Exercise 9.6

Answer 1E.

Consider the predator-prey system:

dx

— =—0.05x+0.0001
dr W
dy

— =0.1y=-0.005xy

dr ) Xy

with(DEtools);

Sys = [diff(x(t), 1) = -0.5e-1"x(t)+0.1e-3"x(t)*y (1), diff(y(t), 1) = .17y(1)-0.5e-2*x(t)*y (1)},

DEplot(Sys, [x(t), y(1)], t=-10 .40, x=-1 _3/2,y=-1 . 3, [[x(0) =-2,y(0) = 5], [x(0) = .25, y(0) =
25]], stepsize = 0.5e-1, linecolor = blue, thickness = 2, arrows = slim, title =
Unstable*Equilibrium*Paint);

with{ DEtools):

Sys == {diff (x(1), 1) =-0.05*x(r) + 0.0001 * x(¢) * (1), diff (¥(r), 1) =0.1*p(r) — 0.005%x(1)
*1(r)}

DEplot(Sys, [x(1), »(1) .1 =-10.40,x=-1.3/2,y=-1.3,[[x(0) =-0.2, »{0) = 0.5], [ x(0)
=0.25, ¥(0) = 0.25]), stepsize = 0.05, linecolor = blue, thickness = 2, arrows = slim, title
= Unstable Equilibrium Point);
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The term —0.005xy decreases the natural growth rate of the prey and the term  0.0001xy
increases the natural growth rate of the predators so for this system the variable x represents
the predator population and the variable y represents the prey population.

When y =0, thatis the number of predators are zero then the prey population will increase
exponentially so the growth of prey population is restricted only with predators.

And also the predators feed only on the prey.

When yx =), thatis the number of preys are zero then due to starvation the predator population
will decrease exponentially to zero.



Consider the predator-prey system:

dx

dr

‘i’ =—-0.015y +0.00008xy

=0.2x-0.0002x" - 0.006xy

with(DEtools);
Sys = [diff(x(t), t) = 2"x(t)-0.2e-3"x(t)"2-0 6e-2"x(t)"y (1), diff(y(t), t) = -0.15e-1%y(t)+0. 8e-
4Ax()"y (1
DEplot(Sys, [x(t), y(t)], t=-10 .. 40,x =-1 . 3/2,y =-1 . 1.5, [[x(0) = -2, y(0) = .5], [x(0) = .25, y(0)
= 25]], stepsize = 0.5e-1, linecolor = blue, thickness = 2, arrows = slim, title =
Unstable*Equilibrium*FPoint)

with({ DEtools);

Sys == {diff (x(1),1) =0.2%x(1) — 0.0002* x(1)*2 — 0.006* x(r) *v(1),diff (v(1),1) =-0.015

*y(r) + 0.00008*x(r) *v(¢) }

DEplot(Sys, [x(1),p(1) .1 =-10.40,x=-1.3/2,y==1.15 [[x(0) ==0.2,y(0) = 0.5], [ x(0)
=10.25,y(0) = 0.25]], stepsize = 0.05, linecolor = blue, thickness = 2, arrows = slim, title

= Unstable Equilibrium Point);
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The term =0.006xy decreases the natural growth rate of the prey and the term 0.00008xy
increases the natural growth rate of the predators so for this system the variable x represents
the prey population and the variable y represents the predator population.

When y =0, thatis the number of predators are zero then the prey population will increase
exponentially so the growth of prey population is restricted only with predators.

And also the predators feed only on the prey.

When x =0, that is the number of preys are zero then due to starvation the predator population
will decrease exponentially to zero.

The growth of prey population is restricted only with predators.

The predator population increases only by encounters with the prey and the predators feed
only on the prey.

Answer 2E.

(a)
Consider the following differential equations:

% = 0.12x - 0.006x" +0.00001xy
!

% = 0.08x +0.00004xy

In the first differential equation, % increases because +0.00001xy gives a positive

contribution to the model % =0.12x - 0.006x* +0.00001xy.
f
So, it's a cooperation model.

In the second equation, % increases because +0.00004xy gives a positive contribution to
!

the model v =0.08x + 0.00004.xy.
dt ’
So, it's also a cooperation model.
(b)
Consider the following differential equations:
dx

r 0.15x-0.002x" - 0.0006xy
T

% = 0.2~ 0.00008y" —0.0002xy
)

In the first differential equation, ﬂ decreases because —0.0006xy gives a negative
dt
contribution to the model % =0.15x-0.002x* —0.0006xy.
f
So, it's a competition model.
In the second differential equation, % decreases because —0.0002xy gives a negative

contribution to the model %: 0.2y —0.00008° —0.0002xy.
f

So, it's also a competition model.



Answer 3E.

(a) Given differential equations are:

%: G_5x-0_004x1 = ﬂﬂﬂl:ﬂ"

%: 0.4y —0.001y* - 0.002xy

d —_— :
The rate -d—x decreases with increasing y.
4

d L :
The rate 2 decreases with increasing x.

dt
Therefore, the model describes competition.

b)
{0: 0.5x—0.004x —D.UD]A}*} -
0=04y—0001y* —0002xy
{D:x(D.ﬁ—U.DMx—U.UUij}{:}
0=y(0.4-0.001y-0.002x)

This system of equations has 4 solutions.
They must satisfy the equations:

x=0] |x=0 ,[0.5=0004x+0.001y
y=0 04=0.001y+0002x y=0

0.5=0.004x+0.001y
04=0001y+0.002x

0.5=0.004x+0.001
~(0.4=0.001y+0.002x)

0.1=0.002x

fv



x=50
0.5=0.004x+0.001y

0.5= 0.004- 50+ 0.001y
0.3=0.001y
y =300

Solving the previous equations identifies the four equilibrium points as:

x=0 ,
{ U}Thﬂfﬂ are zero populations.
y =

=0
{x 400}111 the absence of an x- population, the y- population stabilizes to 400,
y -

x=125
{ 0 } In the absence of an y- population, the x- population stabilizes to 125.
y =

x=50 .
Both populations are stable.
y =300

Answer 4E.
Establish variables:
Flies = P(rj

Frogs =Q(¢)
Crocodiles = R{¢)

Since the frogs need to eat flies, and crocodiles need to eat frogs, the right hand side of

dQ(¢
the equation defining % must contain two terms, one that depends on the flies and

frogs, and the other that depends on crocodiles and frogs.

The first of these terms has therefore the form X # (Pl[:) R, [I)) and the second term has
the form —K, 7, (Q(¢).R(¢)), where X, K, are positive constants and

A [P[.t) .0 (t)) f2 (Q (£).R [t)) are positive valued functions. The impact of these terms
on the fly and crocodile growth 1s quantified by the similar terms — £ 7| (P(zj . Q(:)) and
K. 1 [Q‘ (£).R [1)) respectively.

Because the population of flies will grow exponentially in the absence of frogs, the right

hand side of the equation defining @ also contains the term X, P(¢), where X is
dt

some constant. Then

dP(t)

T= ij[g)—stl(P(E).Q(i))

EBecause the population of crocodiles will decay exponentially in the absence of frogs, the
dR(t)

right hand side of the equation defining r
i

also contains the term —&, R [.f,) , where

£ 15 some constant Then

B - Kk + K (010).R()



Because the population of frogs will decay exponentially in the absence of flies and
dQ(t)
dt

crocodiles, the right hand side of the equation defining contains the

term—K,Q(¢), where X, is some constant. Then

%[‘L—K.,.Q(zﬁg A(P(0).2(0)- K4 (000).R(0))

Answer 5E.
(a)

The phase trajectory for populations of rabbits (R) and foxes (F ) 1s shown below

1004 F

300

200

100 t=0

0 400 800 1200 1600 2000 2400
Carefully observe the above diagram

Initially the number of Foxes gradually decreases and the number of rabbits speedily
INCreases

Then the numbers of foxes begin to stabilize, the number of rabbits increase very quickly

Then the number of foxes rise gradually, as the number of foxes begins to stabilize
Then the rabbits begin to decrease suddenly while the number of foxes increases at a
reasonable rate.

The number of foxes then stabilize while the number of rabbits keep decreasing , after
which the number of rabbits drop sharply, while the number of foxes fall moderately



(b)

The rough sketch of graph of R as a time

2000

L 4

0 10 r

The rough sketch of graph of F as atime ¢

A
F
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Answer 6E.
(@
Consider the differential equatiunﬁ =0 UEP[I—LJ—L‘
dx ' 1000

As a model for a fish population, where ¢ 1s measured in weeks and ¢ 1s a constant.

Draw a direction fields for various values of ¢ using CAC.



For ¢ =0 , the maple command 1s

with(DEtools):

with(plot):

dfieldplot(diff{y(x),x)=0.08* y(x)*(1-y(x)/1000)-v(x),x=0..100,v=0..1600 color=blue);
> with{ DEtools) :

with( plots)
> dﬁerdphrr[dfﬂ't,rm. x) = 0.08-y(x)- [ s %%]-,lel- =0..100, y = 0..1600, color

- h.fr.rf];
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For ¢ =1, the maple command is

with(plot):
dfieldplot(diff{y(x).x)=0.08*y(x)*(1-y(x)/1000)-1,v(x).x=0..100,y=0..1600,color=blue);
> with{ DEtools) :

with( plots) :
> dfiefdp!uf[d:’ﬂ'[,r[r].x]l =0.08y(x)- [ o —ﬁ‘%] — 1, ¥(x), x=0..100, y = 0..1600, color

= bhu"]:



Sketch the direction field of the differential equation
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For ¢ =-1, the maple command is

with(DEtools):

with(plot):

dfieldplot(diffiyv(x).x)=0.08 *v(x)*(1-y(x)/1000)+1 ¥(x).x=0..100.y=0..1600_color=blue);
> with( DEtwools) :

with{ plots)
> Qmmbb{ﬂfU{ﬂJ)=Oﬂ&ﬂx}(l—Jiﬂ-]—Lthx=ﬂJU&y=0J&mebr
1000
= bfue]‘.

Sketch the direction field of the differential equation % =0‘08P(1—%)+1
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For ¢ =2 , the maple command is

with(DEtools):
with(plot):
dfieldplot(diff{y(x).x)=0.08*y(x)*(1-y(x)/1000)-2,y(x),x=0..100,y=0..1600,color=blue);

> with{ DEtools) :
with| plots) :

> ffﬁefdp!ﬂ.‘[dfﬂ'[_l‘[.r]..r] =0.08-y(x)- [ 1— .-Il%%] — 2, ¥(x), x=0.100, y = 0 .1600, color

= Huf']:

Sketch the direction field of the differential equation g = GLCIEP{I - i) -2
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For c=-2 | the maple command 1s

with(DEtools):

with(plot):
dfieldplot(difi(y(x).x)=0.08*y(x)*(1-y(x)/1000)+2 y(x) x=0..100.y=0.. 1600 color=blue):
> with| DEtools) :

with{ plots)

> dﬁeMp!nr[dfﬂ'[y[x]. x) = -::u,os-,;m-[ | — %] +2,5(x),x=0..100, y = 0..1600, color

- hfue']:
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From the direction fields in part (a), the equation £=0.08P

autonomous, so the slopes are same any horizontal line.

PJ )
—C 15

p [l‘m

Sketch the solution curves with initial population P(0)=100,P(0)=400,P(0)=1400
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From the above graph, the differential equation % =0.08P[1—m)-c has the

equilibrium solution for ¢ =1 .

Note the differential equation has at least one equilibrium solution for ¢ <20



. . . . dP P
Consider the differential —=008P|1-—— |-c¢
ons1 e equation g ( 1 J
Let f(P):O.OEP(l—LJ
1000

The term f(P):U_OSP(l—%) represents the rate of fish population and ¢

represents the harvesting rate

Rewrite the equation as

f(P}zo.OSP(I—%)

p
0.08P*
=| 0.08P-

1000 J

_ (0.08Px1000—0.08P>
g 1000

- fogz](tmop P)

The reproduction rate approaches maximum value at f'{P) =0 .s0

r(P)= (008](1000 2P)=0

()
Since the solution of the differential equation g =0 GBP[I——J—)—J—C 1s
dc 1000
K-F
= where A = _
i 1+A¢a“h P,

Using the above expression P(x) ., imP(x)=1000 this is to be expected.
I—m

Solve the equation (:} 8){1000 2P)=0 for P

[l"ogf))(moo 2P)=0

1000-2P=0
P =500

Find the second derivative of f(P)= 0.0SP[I - %J

0.08
7(P)~{ g )2 <0
The second derivative 1s negative, so the maximum reproduction rate 1s

f(soo}:n_oazxsm(l—%}

=20
If the value of ¢ exceed this value 20, the production rate P will be negative for every
value of P

Therefore, fish population will always die out for ¢ > 20.



(c)

For ¢<20,

Sketch the direction field for the differential equation % =0.08P[l—i)—c
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For ¢>20 ,

Sketch the direction field for the differential equation
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Answer 7E.

If we plot the points found at £=0,1,2,3,4,5 we can roughly sketch the phase trajectory.



t Species 1 Species 2
0 100 50
1 220 95
2 75 195
3 50 125
4 55 60
5 100 S0
Phase Trajectory
250
t=2
200 -
@ 150
3
1
5- v t=1
50
=4 =05
0
0 50 100 150 200
Species 1

Answer 8E.

If we plot the points found at £=0,2.5,5,10,15 we can roughly sketch the phase

trajectory.

Table showing the populations of two species:

t Species 1 Species 2
0 200 700
2.5 200 150
5 1200 100
10 1200 200
15 1200 200

Figure showing the phase trajectory of given species:

Species 2

700 800

Phase Trajectory

t=10,15

B

=5

900 1000 1100 1200 1300 1400
Species 1




Answer 9E.

We need to solve the given differentiable equation

dW  —0.02% +0.00002RW RO 008
T + to show —gmmg gmmw = C
dR 0.08R-0.001RW e 2"
Now

dW  —0.02% +0.00002RW
dR~ 0.08R-0.001RW

_ W (~0.02+0.00002R)

© R{0.08-0.001%)
Separating the variables we get
R{0.08—0.001%)dW = W (~0.02+ 0.00002R) dR
_ (0.08-0.00W% )W  (-0.02+0.00002R)dR

W R

On integrating we get
l (0.08-0.001F)dW I (-0.02+0.00002R)dR

W R
=0.08In#¥ -0.001 =-0.02In R+0.000028 +

Here ) isthe constant of integration

We have
0.08InW —0.001F =-002ln R+ 0.00002R+¢
= 0.081n ¥ +0.021n R = 0.00002R+ 0.001¥ +C,

=In W"* +1n R°™ = 0.00002R +0.00 % +C,
=n (W R%?) = 0.00002R +0.001 +C,

= WGIBRU.IH - gnmm&&mlmq

000002R 0DOLW G
=& @ e

- eunmmxeummc ( Lcteq = C-)

o WU.EISRD.EG i EDMRQUHJIWC-

Wanaan

=C= Smmromw
e g

Figure showing the solution curve that pass through (1000,40):

(1] =T 1 n Las L 1 s
o 500 1000 1500 2000 2500 2000

R




Answer 10E.

(2)
Consider the equations

=2A4-0.014L

=—0.5L+0.00014L

SHESEAES

Find the equilibrium solution

Both A and L will be constant if both derivatives are 0, that 1s

(1)

24A-0014L=0
—0.5L+0.00014L =0

Solve the system (1)
One solution1s A=0,L=0
Thus, (D,ﬂ} 1s one equilibrium solution

The other constant solution 1s

24-0014L=0
0.014L =24
_ 24
0014
L=200
And
0.0001L4L =0.5L
. 05L
" 0.0001L
A=5000

So, the other equilibrium solution 1s (A,L) =(5(HI}, 200)

This means that 5000 aphids and 200 lady bugs are the nght size that there are no
changes in the size of either population.

(®)

: : dlL
Find on for —
an expresst FT

Use the Chain Rule to eliminate £ -

dL dL dt
di d dA
=(-0‘5£.+u.moua)(;J
24—001AL
_ —0.5L+0.00014L
T 24-0014L
dlL _—0.5L+0.00014L
d4  24-0014L

Thus,




()

Comsiia i SRl e . SN 004

dA 24-0014L
The phase portrait is shown below, the point inside the solution curve is the equilibrium
point
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The rough sketch of graph of F as a time ¢
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Answer 11E.

We will examine the following Lotka-Volterra equations:

% =0.08R(1-0.0002R)- 0.001RW

% = —0.02F +0.00002RW

Where R 15 the population of rabbits and W 1s the population of wolwves.



(a)In the absence of wolves the rabbit population satisfies the equation:

‘;’1_3 - 0.08R(1- 0.0002R)

dR
=
0.08R(1-0.0002R)

We use partial fractions to prepare for integration:

1 __ 4, 3
0.08R(1-0.0002R) 0.08R  1-0.0002R
~ A-0.00024R+0.083R
0.08R(1-0.0002R)

= A=123 _boooz_ 0.0025
0.08

We can plug these values back into the equation:

dR 0002598 _ 4
1-0.00028
Integrate:
1) ) 1
R_, o.oozqum
Rt 1-00002R (¢
=125In [) —0'0025111 [) =
R(0)) 00002 | 1-0.0002R{0)
Simplify:

. R()™ (1-0.00028(0))™
R(0Y** (1-0.0002R (£))"

R(r)(1-0.0002R(0)) L,
R(U)[I—U_OUUE:R[L))_( )

(1-0.0002R(¢)) (1-0.0002R(0)) . -L
N R{z) B R(0) ()
= % = 0.0002+ e 0'10(002)3 () (er)%

1 (1-0.0002R(0))
= m= 0.0002+ R([])
R(0)

= Ri)= 0.0002R (0)+{1- 0.0002R (0)) ™™

Taking the limit of R(¢)will tell us what happens to the rabbit population in the absence

of wolves.
0
lim R(£)= lim R( ) = ! = 5000
4o trio U.DUUZR(U)H:I—U.OUQR (Uj)e ' 0.0002




(b)Both R and W will be constant if both derivatives are zero:

Equilibrium occurs when ﬁ = fﬁ =0
dt dt
0.08R{1-0.0002R) - 0.001R¥ =0

{-U.U2W+U_DUUU2RW =0
:{U.USR—I.E %107 R* = 0.001RW =0

=0.02 +0.00002RW =0
:}{U.USR—I.G x10~° R* - 0.001RW =0

W(-0.02+0.00002R)=0
(W =0, R=0, zero populations
(1) ¥ =0, R=5000, in the absence of wolves the rabbit population will be 5000

(1) W =64 , R=1000, both populations are stable

{c)The population stabilizes at 1000 rabbits and 64 wolves.
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