‘al‘ +a§

|-|:Jﬁ and [b|=13.



Next, find the dot product geh
The dot product of a=(-2,5). and b =(5,12) will be,
ash =(-2,5)+(5,12)
=-2(5)+5(12) Use (a,.a,){(b.b,) =ab, +a,b,
=—10+60
=50
Therefore, the dot product of a=({-2,5). and b=(5,12}is asb=50-
By above steps, the values of |a|. |b|. and a.bfor a=(-2,5). and b=(5,12)are,
la|=+/29. ana
[b|=13. and

asbh =50
Use formula (1). and find the angle between a =(-2,5), and b=(5,12) as follows:

=b

cosf =L Use formula (1)
fal bl

cosl? = 2l Substifute values
13]29

H:ms"( 50 )
13V29

-
=44

Hence, the angle between the veciors a = (-2, 5)_. and b= (5,12:} is c:us"[ >0 ]=44“ }

1329




Answer 17E.

Consider the vectors,
a=(3,-1,5). and b=(-2,4,3)

Write the angle formula between the vectors aand |

a-b
cost?=m

Calculate |a|, |b|

la| = Ja*, +a*, + &,

=J3) +(-1) +(5)
_ 971725
T

bl =(-2) +(4)’ +(3)°
_»

Calculate g-pb
a-b=ab, +ab, +ab,
=(3)(=2)+(-1)(4)+(5)(3)
=—6-4+15
=3
Supply the values and calculate the angle between the vectors.

_a-b

fa b

cosé

Therefore angle between the vectors is 8 =



Answer 18E.
Consider the vectors,

a=(4,0,2). and b=(2,-1,0)
The objective is to find the angle between the vectors.
Write the angle formula between the vectors aand p

Calculate [a]. [b|

la| = J“'zt +a’, +a,

= J(4) +(0) +(2)
_Ji610+4
-J20

=25

Ib|=(2)’ +(-1)’ +(0)
~Ja:150
=5

Calculate g-p
a-b=ab +a,b, +ab,
=(4)(2)+(0)(-1)+(2)(0)
=8+0+0
=8
Supply the values and calculate the angle between the vectors.

-b
msﬂ=a—
ja|[b)

Therefore. angle between the vectors is g~ _



Answer 19E.
First find the values of |.| and ||;|_

Now, the value of |a|, for the vector; a=4i-3j+k. will be,
|a| =|4i-3j+K]|

= J# +(3) +1 Use jgi+aj+ak|= ol +al+a]
=\16+9+1

=26

And, the value of ||;| for the vector: | = 2j—k . will be.

bl=]2i K

= JIJ +0° +[—l}2 Use |a,i+ a3j+a3kl — 1,‘:::.: +.r1":"t +a§
=J4+0+1
_

Therefore, the values of |a| and |b|for a=4i-3j+k.and b=2j-kare.

|:|=J2_6 and |h|=J§_

Next, find the dot product g.h .

The dot product of a=4i-3j+k. and b = 2j -k will be,
ash =(4i-3j+k){(2i-k)
=4(2)=-3(0)+1(-1)

Apply (ai+a,j+ak)(bi+b,j+bk)=ab +ab, +ab,
=8-0-1

=7.
Therefore, the dot product is gsb=7-



By above steps. the values of |a|. |b|. and a.bfor a=4i-3j+k.and b=2j-kare.

|t|=J2_ﬁ. and

|b| — J§ and
ash=7"
Use formula (1), and find the angle between a=4i-3j+k. and b = 2j -k as follows:
msi?—ﬂ Use formula (1)
fal b
7
cosf = Substitute values
V265
cosf = !
26-5
7
cosf =
V130
7
O=cos” | —
(=)
=52".

Therefore, the angle between the vectors a=4i-3j+k. and b=2i-k s

m"[J;_u)z 52|

Answer 20E.

Consider the following vectors:
a=i+2j-2k and b=4i-3k
Find the angle between the vectors a=i+2j-2k and h=4i-3k-

Use the formula for finding the angle between two vectors:

A
jal-[b)

The angle g between two vectors a and | is cosf =



As the veciors a=i+2j-2k and b=4i-3k
S0, solve as follows:

ja = J1? + 22 +(-2)°
=+4+4
=9
=3
And.

The dot product between the veclors a=i+2j—2k and b =4j-3k is calculated as follows:
a-b=(i+2j-2k)-(4i-3k)

=1(4)+2(0)+(-2)(-3)

=4+0+6

=10

a-b

[al-[b]

Plugin |a|=3. |b|=5.and a-b=10 in the angle formula cos# =

mﬂ:ﬂ
3-5
_lﬂ

15

30, the angle between the vectors a and g Is given below:

2
f=cos™ (—)
3
=48.19° Using calculator.
Therefore, the angle between the veciors a=i+2j-2k and b=4i-3k IS |#=48.19°|



Answer 21E.
Find the angle * p * between the vectors F'Q and pg -

The angle between the two vectors aand his defined as follows:

cos@ = %_ ______ (1)

Hence, the angle p between the vectors "p_Qand PR 'S defined as follows:
_ PO-PR

oS B = .
P POIPR U

Find the vectors ;T'Qand PR Dy using the following fact:

For the points A(x,,y,)and B(x,,y, ). the vector Zgp will be.
AB=(x,—x,y,~ ) —(2)

Then, for the points P(2,0)and Q(0, 3)_, the vector p_QwiII be.
PQ =(0-2,3-0) Substitute (x,,y,)=(2,0). (x,,»,)=(0,3)in (2)
=(-2,3).

And, for the points P(2,0)and R(3,4). the vector pgwill be.
PR =(3-2,4-0) Substitute (x,,y,)=(2,0). (x;,),)=(3,4) in(2)

=(1,4).



Substitute pQ =(-2,3). and pg =(1,4)into (i). and find the value of p as follows:

PO-PR
cos p = Wit
g PO|PR| 9

(=2,3)+(1,4)

cos p = ————— Substitute values

(=2.3){1.4)|
-2(1)+3(4)

N EER T
0 o b=t 5 =

2412

=J4+9-~.-"l+lﬁ
10

R EN T

10

J221

10
Hence, for cos p = —==, the value of p will be,

J221
()

=48
Therefore, the angle between the vectors pgand BRis p =,_

Find the angle * g * between the vectors Q’ﬁ and Qﬁ
By (1). the angle g between the vectors Q’:ﬁand f‘jﬁ is defined as follows:
OP-OR
cosg = OP-OR (i)
OP|OR

Find the vectors Q—pand & by using (2):

Then, for the points Q(0,3)and P(2,0). the vector gp will be,
QP =(2-0,0-3) Substitute (x,,y,)=(0,3). (x,,»,)=(2,0)in (2)
=(2,-3)-

And, for the points 0(0,3)and R(3,4). the vector DR will be.

OR =(3-0,4-3) Substitute (x,,y,)=(0,3). (x,,»,)=(3,4)in (2)

=(3.1).



Substitute gp =(2,-3). and gR =(3,1)into (ii). and find the value of g as follows:
OP-OR
OFOR
cosg = w Substitute values
(23|31
__2(3)-3(1)
V2 +(3) B +P
Use (a,,a,){b.b,) = ah +a,b,and |(a,.a,)
___6-3
J4+9-J9+1
B 3
IRERNT)
3

Jizo

3
Hence, for cosq = I the value of g will be,
130

cosg =

Wite (ii)

= ,fa,’ +a,

q=cns"[

=75
Therefore. the angle between the vectors gpand QRS 4 ~ _

)

Find the angle ‘ r* between the vectors pp and E :

By (1). the angle r between the vectors ppand Eis defined as follows:

cosr= gl'i_“?. (i)

Find the vectors ppand E@by using (2):

Then, for the points R(3,4)and P(2,0). the vector gpwill be,
RP =(2-3,0-4) Substitute (x,,y,)=(3,4). (x;.),)=(2,0)in (2)
=(-1,-4}.
And, for the points R(3,4)and Q(0,3). the vector Rgwill be,
RO=(0-3,3-4) Substitute (x,,,)=(3,4). (x..3:)=(03)n @

=(-3,-1).



Substitute gp = (-1,-4}. and RQ = (_3,-1}intn (i), and find the value of g as follows:

cosr= gi% Write (iii)

= {_l’_dH_l_l Substitute values

i B
i} ~1(=3)-4(-1)
V1Y +(4) (3) + (1)
Use {a],az Hbl,_b_,) =a,b, +a,b,and |(‘-"|~ﬂz}

B 3+4
NI1+16-4/9+1

7
~ 7o
7

==

-
Hence, for cosr = ﬁ the value of rwill be,

_,1 2
‘a|+'ﬂ;

7
-1
r=cos
[ J 170 )
=5T.
Therefore, the angle between the veciors ppand RQIS r =|57°|-

Therefore, the three angles of the triangle are |48° 75°.57°|-

Answer 22E.
The vertices of the triangle is given as  4(1,0,-1), B(3,-2,0), and C(1,3,3).
The objective is to find the angles of the triangle ABC with the above vertices.
The angles of the triangle are,

Z A =Angie between the vectors 4B AC

2B =Angle between the vectors BC, BA

ZC =Angie between the vectors C4,CB-

Recoliect that, the angle between two vectors a and b is given by,




Find the vectors 4B and AC-
AB=(2,-2.1)
AC=(0,3,4)

Then,
AB-AC=(2,-2.1)-(0,3.4)
=0-6+4

=-2
Also,
|E| =Ja+4+1

=3

Iﬁ=q‘ﬂ+9+lﬁ

=5

Therefore, the angle A is,
R

AB« AC ]

ZA=cos™
AB|[4C

b

i "—2]
=05 —
L 3-5

. "—2)
:m E——
15

=98°



Find the vectors BC and BA-
BC=(-2,5.3)
BA=(-2,2,-1)

Then,
BC-BA=(-2,53)-(-2.2,-1)

=4+10-3
=11

And,

BC |=Va+25+9
=38

BA|=\a+4+1
=3
Therefore, the angl& Bis,

BC-BA

maal [‘W]

_mq( 11 ]

338
= 54°

In a triangle AABC,

LA+ ZB+ £ZC=180°
98°+54°+ ZC =180°
Z£C =180°—-(98°+54°)
£LC=28°
Thus, the angles of the triangle are

£A=98° /B =54° and ZC =28°|.




Answer 23E.

() )
={-537%8=(6,-82)
Then wectors @ and & are not parallel because, thew corresponding components
are not equal.
Mowr
ab=(-51(6)+(31(-81+7(2)
=-30-244+14
=—40=10
The vectors @ and & are not perpendicular,
(B) ) .
a={4,6)b={-32)
ab=4(-3)+(5)(2)
=-12+12
=0
The vectors @ and & are orthogonal
(3
a=—-i+2i+5k, b=34+4i-k
ab=(-1)(3)+(2)(4)+(5)(-1)
=-3+8-5
=
The vectors @ and & are orthogonal
(L . .
a=2di+6;-4k, h=-3-9i+6k
a=2(i+3j-2k)  B=-3(i+3j-2k)
Eecause vectors % and i are ecual,
The vectors @ and & are parallel.
Answer 24E.
(A

u={-396) v={4-12,-8)
w=-3{1-3-2), v=4{,-3-2}

-

14 v
Eecause the vectors — and E and equal,

Then x and v vectors are parallel.



(B) . .
w=i—j+2k v=2i—-j+k
wv=(1){2)+(-1)+(2)(1)

=2+1+2
=5=10

Thus the vectors u and v are neither perpendicular nor parallel.
(© )
u—{abc) V= E:-:za)
v = a(-bi+b(a)+c(o)

= —abh+ah
=0

Thus w and v vectors are orthogonal

Answer 25E.
P[l -3 —2) Q(E 0 —4) R[E,—E,—ﬁ)

PO={(2-1),0+3-4+2)

=(1,3,-2)
OR = (6-2,-2-0,-5+4)
= (4,-2,-1)
RP={1-6-3+2,-2+5)
={-5-13}
Mow R
POOR =1{4)+3(-2)+(-2)(-1)
=4—6+2
=0

Because two sides of atriangle POQE gives dot product zero. Therefore these two
sides are otthogonal to each other. Hence the triangle with vertices P, Q and K 13
right angled.



Answer 26E.

We know that the angle between two wectors 13 given by
a h

|allR |

cosd =

Let us find the magnitude of a-h.

a-b = (2)(1)+ (=) + (-1(0)
=2+=x

Find |a|.

|a| = J22+ P4 (-1)

= JAr1+1
= 6

similarly, we get |h | as of1+ x

substitute the known wvalues tn cos & =

a-h
|a]|b|

2+ x

SIS

1 2+ x

NG ) {6 + 622

solve for x.
1 (2+ x)g

2 b+ 6
3432 = 4+4x+ &
Pxi—dx—-1=10

cos 45° =

“We thus get x as approzimately

liE
7|

Answer 27E.
Consider a wvector i +a, jtak - [1)
This wvector 15 a unit wector, then its magmtude 15 unity

That 15, a.lllfllz +|:I; +|:I32 =1

Suaring, alz +|:zg2 +.c:4:32 =1 ———(2]



The vector [1) 1z orthogonal to ;+:; . We get
(a1£+ c;tgj.i‘ +c;t3£::). (;+:r +a£) =10
oy ta, =0
=d, =

Alzo the vector [1) 15 otthogonal to ;+§5 we get
(a1£+ c;tgj.i‘ +c;t3£::). (;—I—.::I:i‘ +E&) =10
oy ta; =0
=dy =~

Place these values of a, and a, in equation (2],

We get

1,1, 1
@+ o =1

or, 3.:112=1
1
of, d =3
ialzii
3
“When a1=+L, Then cxzz—iaﬁzd c13=—i
3 3 3
When @ =- 1 ?ﬁemagziamd%: 1

3 3 3

Therefore the required unit vectors are

(-5-F—lor  |[F+5+8)—=|

i i

Answer 28E.
Let @ = (al,ag} be the unit vector that makes an angle of 607 with

v={34)}
Yince @ is a unit vector, then ‘cz|=1

. 7 1
ig. Joag tay =1

. a 2
ie. a +a =1

-+



-+ —+

—[ =+ -
How va= ‘vHa‘ch a0

ie. {3,4}.{.:11,.:12}= \f32+43,[1)_%
ig. S tda, = 2
LE. bay +ia, =5

5—Ba,

= =
Then a = > i.:1;2
& 3

When a2:4+3ﬁ Then .:11:3_4£

1 10
And  when a,= 4 _1[3;‘@ then o = 3+11£

Then the two unit vectors are:

<3—4J§,4+3J§> <3+4J§ 4—3J§>

10 7 10 10 " 10
Or  [(-0392,0919)  and  [{0.992,-0.119)

- 2 3
Since  a +a,” =1

2
j(ﬁ—%agj +c122 —1
6
ie.  25464a] —80a, +36a, =36
ie.  100a,” -80a,-11=0

_ 80£./6400+4400
- 200

_ 80+4/10800

© 200
_B06043 4433
©oz0 10

1.8, @y

1.8, dy




Answer 29E.
First, find the slopes of the above lines by following definitions:

An equation of the line with slope m and y-intercept b is,
y=mx+b . (3)
Rewrite the equation (1) by solving it for y in terms of x
2x—y=3.0r
y=2x-3.
Compare this equation with equation (3), the slope of the line, 2x-y=3.I5 m=2.
So, by above fact, a vector parallel to the line, 2x-y =3, is,
a=(12). .....()
Rewrite the equation (2) by solving it for y in terms of x:
3x+y=T.0r
y==3x+17.
Compare this equation with equation (3), the slope of the line, 3x+y=7.158 m=-3.
So. by above fact, a vector parallel to the line, 3x+y=7.15,

b=(1,-3). (@

Now, the objective is to find the acute angle between the vectors a=(1,2)and b=(1,-3).

The cosine of the angle befween the two vectors aand his defined as follows:
a-b
cosf = m ______ (<)

Find the values of |a|for the vector; a=(1,2), as follows:
=F.2)
VT Use [(a,a) =

=I5

Find the values of |b|for the vector; b=(1,-3), as follows:
Il =13}

= F () Use [a.a)|= o +al

=J10-

Next, find the dot product g for the vector, a=(1,2)and b=(1,-3), as follows:
ab = (1,2)+(1,-3)

=1(1)+2(-3) Use (a,.a,){b,.b,) = ab, +a,b,
=-5.



By above steps. the values of |a|. [b|. and a«bfor a=(1,2)and b=(1,-3)are.

la|=/5. |b|=+102nd asp=-5.
Use formula (4). and find the angle between a =(1,2)and b =(1,-3)as follows:

cosf = .o B Use formula (4)
fal|b

=5

cosf = Substitute values
]Svilﬂ'

a -5

~J510

_

T 52

-1
Thus. for cns5'=7-_ the value of gwill be,
5 ;

=135

Hence, the angle between the lines 2x—-y=3and 3x+ y =75 g =135"- And the acutfe angle
between the lines will be,

180" 135" =45
Therefore, the acute angle between the lines 2x— y=3and 3x+ y=TIs [45°]



Answer 30E.
First, find the slopes of the above lines by following definitions:
An equation of the line with slope m and y-intercept b is,
y=mx+b . (3)
Rewrite the equation (1) by solving it for y in terms of x:

x+2y=T.0r
_1..7
* 2 2

Compare this equation with equation (3), the slope of the line, x+2y=7.I5 m= _%_

So, by above fact, a vector parallel io the line, x+2y=7.1s,

Rewrite the equation (2) by solving it for y in terms of x_

Sx=-y=2,0r

y=5x-2.
Compare this equation with equation (3), the slope of the line, 5x—-y=2.is m=5.
So, by above fact, a vector parallel to the line, 5x—y=2.Is,

b=(15). .....(i)



Now. the objective is to find the angle between the vectors a = (1, -%) and b=(1,5).
The cosine of the angle between the itwo vectors aand his defined as follows:
a<bh
cos@ = m ...... (4]

Find the values of |-|as follows:
E
2
2
Jo ) el

J5

2

Find the values of ||)| as follows:

Ibf = (1.5)]
=1\“1 +51 Use |(a|,a2}|= ‘ui";"l;|I +'a§
_J%.

Next, find the dot product gy for the vector, aand b, as follows:

ash = <1. - %)-(1,5)

=1(1)-5(5) Use (a.ar){bi.bs) = + b
3

2



By above steps, the values of |a|. |b|. and a.bare,

|a|=§- |h|=JEﬂﬂﬂ a¢h=—%-

Use formula (4), and find the angle between a = (l, —%> and b= (LS} as follows:

a=b

fa

cosf = Use formula (4)

3
cosf = 2 supstitute values
. %
Y
=3
~J5-426
N
INED
e
130
=105".

Hence, the angle between the lines x+2y=7and 5x-y=2I5 g =105 -
Then, the acute angle between the lines will be,

180" -105" =75"
Therefore, the acute angle between the lines x+2y=7and 5x— y = 2is about

75°]-




Answer 31E.

Consider the curves
y=x,y=x.
Need to find the acute angles between the curves at their points of intersection.

Since the angle between two curves is given by the angle between their tangent lines at the
point of intersection.

Find the point of intersection of the two curves by equating the two curves.

x=x
¥-x=0
x(l-x)=0
x=01

Thus the points of intersection of the two curves are ({],ﬂ} and (I,I].

Find the tangent lines to the curves.

Slope of the curve y = is

d; >
m=—/x
2 (+)
= Ix
At the point (0,0)
m=2{ﬂ]
=0
Then tangent line of the curve at the point ({],ﬂ}is
y=y=m(x-x)
y—0=0(x-0)
y=0
At the point (x,y)=(1,1), slope of the curve y=xis
m=2x

~2(1)

=2
Then tangent line of the curve y = x*at the point (1,1)is
y=-n =m(-r_:|)
y-1=2(x-1)
y=2x-1



Slope of the curve y=x'is
d
m=—/(x'
2 (%)
=3
At the point (0,0)
m= 3x°
=3(0)
=0
Then tangent line of the curve y = x* at the point ({J,ﬂ]is
y=y=m(x-x,)

y—0=0(x-0)
y=0

At the point (x,y)=(1,1), slope of the curve y=x’1is
m= 3x’

=3(1)°

=3
Then tangent line of the curve y = x*at the point (1,1)is
L =m[.r—:q}

y—=1=3(x-1)
y=3x-2

At the point {{Lﬂ):

The tangent line to the curve y = x?is y=0.

The tangent line to the curve y=x'is y=0.

The direction of the vectors representing the tangent lines at (0, 0) are (0, 1) and (0, ).

The angle between two vectorsa and b is
a-b

cosf =



Substitute the known values in the equation and simplify.
-b
coxd= -2 =
lal/b]
_ {01)-{0.1)

" o)

__ (0)(0)+(1)(1)
[J(F +11')[~.~"L‘r2 +13)
_0+1
()
=1
And
cost) =1
cost) = cos0°
g =0

The acute angle between the curves at (0. 0) is



At the point (1,1):
The tangent line to the curve y=x*is y=2x-1.
The tangent line to the curve y=x’is y=3x-2.
The direction of the vectors representing the tangent lines at (1,1)are (2, —1)and (3, -1).
The angle between two vectors (2, —1)and (3, -1) is
a-b
cosf@= W
_ (210G
- [2-nifG.-1)
__ (B)+(=nED
(Jz’ +(-1) ](Jf +(-1}*']

_ 6+1
(@)
7
~ 5410
7
~ 50
And
7
cost = E
al 7
o=oo(5)
= 8.1°

Therefore, the acute angle between the two given curves at (1, 1) is about



Answer 32E.

Find the acute angles between the curves at their points of intersection.
. g b 4
The given curves are V=SInX,y=C08X, ﬂExEE_

The angle between two curves is given by the angle between their tangent lines at the point of
intersection.
Start by finding the point of intersection of the two curves.

SINX = COSX

=X =

N

Thus, the point of intersection of the curves as [E L]

4’ 2

Now, find the tangent to the curves.

Slope of the tangent to the curve y=sinx at x=% is obtained by substituting % for x in the
derivative of the function y =sinx.

So the slope of the tangent for the curve y=sinx at x=%is m[i]:L

4) J2°

Equation to the line passing through the point [% L] with slope jlf is obtained by

V2

1 1 4
"’_Ezﬁ{x 4]
oy b +[L_£]

R W
:}4-.'5y=4x+{4—}!'\-"i}
:}4:—4ﬁy+{4—:rur2-)=0

Hence the tangent is in the direction of the vector (4, —41&)



Slope of the tangent to the curve y=cosx at y =% is obtained by substituting % for x in

the derivative of the function y=cosx.

So the slope of the tangent for the curve y=cosx at x:f is —sin[sz__l
4 4

I

: 3 . : 1 -1
Equation to the line passing through the point [ ] with slope is obtained by
4’2 2

:>4Jiy=—4x+(4—xﬁ)
:>4x+4\f2_y-(4-:r~f§}:ﬂ

Hence the tangent is in the direction of the vector (4, 4\5 )

The following diagram shows the tangents and the point of intersection of the given curves.

0 U_E-:’m U_:-hr

Angle between the tangents is same as the angle between the vectors which are in the
directions of the tangents.

Find the angle between the vectors (4,—4\5) and (4,4\!1_’).



Where the angle between the vectors be @.

The angle between the veciors (4,—4».{2_’) and (4,4\,‘5} is obtained by

(4-42)-(4.442) |
|(8.-442)[| (4,042}

4-4+(-4V2)a2 |
J4’ +(-4v2 }2 Jatl +(4\E): |

16-32 |
J16+32 16+ 32|

_kd

cosf =

e‘alag

T | —

=@ =cos” [%)m Use calculator to find the exact value.

Therefore the acute angle between the curves y =sinx, y = cosx in the interval

ngxggis

Answer 33E.
First, find the values of |a| for the vector a =(2,1,2)as follows:

lal=|2,1,2)

=271+ 2 AP [(a.a0.a,)| = Ja +dl +a
_Jis1+a

-

=i



Use formula (1), and find the direction cosines for a = (2, ],2} as follows:

a, a, a,
cosag=—, cosfi=—, cosy=—

al Al Al

2 1 2
_ =§' mﬁ:i’ ms?=5' Lol {aha:'ﬂs}:(z‘*l*z)' H:}
Therefore, the direction cosines for a =(2,1,2)are %_%é _

Use formula (2), and find the direction angles for a = (Z,LZ} as follows:

-1 4y ¥ 145

|’| "l al
a2 g1 a2

a=cos 2, B =cos = 7 =Cos EUEE (a.a,.a,)=(2,1,2). |a|=3

a =48, =TI, y=48 .

=05

Therefore, the direction angles for a = {2,],2} are (48°,71°,4%8° |-

Answer 34E.
First, find the values of |a| for the vector a =(6,3,-2)as follows:

o -Ke.2.-2)

= Jﬁ’ +3 +(-2) AppY [(a,,a,,a,)| = V& +a +al

=36+9+4
_JB
_7

Use formula (1), and find the direction cosines for a = (613,-2} as follows:

cosg=—, cosfi=—_ cosy=—
al a a
msa'=g, msﬁ=%, CﬂS}':_Tl.USE (a,a,.a,)={(6,3,-2). |a|=7

Therefore, the direction cosines for a = (5‘ 3 -3} are

6
7

L
P?E

= | k2




Use formula (2), and find the direction angles for a= (513, -2} as follows

1 9

oo "o Beow' . yome

a =ms-'§. pecos'd, ymcor’ 2 Use (a,0,0)=(632). o =7

a=3I", =65, =107

Therefore, the direction angles for a :(6,3, —2} are |31°.65°,107° |-

Answer 35E.

First, find the values of |:| for the vector a =i—2j—3k as follows:
o -i-2i-
= Jl" +{_2)3 +{—E’p)I Apply |a,i+ a, j +a3k| =\a +a; +a;

=J1+4+9
_Jia-

Use formula (1), and find the direction cosines for a =i—2j— 3k as follows:

a,

2 cosf=2, cosy=it
al a al

COsSax =

cosa = I cos f§ = = cosy = =3
NS wa T

Use gji+a,j+ak=i-2j-3k.and H:Jﬁ

Therefore, the direction cosines for a=i-2j-3kare

%l_.
=y
=l b
S
§|u
=9




Use formula (2). and find the direction angles for a =i-2j- 3k as follows:
ﬂ=C0'S-lﬂ, ﬂ=cﬂs'*a—1, r:cm"ﬁ
a A a
a= co:;" : ﬁ = ms_' —2 y= .:.;}5," - A
J1a J1a Jia

Use gji+a,j+ak=i-2j-3k. and H:Jﬁ

a=14, B=122", y =143

Therefore, the direction angles for a=i-2j—3kare [74°.122°,143°|-

Answer 36E.
First, find the values of ||| for the vecior a = éi+j+ k as follows:

2
= 'i %) +1> +1° Apply |a|i+ a3j+a3kJ=1,‘a|:+a§+a§
= 'l+1+l

4

3

%i+j+k

|8

2

Use formula (1), and find the direction cosines for g = %i + j+k as follows:

msr.r=ﬂ, cosﬁ=ﬂ, t:n::rs;.lir'=ﬂ
al al al
R"E cos fi=——, cos -
T 3/2° “3127 7732

Use gi+a,j+ak =%i+j+k, and M:%

msa-l msﬁ—g -::n::ns;,w—E
3 3 3

Therefore, the direction cosines for g = %i +j+kare

ot | b




Use formula (2), and find the direction angles for g = li + j+kas Tollows:
2

L@ L@
a=cos ', P=cos' L, y=cos' 2

o ol

2 2
a=cos —, =cos'=, y=cos'=
3 F 3t ¥ 3

Use gi+a,j+ak =%i+j+|:. and |:l|=%

a=7I", B =4%, =48 .

Therefore, the direction angles for g = %i +j+kare |71° 48 .48 |

Answer 37E.

Find the values of |:|fnr the vector, a= (—5,]2:). as follows:
o=f-s.12)

=\(-5)" +12* Use [(a,.a,)| = Vai +a

=+J25+144

=J169

=13
Next, find the dot product g.hfor the vector, a=(-5,12). and b={4,6). as follows:
asb =(-5,12)+(4,6)

- _5{4) + |z[ﬁ] Use (ﬂ,,.ﬂ3 }-{fﬁ J'z} =ab + “'zbz

==-20+72
=52.

By above steps, the values of |a|, and gJbfor a =(-5,12). and b=(4,6)are,

la|=13.and a.b =52



Use formula (1), find the scalar projection of ponto aas follows:

i
4l

comp,b = % Substitute |a| =13.and g«bp =52

comp,b = Wirite (1)

comp,b=4.

Therefore, the scalar projection of ponto ais |[comp b=4]|

Use formula (2), find the vector projection of ponto aas follows:

i ah la
pm]lhz[— — Write (2)
Ial]

EJ% Substitute |a|=13. a-b =52 and a=(-5,12)

b
proj, [13

i 512)
=(4 =
=%(—5.|2}

4 _4
= (—Exﬁ,ﬁx ll>

_[/_20 48
N 13713/

Therefore, the vector projeciion of ponio ais |proj.b :(-%i§> ]

Answer 38E.

-

a= (c,c,c), o0
‘£|= w..-'.:?j et 4ot
=37 =%

The direction cosities are

CoOsdL = =

e
cos = =

And  cosy=



The direction angles are

1
= rcos! (— =cos " (0.577) =55
7
1
S=ros™ (— =cos ! [0.5??) = 55°
NE)
¥ =rcos (LJ =cos} (D.5?T") =55°

3

Answer 39E.
1
_T N
If o= A COS = GOS8 A_«J‘E

ﬁ=%, c@sﬁ=c¢sﬂ3=%

We lnow that
cos® @+cost S4costy =1

1Y 1y
Then | —| +|=| 4cos®y=1
LEJ [EJ
1 1 2
= —+—+cos " y=1
2 4
3
=costy=1-2
g 4
icosz}’—l
4

1 2T
— — A
:’EQS}"—'FE—EC'S/B aFr Col 3

i}"z%ar 2%.




Answer 40E.

Find the values of [a|for the vector; a=(1,4). as follows:

fal={1.4)

_JF+# Use[(a.a)|=ai+a]
=1+16

=-7-

Next, find the dot product g for the vector, a=({1,4), and b={(2,3). as follows:
ah =(1,4)+(2,3)

=1(2)+4(3) Use (a,,a,)(b,.b,) = ab, +a,b,
=2+12
=14,

By above steps, the values of |a|. and a.bfor a={1,4). and b=(2,3)are,

|a|=Jﬁ. and geh =14.

Use formula (1), find the scalar projection of ponto aas follows:
abh
comp,b =W Write (1)

14
comp_ b = . Substituie |a| = /17 . and e
pb=—r= a| =+ ash =14

Therefore, the scalar projection of ponto ais [comp,b=—|.




Use formula (2), find the vector projection of ponto aas follows:
"asb ]

29 |2 wite (2)
\ al

la

proj,b =

(
-t (l'4> Substitute |a| =J17. asb=14and a :{I,fl}

pmj’h-w'l_?]\-"l_?’

Therefore, the vector projeciion of ponio ais |projb= (%,%) ]

Answer 42E.
Consider the vectors

a=(-2.3,-6)
b=(5-14)
The objective is to find the scalar and vector projections of b onto a.

a*bh
The formula for scalar projection of b onto a is comp,b= W

The formula for vector projection of b onto ais proj b = [l = ]1

al



Now the scalar projection of b onto a Is

comp,b =

_(=2)(5)+(3)(-1) +(-6)(4)
J=2) +(3) +(-6)
_ -10-3-24

37

75

Hence, the scalar projection of b onto a is |comp,b = _3_: |

The projection of bonto a is proj b= [TF ]1
a

Therefore,

[ (-2,3,-6)-(5.-1,4)
L 23
(—3}{5}+(3}{—|J+(—ﬁ}{14} (-2.3.-6)
(V267 + (67

= _M](-l 3‘_5}

proj,b =

](-2,3, -6)

49

=[—i—;](—z, 3,-6)

_<E _m @}
49" 497 49

o _ 74 111 222
Hence, the vector prﬂlﬂﬂlﬁn of b onto a is i1h= —_— e — —— L
S <49 49 49 >




Answer 43E.

Given thata =2i-j + 4k

=j+ 172k

a-b

b

Scalar projection of b onto a = compab =

-b
Vector projection of b onto a = projab = a — *a

]

a-b= (2x0)+(—1 ><1)+(4><§J= 1
|a =2 s 1P +4 =21
|.!: V1’ +(1/2)° =\]}

compab =

g = ;I "<, ~lL4>= {22_|* _:: ¥ :_I
Answer 44E.

Consider the following vectors:

a=i+j+k, b=i-j+k

Use the following details to solve:

Scalar projection of bonto a??7?7?7?7?7?7 comp,b = ;h?

[



The vectors are represented as follows:
a=i+j+k, b=i-j+k
a=i+j+k b=i-j+k

=(LL1) =(1,-1,1)
|a|=m

=3

The scalar projection of ponto ais calculated as follows:

comp,b =TTr
_(HM+M)(=N+(1)()
NE

=l-l+l
33

1

V3

The vector projection is the scalar projection times the unit vector in the direction of a. Thisis
calculated as follows:

i35
-(&)%

oy

Answer 45E.
It 15 given that

Dr‘thaf:: = E—projag

We require to prove that Orth-# is orthogonal to i



We recall the following:
(1) Two vectors a and b are orthogenal if and onlyifa-h =0

—a. E—E:—E; asproja.-g: a_:jj;
g 4
o) iy G
g
-+ oy [+
o5 20 o=
g
_Ti-a
—0

Answer 46E.

We know that orthyb =b — projab, where progh ah a.

U af

It is giventhata = (1, 4) and b = {2, 3}.

Finda-b.
a-b = (1)(2] +(4)(3)
= 2412
=14
Now,ﬁnd|a|.

|a|: J+ 16
= 17

We thus get |a|2 as 17

Substitute the known walues in projh = T : F a
a
And sumplify.
rolh = 14 |:i + 4')
F Ja - 1? 1
14

4. 56
ERRRTE



Eeplace progh with %i + %j and b with 214+ 27 1n orthyb =b — progab.

14 56
orthh = {21+ 31— | —1+ —]
: I: 3) (1? 17 ]]
20, 5,
= 3 - —1]
17 17
20, 5,
Thus, we get the vector orthogonal projection as —1 — ﬁ]

Mow, let us sketch a, b, progsb, and orthyb.

Hi sir,

I am sending the text file to through the attachment and modifications
In text file 4757, all chapters contains true or false questions, also answers for those
questions given in text book but as per our guide lines 1 mentioned all those question in

text file.
Answer 47E.

= (3,0 —1)
\ \
Let  b={b,b.b)

Then {3’0’_1:}'(&&’&2’&3}:2

Jor0+1
| 3 +0 -5,
1E. _ =2

J1o
e, 3k - =210

comp- b= gwe?z




Take &=5 X
Then & = 35—2+10
Then & is any wector of the form

{S,z,Es—E«J"l_U> where s5,{€ R

Answer 48E.

Consider the non-zero vectors aand b.
a).

The objective is to find the condition for comp_,b = comp_a.
. ) a-b
The formula for scalar projection of b onto a is comp,b= W,

Suppose, comp,b =comp,a.

— L INce com =ﬂ.
W (s
bj(a-b)=la|(b-a)
|b| =|a (Sincea-b=b-a)
Therefore. comp,b =comp,a. If |]h| = [al|
b).

Here the objective is to find the condition for proj,b = proj,a.

The formula for vector projection of bonto ais proj,b =[l'h]a

F
al

Suppose, proj,b = proj,a .

a-b_ b-a
—a=—bhb
al o of
a b :
[a3:|bf (Since a-b=b-a)

Therefore, proj,b=proja.il [—==—5}




Answer 49E.

Given F=8i-6j+9k which moves an object from the point (0, 10, 8) to (6, 12, 20)
we need to solve for work W=Fd
distance between the points = (6, 2, 12)
W=F-d
= 6(8)+2(-6)+12(9)
= 48-12+108
=144J

Answer 50E.
Given §= 3(). T=1500. we are suppose to find how much work is done by the truck pulling

the car 1km= 1000m
w=Fd cos #
w = 1500N(1000m)cos(30)

= 1299038.106J

Answer 51E.
Given a 30 pound force acting at an angle of 40 degrees above the horizontal moves the sled
80ft. we are suppose to find the work done by the force.

W=Fd cos §
W= 30(80)cos(40)

=1838.51 fi-Ib



Answer 52E.

A boat sails south with the help of a wind blowing in the direction §3°E with magniiude
400 1b and the wind as the boat moves 120 fi -

Recollect that-
If gis the angle between the vectors aand then ab = |a||b|cos@
The wind moves towards vector F and the boat moves towards vector
A wind blowing in the direction $36°E
Thatis g=136"
To find the work of wind is a W
W =|F+|D|cos @
= (400)(120)cos 36°
= 48000(cos 36" )
=|38,832.81573 ft.lb

Answer 53E.
Consider the equation of the line is ax+ by + ¢ =0 and the point is P(x,, ¥, )

By using the scalar projection, we have to show that the distance between the given line and
|ax, +by, +|

the point is =
Ja' + b

a-b
The formula for scalar projection of b onto a is comp, b= H.

First we must create a vector like follows that is perpendicular to the line.
Namely. n = (a,b) that lies on the following points (a,,5,),(a.,b,)
Such that we have the following

ne*u=aa, —aa, +bb, —bb, =0

From the equation of a line we know we have the following

—c = aa, + bb,
—c = aa, + bb,



Then the distance from the first point P to the line is the absolute value of the scalar
rojection of pp onto
e RP, "

o ) 0
n| |
a(x, —x,]+b(_}r3 'J’l)l
V&t +b° |
ax, —ax, "‘b..'r’g —b_.""tl
Na@ + B

Continuation to the above steps

—dIx, _b}’l + ax, +'bJ"3|
v"az +b° |
—ax, by, —c| -
= Since ax, + by, =-c
Ja* +b? | ( S )
_ax, +by, +c

dZ+ P (Since |-a|=a)

ax, + by, +
Hence the distance from a line fo a point is m
a +b

Now to find the distance from the point (-2,3)to the line 3x—4y+5=0.
ax, + by, +¢
va’ +b
Now we can piug in for the following point and line 3x-4y = 5,{ -2, 3}

The distance from a line to a point is

Therefore,
|ax, + by, +¢] _ 3(-2)+(-4)3+5|
Va* +b° J3 +(—4)
_|6-12+5]
- Jo+16
_3
N
13 )
=? {Smce |—a| =a}

Therefore, the distance from the point (-2,3)to the line 3x-4y+5=0is 13 _




Answer 54E.

Now
(r—a)(r—8)=(x—a)x—d)+y-a)y-&)+(z-ajiz &)
= x —|:.:11+.E:'1)x+.:xlf:'1+y2 —(.:z2 +E:'2)_}f+.:12b2 +z —[.:33 +E:3:lz +az, by
[F—E)(F—E:T) =0 Then

[f —{a +@)x+[%f]+[ﬁ —{a, +E:2)y+(a3 ;rbf*]g]
+[z2 —(a +b3)z+[#]g]

2 2 a
cty + & s T8 s + b
:_ﬂlbl_ﬂﬂbz_%%'k( 14 :l +|: 2 2 2) +I: 3 ; )

or, [I_[ﬂl"'bl]:r_‘_[y_[':Iz"'bz)jr_‘_{z_(ﬂz"'&b]:r
2 2 2
[(a+8 )" - dapy |+] (@ +8, ) - daly | +] (0, +8;) - dast, |
4
_ (& _’51)2 +(a, _‘-15':4)2 +(a; _53)2
4
This 15 the equation of sphere of centre

[(ﬂﬁﬁa) (ay+8) (a +@)J

2 0z 7z

and

2

Eadins = %J{ﬂl—ﬁﬁ)g +(a, _bzf +(a; =5




Answer 55E.

A A
B (0.a,a)
C (0,0.a)
E(a,0,a) .
P D(a.aa
¥
ey
/
y
&
#
s
&~
s
v
/j} o .
((0,0,0) A(0,a,0)
X F (a,0,0) G (a,a,0)

Let abe the side of the cube OABCDEFG
Then the diagonal O = (a,cx,cz}

Let us consider the edge A
Then Cd= [D,a,[])
Let @ be the angle between the diagonal OD and the edge OA
Then
GA 5D =[G 5B cos
by the definition of the scalar product of the vectors
Therefore,

o, laa,a :xl{-::-2+ac2 +-::-2.w'(czg+czg+cz2 COS T
(0.a.0) {a.a.a)

or, o+at to=a~3a cosa

or, @ =cx.\f{§acc}s&*

or, a® = ﬁ.ag Cog Y

1=m.|"§|::-::-scr

1
i cosE = —
3
o 1
i gF=cos —

3

In a similar manner we can take other edges and find the angle between
the diagonal OD and them. Here, as calculated the angle between the diagonal and
the edge O4 15
cos™ L 5°

)
3




Answer 56E.

Z
A -
C[‘U’DJEJ B{a,ﬂ,a}
LY
]
DLU,G,G] "4 {.'.‘I,ﬂ.ﬂ)
G(a,0,0
0 (0,0,0) ks .
E| D,a,DJ Fl a,a,UJ
LY LY

Y

Find the angle between a diagonal of a cube and a diagonal of one of its faces.

Let a be the side of the cube.
The diagonal OA = (a,a,a) and diagonal OB ={a,0,a) of face OABC.

Let g be the angle between the vectors 54 and g . then

0i-08 |01 0B|cos

{a,aqa}-(a,ﬂ,a}z Jﬂ': +a +a’ -Jai +0+a’ cos@

& +0+a =3a -2a* -cos@

2a° =a’ -\J6-cosf

Similarly. angle between the diagonal of one of its faces is 35.3°.

Hence, the angle between the diagonal of a cube and a diagonal of one of its faces is



Answer 57E.

Z

H (0,0,1)

1)
H (0,1,0)

(1,0,0)

X

A molecule of methane O, 12 structured with four hydrogen atoms at the

vertices of a regular tetrahedron and the carbon atom at the centroid.
Let the vertices of tetrahedron (1. let the hydrogen atoms be at 2

L00 0,1,0),000T1and (1, 1, 1. Then the centroid 1s l—ll i.g the carhon
(10,0 (0:10).(0.0,1) L

. 111
atomisat | —, —, —
2 2 2
Consider any H-C-H bond
111
Let us take H[D,D,l)—fj'[i,g,gj—H(l,l,l) bond

Andlet & be the bond angle.

— 111
Then C’Hﬂll}=<§,§,5>

Taking the dot product,

111111\/111\/111
———— === —+—+ + —+—cozd
<2 22><222> 4 4 4 4 4
-1-1+41_ II 3
1e _— —n:t::usé?
4 4 4

LE. —=—t:c::us$'

-1

LE. cosf=—

i.E. E: Egs_l (_—1]
]

LE. g=108.5°

Similarly we find that for all the bounds, the bond angle 15 |109.5°
Hence Proved.



Answer 58E.
Let & bethe angle between @ and ¢ and £, be the angle between Boand ¢

-+ —+ =+

It 1z given that @,b,¢ are non-zers vectors
and  c=lab+fla ———[1)

Taking dot product with @ onboth side z,

ao = ‘cx‘a.f:l-l— |b|cz.c1

te.  [o|F|cos & = a[a +[5]jaf
LE. cosd = %+‘ﬂgﬁ ———[2) [czs|;|¢ D]

MNow taking dot product with E onboth sides of Eq. (1)
52 = plEE+f[Ea

ie.  [lFcose, =l +[lad  (as ab=3a)

| || a5 -

= cosfy = o+ = ———(3) jas|bl=0

From (2) and (3) we find that
cos &) = cosd,

1e 8 =8

1e angle between @ and £ = angle between Eoand o

1E ¢ bisects the angle hetween a and &

Hence Proved.



Answer 59E.

-+

Let a = (.:11,.:12,.:13)
b= (bbb

Property 2 akh=kba

Consider ak

= (.:11,.:12,.::3}.<E:'1,E:-2,E}3)
= ayby b, +ah {By def }
= by iy +ha
[E:'y coppnuiaiive properiy in alg EE?E'::I)
= (‘591:’52:53 >-{ﬂ1=ﬂz=ﬂ3)
= bua
Perperty 4. [c&) B= C(EE) =a (CE) ,(coascalar)
Consider cak
(c{aya,a ) (B0, By
(cay, cay,cay ). (B by, by )
cay ) by + (cay ) by +(ca ) by
e lady) +elaghy) +o(ash;) -==(3)
e (o +ayh; +azb;)
‘f(ﬂlﬂz '533 E;'1’—23' bz)j'
@

?)

MNow from equation (3),
(cE:I B=c () +e(ah, ) +e(ash)
= (b ) +a, (chy ) +as(chy )
= (ﬂl,ﬂj,ﬂE}.(ﬁbl,ﬁbz,CfﬂE>
=i (cB)

Hence (.:55) (55 =E.|&:5)

o

Proeerty 5: 0a =0
We lmow 0= (c:',-::v,-::')
Consider Oa

= (U,U,D}.(ﬂl,ag,ﬂ3}
=(0)a +{0)a; +(0)a;
=04+040
=0

Hence Og=0



Answer 60E.
All the sides of quadrilateral are equal in length and opposite sides are parallel.

The objective is to prove that diagonals are perpendicular.
Sketch the following diagram:

A

0

D C
Let ABCD be the quadrilateral with diagonals AC and BD. Let @ be the angle between CD and
CB. It is given that AB = BC = CD =DA = a (say) and AI}I BC . ﬁBIIlC.
In ADCB, by the triangle law,
DB=DC+CB (1
And in ACAB, by triangle law,
CA=CB-A4B (2
Take dot product of equations (1) and (2) .
DB-Ci = (DC+ CB ) CB - 4B)
= DCsCB-DC+AB+CB+CB-CB+AB
=—CD+CB-DC»AB+ CB+CB + CB+BA
= -Iﬁ"ﬁ]mﬁ —|ﬁ"d—3|msﬂ' +|C_"B|C_"B| cos0° +ICT'B"E|msE
=—a’cosf@—a’ +a’ +a’ cosh
=0
Thatis pR.CA =0
The angle between DB .CA IS 9¢° -

Thatis DB and CA are perpendicular

Therefore, the diagonals of the quadrilateral with alithe sides equal in length and opposite
sides parallel, are perpendicular



Answer 61E.

Consider ||:_:;E|

e

[ since we know that if & 1s the angle between the vectors a and

E,then ahb = |E‘F|c055}
where & 1z the angle between a and B
Then |;.5|:||5”5‘c055‘

= |;HE||EOSS|

since —1=cosd =1
or, ||::05 5‘|£1
Therefore, ‘S‘P;“COS 5'|£ ‘E”E‘
Hence,
3| <[al

Answer 62E.




Consider z and j are two sides of a friangle.
Here, the tip of 5 is at the tail of }, .
Then, 54 pis the length of the third side of this triangle.

Hence, the triangle inequality states that the length of the third side is less than the sum of the
lengths of the other two sides.

(B)
Prove the Triangle inequality as follows:
|&+Er =(&+5)*(&+5)

=g-a+a-b+b-a+b-b

- H +2a-b +|E|:
«s|a|’+2jﬁ-5|+|1?|: [5-55|5'5|]
<[af' +2[allp|+ [ (|a-5]<al ] ]

=((al+ o]
Therefore, prove the inequality |& +51 = |§|+f5|

Answer 63E.

(&)

)




(A):

Let P and O be the points whose position vectors are @ and Py respectively
complete the parallelogram OFEQ.
Then we have

&|=0F
\a+ﬂ=aﬁ
From the parallelogram law,
la+5f +|a—bf =2af +2J5f
OR* +QF* = 2{0PY +2(0Q)

Thus the parallelogram law tells that the sum of squares of the lengths of the
diagonals of a parallelogram 1s equal to the sum of squares of sides.

-5|= 0P

LE.

(B):
Wehave  [g+3 =(a+B)(a+5)
-5 = (#-8)-(#-5)
(

Answer 64E.

— G G+d b+h . a+h h+d-G-a-b—-b-a+b-b
0% G+2b b
-+ —0-2
= 2[af +2|
Hence,
jg+5] +a-&[ =2 +2/|
se the vectors (m+v) and (m—v) are orthogona
eclive is o show that if (u+ v) and (m— v)are orthogonal then the veciors u and v



If the two vectors a and b are orthogonalthen g.b=0

Take the two veclors as a=u+v, b=u-v¥
u=(u,u,u,;) and v=_v,v,,v,)

a-b=0

(u, + v+ v+ v )-(u —vu, - v u, - v, ) =0

(0] = v )+ (w3 -v3)+(ui-vi)=0

If m and v are to have equal lengths then their magnitudes must be egual.
Jul =]

Jnf +u; +u; =Jv;" +V+ V]

Squaring on both sides,
U +ultu =V, £vVi4V]
(uf +ul+ul)—(v] +vi+vi)=0
(0] =¥ )+(ui-v3)+(ui-vi)=0
(u, + v, + v+ v, ) - (0, - v, - v u, - v, ) =0
a-b=0
(u+v)-(u=-v)=0
Hence. (u+v)and (u— v)are orthogonal then the vectors m and v must have the same

length.





