Exercise 15.3
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Given Integral is J':, J (1+2y)dydx

T

420 +2)dydx= [o[y+y"] dy

0
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Given Integral is ﬁ' | i—”' xydxdy
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We have the double integral _” Cos IZ.S‘E:] i dfs .
0

Let us start by removing the innermost integral

15

IICQS (53) dids = iCOS(SE:Ii]: ds

oo

The integral is simplified to [ & casl[sz:] ds .

o —

Mowr, let us evaluate the outer integral and apply the limits.

; 3y L
_i-s2 cosl[s3) ds = o (S :I
0

3
0
_ sl
3
: : sin 1
Thus, the tterated integral evaluates to 5 |
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We have the double integral _” 1+ 2" dwdv.
00

Let us start by remowing the imnermost integral
&

1 1 &
1+&" dwdv = |wfl+e" | dv
1 e

o ]

2 g1+ &' dv
1

The integral 1z simplified to _Ilev 1+e" dv.
0

2 P—



Mow, let us evaluate the outer integral and apply the limits.

2 L
1 2(1+2)"
_Ile" T e e S
3 3
0
£ 3

Thus, the tterated integral evaluates to gfl + e:l
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e x B ¢ B " — L 2
Given integral is = Fey j?__{_ ¥y dxdy

] W

== J_E _]3_ {V:EI._{ +2) 'd ¥
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o . I rx® ¥
Givenintegralis = [, [5 —=— dxdy
= i :
i i i x
.
= Jo [—] dx
e o | =
0
_ 1 .
i ?Jr 5 dx

Let x* +1=¢

Therefore 5,1:4{:[1 = dtm’r“dx =dt/35

Mew limits for t =1 to 2.

2Itlt
fl,—?

I'-ull--

Now integralis =

= 4 [Intl]

i
ﬁ[lnz—lnl]
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¥ = §inx

Given integralis = [{ J‘_y-:n xdydx
= [3xD1™ dx
= [pxsinx d x
= [—xcosx]g — [ 1.{ —cosx) d x

= |:—’.=TC{'.ISﬂ‘ + []] + [sinx]g

= —qg{—1)+sinw —sinl ==«
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Consider the following double-integral:

Limits of integration are as follows:

I€x<e
et B

Use (2). you can rewrite (1) is as follows:

- |nﬂx}

f I ,‘:3@&1: [3}

10
To compute a type | double integral, it is first necessary to establish the order in which you
integrate the variables.
In this case, starting with the inner-most differential and moving outwards, first integrate our
function f{x):fwith respectto y from ( to In(x) and integrate the resulting function of

x with respectto x from 1to e.

Integrate with respect to y and taking the limits of integration, we get:

y=Infx)

H x'dA = jx yd.r

]

jx‘ dx
|

=;ix3 In(x)dx .. (4)

Now, you have a single-variable integral, which we can solve with integration by parts if we let

4
v=In(x). and du=x3dx, thereby making v = lc,,{;, and y = &+
X 4

Now integrate (4) is as follows:

A+l

i

n+1

jl;xl In(x)dx= %In (1‘]:

—j'i—d‘%dx Since fx”d.r= %
1

3

=%In[e}—{—]j—ln{l]—j:;%dt

3t 1
+ 2
16 16

3
Therefore, the double integral of H'ﬂ' dAjs
]
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& plane region D 1s defined as type Tif it lies between the graphs of two

continueus functions of x, that1s, 0 = [[x y) | S Loty T (x) St gy (;{)} :

MNow, aplane region of type I can be expressed as

D={{xy)|ezsysd nly)sxsi(y)}

{a) Mow, let us sketch the region which 18 type I and not type I

(b} sketch the region which 15 type IT and not type L
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(a)

Draw an example of a region that is both type | and type I1.
A plane region D is defined as type | if it lies between the graphs of two continuous functions of

x, thatis, D = {(t v)jasx<b g(x)sy<g, [r)}

A plane region of type Il can be expressed as D = {[.r y}| csysd, h,{y} ke hz{y}}.
Consider a region g bounded above by :,E below by }.r:xi,

Type [ region : dyelx :

Region g is shown below:
&

On the region R:

The variable y enters at _;.-:f and leaves at y = ‘ﬂ
And the variable x varies from y=010 y=1.

The region can be written as R = {{,a.;_p)l x*<ys Jx.0<x< I},



Type Il region : dxdy:

Region g is shown below:
F 3

On the region g:

The variable x entersat x = y* and leaves at -‘f=~j;~
And the variable y varies from y=01t0 y=1.
The region can be written as R:{(.r,yﬂﬂ <ysly’£x< \E}

Therefore, the region R can be expressed in both the Type | and Type |l regions.

(b)

Draw an example of a region that is neither type | nor type Il

Consider a region ® bounded by the two curves y—x; and J:=£_
= 4

Here, the region g can be expressed neither of type I, nor of type Il regions.
So divide the region g into two regions R, and R, oftypelorll

And break the integral into integrals over the sub regions and use additivity of the integral to
evaluate it.

Divide the region g into two regions R, and R, oftype I

I
The region R, can be writtenas R, :{[r,y}mi xi&% <y i.rl}.

|
The region R, can be written as R, ={{L_}’}|—3£I£ﬂ,x3 i'yii}'



Observe the below figure:

8.2

|

1 2 3 4 5 6 7 8 910

B T 6 5 f A5

-9

(—8.~2]

—



Divide the region g into two regions R, and R, of type II:
The region R, can be written as R, :{[.I’,'}-'}L}J'j £x£4}=,ﬂ£}r£2}.
The region R, can be written as R, ={{x,y]| -2<y< ﬂ,4y£_r£y3}.

Observe the below figure:

1 1 L 1 1 1 1
Ll T ¥ r Ll I I |

g B 47 = : 2

-4 -3
1
—— y:x3
— y=2
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Consider the double integral,

Hm'ﬂ s 9)

o
Enclosed by the lines y=x, y=0, and x=1

Type I:

Therefore, the limits of integration are

0<y<x
{ YV @

D=x=l

Rewrite the equation (1), by using the limits of integration in (2), to get:
|l x
H xed = Ideydr
1 LR
To compute a type | double integral, it is first necessary to establish the order in which we

integrate the variables.

In this case, starting with the inner-most differential and moving outwards, so first integrate our
function, x, with respect to y from 0 to x and integrate the resulting function of x with respect to
xfrom0Oto 1

deA :_If:cydxl:x
o [ =0
=j‘(x2 —Dx)d.r
1]
=j,r2dx
]
|
z;u
_re
g 3
=3,
3

Thus, the value of the double integral is ﬂ'm',a' = _
1»



Mow,

Type Ii
The region D={(x,y):0<y<ly<x<l|

Then, the double integral is.

H xdA= j-j xelxcy
-i[5]
-3[0-7)

4]

Thus, the value of the double integral is de_,{ =_
AL

W= pa|= | =

T,
I
| =
—

.
td | b
N

=

[ B8

Therefore, in two types, the value of the double integral is,

Hnm=%.

i
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Consider the double integral,

nyﬂ'f! o E)
2]

Enclosed by the lines y=x* and y=3x.

To find the limits of integration, we must set the curves equal to one another, yielding:

¥ =3x
X =3x=0
x(?:--—x)z 0

x=0.23



Type I:

The limits of integration are

Rewrite the equation (1), by using the limits of integration in (2), to get:

3ix

‘gry dAd = _!i xydydx

To compute a type | double integral, it is first necessary to establish the order in which we
integrate the variables.
In this case, starting with the inner-most differential and moving outwards, we see that we will

first integrate our function, xy , with respect to y from x2 to 3x and integrate the resulting
function of x with respect to x from 0 to 3.

_tx
!!xydd-! 5 dx

y=3zx

I
= e
-
—
el
-
"-.,-:'u
—
e
=

=i (9,1:2) g x{x“)]dx
oz 2
= _'[{Qx?'—tj)dx
1f9x* x°
:ERT_?JU
_1(903)" 3)°)_1[9(0)" (o)
_E\__- 20 4 6

"?( : J

_2
B
. . 243
Thus, the value of the double integral is ny dd = =
i




Now, Type I

The region is D:{[r,y}:ﬂiyﬁgﬁéyﬁxiﬁ}

Then, the double integral is,

([~ oy

_ 243
8
: : 2435
Thus, the value of the double integral is ﬂxydA = ? !
]

Therefore, in two types, the value of the double integral is,

H.tydA =? g

[
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Consider the double integral H}*'dff_ where p is bounded by the curves yp=yx-2 x=y’
il

The objective is to set up the integrals for both orders of the integration.

Let / be the indicated integral. In order to set up the integral integrating first on y it is helpful to
graph the region of integration and include a vertical line in the middle.

sy

The left boundary is the curve _1':_}.?3 and the right boundary is the line y = x-2. The vertex
at the bottom is the point {l,-l}: the vertex at the upper right is [4,2)__ and the left-most point
is [{LIJ]_ A vertical line left of y =] will have both ends on the curve x = y* while a vertical
line to the right of » =1 will have one end on the line and one end on the curve.

The region to the left can be described as _ﬂg y< .J; and (< x<1. The region to the

right can be described as y-2<y< J} and ]< y<4. Use this information to set up the
integral.



In order to set up the integral that integrates first on y it is helpful to graph the region of

integration and include a horizontal line in the middle.

51y

Every horizontal line will have one end on the curve sz and the other end on the line
v =x—2. Therefore the range of the variables can be described using the inequalities
}.-? <x<y+2and -1< y<]. Use this information to set up the double integral.

1 j'1j vexdy

i
-1 3t

Neither integrand is going to present much trouble so integrate on x first in order to reduce the

amount of arithmedtic.

¥

= .Irydxdy
v

=

(xp)'2 dy

¥

e 1 I__',I-\J

y(y+2-y)dv

(=0 +27 +2y)dy

|_ e s



Continuation of the above step:

Thus, the value of the double integral is Hﬁm = E ;
]

4
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Let us consider H}’zfgif«‘t D is bounded by y=x,y=4,x=0
i

It is easier to set up a double integral after graphing the region. To integrate on y first it is
helpful to include a vertical line within the region. The graph is shown below.




MNote that y runs from the line y=x upto the line y=4. The line could slide left as far as
x=( and to the right as faras y=4.

Using I/ to denote the desired integral it can be set up as:
4 4

I= ”yze*"dydr
0 x

For guidance in setting up the integral on x first it's helpful to have a horizontal line inside the
region of integration.

-5

w

This graph illustrates that x ranges along the horizontal line from O to y. The horizontal line can
slide as lowas y=0andashighas y=4.

Therefore, the integral can be set up as:

Ve dxdy

g

{=

= e

-



The former integral requires integration by parts (applied twice) to deal with Iyze‘rnfy while

the latter integral can be handled easily. Integrate on x first. The first step is to factor out the
J.-Z which is acting like a constant during the inner integration.

Let 4 = _}73 then du= E}fd_].-’

50,
L=< (20 )@= [ ()

- llfe"du -J':[ ¥)dy

=%(e"’—l]—8

1e 17
2 2
=%(e”’—]?}

Therefore, the value of the integration is .l_(g"* | ',r) .
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Consider the integral,

H.r:os_v dd (1)
i

Dis bounded by y=0. y=x" andx=1
When y=0 = x*=0

= x=0

Sketch the region bounded by y =0, yp=x® and x =1

x=1
y=x
iy
=y
| X
-
2



Note that the region D is a type | region of the form D = {[L,}-‘}i a<x<bhg(x)sy<g, {y}}

The region D is shown in the graph very clear. So, the region bounded by the curves is
D= {[x,y}:{]'ixil._.ﬂiyixz}

As this represents xy— plane, dd = dydx

Use this limits to find the integral over D.

From (1)

H_rc:(:-sy dd = j] xcosy dydx

] (i ]

= jx, sin y ]; dr Use j‘ms xdy =sinx+C
]
I

= I.rsin.rzdx Apply the limits of y ...... (2)
]

To evaluate (2) use substitution.
Substitute 2 =
Differentiate on each side

2xex =du
xdy = % Divide by 2

Change the limits of integration
When x=1 then n=10
And when y=1 then =1

So,

1 |

—— . du
fxsmx d.r=j51m; —
] (1] 2

1J' T |
=—|5N —
2002

1
:%[_cusu)} Use j-SiI'I_Td_T =—cosx+C
i

=%{—cosl +cosl}] Apply the limits of integration

=%[—cosi+1) Use ¢osi=1

|
=—(1-cosl
2[ cosl)

Thus, the value of the integral (1) is %(1_;;@51) ;
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Let us consider H(IE +2J-‘)¢‘L D is bounded by _1.r=,1-,_1,==f,_rg 0
I»

Now evaluate the double integral.

The integrand does not favor one order of integration over the other. The region of integration
is both type 1 and type 2. Therefore integrate first on y in order to keep whole number
exponents. To set up the integral in the order y first then x it is helpful to first graph the region
of integration and include a vertical line in the middle.

F

27y

1.57

“2 1+

Find the Point of intersection of the two curves

Equating two curves _y:_r-‘ in y=x

xX=x

X -x=0
x(x‘j‘ ﬂ])zﬂ
x=0,1-1

But here given x>0

Then the points of intersection of curves are (0,0),(1,1).



Region p can be expressedas D= {[x,y)mﬂxﬂ Lx' Eyﬂx}whiﬁh is of type-1.

If f(x,y) is continuous on type-l region p such that

b= {(I,y) lasx<h,g(x)sysg, (1)} then

b ogaix}

Hr{xy}-:m [ [ £(x.y)dydx

a g (x)

MNow

f(x +2_p

o

(A + Ey)c.ﬁ?dr

T

2 2
|:.l.’ V+y ]-L:dex

N

[.r] +x* = ~xﬁ)dx

I

Continue the above

Therefore, H(:r3 +2_]’)d.-‘i ==

o

et Y

[Sin{:t-,_[l ‘dy = —h—]J
n+

ma+l

; , -
[HII‘JCE _[.1.' " = ——
-+l

h
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The objective is to evaluate the double integral HJ*‘1 dA4 here p is the triangular region
H

(0,1),(1,2),(4,1).

The region of the integration [ is:

A
251F

(1.2)

1.57

(0.1) (4.1)
0.5;

X
L

0 i 2 3 & B

Determine the equations of the line passing through points (0,1) and (1,2).

y—l=f_l

(x=0)

y=1=1:-x

y=l=x
The equations of the lines passing through points (1,2) and (4,1).

1-2
v—2=——(x-1
’ 4~l{ }

|
pm === x =1
i} 3(x=1)
=3y+b6=x-1
x=T7-3y



The range of ¥ in the region is from 1 to 2.
Thus. the region of integration is D={(x,y)|y-1<x<7-3y,1< y<2}.

The integral is:
Q’ ydd = f [/ dsay
f r A dxdy
[ 4
= ﬁ? -3y=-y+1]y'dy
j (8=4y)dy
=[[ (85" -4y")

Integrate with respect to » and apply limits from 1 to 2.

Therefore, the value of the integral HJ’I dA is
0o
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Consider the double integral,
H:ryla'f!
i

Where pisenclosedby xy=0 and ,= |"1—_;|f3.

The objective is to evaluate the given double integral.



Sketch the region of integration as follows:

4y

1s

W o

_____,...-FH

[

¥

Find the region of the integration as follows:

From the curves y=0 and y=f1—y?,

-y =0
y' =1
y==*]

Thus, the region of the integration is,

a:{[x._r}mgxg i- 7 1<y <]



Substitute these values in integral ﬂxy:dfi.
L¥

H xdd = j EIT.- xyv dy dy
i o |

=y

¥ I xdx |dy
0

Il

Continue the above step,

H v dA =% j‘ (_1?3 — }a’y

] -1

2 I . . g il " ~ -
=EI(}" -y }afv Since f(y)=»" —y* is an even function
L]

{2
A )
I 1
1
5-3
&
2
15

Thus. the required value is H-‘-’J":df’f =2 i
i

15
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_[I[Ex—y).:iﬂ . where D 15 bounded by the circle centered at origin with radius 2,

1e



Il
l._ulm Ll | N ;-,_-,‘—ib-"b_-,'—ib—"m'—ib-"
m
| =
.r_h.
= =
S i
=]

=~
[4Jf — 4=y [4Jf)y4y]cfy

I
[=]
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To evaluate ﬁh;rdﬁ_ where D is the triangular region with vertices {ﬂj},(lj],{ﬂj].‘
i

The sketch of the triangular region D is shown below:
M
y

w

C(0,3) \

B(1,2)

S
-

0,0) | A

Equation of side AB is,

N T X
Y—=» I:"Il{x .1‘,)
2=0
O O { R
y —5 (x=0)

=y



Equation of side BC is,
J’t_}'l(
X, =X
3-2

1=2=—(x-1
S e

y-n= x=x)

y=2==x+]
y=3-x

Then from the equations of ABand BCis D= {[r,y}; 2x<y<3-x,0<x< I}

So we can evaluate the integral as,

J=x

Hzxy dd = j _{ 2xy dydx
7 0 y=2x
= ix[ T Ej:ddex
0 y=2x
1 2y s+l
z’!x[zh%}r:h dx USE !‘y”"‘f’:: :'f'l,n#_l

Continue this,

Hny dA = J.‘l.‘ [—313 —bx +9] dx
1¥ 0

j[—h" ~6x” +9x | d
0

I
[_—3x4 -2x +Ex1}
4 2

0

=_—3—2 +E—D
4 2
2
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Consider the plane equation z =1+ x*y°

The region enclosed by the parabola x = _1;3 and x =4 which is shown below.

31F¥

The objective is to find the volume of the solid.
The plane is, z =1+ x%y?

And

Thus, y*<x<4 and-2<y<2

Hence the region D= {{.r.y}l_yrl <xs<4, -2<y< 2}



Now the integral becomes,

L\

b

+

|2

Iﬁu

|

I~
i S
Al [

61, (2)
=2|4(2)+—(2) -
4250 2_,]
i
=2 3+ﬁ__£]
. 9 27
_2’116+I4ﬁ4—511]
L 27
2336
27

Therefore, the volume of the solid is

V

2336
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Consider the surface z=xy _.__. (1)

And triangular region with vertices [L,I]i{f-i‘ I}and {I.E}

Find a region D such that volume the surface lies under z and above the triangular region.

To find the region find the equation of the sides of the triangle with the vertices
(Iil],{ii,l}and {I,Z).

Find the equation of the sides by finding the line joining two points.

The equation of the line joining (1,1) and (4,1) is
P =m[1_xn}
1-1

l=—(x-1
Felmglel)
y=1 =-D(x—|]
y=1
The equation of the line joining (1,1)and (1,2) is

y—l=%{x—1)

y—l=%(x—l]

x=1=0
x=1
The equation of the line joining (4,1)and (1,2) is

2—1
= 4
y-l=r—r(x-4)

y-1 =—%(-*~‘—4)

-3(y-1)=x—4 Muttiply by -3 on each side

=3y+3+4=x
x=T7=3y



Sketch the region bounded by this points,

3y
| E
W
Wl
- 1
X
+ =
0 3 4 5
i L. A




From the figure, it is clear that the area of the region bounded by these vertices is of type | and
Is given by

D={(xy)l<y<21sx<7-3y} ... (2)

Find the volume of the surface xy above D.

273y

[fxy da=| ! xydx dy

(i} ]

—
=

5 pr=T=3p
lfx?] dy Apply the integration with respect to x
yel

o = Sm—

[ N1l e
=!E[{?-3}} 1 ]d_} Apply the limits of x
=%j}r{43-41y+9}*3]:{r

2
=E!{4E}'-42_}-2+9y'1]dy
1

L | .

§ l": 2 ¥ ¢ -p" d e
=—{a9| | —an| L | 40| L Use [ y"dy ==
2 3 4 ; m+

1 2 ] 3 3" 4 4
48 Z__!_}_qz 2 _ul +9[I__ITH Apply the limits

b | ==

4

o
r 1
I
e

fl
bt | —
=
o
-~ "y,
| w2
[ —
1
'
ra
-
s | =3
S—
Fy
=)
o,
=i
|5
. R—

T

ol

Thus, the volume of the region under the surface (1) and above the region (2} is |=—|.
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The solid 15 bounded by planes x =0, y=1,v=x,z=0and

parabolic z = x* +3y°

.H.y
AN
X= D
y=x
>X
B(0,0)

The region of integration 15 given by
Dz[[x, y:]: 0=x=l1, xiyil}

Then the required volume of the solid 15

i ”[xg +3y2)dﬂ

b
:Jl-j- x +3y dy dx
ox
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Consider the equation of the plane,

Ix+2y+z=6.

The objective to find the volume of the solid bounded by the coordinate planes
x=0,y=0,z=0and the given plane 3x+2y+z=6.

The graph of the solid is shown in the below figure:

= 3x+2y+2=6

Bounded region




Find the region of the integration as follows:

The required solid is lies under the graph of the function z =6-3x-2yand above the xy-
plane.

When z=10:
z=06-3x-2y
0=6-3x-2y

=6—3x
4 2

6—3x

S0, y is varies from 0 to

when z=0,y=0:

z=6-3x-2y
0=6-3x-2(0)
x=2

So, x variesfrom0to 2,
Thus, the required solid is lies under the graph of the function z =6-3x-2yand above

Bh=3x

D={[r,y}]ﬂﬂy£ ,Dirii}.

The region p in xy—plane as shown below:




The volume of the solid bounded by the coordinate plane and the plane 3x+2y+z =6Is,

V= _[_[ﬂ zdA

ix

=[], (6-3x-2y)dydx

3 3"-1:-;:1-
: VY2
= .'-n [ﬁy —3xp— 2[}?]] dx
(1]
=r[ﬁ[3—£]—3x[3—E]—(E—H) }zr
0 2 2 2

Continue the above step,

y 5.2 " (32 92 .Y
2 [lS—*}x—9_r+L—(9+i—9x]}/x 4 2
" 2 4 0
i

:LT%—?I+@}£\' 4 2 +q(g}]

Therefore, the volume of the solid is .
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The plane ¥ = x meets plane x + y =2 when x + x = 2 that is 2x = 2 that 1s x = 1
Therefore the region of integration 15 given by

Dz[[x,y): 0=x=1, xEyEE—x}

(0,2)™

(0,0) .



The required wolumes is

W= Iz.:iﬂ

[

I xdy dx

x|y

y-ﬂ
y-x

2;: 2:1:

}

i
[
I
-5

Chapter 15 Multiple Integrals 15.3
The solid iz enclosed by surfaces z = x°, y=x° and the planesz=0 and y =4
¥

(-2,4)

=

X
Then the region 13 D:[[x, yl-22x22, xziyiidl}
-

The required volume 1s A <y = 4}
[ e
v=||=x
D

S

[
-2

il
[%]
-
B

E]

Il I
[~ 2
e
=
Bl o
b
]
'y
=
=

=
[ )
—
T
|
5
b
o —
L
[
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Consider the equations of the cylinder y* +z* =4 andthe planes x=2y,x=0andz=0 in

first octant.

The objective is to find the volume of the solid bounded by the given curves.

Rewrite the equation of the cylinder },‘-‘ + 2% = 4as follows:

The region enclosed by xy=(0 and x=2y where 0< y<2.

The sketch of the region bounded by the curves - = ,’4_JJ? . x=0 and x=2yis shown as

below:

34 =0 First octant




From the above graph, the region is R = {(_r,_y] |0£x22p,02y< 2} .
Therefore, the volume of the solid is given by,

V:ﬂ'4-yﬂm
R
-~||'4—y2dxdy

2
[x]? |l'4_ V2 dy Here integrate first with respect to x

[2y-0]\4-y'dy
24— dy
2
=2[\4-y* (ydly)
0
Take y = 4 ? . and then

W (=2dy)

I

=- ydy
NEEY
-1
du =—- ydy Sinceu = 1|I'4 = ;:-"'
A

—udu = ydy

-

= |

5 My, i Wy,

O Moy (D) My Bt

du =

o]

du =

Find the limits of « as follows:

For _}*:ﬂ. then

For y=2.then

w=~J4=22

44

=0



Substitute ;= [4— )7 and —udu=ydy in 2[J4-y* (ydy).
0

V= 2j’J4 —y* (ydy)
0

(1]
= EIH {—Hdu)

=

2
==-2|udu

fod W ocm—

2
= EIH'EdH
0

Continuous to the above step,

241

o]
_3 [

1]

2ris  oa
=—2" =0
22 -0]
2
==[8-0
2[s-0
_16
3
Hence, the volume of the QWE.'I"I solid is | =$
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Given cylinder is x° +y° =1 and planesy=z, 2 =0,z=10
x:l:l:»yj:l:}yzl
= =pgr=0

Sol0=y=]l and 0= 22 J1-y°

_r+l

F o P
7, . i X
= Here use the formula j.t dy =

+

m+



Then volume of the solidz=y 1z

¥ dx dy

=]

¥y x];"g dy

yof1-»% dy

Mow substitute 1— y° = =>— 2y dy = d¢
Andwheny=0thent=1andy=1thens=10

Il
O ey D P— O P—

So vwolume of the solid 15

ol
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Consider the following cylindrical equations

C+yi=r, andy + 27 =47
Its need to find the volume bounded by the cylinders

The equation y* 4 z* = can be written as.
_]--"2 '|'Z2 =.P':

7% =2 _f Subtract y*on both sides
2 =2 —y?* Take square root on both sides

Enclosed by the region y = _m and y = ﬂ where —r<y<r
The volume of the cylinder is
v =[[\r* -y dd
.
F‘Lﬁﬂr — v dxdy
-y

|
-‘f

Integrating with respect to x and y and taking the limits of integration:

r\l'"' J-"

| [ PP [ (=P 155

=[ Jr-y? [Jrz -y —[—ﬁ)}w
:..frz—f [2 rl-yz}

= il[rz—_jr?]c{p

5],




On continuation,

[ 2
royr
."-_ I-

3

I

\.II"! = W

3

3aF
P =y dvdy = 2{;'3 = J

3
% g
3
3
Therefore, the volume of the cylinder is | :3'_
3

II'- 4 ]

-

a2

164)

I
e ¥ T2E=X




From the graph we find that the two curves y=2* and y=3x—x" intersect when

x=0andx=1213
Then D={[x, _}f): 0= x=1213 2 5y53x—xg}

12133 x—x"
Therefore Hx dd = _[ _[ x dv dx
o 07
121 S
= _!':@’:'y-xﬂ dx
1215
= I x[Bx—xz—x")dx
0

4 6
=(1-213)3—[1'Ej3) _[1.2;3) o

=[0.7126
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o (0.739,0,739 )

(L5700




(0,739, 0.739)

D1 D2 i,

(0,0) ~ (1.57,0)
(0.739.,0)
D=D+D,
‘Where region [ = [I:I y) 0=x=0738, 0=y = x}
And  Dy={{x ) 07392x2157, 0y <cosx)

Therefore the wolume of the solid 1n first octant 1s

”xdﬂzﬂxdmgxdﬂ

n

o b
i

1 Pe— =

157 cosx
x dvdx+ I I x dy dx

073 0

Il

=
o

157

- =45
(o) + | () dx
1]

157

dx+ I T oos xdx
o7

=
e

1LE. _I-ﬁl-xciﬂ = %[f)gm +[|::n::-s x+ xsin x]

= %[U.?ES‘)E ll +[cosl.5? +(1.57)51n1.57 cos 0.73% - 0.739sin 0.739]

L57
0730

1
= ;{07397 +[ms g+gsin g— c0s0.739— 0.739sin (o.?mj}

=0 1345+g— 0739 -04%77

= |0.46585
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F }:r

—~

y=1-x"
/\l

—/}:x’-l

The region iz D:{[x,y:l: -1=x=1, xj—liiyil—xg}

Then wolume of the solid enclosed by plane x +y +z2z=2
Andtheregion D is

[
| I
-2
e
|
3
|
o,
T 7
= T
-

=j1 E(I—xzj—x(l—xg:l—lzl_j:l —2|[x2—1)+x[x2—1:l+[xg;1:l &%

B Y j-l[illil—xz:]—l—Ex[xg —ljl]cfx

= E_II- [x3 —o2x'—x+ 2)::5'}:



Andthe volume of solid enclosed by plane 2 x + 2y —z+ 10 =0 and the region D
13
v, = [[(2x+2y +10) 24

D
(2x+ 2y +1[]).:£y %
A

|_.

Il
| | Sy 1 'l_.l—“_. 'l_.l—w_.

E]

_1—
2y + +1Cly]

[
[4x ) +20(1-x )]dx
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The region enclosed by the surfaces y=x%,z=3v.z =24 vis

From the figure, we can see that z = 3vis the lower surface and z = 2+ vis the upper

surface while these surfaces intersect at y=1

Further, at v = 1we see that ¥ =landso, x=-1.1

Also, we see that the parabola y = x° can take the lowest value x =0
Atthis point, we get y=10

Putting these ohservations, we get

xvaries from -1 through 1

yvaries from 0 through z° and
z wvaries from 3y to 24y



L 24
Thus, the volume of the enclosed region 12 I [ _[ [ _[ Hz]dy}dx

Fe—1 p=lly Ez=Zp

1 &

I I [2+y—3y)dy.:ix

x=—l1 pal)

1

[ 2y—»" ax
r=—1

1

_[ (2;{2 —xt ).:ix

-1

1
al
=§[1+1)-l[1+1)
sf1d
15
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Problem: Sketch the solid

Integral:

fofs 1=x—ydydx

Take the limits of integration and write them as:

Plot this on an xy graph

v




*This is the D of this graph”

Plug in x=0 and y=0 to get the z-axis value

fixy)=2z="1-xy

fl00)y=z=1
S0, the graph of the solid is:

Z=1-%-y
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Consider the following iterated integral:

|

The objective is to sketch the solid whose volume is given by the iterated integral

hld

= ey

(1-x) dy dx.

From the given integral observe the following:
D={(xy)|0sx<1,0<y<1-x"}.

The sketch of the region p in xy-plane is as follows:

25%y
2
PI— y:l:l
1 5 y=1—x1
x=0
x=1
05t »p

X
2 15 A1 05 0 05 1\ 15 2 25
-0.5

1

The solid region is shown as follows:

: z=1-x
Required
solid region

0.8 1
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The region enclosed by the curves y=2" -z y=x" +xis

3
(2

T|_''‘'——--..l:u.,l',.__-~~""| 15 -9'

From the figure, we tollow that the upper curve 13 y= g4 [x) = x* +x and the lower curve

oy g e [x) = x" — xenclosed between x= 0,6 and the function is

Flxy)=z=xy" +»"

2]
=0, we use the volume ”flix,y)dA: :il-g]- zaxay
n algl(x}
6 ¥
1T (et
#=l g pt—y

13,984,735,616
14,549,535

Tzing the Maple software to evaluate this integral, we get
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The region enclosed between the paraboloids z = 2x +;u2 =g (x,y) as the lower
surface and z=8—x" — 2;1:2 =it [x,;u) as the upper surface while the cylinder portion

x* +y* =11z enclosed by these paraboloids to give the required volume,




If'the area between the paraboloids within the cylindrical limits 15 integrated, then we get

the wolume.
ie, z=7(xy)=g(xrl-g(xy)
3 Bylx)
YVolume 18 ”f[x,y)d..rﬂ:_[ I f(x,y}iydx ...... Y
b 2 K(#)

We observe that x, yvaries on z° +3° =1 between gl[;{,_}f) and g, (x,y)

=0, r=-1,1 and yz—\fl—xg,q.l'l—xj

1 1
substituting these things in (1), we get I _[ IES— x - 2}?2 — 2% —yz }iyr:fx
e BT )
1 B
=[(8-3+)y-»* } ax
a1 it

= zi &h—x?.:fx—zj [1—;?) 1- x*dx
-1

-1

1 1
= 14] «,’Il—xg.:ix+2-|- 21— 2idx
-1 -1

Teing the Maple software, we get 14(%]+2[%J = Ejj
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Use a computer algebra system to find the exact volume of the solid, which is enclosed by

z=l-x'—y*and ==,

Recall, that the volume of a solid over a region can be calculated by the appropriate integral

HR f(x,¥)dA.

Note that, z=1-x*-y*and z= intersectin the circle, x* +y*=1.0r
R ={[.r,_1:}| —1€x<],—1=-x" <y <4l —.1'3}

Find the volume of the solid and obtain the limits of integration and appropriate function to

integrate. On R, we have (<z<l-x"~-y°, soourfunctionis f(x,y)=1- x* =y,
From R, calculate —jgy<] and _Jj—y? < p<fl=yx?.

This allows us to write the volume of ithe solid as J"Ij“'”" [I i _*J_,z} dy dkx.

—n l-x



yl-x"

Use maple software to evaluate the integral I' J'
-1

; _(I -x —j-':] dy dx.
Use maple software to use the symbolic command, as shown below:
Int{int(1-x"2-y*2 y=-sqrt(1-x"2)_sqri{1-x"2)) x=-1..1);
> ;'m[r‘m{l . }=3~_1'=-5qu{ 1 — _1.‘2] _.:equ:[ 1 — _1."1] LI ==1.1 };

L

2

This outputs the volume as %

Hence, the result is _
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Consider the solidz=x"+ v andz=2y .

Need to find the volume of the solid by using computer algebra system.

Recall that the volume of a solid over a region can be calculated by the appropriate

integral [[ f(x.) d4

Note that z=x"+3" and z=2y intersect in the ::iﬂ:lex2+[y—l]2=l, or

R={{x,y)[—]£x£]_,l—m'll—xz E_}r£1+«..|"1—xj}

To find the wvolume of the solid, we need to obtain the limits of integration and
appropriate function to integrate. On R we have thatx" +y” <z<2y | so our function is

F(xp)=2y—(x"+37").

From B we have —1=<x=1 and]—s‘u'l—x: Zy=l+ 1—x* . This allows us to write the

volume of the solid as

1—:

[1 _.-H:;_—j 2_}#—(}:1 +_}-‘2j dv dx

o —1.M1—)



j-lf\-ﬁ

1
Next we use maple software to evaluate the integral j W 2}?—(1;2 +_},1) dy dx using

the symbolic command, which 1s shown below:

1-
Int(int(2y-x"2-v"2 y=1-sqrt(1-x"2)__1+sqrt(1-x"2)) x=-1__1):

4 fur{;’nr[zjf — .1: -_1'3,JJ= 1 - sqn[l -.1:} o qut“ --.1.‘1”.,.1:= l
..1]:
Lo
2
: b
This outputs the volume asE.

Hence the volume of a solid isE‘ :
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Consider the double integral,

1 ¥

j-.[-f[-’ﬂ}’)dxq-,;

LIN}]

The objective is to sketch the region of integration, and then change the order of integration.
Here the x limits are x=0 and x=y
And the y limits are y=0, y=1

The region of integration is shown below.

24y

e 3¥



Changing the order of integration:

The variable y entersat y=x andleavesat y=1.
And the variable x variesfrom x=0 0 x=1.
The region can be written as R:{[x,y}lxiyi LO0sx< 1]

Therefore, Change of order of integration is,

-:.!_-_|_
S My

If(x.}’]cﬂrc{t-'zjj f(x,y)dydx
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Consider the double integral,

” £ (x,y) dvax

i 5

The objective is to sketch the region of integration, and then change the order of integration.
Here the x limits are x =0 and x=2

And the y limits are y=x*, y=4

The region of integration is shown below.

sty

¥ -




Changing the order of integration:

The variable y entersat y=0 and leavesat y=4.

And the variable x varies from x=0 to y=.[).
The region can be written as R= {(.r*y} |0 y<4,05x< ‘f;}

Therefore, Change of order of integration is,

vy

I_f‘(m*]dvdm ?jj‘{x,y}oiu{u

i 0

2

£
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Consider the double integral,

.

-
ooy

j S (x.y)dvdx
0 0

The objective is to sketch the region of integration, and then change the order of integration.

Here the x limits are y=0 and x =

And the y limits are y=0, y=cosx

The region of integration is shown below.

24y

1. y=cosx

e 3°



Changing the order of integration:
The variable y entersal y=0 andleavesat y=]

And the variable x varies from x=0 t0 x=cos” ¥
The region can be written as D= {(.r,y}l ﬂﬂxﬂcn&"fv, 0<ys= I}

Therefore, Change of order of integration is,

T

[ 7o) = jmj iy
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Consider the following double integral:
) v.'d_J;E
[0 Flxy)dedy
The objective is to sketch the region of integration, and then change the order of integration.

The inner limits of integration indicate that g <y < ./4 — y* and the outer limits of integration
indicate that -2 <y<2.

Note that the limits on y are the intersection points for the limits on x. Typically in cases like this
a closed region is determined by the x boundary curves.



Sketch the region of integration as shown below:

34y

y=2

P

-3¢

Solve the equation = ||'4_J_.3 foryto get = ++/4 — x? . Use a vertical line intersecting the
region of integration to help determine the y boundaries:

—Jd4-x' =y<fa-x*-
The extreme values of x are 0 and 2.

50, the region can be written as,
D= :[Lyﬂﬂﬂ x<2,-J4-x" < y< .M_xz}

Thus, the change of order of integration is,

rz EI.*_F: S(x,y)dxdy = J-z “:.} S(x,y)dvdx|.

1]
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Consider the double integral.

sz:rf(x,y)aj;dx-

The objective is to sketch the region of integration.

To sketch the region of integration, use the limits of integration in regards to x and y to
determine the enclosed region we wish to sketch.

As the innermost integration is performed with respect to y, this impliesthat 0< y<Inx, or
that any value of x must lie in-between the graph of y=Inxand y =0.

Since the outermost integration is performed with respect to x, implies that 1 < x < 2, or that
any value of x must lie in-between the linesx=1and x= 2.

From these limits of integration, the region of integration is the area bounded by the x-
coordinate axis, the line x = 2, and the graph y=Inx.

The diagram below shows the region:

y=Inx

Inx

0 | 2 X
. ] 2 elnx :
The order of integration of I] L £(x, y)dydx written as,

From the existing integral, it is clear that the function is integrated with respect to y first and

then integrated with respect to x, which means we will write the integral with respect to x first
and then with respect to y.

From the sketch of the region of integration we found in part (a), see that any value of x is at
most 2 and at least o, Or ¥ < y < 2, and that any value of y is at least 1 and at most In 2. or
1< y=<In2. This means that y = 1 is the lower limit of integration with respectto yand y =In 2
is the upper limit of integration with respect to y, and that x = 2 is the upper limit of integration
with respect to x and . = g* is the lower limit of integration with respect to x.

Hence, the order of integration of FJ"“ f(x,y) dy dx changed as,
140 °

.l-lm,[.z- J(x,p) dx dy|-
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1 %
f[x, _}?:] v dx

0 arctar
The region of integration is

Dz{[x, _}?): 0=x=1, arctanxiiyii—r}

X
e ¥=hAD X
,-f’f-f
o
“ff y=u/d
o ’, '
’7/ =1
: X
(0. {1,
A
HNow 0=x=1, tan'lxiyig
T
O DExEl,xEtanyEtanE
Or U=x=1, x=2tany =1
=0=x=tany
i i
Also 0= x =1, tan'lxiyii gives DE}?EE
Then the order of integration can be changed and we can write
oy
I i [x, ;u) dx dy
00
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1 3
Consider the iterated integral is j‘fcf‘" dxdy

[T

Using the Fubini's theorem H.f'[.r.j-']dfd =j‘}i.f{x._}'}c{1-'dr =ﬁj'[x._}‘}drdp. get
R o ¢

f(xy)=¢

Use the existing limits of integration in regards to x and y to help reverse the order of
integration. Since the innermost integration is performed with respect to x, know that
3y < x<3. and since the outermost integration is performed with respect to y, know that

0<y<l.



Since y is at least 0, y = 0 is the lower limit of integration with respect to y, and since y is

bounded by 3y=<x. y =%,~;i5 the upper limit of integration with respect to y. Also since y is at

least 0, y = isthe lower limit of integration with respect to x, and x = 3 is the upper limit of
integration with respect to x

T

i 3
MNow, by changing the order of integration, get j‘ j‘ E’t:d_}-'dl'

=0 =0
Graph of the integration
yv=1
&~ b
1
x=3y
4 ? Xx=3«
y=x/3
s
-
0 1 1 2 3
y=0

First, evaluate the integral with respect to y:

i |
T g e e
7o o=y ]

1

=—x&"

Second, evaluate the integral with respect to x. Use the substitution g =f,d:; =2y fo
transform the integral and evaluate

L %xe”:afr = %j‘:é e" du
1 e
=[],

e
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Consider the double integral:

= T \f C{}:«;[:_tz }dey
0w

Here the regionis 0 < y <7z and y<x <z

Objective is to evaluate the integral by reversing the order of integration.
bd o b
Using the Fubini's theorem Hf[:.x,_'s-'}d.ﬁi = ”f[.r,_p]d_l-'dx =”f[.r,ylkixd_p. on
R Lo o oar

J- \j‘ cos [:x: ) dxely.

0 ¥
From this iterated integral, we follow that xvaries from ythrough J} and y varies from 0
through [z -

&
21
¥

b

5

X= o —>r

—)y=X




So, we follow that along the line y =x_, y varies from O through x.
Also, when y=x, x becomes 0.

So, xvaries from 0 through [,

The region becomes 0< y<xand 0<x<z.

Then the region becomes as follows:

s

2 y?& I/




Thus, by applying the change of order of integration, the given integral becomes:

T '\Il']'

! ;[ms dm} jfcns(x dyelx

|.

I
D"—h_‘
L
o
e
.-—-;
'-__,_-'
p—
bl

&

Then 2xdx =df
-:ir:id.r
2
If x=.fx then r=nx.

Double integral becomes;

J'ju:us dm{p —jcns (¢)et

LI
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2

4
Consider the integral II 3
LURNES Y +1

dvekx.

From the given double integral, notice that the variable y varies from \ﬁ to 2 and the
variable x varies from 0 to 4.

So the region [y can be written as follows:
ﬂ={(.‘l.‘,j’}|w'{;£f£ 2,05.&'£41.

The sketch of the region p(Type I) is shown below:
F
251y y= 9
2 —1"/

1.5 D

0.51

¥

. 1 050 05 1 15 2 25 3 35 4 45 5
0.5




Reverse the order of integration:

Rewrite the equation .,.I'; as follows:
y=vx
i
v =()

yi=x
r:_y1
The alternative descriptionof pis D= {(x,_p) 0= yp=<2,0sx< yz}.

The region p(Type II) is shown below:

25ty

~
=

1.5]

-0.

15 -1 -ci.sj 05 1 15 2 25 3 35 4 45 5
5



Evaluate the integral:

472 1 2y 1
dvdx = dd
££39+1 % !Dy3+1 AL
A \
=.[.}:1+-I[:]U afy
0
2 2
Y
=|—=—-+
!y3+|y
e Puty’ +1=t=3y’dy =dt
:Ehdf When y — 0 then f — |
! When y — 2 thent — 9
1 9
=5[],
=-'-[|n9-1n1]
3
_l 2
=;[n3*-0]
=gln3
3
rr 2
Therefore, “- — dydx =|—In3|
v ¥+l 3
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Consider the following integral

(e b

Use the existing limits of integration in regards to x and ¥ to help reverse the order of
integration. Since the outermost integration is performed with respect to x, we know that

0 < x<1.and since the innermost integration is performed with respect to », we know that
x=y=l.

Since x is at least 0, = is the lower limit of integration with respect to x, and since x is
bounded by x < y, x= yis the upper limit of integration with respect to x. Also since y is at
most 1, y =1 is the upper limit of integration with respectfo y, and since x is at least 0.

y =10 is the lower limit of integration with respectto y.



From these limits of integration, the integral is as follows:

[ ava

First evaluate the integral with respect fo x:

Yoy [ N j|:>
L e dy= 1[;. ) i
=ye —ye
=y(e-1)
Second evaluate the integral we respectto y:

w=l

ﬁj’(e—i} dy ={€_1)[%y:]

y=0

(e=1(30-30)

=§{e—l]

Therefore, the integral of f' 1,-(@_]] dy is _[3_1) ;
o
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Consider the following integral:

L

1
f j cos xv 1+ cos® x dvdy.

i} angsin y
From the given double integral, notice that the variable yvaries from 0 to 1 and the variable

: : T
x varies from arcsin y (0 —,
2
So the region p can be written as follows:

= {[Ly:} |0<y<laresiny<x< %}



The sketch of the region p(Type ) is shown below:

&

y
1.
c=arcsiny, 0N
137 J:=§
0.54
o
1 05 05 1 1 2 25
-0.5]
x=arcsiny
-11 =T
.3
e _}::

Reverse the order of integration:

dvdlx :
Rewrite the equation x = arcsin y as follows:
X = arcsin y
x=sin"'y
sinxy =y
The alternative description of pis D :{[x}_}r] |0 y<sinx,0<x=< E} ]

The region p(Type Il) is shown below:

Y
1 y=sinx
0.
i D
A
-1 05 05 1y=0 1. 2 25
05
=K
7
4 y=0
—— y=sinx




Evaluate the integral:

X X

2 2 sy

1 2
I j cos xv1+cos® x drdy = j cos xy/' 1+ cos” x dydx
L] 0

ArCEin 1]

~
2 .

= f cosxvl+cos’ x[y] ey
L1}

x

B
= jsin xcosxyl +cos” xdx

[

[Put 1+cos® x=1¢
. = —2cos xsin xdx = df
="'EJ-\"?df When x — 0 thent = 2

Whenx—}i then + —» 1

=%[2J§—1)

: ' i |
Therefore, the integral of j‘ j COS X 'II|+CDSI x dvdy IS E(NE_ I] .

0} ancsan y
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1
iTiven that0 <y <8 and y*’f <Xl

By reversing the order
Dex<2, Dxyax



[

=
=R 1"
-]
e I

]

E;‘En

i

&

O e,
s
:!L
S
&

Il
o Doy bt Moy bt ey B

lm:--e
. -
)

[t

T

B,
e

Substitute x* =f =4x° dr=dit
When x =0thenf =0 and when x = 2 then# = 16

3
ot _[
0

2
I E”qudy
s
e
4
1
4
1
4
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Consider the integral Hl'zdﬁ
1

Pl

D1

y =x+1 y =x+1

tart
Il
-
1
-—
(]
|
e
[
.

D4 D3

B| -1

Equation of line ABis y=—x — 1

Equation of line BC is y = x-1

Equation of line CPis y=—x + 1

Equation of line AP is y=x +1

The region is the union of four regions D1, D2, D3 and D4 as shown in the figure

Now D, ={(x,y):-1<x<D, x+l<y<l}

Then Hf dA = i j x* dydx
B,

=11+



= T[xz —rl(x+l]]d.~:
_.Ij
= —I.ﬁ dx
-1
=_?1 _:;"‘II Since j‘x"dx=§+ﬂ"

==(0-1)

1

4
Now D, ={(x, y):0<x<l,-x+l<y<l}

Then Hrz dA:_i‘ j x* dydx
. 0 —x+l

r—
=
e
| H
=

——
-
(e
+
-
i
|
Hl\_l
p—
iy

"2

4

Since Ix"'dx = %J, &

| |
= =

I
TR

| =



Aiso D,={(x,y):0<x<l,-1<y<x-1}

Then Hf dA = jjl Xt dy dx
i

o -l

] ]
-
s
S

.".I_u
&

'|--|-—|.'l = D tem— D Te— D S—

4
Since J‘x"dx = x?+ C

e

i 1
| PO — | —]
TR

| —

And D, ={(x, y):-12x<0, ~1<y<-x-1}

Then sz dA = i‘_]_lxz dy dx
i a4
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Consider the following regions:
x=y=y.y =[,r+l]2
The region of integration pcan be partitioned into the union of two regions as shown in the
following graph:

x=y=y3

2
y=(x+1

From the above graph, with this partition, the following can be determined:

1= [ yda
zgydﬁgm

Both regions should be integrated first on x.

For D). the equation for the left boundary needs to be inveried giving ,J;_] <x<y-y and
for D, the boundaries are —]1< x gy_}ﬁ. Set up the limits of the double integral.

1 0 y=y

1 _[ yTJ dvdy + I I dy

¥
0 Jy-1 st =



For both terms, the inner integral is x; 50 move straight to evaluating the limits of integration.

¥y 0 -y
¥ J- dm'_‘,w—_l‘y I dxely

_‘I.‘._] =1 -

i

0
y(y=y' =y +1)dv+ [ y(y-y* +1)dy

Il

3 0
[—y‘ hyla gyl +y]dy + (= 407 +3)dy
-1

Integrate on yas shown below:

L]

s
f:(-l—}:fh +l}:3 -E.PI +l..}"lz

| gt gl g L
T R s T A (i

5 3 2

=[[—§(1)ﬁ +5{1}" —E(]]i +%{I]E]—{}+{}—{]+{]]

15
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Consider the following integral:

Il 7
L0

Here, & is the quarter circle with center at the origin and radius % in the first quadrant.

Consider the following property:

If m< f(x,y)<M foral (x,y)inD. then

mA(D)< [[ £(x,y)dA < MA(D)



As the square of a quantity cannot be negative,
2
{:IE{JCz +_y2)
2
02 —(x*+) o (1)

And, as Q is the guarter circle with center at the origin and radius %
I 2
2 2
r4+y = =
¥ [z)
!

L
(r+}f]£16

—(x*+57 )1 > g (2)

From inequality (1) and (2)

—%ﬂ—{xl+y2)z <0

L , B
< o) <0
I
e “'ﬂf(x,y] <]
Therefore, the minimum and maximum value of the function f{x y) :E-{-f’+f i: is:

_1_
m=e " and M =1

The area of quarter circle Q will be,



1
Substitute A[Q} =%,m= e ' and M =1. the value of the integral will be,

mA(D)< [[ f (x.y)dA < MA(D)

I syt
E'-E K,{.EJ:I-E'[-T +¥ I d;‘! < I_}'CE'
16 % 16

I -
ie 162 ”E_[" +’) edd ££
16 o 16

| . and
T - w488 0 T
Therefore, value of the integral is |[—e '* £ _[[e Iy dAd = —|.
16 G 16
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Consider the integral:

Hsin‘{x+y:}dd
T
Here, T is the triangle enclosed by the lines y=0,y=2xandx=1.

As the minimum value of sine function is —] and its maximum value is 1.
—l<sin(x+y)<1

0<sin’ (x+y)<1

0<sin'(x+y)<I

0< f(xy)<l

Therefore, the minimum and maximum value of given function f(x_y):sin*(:w _y}is_

m=0and M =1



Consider the triangle T:

In right-angled triangle OAB,

OA =1 units
AB = 2 units

S0, area of triangle T will be,
A(T)= %KUAxAB

=lxlx2
2

=1 square units




Substitute A(T} =1,m=0 and M =1. the value of the integral will be,
mA(T)< H f(x.y)dA< MA(T)
T
0x]< Hsin* (x+y)dd<1xI
T

0< Hsin4 (x+y)dd<]
r

Therefore, value of the integral is ﬂi_‘”“"i“*(-""}’}d” <1
L
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Problem: We need to find the average value of the following function over the region D

Function:

fx.y)=xy

Region:

D is a triangle with vertices (0,0), (1,0}, and (1,3)

So the graph of D looks like:




*Notice the slope of the hypotenus is y=3x*

Now we need to set up the integral:

Fue= 7 11 (%7)DA

From D we get:

Area of Dr

A(D) = 3/2



So, the integral can now be solved! :

; i T
L ave = TJVII!IL?F xydydx

= 2Lo[ 301 dx

ANSWER : —
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Consider the function:

f(xy)=xsiny
The region D can be defined as:

0<sy<x? 0<x<]



Use the formula of the average value of a function:

o = %JJ f (x.y)dA

Where, area A of the region D.

Therefore,
A= [[da
il

[
=[] ax

= _l: ey

Substitute the value of A in the formula.
fon = 3]": fﬂ xsin ydydy
=3 [-xcosy]; dx
T T
=3[ x(1-cos(x*))dx
- %L' 2x(1-cos(x*))dx

Substitute 2 =y and 2x =gy -

%I{:Ex[l—cos[f}}dx =%j{:[l —cos(u)) du

3 ' |
=E[u—sm{u]]u
- 3[| -Sinl}
e

Hence, the average value of f over the region D is

3[]-5inl] _
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(Tiven m and M are real numbers such that
mif(x,y) =AM  forall (x,»)in D

We have m= f(x,y) =M

Then taking double integral over region D
[[maa =[] 7 (xy)da= [ mad
b b i

(Tzing property &, iff(x ) [ :J";"(x,y)in Bl
Then ” XV cig{l?_l-

i i
From property 7, we have ”r:f [x,;u) dAd = c”f [x,;_u) A
Then we get ’ :
ml[1dd =[]/ (xy)dd= |14
i b b

But from property 10, ”1 dd = _ﬂ D
b

Therefore  mA( )Eﬂf( YidA=M A(D)

Hence pmved
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Consider the following double integral which is written as a sum of iterated integrals:

12y 13-y

Hf X, ) dA = _[If (x, ) dxdy +J-j‘f x,y)dxdy

o
The integral limit of the first integral are:
x=0tox=2y
And limit of yis:
y=0toy=1
Hence, the region of the first integral is;
B = {[Ly] 0=y, 02x< 2}'}
Mow, the integral limit of the second integral is:
x=0tox=3-y
And
yp=ltoy=3
Hence the region of the second integral is given by:
D, ={(x,y):12y<3,0sx53~-y}

Mow, since it is known that the region D is the union of two regions D1 and D2, hence the
sketch of the region D is given by the union of the graphs of these two regions.



The sketch of the region is:

4

From the graph of the domain the integral limits of the iterated integrals can be easily
determined.

Therefore, the required iterated integral with reversed order of integration is:

L[f(x,y)dé=i£f(x,y)aijc+]ij(x,y}M
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Consider the integral,

ﬂ{x+2}dﬁ
The region is D = {{.r,y}lﬂi Y= ﬂ}

The objective is to evaluate the integral.

Here y=0, y=+9-x* then
y=9-x

x*+y =9

This is a circle with radius 3,

And the x limits are,

x'=9

x=%3

Thus, D= :(x,}:)l—?_-ixﬂl 0=sy= *-.Ilg—II}



The integral can be evaluated as follows:

3 o

!:!{x+2}d,4 = I j (x+2)dvdx

=1 0
3

—I x+2 }r]

u':"f

k]

=I (x+2)V9—x" dx

i
3

=Iru‘|‘3‘-x1d¥+ZI V9= xdx
-3

i

Since I_f'(x] =0 When f(x)is an odd function.

—el
3

Hence, by symmetry, Jxa..l'?—q! dx=0
=i

Thus, the integral becomes,

H(x+z}d,4=u+zj‘dg—x=dr

3
=2 %ni—f +9 +%amsin[%xﬂ
L =3

Therefore, the answer is H{x““ Z}dA =
1
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Consider the integral,

(R =P =5 A

IL

Here D is a disk with center at the origin and radius R.
So,

x*+y* =R

y=+yRI -
If y =0, then
=R=x=%R

Therefore the region is D = :[Ly}l_ﬁ <yv<R ‘_..,."R-’f -y < y< JR? _Il}

Thus,

Then, we have

3
- E-:HE}
3
Therefore; H RP—x*— P dd = 27 b3
i¥ 3
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Consider the integral,

H{Z.r +3y)dA

Here pisthe rectangle D:{[r,y}lﬂixﬂm Dﬂyib}

The objective is to evaluate the integral.
Since the limits for xand y are 0<x<a, 0<y<h

Therefore the integral can be evaluated as follows:

o b

[[(2x+3p)dd = [ [(2x+3y )dyelx

o 3 1'2 i
= _l'|i2:r_}a +—] dr
2

i} i
v} 3 4
=[ 2xb+=b |dv
! 2
2 =3
| Oy SR
9

3

=ba’ +—ab*
y)

=|a’b +~?-:~m!:4l1
s

Therefore; H(zx +3y)dd = azb+%ab2
L2
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Find the value of the given integral

“.[2+ x’y* =y sin x) dA
n
I =k

= I J {2 +x7y' =y’ sin _1') dvely

-1 0

] i E 4 _'|. S_n I-x
Xy ysinx
= I 2y + L j| dx

/"

- |G
4 3 )l
r T & & 3 ]
2.1‘—.'{3+L—L+1—L+L+[_r:—2,1'—!}5'1:1,1‘
_ 25 6 i 4 12
| . "
—E(:r' —3x" =3x+ 5)1:05,1' g T ey
L ]
508 4dcosl
= +
105 3
= 33585

JI{Z +x7y" = ysinx) dd = [5.5585].

L)
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since this problem specifies the use of geometry and symmetry rather than the regular
procedure for solving double integrals, we try to be clever about the shape of the integral
rather than solwing with the usual procedure.

=plit the integral up across the addition signs:

_I._I-.:zfciﬂ+_|-.|-by3ciﬂ+_|]. Jat —x'dd
D D i
We deal with each of these integrals separately.

First calculate ” ax’dd. We notice that this is an odd function in x and is symmetric
b

across the origin, We therefore choose to integrate in terms of x first:

[ Jreeins

since this function 13 symmetric across the origin in x, its integral in x (the inside
integral) equals 0. This leaves us with

[
=
This equals 0



MNow calculate .I-J-E:-y3.:iﬂ. We notice that this 15 an odd function in ¥ and 15 symmetric
D

across the origin. We therefore choose to integrate in terms of ¥ first:
o pd

I I by dvex
—add

since this function 15 symmetric across the origin in y, its integral 10y (the inside
integral) equals 0. This leaves us with

a
I Oefx

-a

This equals 0.

Finally, calculate ” Ja' — ¥ dA. We examine what this function is geometrically. Let
b

f 2 )
Z=yid — X

2 2
PR S

Parallel to the xz-plane, this 15 a circle of radius a, so the shape 15 a cylinder with axis the
y-axis such that every cross-section at any value of ¥ 15 a circle of radius @ Since we are

integrating o' —x* and not—a® —x° , we are locking at the wolume of the positive half

of the cylinder abowe the xy-plane, with each cross-section a semicircle.

The formula for the volume of a cylinder 15 the area of the circular base times the height,

2
ot " =77k, The volume of a half-cylinder is half that, or I = i :

since the region of integration goes from —a to @ in the x, it encotmpasses the whole
diameter of the half-cylinder of radius @, and the limits in the ¥, -& and &, give the half-

cylinder a geometric height of 25 Therefore, plugging into the formula for wolume, we
get

This 15 the volume of the half-cylinder. Since the wolume under the surface equals the
integral, we hawve ” \.,Ilclz — Pdd = ma’h

b
since the first two integrals evaluated to 0, the sum of all three integrals, and therefore
the total solution, is|ma h|
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Graph the solid bounded by the plane x+ y+z =1 and the paraboloid z=4-x*-y* and

find its exact volume (Use your CAS to do the graphing, to find the equations of the boundary
curves of the region of integration, and to evaluate the double integral).

In this problem, use Maple, (input commands and operations will vary among calculators and
computer algebra systems).

First obtain the graph of the solid figure using the Maple command
Plot3d({1-x-y 4-x"2-y"2} x=-3_3 y=-3. 3 axes=boxed);
The diagram shown below :

p."ﬂ.‘.?d{ { l —x—p 84— = ,l-‘l bx=-3.3, y=-3.3 axes= boxed):

x+y+z=1

z=4—xt—?

e Py Mgl

Fromthis seethat z=4—x*—? liesbelow x+y+z=1, |-x—y<z<4-x*—y*orandthe
solid figure is the “cap” of the paraboloid sliced by the plane.

The boundary region of integration is as shown below: é{] _Jﬁ]{ x< %(| +Jﬁ) and

|1 : 11 ;

———13+4x -4y’ < y<—+—/13+4x—4x

2 2 R

and allows us to conclude that our boundary of integration is

Rz{(x‘yﬂ %[I -Jﬁ}.:xq:%[l wﬁ),%-% 13+4x—-4x" <y ﬁ%+%\ﬂ'l3+4x-4x‘?}



Recall that the volume of a solid over a rectangular region can be calculated by the appropriate
. LR
integral I j flx,v) dv dx

To find the volume of the solid, need to obtain the limits of integration and appropriate function
to integrate. Since the solid lies in between

| -x—y<z<4-x*—y* ourfunction is j"{x.,y]:[al-;vc2 -y‘?]-[l-x—y).

From the boundary region R, to obtained

1 | | . 1 1 -
—(1-14|<cx<—(l++14]) and ———f13+4x—4x* < y<—+—+13+4x—4x’
z{ ) z( ) 373 5373

This allows us to write the volume of the solid as

1.;I-r-uﬁ1 Lol\iBetrdr 2 2
Jiooim 1 L (44 =5)=(1=x=y) dy s

o Y13+dr-dr

Next, use Maple to evaluate the integral
1 "R [ (N e
(w14} pocd=sl] Fad y=q4 5~ - q,
I* IE ) (4= =y )= (1-x—y) dy dx

I o | = 3
={1-+14} ;;—E'u|3+-l.r—-l_r’

INt(int(4-x"2-yA2-1+x+y.y=((1/2)-(1/2)

using symbolic commands

i:it[inr[4—r1—y2—l+.r+ng= {%—%JI3+41—41‘2]

. .,l~i—-l-\,l"I3+4,1r—~4,1r2 ix=
5+ 3 )

I .
= M]}

Which outputs the volume as |[——|.






