Chapter 2. Inverse Trigonometric Functions

1 Mark Questions

1. Ifsin (sin':L _:EL: +cos* x] =1, then find the

value of x. Delhi 2014

Given, sin (sin”‘ % + cos™ x) = ]

o1 1 " s
= sin 1§+f:os. 'y =sin”'(1)

FrsinB=x=0= sin”' x]

it B —1 : _1( ; TC) . Tt :
= SiIN — 4+ COS X=SINn sin— || sin—=1
A 2 2

1

= sin”' - +cos” x =2 (1/2)
5 2

1

. o EREd
But we know that, sin™' x + cos ' x = 5,

xe[-11]
LT X = 1 (1/2)
' 5 5
2. e s tan ™ y= -E; xy < 1, then write the

value of x + y + xy. All India 2014


admin
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Given, tan 'x+tan"'y = -E, xy <1

We know that,

tan*1x+tan_1y=tan" liﬁ—)i], Xy <1
1— xy
. tan™' ol M = X-|-}’,=tan-1-t- (1/2)
|1=-xy] 4 1= xy 4
- X+y=1-xy |:’.'tan2=1j|

= X+y+xy=1 (1/2)

(1
3. Write the value of cos_l(—%] + 2sin 1(5]

Foreign 2014

We have, cos” (:1) + 2 sin 1(1)
2 2

[y

[+ cos '(=x) = T — cos™ ' x]

= [n - cos"‘(cos E)] + 2 sin"(s:n ) (1/2)
3 6

[+ principal value branch of cos™ x is [ 0, ]

and that of sin™" x is [_—; ﬂ-']]

2
=|:1t—£:]+2><£
& 6

_2n+21t:=4n:+21t=
3 6 6

M|_A

(1/2)



4. Write the principal value of cos *[cos(680)° ]
Delhi 2014C

. 1 Firstly, write 680° in the form of (27 ~6) and

then use cos(2m —0) =cos® and cos™ (cos 6)!
=0

We have, cos [cos(680)°]
= cos '[cos(2 x 360 — 40)°]

= cos™ ' [cos 40°] [ cos(2m —6) = cos6]
=40° %5 cos”(cosﬁ} =0] (1)
5. Write the principal value of ta n'l[sin[_;)].
All India 2014C

We have, tan"[sin[— —;H
= tan ' [=1] |- sin] == | = -1
an | _ 1 [ sm( : ] ]

-+ Principal value branch of tan™" is (—_1:_ E] ;

:

(
~tan”(=1) = tan”'| — tan E] cctan =1
T 4 - 4

= tan"{tan(j] i, (D) [tan”'(tan6) = 6]
4)| 4



6. Find the value of the following:

T -1
COt(E —2cot \@) All India 2014 C

i OUETE—

: i,‘) Firstly, use the property cot (g- - G] = tan®, then

put cot ™' /3 =~g and simplify.

We have, cot I:-ZTE ~2cot™ '3

\
=tan(2 cot™ \E) |: cot(zzn— -0

/

= tan[Z X E) [ cot™’ \/5 = cot (cot ) r
6 6 6

= tan(g) =3 - (1/2)

- tane} (1/2)

"I. Write the principal value of

cos 1£+cos ( )}
2 2 Delhi 2013C

We have, cos™ £ + COs~ (— %)

_COS-I_L[,: (2]

[ cos™ (-x)=m—cos™ x]

_+ T _T+6m— Zn 5n )
6 3 6 6




_ —-b
8. Write the value of tan™} g-]—tan 1(9——}
b a+b

Delhi 2013C

22

tan™' = -—tan_{a: b] =tan” [b
b a+b i (a b)
b

a+b
«{A-B
[ tan”' A.— tan_18 = tan {T+A§H
(2 i 2
AL a +a£;_ aij—kb 1/2)
Lab + b” +a” —ab

+b
= tan ———-—ﬂ)-tan 1

\a 4::h*

~ tan™! (tan—z) = % [ tan”'(tan®) = 6] (1/2)

9. Write the principal value of

an™t (1) + cos™t (— %) HOTS; Delhi 2013



) Firstly, we check the given angle in principal
"+ value branch. If it is not so, then convert it. |

After that, use the identity
tan " (tan®) =6, cos *(cosB) = 6.

1
tan”' (1) + cos™’ (— E)

= tan”" (tan Z] + cos™ (4 CcOS 7-;) (1/2)

T Al ( n‘)
=~ 4+ cos feos|m——
A [ 3

[since, principal value branch of cos™' x is
[0, ], so we convert —cos6 = cos (- 6)]

T 1 27
= —+C0S | COS—
4 [ 3 ]

_E+2n“3n+8::
4 3 12

Spa (/2)
12

-_— . g

10. Write the value of tan (2 tan? 1)
Dethi 2013

= ’ \
2 X _-i
tan [2 tan™" ;)= tan| tan™’ s (1/2)

2
-0
| \ 5 /|
| [ 2x
+2tan”' x = tan”’ ;
\1 =" I
= fan tan™ (—Z—X—SJ — tan|tan™ (é_) = _5_
24 12 12

[+ tan (tan™' 6) = 6] (1/2)




11. Write the value of tan™ [2 sin [2 cos ™ ‘g)jl

All India 2013
tan” [2 sin [2 cos™ \gﬂ

- oo (o3

[-2 cos ' x=cos ' (2x* = 1)]

4
= tan"' |2 sin {cos i - 1)}]
\ 2

/
=tan {2 sin 1(305"1 %)H (1/2)
\

e

=tan™' |2 sin «loos'1 : (cos E)H
- 3

—

=tan"'{2 sin 2—:\ o cos '(cos®) = 0]

L.

>
= tan™" Zl@]
. 2
AR
=tan'(W3) =tan|tan = | ==
an™' (+/3) ( 3) 3

[ tan”' (tan®) = 6] (1/2)
12. Write the principal value of

tan? (v3) —cot™ (- J3) All India 2013



tan™' (3) — cot™" (=v3)
= tan”' (V3) - {n — cot™! (W3)}
-+ principal value branch of cot”'xis (0, .)
o cot (--x) = n —cot™ X j\
—tan'3 -+ cot' V3
= (tan”' V3 + cot™' V3-n

= L T=— L tan"1 x+cot ' x= EE:]("l)
2 2 2

13. Write the value of cos™ (,_:ZL_) — 2sin* [- %]
Delhi 2012

e e e v Bl

l (") Firstly, we check the given angle in principal%
* value branch, then use the identity

i sin~! (sin ©) =0 and cos(cos"le) =@,

cos‘l(l) 2 D sin"‘(— 1}
2 2
= cos™ (cos —TE] ~ 2 sin | sin (— E]
3 6

[ principal value branch of cos™'x

is [0, ] and that of sin"'is [—— L E]]

2" 2
=£_2(_:{5J
3 6

[* cos ' (cos 0) = 0 and sin~' (sin @) = 9]‘

R, E_2n
373 3 i

14. Find the principal value of
tan™' V3 - sec™ (-2) All India 2012



e R

g;) Given expression is not standard identity, so we|

separately find the value of tan"'(v3) and|
sec(-2), then simplify it. !

SO E R S N L. |

B e o et e s o i 4 e s e et e e it it sk

We know that, the principal value branch of

tan'x is (—g,g) and that of sec”' is

T
[0, TC] — {-2“}

stan'3 = sec! (=2)

= tan™! (tan E) — sec'?(sec 2—75]
3 3

[ t::mu?E =+/3 and secz—n ==2
3 3

1:21: |

— —— T e

E N 3
[.-tan”" (tan ©) = 0 and sec”' (sec ) = 0] (1)

15. Using the principal values, write the value of

cos ™t [1) +2sint (1)
2 2 All India 2012C

We know that, the principal value branch of

cos 'xis [0, m] and of sin”" x is [— E, E}

2 2
. cos”! (-1—] +2 sin”! [l]
2 2
-1 ( TC) . drF TC\
= COS cos — |+ 2 sin sin —
3 i 6)

[ T 1 o1

“* cos— = —and sin —=—
3 2 6 2
T T 271

___+_:_
3 3 3

[- cos™ (cos®) = 0 and sin”'(sin6) = 0] (1)



o 1
16. Write the value of sin [g— —sin™* (— 5]:1

Delhi 2011

§> Firstly, find the principal value of sin'l(%} then_!

solve it. |

ol ()

[- sin™' (-0) =—sin ' 0]

RE: ._1(. n:) N
=sin|—+sin"'|sin=|| | sin==—
[3 6)[l” T 6 2

. i T . Tt
=Sinl—+—]|=sin—=1
[3 6] 2
[ sin”™' (sin©) = 0] (1)

NOTE Please be careful that we do not write
sin”'(—sinB) =0.

N 371
17. Write the value of tan i (tan —4—)

HOTS; Delhi 2011



{ a’? Flrstly, we chech: the gwen angle in prmCIpaI
i value If it is so, then use the |dent|ty
tan (tanB) B.

We know that, principal value branch of

4.0 (- &
an gis] =21
(2 2)

- Principal value of tan™' | tan 3;)

= tan™ [tan (n L E)]
4 e
"4 L2178

.. 3m ( TC)
SO, write—as| m — —
-4 4

L

,
=tan"' | - tan %) [ tan (r — 6) = — tan 6]
\

=tan”' | tan (— %)] [ (— tan 6) = tan (—0)]

n - N
=——c T T
4 (2 2)

s
tan™’ [tan E] 1 (1)
4 4

NOTE Please be careful, we do not write

= In) 3n In (- *w
tan"'} tan—— | =—, because—¢| —,—|.
4 4 4

. 71
18. Write the value ofcos™ [ cos — |.

6 )
HOTS; Delhi 2011, 2009; All india 2009




We know that, the principal value branch of
cos ' xis[0, m] .

cos |cos— |=cos |cos|2m— —
6 6 ‘

r -

' cos(2m —0) = cos0
= cos ' | cos E— 57
B 6 and —6—6 [0, ]

_sn
6
cos” (ces ZE] —ad (1)
6 6

19. What is the principal value of

cos ™t (cos E—) +sin™? (sin 2—“) ?
3 3

All India 2011, 2008, 2009C



We know that, the principal value branch of

s 4 . ® o=
cos™" xis [0, n] and for sin™' x is —,].

2
1[ 2n] ._1(. 2n]
.. cos | cos == |+ sin”" | sin —
3 3
2T .y [ ‘m]
= —+ sin SN| T ——
3 [ 3
[ 2m T T 1
a5 T B e o by B
3 [ 2 2]

. 2. [ n)
write — as | Tt——
3 3

- =3

= 231[- +sin”! (sin %] [ sin(m — 6) = sin 6]

_3n
3

2T

s TR
3

: =q [.sin' (sin6) =6] (1)

20. What is the principal value of tan™ (-1)?
Foreign 2011, 2008C
We know that, the principal value branch of

o » - T
fan XxISs| —,— |-
2 2

. oL
i tan‘1 (-1 = tan_] — tan 2 » tan—=1
4 4

=tan™" l:tan [—- %)] [ (—tanB) = tan(—0)]

n (-=n n:)
=——€c|—,—
4 (2 2

o T
Hence, tan™' (=1) = — 3 (1)
21. Using the principal values, write the value of

B3

g Pt
2 |} HOTS; All India 2011C



We know that, the principal value branch of

il e n =N
sin”' xis|-=, =]

2
. 1 ‘\/5 : _1( : n]
JooSIn —— = S - Sin —
2 3

i [_ E E] [+ sin”" (sin ©) = 6]
3 2 2
Hence, sin”| [— ﬁ) =-Z M
2 3

22. Write the principal value of sin™ (— %)
Delhi 2011C
We know that, the principal value branch of
T T

sin"'xis|— =, =1
2 2

; ]( 1) " _1( : ﬂ:]
' 8l — — | =SsIn G
2 6

b
=sin” [sin (— g ] [+ sin (~=6) = — sin 6]

‘
.2 [_g;‘ [ sin”' (sin ) = 6]
Hence, sin”' (~ :}) = - g (1

23. Write the principal value of sin™ [3/;]

Delhi 2010



We know that, the principal value branch of

ot TE TC
sin” ' x 1S j— ks

"3
sin”"! [ﬁ—]xsin1 Si n) sin—Ti:l/—g—]
2 2 i 3 2
T T T
=t e =
Lt
[ sin”™' (sin®) = 6] (1)

24. What is the principal value of sec™ (-2)? |
All India 2010

We know that, the principal value branch of
sec” is [0, ] — {r/2}.

- sec ' (=2) =sec” [— sac %)

here, sec”'(— sec e 2
3 3

since, :3E ¢ [0, ] — {gH

= seC’| [sec (n — 1;—)] [ sec(m —6) = — secHt]

= secC (seczﬂ] 271: e [0, n] - {n}
3 ED 2

P sec”! (secB) = 6]
27

Hence, sec”' (-2) = T (1)

25. What is the domain of the function sin™* x?
Foreign 2010

The domain of sin”™' xis —1 <x<1 (1



26. Using the principal values, find the value of

( 13n]
cos 0S5 ———
6 All India 2010C

As the principal value branch of cos™ x is

[0, m].
cos™! (cos 1315);& AT as 13% ¢ [0, 1]
6 6 6

Now, cos ' (cos LZE) = cos™! [cos (Zn + g)]

i cos'*(cos g) [- cos(2T + 6) = cos 6]

— g_ e [0, ] [ cos™' (cos 6) = 0]

Hence, cos” [cosifi) 2 §))
6 6

2%. Iftan™ (v3) + cot™ x = g  then find the

value of x. All India 2010C

. " _ T
Given, tan~' V3 + cot T><=—2—
_ o _

— tan™’ 3=E—cot1x

s _ T
::*»’tan1 /_ =tan x['.'tan1x+c0t1x=2]

On equating both sides, we get

¥=4{3 (1)

4. 3
28. Write the principal value of sin™ (sm —Sn-)

Delhi 2009



As we know that, the principal value branch of

-1 . T T
51N "XI15]——,;—]|.

Now, sin™" (sin %ﬂ:—)

o)

{
=sin”'| sin 2_:11:} [ sin(mr —0) =sin9]
\ D
22 B IE] b sin” (sin @) = 6]
5 | 272
Hence, sin™ (sin §E] ~ 2t (1)
5 5

29. Using the principal values, evaluate

tan™ (1) +sin™t (— 1—)
2 Delhi 2009C



We know that, the principal value of tan™" x is

(-—E, E) and that of sin™' is |:— =z, n].
2 2 2 2

s tan” ' (1) + sin™’ (_ 1)
2

= tan™" [tan E] + sin™! (— sin E)
4 6
;

tan£=1and sing—:‘
4 6 2

L

A
= tan™! [tan & +sin”"|sin (—- E)
4 ) 6

[ sin{(—B8) = — sinG]

T _r _T
4 6 12
[-tan™' (tan®) =0 and sin™" (sin®) =6] (1)

30. Find the principal value of cos™ [?)

All India 2008C

Since, -ge [0, ]

{As principal value branch of cos™ x is [0, 7]}

5

ot =

s 1
VA A

6 Mark Questions

31. Solve the following equation:
cos (tan™" x) = sin (cot'1 %}

Foreign 2014; All India 2013;HOTS



Given, cos (tan™' x) = sin (cc)‘t1 %)

= sin {E —tan™ x} =sin (cot“I E)
2 4
[ sin (g - 9) = COSBJ (1)

On equating both sides, we get

N tan™" x = cot™ é (1)
2 4
-1 13 n
= tan” x+ cot” —=— (1
4 2
It is only possible, when x = %

[ tan”' x + cot™ x = 125 , X € R} (1)

32. Solve following equation for x.

tan™? G* x) = % tan™* x
+ X

Foreign 2011C, 08C; All India 2014C, 2010, 2009C



Multiply both s!des by 2 and then in LHS, use the
and solve

J" relation 2tan‘x= tan™!
1-x
it.Then, equate both sides to get the value of x.

Given, tan™ | 8 L tan” x, x>0
1+x) 2

— 2tan” i T
1+Xx)

/ 7
9 1-x
= k1+X
2
Y e
\1+ X

b =

[ 2tan”' x= tan“( & 2]}
el

= tan =tan"' X (1%)

_ i
- 1 20 ><)(1+x)2 e
Cla+x?-0-%7)
92
= tan”’ [2 2X | = tan' x
4x y
[.-a?—-b?=(a-b)a+b)
.-
— 12x =x = 1-x"=2x
X
| 1
= I’ =1 =>x°=-= =i—-—— (11%4)
3 V3
But given, x>0
x=—1- (1)

V3

33. Solve for x,2 tan™* (cos x) = tan™* (2 cosec x).

Delhi 2014C; All India 2009



Given equation is
2 tan™" (cos x) = tan™' (2 cosec ¥)

(
_1{ 2 cosx af 2
= tan’' —u—ij— =tan™' | —
\1— cos” x sin x

.+2 tan' x = tan™’ [ X ]} (1%)

152

2 €0S X 2 . .
= s me sin? x =1- cos’ x]...(0)
sin“ x  SIinXx
= sinx-cosx—sin2x=0
= sinx{cosx—sinx) =0
= sinx=0 or cos x = sin x

= sinx=sin0 or cotx =1=cotr/4

e x:Oor% (1%)

But here at x =0, the given equation does not

: . ;
exist. Hence, x= — is the only solution. (1)
34. Solve for x, tan™ x + 2cot™ x = 235

All India 2014C;Delhi 2009C

: " - = 2T
The given equation Is tan Y42 cof ' x= T

P 11
We know that, cot™ x=tan™" —
X

So, the given equation can be written as

. 101 27
tan”' x + 2 tan 1[—-):——
X 3
: |
2 X — I
= tan”' x + tan”™' X |=
1 3
1-=
X

[ 2 tan"' x=tan™ [ X 2]]
1—x

r' = A



—  tan"' x +tan”

1 x* -1 3
L 9
i 2Xx \ 2n
— tan~' x + tan™ > =
"
2X \
X+
= tan™' st .
2x? 3
1_
Tt it

[ tan”™' x + tan"'y = tan™’ [

x> — X+ 2X 27
= 5 2=tan——
Xx°—=1-2x
3 x3+x =tan[ _E)
~1~x? 3
— ._xs_-t-_}iz_.:—tan—ji
—(1+x9) 3

(1%)

x+y )|
1—xy

(1%%)

[+ tan(m—6) = — tan 6]

%
—1 M:—ﬁ =>X='\/§

—(1+x2)

35. Prove that

oL {\/1+sin X ++/1~sin x] X

\/1+5in X —\/1-sin X

2

(1)

=—'X€E (O,E).
4

Delhi 2014C, 2011; All India 2009



. LHS = cot™ 1+ sinx + /1= sin XJ
| A/H' sin x — 4/1—sin x
'=cot"‘ 1+ sin x +m
_1/1 + sin x — 41— sin x
| 5 J1+sinx + m] A
[multiplying and dividing by conjugate of

denominator, i.e. by ¥v1+ sinx + 41— sinx ]

ot (y1+ sin x + 41— sin x)? -
(\1+ sin x)? — (41— sin x)?

[ (a+ b)(a - b) = a% — b7

- cot™! 1+sinx+1-sinx+2m
1+ sinx—1+sinx
1[2+2 cosx . -
= cot” - [+ 1— sin® x = cos® x] (1)
| 2sinx
5 .
f 2 cos® =
1| 1+ cos x -
'_"[:(:"[1_.—-*]=cot1 - 2;(
| sinx - s B o ¥
I— 5 X x'] .

cosx=2cos” ——=land sinx=2 sinE COS —
| 2 2 2]

= cot™! [cot %] - 25 = RHS 1)

Hence proved.
36. Prove that

1| 5+4/2 41 4
Ztan*l[%] +sec 1[——7£] +2tan 1(5] -

Delhi 2014



=2 {tan‘l 1 + tan™ A + sec”] 5—-@
5 8 7
1.1 3
=2 tan™’ 51 81 +tan*‘\/(§£] ]
(LY )
5 8
tan"1x+tan_1y=tan‘1{x+y}
1-xy (1)
| and sec”'x =tan™" 1/x2 -1
=2tam_11—31+tan'"1 iq-—1
39 V 49
=2tan**§i+tan > \i)
[ *
2 xl
=tan™ 3 {4 tan™

1
2
7
0
3 .
[’.'Ztan“1x=tan“1{ 2x2” (1)
1-x

3 1 ]
1.3 1] 1] at7

=tan "—+tan  —=tan" { <L\
4 7 3.1
1——X—

| 4 7]

=tan" (1) = tan*‘(tanf)=i= RHS M)
4) 4

[.- tan”'(tan®) = 6] Hence proved.



3. Prove that tan™ e e Lol
\f1+x+\/1~«x

=E—~—cos X, T$x<1

All Indla 2014, 2011,2014C; HOTS

e ]

Let x = cos 6, so that cos™ x =0 (1)

J1+ cos6 — /1 cos
J1+ cos@ + 4/1— cos 6

Then, LHS = tan™ [

ﬁcosg—ﬁsing

ﬁcosg+ 2 sin—-q
2 2

= tan~"

[‘.'1+ cos 0=2 cos? gand1— cos 0 = 2 sin? g]

(1
-.':osg—sinE 1-tane—
=4an™ =tan'| ——2
- 0
COS — + SIn — 1+ tan —
2 2 2
[dividing numerator and denominator by
cos (6/2)] (1)
=tan™'|tan (E &
4 2
[ tan (x  y) = 2N X = tan yJ
1+ tan x tany
n 0 1
=——— wtan (tan©) =0
I 2 [ (tan 6) = 6]
L. cos” Ty [0 = cos™ ]
=RHS Hence proved.

af(x-2 af(x+2 T
. + tan- = —, then
38. If tan [x—&) [x+ﬁ) i

find the value of x. All india 2014



Given, tan~' [ 2= 2 14 R ‘1%
Xx—4 X+ 4 4

4 n
= tan o S
s x-2)(x+2 %

] x—4)\x+4

[ tan 'x+tan 'y = tan™ ( X )] (1
11— xy

(=2 (x+ 4 +(x+2) (x= 4|
L (x—4(x+4) R
P A+ -2+ | 4
! (x—4)(x+4

X2 —2x+4x—-8+x>—4x+2x—8

—
(x2 —16) - (x> — 4)
— tan = )
4
2x? -16
= =1
~12
== 2x2 -16=-12
— 2x>=-12+16
— 2x2 =4 = x2 =2
x=%2 (1)
Hence, J2 and —+/2 are the required values of x.
(1)

39. Prove that

) B
cos'l(x)+cos‘1{%+ 3 23x }:E.
i" India 2014C




We have to prove

1 qlx A3-3%| =
cos (X +cos {—+———p =—
2 3

T
LHS = cos™'(x) + cos‘{% % il -}

Let cos 'x=0 = x=coso (1
Then, LHS=0+ cos™’

K 5
cosa-c05§+7 1— cos” o

. T T
= O, + COS 1[cosg CosOL + sm; sma:l

[ sina. = vV1— cos®a, sing = g] (1

= [{g_a)]

[-- cos(A — B) = cos A cosB + sin A sinB] (1)

= Bl e = RHE (1)
3 3

40. Prove that cot ™17 +cot™8+cot™118 =cot™3
Foreign 2014



To prove, cot™' 7 + cot '8 + cot 118 = cot™' 3
LHS = cot™' 7+ cot™'8 + cot 18

5 1
=tan"1l+tan_’1+tan -3
7 8 18
g L
oot x=—| 0
tan x
d 1,1 i
= tan~! 71 8 A e
-3%lg),
7

A+B
-1 =)
A+t B =tan” (1)
[ tan an (1 - AB)]

_1"15) 1
+tan™
\55 18

(
=tan™" -i) +tan™! L
\11 18
( \
4.1
= . 13 18 =tan™’ -——-) (1)
i 3_) () (195
WRARNEY)
4 1 .
= tan 6): cot ' 3= RHS (1

Hence proved.
41. Prove the following:

cotT[‘/H sinX ++/1— 5'“xj|=f ;xe(O,%)

J1+ sinx —=y/1-sinx | 2

Delhi 2014, 2011; HOTS; All India 2009



|~ i
: ,,\3? Use the relation

X X X
22 4% 25m_c¢:::sE

2 2

X . x)z
=|cos — + sin—
( 2 2
Forxe({),g),
4

. X :
1—snnx=c052 54— sin

2

i X .
1+ sinx=cos E+ sin

X - X
22 _.2sin=cos—

2 2

2
— [cos X _sin i) and then simplify.
2 2

\/1+ sinx+J1—sinx]

JH sinx—\ﬁ-—sinx

LHS = cot™ (

[ x . x\° }r ¥ 2]
Cos 2 +sin—-| +,/{ cos - —sin -

X .
|
— 2) YU 2 2
= cot = :
( X . X ’f' X . X
cos=+sin=] —.ll cos - —sin -
\j 2 2) VYU 2 2) |
(1%2)
X . X X . X
COS — + Sin = + COS — — Sin -
LHS = cot™ 2 2 2 2 (1)
X . X X . -
COS — + Sin -- — €0os ++ sin —
2 2
2 CoS ); .
= cot™’ ;— = cot™’ [cot —) (1/2)
2 sin - :
¥4

> The principal value branch of cot™*

cot"‘(cot 5—) e
2Fr 2 '
[ X€E (O,E] — g (0, n)] (1)
4 2 8

xis (0, m).

2 LHS = RHS Hence proved.



NOTE ifx e (O, %) then \/1—sin x =cos :‘zi wsin%

and if x e(—g n) then \/1-sin x Hsm-’g—cosg

Alternate Method -
LHS = cot™’ J1+ sinx +~/1—sinx
\ﬁ+sinx—\ﬁ—— Sin X

_ cot"{‘h +sinx + Vﬁ — sin X

J1+ sinx — /1= sin

x1!1+ sin X +\/1—- SF)-{‘}

\/1+ 51nx+\/1- Sin x

[by rationalising denominator] (1)

(\/1+ smx+Jl— s:nx) '
(1;‘i+ sin x)% — (/1= sin x)?

[-(a+ b)(a— b)=a’ - b?]

| 1+ sin x + 1= sin x + 231 = sin® x
= cot _ : :
1+ sinx — 1+ sin x

[+ @+ b)? =a?+b?+2ab]

= COo t"'[%—i—cgﬁ-J[ COS X = \;[1 ~ sin® x] (1)
in x
2 X
\ 2 cos’
= Cot_3f1+_cosx]: cot™ 2 (1)
sin x '

2sin~ cos
2 2
[ 1+ cos® = 2 cos? g and sin® =2 sing cosg]

3 j
= cot"[cot —g] = —; = RHS

[ cot™ (cot ©) = 6] (1)



42. Prove thatsin™ (—g) +sin~! (§)=cos“1 [-919)
17 5 85

All India 2014C; Delhi 2012, 2010C

"To prove, sin"](—a—) + sin"[?—) = COS—‘(%J
1 5 85

7
Let sin”! 3.)” R ¢
17
and sin”! -3-).:'y ...(ii)
5
. 8 . 3
= sinx=-— angd siny==<= (1)
17 y 5
Now, cos® x =1—sin’ x
64 225 225
== = COSX=.!
289 289 V289
1 .
— c()sx:—S (1)
17
AISD coqzy—l-qinzy-bﬁ—
' ) - 25
i 4
= cosy=_l— = cosy=- (1)
Y=\ 25 =%

We know that,
COs(X + y) = COS X COSy — sinX siny

15 4 3 3
=3 cosix+y)=|—x—1—-| —x=
17 4 17 5

60 24 36
= cos(x+y)=——-—=>—
85 85 85
=3 x+y=cos"1 (37)—6] (1)
85 :
= | sin”™! —8- CX T é = €05~ §§ (1)
1# 5 85
[ from Eqs. (i), (ii) and (iii)] Hence proved.
43. Show that tan (}- sin”t EJ 1o ﬁ
2 4 3 All India 2013



"
. To prove, tan (l sin™! 3) o
2 4

3
LHS = tan (l sin”~! —3—) skl
2 4 :
/
ot a2 b=t i)
2 \ 4
(3
o sin”" §~ =20 = sin20= g’ (1)
L4 4
2 tan® 3 , 2 tan®
= ipns. oo o A §iN20 = ———7-
1+tan“® 4 1+tan“ O
= 8 tan@=3+3tan’ O

— 3tan’0-8tan8+3=0

Now, by Sridharacharya’s rule

8+,64-36 8428 -

2x3 .6

8+2J7 4147 1[4i4?}
== == O=tan

tan9 =

6 g 0 & B
[-tan®=¢ =0 =tan"' 0]

So, from Eq. (ii), we get

-
- (é) =tan”™" {4 A ] (1)
4 )

2 3

Taking (—)ve sign, we get

o (1) 157
—sin " |~ |=fan"" |——=
¥, 4 3

On taking tan both sides, we get

P =
tan J— sin”’ —3—~) —tan {tan™" i_‘@_
\2 4 5

(1 ._1§]_4mﬁ

= tan| — sin
3

\ 2 4
[+ tan(tan™' 6) =6] (1)
= RHS Hence proved.




44. Prove that sin™ E+sn 12 tan™}
5 36
Delhi 2013C
To prove, sin”' 8 4 T o
17 5 36
Let sin™' 2= = xand sin~ ol = =y
17 5
= Sin X = L and siny = 3 (1)
17 5
Now, cos? x=1-sinx=1- Bt
289 289
225 15
=N CosX= . [— = —
V289 17
9 16
Also, cosly=1-sin’y=1—-—=—
4 4 25 25
=5 cosy=,}16/25 =4/5 (1

We know that,
cos(x + y) = cosx cosy — sinxsiny
13 4 8 3_60 24 36

1775 17" 5 85 85 85

( )
X+y= CcOS

= s'zn“[—a—) § sin"[EJ = cos"'(-:iq) d
17 5 85

Again, let cos‘}[g'é] =7 = COSZ= 36
85 85

7
then, tanz = 77 (M
5 T 136 4
= z=tan ' — = cos — =tan —
36 36
On putting this value in Eq. (i), we get

.,(8] : 4[3) 4(77)
SIn — | + SiIN — | =tan —_
17 5 36 (1)

Hence proved.



45. Solve for x, tan*3x+tan™t2x = i

Delhi 2013C, 2009 ; All India 2009C, 2008

el ¥ ’ﬂ:
Given equation is tan ™ 3x+tan™ 2x = 5

= tan”’ i+ 2k ):_n_: (1)
1-3xx2x) 4

{A+B
~tan A +tan"'B=tan" )
1— AB

X T 5x |
=>tan'1( 2 ]=—-:> = tan —

1- 6x° 4 1- 6x2 |
[ tan™' (6) = ¢ = 0 = tan ¢]
5x
= — =1
1- 6x°
= 5x=1-6x> (1)
— 6x>+5x—-1=0
= 6x° +6x—x—1=0
= 6x(x+1—-1x+1=0 §)]
= Bex—-1N(x+1)=0
=b 6x—1=0orx+1=0
=% x=1/6 orx=-1 - (D

But x = — 1does not satisfy the given equation.

, ]
Hence, required value_ of x is =

46. Find the value of the following:

o3
tan = | sir? 2x2 +eos L y?_ )
2 14X 1+y

if [x|[<1,y>0andxy<1 Delhi 2013




Q Firstly, use the relation

2
P s LIy "
1+ x2 142

convert into tan™", then use identity relation
tan(tan *0) =6.

________

1 . 4 2x (T
fan ¢ — sin 5 |+ cos 5
2 1+ x 2 T+y

= tan B 2 tan”' x) + % (2 tan™ y)] (2)

L2
-+ 2 tan” x = sin™ 2X2 =cos™ " i x2
T+ x 1+ x

=tan(tan”' x+tan"'y)

= tan |:tan‘1 (x+y ]]
T—xy
[ tan”' x+tan"'y = tan™ ( X¥y ]]
1—xy

A A [~ tan(tan"'0) = 6] (2)

4. Prove that

fan [ = | & tan =Y (}—):E.
2 5 8 4

Delhi 2013; All India 2011, 2008C



To prove,

tan™ (1) + tan™! (1 ] +tan™ (l) oy
2 5 8 4
1 1
LHS = tan™'| = | + tan™' + tan™"
\ 2 5

* 1
=tan"'|2—3 |+ tan™" (g] (1%)

Fotan™' x+tan”'y = tan™ [:f;;} , xy < 1]

= tan~ ( ) + tan~ (—}
L
-119 8

Y
72

[ tan”' x+tan”' y =tan" (x ¥ } , Xy < 1]

= tan™" ol tan™ [ES—)
72 -7 65

= tan™ = tan™" [tan 1:—) =

= tan

=RHS (1)

Hence proved.

48. Prove that

4 cosx X [ T Tt]
tan =il FE ] e — i),
1+ sinx 4 2 2 2

Delhi 2012;HOTS



l
|i tan(A—B) =
|

LHS = tan™!

tan

‘

: ‘:? Firstly, use the relation cos@=cos

tanA — tanB
1+ tanA tanB

2 X

. R X )
sinx = 25|n—c055. After that use the relatu:mE

and simplify it.

2 X
~ _sin’Zand

COS X
1+ sinx
(

|

X
cos?
2

- — Sin

2 X
2

=tan

by cos x/2 ,

LHS =tan™

\

2 X i
T COSX = Cos —2* = 51N

. X X
and sinx =2 SmECOSE

X . X X . X
COS — — sin— || cos — + sin--
(g -ml s )

zxﬁ

2 X . 2 X . X X
COS” — + sin“ — +2sin — Cos -
2 2 2

q)

X
Cos —
[

2

. X

+ sin =
2)

[a’-b?=(a-b)(a+b)and

(a+ b)? =a%+2ab+ b}

1

X . X
COS— — Sin-
2

= tan (1
X . X
COoSs — + sin -
2 2
On dividing the numerator and denominator
we get
(% . %)
cos sin
Bk
X X X
COS - COS 1—tan
. 2 |=tan™ s
X . X
COS -  SIn - 1+ tan
2. 2 2
X %
COS -  COS -
\ 2 2.3




i X
tan— — tan —
= tan"’ 4 2 (1)
T X
1+ tan - tan-
4 2

[ e |

+1=tan— and
4

X i X
1-tan— = tan— - tan —
2 4

- -

- tan” [tan (; _ 5]]

tanA —tanB _ tan(A — B)
1+ tanAtanB

s
2

tan”' (tan®) = 0; x € (- E, E]
2" 2

= RHS (1) Hence proved.
49. Prove that

cos | =|+cos|—=|=cos | —}
5 13 65

All India 2012: Delhi 2010C. 2009

&~13



To prove, cos™ (i) + cos"{mJ = cos{éil
5 13 65

&
Let COSHTi =X ()
/
\
and cos'1(12 =y i)
13)
=  COSX= 2 and cosy=E (1)
5 13
We know that,
5in2x=1—cos?‘x=1_l6_=2_,
25 25
, 9 3
:> SIN X = ———
\{25 5
and sinfy=egodye Tl ot =23
169 169
| 2h 5
"~ V169 13 |

Now, we know that,
CoOs(X +y) = COSX COSy — sinxsiny

4 12 3 5
= cos(x+y)=[~—><——]—(—><—]
5 13 5 13

_ 48 15
= = sl
33
=3 cos(x +y) = — (1
5 65
a3
= X+y=C0S —
65
1 4 12 wf I3
= CO0S —+ C0S — =C0S — L)
5 13 65
[From Eqgs. (i), (ii) and (iii)] (1) Hence proved.

50. Prove that sin™ (@) =sin (—i e [-?i)
65 13 5
Foreign 2012



., To prove,

sin”'l—l=sin"'| = |+cos | =
65 13 5

RHS =sin™' (—SJ + cos™! (E)
13 5

Let sin”"’ L =X = Ssinx= 3, (i)
13 13
and cos™ % =y = COsy= —g— (i) (1)

B gt d o

Also, cosx=+/1—sin" X

_\/1 25 _ [144 12
169 V169 13

and siny=1l1—cos y

.

—\/ v o \/r o (1)
5
We know that,

sin (x +y) = Sin x COSy + COS X siny
5 3124154863

=—X—+—X—= — = (1)
135135656565

— x+y=sin" (E—E) (1)

[sin@=0=0=sin"' ]

= sin"' (-—E—)—} + cos™ (g’) =sin”" (ﬁ) (1)
13 ] 65

[ from Egs. (i), (i) and (iii)]

Hence proved.
51. Solve for x,

2tan 2(sin x) = tan (2 sec x) , x # g

Foreign 2012



To solve, 2 tan~! (sin x) = tan™' (2 sec x)

= tan”' EI-DZL =tan_1( - ] (1%)
1—sin” x COS X

f 1
.+ 2tan”'x =tan” 2x2
1-x

1

COS X

On comparing, we get
2 sin x 2

= = (M
COs” X  COS X

o tan x =1 (1/2)

b
= x=tan '(1)= tan"('tanE s (1)
4) 4

.
52. Find the value of tan™ [E ~tan™? (u]
Y ) X+y

Delhi 2011



~

£, Use the relation

tan ' x—tan! y=tan | 22 |
1+ xy

We have, tan™ (i) ~tan™ (x ~ y}
y Xty

BN

<1 Y X4y (114)
1+XX—)/
\ ¥ X%Yy)

[ tan '@ —tan™' ¢ =tan”’ [ ihaak H
1+6-¢

-1 Fx(x-l—y)—y(x—y)}
yix+y)+x{x—vy

(x2+xy—xy+y2J 1%)

;\xy+y2+x2—xy

- 2
o -+ o
= tan™" XZ yz): tan™'(1)
Ly? + x

= tan

= tan

= tan™"

{ principal value branch oftan™ x is (%n, g]

= tan‘(tan E] - | (1)
4) 4

53. Prove that

4 (1 i 1) 1 (31}
—|+tan "= |=tan" | —
2 tan (2] (7 17

All India 2011; Delhi 2009C, 2008C



Al

Q Use the relation, 2 tan™ x=tan™ ( 2 . ]
- 1-x

and then tan‘x+ tan'lyztan‘l[""' _)’J
1-

LHS =2 tan™ (1) + tan”! [l)
2 7

i [2 x (1/2)} o T

1-(1/2)?

4+1
=tan’(—)+tan"(—]=tan‘ 3 7 l1w)
4 1
1- X
3 7
{ tan“‘x+tan"y—tan-1(Xﬂf)]
1—xy
28 +3
—tan-t | 21 -1 31
=ta £l |= i 98
e T M
21

Hence proved.

or 9 .. -1 1) = -1 2‘\5
. Prove that — —— —l==sin | ——|
54. Prove tha - &sm [3 7 :

Foreign 2011



Method |

Let sin™ (1) = x and sin™" & =y
3 3

Then, we get

. 1 . 2+2
sinx=-—and siny =—-
3 3

Now, cos®x=1-sin?x= 1—3—

= COs X = \/g:& (1)

3

id
9

L
9

= cosy = \/g=% 4

Now, sin(x+y)=sinxcosy+ cosx siny

_1,.1,2\2 242

A 3
g=1 (1
9

Similarly, cos®y =1- sin? y—1—g

= sin(x+y)=1=si

[ principal value branch of sin™" x is



X+y=

i _1(1 b 22 L
= sin — | = SN — f=m—
3 3 2

[ s i 1(%) and y = Sint_l[¥]]
i %Sin_1 [;)+; [2\7} 98n

[multiplying both sides by 9/4]

= % (1) 2 (&] M
8 B 3 B 3

Hence proved.

—_— N

Method 11
To prove that

9t 9 . ;|(1J 9 . = 2’\/5
e == 1R — = — SIN e
8 4 3 = 3

x=sin""V1-x2] (1)

. sin”" Ng) (1)
4 9

= RHS Hence proved. |



12 1, 44
55. Prove that tan™ %4— tan™ g tan™ 3
All India 2011C
To prove,

(o (o) o

Above equation may be rewritten as

for (B )

(1/2)
(1 (2
Now, LHS=2|tan ' |—|+tan | —
4 9
2 R
4| a9
‘|_ o B
! & 94
s @an” x+tanTy= tan™ { il )]
i : 1— xy
(9+8
=2 tan' |36 |= 2 tan-t [17)
=2 tan 36 :2 2 tan (34J
\ 36
1 2 X !
=2 tan”’ [E]= tan 2 (1)

= tan' 1—1 =tan" (-;i) = RHS (172)
'| =

4

Hence proved.



. 1
56. Solve for x, cos (2sin* x) = 3> 0.
All India 2011C; HOTS

Given equation is

1

i [P x)=-;_,x>o (i)

Put sin'x=y = x=siny (1/2)

Then, Eq. (i) becomes, cos2y= %
[Esiny = X]

= 1-2 51n2y:l

[- cos20=1-2sin* 8] (1)

= 25tn2y=1—l=§ (1/2)
9 9
= '5ir12y=i = x? == [ siny = x]
9 9
= x=x= [taking square root] (1)

£

3
But it is given that, x>0

2

e (1

3

Alternate Method

Given equation is cos (2 sin”' x) = %, x>0

= cos (sin~' 2x 1—x2)=l
[ 2sin” ' x= sin"1(2x\/1 - xz)] (1)
= COS [cos = \/1 — (2x4/1- xz)z] = ;}

[ sin™'x = cos™ " 4[1—- x2)(1) -

= Jl - 4x*(1- x?) z% [+ cos (cos™" 6) = 6]

On squaring both sides, we get



l

=

81(1— 4x% + 4x*) =1
324x* - 324x* +80=0
81x* —-81x* +20=0
| [dividing both sides by 4]
81x* — 45x° —36x2+20=0

= 9x°9x*-5)—-409x*-5)=0

=

=

But

9x%* -5)9x* -4 =0

45 2

x2=§—ori = X=t—ort—
9 9 3
x>0
VAN P (1
3 3

NG

But here, x = 5 does not satisfy the given

equation.

x =2 /3 is the only solution. (1)

NOTE While solving an equation, please be careful

on squaring the equation. Sometimes, it may
give extra value, which do not satisfy the
given equation.

5%. Prove that2 tant E — tan™ 2 = E.
4 31 4
Delhi 2011C

1? Firstly, apply 2tan™ x=tan™ [1 2x2 ] to|
~X

evaluate 2 tan™ (-ﬁ-]and then apply

tan"' x—tan! y=tan™}| 27 |and get |
1+ xy %

the desired result.



To prove that 2 tan™’ (%) —tan~! [T_Z) = g

31
LHS =2 tan™ (é) — tan™! [E)
4 31

3
2><4 (17
= tan™" e (1)
_9 (31)
16

,
=tan™’ iz—) — tan™’ (E)
\7/16 31

/
= tan™’ E) ~ tan™! (H]
\ 7 31

=tan™'| —Z 31 )

\ 7 31

[ tan™' x — tan™’ Y= tan™ (x - YH
1+ xy

1 (24%31-17%x7
\7/ X31+24x%x17

=18

1(744-119 o (625)
= tan — == tAN bt
(217 + 408 625
= tan~' (1)
= tan™" [tan E) o =t 2
4 4
=2 - pHs
4

[ principal value branch of

tan™" x is(- —g—, g)] (2)



58. Solve for x,
2
tan'l( = ]+c0t':E e, 9 6N
1—X2 2X 3

Delhi 2011C; HOTS

rm————. pr— £y S S

. _ 2 - :=
"ii’?é? Firstly, write cot™! (1 A ]z tan™! ( 2x ] by

2X 1—X2

applying formula cot_1x=tan'll and thené
X

i




Given equation is

.
tan”™ 2x2 + cot™ Ll =E,—1<x<1
1-x 22X 3

1 :
'~ so by using
X

We know that, cot™ x = tan”

this result, we may write

2
cot™’ (1 ;: ): tan”' (1 s 2) (1/2)
- X

Then, given equation becomes

a1 2% _1( 2x ) w
tan > |+ tan s|== (1/2)
4 b
= 2 tan™ 2x2 .. (1/2)
\1=x7)
( A
= tan-l —gi"z— :E
Shas &F 6
=3 2X ~tan£—i
(e \6
= 2:3x =1— x? (1)
- x2 +23x-1=0
23+ 12+4
= X =
2
b+
[ we know that, x = —b-':-—@ where,
a
D = b? — 4ac]
2\3+4 4-2J3 -4-23
iy, — or (1)

2 2 2
= x=2—+30r-(2 +4/3)
But it is given that -1< x<1, sox=-(2 + J3)
is rejected.Hence, x =2 — 3 (1/2)



59. Prove that

farr L o e [1 "X) xe(0,1).
2 1+X)  Delhi 2010:H0TS

)Putf—tane =>B tanlx/x

and then use cos 20 = Lﬂ_ﬁ
1 +tan’ @

1+ x

2
RHS— — [1“(‘ﬂ ] (1)

To prove, tan™' Vx = % cos™’ [1_—__)(} xe(0,1)

1+ «[x)



On substituting Jx =tan9, we get
1— tan’ 9)

RES =~ ctsi? : (1)
2 1+ tan“ 0

= % cos” ! (cos 20) (1)

|:__1-—tan2A

“litanr A coszA]

= % (20)=90 [ cos™ (cos 6) = 6]

= tan”" Vx [-0=tan ] \/;] (1)
= LHS Hence proved.
Alternate Method
1-x

To prove , tan 'Vx = 2 cos"(
2 1+ x

), xe (0,1)

LHS = tan~'vx = %—(2 tan~" Vx)

1 I oA e
=—XCOS | —=— (2)
2 [1 + (\/;)2}

2
~*2tan 'x = cos”| 1___:(_2
T4+ x

) cos“‘(]“—") = RHS )
2 | 1+ X

Hence proved.
60. Prove that

cos“l[E) + sin‘l(i) = sin*l(l:’g) hi
13 5 65 ) Delhi 2010



i {‘j ) Use the relation sin®x+ cos’x=1 Find the
. * value of sinx,cosx,siny and cosy, then use
relation sin(x + y) = sinxcos y + cosxsiny

0 e X = y
13 5
= cosx:lz—and siny=-3~ (1)
13 5
sin? x =1— cos” x

12Y
=1- (13) [s sin’0 + cos’ 0 =1]

144 25 : 25 5
=1~ = = SINX=,|—=—
169 169 169 13
2
and t:052y=1—s,in2y=1—(E it
5 25 25
16 4
= COSYy=,—=—
25 5 | (1)

Now, sin(x +y) = sin x cosy + cos xsiny

= sin{x+y)= {5><4] i E)
13 5 1375

_ 20 36 56
65 65 65

- (1)

= sin(x+y)=~g~g = X+y=sin" (%)

= 05 (EJ + sin”™" (3) = sin”! (5_6_‘1
13 5 65
' X = cos” EJ dv=sin[2

[ X = COS (13 and y = sin - (1)

Hence proved.



61. Prove that

2x a 3=
- -1 _ 1
tan = x + tan [1_X2J_tan (1—3:(2]

All India 2010
=30=3tan" x [-0=tan™' x] (1)
=tan”' x+2 tan"' x |
=tan~' x + tan”’ i 2 (1)
1—x

|:2 tan_] Y= tan_1 [1 2)(2]} = LHS
i

Hence proved.

I 14 x*
62. Prove that cos [tan™ {sin (cot™ x)}] = o

All India 2010

TS T

1+x2
2 4x®

LHS = cos[tan™ {sin(cot™ x)}]
let cot'x=0 = x=coth (1!2)
Then, LHS = cos[tan™' (sin 0)]

=cos[tan‘1( 1 )] (1/2)
cosecH

[ cosec = —1‘—]
sin@

= cos| tan™" 1
1+ cot’ @

[- cosec? 0 =1+ cot? 0]

To prove cos [tan™ {sin (cot™" x)}] =

= cos|tan™ (~—1~:J - ootb= x4

1+x2

= COS - (1)



where, tan ' L_—_mJ =¢dortan ¢ = :

1+ x? o T
1
= | . sech = :
sec ¢ cos 6

1

1+ tan? ¢ _
- s tan g = ——— |0
Jf]: 1 J1+ x*
V ; l

[~ tan? 8 + 1= sec? §]

T+ x
1 145%
= = = RHS (1)
et 21 N2
V o1+ x?
Hence proved.
63. Solve for x, cos™ x +sin™ (g] =-g~.
All India 2010C
. " ol XY W
Given, cos™ x + sin™ (—) =~
2 6
s L o saf X
=% EO5  X=-—=8§iN =
6
n .
= x=cos|——sin"" =
(6 )
LI’ ( i =] X]
= X=CO0Ss— COSs|{SsIn —
6 | 2

+sin = sin (sfn‘”"' i) (1)
6 2
[ cos(x —y) =cosxcosy + sinxsiny]

3 ._1x) 1 x
= X=-—cos|sin” =|+—-=
2 2

[ sin (sin™' §) = 0]

3 _1 X2 X
= X=—0C05|Ccos 41—— |+ —



i L V4}4

[ sin"'0= cos™! 1——82‘]

ﬁ[l ] X
=3 X=— |4 1-=]+=
2 |V 4| 4

x B[] x)
= X=—=— | 4l=—

4 3 k\/ 4

3x «/5( xﬂ
=> — s [l e

4 2k 4)

On squaring both sides, we get
- 2 _ 2
2 :9_{ __’L] -

16 4| 4 4 4
2 2
= 2gilga X 4
4" 34 4
- ’=1 = x=+1

(1

(1)

But x = — 1, do not satisfy the given equation.

Hence, x =1. %))
64. Prove that2 tan™ - $tan™ e B
; 3 7 4
All India 2010C
(
To prove 2 tan™ (l] + tan™" l) -
3 \7) 4
R
LHS = 2 tan™ (1) +tan” [1 all]
3 7 )
We know that, 2 tan™' x = tan™" [] 2x2]
- X



Using this identity, we can write
L — -

1
2%}
2 tan™" G) = tan™" 3 _|=tan™’ 213

2
1— (_1_) 1— 1
L \3 . 9

{
= 2tan” (1)=tan_1 3) (1%)
' 3 \ 4

On putting the value of 2 tan"(%) in Eq.(i),

we get
LHS = tan™ ( )+tan (;)
3.1 | 21+ 4
4 27 28
3 R STt Jie e = . S
an = 3 7 = tan™ 28 -3
4 7 28
[ tan”' x + tan™' y = tan™' [x+y_)]
1—xy
25
= tan™’ %-g- =tan"' (1) (1%)
28

-+ The principal value branch of tan™'x is

[+
279
< LHS = tan_1( tan ~ ) e 2 1)
4 4
Hence proved.

65. Solve for x,

tan™2 % +tan? % = & J€> x > 0. Dethi 2010C



Given,tan”' 2 +tan' X =2 6> x>0
2 3 4
fe |
_+-
= tan'| 23 |=1
2
A e
k|||
 tan ' x+tan'y = tan™’ XY aw
1—xy
3X + 2x
-6 5 =tan£=> 5x2= tanE=1
§_-~x 4 6-x 4
6 |
= 5x=6—x> =x*+5x-6=0
. X +6x—x-6=0
— X(x+6)-1(x+6)=0
=5 x=1N(x+6)=0
= x=1 or —6 (1%)

But it is given that, J6>x>0=x>0

s X=—6isrejected. Hence, x =1 (1)
66. Solve for x,

tan(x +2) +tant (x —2) = tan™" [%),x>0.

Delhi 2010C



Q Apply tan'x+tan ' y =tan™ X* Y lin LHS
=y
~ of given equation and then proceed further to
obtain the desired result.

Given equation is

tan ' (x+2) +tan”' (x — 2) = tan”™’ (%] x>0

= tan”' [(x it o cnl } =tan™" (—8—) (1%%)
T—(x+2) (x—2) 79

[ tan”' x + tan 'y = tan™’ ( X*y } }
1—xy

s 22" oy 1/2)
1-(x" —4) 79
[-(a+b)(a~-b)=a’ - b7
2x 8 X 4
—_— — = =M =
5-x% 79 5_x2 79
— 79x =20 — 4x*
= 4x* + 79x—-20=0
= 4x% +80x—x—-20=0
— 4x (x+20)—-1(x+20)=0
= (4x —1) (x +20) =0
- 1

x=—or-20 (1)
4

But it is given that, x>0

& x =—-20 is rejected.
Hence, x=1/4 (1)

6. Prove that

sin = = [+SI ==|80 | ==]~ =
5 13 Bh7 2

Delhi 2009



To prove sin™ [i) +sin” ( = )+ sin '(
' 5 13
LHS = sin”™’ (§)+S!n ‘[5 ]+5| (

1

(o)

6

o“ —
I =

;)

)_E
5 2

.l 4 25 [ 16 _1( )
=sin {—.,1—-——+ —— | +sin

5 169 13 65

1]

[ sin”' x+siny=sin"" (x \[1 ~y?+y \ﬁ—

e e

(1)

(&)

68



. 4'(4 12) [5 3) ._4(16
= SN — X — |+ — X —= + sin —
\5 13 13 5 65
. 1(48 15) ..4[16)
=sin |—+—|+sin | —
\65 65 65
: ,f63] (16]
= sin + sin
. ’ 16 f 63
:sm
65 65

Fosin~' x+ sin”'y=sin™' (x\/l—y +y\[1——x2)]
[4225 256 J4225—3969
4225 4225
o !396 f256
= Ssin
K65 4225 4225

1(63 ]
(65 65 "85 65

(3969 + 256 4225\_ .
=& | e S =i —— (1)
4225 4225

-+ The principal value branch of sin™'x is

23

:.LHS:sm*[gnE)=35=RHS (1)
2) 2

=sin_

Hence proved.
Alternate Method Given equation,

sin'{f) + sin” '(i) + sin” '[]——@—) =
5 13 65, 2
__{4) ._,[5) n ._{16)
= SIn — |+ sin — | = ——sIn —_—
5 13) 2 65
::ng?]+mr{§J=cm”(ﬁq )
5 13 65

[ %— sin'0=c ! 9] (1)

Hence, Eqgs. (i) and (ii) are equivalent. Now,
we have to prove Eq. (ii).
Now do same as Que 42.



68. Prove that

al3 4 {3 1 ( 8 ) 8
—1-1% s | =y
tan (&] + tan (5) an 19 L

All India 2009C

3 o (3 . 8 ) T
. Toprove, tan”'| = |+tan”'| = | - tan”'| — |=—
g (4) \5] (19 4

a3 i B
LHS = tan‘1§+tan1_ B
4 5) 19

—

= tan™’ 4 5 |_ tan™" 18_

\ 20

tan”' x +tan™ 'y =tan™ ( bk 4 H(I)
1—-xy

(27720 Y
=tan ) | o |t
L 11/20 19

’
= tan™' EZJ R (i) (1/2)
\ 11 19

(27 8

1 11 19 (1)

27 8
] o R

. 11 19

e 209 (425 209
tan _209 +276 tan (209x425 (1/2)

209
=tan"' (1)

= tan

.+ The principal value branch of tan ~'x is

&
2° 9}t
LHS = tan™! [tan {E)] & (1)
4)| 4

= RHS Hence proved.



69. Prove that

e el 4 (1 _1(1)
= — |+t — |+tan | —
tan (3)+tan [5)+ an 7 8
= % . All India 2009C; Delhi 2008, 2008C

- ———— —_—gr v e ——

.....

1k>App|ythe,dent,ty’

H

tan1x+tan"1y:tan'l[;+y] in first two
- Xy ;

terms and the last two terms of LHS and thené
apply the same identity again to the get the RHS.

To prove tan™ (1) +tan™' (1) + tan™ (l)
5 5 7
LAan (1] —
8 4
~1( 1 (1
L= [tan (——) + tan (—)]
b 5
+[’tan*I (lJ + tan~" (1]]
7 8

On applying the identity

tan”' x + tan™’ y=tan™ (: 404 J, we get
| ~ Xy



f__+_1_“ (1 1)
IHS=tan ' |33 |+tan"' | Z—8 | (1w)
1— 1 -1
. 15 . 56/

[ 8/15) _1(15/56)

= tan ——— | + tan —_—
\14/15 | 55/56 )
( (
= tan™" i)+tan“1 —3-]
\ 7 (11
F 4.3 7 44+ 21
—tan' | 711 | = o 77
an —————«-—“ﬁ ‘_3 an 17;12 (1)
. \ 7 11 77
= tan™" @1—=tan'1 (1) (1)
| 65/77

-* The principal value branch of tan™ ' x is

221
ZlHS = tan‘l[tan (E)J i RHS (1/2)
4)| 4
0. Solve for x,

tan™> (X & 1) + tan™? (x L 1) |
x=2 x+2 ) 4 pelhi 2009C

Do same as Que 38. [Ans. +1/2]
71. Solve for x,

tan * [1+ x)=£ + tan™t Xx,0<x<1
1-x) & Delhi 2008C




The given equation is

tan™" X B e
1-x 4
s (14 ¥
= tan™ Lk X = fan ) pml (1/2)
T=x 4
| T+ x !
S
1 1-x

{:mﬁ4x—tmfly=tmf'(x*ylhiﬁ)
1+ xy

N 2
1+ x x+x2=tan£ )
T— X+ X+ X 4

2
Lo S R [-.~tan3‘-=1]
1+ x 4

Hence, the given equation has many
solutions. (1)



