Exercise 7.7

Answer 1E.
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(B) Since this graph 15 concave downward
So I, 15 an underestimate, R, and M, are overeshimates since the tangent lines
will be over the graph



©)

D)

5= 8 sy 27 ()41 (4)])
=1x{0.54+2x2.5+3.9)
={05+5+35)=9
Se [L=39
Since line joining the points (0, (0)) and (2, 7(2)) and the line joining the
points (2, 7(2)) and (4, 7 (4))., both are lying under the graph
So T, <I=[ f(x)dx

Forany value of n, I, <7, <J <M_ <R,

Answer 2E.

(A)

B)

H\i‘

Fig. 1

Since given graph of f[x) 15 concave upward So R, will be underestimate and
£, will be overestimate. Since the graph lies abowe the tangent lines so M, will
be under estimate since A{, is the better approzimationthen 7, and R, so0 we

_ R+,

have R, <M, <., and trapezoidal approzimation 7, 5

The given estimates are 07811, 0.8675, 0.8632, and 0.9540
So lowest value 0.7811= R and highest value 0.9540= 7,
Average of R, and L » 0.8675 so T, =0.8675

And M, =028632

Thus [R, =07811, M, = 0.8632, T, =0.8675, Z_ = 0.9540

Since graph of f(x) 15 concave upward so M {I:f(x)dx <7,

2
So 08632 <[ f(x)dx<0.8675



Answer 3E.

Consider the integral:

1 4
L cos{.r’ )dx-
The graph of the region using trapezoidal rule is shown below:
Y
fix)=cos{x?)
4 P
\
.
x=1
05
x=0
X
05 g

(a) The given Interval is [0,1],n=4. and f{_r}:cos{.r:)_

Then Ax= l and sub-intervals are [0,1][1,3],[313]_ and [E,l]_
4 44 4]|4 4 4
And mi ; - 1 335 7
mid-points of the sub-intervals are —, =, = _and —.
8§ 88 8

The trapezoidal rule is

£ (e =T, =25 £ (1) 27 () + 2 () #27 () -2 (5.)+ £ ()]

Where M=ﬂ and x, =a+iAx.
n

Then by applying the trapezoidal rule on the integral, we get

[Leos(x") e =T, =%[f{nl+2f[§]+zf[§)+zf[§)+ f{l)]

Ao f e e ]

Hence the value of the integral is |T, = 0.895759|.

Since the graph of f {r] = ms{_r:) is concave downward, so the lines joining the points

(0,cos0) and [lml][lmle and [lcosl][lcusl]and
4 16)\ 4 16 2 4)\2 4
[E msiJ am:l(E msi] and (1,cosl) are lying under the graph
47 16) 47716 ’ '
So the value. T, =0.895759 is an underestimate.



(b) The graph of the region using mid-point rule is shown below:

05

=
Ly ———
s

The mid-point rule is
If(x)dr =M = d..t’l:f{.;i }+f(;;)+ f(;;)+....f{;,_1)+f[;,)].

—d

Where Ar=2"9 ang ;,=%|:x__,+:q}

n

= Mid-point of [x,,.x,]-

By using the mid points rule, we have

R ORORONE)
(@) =]

= 0.908907
Therefore, the value of the integralis M, = 0.908907 .

Since the graph is lying under the tangent lines so | M, = 0.908907| is an overesiimate.

So the true value of the integral will be in between T, and M,.

Thatis T, "".Em{";]‘t“: M,

Answer 4E.

y=sin(x'/2)

Fig 1

{(A)  Sincethus graph is concave upward. So I, and 3, wll be under estimates and
R, and T, wnll be overestimate



(B)

Since /. and Af are underestimates and A, is better approximation then 1,
So L <M, <J

And R and T, are overestimates and 7, is the average of 7, and R, so

I «<T, <R,

Thenwe have L, <M <J <T, <R,

1

(C)  Here n=5 and interval is [0, 1] then e.x=§= 02
Then sub intervals are [0, 0.2], [0.2, 0.4], [0.4, 0.6], [0.6, 0.3], [0.8, 1] and mid
points are 0.1, 0.3, 0.5, 0.7, 0.9,
L =02[ 7 (0)+ £ (0.2)+ 7(04)+ 7 (0.6)+ 7(0.8)]
L =02[0+0.019999 +0.79915 +0.17903+ 0.314567] =~ 0. 118702
R =02[ F(0.2)+ 7 (04)+ 7(0.6)+ 7 (0.8)+ 7(1)]
R, =0.2[0.019999+0.079915+0.17903+0.314567 + 0.479426]
M, =02[ 7(0.1)+ 7 (03)+ 7 (05)+£(07)+5(09)]
M, = 0.2[0.005+0.044985+ 0.124675+ 0.242556 + 0.394019]
02
T =?[_f(0)+2f(0.2)+ 2j(0.4)+2j(0.6)+2j(0.8)+j(1)]
Midpoint rule gives the best estimate of I since from the graph we have
1 %0.16371405
Answer 5E.
x
Let = a=10
f(=) 1+ 2 "
Here a=04=2and =10
Therefore Ax=2—%
o
-2
T 10
_1
"5
1 2 3 4
Tht:th = 0 =—, =—, =—, = —
e H=0n=cm=o.B 08"
6 7 8 g
= = — =—, =—, =— == 2
=1z A

(@)

Therefore Midpoint Eule

A AR ) ()
B AR (B3]

1[0 0)+7(03)+7(0.5)+7(0.7)+£(0.9)
US| (LA (LI + (1S (LT (L)
1 [0_0990 +0.2752+0.4+0.4698+0.4972 ]

2

1
= 3[4-“328]

= 0.806560

"~ 2| +0.4977+0.4833+0.4615+0.4370+ 0.4121



(1:]] Simpson’ s rule

s s(FJes[2Jeses(Zeo(2]
[s(Zer(Z)es(Ees(E)]osea)

= %[f(ﬂ)+4[_f(0.2)+f(0_6)+_f[1)+f(1.4)+f(1.8)]
+2[ 7 (04)+ 7 (0.8)+ 7 (1.2)+ 7 (1.6)+ £ (2)]

= %[0 +4[0.1923+ 04412+ 0.5+ 0.4729+0.4245)
+2[0.3448+ 0.4878+ 0.4918+0.44%4]+0.4]

= %[8_1236+3_54?6+0_4]

=0.80475
1+x‘I - 1+;:‘I
lo (1 x’]: S
g + because_[ ( )dx log(f(x))
1
= —|log5
ios5]
= 08047189
= 0804719
Therefore emror 15 Midpont rule 1s

0.804719—-0.806560

£, =0001841

Error in Simpson’s rule is
E. = 030479080475
= 0000040

Answer 6E.

Consider the following integral with specified value of n-

T

I.tcosxdx, n=4
[']

The objective is to approximate the given integral using Midpoint Rule and Simpson’s Rule.

First, find the exact value of the given integral.
Use integration by parts to solve the integral.
Let w=x and gy =cosdy 50that gy =gy and y=sinx.
Then
I: xcos xdy = xsin x]: —Esin xelx
- [[.wsin 7)—(0sin U]]—I:sin xelx
== [- CDSI]:
=[cosz—cos0]
=2

Therefore, the exact value of the given definite integral is,

J: xcosxdx =-2



For both methods:

-0
Axr=
4
_x

4
(a)
Midpoint Rule:
The midpoints of the four subintervals are E,%"_%’ and %“.

Therefore, the Midpoint Rule gives

x T F a 37 57 i

xcos xdy = — —l+fl—=|+fl—|+f]l—

frseossaen 3 ()1 (5 ) ()45
Tl T 3z i Sx Sz In Iz
=—| —Ccos—+—cCo —
4|8 8 8
=|—1.945744

The Midpoint Rule error is,

E, =-2—(~1.945744)
=[<0.054256

+—C0Ss—+—C0s
8 8 8 8 8

(b)
Simpson’s Rule:
Approximate the given integral using Simpson's Rule.

Then,

Fia
| xcos xdx i[f[o 0}+4f[ ]+ 2;[%]4,4;[%};(@]
=%[Uoosﬂ+4—%ms%+2-%cas§+4-3{c053%+xeosx]
=|-1.985611
The Simpson’s Rule error is,
Eg =-2-(-1.985611)
=|-0.014389

Answer 7E.

L f(x)=+r-1Lz=10
Here a=14=2

Therefore Ax= l
10

=01
Therefore x;=1.5=11x,=12,5=13x, =14

x=15x=16,5=175=185=19.5,=2
() Trapezoidal rule.
e, 0l FLD+ F(1.2)+ F(1.3)+ F(1.4)+ £(1.5)
! x e Tlf(l)+2[+f(1.ﬁ)+ FL7+ F(18)+ F(1.9) + /)
=1.506361

()  Midpoint rule:
2 FL05)+ £(1.15)+7 (1.25)+ 7 (135)+ £ (1.45)
! f_ldxz0'1l+j(1.55)+j(1.65)+j(1_?5)+j(1.85) ]
=1518362



{c) Simpson’ s rule:
jﬁm: C;—l[f ()+4(7 (L) + 7 (13)+5 (15)+ 7 (17)+7 (19)]

+2[ f(1.2)+f (14)+ £ (1.6)+ 7 (1.8)]+/(2)]
=1.511519

Answer 8E.
Let f(x)= ! na=8
1+:°
Here a=04=2and n=8
2
8

Therefore Ax=

=025
Therefore x, =0, =0.25,x, =05, x;,=075,x, =1 x, =125

%=15%5=17adx,=2

(a) Trapezoidal rule

z 0.25)+ 7 (0.5)+£(0.75)+ (1
T o023 gy o (0207 0TI
o 1+x 2 +7(1.25)+ 7 (15)+ F (1.75)
_ 0.125] 11 of #99975+0.984615+08489119405] , 0
+0.20769+0.080706+ 0.033644
= 0.125[1+7.3106338+0.0153846 |
=1.0407523

®) Midpoint rule
i 1, o 25[ F(0.125)+ 7 (0.375)+ £(0.625) + f(U.STS)]
1+x° ' +F(1.125)+ 7 (1.35)+ £ (1.625) + 1 (1.875)
_ _25[0_999996+0.99‘?226+0_943}'48+0_690228:|
+0.330328 +0.128899 +0.051512 +0.224%6

=1.0411082
{c) Simpson’s rule
i 1025/ (O+a[f(05)+s (+7(15]]
o1+2° 3 [42[£(0.25)+7(079)+ 7 (1.25)+ 7 (175) |+ 7 (2)
0.25[ 1+4[0.984615+ 0.5+ 0.080706]
3 | +2[0.99975+0.848911940.20769 +0.033644] +0.0153846
=1.0409925
Answer 9E.
EX
Let = 2=10
7(®) e
Here a=04=2and #=10
Therefore n!\.}r:3
10
_L
5
=02

Therefore x, =05 =02,x, =04, 5, =06,x, =08, x,=1.0
=12%5=14x=16x=18x,=2



(&) Trapezoidal rule is

T e 0.2 F{0.2)+ 7(04)+ 7(0.6)+ £ (0.8)
[.I e ?lf (°)+2[+ FL0)+ F(1.2)+ 7(14) + £ (L6)+ f(1_s)]+f (2)]
= 2660833

) Midpoint rule 1s
= dx—ozlf (“-1)+f(°-3)+f(0-5)+f(0.?)+f(o_9)]

1+ A D+ A1)+ (1S + F(1T)+ 7 (19)
= 2664377

(c) Simpson’s rule 1s
i e, _02[/(0)+a[f(02)+7(06)+f ()+7(14)+7(18)
1422 3 |42[(04)+ 7 (08)+ F(12)+ 7 (16)]+7(2)
= 2.663244

Answer 10E.

Consider the following integral
x

}-’l+cos.t
]

a)
Write the trapezoidal rule.

[ 7)o~ =S5 f () +27 (5) ++ 2 (x,)+ £ (x.)]

b—a

Where Ax= and x, =a+ilx

% | ¥

Put these values in the Trapezoidal rule.

F 4

11=%[f(0)+2f[%]+2f [%)*’-f (%]*f (%]]

<] nfon ) oo ) )

- %[J’ 1+1+231+09239 + 231+ 0.7071 + 231+ 03827 + ¥ |+o]

= %{1 2599+ 2.4875+2.3903 + 2.2281+1)

= %{amss]
=[1.838971

Hence, the value of the given integral using Trapezoidal Rule is [1.838971]



b)
The objective is to approximate the given integral using the Midpoint rule.
Write the Midpoint Rule.

[ ey, = 15 ) () o( )]

Where m:b_a and y =M
n ' 2
Therefore,
-0
Ar=2
4
_K
8
Thus, the interval points are, x, =0,x, = . X, = z X, = 3_”_ X, -
4 8 2
Calculate the midpoints.
SR &
X = X, =
i 2 5 2
_T 3z
16 16
T 3r ir ®
o4 8 T8 2
= X =
3 2 4 2
o7 I
16 16

Put these values in the Midpoint rule.

=

M= 1(E)er(E)er(32)eo(E)]

() {een 3o o )

[31+0.9808 + 1+ 0.8315 + 1+ 0.5556 + I +u.1951]

=%{1155’9+L2235+].]58?+Lﬂﬁl2]

= %{4‘6993}

~[1.845411]

Hence, the value of the given integral using Midpoint Rule is |]_.845411]-



<)
The objective is o approximate the given integral using Simpsons rule.

Wite the Simpsons rule:

x )+4f(x)+2f(x, )
rf(x)dr;-sn:E I (%) +47 (x)+21 (x.) ]
‘ 3 +2f(.r__3)+4f(_r,_,)+f{.t,)
Where M=b—a_
n
T
-0
Ar=2
4
_x
b
Therefore, the points are x,=0x = £..t, = E,x = 3—‘#,_1-+ = x
8 4 ° 8 2

Put these values in the Simpsons rule.

s*=§{f(")+4f[%]+zf [E]*“f (BTIJ”' (%]]

Ry ca ¥ £ W oo ) e )

[J* 1+1+431+0.9239 + 241+0.7071 + 431+ 0.3827 + ¥/ 1+0]

==
24
=2L:(|_2599+4_9?49+z.3903+4.4563+1}

Fi g
=—(14.0814
24( )
=|1.843251
Hence, the value of the given integral using Midpoint Rule is |1 .843251l-
Answer 11E.
Let  f(x)=lax,n=6
Here a=1&=4
Therefore Ax= %
3
6
1
T2

Therefore xy =15, =15x,=2,x,=235x5=3,x,=35,5, =4

(@  Trapezoidal rule is
[ s =3[ (0+2L7 05+ 12+ (29+5 G+ 1G]+ 0]
=2591334
®)  Midpoint rule is
Lﬂﬁdx: %[ F(L25)+ F{LT5)+ £ (2.25)+ F (275)+ £ (3.25)+ 7 (3.75)]
= 2681046

{c) Simpson’s rule.

'j,ﬁﬂdx: %[f(1)+4(f(2) +F (3))+2[f(1_5)+f(2_5)+f(3_5)]+f(4)]
1 = 2631976



Answer 12E.

Let  f(x)=sin(<).2=10

Here a=05%=1

Therefore Ax=0.1

Therefore 5, =0, =01x,=02,x5,=03,x, =04, x, =05,

x,=06x,=07,%=082x=09x,=1

(a) Trapezoidal rule

H 0.1)+ 7(0.2)+ £ (0.3)+ F(04)+ 7 (0.5

frin(2)ax = & oy o/ ODHI QDI IO 1O
2 +7(0.6)+7(0.7)+ 7 (0.8)+7(0.9)
0.000999 +0.0007999 +0.0269957

= 0.05| 0+2| 40.0639563+0.124674+ 0.214324 |+ 0.841471
40.336313+ 0.489922+ 0.666124

= 0.05[38482164 +0.841471]

= 0.23448437

®)  Midpoint rule
L F(0.05)+7(0.15)+ 7{0.25)+ 7 (0.35)+ £ (0.45)
]sm (13 )dx =0.1
] +7(0.55)+ 7 (0.65)+ £ (0.75) +£ (0.85)+ 7 (0.95)
0.0001249 +0.0003374 +0.01562434-0.042862
= 0.1] +0.090998+ 0.1656085+ 0.271186+0.409472
4+0.576243+0.756127

= 0.23285831

{c) Simpson’ s rule.
isin(f)dh E[f[l])+4[f[l]_2)+ F(04)+ £ (0.6)+ £(03)] ]
3 | +2[ A(0.1)+ 7(0.3)+ £(0.5)+ 7(0.7)+ 7(0.9) ]+ 7(1)
0+4[0.0007999 +0.0639563+ 0.214324+0.489922

01
- 0.000999 +0.0269961+0.124674
312 +0.841471
+H).336313+0.666124

=E[iﬂ?ﬁﬁﬂﬂﬂﬂ+2_3102134+U_8414?1]

3
= 0.20760%4

Answer 13E.

a) Estimate the following integral using the trapezoidal rule
J: e sin tdt,.n=38
Write the Trapezoidal Rule:
b Ax
|, F(3)ax=T, =21 (%)+ 21 (x)++2f (x,.)+ 2/ (x.)]

b—a

Where Ax= and x, =a+ilx

n



Evaluate As.

ar=d0

Divide the interval [0,4] into points of common difference 0.5.
These points are x, =0,x, =035, x, =Lx,=15x,=2x,=235,x,=3.x, =335
and x; =4.
Put these values and As=0.5 in the Trapezoidal formula.

:l[f(“)+ 2f{ﬂ.5)+2f{1)+2f{l.5)+2)‘[2)]

4/ 421(25)+21(3)+2/(35)+ 1 (4)

1| e sin (0)+ 2™ sin (0.5)+ 2¢" sin(1)+ 2" sin (1.5)+ 2¢* sin (2)
_Lze*-‘? sin(2.5)+2¢” sin(3) + 2¢** sin(3.5) + " sin(4) ]

4
=[4.513618

b) Estimate the following integral using the midpoint rule
. -
L e sintdt,n =8

Write the Midpoint rule.

[ regas =g, = (1) () o-s(5)]

- - -
b=a ang 5 =Tt

n 2

Where Ax=

Use the points x, =0,x, =0.5,x, =Lx=15x,=2.x,=25,x,=3,x, =35 and x; =410

- -+
calculate ,ﬁ,:M_

The points ¢ are x, =0.25,x =0.75,x, =1.25,x, =1.75,x, =2,x, =2.25,
x,=2.75,x,=325and x =375

Put these values and Ar =% in the Midpoint formula.

[ £(0.25)+ £(0.75) + £(1.25)+ £(1.75) + £(2.25) ]
| +/(2.75)+ f(3.25)+ £ (3.75)
[ % sin (0) +e " sin(0.75) +ei® sin(1.25)
=—| +&" 7 sin(1.75) + & sin(2.25)

+6"7 5in(2.75) + " sin(3.25) + & sin(3.75)
~[4.748256]

c) Estimate the following integral using the Simpsons rule

M, =

P |

P | =

i
‘L e sintdi.n=8
The Simpsons rule is

" _E f(ro]+4f(rl)+2f{x:)___
[ f(x)ac=s,= 3 +2f(1’.-11+4f{r,_l}+f{xg):|

Where Ax= b-a




Put the values x, =0,x, =05, =Lx=135x,=2x,=25x=3,x,=35
x,=4and Asr= 1 |n the Simpsens rule.
(U)+4f{ﬂ 5)+27(1)+47(1.5)+27(2)
+4_f{2 5)+21(3)+4f(3.5)+ f(4)
e‘” sm[ﬂ}+4e"" sin (0. 5)+Ze" sin(1)+4e* s sin (1 5)+Ze*‘ sin(2)
6| 14¢7 ** 5in(2.5)+ 2¢* sin(3) + 4¢*** sin(3.5) + &** sin(4)

=(4.675111
Answer 15E.
(&) Wehave f(x)=22%, n=2
. -1 1
Interwal 1s [1, 3], then M:T: 3
3 4 5 6 7 2 9
Andthen xy =L =~ %, =~ K= K m—Km ez —— .z =5, =5
%&2&232&252&22&2%

Then by Trapezoidal rule
J 2 = S () 421 ()42 ()42 ()1 ()]

= Z[f(l)+2f[5)+2f [§)+.._.+2j [%)+f(5)]

o swmmme [ 2232

Andthe midpointsare 2,2 2 1 1B B 17 19
4744747474744

Then by midpoint rule

s (Jos(Fes (G (2]
EHOM O EE O]

{(C) By Simpson's rule
S = L () +45 (5)+2f () +41 (5)+.. +41(5) +1 ()]

5 = —0.526123

Answer 16E.
(a)
Consider,
f(x)=In(x¥+2). n=10
Since a=4.b=6. M:%:U.E

letx,=4.x, =42 x,=44, x,=46,x, =48 x, =50.x, =52, x, =54.x, =56.
X, =581x,=6 x, =atilvwhere g=4



Then by Trapezoidal rule
‘I-:’ln{xi +2)d.r =T, = %[f(x,)+2f(x, )+2f[.r_,}+...+2f(x,)+f(.rm):|
02 _f(4}+2f(4,2}+2f(4.4}+2f{4.6}+2f(4,8)+2f(5}]
2 |s27(52)+2/(54)+27(5.6)+21(58)+ 1 (6)
In(4°+2)+2In((42)' +2)+ 2In((44)' +2)+ 2In((4.6) +2)+
=0.1/ 2In((48) +2)+2In((5)' +2)+2In((5.2) +2) + 2In((5.4) +2)+

_2|n[(5.6}’ +2)+2In((5.8)' +2)+In(6’ +2)

=0.1/ 9.688374+9.920199 +10.143636 +10.359248 + 10.569544 +
5.384495

=0.1[96.499531]

T, =9.649953

(D)
Subintervals are [4, 4.2], [4.2, 4 4], — [5.8, 6]

[4.189655+8.663781+8.936042 +9.197016 +9.447541 + ]

And midpoinis are 4.1, 4.3, 45.47.49,51,53,55,57.59
And by mid points rule,
[{in(x" +2)ax
=M,
=M[f(4.l)+f(4.3)+f[4.5}+f(4.?}+f{4.9}+}
F(5.1)+ f(53)+ £(5.5)+ £(5.7)+ £(5.9)
-|n((4.|)’+2}+h1({4.3)’+2)+|n({4.5)’+z)+m((4.?)’+2)

=0.

(5

+In([4.9:|3 +2}+ In((S.l)" + 2)+ln((5.3}3 + 2)+In({5.5)J + 2)+
In((5.7)' +2) +In((5.9)"+2)

(4.261567 + 4.400689 + 4.533943 + 4.661768 + 4.784562 +]

=02
| 4.902686+5.016465+5.126194 + 5.232140 +5.334548

=0.2[48.254561]

=9.650912
M,, =~ 9.650912

(©)
By Simpson’s rule

. E[f{4}+2f(4,2]+2f{4.4)+2f(4.6)+2f[4.8}+ 2f(5)j|
3 |+2/(5.2)+2f(5.4)+21(5.6)+27(58)+ f(6)

In(4+2)+4In((42)' +2)+2In((4.4)" +2)+ 4In((4.6) +2)+

= | 2In((4.8)" +2) +4in((5)" +2) +2in(5:2)’ +2) +4in(5.4) +2)
2In((5.6)" +2)+4In((5.8)’ +2) +In(6’ +2)

=I]—S[144.?53]

=9.650533

S,, =9.650533|



Answer 17E.

Let f(x)=e".2=10
Here a=-15=1

Therefore Ax= i
10

1

5

=02

H=-lx=-08x=-06,5=-04,x, =-02,x,=0,
% =02x,=04,5=06x,=085,=1

Therefore

(a) Trapezoidal rule 1s
L R 0.2 f(—0_8)+f(—0_6)+f(—0_4) +5 (—0_2)
I ‘f"z?lf (_1)+2l+f(0)+f(0-2)+f(0-4)+f(0-5)+f(0-3)]+f “)]
=8.363853

) Midpoint rule 1s
ie" dx= 0.2lf (-09)+7 (-07)+f (-05)+F(-0.3)+f (—0_1)]

+7 (0. +£{03)+ (05 + (07N +1£{09)
=3.163298

(c) Simpson’s rule is
iﬂ" 202 [f (-1)+4[7(-0.8)+ 7 (-04)+ 7 (0)+£ (04) + j(o_s)]]
L 3| 2[r(-06)+ s (-02)+ 7 (02)+ 7 (0.6) ]+ 7 (1)
=8.235114

Answer 18E.

a) Estimate the following int=gral using the trapezoidal rule.
J.:cusﬂdx,ﬂ =10
Wite the trapezoidal rule.
b Ax
[, 7 ()de=T, =27 (%)+2f (x)++ 21 (5,,)+ 2/ (x,)]

Where m:b_a

and x, =a+tilx

Divide the interval [{],4] into points of common difference 0.4.
These points are x, =0,x, =04,x, =0.8,x, =1.2,x, =1.6,x, =2.0,x, =24,

X, =28x=32x=36and x,=4

Put these values in the Trapezoidal rule.

2{ f(0)+21(04)+2/(08)+21(1.2)+2/(1.6)
T“,:% $2(2)+27(24)+27(2.8)+27(32)
+21(3.6)+ f(4)
cos 0+2msﬂ+2cmm

r 1 +2cosJﬁ+2cole._6
0=z

5| +2cosv2 +2cosv2.4 +2cos /2.8
+2cosJﬁ+2cosJ3._6 +cusJ§

7,, = 0.808532



b) Estimate the following integral using the Midpoint rule
[ cosxde.n=10

Write the midpoint rule.

Ef[:c)d.r =M, =ﬁ.r|:f(.§,}+f(f_, )+ +f[.f‘]:|

Where Ax= b-a

n and .1;'.=|.-"2{xj_1+_rj}

Use the points x, =0,x, =04,x, =08,x, =12, x, =1.6,x, =2.0,x, =24,

x,=28.x,=32,x,=3.62and x,=4 tocalculate y =T’

The points ¢ are x, =0.2,x, =0.6,x, =L.x; =1.4,x, =1.8,x, =22
x,=26,x,=3,x,=34and x =38,

Put these values in the Midpoint rule.
_2[£(02)+7(06)+£(1)+ £ (14)+ 1 (18)

5| +/(22)+ f(2:6)+ £(3.0)+ f(3.4)+ f(3.8)
05 /0.2 +c0s /0.6 +cos/1

_2 +cos+/1.4 +msﬂ

; +CI!SJE+COSJR+CI)SJ§
_+msv‘rﬁ+ms\‘rﬂ

c) Estimate the following integral using the Simpsons rule

j:msﬂctr,;e:m

Wiite the Simpsons rule.

Ax f{.ru:|+4f(x]}+2f(.r:)-" ]

[ f(x)de=s, = 3|2/ (x,,)+4f (x,)+ f(x,)

b—a

Where Ax=
n

Divide the interval [ﬁ,d] into points of common difference 0.4.
These points are x, =0,x, =0.4,x, =08, x, =1.2,x, =1.6,x, =2.0,x, = 2.4,

x,=28.x=32,x=3.6and x,=4

Put these values in the Simpsons rule.
2 f(0)+47(04)+27(0.8)+45(1.2)+2/(1.6)

5 =~;’- +4£(2)+21(24)+41(28)+27(32)
+41(3.6)+ f(4)
cos /0 +4cos 0.4 + 2cos /0.8

_ 2 +4c0s+/1.2 +2cos /1.6

“T15 +4cos\2 +2cos\2.4 +4cos /2.8
+2cos3.2 +4cos 3.6 +cos /4

S,, = 0.804896

S,



Answer 19E.

(a)

Consider the integral as follows,
1
Icus(x’)d’c
[ ]
To find the approximations 7; and M, for the integral;

First find the Trapezoidal approximation T :

Trapezoidal Rule:
[r(spi=,
=)+ 20 (5)+ 21 ()44 2 (5.) + £(5.)]

Where, Ax= b-a

and x, =a+iAx
n

Here f(x)= ms(f).a =0.h=12nd y=8§.
Then,

b-a

Ax=

n

_1-0
8

x, =a+1(Ax)
=0+1(0.125)
=0.125

X, =a+2(Ax)
=0+2(0.125)
=0.250

Similarty.

x; =a+3(Ax)
=0+3(0.125)
=0.375

x, =a+4(Ax)
=0+4(0.125)
=0.500

x; =a+5(Ax)
=0+5(0.125)
=0.725

X, =a+6(Ax)
=0+6(0.125)
=0.75

x, =a+7(Ax)
=0+7(0.125)
=0.875

x =a+8(Ax)
=0+8(0.125)
=1



The Trapezoidal Rule,

[icos(x* s =T,
zglif{xn)+2f{xl}+2f{xz]+ Zf[13}+2f(.r*}]
2 | #2f(x)+2f(x)+21(x)+ f(x)

0125 £(0)+2/(0.125)+27(0.250) + 2/ (0.375)
T2 |+27(0.5)+2£(0.725)+ 21 (0.75)+ 2 (0.875)+ £ (1) | This implies

cos((0)°) + 2cos((0.125)7 ) + 2cos((0.250)

=0.0625| +2cos((0375)" ) + 2cos((0.5)" ) + 2cos((0.725)°)

_+2m5([ﬂ.?5]z) +2 cm({ﬂ.ﬂ?ﬁ}l )+ ‘-‘05({] }I)
that,

[1+1.9975586 +1.9960950 +1.980257176

J:_: cﬂs(f )d.r =0.0625| +1.937824843 +1.849342522 +1.691848998
| +1.441898761 +0.540302305
=0.902332843

Therefore the required Trapezoidal approximation is |7 = 0.902332843|

Find the Midpoint Rule approximation M, :

Midpoint Rule:
[ £ (etew M, = (%) + £(8) 4+ (5]

Where,
b—a

Ar=

And,
X, -l[x +x,)
(. ) i=1 i
= midpoint of [x,_.x,]

Since a=0,b=1,n=8§. then

Ac= =0
8

1
8

Now divide interval [[Ll]intn n = 8subinterval of length  Ax =% with the following endpoints:

= 'l!l!g!l!ilgili _b

8482888



The Midpoint Rule is,

L: e dx= M,

o0 | =—

f_
BN

a
f(ﬁ
+f{

This implies that,

2
16

feos(he=§

=

)4
)

o)

3
16

A

5

Jor(i%
)

16

)4
o

16

20
256

2o
it

256

)

81
256

121
256

)+

10.99999237 +0.99938208 + 0.99523541 + 0.98173768
| +0.95035975+ 0.89036216 +0.78989642

= 0.90561995

Therefore. the required Midpoint approximation is | M, = 0.90561995|.

(b)

Ermor Bounds:

Suppose |f '{x}l <K for
Midpoint Rules, then

K(b-a)
|Er| s =15+
And,

K(b-a)

Bl s T

asx<b It E and E, are the errors in the Trapezoidal and



To estimate the errors in the approximations of part (a);
Find f*(x):
1) ={eos(<*)
=—sin()- 2 (')
= —erin{xz)
Find f*(x)as follows:
r(®)=2r)]
= i(—!:sin (»* ))
= —Zx%(sin (x° }) —2sin(x* )%(x)

= —2:m{x’)%(f}—25in(x3)

This implies that,
F7(x)=—4x" cos(x*) - 2sin(x")

Here. f(x)=cos(x*)and f"(x)=—4x"cos(x*)-2sin(x*)
In the interval 0<x<1,

f‘(;}]s|-4x’m(x’)-25m(x*]

5|4fms(x’)+ zsin(f}l
£|4x’ms[.r=]+|23in{.r"n
£4|1’ ms(r’1+ 2|sin{x’}|
This implies that,
£7(x)| s4x1+2x1

<6

So take K = 6.

Error in trapezoidal rule is calculated as:
K(b-a)
12n°
_6(1-0)
T o2(s)
6

768
=0.0078

Therefore, the error in trapezoidal rule is |0.0078] -

|Er| <

Error in Midpoint rule is calculated as:
6(b—a)’
2407
_6(1-0)
248y
6

~1536
=0.0039

Therefore the error in midpoint rule is [0.0039]-

|Eul <



(c)
Tofind n so that the approximations 7, and M, to the integral in part (a) are accurate to
within 0.0001.

For Trapezoidal rule:

Thus, for an error less than 0.0001, choose n so that,

K(b-a)
12n°
6(1-0)’
120

6

— < 0.0001
12m°

<0.00001
<0.00001
, 6

2n” >
0.0001
This implies that,

0.0001x2
- 1
n >
0.0002
1

Jﬂ.ﬂﬂ[ﬂ
n=T70.71

Therefore, p : is the desired accuracy for T,

For Midpoint rule:
Thus for an error less than 0.0001, choose » so that,
K(b-a)
24n°
6(1-0)’
24n°

< 0.0001

< 0.0001

Jﬂ.ﬂﬂ[ﬁl
n>50

Therefore. j, =[50] is the desired accuracy for M,



Answer 20E.

@
The integral is J: oos{ e }d.r .
The objective is to find approximations T, M, for the integral Em( f)dx-
The trapezoidal Rule:
[ 7 (x)e=T,
=S ()21 (5)+ 21 (5 )+ £ (5]

Where Ax= b-a
n

and x, =a+iAx

Take ﬂ=0,b=| and ﬂ=8-

PO o
8

1
8
The Trapezoidal rule for p =§ becomes,

=%[ F(x) 21 (x)++27(x)+ £(%)]

Let x, =0.x =é,x2 =§,.r, = %,14 =
Rewrite T .
1 [f(u)+2f{1:8)+2f{2r3)+2f{3;8}+2f(us}
*T278 +2f(5/8)+21(6/8)+21(7/8)+ f(1)
1 | cos(0%)+2cos(0.125%) + 2cos(0.257 ) + 2cos(0.375" ) + 2cos(0.5%)
) EL: cos(0.625% )+ 2c0s(0.75% ) + 2cos(0.875* ) + cos (1) ]

=0.902333
Therefore, the integral value using trapezoidal Rule is T, =[0.902333

The Midpoint Rule:

[ f(x)de=M,
sl o))

b- and x, =a+ilx

Where Ax=

Take a=0,b=1and p=8§.

a0
8

The end points of interval are,

1 2 3 4
_s-rz =_9'rj = _!-tq =

8 8 8

The mid points of intervals are,

x,=0x =



The midpoint rule for » =g becomes,

i M[ r(a)es(z)emer [J‘J]

Rewrite M, .
1[£(1716)+ £(3/16)+ £(5/16)+ £(7/16)+ £(9/16)
78| +£(11716)+ £(13/16)+ £(15/16)
1| cos(1/16)" +cos(3/16)" +cos(5/16)" +cos(7/16)°
8| +cos(9/16)° +cos(11/16) +cos(13/16) +cos(15/16)’
=0.905620
Therefore, the integral can be approximated as [0.905620]

b)
Estimate the errors of each approximation.
f(x)=cosx’

f'(x)=-2xsinx?

f(x)=-2sinx’ -4x" cosx’
|£*(x)|=2(1)+4(1) Since sin@<1,cos0<1
|f™(x) <6

K(b-a)

Recollect that if |f*(x)|< K for g<x<b then AT

Sofor n=8,a=0,b=LK=6

|E;|<0.0078
Use the following formula:
K(b—a)

2407

_6(1-0)°
- 24(s)

|Eu| <

1
E,|<—
[Eul 256
|E, | <0.0039

Therefore, the errors involved in the approximation is ||£,|£U.m?$and |E,|< o.m39[

c)
How large the value nso that the approximations are less than 0.0001.
For Trapezoidal Rule:
|E,| < 0.0001
6(1°
) oo
; 6

" 2 12(0.0001)

= 5000
n=T0.7106
Therefore the value of n for T, is .



For Midpoint Rule:
|E,;| < 0.0001
6(1°
(") <0000
24{;;-}
,3 EL
24(0.0001)

n" 22500
n=350
Therefore the value of n for M, is .

Answer 22E.
We have (x) ="
Then f'(x)= 2xe”
Fo(x)=2xe" (2x)+ 2%
=4zt 4+ 255
Or £ (x)=(4*+2)"

Then f%(x)=(4x" +2)(2x)e” +8xe”

= (813 +4x+81)e'!
Or  f7(x)=(8 +12x)e"
And then
FO(x)=(82+12x)(2x)e” +(24x" +12)e”
= (162" +24x* + 242 +12) "

Or  FO(x)=(16z" +48x* +12)”

Since fm (x) 15 an increasing funchion for z > 0

So |t (x)|=(16x* +48x" +12)e” <(16+48+12)e
Or  |r*(x)|<76e for 0<x<1
Sowetakek=T76e,a=0,b=1

For getting the error 0.00001 in Simpson’s rule
We should choose n such that

k(b-a)

80"

= _7%_ 0.00001

K. ]
. TG
H =
0.0018

’ Fbe
=n=* =184
0.0018

HMex=t even number after 18, 15 20

So will give the desired result

< 0.00001




Answer 23E.

a) To determine f'(x}:
flx)=e=
f'(x)=—smxe™=
f*(x)=e==(sin* x—cosx)

So.

—-28< f(x)<1
Therefore. a good upper bound for | f7(x]:

() =28

b) Midpoint Rule:

x 3% 57 7x 97 1z 3x 157 172 19
10°10°10710°10° 107 107 10 ° 10 10
So the Midpoint Rule produces

Fevacn 2 AZ)e (2o Ao

F 3 iz 17= 1%x
= Z—E[emﬁ +e Wy 4o 10 +em§ﬁ]
10
Therefore
M, ~T7.954926518

¢) Ermror Estimate For Midpoint Approximation|E,|:
Use the formula l&:F%:ﬂm |f(x) <K to estimate the error for
approximation M.
Taking K =2.8_.a=0_b=27 and n=10 then

2827 —0f
o S M)
Bl < 24-10°

d) CAS produces:
_[l" €= dx ~ 7.954926521

e) Companng the actual error to the estimate \Ey-
The actual error 1s:
Ey,=[ e"dc—M,
=7954926521-795492651¢

So the actual emmor 1s much smaller than that of the estimated emor of
|E,/|~ 02894



f) To determine f[4}(x]:
f"(x)=¢=(sin® x—cosx)

(x)= % sin xe= (6cosx+cos2x+1)
Hx)= %em“(— 4cosx +24cos2x +12cos3x+cosdx—1)
Graphically, f*(x) is

Therefore, a good upper bound for _)"‘-‘:'(Il :

fHx]=109

g) Simpson’s Rule:
2

Femae§les)of5) o5} of 5o

.:".l'

[‘“‘+4e 542 54+ e +e°'“"]

Therefore
S0 =T7.953789422

h) Estimate Emor For Simpson’s Approximation E5|:

Use the formula |E _Kk-a) _ here |f9(x) < K. to estimate the error for
180n*

approximation S};.
Taking K =109.a=0.b=27 and n=10 then
<020
180-10

1) Comparing the actual error to the estimate Esl:
The actual error 1s:

E =[ e=dr-5,
—7.954926521-7.953789427

=0.00113
So the actual emor 1s much smaller than that of the estimated emor of

|E;| ~0.0593



1) For Accuracy Of Stmpson’s Approximation:

K(p—af

lgm" {I'ES|
Therefore
s K(p—af
1S0E,

b—af
R4 —
180E,

Given that K =109.a=0.b=2x,E; =0.0001 and n=10 then

"}Jlﬂ_ﬁ{h—ﬂ)s
180-0.0001

na=493

Thus HESQwﬂl ensure accuracy to be less than 0.0001 for the Simpson’s
approximation

Answer 24E.
a) To determine f™(x):
flx)=va-—x

w3
f(I)— Evﬁ

(0= 3 —16)

-
Graphically, f"(x) is:

=110

So.
—217< f"(x)<1.14
Therefore, a good upper bound for If'(x]:

frx)=217



b) Midpoint Rule:
The midpoints of the ten subintervals are -0.9. -0.7. -0.5. -0.3.-0.1. 0.1, 0.3, 0.5.
0.7.and 0.9.

So the Midpoint Rule produces
[Na—rd~ %[_1‘(—0_9]+ f-07)+_+ f(0.7)+ fl09)]

= 1[Ja=C08F +{a-(07) +..+ 207 +3-05 |

Therefore
| M, ~3.995804152

¢) Error Estimate For Midpoint Approximation|E,|:

Use the formula |E,, =Kg’4;fr where |f"(x) <K to estimate the error for
approximation M.
Taking K =217 .a=—-1.b=1 and n=10 then
24-10°
~—0.0072

d) CAS produces:

LJ4—x3 dx ~3.995487677

e) Comparing the actual error to the estimate Eyl:
The actual error 1s-

E, = [ ed—M,
—3.995487677—3.995804157

=-0.0003165
So the actual emmor 1s much smaller than that of the estimated emor of

|E,|~—0.00723

f) To determine f*/(x)-
r)= 219
.-
)= 3x* —8x° —5?04]
gla-x
F9)= 9x*(x* —8x* —704)
64— F
Graphically. f*(x) is

Therefore, a good upper bound for _)‘"—*:'(Il :

f¥(x) =855



g) Simpson’s Rule:
1

LJ4—f'dx ~ %[{(— 1)+4f(-08)+2f(-06) +2f(06)+47(08)+ f(1)]
=1_15[J4_(—1;F +4/a—(—08f +2/a—(—06) +_
+2Ja—(06F +4,/a—(08) +J4—13]

Therefore
1S}, ~3.99544979

h) EsﬁmaIeEﬂanorSimpsun:sApp{oximaﬁonESt
Use the formula |E; =%,whm [f¥(x) <X. to estimate the error for

approximation Syg.
Taking K =855, a=—1_b=1 and n=10 then
180-10
~(0.000152

1) Comparing the actual error to the estimate Es|:
The actual error 1s:

E =[Ja-rax-s,

=3995487677-3.9954497¢
=0.0000379
So the actual emor 1s much smaller than that of the estimated emmor of

|Eg|~0.000152

1) For Accuracy Of Simpson’s Approximation:
Kb-af
180n
Therefore

> K(b—af
180E,|
So producing

n>s K(b-a)
180E,
Given that K =855.a=—1_b=1 E; =0.0001 and n=10 then
n}4||8_55{1—(—l!|j
180-0.0001

n=111

Thns“ill ensure accuracy to be less than 0.0001 for the Simpson’s
approximation

Answer 25E.

We havej(x):xer,lnbervalis [0, 1],

55H33 05

Fora=5, Ax=—
5
And subintervals are I:Ul][lg]
5115 5



Taking left end points of the subintervals
5

Ls=2,F(5a)8x
i1

-slr@w ()5 B 3)
- %[(0@") +(%e”’] +(%e""’) +(§e3’5] +(§e‘”ﬂ 5 0.742943
I ,~ 0742943

Taking rnight end poinis of the intervals

R, =éj(:g)bx=%[f(%]+f(%] +f@]+f(%]+f(1)]

- l[(lg”’) +(Ee’”)+ (Eem)+ (ie"s) +lel] = 1.286599
5{\5 5 5 J
Taking midpoint of the subintervals
5= — X - 5 10 10 10 10 10
:l[(lglﬂl)+(i£m]+(igsm)+[leim]+(399m):|
5]\10 10 10 10 10

By Trapezoidal rule
T, = %[j(x“)+2f(xl)+2f(1’2)+2f(x3)+2f(x-|)+f(x5)]

1 1 2 3 4
_E[j(O)+2j[§]+2j[§]+2j[§)+2j(§J+f(l)]
=l[oe“+2(le‘”]+2(33”5)+2(§e”5)+2(ie‘”)+1e‘]m1_014??1

10 5 5 5 5

Fora=10, ﬂle

10
Subintervals are

o o sl )
sos | o - o ]

1 3 57 9 1113 1517 19

b=
4

o
=)

0 = 0.867782

Taking right end point

1 1 2 3 9
mu=go () )+ )+ 0]

aking midpoints

w32 2]

M, = 0.998152

]



By Trapezoidal rule

1 1 2 9
Tm_g[f(0)+2f(ﬁ)+2f[ﬁ)+ ________ +2f[ﬁ]+f(l)]

Forn=20 Ax=—
20
Subintervals are lfIllli ........... E
201120 20 20
Midpoints are — ii .......... 2
40 40 40
Taking left end points
1 1 19
=— o)+ — |t +
= 20[f() f(20) f[20]]
Ly 70932067
Taking right end points
1 1 2
=— — |+ — + 71
i 20[f[20] f(20) f()]
R, =1.068881
Taking midpoint
1 1 3 5 39
My=—|fl—=|+7/1=|+7/]=|+. . +F]|—
® 20[f (40) 7 (40) 7 (40) 7 (40]]
A, =5 0.999538
By Trapezoidal rule

T = 1.000924

B, =1- M, =1-0992621
E,, =0.007379

Now we calculate actual value
lee'dxz [m' —E'II =[el—el—0+e"]= 1

HNow we calculate errors
B, =1-L;=1-0742%43=0.257057

E, = 0257057

E,=1-R =1-12865%9
E, =—0.236599

B =1-T,=1-1.014771

H=-0.014771



Forn=10, E,=1-1IL, E, =0.132218

E.=1-R, [E,=-0139%610
E =1-T, E, =—00036%6

E,=1-M, [E,=0001248

Similarly for n=20
E, =0.067033, B, =-0068881, £ =-0.000924, &, =0.000462

HNow we make atable of the results got above

T L - % M,

5 0742943 | 1.286599 | 1.014771 | 0.992621
10 | 0.867782 | 1.139610 | 1.003696 | 0.998152
20 10932967 | 1.068881 | 1.000924 | 0.999538

° E; Zp Er B

5 0.257057 | -0.286599 | -0.014771 | 0.007379
10 ] 0.132218 | -0.139610 | -0.003636 | 0.001848
20 | 0.067033 | -0.068881 | -0.000924 | 0.000462

‘We see that from the table of errors
E; and E, decrease by a factor of about 2, when we double the walue of #

B and E,, decrease by a factor of about 4, when we double the value of 2

Answer 26E.

Consider the integral
2 1
J- —1d'l.'
I x°
The objective is to find the approximations L R, .T,, and M, for n=35,10,20
With m=5,a=1and p=2.

2-1
PO o) L PP
5 5

The right approximation method gives

:%a& =R, = if(x_. Jax

=2[f(12)+ f(1.4)+ £ (1.6)+ £(1.8)+/(2)]
= 0.2(0‘6944444 +0.510204 +0.390625 + 0.308641 + 0.25[!]1})

=[0.437831]

The left approximation method gives

rx—l:c.{r =L =) f(x, )ax

=l

=2[F(1)+7(12)+ £ (1.4)+ (1.6)+ £ (1.8)]
= 0.2(1+0.6944444 + 0.510204 + 0.390625 + 0.308641)

=[0.5690549]

The trapezoidal rule gives

[i=ae=T,
=%[f(lh2f[l_2)+2f(l_4)+2f(1.6]+2f{|_s]+f(2}]

— 0.1(1+1.388888 + 1.020408 + 0.78125 + 0.61 72839 + 0.500000)
=[0.5307830]



The midpoints of the five subintervals are
1.1L1.3,1.5.1.7.1.9;
So the midpoints rule gives

LLdﬁr M,

X
=02[ £(1.1)+ £ (1.3)+ 7 (1.5)+ £ (1.7)+ £ (1.9) ]
=0.2(0.826446 +0.591715 + 0.4444444 + 0.3460207 + 0.2770083)

=0.497127

The midpoints of the five subintervals are
1.1,1.3,1.5,1.7,1.9;
So the midpoints rule gives

=02[ F(1.1)+ £ (13)+ £(1.5)+ f(1.7)+ £ (1.9)]
=0.2(0.826446 + 0.591715 +0.4444444 + 0.3460207 + 0.2770083)

=[0497127]

With n=10,a=1and p =2 . we have

P Cal) R I

10 10
The right approximation method gives

[ rdv=Ro=3 S (x)ax
[f[l 1)+ (12)+ F(13)+ fF(1.4)+ £(1.5)
+f(1.6)+ f(1.7)+ f(1.8)+ f(1.9)+f(2)
=[0.46395512

The midpoints of the ten subintervals are
1.05,1.15,1.25,1.35,1.45,1.55,1.65,1.75,1.85,1.95,
So the midpoints rule gives

[

-0 I[f{l.ﬂ5}+f{].]5}+f{|.25J+f[|.3ﬁ]+f{l.45}+f[].55}+
L (1.65)+ £ (1.75)+ £(1.85)+ £(1.95)
=|0.4992736



With n=20,a=1and p =2, we have

1-0
M:u:i='
20 20

The right approximation method gives

f_t_lz‘i" =Ry = zf{x,- Jax
:ﬂ‘ﬂs[f{l.ﬂi}+f{l.l}+f{].15}+f{|_1}+“1
+1(1.95)+1(2)
=

The left approximation method gives

L’I_Izdr =Ly = if(“'i—l Jax

:ﬂ_ﬂs[f{lhf{l.us}+f(|.|)+f(|.|5}+f(1.2]1
-+ f(1.95)
=[05191143

The trapezoidal rule gives

_0.05| £(1)+2/(1.05)+ 21 (1.1)+2/(1.15)+2/(1.2)
T2 [+-+21(1.95)41(2)
- [0.500364

The midpoints of the ten subintervals are
1.025,1.075,1.125,1.175,---1.975
S0 the midpoints rule gives

Lz:—zxir= M,

£(1.025)+ £(1.075)+ £(1.125)+ £(1.175)
+---+ f(1.975)

=|0.4998178

=0.05



From fundamental calculus

=0.5

n| L, R, T, M,

5 | 0.5690549 | 0.437831 | 0.5307830 | 0.497127
10| 0.538955 | 0.46395512 | 0.501455 | 0.4992736
20| 0.5191143 | 0.481614 | 0.500364 | 0.4998178
n| E, E, E, E,

5 |-0.0690549 |0.062169 |-0.030783|0.02873

10 | -0.038955 0.036044 |-0.001455 | 0.0007264
20(-0.01591143 | -0.018386 | -0.000364 | 0.0001822

Observe that we get more accurate approximation when we increase the value of ».

Answer 27E.

Evaluate T, for the integral I.t‘ d.
1]

Write the formula to find T,.

” [ £(5)+27 (%) 2/ () +2/ (x,)
!f(x]drtﬁ T [+2f{x,}+ 2f(x)+ f(x) ]

Where

F(x)=x*
a=0

2
b—

n

=]

b
Ax

I
|
=

Il [}
o

| =



Use the equaiion x, =ag+iAr tofind x,.,i=0,1,2,3.6

xo=0+{0]% x, =0+{3)%
= =1

1
.T|='D+{1}§ ,T;=ﬂ+(4)§ Is:ﬂ-'-(ﬁ]%

1

3 3 =2
1

X =0+{2}'3— Xy =0+(5:|'§

2 5

3 g

1 1 2 4 5 .
Put f(.r}=x*,a=0,b=2,.&x=§,xo =0,x, =3R=3F =1,x, - and x, =2 in

the formuia.
FI(U}+ZI[§]+ zf[%)ﬂf(l)
g
(5] (3] 200
g

_1627 _ 6695473
243

Hence T, =|6.695473

1
Xdv=T,=3
2

D ey 14

| =

The following diagram shows the area represented by T,.

16-
144
12
104
s_
5_
1]
2
0 r { :
0 03 1 13 2

x

2
An approximation of ‘ f(x) dxusing trapezoid rule, where f(x) = <
0

and the partition is uniform. The approximate value of the integral is
6.695473251. Number of subintervals used: 6.

Evaluate 7;, for the integral I,r‘ dx.
[1]

Write the formula to find Tj,.

fl:.ru)+2f(.r,]+2f{x:]+2f(.rj}
_Ax 21 (x)+ 2/ (x)+ 21 (x)+2/(x;)
242/ (%) 427 (%) 42/ (%) + 2/ (x,)
+f(x.)

[/ (x)ae =T,



Use the equation x, =a+iAx tofind x,i=0,1,2,3..12

1 | 2 3
Put f{I)=Ia‘a=0’ﬁ=2'ﬂr=E'Iﬂ ={)":‘:I =E!II =E!“5 =E1I-I-

8 9
X =_,I! . Ea-r-g = 6

|+/(2)

+(2)’

_ 25171

Hence T, ~[6.474022

—: X =

I‘\
0)' +2| -
(0 +2(¢
-
08
=—| \6 L6

4
+I(§] +2
6

10

_,I]

6

i .
2 f(§)+2 1

+2f(%)+2f

3 = 6474022

'

L6

11

i and x,, =12 in the formula.

+21(2)+2(2)

E]g 7(1)+2 f[%]

oot




The following diagram shows the area represented by T, .

16

. /

0 R R
0 03 1 1.
xX

LA

An approximation of | f(x) dx using trapezoid rule, where f(x) —x" and the
"0
partition 1s uniform. The approximate value of the integral 1s 6.474022634.
Number of subintervals used: 12.

Evaluate M, for the integral I,r‘ dx.
[}

Write the formula to find M.

If(rldwiﬁ=ﬁf[f(;,]+f(r_;)+I(E)ﬂtf[z}ﬁ{z)ﬁ[ﬁﬂ

Where

f(x)=x
a=10

b



Use the equations I:ﬂ, =0, x, =l, x,==,x=1, x,=—, x,=—and x,=21o
! 2 3 " 3 3
find x_i=0,1,2,3.6
;sz,+.rﬂ B B
2 X +X, X X,
: == X ==
3% s _3
2 6 6 2
__t1+x! I—_x_’+,rj —_‘lrﬂ+_rs
1= 3 = 6=
2 2 2
2.1 7 11
_33_1 ¢ 6
2 2
l- 11— 5— 7T— 3 — 11.
Put X =x"’ =0b=2Ax=—x,=—. X, =— X, =— X, =—, X, =— and x, =— inthe
S(x)=x"a 3T T Ty T T2 “~6

amsf ) A A 2]
HOROREREECE

SLBI3 62s25m
1944

Hence M, =|6.252572

The following diagram shows the area represented by M.

10

0 1
0 03 1 15 2
x

2
AmidpointRif:mannsumappmximmionof‘ f(x) dx, where f(x) =y and
0

the partition 15 umform. The approximate value of the integral 1s
6.252572016. Number of subintervals used: 6.

Evaluate M,, for the integral I.t‘ dr.
(1]

Write the formula to find M.

F(w)+ £ () + £ () £ () + 7 () £ ()

e I T AT W o W e W



f{.‘r}:f
a=0
b=2
M=i
n
2-0
1
_1
6
1 - 1 - 33— 5 - 7= 9
Put x)= ", =ﬂ,ﬁ=2,ﬂx=—, =— X=X =—,X =—, X =—
fx)=x'a TR R TR TR T
,Z=£,I=E,:=E,_§=E,x_m =E,T=ﬂ and _t1:=§intthD"ﬂU|ﬂ
12 12 12 1 12 12 12
(1 3 5 7 9 11
z ) A3 AR) B (B (5)
I"’“"‘“M“:% 1213 11;5 11:? 11:9 uzl ]223
o +fl—=l+fl—=I|+fl—=I|+fl—=|+fl—|+f|—
() B) (G B (R (3)

o660
;;(1:5_;] () ) () () )

31104

Hence M, ~[6.363008

The following diagram shows the area represented by M,,.

12

104

0 . 03 . 1 13 2
2
AmidpointRiemannsmappmximaﬁonof| f(x) dx, where f(x) =x" and
0

the partition is uniform. The approximate value of the integral is
6.363007974. Number of subintervals used: 12.



Evaluate §, for the integral I x* dr.
i

Write the formula to find §,.

; _ax[ £ (%) +4f (x)+ 27 (x.)+4/ (x)
:[f(.r]dx Se= 3421 (x,)+4f(x)+ f(x)

Use the equation x, =a+iAx tofind x,i=0,1,2,3..6

0 ={]+{U}% - =ﬂ+(3)%

=0 =1
I 1
> o ={]+{1}§ X, =ﬂ+{4)-j I
) 1 ) 4 X =ﬂ+{6]§
3 3 =
x, =n+(z}% x, =u+(5}§
o2 -
3 3

Put Je’{.!r]=.u‘*,a=Illli,.|'.‘:=2,4'!1uu*=%,.=rﬂI =0,x, =%,.r: ==.x,=Lx,

the formula.
_ f[ﬂ}+4f[%]+2 f[%]wlf{l)
ool
-(u)‘ +4[%]4 + 2@-]* +4(1)*-
& _+2GJ‘ +4[§]‘ +(2)

_1556 _ 6403292
243

Hence §, =|6.403292



Put _f(:)=x‘,a=ﬂ,b =2'M=%,:ﬂ =0,x, =%,_r., =§,_r_,‘ =Lx,=—.x =§ and x, = 2in

the formula.
7(0)+4 [%]ﬂf[%]wf (1)
ool
RRSRORY
{4

=120 6403292
243

Hence § =|(6.403292

n| E;

m

Eg

6.695473-64 | 6.252572-6.4 6.403292-6.4

= =|-0.147428] =
6.474023-6.4 | 6.363008—6.4 6.400206 - 6.4
12

- |  -[one%)|  -[oow

From this table it is observed that error is almost zero for the approximation §,, it means two
things can be said, emor becomes zero as n increases and the best approximation can be
obtained by using the Simpsons Rule.

Evaluate §,, for the integral I.’c‘ dv.
[

Write the formula to find §,,.

Fx)+47 (%) +2f(x)+4f (x)

& Ar| 21 (x)+4f (x)+21 (x)+4/(x,)
If(x)drasu =
- 3 +2f{'ts}+4f(-"v}+Zf{xln)+4f(xll)
+f(x;)
Where
flx)=x
a=0
b=2
Ar = b—a
n
2-0
1
_!
6
Use the equation x, =a+iAx tofind x,.i=0,1,2,3..12
1 1 3 4 5
Put f(x)=x'.a=0.b =2,M=E,xn =0,x, = P 1

X, =1,‘,‘-s =§»-‘v _ 9__1_“) =E,x" =% and x, =12 in the formula.

6 6" 6 6



”f (0)+4f [%: +2 f[%]m f[%]
jf T é +2f(§)+4f E]u £(1)+4 f[%]
ey
+/(2)

o +4(2) +2(2) +4(2)
B +2[%]4+4E)‘+2(|)‘+4E]’
SORGECR

+(2)'

= ptel = 6.400206
972

vence 5~ 6400206]

rorsfgo o)
fetdea, - +2f(§)+4fi§]+2f(l]+4f[%]
T e
+/(2)
(o) o) )
gt o)
SCREEORD)

+(2)

= kel = 6.400206
972

Hence § =




The following diagram shows the area represented by §,,.

16

u L] T T
0 0. 1 1.

x

La
LA
b

¥

An approximation of | f(x) dxusing Simpson's rule, where
0

fl(x) =x" and the partition is uniform. The approximate value of
the integral is 6.400205761. Number of subintervals used: 6.

Answer 28E.

Consider the integral
|
—=dx
.[I J;
The objective is fo find the approximations T,,M, and §, for n=5,12
With m=6.a=1and p=4.we have
3
Ax ={4—l}f6=g={ll.5
and so the trapezoidal rule gives

de=T,

_os[F()+27(15)+21(2)+21(25)+
2 |27 (3)+2/(3.5)+ f(4)
=[2.008965]

Iz

The midpoints of the eight subintervals are
1.25,1.75,2.25,2.75,3.25,3.75

So the midpoints rule gives

J':LJ_atu M,
=05 £(1.25)+ f(1.75)+ f(2.25)+ £(2.75)+ £(3.25)+/ (3.75) ]
=[1.995572]

In Simpson’s rule, we obtain
r 1 dv=5§
1 = s

Jx
05| f(1)+47(1.5)+27(2)+41(23)+

T3 2/ (3)447(35)+ £ (4)
=



With n=12,a=1and p=4. we have

Ax=(4-1)/12= %= 0.25

and so the trapezoidal rule gives

| =T
F(1)+2£(1.25)+27(1.5)+ 2/ (1.75)+2£(2)+
=% 27(225)+ 27 (2.5)+ 21 (2.75)+ 27 (3) +
21(3.25)421(3.5)+21(3.75)+ f(4)
=(2.002268

The midpnints of the Ei'ght subintervals are
1.125,1.375,1.625,1.875,2.215,2.375,2.625,2.875,
3.125,3.375,3.625,3.875.

So the midpoints rule give

J‘:Ld”:: M,

Jx

F(1.125)+ f£(1.375)+ £(1.625)+ f(1.875)+
=0.25| f(2.125)+ f(2.375)+ f(2.625)+ f(2.875)+
£(3.125)+ £(3.375) +/(3.625) + f(3.875)

=[1.998869

In Simpson’s rule, we have

L‘%dr;ﬂ:
F()+47(1.25)+2/(1.5)+4/(1.75)+21(2)
=% +41(2.25)+ 21 (2.5)+ 47 (2.75)+ 21 (3)+
41(3.25)42/(3.5)+4/(3.75)+ f(4)
=[2.000036



By using the fundamental theorem of calculus

hl;d.c =[2J;]I
=[4-2]
=2

& | 2.008965 | 1.995572 | 2.000468

121 2.002268 | 1.998869 | 2.000036

Corresponding efrors are

n| E E, E,

6 | —0.008965 | 0.004428 | -0.000468

121 -0.002268 | 0.001131 | -0.000036

Observe that we get more accurate approximation when we increase the value of n

Answer 29E.

The area under the curve is determined by evaluating the definite integral over the limits of
integration provided.

The definite integral was evaluated to by Reimann Sums, by making use of the left-hand or
right-end approximation.

Further there are different rules developed such as Simpsons rule, mid-point rule and
trapezoidal rule and eventually the rule developed was the Fundamental theorem of calculus.

Consider the graph of a function as shown below:

Ay

—_— b W s n N

0 1 2 3

Represent the graph by the equation y = f(x).

4 5 6 7

Observe the above diagram to determine that the area is in the interval [u,f.].

It follows that the area under the curve is the integral:

[ £ (x)ax



Use the trapezoidal rule to estimate the value of the integral:

[ £ (x)a
Consider the trapezoidal rule for n=6.
B Ax f(1.)+2f{1|}+Zf{rz)+2f{r,)
de=—
!‘f(x) 2 |:+2f(1-|]+2f(15}+f{15}
Substitute the value as shown below:
a=0and b=6

-3
| =
=

Use the equation x, =a+iAx tofind x,, i=0,1,2,3.6:
x, =0
x, =1
x,=2
Also, consider the values shown below:
=3
x, =4

x, =5
Put the above values in the formula shown below:

i C1[r()+21(2)+27(3)+2/(4)
j:f{-’t’}dr - 2|:+2f(5}+2f(6]+f(?)

Observe the diagram o approximate the values f(0), f(1)...f(6):

Ay

— M W B h Oy

0 I 2 3 4 5 6 7

So, the values of the function at the above points are:

7(0)=3

f(1}=4.9

f(2)=4
Also, consider the values shown below:

f{?p] =29

f(4)=3

f{S) =4

s(6)=1



S0, the area under the curve is:

¢ 1/3+2-49+2-4+2-29
lf[x}m=5_+273+1-4+| ]
1/3+98+8+38
:5_4{'.+E+I ]
=19.8

Hence, the area under the curve by the use of trapezoidal rule is approximately _

Use the midpoint rule to estimate the value of the integral:

[*f(x)ax
Consider the midpoint rule for n=6.
j-f[x]d.r oM, =4 f(x,l+ f(x=l+f{x]l
. +f (% )+ £ (x)+ /(%)
Substitute the value as shown below:
a=0andb=6
Ar=274
Con
_6-0
6

Use the equation x, =g+iAx tofind x,, i=0,1,2,3..6 :
x, =0
x, =1
x,=2
Also, consider the values shown below:
x=3
x, =4
x =5
Put the above values in the formula shown below:
f r(sae=1 [f(')+2f(2}+1f(3)+2f{4)]
d 2|21 (3)+2/(6)+ f(7)



Use the equations x, = %tn ind x, fori=0,1,2,3.6-

Consider the value of ;I:

.!fl-l‘-.fl',..l
2
1+0

x5 =

Consider the value of -‘-'_z:

— X +x
S
_2+1
T2
_3
2

Consider the value of _r_]:

- L+X
X, = 32 2
_3+2

2

_3

2

Consider the value of _1-_4:

XX

A, =

Consider the value of _1-_5:

— X +X
X, = 52 4
_o+4
2
.
2

Consider the value of x_ﬁi

X+ X
2

X, =

_n
2



Put the abowve values in the midpoint rule formula as shown below:
1 3 5

A(3)3)+ ()
7 9 11

+1(3)+(5)(3)

Observe the diagram to approximate the values f(%), f(i] f(u]:

[ 7(x)e=

27\ 2
6 “y

5

4

3

2

1

0

1 2 3 - 5 6 7

The approximate values are as shown below:

(e

f(%) = 4.8 Also, consider the values shown below:

5
e
f(r =22
f(— =36

f(H\ =33

So, the area under the curve is:
1 3 5
4 [ﬂ*f (EJ*f [E]
7 9 11
+f (EJ” (ﬂ*f (ﬂ

=1[44+47+26+22+34+33]

=206
Hence, the area under the curve by the use of midpoint rule is approximately _

F f(x)de=1



Use the Simpsons rule to estimate the value of the integral

[0 (x)ax
Consider the Simpsons rule for n=6.
5 Ax| (%) +4f(x)+2f (x)+41(x)
flx)de=S,=—
Jre) 3 [+2f(x.)+4f(xs}+f(xﬁ)
Substitute the value as shown below:
a=0and b=6

Use the equation x, =a+iAx tofind x,, for i=0,12,...,6.
Consider the values shown below:

x,=0

x, =1

x=2
Also, consider the values shown below:

x, =3

x, =4

x, =5

x, =6

Put the above values in the formula as shown below:
]’.f(x}dx=l|:f{l)+4f{2)+2f(3)+ 4;(4}]
° 3|21 (5)+47(6)+f(7)

Observe the diagram to approximate the values f(0), f(1)...f (6).

Ay

—_ D W th O

0 1 2 3 4 5 6

So, the values of the function at the above points are:

f(0)=3

f(1)=49

f(2)=4
Also, consider the values shown below.

f(3)=29

f(4)=3

f(5)=4

f(6)=1



Use the above obtained values io calculate the area as shown below:

jf(x)dr=l[3+4x4.9+2x4+4x2.9]
5 3| +2x3+4x4+1
1|3+19.6+8+11.6
T3 46+16+1 ]
=21.73

Hence, the area under the curve by the use of Simpsons rule is approximately |21.73 unit®|-

Answer 30E.
202-08.07-30E

L
1
1
1
1
]
1
1
1
]
]
]

‘We have the interval [0, 16] if we divide this interwal in to n =8 subintervals then

ﬂw=E=2
8

And subintervals are [0, 2], [2, 4], [4, 61, [6, 8], [8, 10],[10, 12], [12, 14], [14, 16]

Then area of swimming pool by Simpson’s rule

Ass ‘%’"[w(o) +4w(2)+ 2w(4) +4w(6)+ 2w(8) + 4w (10)+ 2w(12)+ 4w(14) +w(16)]
Ass %[0 +4(6.2)+2(7.2)+4(6.8)+2(56)+4(5.0)+ 2(4.8) +4{4.8)+0]

= %[24.8+14.4+ 27.2+11.2420+9.6 +19.2]
=84.26

[4584.26] m®

Answer 31E.

Apply the Midpoint rule on the given data, we have
2 129+ F(1.79)+ F(2.25)+ F(273)+ fF(3.25
§(yaems] 70210947229+ 0794£(329)
1 +7 (3715)+ £ (425)+f(475)
=0.5[265+3.1+345+3.7+39+4.05+4+37]
=14.275
Suppose Lf'(x)lﬂkfor a=x=hb If E, arethe errors in Midpoint Rules then
E(b-a)

[
|| 24x*

3
= 34) =0.125

248*



Answer 32E.

(@)
Consider the following table which represents the values of the function g.

X g | [x |9(x)

00|121| |1.0]|122

02116 |1.2|126

04|1M3||14]|13.0

06|11 16(132

08|17

The objective is to calculate J:i g(.r)dt by using Simpson’s Rule.

The Simpson’s Rule is defined as:

[ Fokie =5, =S5 (7)) + 47 (x) + 21 )+ -+ 2,0 )+ 47 (3, )+ £(5,))

b—a
n

Where Ax=

and x, =a+iAx

Given that there are nine values for the function gthen the number of subintervalsis »=§.
Thevaluesof x arefrom0ic 1650 g=0 from =16
Therefore

1.6-0
8

=02
Therefore

‘Ebg{-"}’t" =5,

= "3;2( F(0)+4£(02)+27(04)+41(0.6)+27(0.8)+
+4f(1)+2/(12)+41(1.4)+ 1 (1.6))

Ar=

02

3 (12.1+4-(11.6)+2-(11.3) +4-(11.1)+2-(11.7) +

+4-(122)+2-(12.6)+4-(13.0) +13.2)

Z']Tz{lu+45.4+22.6+44-4+23-4+43—3+25-2+52+‘3-2)

0.2
=—|(288.1

2 (288.1)
=19.206

~[1921]



(b)
Consider —5< g®)(x)<2for 0<x<1.6-
Need to estimate the error involved in the approximation for part (a).
The error involved in Simpson's Rule is:

K(b-a) {4
|Eg| < =31 where |g (x]EK for g<x<b

180n

since —5 < g“)(x)< 2. therefore for Simpson’s Rule error approximation |g“3'(_t] <5 for
0<x<1.6

Since the Simpson’s Rule error bound is

K(b-a)

E¢|<
| sI Isﬂﬂl

5
Now substitute K =5,a=0,b=1.6and n=8in |E | < M. obtain the error
180n

Answer 33E.

Consider the following graph which represents the temperature in a New York City on
September 19, 2009.

T(°F) A
70 P ol —
P ——
- — J_’r
60
N
50
40 “;
4 8 noon 4 8

The objective is to find the average temperature on that day using Simpson’s Rule with » =12.

Since the average value of a function on [a,b] is defined as:

1
S = EE Sx)dx
The Simpson’s Rule is defined as:
[ Flekie= 5, = 557 )+ 47(0) + 21 )+ -4 21(x, )+ 47(x, )+ £(,))

Where M:‘b_a

and x, =g+ilx
n

So the formula for an average value using Simpson's Rule is:

[ e~ s,

b—a

bla'%{f{.r.,h 41(x,)+27(x, )+

42 (x, )+ 41 (x,, )+ 1(x,)



Since the temperature readings are throughout the day, so g=0and p = 24. And also
n=12.
Therefore
24-0
Ar=——
12
=2
We are now in a position to calculate the average temperature using Simpson’s Rule:
1
S = Sl
b-a
1 24
=_— X
a0k Sk
1
=—35,
24 -

= %'%U(ﬂ)ﬂﬂlh 21(4)+41(6)+2/(8)+4/(10)+21(12)+

+47(14)+2/(16)+ 4 /(18)+ 2 (20)+ 4 1(22)+ (24))
=;—4%[6?+4(64.5)+2(62)+4(58)+2[55,5}+4(6|}+2(64)+4{6?.5)
+2(70.5)+4(69.5)+2(67.5)+4(66)+64 |
=—-§[6?+253+ 124+ 2324111+ 244 +128+ 270+ 141+ 278 +135 +264+64]
2
-—~§[2316]

=—-1544

Answer 34E.
202-08.07-32E

The given data is

Timet(s) |0 |05 10 |15 2 25 3 35 4 45 5
V(m/fs) 0 1467 | 734|886 973 |1 1022] 1051 ) 10.67 | 10776 | 10.81 | 10.81

Here width of the interval is Af=10.5

And
£o=0.2,=05¢,=1£,=15¢=21,=25¢,=31,=351t,=41,=45 t;;=5

Then we can estimate the distance traveled during 5 seconds as follows

Distance s Sy = %[v(zﬂ)+4v(zl)+2v(z,)+4v(z3)+ ...... +4v(5)+v{8) |

= %[0+(4x4_6?) +{2x7.34) +(4x8.86) +(2x9.73) +(4x10.22) +

(2x10.51)+(4x10.67)+(2x10.76) + (4x10.81) + 10.81]

= E[18.68 +14.68+ 3544 +1946 +40.88+ 21.02+ 42 68+ 21.52 +43.24+10.81]

3

_0.5x26841 44735 m

So the distance cowered in 5 seconds = 44735 m



Answer 35E.

0 1 2 3 4

L

6 i(s)
Fig. 1
This is given graph of acceleration a (t) of a car measured in ft / &

Now we can estimate the increase 1n velocity during 6 seconds by Simpson’s rule
as follows

Here we divide the time interval [0, 6] in to 6 subintervals, then Af =1 Seconds
V= j‘uﬁa(t)dt =5 = %[a(0)+4a(1) +22(2)+4a(3)+2a(4)+ 4a(5)+a(6) ]

132 23333
So V3773 fifs
Answer 36E.
r b
4
3 \
3 N
2
"\\\
"-N_‘-‘-_“

1

0 1 2 3 4 5 6 t(h)

Fig. 1

This 15 the given graph of rate of leaking water r (%) 1n hiters per hour. Time
interval is [0, 6]

If we divide the interval in to 6 subintervals then Af =1 and subintervals are
[0, 11 [1, 2], [2, 3], [3. 4], [4. 51. [5. 6]

Then we can eshimate the total amount of water by Simpson’s rule as follows
G F.¥
W:Lr(f.)dt 5 S = ?[r(0)+4r(1)+2r(2)+4r(3)+2!'(4)+4r(5)+r(6)]

= 1[4+4x3+2x2_3+4x1_8+2x1_5+4x1_2+l]

"3
= %[4 +12+44.6472+43+4.8+1]

W =122 Liters



Answer 37E.

The following table shows the power consumption P in megawatts in County S from midnight to
600 AM on a day in December.

t P t P

0:00] 1814 | 3:30 | 161

0301735 | | 4:00 | 1621

1:00 | 1686 | | 4:30 | 1666

1:30 | 1646 | | 5:00 | 1745

2:00 | 1637 | | 5230 | 1886

2301609 | | 6:00 | 2052

300 | 1604

Since power is the derivative of energy, the energy used from midnight to 6:00 AM is given by

L=l
the integral., I P()d - To calculate this integral, use Simpson’s Rule.
L]

j-f(.t)dras. =?[f{xn)+4f{.rl}+2f{.rz}+4f{;3)+___
+2f(x"_3}+4f{xﬂ_l }+f{x.}]

—-da
n

Here. nis even and Ax =

Since the power is given in a 30-second interval for six hours, there are 12 sub-intervals. Use
Simpson’s Rule to calculate 512.

8 =%[P[u:m)+4 £(0:30)+2(1:00)....+ 4 (5:30) + £ (6:00) |
=%[IEI4+4{1?35}+2(Iﬁsﬁ)+4{164ﬁ}+...+4{IEEﬁ}+2ﬂ52]
=10,177

Therefore. 10,177 megawatt-hours| were used from midnight to 6:00 AM.




Answer 38E.

202-08.07-36E

D
-

0.8

o /

Fig. 1

This 15 the given graph of D measured in megabits per second and time 15 1n
seconds. Time interval 15 [0, 8]. If we divide this interval in to B subintervals then
Af =1, then we can estimate the total amount of data transmitted during the time
interval [0, 8], by Sumpson’s rule as follows

Amount= _[:D(I)df.x3600 [Since time 15 1 hours and 1 hour = 3600 seconds]
[[D(t)at=s, - %[D[U]+4D[l)+ 1D(2)+4D(3)+ 2D(4) + 4D(5)+ 2D(6)+ 4D(7)+ D(8)]

= %[(0_35) +4(0.32)+2(0.41)+4(0.5)+2(0.51) +4{0.56) + 2(0.56) +4{0.83) +0.88

13.03 =
== -4_343
3
So total amount of data transmitted = 4.343 x3600 megabits
s |15636 | megabits
Answer 39E.
Consider the region
4
4 f_
S(x)
5 ~ \
/ \ <
>
ol



a)

Rotating the region about the x-axis, the region divide into vertical stripes is shown below.

&y
4 dx
Slx)——
2 flx)
/ :
>
ol 2 4 8 10
< x >
The obtained solid region is shown below.
',
4
2 a-=,/
Pa
.}'
0 ] 4 9 3
-2 e ——
\':-
-4 —

From the disk method the volume of the solid is

v =Jrjf1[,t]£fl'

Inthis case a=2,b=10

v =3Tf“{.r]cir

Using Simpson’s rule finds the above integral with 5 =8

h=b—a= ]ﬂ—2=l
n 8
x 20 3 4 5 1|6 7 8 10
f[,t] 0151192113 39 |4 0
f:{.r} 0225|361 (441|9]1521|16 0

i_f’ (x)dx= %{D+4{2_25] +2(3.61)+4(4.41)+2(9)+4(15.21)+2(16)+4(9) +0)



1
=—(150.84
1 (15084)

V = x(60.23)

~[189.28]

The vertical slice forms a shell shown below.

r— .
= ) =
flx)
2
X
—aal B
— = X
-
-10 | -B — | 0l ] —4-—-—1"&:3 10
H"‘-—- .--""""H

(1%

F .

We consider a vertical strip in the shaded region at the distance x from the origin. If we rotate
this reign about y — axis, then we get a cylindrical shell with radius x and height f {x] [Let the

given graph be the graph of the function f(x)]

Then volume of the resulting solid obtained after rotation is
V= Lm((:ircumfen:mc of shell) x (height ) dx
V=] (2xx)x f(x) dx
V= En'J;mxf(x) dx

Let F(x)=x f(x). interval is [2, 10]

If we divide this interval in to n = 8 subintervals then Ax = “]3_2 =1

And subintervals are [2, 3], [3. 4]. [4. 5]. [5. 6]. [6. 7]. [7. 8]. [8. 91. [9. 10]



Then we can estimate the volume of the solid by Simpson’s rule

V= h.%[F(z)MF[sp 2F(4)+4F(5)+2F(6)
+4F (7)+2F(8)+4F(9)+ F(10)]

V= 2.?.%[2.[0}+4.3.{1.5}+ 2.4(1.9)+4.5.(2.2)+2.6.(3)
+4.7(3.8)+2.8.(4) +4.9.(3.1) +10.(0) ]

v 321.%[0+ 18+152+44+36+106.4+64+111.6+0]

V= %[395.2] ~ 828

Cubic units

Answer 40E.

This table shows the walues of a force ﬁmctionf(x) where x 15 measured in
meters andf(x) in newtons

b4 0 3 6 9 12 |15 |18
fiz |98 |91 |85 |80 [77 |75 |74

Here Ax=3

Then we can estimate work done by the force in moving an object a distance of
12 m by Simpson’s rule as follows

W s %[f(ﬂ) +4£(3)+27(6) +47 (9)+27(12)+ 47 (15)+ 7 (18) ]

=1[98+4x9.1+2x85+4x8+2x77+4x7.5+74]

=98+364+17+32+1544+30+74
=1487

So work done | =148.70
Answer 41E.

To show that %(?; + M‘} =T,, first use the definitions of T, and M, to rewrite the left side
of the equation

%m+M.,}=%{Z;j[f(w2f{x.)+zf(x,J+---+2f(x,-.)+ftm]

L0 (w) (7)o S ()]

In the formula for the Midpoint Rule, x_ is the midpoint of m-1, x_]. Therefore, X, is halfway
between x0 and x1, X, is haliway befween x1 and x2, and so on. As a result,
Xy <X <X <X, €X,... <X, <X,

Define a new variable 1.as f,=x,. ,=X,. I,=X,. ;=X,. I, =x, and s0 on. Rewrite

%[7;4-,14“} in terms of ¢, _

%(?; +M,)= %{%[f{;,,)ﬁf(:,p 2 (t)+ 42 (tr,2)+ £ (12,) ]

+b%a[f'["i )+f{’1]+"'+'f[’:'_'}]}



Then combine the two halves of the result by rewriting the second half.

(T M_):%{bz;:[f(fo)+2f{r!}+zf(r‘)+...+2f{rh_])+f(.fl_]]

A2 1)+ 2/ (1) s 2 )]}
2(2:; [f{ )+ 21 (6)+2f (1) +-. 421 (1, )+ f (1) ]

Notice that because of the way we defined ¢, . the result is equal toT2n_

S(TeM)=T,

Answer 42E.

Calculate the period T using the formula below, where k =sin [%HUJ . g is the acceleration

due to gravity (9.8 m/ ¢*). L=1m.and g, = 42°.

T=4J§TL
g2 o J1-Ksin’x

Substitute the values of k, g. L, and 0 info the formula.

Jgslm IJI sin” 2I°sm x

Then calculate the integral I dx using Simpson’s Rule shown below.
1—sin®21°sin’ x

J-f(.t)drzss,=%[f{xu]+4f{.r,)+2f(:2)+4f(:3)+...
+2f (x,.)+41 (x.)+ f(x)]

b—a
—

Where n is even and Ay =

Use Simpson’s Rule to calculate 510. In the equation below, g(x)= Jl =y o
make the equation shorier
S, = :{zm;][g{ﬂ} 4g[zﬁ]+2g[m]+4g[i:)
(55 )(3)
Then calculate g(0). g(lﬂ] g(g] with the equation g(x)= 7 _Sinzlzlnsmzx _For

instance,

=1

g0)s———
( ) +J1-sin® 2I°s.m 0

g(i] = ' ~1.003152755
2 Jl-sinzzl"sin] =
20
Simplify S10.

m1[1+4(|.m3|52?55)+...+|.|4?35|597]
60

~ 7 [32.134349809]
60
~1.682550621



Therefore, [ = 1.682550621.
(1]

dx
J1-k?sin’ x

Finally, calculate T by using the original equation T =4 JE j' __d
[1]

g
T= 41’]7'“, -1.682550621
9.8 m/s’

=215
Thus, the period of the pendulum is about [2.15 seconds
Answer 43E.
. Msinlk
(7N dsin8)
k=r—— —@
F
N'=10000
d=10"m
A=6328x10"m
Then from (2) we have
(:rx10000x104_ sin 9)
- 632.8x107°
_ sn g
632.8x107°
Then from (1) we have
Si_‘[l.n[ Frsin & )
632.8x10°°
ife=10%
(@) A an’d
(632.8x10%)°
(6328x10°)’ x10% sin? (%]
=
= I8)= - -—
(8) alants &

We have —107% <8 <107¢
We divide this interval in n = 10 subintervals then
10°%+10°  2x10°°

10 10
= A8 =2x107"7

Subintervals are [ -10°,-0.8x10° |,[ -0.8x10°,-0.6x10° ],
[-0-6x107,-04x107 ][ -04x107%,-02x10 |, [-0.2x107,0],
[0.02x10], [ 02x10°,04x10° |, [ 04x10°,06x107],

[ 0.6x10%,08x10°], [ 0.8x10°,10]

A=

Then midpoints are —0.9%107°%, —-0.7x107°%,-0.5x10%, —-0.3x107°, —0.1x107°,
0.1x10%, 0.3x10%, 0.5x10°, 0.7x107°, 0.9x107®
By midpoints rule

Ii;[(ﬂ)dﬂss My, =AB[1{09x10° )+ 1{-07x10)+ __+7{0.9x10%)]

—0.2x10° [1 (<0.9x10%) +1{-0.7x10)+ .+ 1[0_9x10*‘)]
~59.41

0
=|[, . 1(6)do 5941




Answer 44E.

Wehave 7(x)=cos(zx)
Tnterval is = [0, 20]

And =10
Then ﬁx=§=2
10

Then subintervals are [0, 2], [2. 4], [4. 6]. ... [12. 20]

Then by Trapezoidal rule
_[:’".:os (7x)dxm Ty = %[f(ﬂ)+2{}’(2)+j(4)+j(6)+....+f(18))+f(20)]
= 1.[cosU+2{cos(27r) +cos (4Jr)+——+cos(183r)} +cos (203'!’)]

Since cosZum=1
Then T =[14+2 {1+1+1+1+14+1+1+141)+1]

T =1+18+1=20

So _[:n cos(7rx)dx s 20

HNow we have calculate the actual value

meos (mx)dx= [@:[ﬂ =0

Comparison:-

20
The actual walue of the integral is 0, because the integral_[] cos(@x)dx represents
the net area under the graph of cos (J'r;r:l . Since the graph covers same area below

the = — axis as above the = — axis so netarea=10

But for n =10, in irapezoidal rule, the portion of the graph lying above x— axis 1s
considered. So this is representing the area lying only above = — axis that 1s why it
15 not correct

Ifwe take n = 20 then we can get the same answer

Answer 45E.

Though Simpson’'s Rule will be more accurate than the right endpoint approximation for most
continuous functions (for any value of n), there are many different functions that this will not be

true for.

The function 7 graphed below is a continuous function because there are no jumps or no holes.
In this function, the right endpoint approximation with » =2 is more accurate than Simpson’s
Rule because the graph is very close to the two rectangles that the right endpoint
approximation is based on anyway. Since Simpson’s Rule is based on using parabolas o
approximate the function, it will underestimate the area under the function.

Zly
1-

X
0 A T Egl
0 1 2



Answer 46E.

Consider the continuous function f(x)=x” on the interval [0,2]

Area under the curve f {r} = sin x using Trapezoidal Rule is shown below:

4

Area under the curve f(x)=sin x using Midpoint Rule is shown below

4

0 05 1 15 2

From the above diagrams, loss of area by Midpoint Rule is more than that of Trapezoidal rule.
That is area by Trapezoidal is accurate than that of Midpoint rule.

Answer 47E.

Since 15 a positive function a.ndf'(x) <Qfora=x=b

So f(x) 15 concave downward in the interval [a, &]

So tangent line will be above the graph so mud point approximation will be
overestimation of _[: i (x)dx

So L f(x)dx <M,

Since f(x) 1s concave downward so the line joining the points (a,f(a)) and
(2.7 (#)) will be under the graph

Here 7, will be underestimation of [/ 7(x)dx
&
Then 7, <[ f(x)dx

Thenwe have 7, < [| 7(x)dx <M,



(a, fa))

Tangent

(b, fib))

Tangent

¥

Answer 48E.

Show that if f is a polynomial of degree 3 or lower, then Simpson’s Rule gives the exact

value of Eﬂx)‘fx

To prove thas, 1t 1s sufficient to show that Simpson’s Rule produces and exact value on

just two subintervals. therefore let the x values be x_,.X; and X, ;. These are the same
b—a

as x,_,.X; and X, where ﬂx:h:T_

Now. let f{(x)=Ax +Bx* +Cx+ Dand integrate it over [x, ,.x,., ]|
Therefore

Ef+ﬂ€+ﬂr+ﬂt

Using substitution, let u =x—Xx;,sothat x=u+x, and du=dx.
When x=x, +hthen u=x, +h—x,=h
When x=x, -hthenu=x,—h—-x,=—h

Therefore
f:,{r’ +BY +C:r+Dix=th(u+xif +Blu+x, ) +Clu+x,)+Ddu
=_|:m.:3 +bu* + du+ddu
Where a=A4
b=34x. +B
€=34x +2Bx,+C

d=Ax +BxX +Cx, +D
Now let g(x)=ax +bx’ +cx+d. this will be used later in the proof.

.[:lm.l3 +bu” + du+ ddu can be split into odd and even integrals:

Em’ +bu’ +du+ ddu =_|':mr’ +cwﬁ1+_|':bu1 +ddu

The first integral 1s odd over [—h,h] so 1t evaluates to zero, whereas the second 1s even,
50:

[ bu +ddu=2[ bu* +ddu

Using the integral formula-

Ix"dr=£+c
n+l



Then

2Lbu2 +ddu=2 " +du

{2
= g(zbh’ +bh)
=2 (g )+ 4g(0)+ gl0)

This is exactly the same as g{_ﬂxu)+4f(xi]+f(xm)) which is Simpson’s Rule with
two subintervals.

el

Therefore, if a polynomial 1s of degree 3 or lower, then Simpson’s Rule gives the exact

value of E Slx)e
Answer 49E.

To show that %[?; + M_} =T, first use the definitions of 7, and M, to rewrite the left side

of the equation
%[?:+M*)=%{t—:[f{xo}+ 2f{x,}+2f(.r,]+...+2f(x_t_,)+f(x_,]]

L0 (R) S ()t (5]}

In the formula for the Midpoint Rule, X is the midpoint of [xn-1, x,]. Therefore, X, is haliway
between x0 and x1, X, is haliway between x1 and x2, and s0 on. As a result,

X, <X, <X <% <X,...<X, <X,

Define a new variable ¢ as #,=x,. §,=X,. t,=x,. I,=X,. f, =x, and so on. Rewrite

%[?;+M_) in terms of f,
2T 0) =P (1) 021 ()52 ()4t 2 (602)+£ (1)

+b%[f{fl )+f{'3}+"‘+f[!:"')]}

Then combine the two halves of the resuli by rewriting the second half.

2 M) = HE 1(0) 421 (1) 427 (1) 427 1)+ £ ()]
27 (1) 21 () 027 6]

o[£ (6)+ 21 (1) 42 (1) +o 42 (1) + £ (1))

2(2:?}

MNotice that because of the way we defined f. the result is equal toT2n.

ST +M,)=T,



Answer 50E.

202-08.07-48E

‘We have Simpson’s approximation for the interval [xﬂ . x.]

If we double the number of n then subintervals will[xﬂ,fl], [fl,:.rl], [xl,i,],

[%.%]. — [%.x]
Where 5.5, 5. are the mid pints of the intervals
[xﬂ'xl]'[xlrxil ----------- [I._I,I.]

Then Simpson’s approximation for 2n

%[ﬁgx(f (n)+27(m)+2f (m)+ +7(x ))]+%[4f (®m)+F(®B)+ o+ F(R)]

=T+l
2 3

Sinve 7, = {7 (3)+ 27 (m)+ 27 (5)+=—+2f (52) + £ (=)
And M, =Ax(f(5)+/(BR)+——+f (X))

Thus we have |5, = %T: +§H.




