Exercise 11.4

Answer 1E.

(&) Let > a, and ) b, are series withpositive termsand 25, is
Convergent.
Ifa, > b, for all , then we cannot say anything about 3 a, since a, >&, and

b, is conversantthen )’ a, canbe convergent or divergent.

B) If a, <b, forall » and Zb, 1s convergent then Za, 15 also convergent by
comparison test.

Answer 2E.

(A) Let Za, and Zb! are series with positive terms and Zb, 1s divergent.
If a, > &, forall n, then 2’ a, is also divergent by comparison test.

(B) If a, <&, for all n, then we can not say anything aboutZal_Itcanbe
convergent or divergent.

Answer 3E.

The series is Z N

—
= 2n +1

Determine whether the series converges or diverges.

Apply limit comparison test:

Suppose that Za_,zbﬂ are series with positive terms. If lirrn'f"—‘r =¢ , where cis a finite

=T

number and g = (), then either the series converge or both diverge.
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This implies lm— is a fixed number and greater than 0.
A

Also, the series Zb_ - ziz converges, because it is in the form ZLP where p>1.
n n

il

T
By comparison test, the series za_ =Z

=l m=1

Converges.

2n +1



Answer 4E.

Consider the series,

=2 "‘ _l

To determine the convergence of the series, use Limit Comparison Test.
Limit Comparison Test

Suppose that » g, and » b, are series with positive terms.

. a
If lim—==¢ where ¢ is a finite number and ¢ > (). then both the series converge or diverge

sz |
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Suppose Zﬁ -Ya,

=2
Then, we have
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a = >0
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Consider b_ by taking the highest power of n from the numerator and the denominator of a_
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Then Za_ and Zb_ are series with positive terms, because each g, . and b, is positive for all
nz2

Now consider the following limit.
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Therefore, ¢ (). and this is a finite number.



The auxiliary series Zipcnnverges it p>1,anddivergesit p<1
n

So the series. Zb_ = leis diverges as p=1
n

3
"

Hence by Limit Comparison Test, the series » —
m=2 n _l

is diverges.

Answer 5E.

Consider the series,
— n+1
To determine the convergence of the series, use Limit Comparison Test

Limit Comparison Test:

Suppose that » a, and »' b, are series with positive terms.

. a
If lim—= = ¢, where c is a finite number and ¢ > (), then both the series converge or diverge

n—:r'-l'-b

Then, we have
n+l

a, = >0
nn

Consider b, by taking the highest power of n from the numerator and the denominator of a,_

B
" nadn

=L}l]

Jn
Then Za_ and Zb_ are series with positive terms, because each q_, and b, is positive for all
nzl



Answer 6E.

Consider the series,

n—1
g.;n:v’r_r

To determine the convergence of the series, use Limit Comparison Test.

Limit Comparison Test:

Suppose that Z"- and Zb. are series with positive terms.

. a
If lim—= = ¢ where ¢ is a finite number and ¢ > (). then both the series converge or diverge

o bl

Suppose i: ",:!I_ = a,
n

=l "-
Then, we have
n—1

a,=—-7=>0
nn

Consider b, by taking the highest power of n from the numerator and the denominator of g,

n
b =
(] ":J}_]‘
=L}ﬂ
nmyn

Then » a,and ) b, are series with positive terms, because each a, . and b, is positive for all
nzl
Now consider the following limit.

. a
c=lm—=

e b

. ol B

e ﬂ'z'Jf_l

. on—1
= lim——

H:I'-H

oo

=1-0
=10
Therefore, ¢ (), and this is a finite number.

The auxiliary series Zipmnuerges if p>1.anddivergesif p<1
n

1
S0 the sernies, Zb. = Z—Eis converges as p= %}1
ﬂ:

Hence by Limit Comparison Test, the series z =

=l an'_r

IS converges.



Answer 7E.
Consider the series,

= 9
Ziﬂlﬂ"

To determine the convergence of the series, use Limit Comparison Test
Limit Comparison Test:
Suppose that ) g, and )’ b, are series with positive terms.

.a
If lim—= =¢ , where c is a finite number and ¢ > (). then both the series converge or diverge
A

- ¥
Suppose y ——=
PPOse 2 S~ 2%
Then, we have
_ ¥

a, >0
3+107

Take,

-
107

9 L]
:(—) >0
10
Then  a and ) b, are series with positive terms, because each a, . and b, is positive for all

nzl

Now consider the following himit

. 4
c=lim—=

msx b

Therefore, ¢ (). and this is a finite number.



Answer 8E.

To determine the series converges or diverges, consider the series

T L

=5 -1
The Limit Comparison Test states that, if Za_ and Zb_ are series with positive terms, and

. a
Im—==¢.

= bl

where ¢ is a finite number and ¢ > (). then either both series converge or both diverge.

6" ana b =£.

LEt a =
B A | 5"

a
Compute the limit value of —= as n—

a
The limitof = as m— o is,
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The series z_. = Z(E) is a geometric series with common ratio
o 5

6
r=—>1
5

Recall the result that, a geomelric series is divergent if |r|>1

So. the sereis an = L divergent.
5.

. a
Since Zb_ divergent and Ilmb—"' =1, by using limit comparison test it follows that
A

the series ) a, is also divergent.

L - L]

That is, z;’ -5 [divergent series
=1 Bl

Answer 9E.

To determine the series converges or diverges, consider the series
— Ink

'}

On expanding the series with respect to k, it becomes

Z‘:h:f: =I|:I . h\zi_l_ihlk

k=1 k=3

Take the series E

k=3

Use comparison test to determine the sernies converges or diverges.

The Comparison test:
Suppose that Za_ and Zb_ are series with positive terms.
(i) If Zb_ is convergent and g, < b, for all m,then Za_ is also convergent.

() If Zb_ Is divergent and g, = b_ for all n, then Za_ is also divergent.



Since Ink>1 Vkz3.
It follows that

Ink 1
—>— Vkz3
ko k

Let a, =? and b{ =l

k

Since each term of the series ZEis greater than the corresponding terms of the series
k=3

Zl which is [ p—series with p= l}divergent. therefore, the series ZEis divergent by
k=3 k=3
comparison test

Recall that, convergence or divergence of a series does not change by adding finite number of
terms to it

) = Imk . _ )
Since Z— is divergent series. so
k=3

Il + In 2 +E Ink is divergent series.
1 2 =3 k
Thatis. S HIx: is |divergent series|.
k=1
Answer 10E.
o -2
(3iven series Zkﬂﬂ 5
= 1+13
We have
1+ >E
— 1 & 1
1+ P
ksin’k k& 5
= —w—(rsn k=1
1+%° ( )
:kﬁnzk . 1
1+ &

we know that Z % 15 convergent (p-series with p=2).

- -2
Thus the given series Z i:]mnkﬂk 15 convergent by the Companion Test.
g 1+




Answer 11E.

To determine the series converges or diverges. consider the series

i Ik

= vk +4k+3
Use comparison test to determine the series converges or diverges.

The Comparison test:
Suppose that » a, and ) b, are series with positive terms.
() If )b, is convergentand a, <b, forall mthen Y g is also convergent

(i) If b, isdivergentand a, 2b, forall m, then g, is also divergent

Since k*+4k+3>k vk=I.

It follows that
JE +dk+3>J6 Vk>1

1 1
< vk=1
JEe+4k+3 e

3 3
‘L{ﬂ Yk =1
E+ak+3 ¥

T 5

<— VkzIl
k* +4k+3

3

k!

Continuation to the above

1
Pk k>

VK +ak+3 5

- <—= VkzI
Vi + 4k +3 ke
3
JI {L? Yk =1
K +4k+3 T



_ e ‘

and B =—3
K +4k+3 ks

1
Now, Db = Z_i
kﬁ

Let a, =

8.3 7
Since Z 75 (p-series with p:z:-]]mnvergent_
kb

s0 ) b, is convergent.

As

Ya <Yb Vk2l

and th is convergent, so by comparison test it follows that

Ya =ZL
RN PEFTIRE
is convergent series.
= U

That is. Z— IS |convergent series| by comparison test

o+ 4k +3

Answer 12E.

To determine the series converges or diverges, consider the series
= (2k-1)(k*-1)
= (k+ ]}{F + 4}2

Use comparison test to determine the series converges or diverges.

The Comparison test:
Suppose that Za_ and zb_ are series with positive terms.
(NI Zb_ is convergent and g, <b, for all n,then Z“— is also convergent.

(i) If Zb_ Is divergent and g_ = b, for all n, then Za_ is also divergent.



since (k+1)(k*+4) >k* Vk21.

It follows that

(2k-1)(k*-1) 2K
(k+1)(k*+4) K

{Ek—])[k:—l}{i

Vk=1 since (2k-1)(k* -1)<2k* VK21

<= Yk21
(k+1)(k°+4) K
Let a, = (Zk-l}(f_-ll and b, =%
(k+1)(k* +4) k

2
Now, b= —
Sh-32
|
=27% —
Zk!
Since Zk]_- is (p—series with p>1)convergent,

S0 Zbl is convergent.

As

Na, <>b Vkzl

and be is convergent, 5o by comparison test it follows that

S a, - Z{Zk-l}{.&’ ~1)

(k+1)(K* +4)

is convergent series.
= (2k-1)(k*-1)
= (k+1)(k +4) |

That is,

S |convergent series| Dy comparison test.




Answer 13E.

Consider the series,

tan
Z j,?l.:ﬂ

T
w=l

To determine the convergence of the series, use Comparison Test.
Comparison Test:

Suppose that ) a_and ) b, are series with positive terms such that a, <5,
If the series ) b, converges, then the series ) a, also converges.
Also, if the series b, diverges, then the series » a, diverges

For all p >1. we have

tan 'n<?2
tan'm 2
12 = 12
n n
-1
Suppose g = oo 1". and p = zﬁ
" "]___ L "l_

The auxiliary series ZLcunverges if p>1,anddivergesif p<1
"P

So the series. Z%is converges as p=1.2>1, and hence Zb_r = Z% converges.
n- n-

- =1
So. by Comparison Test, the series y’ -
m=1 n-

also converges.

Answer 14E.

We have the series Z—H

ar—1
We use the limit comparison Test with

Since this himit exists and Zi 1s divergent [p—se:ries with p = ! {1]
= 2
Therefore by the Limit comparison test the given series



Answer 15E.

i 4n+l
(Jiven series A

—3 -2
We have

F_2<F

1 1
}_
-2 7
gm g4

>— (.‘.4"“::4“)

-2 3

=
= [
-2 \3

We know that Z(%) 15 divergent, (geometric series withr = % >1).
=l

=

—

L 4n+1
Thus the given series
=l

15 divergent by the Compamion Test.

Answer 16E.

. ) - 1
Given series Z—
= 3Bt 1
We have

3nt +1> 2

=31 >t
1 1
== <
Pt Pt

We know that Z i“ 1s convergent (p-series with ng >0

n3

Thus the given series 15 convergent by the Companion Test.

i#
=Bt 41

Answer 17E.
We have the series 3 !
2
=1n +1
‘We use the himit comparison test with
1 1 1

bl=Jn_2=;

a, = .
N+



e f1ia?
=L=1}ﬂ
1+0

Since this limit exists, and Zb_ =Zl diverges (harmoﬂi[: Series ) Therefore
#

s_ 1 also [diverges by the limit comparison test.
N7 +1
21 +f 7

Answer 18E.

We have the series Z
1

2n+3
1 1
Tﬂkﬂ = 3 blz—
“ 2n+3 2n
a, 2n

_ 2
=2 4+3in

:L:I}U
240

Since this limat exists and Zi diverges [[:onstant muluple of harmonic se:ries)

Therefore i ! by the limit comparison test.
=1

243 =

Answer 19E.

Consider the series,

= 1+ 4"
ZI+3"

To determine the convergence of the series, use Limit Comparison Test
Limit Comparison Test:

Suppose that ) g, and b, are series with positive terms.

If lim =% = ¢_ where cis a finite number and ¢ > (. then both the series converge or diverge

n—s= |y

Suppose Z : ::: =Y a,
=l

Then, we have

1+47
a, = -
1+3




Consider b, by taking the highest power of n from the numerator and the denominator of g,
4!
b

.="3_..

4 "
= (—] >0
3
Then Y a, and ) b, are series with positive terms, because each a, . and b, is positive for all
nzl

MNow consider the following limit.

. a
c=lm—=

msx b

_0+1
0+1
=1

Therefore, g =, and this is a finite number.

The geometric series Zr" converges i H <], and diverges il p>1
So the series, zb =Z i .dh.rerges as r=i> |
m 3 3

1+4

Hence by Limit Comparison Test, the series Z is diverges.

m=l ] +3.

Answer 20E.

Consider the series,

=

zn+4"

=1 n+ 6.

Use Limit comparison test, to decide the convergence of this series.
Limit comparison test:

aL a2 ) ﬂ
If Za_. Zb_ are series with positive terms, and it lm—==¢ >0, where c¢ is finite, then both

AT
=l m=l

the ceriec ranvernes nr divernesc



Suppaose Z i : :ﬂ ia'
=l m=l

Then, we get

_n+4
n+6"

=), foral m

"

Suppose that, b £}0
e

Now we find the value of the limit,

n+4"
lim 2= — Jjm 226"
R=FE b. a—x 4"
6.
n+d" 6"

1) S) o S(n) o

Use L-Hospital’s rule, lim

44:g(") .1-ug(n} 44:3(,,} o

get the value of the limit

lim4.| 4+l
lim == IOE
b fm—— 41
l+1
=ﬂ:
+1

. and use —(a’)-a loga. o



And, consider the series,
b=V —

E 3
The geometric series Zr" converges if < r <. and divergesif p>1.

So the series Z[ ] converges as y =§ <] .-

=1 6'. =l

also converges.

So by Limit comparison test, the series Z =
m=l n+

Answer 21E.

Consider the series,
i Vn+2
S2n' +n+l
Use Limit comparison test, to decide the convergence of this series.

Limit comparison test

If Za Zb are series with positive terms, and if limZ2 =¢>0. where cis finite, then both

m=1 a=l i bn

the series converges or diverges.

Suppose Z = z.g

=l 2” +H+] =l

Then, we get

a=3"*2 . o.foralln
Y 2m +n+l
Suppose that,
b ff
s



Now we find the value of the limii,

n+2
a 4
lim %= = |,mM

wp, e 1
nn
= lim JHT -nn

Sy

J; I+E
= lim n__ aln

T (2+ 1, 1,—)
n n

l+g

=i n
am 1[ " 1)
n|2+—+—

n o mn

And, consider the series,

ShXom

m=l =1

_23

al
The auxiliary series zipcunuerges ifp>1
=l

So the series ZF=Z—,mnverges as p=%}1 .
m=l m=l _5
n

= Jn+2

So by Limit comparison iest. the series Zg_ = z,—alsn CONVerges.
 2n +n+l



Answer 22E.

We have the seres i H+23
:-1(?:+1)
a+2 e
Take a. = L he=
B (.u+1)3 % n
1
T
Anl i i P )
2o b ""’[n+1)
_ (n3+2n“]
=hm->*——=
e (.u+1)
i (1+2f;-=)3
o (141/7)
_ 0 g
(1+0)

%converges [p—se:ries with p=2 ::-1)
Therefore given series also converges by the limit comparison test

Since this limit exists and Z
=1

Answer 23E.

The Limit Comparisin Test:
Suppose that 3" a, and 3’ &, are series with positive terms.

If lim :—'=c where ¢ 15 a finite number and ¢ > 0, then either

both senes converge or both diverze.

L o= 5+2m

We have the .
e have series §(1+nﬂ)2
Take a, = ————
TRy

B =

2n
3
E)
2
-3
-



= 2i — CONVErges ( p-sereis with p=3¢>1)
SA

542 - -
Therefore Z —:2 also by the limit compression test.

-—1(l+n ]
Answer 24E.

We have the series Zﬂ
=S +n+l

n'—3n b!—ﬂ—l
wn+l Pl
And 1imi=ﬁmfixn

= o +au+1

Take a, =

—fim 1-5fn

Since this it exists and Zl 1s divergent (ha’m-:mic sr:.ties)
=

Therefore Z n"'——ﬂ.u also divf:rgeg by the limit comparison test.
S tn+l




Answer 25E.

= H4+1::- » (n4+1}n4)

‘We know that %Z L is divergent (p-series with p=1).
%

o lri 4
Thus the given series Z H—His divergent by the Companion Test.
=+
Answer 26E.

To determine the series converges or diverges, consider the series
= 1
; ninl -1
Use comparison test to determine the series converges or diverges.

The Comparison test:

Suppose that ) a, and » b, are series with positive terms.
(i) If Zb_ is convergent and g, <b, for all m,then Za_ is also convergent.

(i) It )'b, isdivergentand a, 25, forall n, then Y g, is also divergent

Since w*=1>n Vn=2.

It follows that

P =1>+Jn Vnx2
an:-l}nJE Yn=2

: {; Yn=2

min =1 nn



Continuation to the above

< Ynz2
an:-l HJP_I
1 1
——<— Vn22
mn -1 iRt
1 1
_— Yn=2
i’ =1 n;

Let g, =

MNow., Ef?,=z l;

HE

1 3
Since Z_E is convergent [p-seﬁes with p =E}l].
mnt

S0 Z.Er, is convergent.

As

Ya, <>b Vnz2

and Zb' is convergent, so by comparnson test it follows that

1
DR Y
"
min =1
is convergent series.

- 1
That is, —== |5 |convergent series| Dy comparison test
; i =1

Answer 27E.

n 2
‘We have to find that the series Z[1+l) g is convergent or divergent.
=1 K.



Since Ziisagﬂomeuicsmeswith aziand .i"=l

==l g g

: 1 i .
Since Irl= — <150 this series 15 convergent.
e

2

: . = 1
Then by comparison test, the series Z(1+—) e " is fconvergent
2=l ko]

Answer 28E.

Consider the series,
1
iﬂ
w=l M
Use Limit comparison test, to decide the convergence of this series.

Limit comparison test

eI

If Z"-' Zbﬂ are series with positive terms, and if lim22 =¢>0_where c is finite, then both
o=l =l

the series converges or diverges.

1

Suppose €
n

Then, we get

|
e" forall m
a=—=>0
H

Suppose that, b“ = l =)

n

Mow we find the value of the limit,

e.l

lim—= = lim-2-
AT L I_
n
1
"

=lim—-n

LE o o "



And, consider the series,

DI

Flﬂ

The auxiliary series ZLP diverges if p<1.
n

So the series zldwerges as p=1.
=1 n

1
So by Limit comparison test, the series ZI: €" also diverges.
m=l n

Answer 29E.

Consider the series,

The objective is to determine whether the given series is convergent or divergent.
Use the ratio test to check the convergence of the series.
The Ratio Test:

il
For a series Zr.-', suppose the sequence of ratios M has a limit:

la.]

2

== la|

If L<1,then »’ g converges.
If L>1, orifL is infinite, then Za_ diverges.

It L=1, the test does not tell us anything about the convergence of Zﬂ_.



Let a, = L

n!
Then 4, = l
= (n+1)!
Find the ratio:
a,|l (1 n
a, | |(n+1)'1
a.|_ n!
a, | |(n+1)n!
1
n+l

Now take the limit:

fim [ 2224 = Jim ——
A a, m—= gy 4|

=0<1
Because the limit L=0<1,

Thus by the Ratio Test. the given series is converges to 0.

Answer 30E.

= )
Consider the series Zl

=l n
To find whether the series is convergent or divergent, use the comparison test.

The comparison test, suppose that Za_ and Zb_ are series with positive terms.
-If )b, is convergentand g, <b,forall n.then » a_ is also convergent

The expanding of the series is.

a =1
1.2
a, =—
- 22
_1.234....n
nnnn...n
1 (2.3.4. .n]
n\ nnn..... M
1 where o234



Each term in parenthesis is less than or equal to 1 where }k <] because the numerator is less
than the denominator.

1
Wecanwriiceiias 0<a slgi.
“non

The value of the limit z.-]_ is.

. o1
lima, = ]ll‘ﬂ[—
R—FE A—x H
=0 a —>0asn—sx
L]

__e—n! i
Hence the series ZT Is (convergent| from the comparison test.
w=t 11

Answer 31E.

We have a, =sin {1/ x)

Let & =1/n
Then using limit comparison test
in {1/
lim % fig 22 (117)

e h e (1)

Letlzﬂ s0o 8= 0asn—
»
. a, .. snf
Then lm - Z2=lim— =1

l—lw-bl =0 H

So limZ=1>0
l—lw-bl

Since > b = Zl 1s a harmonic series which is divergent.
=1

21 M

So the series 3 sin(1/#) is also |divergent
=1

Answer 32E.

We take b =



Now lety=x"* @ln_}'zllnx
x
Taking limit as x — o0, we have
f In
lim(ln y) = lim —x]
- (12)

1
=lim|—|=0
x

Hﬁk

Therefore lim(y)=g"=1

Now lety=x"* tbln_}rzl]nx
x
Taking limit as x —c0_ we have

 1n
lim(n y) = lim —I)

Hn'\. x

i)

1
=lm|—|=0
x

an

Therefore lim(y)=¢' =

[By L-Hospital’s rule]

[By L-Hospital’s rule]



Answer 33E.

Consider the series,
i 1
m=l Jﬂ‘ +]

The objective is to use the sum of the first 10 terms to approximate the sum of the series.
Estimate the series.

Since

1 - 1
3
n+l nm

The given series is convergent by Comparison Test.

=l

— 1
The remainder of the series E 7—‘ is found by the Remainder Estimate for the Integral Test.
n

2
I
==

0 Ny B S
Hul_

3=

Therefore, the remainder for the given series satisfies

Using a programmable calculator,
- 1

§ n' +1

31

N+

~[1.249]

With error less than _

=




Answer 34E.

Consider the series,

. 2
zﬂn!"

=1 f

Use the following results for check the convergence of this series.

1. The auxiliary series Zip divergesif p<1, and convergesif p>1.
=l n

2 Comparison test if g, <b_ . forall m, and if Zb_ converges, then Zb_ also converges.

=l m=l

Mow we have,

sin“n<l ¥Yn=1

P

sinn _ |1 ()

The series, ZLs converges as p=3>1
w=l W

. 3
sin” n

So by comparison fest, the series

5 also converges.
=l n

To approximate the sum of the given series, use "Remainder Estimate for the Integral Test™.
Remainder Estimate for the Integral Test
Suppose that f is a continuous, positive, decreasing function for xzn. f {.{-) =g, . and Zr.-_

is convergent If 7, =s—s,_ . then
T, <[ f(x)dx

— |
Here T, is the remainder for the comparison series » —
=l n



Suppose f{:)=fl. where x>1

The function f{x] = IJL is defined for x>

And it is continuous, because this is a rational function.
1

Also, f{.r}=?}l] Vxz1

So the function fis positive for x > |
Also, we have

1 1

—<—Vx>yzl

X ¥

L{L‘U’x::y

¢y
f(x)<f(y)vx>y
So the funclion fis decreasing for x> |
And finally. the series ZL;is convergent.
=l n

Therefore the function f satisfies all the conditions of Remainder Estimate for the Integral
Test

Hence, by Remainder Estimate for the Integral Test,

T, <[ f(x)ds
2 |
= [

HE ax

Therefore, we get

TEI

T

(2)



sin” n
as.

By (1). and (2), we get the remainder R, for the given series Z -
=l n

R =T <
.yt

R, *_:EL,_ By transitive property
e

With 5 =10. we have
Ry<—

"7 2(10)

!

200
= 0.005

Therefore,
R, = 0.005 _.___(3)

Also, by using Maple, we get the sun of the series as.

10
z sin(a)-sin(x)
ast (m)?

. 7 I . 7 I .. 2 1 . . 1 i 2 1 i 2
- e Y- 2 - = - -
sin{ 1)~ + 3 sim(2)° + > sin(3)° + 5 sin(4)° + 125 sin(3)° + T sin{6)

| I | . 1
+ 33 n(7) +—5l2 sin( &) +_?2'? sin[9)” + 1000

sin( 10)*
a1 5 digis

0.83253

Therefore, the sum of the given series using first 10 terms is approximately [p_.g33|with an

error less than [0.005] (by using (3)).

Answer 35E.
5 cos® z 1 -
We know that cos”n =< 1 for all 2. Therefore, = = ? for all ». Consider
cos2 1
>a, = and 3" B, = —

Let 5 = Za. and £ = Zb_.Then,Rn=s—s,,andTL=t—£,. Smce a, < b, forall »,
1 1

i gL



- @7

Find Tho.
1

Tn= ——
NCOES
= 256 x 10"

This means that B, < 256 x107%.

Now, 2“'52” - st’n % 0.073929303 with error less than 2.56 x 10°°.
=l
Answer 36E.
1
Given series E
=3 +4"
Si Lol theg tes i t by the Comparision Test
INC E - WEN SETIES 15 CONVETZJEN E L0 arision 1es
T4t 23 C SRR R
Let
F= L S
= 34 a3 +4‘
SaF TN gy

let R, =s5—s,and T =£—1£,



How

1

4.7
Therefore the reminder R, for the given senes satisfies

1
ST <—
K= 0

With n = 10, we have
1
Ry <——=423x10"°

430
Now
0
1
E 47

= 0.428571+0.044+0.010989+ 0.0029674 4 0.0007892
+0.0002072+ 0.0000538 +0.0000138+ 0.0000035+0.0000009

=0.197869
With error less than 4.23x107%

Answer 37E.
We hawe
d, d dy d
0dd,ddy . L M O B S . 2
bl s, 10 10* 10° 10°
l:lldl
_,Z_:'m'
Since d, =9
d, 9
=R e
100 1
F 4 G
= x b:—
“ T * 10"
=a,=h,

Since ) b, isa geometric series with r= —<1
=] 10
So 2 b, is convergent then by comparison test series )’ —= is also
onvergent



Answer 38E.

. 1 1

Since Lo for n=2
lnn =

Let — and A = ]
et »Tlnn oA

So a, =b

Since Zb! = Z%is a p-series, i will be convergent when p >1
22 x2 Ml

will also converge for|p >1

So by comparison test, the series )"
x-2

#lnn

Answer 39E.

‘We have a, =0

And 7 a, converges

Then ]IJ_E a,=0

So there exists a number N such that

la,-0|<1  fralla>N [ 2 defintion of limit]
=0=ag, <1 forall # >N
=}U£a: <d,

Since Za_ converges 5o by comparison test Eaj will also be convergent.

Answer 40E.

(4)

(B)

Let Za. and be are series with positive terms and Zbl be convergent.

If limZ =0

3o b!
So there exists a number N such that
% _0|<1  fordl >N [By defination of limit|

:m*_:% <1 forall z> N

=0=a, <b,
Since Zb_ 15 convergent as our assumption so by comparison test Za! 15 also
convergent
In 2 1
(i.] It d,=—5 and bl =—
n b

Since 5, =an2 is a p-series with p>1 so &, is convergent



MNow we calculate lim 3

3
lim %2 i 822017
l—lnbl ¥ —w lfﬂ
_]ij
3w n
_]ij

= x
i (”11) (using L-Hospital rule)
=lm l= 0

HI)I

So by part (a) Z? 15 a |comvergent| series

1
G If a.ﬂ and b=

Since b = Z— 15 a geometric series with H 1fe <1

So b, is a convergent series.

Thenwe find lim % = lim 72

1 [bjr L—Huspitalmle]

So by part (a) Z

-11?!#&'

15 a convergent series

Answer 41E.

(A) Let Za! converges and Zb! diverges
I limX=co
=lim & =0
B al
So by mit companson test if Z g, CONverges, Zb_ must be convergent this 1s
the contradiction. So Zal must diverge



®® E  a,=— ad b=
Inz %
Since b, is a harmonic series so it is divergent
Now lim 2% =lim ——
l—}nbl = ln
—tim
=eln r

Ll [L-Hospital Rule]

e ]fx
=lm x=co

So by part (a) Zlni is a se:tit:s
Slnx

@) If ﬂ.=E and g,lzl
F.) n

Then: Tim = —fim 22 (x)

l—)nbl o
=].im(1nn:]
=CO
. L. e lnz_
Since b, is divergentso ., —— is divergent
Bl M
Answer 42E.

We choose Za, =Zl2
»

Which 1s ap-senies with p=2>1 s0 E a, 15 convergent series
1
And =3 —
Th=T—

Which 15 also a p-series with p =% <1 soZb, diverges.

ﬁ—]j 1722

How lim=—2=hm

b = bl l—}n]f_J;

= nJn —00 as n >

So we have Za,=znl—2 and Zb_=2%

With lim 2% = 0, where 2.4, is convergent and ' &, is divergent

o




Answer 43E.

Wehave a, >0 and lma»a, =0

=lim na, =lim 2 >p
3w l—!lnlfn
Let &, =1/2, we use the hmit comparison test.

Since lmaa, >0  so ether both senies converge or both diverge.

B

Since Z — diverges because it 1s a p-series withp = 1.
=0

So |2 a, must be divergent

Answer 44E.

Since . a, isconvergentand a, >0
Then lima,=0
We use limit comparison test

‘We find limM
= (a)
Let z=a,
And since a, —>0as 7 —>00 50 x—>0 as 7 —>00

Thor Ting "o T80y, MU )

] a, =0 x
; 1f[1+x) )
_ﬂf [y L — Hosptial rule]
= i
=01+ x
1
140

1 111(1+a.) 150

=g

And since '’ a, converges so ) In(l+a,) must be convergent

Answer 45E.

Since Z a, is convergent [giwn)
Then lima,=0
Now we use limit comparison test for >’ sin(a,)

We find liga 52 (42)
e g




For a instant we assume that x=a,
So x—0 as 7 —>00
Then fins 2ok0a) g, 267

] a, -0 T
=1=0 I:lim ﬂ —= 1]
=0 g

And since > a, is convergent So ) sin(a,) mustbe convergent

Yes,?  sin(a,)| isaconvergent series

Answer 46E.

Since > a,and ) b, both are convergent series.
So lmag, =0 (1)
And lmbk =0 (2)

We use extension of limit comparison test for ) a, &,
. ayhb

lim =hma,
3o bl —m
=10 [from(1)]
So  Lm%%_o

And b, is convergent so ) a, must be convergent.



