True False of Complex Numbers

Q. 1. For complex number z1 = X1+ iy1 and z2 = Xo+ iy2 , we write z1 N zz , if X1 <
X2 and y1 <y2. Then for all complex numbers zwith1 Nz, we
1-z

—
have 1z (1981 - 2 Marks)

Sol. Letz=x +1iy
then 1MNz=1=x &0 <y (bydef.)

Consider

-z 1-(x+iv)
1+z 1+{x+i)

_(-0-p (1+9)-p
G0+ A+0)-p

1-x? —yz _fy[l—x+1+x}

TS R I

1—Jr2—y2 _ 2iy
(+x)°+y" (d+x)’+)?

2 2
-z 1-x° -
EA0 > ——2 <0

l+z (1+x}2+_}r2_

_2}! <0

2 2
=1-X -V

< 0 and -2y=0
= x% +y= 2 1and y=z0

which is true asx = 1 &v=o0

~ The given statement is true v zeC .



Q. 2. If the complex numbers, Z1, Z; and Z3z represent the vertices of an
equilateral triangle such that | Z:| = | Z2 | = | Z3| then Z1 + Z> + Z3 = 0. (1984 - 1
Mark)

Sol. As|zi|=|z2| =]z
. 21, Z2, Z3 are equidistant from origin.
Hence O is the circumcentre of AABC.

But according to question AABC is equilateral and we know that in an equilateral A
circumcentre and centriod coincide.

~Centriod of AABC =0

I +Iy+1I3
3

= =0 = 21—22 —23=U

-~ Statement is true.
Q. 3. If three complex numbers are in A.P. then they lie on a circle in the

complex plane. (1985 - 1 Mark)

]+ g

Sol. If zy, z5, zq are in A.P. then,
= 25 is mid pt. of line joining z; and z.
= 2y, Zg, Zq lie on a st. line

~. Given statement is false

Q. 4. The cube roots of unity when represented on Argand diagram form the
vertices of an equilateral triangle. (1988 - 1 Mark)

“1+iy3 -1-43

Sol. - Cube roots of unity are 1, 5 3

~ Vertices of triangle are



A1, 0), E[%lg) . c[_?l ?}

= AB=BC=CA

~ A is equilateral.



Match the following of Complex Numbers

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two
columns, which have to be matched. The statements in Column-1 are labelled A,
B, C and D, while the statements in Columnll are labelled p, q, r, s and t. Any
given statement in Column-1 can have correct matching with ONE OR MORE
statement(s) in Column-I1. The appropriate bubbles corresponding to the
answers to these questions have to be darkened as illustrated in the following
example : If the correct matches are A-p, sand t; B-gand r; C-p and q; and D-s
then the correct darkening of bubbles will look like the given.

P 9 r 5 t

00000
PO00>®
00OH®
POOO®

O aoWe

Q. 1.z = 0 is a complex number (1992 - 2 Marks)

Column I Column I1
(A) Rez=0 (p) Rez® = 0
(B) Argz = (@) Imz® = o
(r) Rez % = Imz*
Ans.z#oletz=a+ibRe(z)=0=z=1ib
=z% = —b*
~Im(z)2=0

«. (A) corresponds to (q)

n .
Argy ==a=b=z=a+ia

) . 2
72 =a® - a% +2ia® ;72" =2ia® = Re (2)° =0

«. (B) corresponds to (p).



Q. 2. Match the statements in Column | with those in Column Il. (2010) [Note :
Here z takes values in the complex plane and Im z and Re z denote , respectively,

the imaginary part and the real part of z.]

Column 1

Column IT

The set of points z satisfying

|lz—1i|z || =|z+1| z||is contained in or equal to

. . T
(p) an ellipse with eccentricity 5

(B) The set of points z satisfying

|z+ 4|+ |z— 4| =101is contained in or equal to

(q) the set of points z satisfying Imz = o

(C) If | w | = 2, then the set of points

z = w —1 iscontained in or equal to

W

(r) the set of points z satisfving |[Imz | =1

(D) If | w | = 1, then the set of points

z=w + .1 is contained in or equal to

W

(s) the set of points z satisfying | Rez | < 2

(t) the set of points z satisfying |z | = 3

Ans. (A)—(qD|z-ilz|= |z+if

= z is equidistant from two points ( 0, |z[) and (0,— |z|) which lie on imaginary axis.

=~z must lie on real axis = Im ( z)=0 also |Im(z)| <1

(B)—p

Sum of distances of z from two fined points (-4, 0) and (4, 0) is 10 which is greater than

8.

=~ z traces an ellipse with 2a = 10 and 2ae =8
= e=4/5

(€)= (s, 1)

Let @ = 2(cos0 + 1 sinf)




thenz =@ - .1 (cosB + isinB) - %(CDSB‘ + 1 5inf)
L]

=¥ + 11., %msﬁﬂismﬂ

Here 7| ,F}*z J_{Sanam{z)ﬁz

4x? 4}
R 25

Alsox = Ecosﬁ,y=%s.inﬁ=5 =1

2
L . . 0 4
Which is an ellipse with e = ‘III_E -5

(D) = (q.1, s,1)

Let (, = cosB + i sing then z = 2 cosB = Imz=0

Alsoz=3and |Im(z) |1, | Ra(z) |z 2

DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the list
have choices (a), (b), (c) and (d) out of which ONLY ONE is correct.

Q. 3. Letz| = (2’”‘] + sin [21{::} k=1,2,...... .0

10 " (JEE Adv. 2014)

List-I List-1I

P. For each zk there exists as z; such that zj.

1. True
zj =1
Q. There exists a k € {1, 2,...,9} such that z,.z =
Zk 2.

has no solution z in the set of complex | False

numbers

R. e | o )

" equals 3.1

9 Ykn
S. 1-3cos| —| equals
E‘l ( 10 ] q

=
[ &




P Q R S P Q R S

(a)1 2 4 3 (b) 2

()1 2 3 4 (d) 2

Ans. (c)

(P) — (1) : = =ﬂ°ﬁ%+f5iﬂ% ,k=1tog
!_2]:11

L =e 10

Nowzl.zi=1= 2, =—=_"1 —
k-Zj T Te 10 -5

We know if z is joth
- For every z), there exist z; = 3.
Such thatzg .zj=2zk. B =1

Hence the statement is true.
(Q)—=(2)zy=zk= E=EZ—T forz; # 0

. We can always find a solution to z,.z =zJ;

Hence the statement is false.

(R)— (2): Weknowz'®-1=(z-1)(z- Zy)

=(z-z9)(z-25) .... (z—zg) =%

=1+Z+ZE+...Z'"':III

Forz =1we get

(1-z)(1-25) ... (1 —zgj= 10

P-afi-zf -z
i 10

1 3 4

1 4 3

root of unity so will be 3.

(z—zg )



(S)—=(4):1,2¢, Zs, ... Zg are mth roots of unity.
-1=0

From equation 1+ Zy +Zo +.... + Z5 =0

Re (1) + Re(Z4) + Re (Zo) + ... + Re[Zg,] =0

= Re(Z{) + Re (Z5) + ..... RE(ZQ} =—1

9 o
2kn 2Ekm
= chs—m =-1_1- > cos—=2
E=l r=1 10

Hence (c) is the correct option.



Integar Type ques of Complex Numbers

Q. 1. If zis any complex number satisfying |z — 3 — 2i| £ 2, then the minimum
value of 2z -6 + 5i| is  (2011)

Sol. Given |z — 3 — 2i| < 2 which represents a circular region with centre (3, 2) and

radius 2.
z—[E—Ef]
2

= 2 x distance of z from P (where Z lies in or on the circle)

Now |2z — 6 + 5i| =2

YJI.

Alszo min distance of z from P = %
~ Minimum value of |2z—- 6 + 5i| =5
ix

Q.2. Letw=¢* ,and a, b, ¢, x, y, z be non-zero complex numbers such
that (2011)

a+b+c=x
a+bo+co’=y
atbo’+co=1z

2 1.2 .
Then the value of X t1¥E+1z1 g
laf +]bF +|c]

Sol. The expression may not attain integral value for all a, b, c.
If we consider a = b = c then

K:gag_v:a(1+m+m2}=a(1+iv'§)



Z=a(1+w0 > +o)=a(1+i3)

2 2 2 2 2 2 2
= [x|"+ |yv|T +|z]" =9 |a|” + 4 [a]” + 4 |a]” =17 |a]

which is not an integer
laf* +|5* +]c]? 3 ger)

|xP+lyP+zf 17

. i23) .
Note : However if o =2 3 then the value of expression can be evaluated as

follows

P a++E

2 2 -
|xP +|yP +|z o
la? +]b[ +|cf

2 AR+ loP
lal” +[&]" +[c|

(a+b+c)N@+b+)+(a+bo+co Y a+bo’ +te)+

_ (a+bo’ +co)(@+bo +to°)
2 2 2
lal” +1&[" +|e|

3al #3162 431 e +ab +ab+be + be + a7 + ac)l+ @+ @)
- lal® + (B +|c

=19 (v 1+ o+ 0> =0)

aj = cns(k—“] +1isin [k—“], wherei=,1.
Q. 3. For any integer Kk, let 7 7 The value of
the expression

12
pCNELY
= is (JEE Adv. 2015)
2leg 1 —ogy ol
=l

ik
Sol. oy = oos%ﬂsinT— e

in(k+1) ik imk
| 7

U1~ =, 7 el =27 (™ -1

|l1k+1 —{Ik| = |€m“r —l|

12 .
= 3 o~ =12J™ 7
k=1



3
Similarly 2 |og —0g| = 37

=1
12

3 |otpsr — o

k=1 _4

3

2 |“4k—1 — 0O |
k=1



Fill Ups of Complex Numbers

Q. 1. If the expression (1987 - 2 Marks)

[sm[j +cus[;J +itan (x}]
20 ()]

is real, then the set of all possible values of x is ............

Ans. Enx,nm%

Sol.

smxy/2+cosx/2+itanx

1+ Xgmx/2

Let ==

_(smx/2+4cosx/2+itanx)(1—2isinx/2)
(1+2isinx/2)(1-2isinx/2)

[smnx/2+cosx/ 2_}+ 2sm x/ 2 tan x)
+i(tanx —2sin” x/2—2smx/2cosx/2)]

(1+4sin” x/2)

But ATQ, I;(z) = o (as z is real)

. x( . x x|
— mnx—Esm—[sm—+ccs—J:U
2 2 2

sin X . . . .
- —2sin” x/2—2sinx/2 cos x/2=0
cosx
STiRe :
= —(l1—cos x)—sm x=10
cosXx

—y sinx[ —ljl—[l—cns x]=0
cos X



1 .o
= [1 msxjsinx—[l—msx]=ﬂ
- cosx
‘sinx |
= (l—cnsx)[ —l]=ﬂ
LCos X

=c0sx=1=X=2nmand
tanx =1=x=nn+ m/4

A X = 2N, N + /4

Q. 2. For any two complex numbers z1, z; and any real number a and b. (1988 - 2
Marks) | az1 — bz |2 + | bzy + az |2 T

Ans. (2% +b%)(] 21 |%+ |22 |9)
Sol.
|g_—1 _b:j |1 + |b:1 + az; |2

= 21540 | -2ab Re(y 72+ |

+a’ |z [F + 2ab Re (z22)

=@+ (7P +2 P

Q. 3. If a, b, c, are the numbers between 0 and 1 such that the points z1 = a + i,
z> =1 + bi and zz = 0 form an equilateral triangle, thena = ....... andb=....
(1989 - 2 Marks)

Ans. 2-3.2-3

KEY CONCEPT : | z1 - 22 |= distance between two points represented by z; and z.
As zi=a+1, z2 = 1+ bi and zz = 0 form an equilateral triangle, therefore

21— 23 = |22 — 23| = |21 - Z¢]

la+i|=]1+bi|=|(a-1)+i(1-Db)|



>a?+1=1+b’=(a-1)*+ (1- b)?
=>a’=b’=a’+hb’-2a-2b+1
Sa=b..(1)

(~a,b>0 ~at—b)and
b?-2a-2b+1=0
ora?-2a-2b+1=0...(2)
=>a’-2a-2a+1=0[~a=h]
>a’-4a+1=0

4+ 2.3

2

a=2-3 also p=2—.[3

=2+3 But0<a b=l

=

Q. 4. ABCD is a rhombus. Its diagonals AC and BD intersect at the point M and
satisfy BD = 2AC. If the points D and M represent the complex numbers 1 + i
and 2 - i respectively, then A represents the complex number ......... Of..........
(1993 - 2 Marks)

i 3,
Ans. 3—E url—ir
Sol :
If we see the problem as in co-ordinate geometry we have D = (1,1) and M= (2, — 1)
We know that diagonals of rhombus bisect each other at 90°

=~ AC passes through M and is * to BD

~ Eq. of AC in symmetric form can be written as




Now for pt. A, as

iM’:%I}M %.‘/(2—1)1 +(-1-1)% =45/2

Putting 7= ++/5/2 we get.

-1 -3

= ¥=3 or LJI:E ﬂ?"?

Pt. Ais3—i/2 or 1-(3/2)i

Q. 5. Suppose Z1, Z», Z3 are the vertices of an equilateral triangle inscribed in
thecircle |Z|=2. If Z1 =1+ W3 thenZ = ........ v 23 = . (1994 - 2 Marks)

Ans. -2, 1- ;3

Let z1, 22,23 be the vertices A, B and C respectively of equilateral AABC, inscribed in
acircle | z | = 2, centre (0, 0) rasius = 2

Grven I = l+r'1.|'r§

2
Zg =g :1
( 2 2
= Lcos ‘3—“+:‘;m%1 (1+f.\,"'3_}
_ -1-3 _
2
and z;=e'4{m3}i 7

3
= [::054?1{+551'114?HJ (l+i.v{3_)

=[_1_:—J§JUH@ :Lfﬂzl_f@

2

Q. 6. The value of the expression



1-2-0)(2-0)+2-(3-)(3-a")+... +(n-1).(r-e)(na’).

where w is an imaginary cube root of unity, is..... (1996 - 2 Marks)

Ans. %: n(n- 1)1[112 +3n+4)

Sol:

rth term of the given series,

=r [(r +1) —w](r +1) —w2 ]

=1 [(r +1)* - (0+0% )(r +1) +&°]
=1 [(r +1)% - (-)(r +1) +1]

=r[(r®*+3r+3]=13 +3r° +3r

Thus, sum of the given series,

(n-1) ,
=3 @ +37+3)

r=I1

(n—1)7n’ + 3_%(;? ~1) (m) 2n—1) +3%(n —n

| -

=(n—1) (n}[i{n—l}n+% (2n—l}+§}

1
= (D) n[n” —n+4n—2+6]

= i(n —Dn[n” +3n+4]



Subjective questions of Complex Numbers

1
1-cos@+ 2izin®

(et (2522

5+3cosB * 5+3cos B

Q. 1. Express in the form x + iy. (1978)

Sol.

1
l-cos 8+2ism 8

1 1
= 26in?0/2+4isinB/2 cos 6/2  2sinB/2

sinB/2—2i cos 8/2
(sinB/2+2i cos B/2) (sin 6/2—2 cos 6/2)

1 sin@/2—2i cos /2
~ 2sin6®/2 | (sin’ 6/2+4 cos® 6/2

_ 1 25m8/2—4fcos §/2
" 2s5in®/2 | 1-cosBrd4+4cos B

2 25in@/2—-2f cos B/2
~ 2sin 6/2

( 1 J+[—2mtﬂf2]i
“l5+3cosh 5+3cos B

which is of the form X + iY.

543cos B

Q.2. Ifx=a+Db,y =ay+bp and z=ap + by where y and b are the complex
cube roots of unity, show that xyz = a® + b®. (1978)

Ans. Sol. As b and y are the complex cube roots of unity therefore,
let p = o and y = »?

so that ® + ®* + 1= 0 and ®® =1.

Then xyz = (a + b) (aw® + bo) (a® + bw?)

= (a + b) (a’°0® + abo* + abw? + b*w?)



= (a+b) (a® + abo + abw? + b?) (using ®* = 1)
= (a+Db) (a% + ab(w + ®?) + b?
=(a+b) (a>—ab + b?) (using o+ w? =-1)

=a®+ b® Hence proved.

_ 1,2
Q.3.Ifx + iy = [2*® prove that (x% + y¥)% - = +b2_ (1079)
c+id e +d
Ans.
c+ib

Sol. Givenx + iy =
c+id

= (x+1iy)% =22 (1)

Taking conjugate on both sides, we get

x-iy)? T2 (2

Multiply (1) and (2), we get
o 2.9 = al+p?
Gyl o

Q. 4. Find the real values of x and y for which the following equation is
(L+0)x-20  2-30)y+i_
satisfied 3+i 31 (1980)

Sol. (1+i)x—29 +[2—3f}|_}r+i _;
3+i 3-i

=2(4+2i)x—-6i—-2+(9g—-7i)y+3i-1=10i
= (4x + 9y - 3) + (2x - 7y — 3) i = 10i
= 4Xx+Qy—-3=0and 2x—7v—-3 =10

On solving these two, we getx =3, v=-1



Q. 5. Let the complex number z1, z> and z3 be the vertices of an equilateral
triangle. Let zobe the circumcentre of the triangle.

Then prove that z12 + 22> + 73> = 320°. (1981 - 4 Marks)
Sol.

}l
1 c0.a3)

60°

ACa0) Bao

Let us consider the equilateral A with each side of length 2a and having two of its
vertices on x-axis namely A (—a,0) and B (a, 0), then third vertex C will clearly lie on

y-axis s.t.

OC = 2a sin 60°=g{3 - C has the co-ordinates (0,a/3).

Now in the form of complex numbers if A, B and C are represented by zi, z,, z; then
Z:=-4a;2Z,=a,; Zs= as1 As in an equilateral A, centriod and circumcentre coincide,

we get

. J+iI+ 2
Circumcentre, z = 12 3

—a+a+ay3i _ 19

=
w0 3 NG

Now, +3+3 = & +a*-3a* =—a°

and 3z} = (ia)® =—a®

~ Clearly 322 -z +22 423

Q. 6. Prove that the complex numbers zi1, z; and the origin form an equilateral
triangle only if z,? + 2,2 —z12, = 0. (1983 - 3 Marks)

Ans. Sol. We know that if z1, z2, zz are vertices of an equilateral A then

OQ-Iy_5—4
Z3—Iz Ix—q



z]
z,=0,
Z 4
7 —Z —7
1- 5 1
Weget —=—"-
- “I n—§

= - (21 -23)= 2425

2 2 2
=-2Zy -Zp T2IZy25=ZjZo = Iy + 2o -Z3Z25=0

F2

Q.7.1f1, a1, az ...... , an—1 are the n roots of unity, then show that (1 — a1)(1 — a2)
(1-as3)....(1 —an-1) =n (1984 - 2 Marks)

Sol. 1, a1, a2, .... an—1 are the n roots of unity. Clearly above n values are roots of eq. Xn -
1=0

Therefore we must have (by factor theorem)
Xn-1=(X—1) (x—a1)) (X —az2) ....(x —an-1) ....(1)

-1
x—1

= =(x—-ay)(x—ag)...(x—an — 1) ....(2)

Differentiating both sides of eq. (1), we get

nxn—1=(x-a1) (X—a)..X—an-1)+X-1)(Xx—a2) ...(x —an-1) +..+ (x = 1) (X -
ai) ... (X —an-2)

Forx=1,wegetn=(1-a1) (1-a) ... (L —an-1)
[All the terms except first contain (X — 1) and hence become zero for x = 1] Proved.

Q. 8. Show that the area of the trlangle on the Argand diagram formed by the

complex numbers z,izand z + iz is 2 (1986 - 2% Marks)



Sol.LetA=z=x+iy,B=iz=- yv+ix,

C=z+iz=(x-vy)+i(x+vy)

x yo1

1
Now, area of AABC =5 v X 1
-y x+y 1

Operating Ro —R;, Rg — Ry, we get

) X y o1
A= S| ¥-x x-¥ 0
-y x 0

% |X|:—}" - x) +v (x- }'}|

2 2

= 2 -xy = 4 xyy®| = al

=_—2—
2|:»: ¥

= % |X2+}-‘2|= % |22| Hence Proved.

Q. 9. Let Z; =10 + 6i and Z> = 4 + 6i. If Z is any complex number such that the

(;'—azzl_} is % . then prove that |Z — 7 — 9i| = 32
argument of ¢-%) 000 4

Marks)

Ans. Sol. We are given that z; = 10 + 6i and z, = 4 + 61

Also arg[z_q] ==

Z—13 4

m
= arg (z —z4) —arg (z — zo) =g = NOTE THIS STEP
m
= arg ((x+iv) - (10 + 6i)) -arg((x+iy) - (4 + 6i)) =%

= arg [(x - 10) +i (y - 6)] -arg [(x- 4) + i(y - 6)] =

FiA

= tan ! [‘P_I?]} _tan ! (—y_qﬁj =4

X— X




[ y-6_y-6 )
o tan r—10 x—4 =E
. (7—6)2 4
(x—4)(x—10)
xX— —0)—(x— - T
:}_{ H(y-6)-(x-10) (y 6}=tan1

(x—4) (x-10)+ (y-6)°

= (x—4-x+10) (y-6) = (x— 4) (x - 10) + (v - 6)*

= 0y — 36 = x2 + }-'2 —14x — 12y + 40 + 36

=:~x2+}r2—14x—18y+112=0

= (x% — 14x + 49) + (3;2 — 18y + 81) =18
= (x-7)%+ (y-9)%= (32)*

= (x+1y) - (7 + 91)= 342

=z-(7+ 0i)=3/2. Hence Proved.

Q. 10. Ifiz2+ 22—z +i=0, thenshowthat|z|=1. (1995 - 5 Marks)

Sol. Dividing through out by i and knowing that 1/i = -i we get i =-
22-iz2+iz+1=0

orz?(z—-i)+i(z-i)=0

as 1=—ior(z—-i)(2+i)=0-z=i

or z2=—i

slzl=lil=1or|2?|=]zf =|-i]|=1

=|z|=1

Hence in eithercase |z | =1

Q. 11. If |Z|< 1, [W |[< 1, show that

|Z -W|2 < (|Z]- |W|)? +( Arg Z- ArgW)? (1995 - 5 Marks)
Ans. Sol. Let Z =r1 (cos 01 +i sinf1)

and W =r2 (cos 02 +i sinfy)



Wehave | Z|=r, |W | =12, Arg Z=6: and

Arg W =0,

Since | Z | <1, |[W |<1, it follows that r1< and r2< 1
We have Z - W = (ricos 01 -r2 cos02)

+i(r sin 01 -r2 sin6?)

|Z - W|? = (r1 cos 01 -I2 cos0y) + (r1 sin 01 -I2 sinfy)?
=r1% cos? 01 + 122 cos? 02 - 2 rir2 cos 01 cos 02 +r12sin%0;
+ 12 sin 02 - 2 r1r2 sin 01 sin6>

=112 (cos? 01 + sin? 01) +r2? (cos? 02 + sin0y)

- 2 rir2 (cos 01 cos 02 + sin 01 sinf>)

= =112+ 122 - 2 11r? cos ( 01 -02)

=(r:- r2)2 +2r1r2[1 - cos ( 01 -02)]

o . o -
= (r1-r2) < + 4 ryro gin (Bl 293]

(5%

< |ry-ra|® + 4‘51'11[81;52]

2
= |rq - 1'2|2 + 4 Ilo,

[ rpro=1]

But | sin 6| =| 8] ¥ BER
NOTE THIS STEP
Therefore,

2
1Z-W P2l -nf +4 _'31;'32‘ <lr—ryf +]6-8,f

Thus [z-w[ <(|z|- 7] + (Arg Z- ArgW)?



12. Find all non-zero complex numbers Z satisfying zZ =iZ (1996 - 2 Marks)

Sol. Letz =x + iy then z - ;2
= x — iy = i(x? — y* + 2ixy)
= x—iy=i(x? - y%) — 2xy

>x(1+2y)=0;:x>—y2+y=0

1
=X=00ry=-7=X=0, V=0, 1

or y:-%,x=+£

2

For non zero complex number z

X=0,v=1
J3 1 3 1
X=— .,V=——X=——_F=——
2 Y 2 2 Y 2
L i B
B I | 2 2

Q. 13. Let z;and z; be roots of the equation z+pz+q = 0, where the coefficients p
and g may be complex numbers. Let A and B represent z; and zzin the complex
plane. If ZAOB = a # 0 and OA = OB, where O is the origin, prove that

p? = 4q cos2 EJ (1997 - 5 Marks)

Ans. Sol.zZ +pz+q=0

Z1722=— P. 1322 =9

By rotation through a in anticlockwise direction
Zo = Zq L (1)

2% pos o +isino

1 1



Add 1in both sidesto getz; +zo = —p

n+2zy l+cosa+isina a,[ o .. {Ii|
= = 2005—| CcOS—+isin—
oy 1 2 2 2
Iy 4=z -
or { 2 1] =2 cos — g2
|

On squaring (z; + z2)~ 4cos?(a/2)z2 ¢

=4 cos® %E]E_;_E — 4 cos” 32122
or p2 = 4q CDSE%

Q. 14. For complex numbers z and w, prove that |z|> w-|w|*> z = z —w if and only if
z=worz *"=1 (1999 - 10 Marks)

Sol. Given that z and w are two complex numbers.

2 2 _
Toprove |z|"w-—-|w|"z=z-wez=worzw=l
First let us consider

|:5|2 W —|W|2 z=2-w....(1)

=z(1+ w2=w[1+|2|2)
z 14|z
= == == areal number
WL+ |w]
- [E]=£:.E=3
W w W W
= IW = zIW {2]

Again from equation (1),

IW—WHE = —W

2 Gw—1)—w(iz—1)=0

(zZw—1)—w(zw—1)=0 (Using equation (2))

= (W-1DEz-wW=0= zw=1 orz=w



Conversely if z = w then

L.H.S. of (1) =|w|2 w —|w|2 w = 0.
R.HS. of (1)= w—w=0

~ (1) holds

Also if z w=1then

L.H.S.of (1) =zZw-wwz

=zzw—wiwz = Z— W = R .H.S. Hence proved.

Q. 15. Let a complex number a, o # 1, be a root of the equation z°P*%-zP -z9+ 1 =
0, where p, q are distinct primes. Show that either 1 + a + o’ + ...+ 0”1 =0o0r1
+a+a’+..+a% =0, but not both together. (2002 - 5 Marks)

Sol. The given equation can be written as

(z°-1)(z°-1)=0

~z=Q)Y  or (DY ...(1)

where p and q are distinct prime numbers.

Hence both the equations will have distinct roots and as

z # 1, both will not be simultaneously zero for any value of z given by equations in (1)

NOTE THIS STEP

P
% —0(m=D)

Also 1140+ yafl= 1

11—
2, soP=—2 =0{x=1)
1-o

O 1+a+uo

Because of (1) either o? = 1 and if a® = 1 but not both simultaneously as p and q are
distinct primes.



Q. 16. If z: and z2 are two complex numbers such taht |z1| < 1< |z;| then prove
l—Z]EE

that Ll‘z!

<1

~ (2003 - 2 Marks)

Sol. Given that|z;|<1<|zs|

1-37 .
Then ‘ﬂ -« 11s true

-2

if |1-2,7 |<|z1— zo|is true

if |[1-z5 | < |z4— 22|2 is true

if 0-75)0-77) < (21 - 22) (7-z) is true
if(1-75) 1-72) < (21 -22)@-5)

if -85 -35+3 5 55

- 13-4 is true

if 1+|29|% |20 % <|ze|2+|20|®  istrue
if (1-]z4]%) (1-|z2|?) < 0 is true.
which is obviously true as|z;|< 1<|z5]
=|23]% < 1<|zg)?

=:-|1—|zl|2 > 0 and (1—|32|2] <0 Hence proved.

Q. 17. Prove that there exists no complex number z such that

|z|ql and Z“:a,zr =1
3 r=l where |ar| < 2. (2003 - 2 Marks)

m
Sol. Let us consider, 2.4z =1 where | a; |< 2

r=1

2 n
= ayZ+agz +3333+...+anz =1

2 n
= |ajz + apz” + a323 +..+apz | =1 ceee(1)



But we know that | z; +zo | £ | 21 |+ |z2]
~. Using its generalised form, we get
|:;112'.+£;1222 +3323+...+anzn|

2 n
=|lajz|+|agz” | +..+|apz |

2 .
=21<|aq||z|+|az]| |2 |+|a3||33|+...+|an||zﬂ|(U51ngeqn(1)}

But given that | ap | < 2 ¥ r=1(1)"

s1ca|z|+]z|*+|zP+..+|z|"][Using | 2" | =]z |"]
- 1
oien [|z|(1—|z|“:-}:, 2[|z|—|a|’” ].}1
1-|z | 1-|z |
=2[|lz|-|z|n+1] »1-]z| (v1-|z|>0as|z|<1/3)

n+1 1 1 3 1 n+l
= Zl- o= = — —+|z
[z] -12/1>3-31z1= Ziz1>2+12
1 2 n+l 1
= E| ==+<|=z = Z| ==
[z| >3+3121"= [lz] >3
which is a contradiction as given that [|z] {%
«. There exist no such complex number.

F—

o
z-p

Q. 18. Fin d the centre an d radius of circle given by =k, k=1
where, z = x + iy, a = a3 + iag, P = P, + iPfz (2004 - 2 Marks)

Ans. Sol. We are given that

'''''''''



I—0

z—p

—k=|z-a|=k|z D

Let pt. A represents complex number o and B that of B, and P represents z. then | z — a |
=k[z-B]

= z is the complex number whose distance from A is k times its distance from B. i.e. PA
=k PB

= P divides AB in the ratio k : 1 internally or externally (at P’).

Then P(%] and P' [%)

Now through PP’ there can pass a number of circles, but with given data we can find
radius and centre of that circle for which PP' is diameter.
And hence then centre = mid. point of PP’

(WP+o K=o} 426 ko kp-athp—kathB-a
=L k+l k—lJ = 2D
2
_Kp-o_ a—k’p
-1 1-k2

Also radius

1|iPp+ko—iB-o-Kp+ko—p+a _Klx-B
) k-1 S o

Q. 19. If one the vertices of the square circumscribing the

circle 1Z =1l =42 is 2431 Find the other vertices of thesquare. (2005 - 4
Marks)

Ans. Sol. The given circle is |2~ /=42 where zo=1is the centre and V3 ;¢

radius of circle. z; is one of the vertex of square inscribed in the given circle.



Clearly z, can be obtained by rotating z: by an £90° in anticlockwise sense, about
centre zo Thus, z, — 2o = (21 — 2o) ™2

orzo-1=(2+i3-1)i =z, =i-3+1

Zo = (1-+3)+i

Again rotating z, bv 90° about zg we get

zg — Zg = (22 —zg) 1

= zg -1= [(1-3) +i-1]i=-Bi-1= Zq =-1+f3
and similarly 1 = (- 13 - 1) 1 =+3-1

=z4 = 3+ 1)

Thus the remaining vertices are

(1-43)+1,-i43, (3 + 1)
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