Exercise 1.3

Chapter 1 Functions and Limits Exercise 1.3
(&) y=s(x)+3

® y=s(x)-3
€ y=f(x-3)
@) y=f(x+3)
® y=-7(x)
®  y=7(-=
@  y=37(x)
®  y=57()
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@  y=s(x)+8

To obtain the graph of ¥ = f[x) + 48, shift the graph of v= f[x) distance B units upward.
)  y=S(x+8)

To obtain the graph of v = f(x+8) . shift the graph of »= f(x) distance 8 units left

©  »=87(x)

To obtain the graph of y =871 [x) stretch the graph of ¥y = f[x) vertically by a factor of B

umnits.
@  »y=7(8x)

To obtain the graph of y= § [ij . shrink the graph of y= f[x) horizontally by a factor

of 8 units.

€  y=-f(x)-1

To obtain the graph of y=—7 (x) —1, first reflect the graph of y= f(x) about x-az1s and

then shift it a distance of 1 unit downward.



(@ y=8f[éX]

To obtain the graph of y =87 [é XJ ,first stretch the graph of y= f[xj vertically by a

factor of 2 and then stretch it horizontally by a factor of 8.
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Graph

From the given graph

Given that y= f{x—4)

1.e. The graph moves horizontally and right side “dunits’

(&) 3

Given that y= f{x1+3
1e The graph moves vertically and upwards “3units’

.

Given that y= %f{x}

i.e. The graph mowes horizontally and left side “6units” and vertically uvpwards twice.

(< 4
Given that y=—7/{x+4)

1.e. The graph moves honzontally and left side “dunats’

Ly 3
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The graph of iz given:

@  y=s(x)-2

To obtain the graph of ¥ = f{x)—E, shift the graph of ¥ = f(x) distance 2 units

downward.



S the graphofy:j(xj—'z 18

by y=S(x-2)
To obtain the graph of ¥ = f(x— 2), shift the graph of y= f[:xj distance 2 units right

o, the graph ofy:f(x—Z) i3

7

o

©  y=-2f(x]

To obtain the graph of y=—27 (x) . stretch the graph of y= f[x) vertically by a factor of
2 units and then reflect the graph about x-asxis.



o, the graph of y=-27 (x) is

N

'y

(d) y=f(%?f]+1

To obtain the graph of y= § (%xj +1, stretch the graph of »= j(x) horizontally by a

factor of 3 units and then shift it upward by 1 unit.

2o, the graph of y:j[%x]+lis

¥
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({A)Given
y=f(2x)



Fig 1

Fig 2
(©) y=f(-x)
/\ r
5 .
\J/ =l GH !
D)

y==f(-x)



Fig 4

Chapter 1 Functions and Limits Exercise 1.3

X
45

G

G0

Here fig. (1) 15 given graph and fig. (27 15 the graph of transformed function.
We can see easily that the graph iz shifted to 2 units to the right and it 12 also
stretched upward by the factor of 2 which means that the transformed function

willbe ¥y = 2f|ix—2:l

oYl f[x:l =f3x—x"

Then f(x-2)= y3(x-2)~(x~ 2
. JBx—E—(x2—4x+4)

=3x—6—x" +4x-4

R W )

Then the problem figure 13 the graph of the function

y:E.\fix—xg—ID
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Consider the graph of = \f35 - x?

o4

Vertical and Horizontal Shifts and

LB

0 3

Reflecting: Suppose ¢ > (). To obtain the graph of y= f(x)+c, shift the graph of y= f(x)a
distance c units upward. y = f{(x)-e¢. shift the graph of y= f(x)a distance ¢ units
downward. _p:f(_t —c‘]. shift the graph of y =_f(_r]a distance ¢ units to the right.

y = f(x+c). shit the graph of y:f{_r} a distance c units to the left. y =—f(x). reflect the
graph of y = f(x)about the x-axis.

Use transformations to find a function whose graph is shown:

-4 -3 -2 4l 0

-0.5

-1.5

-2.5

From the graph observe that = \[3y— x* has been shifted 4 units to the left, reflected about
the x-axis, and shifted downward 1 unit.

Therefore, a function describing the graph is

y==f3(x+4)-(x+4)" -1

=—3x+12-x"—8x-16-1

=‘-\j-x:—5x-4-ll
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2y
The graph of ¥ = 2sin x, we get by stretching the graph of y=sinx by a
factor of 2. (Upward)

¥
; y=5in x
w2 Fl R
Fig.1
¥
2 yw=25in x
1
= = g z p X
-1
-2
Fig.2

(BJ
Here the graph of y=14+ Jx , we can get by shifting the graph y= \j{; a distance
1 unit upward

¥
s
‘
a
nz
1
3 i i 3 3 i LR
1
Fig.
ki
5
f
3 w=14n "
2
1
g f 7 3 3 i LR
-1 ;
Fig.4
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Consider the function y =
x+2

To draw the graph of original function we plot the graph of standard function.

The standard function is j'(,ﬂ:l.
X

Its graph has the equation y:i, orxy =1, and is a hyperbola with the coordinate axes as its
X

asymptotes.

The graph of the standard function _,r'(,\-)=l is shown below:
X

v

Observe that, the function

1

y= x+2
=f(x+2)
This means that, the graph of the function y = : is obtained by starting with the reciprocal
X+
function f(x) =l and shifting 2 units to the left. And also y = —2 and x-axis are its

X
asymptotes.

Therefore, the required graph of the given function is shown below:

le
6

O e L LT LT 1)
(=)
]
iy
(=,
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Given function
3
y=(x=1)
To draw the graph of given function we plot the graph of standard function ( power
function)

3
Flx)=x
Ty
6__
54— ™= xT2
4.__
3__
2__
1__
4
O g B pE B 1 2 2 4 5 & 7
14+
_2__
N
_4,__
_5—_
_6__
i+
MNow, to draw the graph of given function
3
y= f[x—l) E [x—l)
we shift the graph of
3
J(x)=x
a distance 1 unit to the right
So, the required graph of the given function is
Ty
6_
5_
a4
¥ = ix-1172
3_
2_
1_
X
T T T T T T T .-}

1
T T T T T
- -5 -4 -2 -2 -1 /_; 2 3 4 5 ]
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Consider the function

First draw the graph of f(x)= 3fx and how the present function can be graphed with the help
of this graph.

3“}-
2

f(x)=¥x
1

¥

-2

Observe that the change in the sign of the function _f(x] = ‘f} will give the present function
F(x)=-Yx.

Note that, the change in the sign of Fwill give a symmetric graph about x-axis and that in x will
give a symmetric graph about y-axis.

The graph of f(x)=-x is

31y
2
7(x)=-3F
1
X
i E T 0 1 2 3
-1
-2

The transformation used to change the standard function f(_r] = .‘."; to If‘(,r]:-ﬂﬂ} is the

reflection about the x-axis.
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Given function
y= 2 ox+d
=y=x'+6x+9-5
=S 3)2 -5
To draw the graph of given function we plot the graph of standard function { power
function)

j[xj:xz



3+

MNow, to draw the graph of given function
glx)= F(x+3)=(z+3)

we shift the graph of

i (x) =z

a distance of 3 units to the left.

3o, the graph of glix:lzf[x+3)=[x+3:lg 18

w = (wt3ltE

pepy At

Mow, to draw the graph of gmiven function
y=f(x+3)-5=(z+3)" -5
we shift the graph of
2
g[x): f[x+3:l = [x+3:l
a distance of 5 units downward.

=0, the graph ofy:f[x+3:l—5:|:x+3)2—5 18

T



w o= (wt2172-5
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Given function

y=+x-2-1

To draw the graph of given function we plot the graph of standard function { root
function)

f(x)=+x

T ¥ = rgrelxl

—=1-

=1

—

54

&

71
Mow, to draw the graph of function
g(x): j'[x— 2) =~x-2

we shift the graph of

Fx)=+x

A distance of 2 units right.



So, the graph of f(x—E) =afx—2 13

e o

¥ = osqre(=-1)

o
MNow, to draw the graph of function
y=F(x=2)-1=z-2-1

we shift the graph of
g(x)= £ (x-2)=5-2

& distance of 1 units dewnward.
=0, the required graph of the given function is

T 7

o ¥ = osqrelx-i]1-1

A
ajsa o

N
i
|
N .
|
i
Lol
r
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y=4sin 3x
Here we use the graph of y=sinzx



21 =S

a3

-4

Fig.1

Compress the graph of ¥ = sin x by the factor of 3 horizontally for getting the
graph of y=sin3x

¥ = En (3

Fig.2

stretch the graph of ¥ =sin 3x, by factor 4 vertically for getting the graph of
y=4zsn3x . Fig 3 is the final graph of y=4an5x .

v Y= F0

i
1 T T X
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We can find the graph of y=sin (%) by stretching the graph of v = Sin x

3

L]

Fig.3

horizontally by a factor of 2.



1.04 ;
= Sini2)
0.5
5 = “'" - T STt
o5
y=5in x
oy 1.0
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Given function

2
yE—a
x
To draw the graph of given function we plotthe graph of standard function { reciprocal

function)

flm)==

Mow, to draw the graph of function
g(x)=2f(0)=>

we stretch the graph of
£lx)==

vertically by a factor of 2.



Zo, the graph of g[x)::zf[;;)zg iz

X

HNow, to draw the graph of function

y=2f|:;'::l—2=E
x

we shift the graph of
glzx)zfl:x—Z):q'x—2

a distance of 2 units downward.

So, the required graph of the given function 1s

it

g

i
-
w = (&fx) - &
S__
4,__
al
2__
1__
1 1 1 1 1 1 1
T T T T T T T
- -5 -4 -3 -2 -1
-1+
e
a4
——
54
S
L
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Given function
1
=—[l—cosx
Fe=l )

To draw the graph of given function we plot the graph of standard function
{ Trigonometric function)

f(x):cosx



¥
¥ = cosix)
6__
5__
4.__
3__
2__
e e e ke SN
-1+
i
-
al
54
P
7+
Mowr, to draw the graph of function
glx)=-7(x)
=—cosx
we reflect the graph of
i [x:l =cosx
about z-axzis.
So, the graphof g (x) = —f(x) =—rCosX 13
7
¥ = -cos(=x) 5
5
24
o
2
1
= Intd on

HNow, to draw the graph of function
Fz[x)=—f|:x)+1=l—cosx

we shift the graph of
g(sz—f(x)z—cosx

a distance of 1 unit upward.

N




So, the graph 0fﬂ2(x)=—f|ile+'l=l—cosxis

Ty
6__
¥ = —com(xl+l
s
4
g__
ol
P
o aw B iz iz x In2 2
-1+
_2__
e
_4__
54
_6__
e
Mow, to draw the graph of function
Rix) 1
= Q =—[1— n:osx)
2 2
We shrink the graph of
k[x)z—f(x)+l=l—cosx
WVertically by a factor of 2.
1 g
So, the graph of y= EU —Cos x) 13
Ty
6__
¥ = [—ces(x)+l)/2 1
b
3__
aife
ok
on ame B w2 iz n Tm2 2
-1+
_2__
3
_4__
-
_6__
e
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Criven function

y=1-2x+3

To draw the graph of given function we plotthe graph of standard function { root
function)

f(?f)=\}{;



4+ ¥ T orgrel=]

—

51

—L

AL,

5

=, N1

Mow, to draw the graph of function
g[x) =j[x+ 3) =-x+3

we zhift the graph of
f(x)=+x

A distance of 3 umits to the left.

=0, the graph of glix):f[x+3):\.'x+3 18

41 ¥ = sqrblxti)

-1+

a1

——

—1

gl

-1

-7+

MNow, to draw the graph of function
B(x)=2f (x+3)=2/x+3

we stretch the graph of
glx)=7(x+3) =/x+3

vertically by a factor of 2.



=0, the graph of }z[x) = 2f[:x+ 3) =2-Jx+31s
gix-}.r

B+

-

FEN

¥ o= Erqroix+i]

Howr, to draw the graph of function
u(x)=—2F(x+3)=-24/x+3

we reflect the graph of

B(x)=2F (x+3)=2:/x+3

about z-axis.

So, the graph of u(x)=-27(x+3)=-2x+3 s

54&5,.

1 2 3 4 3 [} T [} @ in
v = -isgrel=+2)
_4.—_
i
XA
T \
i
L T
i
e

MWow, to draw the graph of function
y=1-27(z+3)=1-2Jx+3

we shift the graph of

u(x) =27 (x+3)=-2/x+3

a distance of 1 unit upward



=0, the graph of y=1-27 [x+3) =1-2yx+31s

¥
pu i

54

2

o M

T = l-isgrei=+2)
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Consider the fDllUWiﬂg function:

y=1-2x-x°
The objective is to sketch the graph of the given function using transformation.
Complete the square to rewrite the above function as,
p=1-2x—x°
= m{_rz +2x+1)+2
= —{_!.-+I]: +2
To plot the graph of the function above, consider the following function,
y=x
The graph of the function y = x%is a parabola.

100

-10 -3 1] ] 1a



The graph of the function y=—(x+ 1)’ +2is as shown below.

-0
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Given function

y= |x|— 2

To draw the graph of given function we plot the graph of standard function { modulus
function)

f(x) =
10— 4
a1
g__
T__
w = ab=(x]
6__
51
4,__
3__
2__
1+
X
] | ] ] | | ] ] ] ] ] | | ] | ] ] =
T 1 T T 1 1 T T T T T | 1 T 1 Ll T =T
-4 = T % S5 4 -2 2 -1 1 2 3 4 5 B 7 g a
1
_2__
3
4
5
_6__
i,

Mow, to draw the graph of function
_y:f[x)—2=|x|—2

we shift the graph of

(x) =1

a distance of 2 units downward.



o, the graph of y=f[x)—2=|x|—2 15

10-—:,'
9__
g__
:|‘__
w = abs(xl-2
6__
S__
4__
3__
2__
14
x
] I I I I I ] ] I ] ] I I I ] I I |
T T T T T T T T T T T T T T T =
A = J 4 S5 4 3 2 -1 1 2 3 4 5 ] 7 g Ll
—1
-
3
4
5
_6__
i
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Given function

y=|x-2|

To draw the graph of given function we plot the graph of standard function { modulus
function)

f(x) =
1w
g__
g__
:|‘__
¥ = ab=(x)
6__
5__
4__
g__
2__
1+
X
1 ] ] 1 1 1 1 I 1 I I 1 1 ] I I [
1 1 1 1 1 1 1 T 1 T T 1 1 I T T | —
-4 = J £ S5 4 32 =2 -1 1 2 3 4 5 g 7 g Ll
_1—_
_2__
. N
4
5+
_6__
i

Mow, to draw the graph of function
¥= f(x—E) = |x—2|

we shift the graph of

F (=)=l

a distance of 2 units to right.



S0, the graph of y=f[x—2)=|x—2| 18

b g

10—+

¥ = ab=(x-Z)

o

Chapter 1 Functions and Limits Exercise 1.3

(x5
=—tan| x——
Y73 4

Here we will use the graph of y=tan x

r
5

: D : :
3 g 3 2 :
: ; H : ;

///f/ //j/} 3 ; By
-2x  GWZ e Wz (: = (2:
3 ; -1 : :

-z : ;
-3 : :
-% 5
3 : :

Fig.1

Shift the graph of ¥ = tan x|, to the right a distance g for getting the graph of

s3]
= tan | x— =
4

A

LS :

] Lo : :

; - : :

f o2 H :

: i :

d i g : : X
i Sw2; A =z E R E R

—
—_



Then compress the graph of vy = tan[x—gj by the factor of 4 wvertically for

getting the graph of y= %tan [x— ;]

e
2

¢ 4 /f//] /f//j
= = = 3al2 ; 2=X

2% Er T -x'z

Dl
Fig.s

Fig 3 is the final graph of y = %tan [x— l—TJ
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Given function
y=x-1

To draw the graph of given function we plot the graph of standard function { root
function)

Flx)=~x

¥ = =qzeix]

14

Ll

Now, to draw the graph of function
glx)=7(x)-1

we shift the graph of

F(x)=+x

a distance of lunits dewnward.



So, the graph of g(x) =f|:x)—l 18

¥

¥ = =qre(x)-1

o

-1+

Now, to draw the graph of function
y=lglx)|=Wx-1

we reflect that portion of the graph of
glx)=7(x)-1

about x-axis, where it is below xz-axis.
o, the graph of y= ‘v’;— 1‘ 13

¥

¥ = abs(=sqrtix)-1]

-1+

Ll
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Given function
y= |cos ;?Tx|

To draw the graph of given function we plot the graph of standard function
{trigonometric function)

f[xj =cCosx



o= caalx)

e

—a

Mow, to draw the graph of function

g [x) =t I':;?Tx:l = CosAx

We shrink the graph of

f[x) =rosx

Horizontally by a factor of o1

=o, the graph of g[x] :f[;?rx:l: CoOSATX 18

v - coalpita)

)Li. 3 TF o T 1 vh\

o

—g

How, to draw the graph of function
A |g |:x:|| = ||:os;?Tx|

we reflect that portion of the graph of
g[x:l :f[:n‘?'x:l: Cos X

About z-amis, where 1t 15 below z-amis.



=0, the graph of v= ||:os;?Tx| 15

¥ o=

abslcos(pi*=]]

1
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Consider the following is the figure:
181

161

1240

Hours 104

144 ! fﬁoﬂa___ﬁw

Ty 30°N

D:‘\e‘[ar. Apr. May June July Aug. Sep. Qct Nov. Dec.

The above figure shows the graph of the number of hours of daylight as functions of the time of

the year at the latitude 30°N .

The city of New Orleans is located at 30°N latitude.

Use the figure to find a function that models the number of hours of daylight at New Crleans as

a function of the time of the year.

Use the fact that on March 31, the sun rises at 5:51 AM and sets at 618 PM in New Orleans.



From the above figure, the curve resembles a shifted and stretched sine function.

At the latitude of New Orleans, daylight lasts about 14 hours and on June 21, and 10 hours on
December 21.

So the amplitude of the curve is,

I 4
—{I4 ~-10)=—
2 2

=2
In a year there are 365 days.
The period of the time model is 365.
But the period of y=sins is 2.

. . . 2T
So the horizontal stretching factoris ¢=——.
365

The curve begins its cycle on March 21, the 80th day of the year.
So shift the curve 80 units right.
In addition shift the curve 12 units upward.

Therefore, the model the length of daylight in New Orleans on the fth day of the year by the
function,

L(f)= 12+25in|:%{: —3{]}} |

The curve begins its cycle on March 21, the 80th day of the year.

S0 shift the curve 80 units right.

In addition shift the curve 12 units upward.

Therefore, the model the length of daylight in New Orleans on the ¢tth day of the year by the
function,

L{r)= 12+25in[%[: ~3ﬂ]} :
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Eecause the brightness of this star varies periodically, we know that we should use a

trigonometric function to model 1t Start with v = cos(x).

We know that the average brightness of the star 13 4.0, so the function should be wvarying around
the horizontal line =4 Therefore we need to translate our function up by 4 units, which we
can do by adding 4 cutside of the cosine term: ¥ = coz(x)+ 4

We alzo know that the magnitude wariation in brightness 15 0.35. To give our wave this

amplitude, we need to shrink it vertically by a factor of 25, which we can do by multiplying the
cosine term by 0,35 yw= 30coes(x)+ 4



FEinally, we know that the period of our wave 15 5.4 days. Because the period of a standard cosine

: . : : 2
wave 12 277, to shrink the wave period to 5.4 we need to multiply our x-term by T giving us

our final equation: y =10 35cos (%}%4.
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(a)

How the graph ofis y = f(|x]) related to the graph of f.
Let _]-'=T£ll![|_1’1]. y=tanx.
Now graph y=tan(|x]) . y=tanx tofind the difference.

The following is the graph of y =tan [|1]]

3 j'=‘ran|:|x|l]




The following is the graph of y=tanx.

A

v=tanx

jfr

44

51
From the above two graphs, it is observed that the portion of the graph of y = f(x)to the
right of the y-axis is reflected about the y-axis in y = f/(|x]).

(b)

Sketch the graph of y =sin|x|-

The following is the graph of y= sin|.t|_

5 F L‘l.

)
(c)
Sketch the graph of y = flx].
The following is the graph of y = |"i
EJIJ_.-
4 :I'I: |I _Y|
3
2

¥ -

0 8 € 4 2 0 3 4 5 &8 A0
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(0.1)

(-1,0)
(0,0 (1,0) (3.0) X

In the given graph, the curve is intersecting the z-amsatx=-1 and x=3.
Ifalzo intersects the v-aziz at y=1

S0 that y=j(x)=0 where x=-1,1,3 andyzlzf[(])

1
Sinc:ef(x:lzﬂ atx=-11&73, the graph of y= —— s not defined at x=-1,1,3

S ()

1
For drawing the graph ofthe function —f[ :] using the given graph of § (xj ,WE
x
will consider the portion between the intervals (—OD,—I),(—L 1),(1,3)311(1[:3,00) .
Let us take the interval -1, 1. The shape of the curve resembles inverted parabola
with vertex at (0, 1). Hence it equation can be takenas y—1=—x2ory=1-x"

Thenlz !
y Sz
1

1-%

From this relation we find that for values of x between -1 and +1, the value of l
¥

. . 1. .

increases and as x 15 close to -1 or +1, — is very very large The lines x =-1 and x
b

=+1 are the asymptotes to the curve between -1 and +1.

Similarly between the interval (1, 3) the curve again resembles parabola with
vertex at (2, -1). Hence itz equation can be taken as y+1= [x— 2)2 or
y=[x—2)2—1 andlz%.

¥ [x— 2) =il

Here again for wvalues of x near 1 or near 3 | values of 1/y are very wery large.
Henee x =1 and x = 3 are the asymptotes to the curve. The point (2,-1) lies on the
graph of 1iy.

; ; R
Mextforx «—1orx =3, v increases rapidly So that the function — will decreases
F

; : 3
rapidly, and when y 15 very large, — will be very wvery small

The graph ofl will be as follows:
by

YA

W

-1,0)  (0,0) (1,0 (3.0) %
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Here j'[::ﬁr)=J'r3+2.7r::4 and g[:x)=3x2—]
domain( 7)1 =R and demain(g)=R
ow Iif+g)|ix) = f[x)+g[xj =x +2x +3x° -1
=x +5x° -1
dom[f+g): dom[f)ﬁ dom(g)
=R~
=K
(/- 8)(x)= /()-8 (x)
=x +2x2 - 3x* +1
=x-x+1
dom[f—g):dom[f)ﬁdom(g)

=E~E
=R

(fg)(x)=7(x)g(x)
- [f +2X2)[3x2 —1)
=30 +6xt -2 -2x°
dom { fg)=dom [ f)ridom(g)

=E~E
=

({35

:]R—[x:g[x:l:[]}
NMew 3x°-1=0

When xz=%=>x=iL

N
Hence, dom (i] =[x: X% ilfq"?]

g
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Consider the following functions:

f(x)=VB-x, g(x) =¥ -1

(a).

Find f+g°

The sum function (f +g)(x) 1s defined by (£ +)(x) =/ (x) +(x)
Using the above formula, (
(f+g)(x)=7(x)+g(x)
=B=x+yx -1

Domain of f + g is given by the intersection of the respective domains of the individual
functions.

£ +g)(x)can be obtained as,




Find the domains of fand g:

Since the square root of a negative number is not defined (as a real number), the domain of
f consist of all values of xsuch that

J=xz0
x=3=0
x<3

Therefore the domain of f(x) is {x|x<3} or (-,3].

Since the square root of a negative number is not defined (as a real number), the domain of g
consist of all values of xsuch that

=120

el

|x|2|
x=—lorxzl

Therefore the domain of g(x)is {x|x<-lorx2 1} or [—cc:-,—l]u[l,m)
The domain of the function f(:c] ...g{x) = 3= x ++/x =1 is the intersection of the intervals
(—0,3] and (~o0,~1]U[1,).

These intervals overlap on the interval [-m,—l]u[l,}].

Hence the domain of f(_,]+g(x)=,,'3_1 #fxi-1i5 {—ac,—l]u[l,3] :
(b).
Find [f—g][x}:
The difference function [f—g](x) is defined by [f-g]{x}zf(x]—g{x]
Using the above formula, ( f - g)(x)can be obtained as,
(f-8)(x)= £(x)-g(x)
=[V3—x—+/x' -1

The domain of [f—g](x) is also given by the intersection of the respective domains of the

individual functions.

Hence, the domain of f - g isidenticalto f+g,

Therefore. the domain of the function (f - g)(x)is |(—ee,~1]U[L3]|-
(c).

Find ( fg)(x):

The product function ( fg)(x) is defined by ( fg)(x)= f(x)g(x)
Using the above formula. ( fg)(x)can be obtained as.
(fe)(x)= £ (x)e(x)
=|J(3-x)(+* —I}

The domain of [fg][x} is also given by the intersection of the respective domains of the

individual functions.

Hence, the domain of ( fg)(x) is identicalto f+g.

Therefore, the domain of the function ( fg)(x)is (—eo,=1]u[1,3]]-



4

[ij(x]=.f(r]

(d). Find [iJ[x]:

g g(x)
_ald=x
xt -1
The domain of [iJ[t‘} is given by the intersection of the respective domains of the individual
£

functions, and also exclude those values of x that make the denominator zero.
The values of x that make the denominator O, satisfy the equation is,

x=1=0
r=4%]

Thus, the domain of [i]{x] is [(—o0,1)(1,3)
&

Chapter 1 Functions and Limits Exercise 1.3 31E
(a)

Consider the functions,
f{x]:rz -1 andg{x} =2x+1.
The objectis to find feg.

The composite function fegis calculated as.
F(elx)=(gx) 1
=(2x+1) -1
=4 +4x+1-1
=42 +4x|
So, the domain of fegis all real numbers.
Therefore, the domain of the function expressed in the interval notation is,
=l
(b)
Consider the functions,
F(x)=x"-land g(x)=2x+1.
The object is to find ge f
The composite function ge fis calculated as,
£((0) =2 A=) 11
=2’ -1)+1
=2x"-2+41
= |22 =1}
So, the domain of ge fis all real numbers.

Therefore, the domain of the function expressed in interval notation is,



(c)

Consider the functions,
f(r) =x*~1and g{.t] =2x+1.
The objectis fo find fef.

The composite function fe fis calculated as,
Fr)=(stx)y 1

—(-1) 1

=x'-2*+1-1

= -2
So, the domain of jfe fis all real numbers.

Therefore, the domain of the function expressed in interval notation is,

(~o,m)|.

(d)
Consider the functions,
f(.‘r}=12 ~land g(x)=2x+1.
The object is to find B2 F.

The composite function o &is calculated as,
g(g[x]) = 2(3[ x]) +1

=2(2c+1) 41

=4x+2+1

S0, the domain of EFo Fis all real numbers.

Therefore, the composite function g gis calculated as,

(~w,m)|.
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Consider the functions:

rix) :x-Z,g[A'}:_r2+31'+4.

(a) Find the function ( fog)(x).

(fog)(x)=f(g(x))

= f(x: +3x+ 4) Sinceg(x)=x"+3x+4
=x* +3x+4-2 Since f{x)=x-2
=x +3x+2 Simplify

Therefore, ( fog)(x) =-

The domain of fogis, |(—,=)| .




(b) Find the function (gof)(x)-

(gof )(x)=g(/(x))
=g(x-2) Since f(x)=x-2
={_!.'—2)2 +3{x—2)+4 Sinceg(x)= X +3x+4d
=x"—4x+4+3x-6+4 Simplify

=xi-x+2

Therefore, (gof )(x)= -

The domain of gof is, |(—o0,0)| -
(c) Find the function (fof )(x)-
(for)(x)=rf(f(x))
= f(x-2) Since f(x)=x=2
={.t—2]—2 Simplify
=x-2-2
=x—4
Therefore. ( fof }(x)=[x—-4|.
The domain of fof'is, |(-ac,)|
(d) Find the function (gog)(x)-
(gog)(x)=2(2(x))
=g{.\':+3x+ 4} Sinceg(x)=x"+3x+4
=(x* +3x+4) +3(x* +3x+4)+4 Simplify

=t 49 +16+60° +24x+ 8" +3x° +9x+12+4

=x'+6x° +20x° +33x 432

Therefore, [gog}{_r]l = |_r‘ +6x° +20x° +33x+32]

The domain of gogis, .
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Given that f{x)=1-3xand g{x)=cosx
a)
We have to find § egand its domain.
feg(x)=7(e(x)

= j'[cos x)

=1-3cosx
Since cosine function is defined for all values of x| the domain of this function iz (—oo,c0)

bj
e have to find go f and its domain
Given fi{x)=1-3x and g(x)= cos(x)
g=f(x)=g(s(x)
= g[l— 3x)
= cos(l - 3x)
Cozine iz defined for all walues, thus the domain of this function iz {(—00,00)
c)
We have to find e f and its domain.
Given f(x)=1-3x and gix)= cos(x)



fof(x)=1(s(x))
= f(1-3x)
=1-3{1-3x)
=1-3+9x
=9x-2

9x—2 is defined for all values of x, thus the domain of this function 15 (—00,c0)

d}
e have to find gogand itz domain,

Given f{x)=1-3x and g(x)=rcozx
gog(x)=g(e(x))
=g(cosx)

= Cos [COS X:I

Cosine is defined for all values, thus the domain of this function is (—2,00) . The fact that

there iz a cosine inside a cosine i3 rrelevant because no matter the value of x both
cosines will be defined.
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Consider the functions:

f(x)=Vr.g(x)=3-x.
(a) Find the function [fog}{x}_
(fog)(x)=1(g(x))
= f(¥1=x) Sinceg(x)=YT—x
=-x Since /(x)=x

=(I—_\’]l’-

Therefore, U-Og)("_}= (1_;)5 I

The domain of fogis, [{x|x<1}| .
(b) Find the function (gof)(x)-

(gof)(x)=g(f())
=g(v{;] Since f(x)=x

=31-x Since g (x) =411

Therefore, (gc_—f][x}= ‘I-J;-

The domain of gof'is. [{x|0<x<1}| .
(c) Find the function ( fof )(x)-
(fof)(x)= /(£ ()
=_,f'{J§ Since [ x) -g':\.

M-

Therefore, [fof}(.r] =.
The domain of fof is, :



(d) Find the function (gog)(x)-

(gog)(x)=2(g(x))

=g(\.l'"’i—_r) Sinceg(x)=+1-x
=-N-x

Therefore, (gog)[x} -

3]_31_:“, "

fx|0sx<1}|

The domain of gogis,
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Consider the functions:
. 1 x+1

= +—, = £
flx)=x+—.g(x)="0Ho

(&) Find the function [fog}[r}.

(fog)(x)=r(2(x))
x+1 . P
[I+2] 5|11Lug|[_r]—-r+2
=ij; i Si"“-l"'(-‘-'}—.r+;
x+2
x+1 x+2
= -+
x+2 r+1

The above is simplified to,
[Jr+l]2 +(x+ 2}2
(I+ 2){x+1}
_ X+ 2x+1+x" +4x+4
(_r+ 2}{x+l]
_ 2x* +6x+5
(x+2)(x+1)

Therefore, (fog)(x)= {%% g

fx|x#—1,-2}

The domain of fogis.

(b) Find the function (gof)(x)-

(gof)(x)= g(f{l’f}}
=g(x+f]  simeer(=ves

x+1

x+2

1
x+—+1
L Sinceg(x)=

1
X+—+2
x

r+1+x




The above is simplified to,

B 2+x+1
P 42x]
B P x+l

(x+1}I

2
Therefore, (gof)(x)= x( +xl;l :
X+

The domain of gof'is. |{x|x#0,~1}

(c) Find the function ( fof')(x)-
(fof)(x)=1(f(x))
= f(x +1J Since f(x)= -"*i.

X

X
1

=k —s
® g
X

x +1 1
X ¥ +1

X

The above is simplified to,

_ X+l X
x o x+l

_[IE-H]E-PII

- x[.r3+|)

_ xt+2x +1+x°
,r[xz+1)

_x 4327 41

& z
Therefore, (fof)(x)= o

x(xz-r-l} '

The domain of fof'is. |{x|x#0}| .

(d) Find the function (gog)(x)-
(gog)(x)=2(2(x))

x+1 . x+1
= Since g x) =
(x+2] cegl }

g =
X

[x+1]

— |+1

x+2

(3 ]



The above is simplified to,

2x+3
T x+142x+4
_2x+3
 3x+5

Therefore, [gog][.r):

2x+3
3x+5|

The domain of gogis,

xlx#-2,—
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Consider the functions:

f(x)

X

1+x

=——,g(x)=sin2x.

(a) Find the function ( fog)(x)-

(fog)(x)=1(g(x))
= f(sin2x)

sin2x

1+sin2x

Since g(x)=sin2x

Since f(x)= i
1+x

Therefore. [Jf‘c.g}(x} =

sin2x
1 +sin 2x

The domain of fogis.

x!xi&{4mr-fr],%[4mr+3}r],n52} ;

(b) Find the function ( gof ]{ )

(g0f)(x)=g(f ()

o(rs)

X

l+x

Since f (x)=sin2x

=sin2[L] Sinceg(x)=sin2x
l1+x

Therefore,

(gof )(x)=

sin Z[L] ]
1+x

The domain of gof Is,

lx|x=1}|.

(c) Find the function ( fof )(x)-

(fof )(x)=f(£(x))

()

1+

Since f{x) = e
: 1+ x



The above is simplified to,

X

Therefore. (j'qf']{_;): T
X

The domain of fof Is. {_r[_r % —I,—%} -

(d) Find the function (gog)(x)-

(gog)(x)=g(g(x))
= g(sin2x) Sinceg(x)=sin2x
=sin2(sin2x)

Therefore, (gog)(x)= w

The domain of gogis, |(—o,0)|.
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Fiven functions

SR E 32

glx)=sinx

}e[:x) =x

Therefore
(fogoh)(x)=7(g[4(x)))
=}=|:f og D}z)[x) =f(g(x2))
ilif og D}z)(xj =f(sin|:x2))
= (fegoh)(x)=3sin{x")-2
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Chiven functions are

7 (2=l

glxpzg®

k[x) = '\JI';

Therefore
(fegek)(x)=s(g(k(x)))
=(fogeh)(x)=7[g(x))
=(sogeh)(x)=7(2")
:(jogcv?e)[x)—|2“'§—4|

Chapter 1 Functions and Limits Exercise 1.3 39E



Consider the functions:

F(x) =" —3.g(x) =2 h(x) =2’ +2.

Find the function ( fogoh)(x)-

(fogoh)(x)= fog(h(x))

= /(2 (n(x)

= f(g(x¥'+2)) Sinceh(x)=x"+2
=f((x'1+2)2) Sinceg(x) =4

The above is simplified to.

= f[x" +4x +4]

=Jx*+4+4-3  Since f(x)=+x—3

=Vx"+4x’ +1
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Consider the functions:

L,h(x]ﬁf;-

x-1

f(x)=tanx,g(x)=
Find the function ( fogoh)(x).
(fogoh)(x)= fog(h(x))
= f(g(h(x)))
- 1(2(¥%)) Sincehi(x) = x
=f[éf‘-ﬁ_l] Since g(x) ﬁ

3
=tan[ Vx J Since f/(x)=tanx

Yx -1

Therefore, ( fogoh)(x)= mn[;&-ﬁ_l] |
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Civen function

Fx)= |:2x+ xz)l‘

The formula for F says: Take power 4 of [2x+x2:l

Sowe let
g (x) =Zx4x
flx)=x

MNew we check that

(#=g)(x) = (2(x))

=(Fog)(x)=7(2x+x")
=(fog)(x)=[2x+2)
=(feg)lx)=F(x)
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Given function
F [x) =cost x

The formula for F says: First take cosine of x and then square 1t
Sowe let

g(x)=cosx

f(x)=x"

Mow we check that

(fe2)(x)=7(2(x))

=(feog)(x)=rf(cos x)
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Consider:

F(x)= U :
1+3x
Express the function g in the form of fog.
. Ux x
Since F(x)= et g(x)=4x. flx)=——.
W= ey FlEf=at
Now,

(fog)(x)=s(g(x))
= f[‘lﬁ} Sinceg(x)=x

- Since /{x =
|+3f.-|c. ince f(x) e
=F(x)
Therefore, f(x)= 1_‘: Lg(x)= ¥l
X
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Consider:

X

Glx)=3 st

Express the function g in the form of fog.

Since G[.rszT__.letg(IF-_", f(x]zg_,f;_

MNow,

X

=i ;] Sinceg(x)=

l1+x

=3 If). Since f(x) Yx
= F(_\]
Therefore, _'f'(,;-] =,g{.r] = I i |
+ X
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hiven function
v[!,:]z secl[ig)tan Iii:*:l

The formula for v says: Firsttake square of # and then find the product of secant and
tangent of the result

So we let
gl)=+¢
f[f,)z secitans
Mow we check that
(Fog)(e)=f(e(2))
( ) 0-s1)
2
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(A) By using the given table

g(1)=6
Fle(1)=7(6)
=[3]
(B)
F(1)=3
g(f(1)=2(3)
=[2]
(©)
F(F)=503)
=[4] [£(1)=3]
D)
g(e(1))=g(s6)
=3 [2(1)=6]
® ‘
(g:/)(3)=2g(f(3))
Since f(3)=
So g(£(3))=g(4)
=1
)
(f=g)(6)=1(2(6))
=f(3)
=[4]
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iven function
R(x) = y+fx -1

The formula for B says: First take square root of x, then subtract 1 from the result and
finally take the square root of the result.

2o we let
.Ez[x)z x,f";
glx)=x-1

f(x)=«f’;



Mow we check that
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Hereu[z)z i

1+tant

Let f@):l% and g (£) =tan¢

_ gl
U 1+g(f)
=(feg)&
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Here H(x)=sec*(x]

Let f(x)=x*, g(x)=secx A(x)=x
H(x)=(f ogoh)(x)
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(&) By using the given table
g (1) =6

7 (e()=7(6)=[3

(Bl

J(1)=3

g((10)=2(3)=[2
()

f[f(l)) = 3= since [f[lj = 3:|
(L

8[8(1))=8|:5)= since [g[l):ﬁ]
(E)

(ge/)(3)=e(s(3))

Since f [3) =4

5o g(#(3))=2(4)=
(F)
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(&)
After viewing the given graph we have
g [2) =5
So /(g(2))=7(5)=4
Ang =4
(B

We hawve from the graph 7 [0) =0

So g(7(0))=£(0)=3
= |Ans=13



()

(@)

) 15 not defined

g
Ifeans |(g0f) (6) 1z undeﬂned|

(E)

(F)
(fe)(@)=r(f(4)
Here from the graph we have § (4) =2

So f(F(4))=7(2)=-2

Fig 1
{Given figure in the problem)
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Rough sketch of
fog

&
5(6) but for walue 6, g is not defined



TWe hawve to find out the values of fl:g(x):l with the help of given graph for
x=-5-4,-3-2,-1012734,5

For x:—5:>jl:gl:-ﬂ:l=f|:8|:_5:':l
= f(-0.2)

Here g(-5)=-0

And f(-02)=-4

Ans |f(g(-5))=—4

For x=—4 = f(g(—4)) = 7(1.2)
Here g[—4)=1.2
And F(12)=-33

=7 (g(-4))=-33

For x=-5

=/ (e(-3))=7(22)

= F(22)=|-17

For x=-2

= f(a(-2))=7(28)

= 7(28)=|-05

For x=-1

= f(g(-1)=s(3)=1x02] (MNear 0)
Forx=10

= £ ((0))= 7 (28)= 03]
Forz=1

=7 (e(1))=r(22)=[=17]
Forx=2

= £(2(2))= £ (12)=23
Forx=3

=7 (&(3))=f(-02)=[4]
Forzx=4

= f(g(4))= 5 (-19)=[22
Forx=5

= 7(g(5))= 7 (-4.1) = [-18]
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£y
Let stone covers the distance () in time t second
speed of stone 13 60 cmis

It means in 1 second, it covers the distance = 60 cm. therefore 1n t second 1t will
cover the distance =60t cm

Hence we have r =601

tr1s the function of t 50 we can write |7 [ﬁ) =60 cm




= roh=601

nt) in Centimetar

o 1 z
TIm e Se cords)

Fig.t
(B)
Area of this circle= ;="£'|:r:a.-:1i1.ls)2
We have r [ﬁ) = 60
Soarea = (Aori) = Al
= w(60¢)"

=[4=3600"]

Hence the area of the circle 15 the function of time.

10Mmo

L]
Al

1
Time(feconds) ———

Fig.2
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Suppose that, a spherical balloon is being inflated and the radius of the balloon is increasing at
a rate of Ecm,fs-

That is,

£=2¢m}'s e (1)
dt

(a)
Its need to express the radius » of the balloon as a function of the time ¢{in seconds)

On taking integration on both sides of differential equation (1) with respectto ¢ , we get

r(t)=2t+c Here c is constant of integration.

Initially radius of the balloon is zero, that is r(0)=0

Use the condition r(0)=0in r(¢)=2¢+cto find the constant ¢
r{(}):ﬂ = 2[0)+c‘=0

= C‘:'O

Hence, radius » of the balloon as a function of the time ¢(in seconds) is

(0)-[21



(D)
Its need to find the composite function Jop

Here J”is the volume of the balloon as a function of the radius.

The formula for the volume of a Sphere 5= %?ﬂ"}- here r is the radius of the Sanr'E.
From part (), radius for this problem is a function of time is »(¢) =21

4 5
Thus V[r} = E;rr and .i'{.f] =2

Composite function fog :

Given two functions # and g. the composite function f e g (also called the composition f
and g) is defined by

(fog)(x)=/(g(x))

By the definition of composite function, we have

(vor)()=V (r(1))

=V (2r) Use r(t)=2¢ from part (a)
=;g(2.r]" Replace r by 2; in V{p}:%m--‘
=3a(2)r

32,
=gt
3

3

The resulting function V{;} = ?m expresses the volume of the balloon, in .m?. a5 a

function of time, in seconds.
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Consider a ship is moving at a speed of 30 km /h parallel to a straight shoreline.

The ship is 6 km from shore and passes a light-house at noon.

The following is the figure:

Ship
30 km/h
5
d
Light-house i r
6 km




(a)
Suppose the ship is straight to the light house L at noon.

From the above figure, If d is the distance traveled by the ship after noon. and s is the distance
between the light house and the ship, it is observed that s. d and 6 km are the sides of a right
triangle.

So. by the Pythagorean theorem that states * base® + heighlz = hypmenuseﬁ " gives
6 +d* =5

Then,
s=d* +6
s=+d’ +36

So, the distance between the light house L and the ship as a function of d. that is,

s=f(d)

Thus, f[d)= d’ +36

(b)
The distance formula is,

distance
speed =———
fime
Here, distance = d km., speed = 30 km./h
S50, o =30tkm.

Now write the distance traveled by the ship as a function of time, namely d = g(¢)

(c)
Observe that f is the function of distance between light house and the ship and g is the function
of the distance traveled in the time .

Here, g(r)=30r since d=g(r) and d =30r-

Also f(d)= J36+d’

Thus,

(feg)(r)=

= \J(30r) 436
=900¢% +36

Therefore, ( £o g)(r)=[v900r +36]-

Here, the function feg represents the location of the ship from the light house at the time 't
‘after noan.
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Suppose that, an airplane is flying at a speed of 35Umi;']1 at an altitude of one mile and

passes directly over a radar station at time ¢=0
Let 4 be the horizontal distance in miles that the plane flown at time ¢
Then

d

E(d}=35(]mijh (By the data) ...... (1)



(a)
Its need to find the horizontal distance 4 (in miles) that the plane flown as a function of ¢

On taking integration on both sides of differential equation (1) with respect to ¢ , we get
d

!E(d]rfr = [350a

d(t)=3501+c Here c is constant of integration.

When the plane is over the radar station, the time and distance traveled be 0.

Thatis, 4(0)=0

Use the condition &(0)=0in d(¢)=350¢+cto find the constant ¢

d(ﬂ):ﬂ = 350{[})+c =0

= c=0

Hence, the horizontal distance 4 (in miles) that the plane flown as a function of fis

(1) =[350]

(b)

Its need to express the distance the distance s between the plane and the radar station as a
function of 4

We construct a diagram displaying the plane distance, s, from the radar station:

d plane

.!...-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.-.*

"
-

1 mile

@ m e e e
*

radar

The diagram shows that the plane was 1 mile above the radar when flying directly overhead.
The distance it has flown since then is 4.

The triangle created is a right triangle whose side-lengths obey the Pythagorean Theorem:
 =a’ +5
where ¢is the hypotenuse length. The hypotenuse is the side opposite the right angle.
Substituting into the Pythagorean Theorem, and solving for s, we get:

a+b=¢t

P+d®=s(a=1 b=1.c=1)

J1+4d? =5 (Take square root on both sides)

We only consider the positive square root here because sis a measure of distance.

Therefore, the function expressing distance between the plane and radar is

s(d)=m




(c)
Its need to express sas a function of by using composition

From part (a), we have d(r)=3501
From part (b). we have g(d)=+ +e?
To express s as a function of ¢, we need to compute the composition (sed)(7)

Composite function fog :

Given two functions f and g, the composite function fe g (also called the composition £
and g) is defined by

(fog)(x)=r(g(x))

By the definition of composite function
(sed)(t)=s(d(1))
=5(3501) Use d(r)=350¢ from part (a)

= J1+(350¢)’ Replace d by 350¢ in s(d)=+1+d"

Hence, the resulting function for the distance sas a function of time, ¢, is

s(t)=y1+(3500)"
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(A)

A
t —
Here if t = 0 then H[!,):D and £ =0 then H[i):l
So we get a straight line parallel to x-axis in the positive direction
()
¥
M
H
120
b
7

Here V[z) =120 [.ﬁ)



(C)

>

H

240)

The formula is V" (¢)= 240[ H (£-5)]
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(a)

The Heaviside function is a piece-wise function because it is defined by different formulas in
different parts of its domain. The Heaviside function pr is defined by

()= 0 ife<0
m”l ifrz0

The ramp function y =H () is therefore defined as:

0 ifr <0
y{r}={

t ite=0

- (1)

We plot yon the vertical axis and fon the horizontal axis. The domain ¢« () is to the left of
the vertical axis, where yis 0. To the right of the vertical axis, y =t, which is a line with a
slope of 1:

¥




(b)
If the voltage is turned on at y = (), it will gradually increase to 120 volis over 60 seconds.
Therefore, the graph should be the ramp function, which shows gradual increase.

The point [ﬁﬂ,lZ{]] must be on the graph because when j=g(seconds, | =120volis.

V
120 1

The voltage function is a modified ramp function. The domain of the second part of the function
is (<t <60 and the slope of this segment between (0,0)and (60,120) is:

— 3
SI'DP'E = .P! .] I
X, =X
120-0
60-0
=2
Therefore, the piecewise function for voltage would be

VU]={G if 1<0

2t if0<r=60

The function is a result of multiplying the Heaviside function, (1), by 2¢ V(r}= 2tH (.'}

(c)

If the voltage is turned on at y =7, it will gradually increase to 100 volts over 25 seconds.
Therefore, the graph should be the ramp function, which shows gradual increase. The points
(7,0) and (32,100) must be on the graph because when ¢ = () seconds, ¥ =( volts and 25

seconds later, when ;=132 seconds. J =100 volts.

¥
100 1




The voltage function is a modified ramp function. We note that since the voltage is turned on at
7 seconds, the ramp is shifted 7 units to the right.

To shift the graph of any function #to the right by e units, the equation would become
y=f(x—c) where ¢>0.
Therefore, a shift of the ramp function to the right by 7 units would be R(.f-'?].

This function is defined:

Ve 0 ifr<7
Hi=1)= -7  ifr27

The domain of the second part of the voltage function, ¥ (¢).is 7<r<32.
The slope of the second part of the voltage function between (T,(]}and (32,]00) i5:

slope = 2221

X, —X
_100-0
32-7
=100
25
=4

Therefore, the second part of the voltage function has a slope of 4.

Combining the shifted ramp function with the slope of 4 in the second part, we get:

0 ifr<7
V)= )
4(1—?) if7=r=32
Finally, we note that the function V[r) is the result of multiplying the Heaviside function by

4(1-7) and restricting the domain to ¢ < 32.

Hence, the above graph is defined:

WV (1)=4(t-7)H (1), 32|
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Let f and g be linear functions with the following equations.

f(_r):ml_r-}- bl and g(x]:ml.r-!- bz
Determine whether f e gis also a linear function, if so, find the slope of its graph.
Composite function feog :

Given two functions £ and g, the composite function f g (also called the composition £
and g)is defined as follows:

(fog)(x)=1(g(x))

By the definition of the composite function.
(fog)(x)=/(2(x))
= f(m,x+b,) (Replace g(x)with m,x+b,)

=m (mx+b,)+b (Replace x by myx+bin f(x)=mx+bh)
= mm,x + b, +b, (Distribute: A(B+C)= 4B+ AC)

Thus, (fog)(x)=mmyx+(mb,+b).

The resulting rule for the composition ( fog)(x)is because the variable xhas an

exponent of 1 and its coefficient is non-zero.

The slope of the linear function (fog}(_x] = mym,x+ (m153 +b,]i5 the coefficient of the x

term, which is _
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Suppose that, x dollars are invested at 494 interest compounded annually, then the amount
A[x) of the investment after one year is given as follows:

A{x}: 1.04x

Its need to compute the compositions 4o 4. 4o de 4 3N 4o 40 46 4.30nd also needed to
find a formula for the composition of » copies of 4.

Composite function fog :

Given two functions # and g. the composite function f o g (also called the composition f
and g)is defined as follows.

(fog)(x)=r(g(x))

From the definition of composite function, proceed as follows:
(4o A)(x)=A(4(x))

:A[I.M:t] Ise A[x}zl.m.r

=1.04(1.04x) Replace x by 1,04xin A(x)=1.04x

=(|,n4)’- x Multiply

The resulting rule for the composition (Ae A)(x) is (1.04]!.1' ;

Similarly, use the rule for the function A4(x) in the composition (Ao e A)(x).

Also use the fact that (40 4)(x)=(1 ,[)4)2 X

From the definition of the composite function, proceed as follows:
(Aodod)(x)=A((404)(x))

= 4((1.04)" x) (Replace (Ao A)(x)witn (1.04)" x)
=1.04((1.04)' x) (Replace x by (1.04)" xin A(x)=1.04x)

=(1.04)’ x (Muttipiy)

The resutting rule for the composition (A4 Ao A)(x) is (]_(}4}3 xl.

Now, use the rules of A(x) and (Ao A4eA)(x) tofind (doAde Ao A)(x):
(dododoA)(x)=A((4o 40 4)())

=A((1.04}31) (Replace (Ao Ao A)(x)with (1.04)' x)

=1.04((1.04)' x) (Replace x by (1.04)’ xin A(x)=1.04x)

=(1.04)" x (Multiply)

The resulting rule for the composition (Ae Ao Ao A)(x)is (]_(]4]" x|

Since the interest is compounded annually, notice that the result of the composition amounts to
reinvesting the money every year. This also calculates the amount of the investment after 2, 3
and 4 years.

Based on this pattern, if the task were to compose 4 with itself » times, the resultant formula

(Ao do--oA)(x)=(1.04) x|

o limes

would have been
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(A)
s i e }s[x)=4x2+4x+?
Given that feg=4
Hence f[g[x)) =dx +4x+7
By braking 7 in (1 + &) on right hand side
Fle(x))=4x" +4x+1+6

[Since |:2x +1)2 =4z +4x+1 and here 5 [g(x)) =47 +4x+7 We have to make
right hand side, the function 0f[2x+1:l ]
So flg(x))=4x" +4x+1+6
=(2x+1)" +6
=f(e(x)=[e(x] +6

Clearly we have = f(x) =x+6

B f(x)=32+54(x)=3"+32+2  and h=fog
(Fog)(x)=7(g(x))
=k (x)
=32t 4 3x42
=3(g(x))+5=3x"+3x+2+5-5 (By adding and subtracting 5 from right hand side)
=3x8 +3x-345
=3(x +x-1)+5

Comparing both sides we have g[x) =x'4x-1
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Slx)=x+4, hix)=4x-1
Condition 1z givenaz go f =4
(2o )x)=4(x)
:g[f[x))zélx—l
=gix+d)=4x-1

Eeplace x by - 4 we get
=glr+dr=4x-1
=>g(x—4+4)=4|:x—4)—1
=gin=4x-17

Then we hawe

g[szélx—l?
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If g1z an even function and k= fog

then h 1z always an even function We will zee that by a simple example.
Let g I:x) =x {Ewen function)

HNow Let f (x) =x isaodd fanction

Then f [g(x:]:l =[fog)(x)= [xg :I3 =% which is alse even

Again we talee [ [x) =7 as even function.

Then ( fBg)(x) =f[g (x)) =f|:x)2 = [x:!:l2 =x* which is alse even
So we conclude that if g iz ewen function then b = fog will be always an even

function
Things to remember:-
Any function [(even function)] = even function.

Any function over an even function will always be
even
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If g is an odd functionand k= fog
Then h can not be odd always.

Tt will depend on function £ it means if £1s odd function then hwill be odd and if
fis even then hwill be even We will see this concept by an example
Let = [x) =x {odd function)
How let f Iix:l =x {ewen function)
Then (fog)(x)=f(g(x))
=7(%)
=()’

=z = (even function)

Againlet f [:x) =x
(fog)(x)=r(g(x))
s (2)
=(2)

= x° = (0dd function)

If 1z neither even nor odd then h will be neither even nor odd

{odd function)

For example
glx)=x (Odd) and f(x)=x"+x
then &(x)=(7=g)(x)
= flglx))
= f(x%)
=hix)=2"+x"  (Meither even nor odd)



