


i.2- Calculus

JEFINITE INTEGRATION

Jefinite Integral as the Limit of a Sum
TIntegration by First Principle Rule)

etf be a continuous function defined on a close interval {a, b].
\ssume that all the values taken by the function are non-
iegative, so the graph of the function is a curve above thé x-axis.

The definite integral j f (x) dx is the area bounded by the

urve y=f(x), the ordmates x = a, x= b and the x-axis. To evaluate
ais area, consider the region PRSOP between the curve, x-axis
nd the ordinates x = a, x = b. )

Y
/S .

Fig. 8.1
)ivide the interval [a, b] into n equal sub-intervals denoted by

c0"7"'1] [xl’ x2] [xr 1> r] [xn—l’xn]’ Wherex0v=a’xl=_a+h’

b—a

=q+2h,...,x,=a+rhandx,=b=a+nhorn=

Ve note that as n — oo, A — 0.

The region PRSQP under consideration is the sum of n
ab-regions, where each sub-region is defined on sub-intervals
GopX s, r=1,2,3,...,n

From Fig. 8.1, we have area of the rectangle ABLC < area of the
sgion ABDCA < area of the rectangle ABDM. 6))

Evidently, as x, —x,_; — 0, i.e., h — 0, all the three areas
aown in Fig. 8.1 become nearly equal to each other.

Now, we form the following sums:

. n—-1
5,= Hif e+ +1Cx, )= Y. f(x,) @
r=0
ad S, = hf (x) +/G)+ - +f @)1= KX f () @

r=1

Here, s, and S, denote the sum of area of all lower and upper

:ctangles raised over sub-intervals Ix..pxlforr=1,2,3,..,n,
sspectively. '
1 view of the inequality (1) for an arbitrary sub-mterval [x D x] we
ave _
_<area of the region PRSQP < S, @
As n — oo the strips become narrower. It is assumed that the
miting values of equations (2) and (3) are same in both the cases
ad the common limiting value is the required area under the
irve. Symbolically, we can write

lim §,=
n—oo

hm 8, =area of the region PRSQP = _[f (x) dx ©

b n-1
= [f(x)dx= lim gohf(a+rh) = lim ‘L_‘;hf(awh)

. irz _nfn+ I{S(_Z'ﬁ+1)
r=1

. Z’ _ n+1)

/

d. In G.P, sum of n terms, S, = al” -1

(r—1)

common ratio (r # 1 andais the f Trst term.

, wherer ig

e. sina+sin(o+f)+sin(a+2)+ - +sm(a+n Iﬂ)

sin ﬁ ) 3 ‘
_ sm(é])sm (2a+(;z 1)/3)

£ cbsa+cos(a+[3);%cos(a+2ﬂ)+ ---+cds_(a+ n_—Iﬁ)

Sm(?) 20+ (n-1)8
COS
sin(g) ) [ )

1 1 1 1 1 y
g. 1_._+____ —_——— = .
223 P 12
2
h 1+—12-+1+—1— L i+ =T
22 32 g2 52 6 6
1 1 p
i It—=+—+..=—
32 5 8
J i+~.i+_.1_+ =”_2 .
T2 g 6 24 _J

Second.thdamental Theorem of Integral Calculus

We state below an importént theorem which enables us to
evaluate definite integrals using anti-derivative~

Theorem: Lct fbe a continuous function defined on a closed

i

interval [a, b] and F be an anti-derivative of £. Then j f

[F(x)}; = F(b) - F(a), where a and b are called the fimits of
integration, a being the lower or inferior limit and 4 being the

~ upper or superior limit.
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Definite Integration 8.3

[ red= -y by 4y 4

where 4,, 4,, 43, A4, As are the areas of the shaded region.

b
Example 8.1 PSEIEIC Je"dx using limit of sum. .

a

Sol. We have

b .
J'e dx = lim h[e +ea+h a+2h +”_+ea+(lg—l)h]

n—yoo
a

where b—a=nh

I

lim ke* {1 e +e! +---+e("_1)h]
n—woe

_ fim .he‘l’ [{(e":)." —1}/(3" -1)}

= Um a1y, [hi(e" - 1)]

n—oo

! : . ) ['.'asn—)m,h—>'0,aﬁdnh=b—a]
Geometrlcal Interpretation of the Deﬁmte Integral = (- 1)1 o

First, we construct the graph of the integrand y = f(x), then in the = -

, b - , S eb T
case of f(x) 20,V x & [a, b], the integral J’ f(x)dx is numerically Example 8.2 EVEINER J.a sin xdx using limit of sum.

equal to the area bounded by the curve y =fi (x) the x-axis and the Sol. We have

ordinates x = aq and x = b.

b o L
y L sinxdx = Jl_rgh|:sma+sm(a+n)fsm(a+2h)+

+sin {a +<n —"‘1) h}]

wherenh=b—a

sin{a +%(n—vl)h} sin(%nh)

x| L] . = lim & 1
0 " sin (—h)
, i i 2
Fig. 8.2
.1 1
b : 2 + —(nh —h —nh || =
_I f(x)dx is numerically equal to the area of curvilinear - lim sin {a 2 (n )} sm(z " h) (2 h)
trapezoid bounded by the given curve, the straight linesx =a and h=0 ~ sin (.1_ h)
x=b and the x- ax1$ 2 ‘
In general, J f(x)dx represents an algebraic sum of areas of _ 1
the region bounded by the curve y = f(x), the x-axis and the 2sinya +5 (b a- 0) —(b—a)~1
ordinates x=aandx=b. o . [vasn—>oo,h—0;andnh=b—a]
The area above the x-axis are taken positive, while those below . :
the x-axis are taken negative. | —2sin {% (b+ a)} sin { % ( bv—a)}
=cosa—cosb

IROIIIRKY Evaluate L xzflx using limit of sum.

b . .
Sol. I X dx = 1:“1 @+ (a+h)*+ (a+ 2k + ---

) Fig.8.3. - - +{a+(n—1)h}2],wherenh=b—a



3.4 Calculus

= Bm ping® +2ak {142+ et (=D} AR {17 +2?

| et (= 1]
hm [nh a® +2ah* Zr +1 Zr ]

r=1 r=1
- lim [ah-a? +2ab 5 (n = ) +R QS E-DnCa-D)
=l (uh)a® +a (nh — B) (k) + (1/6) (nh— ) (nh) X
(2nh— k)]

['.'aSn%oo,h—)O,andnh=b—a]

= (b—a)a +a(b—a—0) (b—a) + (1/6) (b-a—0) (b-a)
' {2(b—a)—0}

-L-a) 30 130 -a)+6-oF ]
(b-a) (& +ab +#") =3 (" ~")

1

3
CBdx

Evaluate ,[ ﬁ , wherea, b>0.

b
Sol. I= j%’i— a>0,b>0
2 X

I=h lim

S i

o
,/a +(n-1)h
We know that N7+ r—k < 24r < Jr+h+ Jr (for

sufficiently small 2> 0).

1 1 1
= < <
Jrh+r 2 Jr-h+r

Jr +-h'—J; 1 \'/——x/r—,h
= < <
2r
' Letputr a, a+h a+t2h,- a+(n l)h
_ - -
R 2J‘ h
,/a+2 —Ja+h 1 1/a+h -Ja
2 a+h h ]
,/a+3h—\/a+2h< 1 <1/a'-l-,Z ~Ja+h
h S

2Ja+2h : h

Ja+n —,/a+(n l)h -1
' 2F(n —1h
. Ja+(n-Dh ~ Ja+(n-2)h
h

Adding, we get -

\[a—:_n—«/_"ilv
ho onan

J&+(n DA —Ja h
h

o Ema - a)< B
<2(m_\f—)(Putnh b a)

n-1

=>}111_x)1(1)2(,[a+b a—«/_)<11mhera_+T
| < tim2(Ja+b-a—h —a-h)
h—>0

Z(JE—IJZ)<ﬁmhi mq(ﬁ_ﬁ)

(f a)< I—dx<2(f f)

j -—dx 2(J— Ja)
Limits using Definite Integration :

We know that [ f(x)dx=" lim Y fla+rh).
a -
r=1 .
Now in a special case, let @ =0 and b = 1, then we have

[ foyde= Jim Zf()

, o 1 n
k
More generally, .[o fx)dx= hli n 2_4 ( )

Exaxple LB Evaluate

lim n 1 + ! +---+'—l—: .
nse | (n+D(n+2) (m+2)n+4) 6n2
Sol. The given limitis

1 —_——
L= lmz (n+r) (n+2r) :
1< 1
= lim—
n—+wnrz=‘;(1+,r/n)(1+2r/n) -
o .

1 .
- jo (1+x) (1 +2x)
=jl(—i+ 2 )dx
o I+x 1+2x

= [log (1 +x)+log(1 +2Jc):|1

=[(-log2 +log3)—(~log1+log1)]
=log (3/2) -




L=

1 1 1 1 :
E\ample 8. 6 Evaluate lim | —+ + +~--+——] .
noe| na na+l na+2 nb

Sol. The given limit is

xample 8.7 Evaluate lim

Sol.

Sol.

L

i

fim | 4+ ——+ LN L
noel na na+tl na+2 na+n(—a)
(b-a)n 1 :

I
|=d
B8

o natr

(b-a) dx ' b-a
= ——=|1 +
at+ x [ o8 (a x)]
=1log b —log a =log (bla)

[(r+)(@B+2)-- (n + n)]”"

n-—yco n

(n+n)]1/n .

LetL=

(n + 1)(n +2)-
. n .

(n+n)]1/n

:|l/n
SR S
n—oo n n A o . B
logL= lim -1- \:log(l +—1-)+log_[1 + Z)+
n—c A n n
' | +10g(1 + E):‘
n

hmi 1;>g(1+ ) jélog(l}x)gx

——)Oﬂ
n rl

= [x log (1 +JC)]o —j01+x

~log2— jl[l; 1/(1 +x))]dr =log2~[x—log (1 +) T
=log2-[(1-log 2) (0-log 1)}
=2log2—-1=log (2 Ye) .

s L=2%e=4le

n—)°°

_ lim[(n+1)(n+2)---

nn
[n+1.n+2 .

n n n

n+n

lim
n—yeo

]

dx

Evaluate :

im @2 +22 43+ +n )P +2° 43 +-tn’)

1 - - .
16428 43¢+ n

n—oo
n n .
e

r=1 r-l

Zr

r=1

The given limit is' lim
n—oo

Definite Integration

_ 7
12

1. Evaluate the following integrals using limit of sum.

b -
a. I cos xdx
a
2. Evaluate the following limits:

h 'I:x3dx

1
”‘lﬂ((n e T]
24 .

h. lim[isec2 L +isec —+- +1se021]
n

- pye n2 n n2 nz

n
im Y ——
& oo 1;1" 2 +K2

85

0 dx
Example 8.9 QREIEE J._lm .
0 dx 0 o
so. | Jl (x+D? +1

e W +2x+2 -

=tan” e+ 1) %

_r
4

: 1
Example 8.10 Iff(x)=min(|x|: I-| x|, Z)’ V xeR,

1
then find the value of j_l f(x) dx.

11 —tan'i

' 1
Sol. f(x)=min(|x|: -] x|, Z)




8.6 Calculus
Now, from Fig. 8.4,

1
J S (X)dx =7(Area of trapezium OABC)
-1

(3333

[ LBl Find the mistake in the following eyaluation of
dx

r
the integral /= J.o m .

=] &
0 cos? x+3sin® x

; _
x sec” xdx _1
_rsee x| 1 n J'tanx)] =0.
J" 1+3tan’x 3 : 3 0
Sol. Here, the anti-derivative
71_—[ta.n_1 (/3 tan x)] = F (x) is discontinuous atx = 7/2 in
3 . .

the interval [0, z].

swe (5 |-m (5 )
(e ()

= lim (1/«/_) tan'l {— 3cot h}

=G~°—)tan-‘<—w)=—nf(2ﬁ)
Also,_F(—lz-n—o) n/(zf);eF( 71:+0)

Hence, the second fundamental theorem of i11'tegral
calculus is not applicable.

vd(, 41
IR RPAR Find the value of j_l,-&x—(tan 1;)dx.

d{ L41) _d, .
Sol. We have ;(tan 1;C')=a(cot x)=-

et

-1

1
dx
- .'[—1+x2

1+,x2_

-1

o & [ for even ﬁmcuonj Fede=2] f(x)dx]

01+x

—-a

= —2[ tan™ x]o =-2r/4)= -z_r/g.

tan~! —l—]dx
b

. 1 -
Note that ji(
0
_1dx

L .=|tan  —
X1

) d
[campies.s PRSP LR

= tan" 1 —tan" (- =7 /2

.. a1 . ' A .
is incorrect, because tan  — is not an anti-derivative
i x )

d 1Y) . '
(primitive) of ;(tﬂn 1*) on[-1,1], astan! 1 doesnot
X X

exist forx#0.
sin x
e
, x>0
X .

43 '
i L' - EBE gy = F(k) — F(1), then find the

possible value of £.

43 g .
Sel. For L 2 &% gy , putting x° = ¢, so that 3x%dx = dt
x L
Whenx=1,¢=1;whenx=4,t=64
4§Ie'sin2 e
P
_ [#3 gone 9
I x 3x%

_.J‘ St gy

- :.,—,F(t) = F(64) -F)

Hence, k=64.

—X

fle” ™ dx
Example 8.14 If 01+ &

value of K.

=log, (1 +e)+XK, then find the

sl I- [l _[t__&.
01+e" 0¢F (l +ex)
Pute=z .. ddi=dz=dx=
e dz
, 122(1+z) :
- [ - e
{14z 22

= |log (1 +z) —logz—l
z

é _ds
&z

=I=

e

'
= (log (1+e)-log e—-—) (log2 —logl - 1)

=log(l+e)- ! —log2
e

s K=- (l+log2) ,
e o

) 1
Find the value of Ilog xdx.
' 0

L 1 _ 1 .
- Sol. I= J‘log'xdx= xlogx[:,-—jldx _
: o 0

=1 1—{lim x1 -
» x log (chlgloxogx)_l




1
x1 ~1 (using L’Hopital's Rule)

x2

= limx—1 __1
x—0

Example 8.16 ETIOERS] (2) =3, (2)=5, then find the value
“rl
of Io xf”(2x)dx . '

= —lim
- x>0

, _ v
Sel. I;= joxf ”(2x)dx , putting £ =2x, i.e.,

=_a1 we get
2 ? g

L= lj'ztf “(t)dt

- 1[ 7oL If(t)dt]

1

(integrating by parts)

EN

s OF - 10

1
=—(10-3+1)=2
2 )

== Q@)= @)+ 1O)

1. Consider the integral I= _[2” _ & .
0 5-2cosx
. 1

Making the substitution tan *2-x =t,
we have [ = 4 __dx___
<40 5-2cosx

_ J‘O 2dt _

0 1+£H)[5-2(1—t 2/ 1+9)]

The result is obviously wrong, since the integrand is

cannot be equal to zero. Find the mistake.
s |
2. 01 + sin x
3. I(ex+1 + e3—X)—1 dx
1 . B

. -l
Il/ﬁ sin” x dx

‘ (1 —xz)\h -xr
> J°(1+x) \/1 —i

4,

positive and consequently the integral of this function |

J-IE/Z
6. a* cos?x + b2 sin® x

Definite Integration 8.7

PROPERTIES OF DEFINITE INTEGRALS
Property I

Proof Analytlcal Method
Let | f(@)dx=F(x)

RHS. —j f(x)dx+j f(x)dx

= F(x)[ +F(x)|
=F(¢c)-F(a)+ F(b)—F(c)
=F(b)-F(a) '

b
LHS.= |, ® f(x)dx = F)| =F®)- Fla)

From equations (1) and (2), we get
[P reac= foopdet [ £y

Graphical Method

The proof of the property is more clear from the graph.
Casel:Ifa<c<b ,

T y =10
C
AI
oA B,
o) a C b
c
y )
" Fig.85
It is clear from the figure,

Area of ABB’A’A= Area of (ACC'A’A) + Area of (CBB'C'C)
e, [! =[] f0+ [} SO

o
o

s
i
H
i
§



8.8 Calculus

CaseIl: Ifc<a<b

<
<.
1l
=
=

Ve
x

b B

’ C B B
X 0 p A b X
a
Yy
Fig. 8.6
1t is clear from the ﬁgure ’

Area of (CBB'C’C) = Area of (CA4'C’) + Area of (ABB’A')
i, j S =] fx)de+ j’ | f(x)dx
= I Fede=—[° fGyde+ [ £
- [ reas+[” F(dx (By PropertyTD

CaseIII:Ifa<b<c

Yy
k- y=1Fx)
. B’ <X :
A’%’
x’ A RERHAC X
o a B c
b
Y :
Fig. 8.7
Itis clear from the figure,

Area of (4CC'A’A) = Area of (ABB'A'4) + Area of (BCC'B'B)
ie, [ fax=]’ f@ds+ [f fdx
= [P e = fde- [} fde

= [* F()de+ [ f()dx By property ID

Generalization: The above property can be generalized in the

following form:

j f@)de= [ e+ [ f(x)dx+J f(x)dx

ot J f(x)dx

1
Example8.17 Bogiiecy] Ixldx.

Sol. We know that in the interval [- 1, 1],
—x,—1<x<0 :
|x|=
x,0<x<1

1 0. 1
j_1| x| dx = j_l(-x)dx + jox-dx
1
ERRES
2 112 4
2r

Sol. The graph of f(x) = sin~'(sin x) is as shown in Fig. 8.8

sin”!(sin.x) d.

- Fig. 8.8
2z S PN _ 0
= I_m sin” (sinx) dx = I—n/z
| + [7 sin™l(sinx) dx
0 .

“sin”!(sin x) dx

2, 1, . '
+ J‘” sin~ (sin x) dx
= Area of shaded region

T 1 b3 1 -
x=|+{=xaxZ|-[= d
2)(2 * .2) (»2_’””2)

X

NN =
N

.

8

r/2 3
|BCV IR ALE Evaluate I_im cOS x —Cos” xdx.

Sol. Given integral

/2 2
= \/[cosx 1 ~cos” x ] dx

w2
J cosx sin? x
-n/2
= J—n/z" cosx) |sinx| dx 6))

sinx,if —-7/2<x<0
sinx, if 0<x<7/2
.. from equation (1), we have

—j /2,/ cos x) (—sin x)dx +J' ,[ cosx) sin xdx

Putting cos x = ¢, —sinx dx = dt
=[V2g _{ Mg — Y2
=1 jot dt Lt dt_zjot dt

{1

2Pl If [x] denotes the greatest integer less than or
equal to x, then find the value of the integral

_[02 x’ [x]_dx.

Now, |smx| {




[x] dx+ ._"12 x]de

Sol. jozxz [x] dx = j: x*
= I;xz (0)dx—+ jlzxz

—0+ [ x?ax ==

N | b1xl
‘ Example 8.21 Show that L 7‘1":”7\—[‘1]-
| Sol. CaseI:IfOSa<b,then‘|x|/x=1
o 1= ["1dx=b-a =t
Casell: Iffa<b<0,thenx{=—x
f1= ) s S
=[‘x] ==b (’a)—lbl—lal
CaseIIl: Ifa<0<b

then [x|=—x whena<x<0
and |x|= when0<x<b
blx| ofxl 4 LS
dx = —dx
1= ja 0 x-

e
= L(— )dx+jo1dx |
_['_x]O +[x]b =a+b=b- (—a)—|b|—|¢'1|' '

Hence, in all the cases, I = I |x| =|b|- |a|

Property IV

Proobi":i .
InRHS.,puta+b-—x=t ~odx=—dt
Whenx=a=t=bandx=b=t=a

then RHLS. = [ (0)(-di) = ~[¢ royat = j” f@dt
= [ fGdx =LHS.

(sinx) dx

/3
E\amplcs yyB Evaluate I 6 ‘/,
(sinx) ,/ cosx

/3 (Sin x) dx
Sol. Givenintegral = .[ nl6 sm x) + \fcos x

ni3 (cosx)dx

/6 J(cosx) +,/(sinx)

Adding equations (1) and (2), we get

2/34(sinx) + \/@)sx) 0

‘=> 2 =j"’6 (cosx) + (sinx)

M

= I= (Replacing x by % —x)(2)

Definite Integration 8.9

w3 /3 .
= | dx=[xls =n/3 —n6=76

Hence, [=m/12

.
Example 8.23 RRgECY j _: log(sec_e —tan 8)d0.

Sol. Let I = jBniog (see 0—tan8)d6 . )
| Using the property I f (x)dx J f(a+b—x)dx,weget
I= j log [sec (27— 6) — tan (27— 6)] d6

- j log [sec O+ tan 6146 @
Adding equatxons (1) and (2), we get

2= j_” log [(sec 6 —tan 6) (sec 6+ tan 6)] dO

31 3z
= [Tog(1) d6 =[ " 0.d8 =0=>1=0

e f xsinxdx.
|REL NI RER Evaluate j RN
. e +

-

j- xsin xdx » .
Sol Let/= & +1 . (l)
Usmg propertyIV we replace xby 0 —xor—x
_ —x)sin(—x)dx e xsin xdx
=1= j,( )_x( ) =j : @
e +1 e +1

-

Addmg equations (1) and (2), we get 21 _[ xsin xdx

-

- _
orl= ‘Ixsinxdx

b3 n
== j(n—x)sin(n—x)dx = jnsinxdx _I=I=m

' ni2
| CHN N PER Evaluate | ————
J‘ X+ 4 ’((1 J. 1+tan 0

Sol. Putting x = a sin 6, we get dx = a cos 6d6, -
whenx=0=asin 6, 6=0 .
when x =a=a sin 6, sin 8= 1, Therefore, 6= /2.
The given integral
Jrr/Z cos db M
sin@ +cosf 7
Now using Property IV, we get

_ cos(—é—n —B)de
= J — 5 O
1
sm( - 9)+cos( n—e)

_ J-nlz sin@ d6
“J0 cosO +sin6
Adding equations (1) and (2), we get

@



8.10° Calculus

40 = j;”z do

J-zrlz sin® +cos@
“Jo  sin@ +cos@

or2l= [0 =n/2
- I=m/4

12 sin® dX-.
Example 8:26 - QRAENEIS J-: m

J- sin? xdx

Sol. Let I= @

sinx +cosx
Using property IV, we have

- sin’ Gzz —x) &
n .
I j :

= ,0r
o . (1 . 1
s;m| —x —x|+cos] - —Xx
2 2 :

#12° cos’ xdx
1=

@

0 cosx+sinx o
Now adding equations (1) and (2), we get

sin? x + cos’ x)‘dx

2l = f:’z(

sinx + cosx

72 dx
B s
sinx + cosx

1 In/Z dx

2 270, sin(x+l7r)
4 .
( ! )J cosec(x +71—7L') dx ‘
2 2 0 4
1 cosec x+ —7 |—-cot| xt+—7
2 2 4 _ 4 X
: . 1 1 .
(I/Zﬁ)[log {cosec( T+ 471:) COt(5ﬂ+Zn)}

1

el ()]

(1/2 ) [log {sec (i )+ﬁn(%n)}_—leg(~/§ -1)]
(1/2f)[1og( 2 +1) ~log (v2 -1)]

(__1_)1 (\/_+1) '

wz) B\

| Show that jo \/(sin29)sin>0d6=7r/4.

Sol. Let 7= [ \[sin20) sin6 d6 o

Usmg property IV, we get

1= j ? Jsin(2( 7/2) —6) sin (w2 - e)de

/2 -
= Jo ,/(sm 20) cos 8d6 , 1))

Adding equations (1) and (2), we get
/2
21 = | |[(sin26) (sin 6+ cos 6) df

1 ¢mi2 - .
or I = EH \[l—(smt')—cose)2 (sin 8+ cos 6) dO

10 :
= EJ_I\II—tZ dt [Letsin 6—cos 6=1¢]

1 a1
. =—|:lt.(1—t2) LI DY
2|2 2 L 4

E\ample828 Evaluate I ( &

5+ 2x 2x )(1 +-e2_4f‘).
dx
(5 +2x —2x2)(l+ e2‘4") :
e

I [5 +2(1-x)-2(1-x) ][1+82—4(1—x):|

Sol. Letl= j Q)

‘_I o(5 +2x-2x )(1+e_2+4")

2—4x
e @

5+2x —2x )( 2- 4x+1)v ‘
Adding equations (1) and (2), we get

(1 +e2_4")dx
2= I (5 +2x—2x )(1+'e2*4")

1 dx J-ldx

=0$_2(x2_) 0;+‘5 -2_(x;—;-)2

"y




1 J_1+1J—+1
RV TR TR T
_ 1 log(\/ﬁ+1)
Jit 10

i’roof:

2a ’ 2a
. f@dx= ] fdxt [
Putx = 2a - ¢t in second integral on R.H.S. -
Therefore, dx =—dt

When x=a=t=a
x= 2a=>t 0, then

J fyde= [ fGyde+ [ f Qa1
= j(.) f(x)azx+j0 fQa—t)dt
= [0 e+ [ f(2a—x)}1x
(I reyae~{7 rax=0,
if f(2a-x) ;-—f(x)

S reds+ [ feydx =2 f(x)d,
L if f(2a~x)=f(x)

2 .
Example 8.29 [JRQIIES ‘[ sin'® xcos” xdx.

0

2r
Sol. I= I sin'® x cos®® xdx
Here, f(x)= sin'® xcos® x for which f2r—x) = ()
T .

=1= ZJ sin'® xcos” xdx

n ) .
= ZJ sin'® (@ - x)cos® (m—x)dx  (by property IV)

0 : '

T )
= —ZJ sin'% xcos” xdx

0
C=—I=2[=0=1=0"

. Definite Integration 8.11

4x dx
Example8.30’ Evaluate J-O m

Sol. J'47r sec’ x - :2J-2n sec? x dx

0 (2+tan’ x) 0 2+tan’x
=4J-: secz)zc dx

2+tan” x

T sec? xdx

0 2+tan®x
=8J‘”/2‘ d(tanx)
0 2+tan’x

- /2
8 _l(tanx)

N

=8

’

Important Result

7 Proof:

Let I J log sin xdx 1) _
By using property IV, we have

w2
I=IO 21ogsi11(%—x)dx or I = I log cosxdx

Adding equations (1) and (2), we gé_t

a1 ="

nl2
= -[o log (sinx cos x) dx

@

logsinx + logcos x)dx

= J:/Z log {(sm 2x)/2} dx

ni2 | n/2
= J.o logsin 2x dx —_J.O (log2) ax

Lem, 2
=3 J.o logsmta’? —(log2)[x]’
. R |
[Putting 2x =1, dv = df]

=.%2 [ ogsin tdt—(a2)log2  (by property V)

=j”/2 logsinx dx —(7/2) log 2
. log g

=I—(m/2)log2
or2/-I=-(m/2)log2

(by property I)

Coem/2 .
Hence, I = L)- log sinx dx=—(7/2) log 2

I (l) '
TR,



‘8.12 Calculus

Example 8.31 QAEIGENS '[:xlog sinx dx.

Sol. Let = j:xlog sinxdx | 1)
Now using property IV, we have

I= J:(n — x)logsin (7w —x) dx
” 7 .
= I = | (n—x)log sinx dr | @
* Adding equations (1) and (2), we get ZI:ﬁJ: logsinx dx
Ceml2 . . -
=2l = 27[]0 log sinx dx (by Property V)

/2 - .
= I= n_[o logsin x

=7 {%n log(l/Z)} = —;-71:2 log (1/2)

| Example 8.32 Evaluatej
n/4 . T
Sol. Let/= J-_”,Mlog {ﬁsm(x +Z)} dx

log(sm x+cos x)dx

Putting x + §=9;dx=d6
= J:lzlog (x/-2_sin9) de

1 pmi2 2 . ,
= 5'[0 log 2 d6 + -[o log sin@ 46

1l

1 1
—rlog2| ——mlog 2
(4 0og ) 5 og

1
——mlog 2
4 & .

' /2
Example 8.33 Evaluate j” xcotxdx

Sol. Integrating by parts, takmg cot x as second functlon
' given integral becomes

I=[xlog smx]’”2 _Jo 2lo,g-sinx dx

. . w2 1
=0~ 11_1)1}) (x log sinx) _Jo logsin x dx —EIE log2

as hm x log sin x =lim logsmx) .
—0 x>0 1/x

Example 8.34 [JSE0RE j:1og(x+1/x) 1‘1"2
. +-v-

Sol. Putting x = tan 6, dx = sec” 6 d6, given integral
j-:z/2 log (tan @ + cot 9)
1 +tan’@

ec’0 do

= -‘-o log(sin6/cos6 +cos@/sind)do
= J’(:f/zlog {1/(sin8 cos6)}ae

w2 ©pEi2 .
=—jo logsm@de —Jlo log cos8d6

==2 (—%75 10_g2)= wlog 2

Property VI

Proof: RH.S.= j fla-0)+ fa+x)hds

=j f(a—x)dx+j fa+x)dx
= [ fa- (a—x)dr+ [ foyd

mtegral replace x + a by x]
= [} rooa+ [ pyd
- joz f(x)dx=LHS. -

[in second

. Property VII

RHS.=(b—a) jol F((b-a)x+a)dx

. Also when x =0, then

Let(b—a)x+a=t= dv= —2
b-a)

t=aandx=1thent=b

- j” f(de

(b
= j f(x)dx =LHS.

1. If f(a+b x)=f(x), then prove that“; \
fo(x)dx - a+bLf(x)dx

2. Find the value of the integral J.

ﬁ—Hf

\,SII] X
1’811’1 X + A/COS X

'. 3. Find the vaiue of J.




. Find the value of J

. Fmd the value of I

10.

1.

12.

1
Find the value of J"’ Y2x3 —3x* —x + 1 dx.

Find the value of J. x(1—x)" dx.

. Ifacontinuous function fon [0, a] satisfies f(x) f(a—x) = 1

dx
0 1+f(x)

. . ri2 |
Find the value of jo sin' 2x log tan x dx.

a > 0, then find the value of

0052 X

r.xsinxdx
2

1+cos’x
If = -[o xf (sin® x + cos? x)dx and
w/2 .3 2 ;
L= _[0 f(sin® x +cos” x)dx, then relate I, and /,.
Find the value of the integral j” log(1 + cos x)dx.

Find the value of J. {(sm'1 x)/ x}dx.

dx>0_' -

DEFINITE INTEGRATION OF ODD AND EVEN

FUNCTIONS

Property I

" Proof: Analytical Method

,f_ f (x)dx:jf f@dx+ [ f(x)dx '
a a 0

Put x = — ¢ in 1st term on R.H.S. Therefore, dx = —dt
. When x=—a=t=ag,x=0=>1=0 '

[ fGds = [ fo-dn+ [, S
= [P rende [ e
= [f e [ s

[ e+ [ FGds, it £0) s 0dd

{2 e+ [T, i fG)is even
0,  if f(x)isodd
B ZI: f(x)dx, if f(x)is even

Definite Integration

Graphical Method

(@

Fig. 8.9

8.13

Since, the graph of odd function is symmetrlcal about‘

origin. It is clear from Fig. 8.9(a).
Area of OCDO = Area of OABO

. a nL . 0
ie, [ f@dr=-[_ f@ax
(-- Leftportion below x-axis,

o [* ply= | ° F)de+ [ rya

= _Jaf(x)dx+jaf(x)dx =0 {from equation (1)] -

0N

. taking -ve sign)

Also, the graph of even function is symmetncal about y-

axis. It is clear from Fig 8.9(b). - _
Area of OCDO = Area of O4BO

ie, [ fr=[" feax
2 [* rde=[" fogdn+ ] foa

@

—

—j F(x)dx+ j fx)dx = 2] f(x)dx [from equatlon @]

Property IT

Proof:

Since p()= | £(9 dt = ¢(-x)= j’ fat
Lett==y

Then p(-2)= |, f(-9)-)

= ,[_xa S (y)dy [as given fis an odd function]

= [* foy + [ 100
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=0+ |7 f)dy =6()

‘ Hence, ¢ (x) is an even function. _ /4 cos” x
, w2 a—siﬁ() 9 _3> S, 3
|peln) ) (LM Evaluate f log( - ) d6,a>0. Sol. f(x) = x X X X +sec? x :
) _ a+smf cos? x
/2 . .
a—sin@ ’ =sec’ x (" — 3% + 7 —x) +sec?x
Sol. f(6)= log - /
a+sin@ = j S = j sec? xdx
a+sin@ .
= f(-6)= log o [~ sec?x(x’ — 3x +7x —x) 1s an odd function)
- ) /4 2
(a—sm()) = 2-[ sec” xdx
= —log| —— 0
a+sin@ /4
=—£(8) =2tanx|; =2

Hence, the integrand is an odd function.

So, the given integral is zero.
Example 8.36 BREILRIE

ni2 ax® +bx+c
[ tog{ o thxte
-n/2

5 N (_a+b)|_sinx|}dx

X =30 +7x —x+1

) . w4 9 ', 5
i Example 8.37. Rz J. > -dx.

E\ample 8. 38 If fis an odd functlon then evaluate
I J f(sinx)

@ f(cosx)+ f(sin® x)
f(sinx) |

ax“ —bx+c .Scht¢()
- S0k X)= -
| . » f(cosx)+ f(sin® x) D
m/2 ax” +bx+c . '

Sol. I= [ log {;xz_—?)xT( +b)[s1nxl} L o= —LEED) | F
| . f(cos(=x))+ f(sin*(-x)) . P
w2 f(ax* +bx¥ec ) - f(~sinx) —f(sinx)

- log | -T2 T2 e+ log (a +b) dx = = -
I-n/z 02 [axz fbx + CJ J.-_’f/2b o_gv(a -) f(cosx)+f(sm x) f(cosx)+f(s1n ) #x)
+j”//22- log | sinx| dx =>1= a f(sinx) dx=0
_ - S ' -a f(cosx)+ f(sin® x)
=L+L+1 1) _ : :

al+bx+c
ax?-bx+c

Now let, f(x)=log [

-bx+c¢
+bx+c¢

S

= f(-x)=log (Z;
w2

n=[" f@d=0

L=log(a+b)[x1"7,
=mlog (a+b)

n/2
15:=J—n/2
nl2 .

‘ =2L) log|sinx|dx
n/2

, | _
=2(— - mlog2
(2 og2)

log |sin x|dx

log sin x dx

Hence, from equation (1), we have
I=0+ rlog (a+b)~-rlog2
=rlog {(a+b)2}

] -f@

. ' 2 ‘
Example 8.39 QSZIBEIS .[ s [(z"':) (f_i__ij —ZJ dx.
] - x -

Sol. Given integral

r i V2
=J'l/2 - x+1_ x-1 o
-2l | x—-1 x+1
L
JI/Z x+1 _x_—l
TA2ix -1 x+1)
C 2| 4x v ax
_J'"szz—l' —2'[0_ x2—1dx
=2J'I/Z 4x l 4x |__ 4% Gr
0 1-x2 .Ixz —1| x* -1 '
1
whenOSxSE

oA

=—4log (3/4) =4 log (4/3)




Evaluate the following:

n/2 .
1. _[ 1 sin? x cos? x(sin x + cos x)dx
-

J-l X+ x|+l
-l x2 42| x]+l

3. J._”(l - x2) sin x cos® x dx
Jl sin x —x2
-1 3—|x|
w2 -
5. J. \/ cos>*! x—»cosz"+1 x dx, wheren € N.
~n/2 )
6. J'_l/;zcos x log i ; i dx
' -n/2 '
7| lx+ 7Y +cos? (x+37t)]dx
—3r/2

DEFINITE INTEGRATION OF PERIODIC
FUNCTIONS

Property I

Proof AnalytlcalMethod .
j f@de= 1 feyde+ [ f@ds
+J2Tf(x)dx ' J(';T~1)Tf(5c)dx
= [ ey [Jfarndst [ feronas
ot St -1 dx
jf(x)dx+j fx) dx+-- +j fx)dx

n times
{“f)=fG+T)=fG+2T)="-
—n |, f@)dx |
Hence, | o) dx =n joT F)dr
Graphical Method -

=fx+(@m-1)T)}

Definite Integration 8.15

.. Figure of f(x) is same from0— I, T— 27,27 — 37, ---,
(n — 1) T — nT, then it is clear from the figure that

o r@ax=n [} e as.

Property II

"ra+nT
1= 7" foode
0 nT - a+nT
= [ f@dxt [ fode+ [
In the last integral, putx =y +nT
= [0 = [ foanidy = [[ 100y
=1= [ fooder [ fo+ | 1oy
~nf fdx :
Property m

S(x)dx

Proof: . _
' nT
LHS.= [ f@)dx
(n-mT

= [ fa+mT)dx
=‘.Io(" " Tf(x) dx [ f(x)is peﬁodic]
=(n-m) [ fG)dx o

Property IV

Proof:
CLHS.= j f(x)dx
= j fGc+nT)dx
b
=[ f@d [ fE+nD=f@)]
7 -
R Evaluate | |sinx]|dx.
0
‘_ 167/3 ' Smin/3
Ilsmx|dx Jlsmx|dx+ J. |s1nx|dx
) S
n/3

—5]|s1nx|dx+ I |s1nx]dx

[+ |sinx| is penodlc with period 7]



8.16 Calculus

/3 1 21 eI INLELR Let f/ beareal, valued function satisfying
- SI sindct [ sinade =52+ =5 4= S Qe ) =f+ 2 4G 6).
x+8
100 : . .
Example8.41 [RAGIOG j . (x__[x]) dx (where [-] represents : »_ Prove that J f(#)dt is a constant function.
_ the greatest integer function). x
. . Sol. Giventhatf(x)+f(x+4)=f(x+2)+f(x+6) )
Sol. x— [x] = {x} has period 1 , ~ Replacing x by x + 2, we get
=>j (x [x]) dx = 100j {x} dx .- fO+2)+f(x+6)=f(x+4)+[(x+8) o)
» From equatlons (1) and (2), we get f(x)=f(x+ 8) 3
= 100j xdx Cxi
100 » : = j Sf@®dt = j f@ar = ng a constant function,
=—[x ]o ‘
j [x]dx . TR A periodic function with period 1 is integrable
Example 8.42 JACIEES (where [x] and {x} are over any finite interval. Also for two real numbers
I {x}dx o a, b and for two unequal non-zero positive
integral and fractional parts of x and n € N). b
) integral and fractional pa x n ) integers mandn, J f dx J- +m f
[ xlax
Sol. I= Calculate the value of J f(x)dx
J' {x}dx . m
J (x—{x})dx. ) Sol. Givenf(1 +x)—f(x)
—J0 " ) ' . a+n
J-; () L | | _ j f dx nj f dx ( f(x)is penodlc)
j:xdx o ) Similarly, Ib f(x)dx=m Jof(x ‘
= —"——"1 . ) ; a+n b+m
J‘ {x}dx » leenj fx dx=j fx ) dx
o v : .
2 . » =>njf(xdx m-[fx)dx
2 .
- —jl_—o__l = (n-m) [, f(x) dx
n| {x}dx : . : 1
on2 e _ = Iof(x) dx =0 o (1) (- n#m)
2 -2 o1 O S UL " 70)
nj;x dx n-;—v - : (- fisperiodic)
: 1
s - = (n-m) _[0 f(x)dx (Assumen>m)
IIPPTR ©oaluate || ¢ |sin+cosx|dx =0 [from equation (1)]

. nm-nl/4 | ’
Sol. I=J | sinx+cosx | dx

’ 1007
=) aia \/_ 2 |sin(x+m / 4)|dx (multiplying and 1. Evaluate I o V (1-cos 2x)dx.
- L : nw . r
_ _ dividing by 2 ) 2. If j f(cos® x)dx = kj f(cos® x)dx, then find the value £
—n [T\ sinGe+ m/4) | d (as in (e + 4 s e
periodic with period @) 3. Evaluaté Jo (| cosx|+|sinx [)dx , where € [0, 7/2].

. 7[ . .- : . 0
=2n j 0 |sinCx+7/4) | dx 4. Find the value of J Ny (x—[x]) (where[] denotes

=2n Uhusin(x+ n/&)dx+ J T o_sin(x+7 /4)dx] ’ " the greatest integer function).

' 0 ‘ mi4 ‘ 5. Iff(x)isa function satisfying f (x + a) +f (x) bO forallxe

=2\2n |: sm( ) > 0 for xe (0 E)] R and positive constant @ such that I: f(x)dx is
4 4

. independent of b, then find the least positive value of c.




LEIBNITZ’S RU LE

) froof:
Let %F(x) = f(x)
= [ £(0) dit = Fo) - Fu)

%{ [0 d,} - %(F(y(x))—F(u(x))
a’

d (V(x)) d (u(x))

P 1) de}= P G2 e 5

i f(t)dr} O T pue) TR

. o _
Example 8.46 IgES I ) ii?dt (where x >0), then find %
. 2 log :

1
Sol. yb. sz _ﬂlogt t
b _ds 1 d s 1
dx dx “logx’ dx  logx
3x% 2x

= - = x(x—D(logx)™"
_ 310gx 210gx (. Ylog-x)

then find the value of f (— .
5)

1, )
Sol. I t°f(t)dt =1-sinx
sinx .

Differentiating both sides, we get
12x (1) O—Sinzxf(sinx) COSX=—COSX

. =f(sinx)= cosec® x =

sin’ x

= f(z)= iz o f(%) =3

Example LR Let/:R—>Rbea dlﬂ’erentlable function having

f2)=6 f (2)= - Then evaluate

tim |7 (")——4’ a.
xo2 96 X — 2

Example 8.47 Ifj t 2f(t)dt = 1 —sinx, where x € (0, %),

=) 3
) . 1(®) 4t I 4t dt - 0
Sol. Jltl_)rr;j6 _x—zdt_}lglz P [6 form]
o AU
x—2 1
(applylng L’Hopital Rule)
O RIKO)
=4(6Y 1
6" 48
=18

| . v (J.:e"zdx)z
el Xl Evaluate - lim ———.

X 5.2
X—oo e2x dx
0 .
2

>0, €

Sol. Since € >0in [0, x], where x>0,

"Io e dxandj

ey
im 27 jsofthe form — .

x— oo J"erz ) oo
0

Therefore, using L’ Hopital’s Rule

i 2ex2 Ixexldx
L= lim —%

x| g2

dx—)ooasx——)oo

L:

=2 lim = . . iform -
X —> o0 exz ' oo .

=2 lim s
X —> oo 2xex

= lim l=O
X—oo X

. 2 :
Example 8.50 [@i3 J'"’cos dt = I %tdt, then prove that

dy 2sinx?

dx xcosy

. Iz .
Sol. Given that I Y cos A dt= _[ St dt
. 0 o ¢ .
Diﬂ‘erentiating w.L.t. x, we get

d sin x2-
cosyt =2

. 2sin x?
_ &y _2sinx’

dx  xcos y2
ExampleSSl Ifx= j 0¥ _ oy thenfinda
and —5 =ay, then finda.
\/1+9t a’
Sol. x= J

\/l+9t



werw o vaivuiud

Differentiate w.r.t. y, we get

in2
Example8.52 [JEStSnsinvan Ls/s "sin™!VF dt.

ZX
+ [77 Teos™ Vi dt, where 0< x <72, is the

equation of a straight line parallel to the x-axis.
Find its equation. :

Sol. Here we have to prove that y = constant or denvatlve ofy
Ww.r.t. x is zero. -

y= Ism " sin™! Ve di+ jcos ¥ cos™! Ve ar 1)

% =sin"" Vsin® x 2 sinx cos x + cos™! Veos? x
(-2 cos x sin x)
=2x smxcosx 2x sinx cos x
=0forallx
Therefore, the curve in equatron (1) is a straight line
© parallel to the x-axis.
Now, since y is constant, it is mdependent of x. So let’s
select x = /4

=y= 1-1/[82 sin”!Vr dr+ II/Z cos 't dt
(sin' 2 +cos It t)dt

172
178

= 11/’8 w2 dt
201 1
_2[2_5}
KV 4
-3

Therefore, equation of the lineis y.= —:1% .

Exam ple 8.53 Let 1- (0, 00) = (0, oo) bea drﬂ’erentrable function

satisfying, x j (1-9) JOE j #F()dt v

xe R* andf(l) 1. Detemrmef(x)

Sol. We h'anx | (1-:) f @)t = j o (t)dx I
. 1] .

0
Differentiating both sides w.r.t. x, we get

*(1-0/@+ [(~1)/(@)dt =xfx)
! |

=3 f0)= [(-0) f(e)a
s
Differentiating both sides w.r.t. x again, we get

xzf’(X)+ZXf(x)=(1—x)f(x)
o S _1-3x

S 2
ff (x) - J‘ 1-3x
f (%) x? X

=>logf(5c)= 1 —3logx+logc

: x
= log[f( )J———I—3logx

. Givenf(1)=1 = log (1) =-]=c=e
: c

—log (f;)] __1

e X
éf(x ='xi3e(l_3

If y j S(@sin {k (x t)} dt, then prove that

dxz HEY= k).
Sol. S‘i'nc'e y= [ f@sin {k & —.t)} dt
= [ Olsin ke cos ke —sin kt cos k] -
= sink: jo" £ @) cos ktds — coskx jox @ sin ket (1) |
= % = keos k. I; f(t)-eos ke + sink [ £ (x) cos k]
| +hsin ke [7£() sin kedt - cos ke [ 2) sin ko]

=keoskx [ £(0) cos ktds + ksin x [, 7@ sinmar

o : : @
Again diﬂ"erentiating equation (2) w.r.t. x, we get
d 2
= F ——kzsmkx j 7@ cos Iddt+kcoskx[f(x)

cos kx] + k2cos kx jo f(®) sin tdt + ksin o [f (¥)sin &x]
=-Ey+ifG) )

d2
= dx—zy + kY =kf(x)




Evaluate hmj ¢ tx f4()t))
' I cos £ dt

i.9. BEvaluate lim
Lo x—0 X

. x
|3, Find the points of minima for f(x)= [ ¢(¢=1) (t-=2)dt.
i A . 0 V

4. Iff(x)= eg(") and g(x) = J. —tdl then find the value of
f@.
xz - -
5 If f(x)= I sin sin 0 d0, then find the value of

e 1+COSZ\/§

G

. . £ dt
6. Fmd the equation of tangent to y = J.x

V1422
7. If I \f(?: —sin t)dt + j costdt -—0 then evaluate %

atx=1.

INEQUALITIES

roperty I

*roof:

Fig. 8.1

Itis clear from the Fig. 8.11,
Area of curvilinear trapezmd aAFb < Area of curvxlmear
trapezmd aBEb < Area of curvilinear trapezoid aCDb

l.e.,j g(x)dx<j f(x)dx<j h (x) dx.

L UTINING I NGYIAuwes

|B NV R Prove that 0 < I
\’/(1 +x°)

<x! V0<x<1,

: 7
Sol. Since0< A
\3/(l+x8)
then [ 0 < [ = < ['¥d
< [P ==
enjo -[03\3/(1_*.—xs)dx<-[0x‘ix
; - .
: 1 x'dx 1
Hence,0< || ———— < —
. '[0 \3/(l+x8)
Eumple856 -Provethat <j1/2 ' < forn>1
Xt . - — forn>1.
e , 2n )

6
@Sol. Forrn>1and-1<x<1,wehave

W e edis

1/2 172 dx 172
= dx < =[sin~ x]”2
-[ 0 \/1 2n '[0 \/1_
- l jl/z dx <
' ~Jo 1 x2n T 6
Property II

Proof: Analytlcal Method
Itis giventhat m < f(x) <M, then

L mdxsjaf(x)dxsja Mdx
=>m(b—a)s J-:f(x)deM(b‘—a) re

Graphical Method

Fig. 8.12
It isclear from the Fig. 8.12

b
Area of ABB'A’ < j f(x)dx< Area of ABB" A"

ie,m(b-a)< j: f0) dx<SM(b-a)



8.20- Caiculus

T ) YA Prove that 1 < J [_xz] dx< g :

O~
o E-9Cx-1
- S oL S
f () © - 2 )2
Forf’ (x)=0,wehavex=1asxe [0,2].
Now f(0)=5/9, f(1)=1/2, f(2)=3/5.
Therefore, the greatest and the least values of the

Sol. Letf(x)=

integrand in the interval [0, 2] are, respectlvely, equal to

f@)=3/5andf(1)=1/2.

. 5—-x 3
H ,(2—-0) =< dx<(2-0) -,
_ ence, ( )2 J.o (Q—xz) ( .)5

'-or1<_[ dx<§
9 x 5

>roperty III .

>roof:
. Obviously, - If @ =S (x)<|f(x)l Vxe [aD]

= [~ f(x)ldx<J feyars | /G) | dx
or - [ /@, f(x)dx<I F@)ldx
e | s < [ 7o s

BENTIEERELE Estimate the absolute value of the integrai

19 sin x
\’0 -[10 g

1+ x
Sol. Since|sinx|< 1 forx> 10, then |~ < — (1)
1+x {1+ x% |
But10<x<19=>1+x >x8>108 '
1 1 1
<—< —
1+x2 710
_ 1 1
= <— 2).
1+ x®] 108 @
sin x <10°®

From equations (1) and (2), we get 1—8—
i+

19 sin x
Then I
101 4+ x

=9x10‘8=(10—1)x10"8 '
=107-10% <107

- dx <(19-10)x 107

<107,

19 sin xdx
Hence, _“

101458
~ Therefore, the approximate value of the integral = 10°%

Proof:

Sol.

Let Fix) = { £(x) - Ag (x)}® > 0 where A is real number.
= [ @ -Ag@)Pdr20

= [} 22 (g() ~ 24/ (g() + /2 (x>0

= 2 (@) dx-22" fg@dr+ [ f2 () 20

Therefore, discriminant is non-positive, i.e., B> —~44C <0.

o] e el

Hence,

. ’ : N .
1
ll Example 8.59 Jyta7-Rik11 -[0 \/(l +x)(1+x° ) dx cannot exceed

J15/8.

J\/(l+x)(1+x)dx<\/ (l+x)dx (1+x) )

3 ,
. Provethat4SJ. \/3. +x% <443
} [ -

VR e A S R

2o /
LIfnL = Jw cos(sin x)dx , 12 = J: 2sin(cosx)dx and

. Prove that

) _
I = L 2{ dx, then which of the following is/are true?
a. I|>12 b. 12>Il
¢ >1, d <],

n/2

L= , 08 xdx , then find the order in which the values’
5L,L, I ex1sts

—<'[\/4 —-Xx —k 2.

AR Y

‘»\;\

ta

Sol



T

MISCELLANEOUS SOLVED PROBLEMS

e 7 _
1. Evaluate Io n[tan—1 x]dx, where [x] represents greatest

\" integer functxon

Sol. Here y =tan™ 1xis a monotonic ﬁmctwn so the analytlcal
method is advisable.
O<tan'x<1; when 0 < x < tanl

We have . 1<ta.n'lx.<%; when tanl < x <107 -
oz, 2 tanl 107
o I= jo [tan x]dx_jo -0dx+Iwnl 1dx
=10r—tanl - -
2. Evaluate _[:[Ze_" Jdx, where [x] represents greatest

> integer function
Sol. f(x)=2¢eis decreasing forxe [0, o2).
Also, when x=0,2¢*=2
and when x — 0, 2¢™ — 0. B
Thus, [2¢7] is discontinuous when 2¢*=1orx=log2.
Also, forx>1n2,[2¢7]=0 '
“and for 0 <x<log 2, wehave 0 <x< 1.

= [ = [ e+ j:z[ze‘?]dx
- [P+ j 0di = ()b
=>j [2e " ]ds=In2

3. Evaluate anllz [tan

\/\ integer function.
sm/12

x] dx, where [.] denotes the greatés_t

an x] di

- Here,y=tanxisa rhonotonically increasing function.

Sol. Let I = j

Also;whenx=0, tanx=0apdwhenx= %,tanx=

2+ 3.

‘Hence, [tan x] is dlscontmuous when tanx =1, tanx = 2,
tanx=3. :
=>xtan1xtan2xtan3

j [tanx dx+j [tanx]dx

tan1

j [tan x] dx+IS”_/,1: tan x] dx

1dx+j +j5”“z3dx

=j:“ 0dx+j -

=0+ (tan 2~ tan”' 1)+ 2 (tan} 3 —tan™’ 2)

' +3I(5—’r — tan™" 3)
12
4 .
=7 —[n+tan" (iﬂ :
" 1-(3X2)

~[m+tan™ ()] =n4

5 :
4. Evaluate -[0 [x —x +1:|dx where [.] denotes the

Pl
oS
"\ F
N

greatest mteger functlon

Sol. Heref(x)= x*—x + 1 is a non-monotonic function.
Such problems should be solved by graphical method.
Now, g (x) = [x? —x + 1], V x € [0, 2] could be plotted as
shown in Fig 8.13.

N

. I=J‘02|}c2—x + l]dx

=_j10dx +j0 W2 ey j(ihﬁ)/zz dx

1 ++/5 _1 _ 1++5)
’ 2 .2
2
2
5. Evaluate _[0” [sin x]dx, where [.] denotes the greatest

~ integer function.
Sol. y=sinx is a non-monotonic function in [0, 27].
Hence, draw the graph of f(x) = [sin x].

Fig. 8.14

]

i



822 Calculus
From the graph given in Fig-. 8.14,

I:n tsin x] dx = Algebraic area of the shaded region

\/\6 "Evaluate jx [cos f] dt, where n € (2nn’ (4n +.1),£.),

n e N and [.] denotes the greatest integer function.
Sol. Let-

I= jo [cos f dt
= I [cost dt + J. [cost
= nJ [cost dt +j [cost
T +I2‘rm:0dt
=—nf o
7.1 [ ¥ dx=a, then find the value of || x*¢ dx in
terms of a. ' S ' ‘

Sol. '1=}j x2e* dx——j x(= 2x)e

1 2 1 1 _p2 R
=3 x.e . —Ioe dx‘ (Integrating by parts)
1 1
=——+—a
2e 2
t
8. If ——dt
+1)°
terms of a.

g ,
e') '+jl d > dt
Jo 10 @+

Sol. a= j -———1 -
1+t 1+
‘ (mtegratmg by parts)

. 4
=>a='—e-,—1+J.1 © s dt
' 0 (1+9)

1 -
= j ——dt= a+1——e-
°(1+t) 2

9. Ifl,= J-x" sin xdx ; then find the value ofIS +20L,.
0 . T

4
Sol. I,= jx" sin xdx

- ¥4
‘ -
= [—x" cos x]o + njx""l cosxdx
0

S z
= 2"+ nlx"" sinx[g —n(n—1) [x"2 sinxdx
. 0 .
. == 7f‘+n0——n(n 1)
Putn 5,
=1 -20L
15 +20L,=7
1 : . .
10. IfI,= j._x" (tan™" x)dx, then prove that '
0
(n+ DL +(n=1)I,, .z
' n 2
.

Sol. I,= [x"(tan™ x)dx =[x (xtan™' x)dx -

O ey

n— tan
—-(n 1)jx 2[—tan x—§+ > x]dx

1 - D, -(n—1)l SO
=>In —_———— A NNyl - —(n—-
b=y j;x 3 ("l
(n+1) 1.1 11
I e —— —_
2 " FREAE R R

S D@D la= D ;
. . n . .

T

2 o
11, IfI,= Jsin" x dx , then show that [, = (—n——l) I_,.s
0 L n )

Hence, prove that
: <ol = | —if nis even
e n _n—2 n—4 2)2
n _1 _ -
(ﬁ_) [2_3) (Z'__S] -.-(3)1 if n is odd
n. n—2 n—4 3

r

2 -
Sol. 1,= [sin" x dx

0




Deﬁnité Integration 8.23

L]

From the graph, = % (area of triangle)

~
8

= [—sin"‘1 X COS x] (n— 1)sm x cos® x dx

0

O'——.N|?-l.

T
=X ——T =
2

-
N |

IS

=(n— 1) jsm x (1 —sin”x) dx

S P\IS. Prove'thgt I:e“’e_’z dt == ' I:e"’zl 4dr.

Sol. Let [ = J-:e’“e—.'z dt

n b

2 2
=(n-1) jsin"‘2 x dx—(n-1) Jsin" xdx
0

0 214 (% ~x*14 xt 12
=¢e e dt
oI +(n-DIL=m-1)1,_, Io ee

-1 _ x4 (P 14ttt 3; _‘
n : . .
. . — exz_/4J'Ie_(x/2_t)2dt
n—1\(n=-3}(n=5 _ 0 ‘ .
=1,= n w2 [\ n-a e dpordy - The result clearly suggests that we have to substitute y/2
. for x/2 — t
Accordingly, if n is even or odd, _ : Then dt = = dy/2, also wh en f = ,,0 y = x and when
_ IO=,%,11=1 t=x,y=—X.
' X _2 .
Hence, R ' , o .=>I=e ’4L &7 ’4(_dy/2) : B
| 1 3 5 (1\= - L 2. o
n— n—s.\{n— - . . . o X 274 4 . . - )
«of=|=1if n is even o = ¥ "d
n )(n—Z)(n-—4) (2__)-2 < | 2 . Y T
-0\ (n=3Y(r=5) (2)y:r oo <14 L pe. |
§ )( ) e L ey (7 o v i
it
/ = "dt
. EvaluateI sm 12x 1 x )dx : € .[oe
) 23 A>3
o jx L in2x r——l_xz) e | 14. Evaluatej di+ 3j”3 dx.
Oxll—xz . </ . v
_ Puttingx=siri 0, we get ' ¢ Sol I= ,[5 Y gy 3-[2/3 (X-g)dx
: 2p) 1 Y N ' )
=]= sin~" (2sin @ cos ) cos 046 _ [T 57 213 (3x-2)
'[ \—ll—sinze _ : J.-4 € dx+3L/3 ev dx
P =h+1, '
7: . -_— -
=], sin !(sin20)d6 ‘ Note that in both J; and I, function has same format, i.e., o
Put20=t¢ S v L
2 _ Also,_e' is non-integrable.
=‘j sin” (sinf)ds .  Now,inl,,letx+5=yandinl, 3x=2 =-1
: 0 0
1y . - - C=I= [y [ & an =o.
' 15. Compute the following integrals.
P _
2

a ]:f_(x" +'x"") logx % _

i : _ b I:f(x" -i_;x'") log x lf;

Fig.8.15 - ¢ ( 1)
- : ~ ¢. | —sinl x— —gx
c P X/
1/e _

o
Yy B
s
>




8.24

Sel.

. biLetl= j:f(x;' +'x—") 1n>x

Calculus

Here limits (reciprocal) and type of functions (reciprocal
terms are present, i.e., x and 1/x) suggest that we must
substitute 1/¢ for x. :

alett=1/x=x=1/t=>dx=- lzdt.
t

Also,whenx —0,t—>o0;x 200, t >0 A4

=I= J:f(x" + x_")hlx%'

= (e +6")in(r)
=]
= 2U=0=I=0

e
1 +x2

Lett= l/x-=>x= 1/t=dx=— %dt. ’
] el

- Also, whenx — 0, £ —> 00 ;x — o0, t 0

_—_—>[=j:f(x"+x'")lnxlfiz_
. _a
2
- Lrtere)ul)
. . t2
=-| (t"+t"")m(t)1ft
=1
=2/=0=>1=0
1. ( 1)
7= [ =sin|x——|dx
C 1‘/[exSlIl X .
putx= % dx=—tl2dt

= 1sin(t-1)dt
e ¢ t

J=—I=21=0=1=0

e-1
8. Evaluate Io

9. Provethat [,= I'xz"” e

10. If1

o 1
1. Find the value of J_l [Jc2 + {x}}dx , where[.]and { } denote

the greatest function and fractional parts of x.

2. Provethat J’: [£] di= ﬂ@ +[x] (x;[x]), where ]

denotes the greatest integer funciton.

3. Prove that J.[ne_x]dx = ln[n—), -where n is a natural

number greater than 1 and [.] denotes the greatest integer
function.

X .
4. Evaluate I_z [cot_l x]dx, where [.] denotes the greatest

2
integer function.

1 —!
5. If j _ei =a, then evaluate Ib e dt,
b1
6. I f () = j log! z'dt, V x 2 1, then prove that

: BERREREY:
. ) 1
o= 1{2).

. x

7. ff(x)is a flmetien satisfyin_g f (i) +x2f(x) =0 for all

J-eosece

f(x) dx.

- NON-Zero X, then evaluate

x*42x~1

x+1

-x?

-
> - ‘
n = Isin"' x cos” x dx, then show that
! :
_ m~—1 ’
L.,= P Iy 5 » (m,ne N)

Hence, prove that

-1)(n-3)(n-5)...

% when both m and n are even

(m=1)(m— 3;( 5)...(n=1)(n—3)(n-5)...

(m +n) (m+n— ~2)(m +n—4)...

otherwise

i A TP B R R AR T R e R P R e SO S
TR TrRrE RS T T e L S

(VN

10



1.

A\

2.

3.

Subjective Type (RS

244
It is known that f(x) is an odd function in the interval

[~p/2, p/2] and has a period p. Prove that j: f(®)dt isalso

periodic function with the same period.

' 12
I j(’: logsinfd6 =k, then find the value of
wl2 . . 2 .
jo (6/ sin 8)? d6in terms of k.
11 1 _
Letf(n)=1+ 5+§+---+—,thenshowthat
n ’ :

/2

f(n)= J- “cot (g) (1-cos” 8)d6.
A o 2 .

| iy 1 2 cos? 8 21 '
. Evaluate I tan!| ———— | {sec” 6d6.
S .\ 2—sin26

4
0

B
5. Evaluate j ! 2sin‘IL zxz)dx. e

o 1+x 1+x° . ’ 2
. 1-|x], |xK1 ' o
6. ff&=1 | l>—1,andg(X)=f(x—1-)+f (x+1),find

s X |2 .

7.

10.

5
the value of I_3 g(x)dx .

£, g h are continuous in [0, al, f(a—x)=f(x), gla—x)
= —g(x), 3h(x) - 4h(a—x) =5, then prove that

[ fo) g 1 () dx = 0.
0

. Determine a-positive integer » such that

: j:nx" sin xdx =%(7z2 (—8). |

sin

. Iff(x)= —;sz € (0, ], prove that

T nl2 * 7l' n

S/ f(; - x)dx = [
0 o

Letfi (x) be a continuous function, V x € R, except atx =0,

sﬁch that I f(x)dx, a eR"* exists. If g(x) = J.L?ldt,
.0 , : x _

prove that [ f@dx= j g(x)dx.
Lo V] . 0

— EXERCISES

11.

12.

13.

14.

15.

16.

17

18.

19.

Definite Integration 8.25

-

x+p - . r
Let I f(Hdt be independent of x and [} = _[ f(@®)dte, '
x . o
. p"+10 /
L= I f(2)dz forsomep,wherene N.Then evaluate _ll .
10 1
Hfx+fON=fx)+y v x,yE€R and f(0) = 1, then prove

2 1
that | f2-x)dx= 2[ fx)ex.
0 0

Suppose fis a real-valued differentiable function defined
on [1, =) with (1) = 1. Moreover, suppose that fsatisfies

1 T
()= ——————— . Show that f(x) <1+ — >1.
™ Z+ 0 hat f(x) 2 V7

Ifx jsiﬁ(f(t))dt =(x+2) [t sin(f()dt, wherex> 0,
0 . 0 R

then show that f*(x) cot f(x) + 3. .
: o 1+x

7 dx
Bvaluae | (17 +8x— 4x*)[*0 +1]
0

1fj"[>dx'—'["] dx., then prove that either x i
o x] _Io x dx , then prove that either x is purely

fractional or x is such that {x} = % (where [.] and {.}

dcnote' the greatest ihteger and fractional part,
respectively). .
Let fbe a continuous function on {a, b].

x b ’
If F(x)= (I f@) dt— _[ f '(t)dt)(Zx ~(a+b)) . then proi_{e_ ‘

: ' c b
that there exist some ¢ € (a, b) such that [ £(¢) di- [ f()dt
a [

=flc)(a+b-2c).
) -a+b

b
If j|sinx|di=8 and I [cos x| dx=9,'ther_1ﬁndthevalue
a -0 . .
b
of Ixsinxdx.
Jx) is a continuous and bijective functionon R. IfV t€ R

area bounded by y =f(x), x=a—t,x=a and x-axis is equal
to afea bounded by y =f(x), x=a+t,x=a and x-axis, then

2 S
prove that I £ (x)dx =2a (given that f{a) = 0).
A :



8.26 Calculus

Objective Type

Each question has four choices a, b, c and d, out of which only one
is correct.

‘ 1 1
1. IfS,= + +- ﬂlcn th is
n {1‘["\/; 2+«/—2_n- n+\/—
equal to ‘
a log2 h log4
¢ log8 d. None of these
2. The value of lim z Jn > is equal to
"= 17 (3Vr +4vin )
1 1 1 1
= h — . — d-
* 35 14 10 5

3. Which of the following is incorrect?

a J.::: f(x)dx = J: f(x+c)dx
b [ S =c [ Sl
o [\ 1= 1 G+ S

d None of these

lution for x of th uaﬁoﬁj’-—‘i——fis
4. The solution for x o eeq‘ ‘ﬁt‘/tT:_l =3

' 3
a h %
c.2~/§. . d.Noneofthesé
e 2—x27dx
~.5. r/z—(——)— isequalto -
~ - (l—x) 1-x°

a—‘/z-_—(ﬁ+1) ' | b

S ol

c.«/:.*»; d

” - -
6. The value of the integral I_” sin mxsinnxdx form#n

(m ne l)is
al hrn
¢ w2 d 2
' T xlogx , .
7. The value of the integral dx is
- e '(l;(l+x2)2
%0 b log7
,Slog1? - - - d None of these

10.

11.

W\ 12

13.

14.

15.

W

16.

a Cdx .
——————= 15
0x+\’a2-—x2
2
a T T
a —- b — c — dzx
4 2 4 :
2 i
j Isin x —cos x| dx is equal to
2 0 b 2(v2 1)
¢ V2 -1 d 2(v2 +1)
Cr xtanx ‘
[z
0'sec x + cos x
2 2 2 2
n
-4 2 2 3.

If * (e =4 and [} 3~ f(x))d =7, then the value

| -1 .
of [ flx)d is

a2 - b -3
¢ -5 : d None of these

1 2 -
Ifjoe" (x—0t)dx =0, then

al<a<2 ha<0  c0<a<l da=0
. _ R :
- dx :
Ifj 7 . 2 xz 2\(.2, 2
0 (x +a )(x +b )(x +c )
= 7: then thervalue of
2(a+ ) (b +\c)‘(c+a)-’ : o
.[o 2 2 15
(x* +4) (x*+9)
T oom n
a — — ¢ — —

60 20 ‘ 40 80
The value of the mtegral j B T— eqﬁal to
_ 2 y2xcosor + 1
a. sin basina e (.Z «d Esina

o 2sine 2
e 2 ) .
The value of h—x-i-lli dx is
X+ x"lnx -
ae : b In(l1+e)
c e+ln(1+e) d e-In(l1+¢)
1143 .
The value of the integral j must be
(l+x )\/1 x?
a
242 4«/_ |
o 2= d None of these




logs e*Ve* —1

17. The value of the integral I ———S—dx is
e +3.
V' oa 342w bh4-7
c2+rw d None of these
e xdx .
J —— 18 equal to
0 (1+x)(1+x)
4 /4
— h —
* 3 2
c. T -d. None of these
I is equal to
[x+\/x +17
1
zZ h =
& 8 )
c. —% d. None of these
n/2 ) .
. dx .
20. Given j ——————— =log 2, then the value of the
1+sinx+cosx
2 sinx
definite integral I — —— —— dxisequalto
v 14sinx+cosx .
1 n -
—log2 ‘ b — —log2
a 5 og _ 7 g
1 : 4 '
, — — —log2 d — +log2
“% 2% o rees
101
dx
21. Ifl)= , and
: _;[00(5 +2x —2x2) (l +e 4’)
101
I, = ——E—— then I is
_jo0d t2x— 2x? I,
.
a2 b -1— ¢l d-— .
2 2
L‘ & fla)
22 /W)= —, L= | x (1= x)) dx and
f(-a)
f(a) 1.
I,= J g(x(l—x))dx,thenthevalueof-Ilis
f(-a) 1
a -1 b2 c.2 dl

23. 16f)=¢,g0)=y.y>0and FO= || fe-)g0)dsthen

b. F(f)=te
d F@=1-e(1+2)

of?)

a F()=¢—(1+1)
c. F()=te"

24. The value of the definite integral J cos (e*‘l) er"2 dx

0
al b 1+(sinl)
—(sin 1) d (sin)-1

25.

W
26.

27.

28.

29.

’ forwhichI,= Ifx Ydx =1, 1, =
' 0

30.

31.

32.

velnne wegrauoir - o.as

1+5 )
: ) 2 2
+
The value of I %2—1—— log(l+x —l)dx is
_ 7 X —x 4+l X

T T N
a — log2 b — log2
g b 7 OB

c. —% log 2 d. None of these
If f(x) satisfies the condition of Rolle’s theorem in [1, 2],

2 4
then L f'(x) dxis equal to

al ' b3
c. 0 d. None of these
The value of the integral

3 : = 2 o '
J tan™" 2x +tan™ ¥+l dx is equal to
-1 x +1 x '

an ) b 2

c 4r d None of these

If P(x) is a polynomial of the least degree that has a
maximum equal to 6 at x = 1, and a minimum equal to 2 at x

=3, the_h . I; P(Jg)dx equals

L7 W B g2
4 4 4 4
The numbers of possible contmuous f(x) defined in [0, 1]

fo()

Ix dx a* isfare

a.l b .2 . do

/2
The value of the definite integral j Jtanx dx is

a.\/iz b.f— c.2~/§7t d.L

) %)

Suppose that F (x) is an anti-derivative of f (x) = smx

sin2x

wherejx >0, then I

dx can be expressed as
d o

2 FO-FQ b 1 (FO-FQ)

e > (F3)-F() LAFO-FQ)  ~ -~

1 1 - B
If jo cot_‘(l—x+x2)dzc= A Io tan~! xdx , then A is equal
to - - . '
a1l h2 ¢3 d4



8.28 Calculus

57:/4
33. The value of the integral j %dx is
—3nl/4 ’
a0 ' b1
c. 2 d. Noné€ of these
2+a
M. [ fxax 1sequa1to(wheref(2 A)=f2+a) V aeR)
2—a
2+a a
a 2| f(x)dr b 2 f(x)dx
2 0

2 _
c 2 .[ S(x)dx d. None of these
2
1
35. The value of the integral -[o ¢ dx lies in the interval

a. (0,1) b (-1,0)
c. (lL,e) d None of these

z /4
36. I,= '[02 In (sinx)dx, 12=j:”4 In(sinx+cosx)dx,then

a I =2] b [,=2]
¢ I =4I, d [,=4I
n/2  cos“x ®/2  sin“x
37. If I, = —dx, L, = dx,
! ‘[" 1+cos®x 2 ‘[0 1+sin? x
2 1+ 2 x sin?
= J-n 1+20052x anzxdx,then
0 442cos”xsin’ x .
al=I>I b L>I=I
C. 11=12=I3 d None of these

38. If f(x) is continuous for all real values' of x, then

ZJf(r 1+x)dx is equal to

r=1

a jo F(x)dx
ol
c. njo F(x)dx

b [ SO
d @1

n .
= sinx—cosx 27

39, =2 ————— dx,12=j cos® x dx,

: 0 1+sinx cosx 0

i :
—_ i 1 -

= J.Zn sin® x dx, L= J ln(l—ljdx, then
'_E 0 x

a ,=1,=1,=0,1#0
b [,=1,=1,=0,1,#0
¢ [,=1,=1,=0,1,#0
dl=1,=1=0,1#0
40. If f(x) and g(x) are contmuous functlons the

[ fr4)r - feal
i g(x? /4)[g(x)+g(—x)]

a. dependent on A b. a non-zero constant
€. zero d None of these

2x(1+si .
41. qu x(“s;nx)dﬂs equal to
’ “Z l4+cos“x. :
a7z b 72
c 0 d None of these

42. f(x)>0 V xe Randisbounded. If Tim }M
e 4 T+ f @@=
2a

f@d L% s
| orreas ™ | Foerea

n-l S(x)dx
' =7/
a" (”:';)af(x)+f[(2”‘l)a~x]J 5

(where a<1),then a is equal to

na

2 1 14 9
a = b - ¢ — a—
7 7 19 14
N F 4 .
t tdi
43. Hf @)= [ for0<x< Z, then
o\[1+tan2x sin’ ¢ ‘ 2
af@)=—-n -
2
T -
b. —_ =
f(J_ 3

¢. fis continuous and differentiable in (0, g—]

d fis continuous but not differentiable in (0,%)

. 3n(4 en/4dx . n/Z»
4, If @+ Y imr T =k j sec xdx , then the
—xl4 ¢ )(sin x +cos x) 212

value of & is :
1 1 1

2 25 ‘d‘ﬁ

0 1
2
—2 +cot™!| cos
0 ——
s 2005 x-1 _ * dxlsequalto
T

0
5. | e
-r/ )
o o’ n? 3r2.
a = h — e It LA
| c 3 &3 d r ¥4
46. - = |log x dx is equal to
’!(1+7t2x2 1+x2J & _ 1
” -
a ——Inzx - h
2 o
C Ean ) d None of these
47. If f(x) -cos(tan”'x), then the value of the integral

Ixf"(x)dxls

. 3-43 _ b 3V2
) 2

a1 . a2

22




e e s e

48. The equation of the curve is y'= f(x). The tangents at {1,

£(1)], [2, f@)] and [3, £(3)] make angle %, g-and%, _'

respectively, with the positive direction of x-axis, then the

value of j S [y dx+ j Fr(x)dx is equal to

a -1/f3 b 1A
c. 0. - d. None of these
-1
49, The value of J- tan X Ing dx is
1+x
a tan e b tan! e
c. tan! (1/e) d. None of these

50. Iff(m)=2and j (f(x)+ £7(x)) sinxdx=5, thenf(0)is
equalto (it 1 is given that f(x) is continuous in [0, 7})
a7 h3 ¢S5 dl1
51.. If Lz e"za_’x=a, ‘then J':A JInx dx is equalto -
h2e'—e—a
de-e-a

a._2e"'—2e—a
c. 2e*—e—2a

|sin x|

nl2 e cOosXx .
52. j_—mz Tre™) dx is equal to
aetl bl-e
ce—1 d None of these
ax‘lt a* —x*dx :
53. The value of the expression °a is equal to
' j 2 Ja? —x* dx
0
2 2 2 2 s
a _a_- b ia__ C. .3_a_— d _a_. v
6 2 4 2
T COSX m/2sin2x . '
54, IfA= dx, then j dx is equal to
0 (x+2)? +1
L S b. _l__A
2 mw+2 T+2
e 14—t —4 a4 L 1
T+2 2 mw+2
4. 2 oo N
- -2dy .
55. j(y 4y;|- 5)sin(y —2)dy is equal to
o . [2y° -8y+11]
a0 : b 2

c. -2 -d. None of these
56. fose f(xtanB)dx (where 07¢ ﬂ,-n € I) is equal to
sin@ . : 2 .
¢tand
a —Cos Orm f(xsinB)dx

’ sin@
b —ta.nejcose f(x)dx

UEHILIG N ICYIQui e e
_ ctmé
c. sin@ L f(xcos@)dx
1 ¢sin6tme
a —
_tan @ Jsm6" Sy
1 e5dx - 2 Iy
57. Letl,= |, €L andl= | T’f—di—, then L is equal
NP 1+x 0 (2-x) I
to o
a. 3e b el3 ¢ 3e d 1/3e
58. .If . —dt = ¢, then the value of the integral
sin—t—
aw 2 .
Josimmas 4%
a 20 b 2 c. o d-o
| tan™!
59. j = dx is equal to.
0 X
IE S_‘Efdx b. 2 X o
0 sinx -
T ) T - .
ClEmrs ol e
2790 sinx

'20 X

60. 1f1,= [ (nxy* dx(where keI"), then L, equals
\$ |

a. 9e-24 bh12-2¢ ¢ 24-9¢ d6e-12

1
61. IfI(m,n) ='j0 X (1—x)" " dx, then (m,n € I,m; n20)

m-=1
a. I(m,n)=

pd
b G

b I(m, n) -[0 de
n-1 . .
C. I(m, n) JO de o,

¢ I(m,n)= IO de

(o1
sin| n+— |x

i ,
62. The value of Io —-———)-dx is,ne ,n=0

A o s'm(-;f
b O | [\ 4

a d2rn

AR

63. The value of the deﬁmte integral I X dx is

sinx

a0 b.% e .d.2-7t
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64.

65.

66.

67.

68.

69.

(=

Q70.
h

71.

—

12,

T s -
Ifl,= Je (sinx)" dx , then I is equal to
] L

a. 3/5 h15 c. 1 d 2/5
T m - Im I‘m—2‘
Given [, = j(logx) dx. If 4222 —¢ | then the
! K L L
values of K andL are
a —1——, 1 h (1-m), —
1-m m
o L. mm=2 L ~
1-m  m~1  om-1""

Letf(x)=min({x}, {~x})V x€ R, where {-} denotes the

100 :
fractional part of x, then -[-100 f(x)dx is equal to

a0 _ b 100
c. 200 d None of these

4 i . .
I{x —0.4}dx equals (where {x} isa fractional part of x)

-a 13 b 63 c. 15 -d75

The value of j x] f(x)dx, where a> 1, where [x] denotes

the greatest integer not exceeding x is
a. afta)— {f(1) +f) +---+f(a])}
b [alfl@)— (1) +f @) +--+f(aD} i
c. [af(a)- QO+ f@+-+y
d of (a)— {f(1)+f @)+ +/4)

The value of I: [costldt, x € {(4n +1) %, 4n+3) %]

and n € Nis equal to (where [ -] represents greatest integer
function

a Z@n-1)-2x h Zon-1+x
2\ 2
c. —7;—(2n+1)—x d 1’2-(2n+1)+x

Iffx)= j; ;Fl;‘f——t_l” thenf '(%} isequalto

a0 b l
2
c.l d. None of these
- X
dt ,

Let f(x)= and g be the inverse of f. Then the
value of g’ (0)is

a ‘ ‘17 .

e V17 d None'ofthm

The value of the definite integral j(x(3 X)N4+x) (6-x)

(10— x)+smx)dxequals
a cos2+coséd
¢. sin2 +sin4

b. cos2~cos4
d sin2-sin4

73.

74.

75.

76.

Vi sin z*

Ifx= J':mtsm—1 zdz ,y= j dz, then % is equal to

tant c. tant¢ tan ¢
2t T 22 22

I£f() = cosx— [ (x—1) F(€)de, thenf(x) +£ () is equal
to '
_ a —Cos x

c. jo (x—1) f@)dt

A function f'is continuous for all X (and not every where

Zero) such that i (x) = J f (t)
. lln (x+cosx);x¢0
2 2
h —1-111( 3 ) x#0
2_ 2+cosx

c. lln(2+smx ;x#nw,nel
2 2

tant

b —sin x

do0

dt then f(x) is

cosx+smx 3
COSXTSMY  xstnmw+ —, nel )
2+sinx 4 ‘ !
. Al e gin? a g2 .
lim —[I e idt—| & ’dt] is equal to
Cx=0xy drry o
;2
a €7 b. sm2yeSm 4
c. 0

d. None of these

o C
71. fx)= L ert , where x € R". Then the complete set of

A

78.

- 719.

80.

values of x for which f(x) <Inxis
a (0,1] b [1,%0)
c. (0,00 d None of these

If j f(dt = x+j i (¢)dt , then the value of f(1)is .
a 12 h0 el d-12"

1
If ijxtzf(t)dt=1—cosx Vxe (0, %), then the

value of |: f (—\{1——)} is ([.] denotes the greatest integer

function)
a4 b5
c. 6 d-7
S

If | fdt=xcosmx,thenf’ (9)is
0 3 .

1 ) 1
a—— b - =
9 3
1 ' ‘ .
C. 5 . d r_10n_-ex1stent




- 81.

82.

AV

l \(\83.

84.

- 85.

L

6.

87.

88.

89.

Iff(x)=1+ 1 j: f(t)dt , then the value of fle)is
x .

al b0 -
c. -1 d. None of these
1 1
4= [x°@-x% dx;B= [#°.a—-x dx, which of
0 0 .
the following is true ?
=2%B b A=2%B
c. A=2"B d A=2""5
The value of j(H(x + r)) (z ——k)dx equals
= og\r=l
an hon! e (n+])! dnont
20r

IfI= j | sin x | [sin x]dx (where [.] denotes the greatest

—207
integer function), then the value of I is
a. —40 h. 40 ¢ 20 d 20 .
Given that f satlsfies [fu) - f(v)l <|lu—v|foru and vin
b

(a5, then jrega-p-as)s

- -
a (b-a) b (6-a)
2 2 ’
c (b-ay .d None of these A
2
jo sz ad dx must be same as

P

‘ e §in X
a. j dx
0 x

NS

. 2 _

c. j 0052 ® dx d. None of these

X
. .3
osinx , T esin”x .

Ifj0 S dx = 2 , then Io — dx is equal to |

a w2 h n/4

c. 77:/6 _ d 3z2
j [sinf]dt, where x € @nm, 2n + 1)7), n € Nand []
denotes the_ greatest integer function, is equal to

a —nn bh-(n+t)7 Sy

c. —2nmw d-Q2n+ '

f (x) is a continuous function for all real values of x and
U

satisfies j f@de = I
the value of a is equal to
1 17

—— b — C.
2" 168

167
840

|-

3 . . .
\5?6. : j x*{x'1} dx is equal to (where {.} is the fractional part of x)
-3 °

tf(t)dt+—8—+—3—+a then .

Definite Integration 8.31

ot ' Cea s
(/\90. J: o dt ,where [.] denotes the greatest integer function,

and x € R, is equal to

1 * 1 x
a E([xm‘ S VI E([xm‘ D

. Eli([x]—zﬁ") d ngzw +1)

91. f(x) is a continuous function for all real values of x and
) n+l n? 5
satisfies j f@)dv="-V nel, then j_3. f(xDdx is-

equal to
a. 1972 h. 3572
c. 1772 d. None of these

{ x x
92. The value of wax Edt ‘rm d

e 1+ e y144%)

(r = . '
—, — |, isequal to
(6 3)

a0
cl

, Where x €

)
d None of these

+3x° +7
x x x d

93. Let], = j >
x +

1 2(x+1) +11(x+1)+14

) = dx, then the value of

-3 (x+_1) +2
L +1Lis '
a 8 b 20073
- ¢ 10073 d. None of these

94. Forx € R and a continuous function /i

let]= j“““ xf{x(2-x)}dx and

1+cos®t
L= Linz, f{x(2—x)}dx . Then I—‘ is .
c.2

a -1 b 1 a3 - 7

i \‘35 Given a function f: [0, 4] > R s differentiable, then for

@&
sSA some o, B (0,2), j f@)dt equals to

a. flo®)+f(B?) b. 20(0?) +2p (132)
c. af )+ Bfle?) d f(o)f B +f(B)]

a 3¢ b. 3’
A d None of these
2 2 3 4
97. IfS= (1) +(l) l+(1] l+(1) 1., then
0 2 2)3 \2/)4 \2)5
\ Ty
a. S=In8-2 b S=In—
o e
. S=ln4+1

d None of these

t
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098 Let /> R — R be a continuous function and f(x) = f(2x)is: 1 bxcOS 4x asin 4x asin 4¢

107. Ifj . dx = ~1, where0<z<Z 1§
“true v x € R.Iff(1) =3, then the value of j’ F(F(x)dx W x t 4 ~.
then the values of a, b are equal to :
is equal to S :
a. 6 b.0 ¢.3f3) . d2/0) a %,1 b-1,4 22 d 2,4
99, j [ [x] ] dx, where [-] denotes the greatest intéger : Lo 1 : -
1+x 108 IfA= [~ then [e'log,(1+1)d is equal to
function, is equal to olt? 0 L
a 2 b -1 a2k . - b elog2 -4
C. Zero ‘d None of these e A : ' d elog2+1 :
100. f is an odd function. It is also known that fx) is 109. Letf be integrable'over {0, a] for any real value of a. If
\\ continuous for all values of x and is periodic with period 2. W\ x/2 .
. — 6 T !
If () = Io £(6)dt , then I ‘([ cos 0 f(sm 0 + cos )d@ and __
a. g(x) is odd b g(n)=0,neN . = 2 _
c. g2n)=0,ne N d g(x) is non-periodic | + - I,=" | sin26 f (sin 6+ cos’ 6) d6, then
101, [ |sint|dr, wherex € (2nm, (2n+ 1)7), wheren €A, js wlelsr bI=l  e2=I dl=-I
) e 1 2 1 2 tehT 2 1 2
equal to ' - . 1 inx dt
qzi. 4n—cos x b 4n—sinx 110. The range of the function f(x) = I_l ——&——-—2— is
c. dn+1—cosx d 4n—1-cosx : \ O , (1—v2tcosx+t_)
x : . T n )
: \y/Z Iff(x) = J_lltldt,,thenforanyxZO,f(x) equals a.‘v[—z, E] .. b [0
1. 5 1 . - T r
(- h = x2 c. {0,7 d -
a 5d=x) 2 SR om { 2 2}
1 2 ’ - } . : 1/n
¢ 5(1+x ) d None of these 111. The value of lim [tan tanz—n . tanﬂ} is
_ : . o _ \/0 n—e n  2n  2n .
' 103. Ifg(x)=J:(Isint|+|costl)dt,then g(x+%'£) is equal a e b cl de
' : 1 S
-'to, wheren € N 112. Iff'(x)=f(x)+ j. f(x)dx, given f(0) =1, then the value of
nw 0 : :
+ b g+ g| = :
a gx)+g(m g0+ g ( 2 ) f(log.2)is
n : i 1 5-e
— d f th a — h —=
c. gx)+ g(z) None of these & | P
i o S 2+e '
\/0104. The value of _[_-2 [1+cos( > )]H dx, where [] . C. o 2 d None of these
: . ‘ o f . 113. If f(x) is monotonic differentiable function on [a, b], then
denotes the greatest integer function, is e W ) '
a1 S S Ve[ )f"‘( x)dx =
d None of these ‘
«2 ) o ] 8 bfia)-af(b) b bfB)-af(a)
Q105. Ifa>0and 4= [ 'cos™ xdx, c. f@)+f() d cannot be found
v :
N 114. If o, B(B> o) are theroots of g(x) = a’+bx+c= Oandf(x)
thenja (cos T x—sin \/1_x2)dx=na—M,ﬂ1enMs ¢ O
—a - \V f(gu))
a 0 . h 2 ' _ : B —c ’
c3 : d None of these ' is an even function, then _[ g(x) o) equal to
¥ - /5
b ‘ : : x=p
'106. The value of L (x-a)(b-x)'dx is . .
b-a) o (b=af o = Vb —dac
a —67— . 280 - 2a | 2a |
7 b
. (b-a) d None of these . c. - -d None of these

7
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n! n+r—-1C

118, Iy = —;—L—l , where n = kr (k is constant), then

¥

AV

lim y is equal to
r—oo

a (k-1 log(l+B)~k
c. (k+Dlog(k-1)-k

b, (k+1)log(k=1)+k
d (k—1)log(k—1)+k

10 3
116. j[log[x]]dx is equal to (where [.] represents the greatest
3 _

integer function) . .
a9 h 16—-¢ c. 10 d 10+e
117. If the function f: [0, 8] = R is differentiable, then for

8
A 0<a,b<2, jo f(®)dt is equal to

a 3[oF e+ BB * B3[PS+ PSP
¢. 32 A+ BB d 3PS+ BB

~ 118. The function f and g are positive and continuous. If f'is

increasing and g is decreasing, then
1 ) .

[rmEm-ga-nld
0
a. is always non-positive
b. is always non-negative _
¢. can take positive and negative values
d None of these

Multiple Correct
Answers Type

Each question has fourﬂcnkl.vld ces a, b, c and d, out of which one or
more answers are correct. Cotn
1. A function f(x) which satisfies the relation
' )
foy=&+ [ (¢) dt, then
0
a. f(0)<0
b f(x)isa decreasing function
¢c. f(x)isan increasing function

1
d [f@x) dx>0
. 0

¢

2. Letf(x)= j—?’——zdt, where x>0, then.
14t :

a for0<a<p, fle)y<AP)
b for0<a<p, f(0)>fP)

p.f(x)+7r/4<tan“x, v x21
d f(x)+m/4>tan'x, Vx21

2
3. The values of a for which the integral‘j|x Zadx21is
0

satisfied afe
a. [2,00)
c. (0,2)

b. (_ %, O]
d. None of these

veiinite Negrauui 0.9

b . b
X Llsmxldx:S and j:+ [cosx|dx=9, then

91

a.a+b=—2- h je-b|=4x

a b
.-«—-=5 2 =
¢. =1 @Ls_eo xdx=0

s .
LetI= j ,/3 +x° dx, then the values of  will lie in the

interval
a [4,6] b [1,3]
¢ [4,2V30] a [i5,30]

X
Ifg(x)= [2]¢|dt, then

. UNS
a g(x)=x|x|

b. g(x) is monotonic
¢. g(x) is differentiable atx=0
d g'(x)is differentiable atx =0

| L,
. Letf:[1,) - Rand f(x) = xj%dt—e",then
’ 1

. f(x) is an increasing function '
b lim f(x)— e
x—yo0
¢. f’(x)hasamaximaatx=e
d f(x) is a decreasing function

8. The value of j 2x +23x+3 dx is
o (x+D(x +2x+2)
ooz T 1
a. — +2log2—tan™'2 b = +2log2—tan” —
4 g2. | ) 2 log 2—tan 3
¢. 2log2—cot'3 d - % +log4+cot?2
nl2 .. ' w2, . 2
(2n -1 ' ‘
o a,- | @RI gy o | (S‘T"”‘) i for
0 sin x . o \sinx
ne N,then )
a'An+]=An la' Bn+l=Bn .
c4d,-4,=B., dB,-B=4,
. ; ~ 1 o
10. 16/ = [T dr and [ [fGT dx =2, then

. The value of J
0

b f "2)=1/2
a [l fea=\2 i,

a. f(2)=2
e fQ)=2

dx is
1+x*

a. sameasthatofj'
o 1+x

x? +1dx
4

242
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x2dx
I+x

ny,

¢. same as that of - J-

d

Sl

12. 1ff(x)= [|£—1|dt, where 0<x<2, then
> o |

a. range of f(x) is [0, 1]

b. f(x)is differentiable atx =1

¢. f{(x) =cos~! x has two real roots

d F1R2)=1/2
n/4
13. If I, = I tan” x dx (n >1 and is an integer), then

a. I"+I”_:_=

bhl+] =
n “n- n

C. 12+14,I4+16,... ;arein H.P,

2(n+l)<1"<2(n—l)

b . :
\}Aff S() dx =10, then
S@+ fla+b-x)

hb=15,a=-5

a b=22,a=2
¢. b=10,a=-10 d b=10,a=-2
: .
15. If I, = J 7o » Where n € N, which of the following
o 1+x%)" '
statements hold good ?
' ' 1
aonl, =2+@n-1)[ bL=241
" 8 4
T 1 I 1
. = e — - I = — + —_
“h 573 3732

_ Pl
16. Iff(x) is integrable over [1, 2], then J. S(x) dx is equal to

a lim = Zf(J ‘b."ll_I)nan()

e n o r=n+l
S emiE]
n-—)wnr_l .

17. Iff(2- x)—f(2+x)andf(4—x)—f(4+x)forallxandf(x)
is a function for which j f (x)dx 5, then J. f x) dxis

equal to a5 °
a 125 o h ff(x)dx
-4
51 2
c jf(x)dx : d.Jf(x)dx
1 2

18. j;{ jo @ dt} du is equal to
\ .
a j:(x—u)f(u)du b, j"uf(x—u)du

e xf " f(w)du & x| uf @-x)du
19. Which of the following statement(s) is/are true?
\/0 a If function y = f{x) is continuous at x = ¢ such that
S(©)#0, then f{x) f(e)>0 v xe (c-h, ¢+ k) where &
is sufficiently small positive quantity.

b lim —M((1+1J(1+2)---(I+——D =14+2In2.
n—eo p n n n

c. Let fbe a contmuous and non-negative functxon

defined on [a, 5. If j F(xX)dx=0,thenf(x)=0V xe

d Ezef}be a contmuous ﬁmctlon defined on [a, b] such
. that f f (x)dx 0, then there exists at least one ¢ e
(a b) for which f{c)= 0
20. The value off Xox gy is

- 1 1
a <1 b>1 ¢>e? d<ed
28 Iff(x)= j (cos(sint) +cos(cos ))dr , thén f(x+ 75). is

0 .

a fx)+f(n)
¢ f)+f (EJ

b £(9)+2f(m)
d f(x)+2f(§)

Reasoning Type

ll\)

Each question has four choices a, b, c and d, out of which only one
is correct. Each question contains STATEMENT 1 and
STATEMENT2.
a. if both the statements are TRUE and STATEMENT 2
is the correct explanation of STATEMENT 1
b. ifboth the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1
¢. if STATEMENT 1 is TRUE and STATEMENT 2 is
FALSE :
d if STATEMENT lis FALSE and STATEMENT 2is
TRUE

1. Let f{x) is continuous and posmve for x € [q, b] g(x) is

continuous for x € [a, 5] and Il g(x)]dx > .fg(x)dx

then

. Y
Statement 1: The value of J- S (x)g(x)dx can be zero..

R TR R e

10



2.

3.

B

4.

6.

7.

10.

Statement 2: Equation g(x) = 0 has at least one root for
x€ (ab).

-
Statement 1: The value of .[_4 sin(x* —3)dx +

-1
j 5 sin (x? + 12x +33)is zero.

Statement 2: | f(x)dx =0if/(x)is an odd function.
_ .
1 2x - 1

———dx=0. ~
(l+x—x2)

Statement 1: The value of J; tan~

b b
Statement 2: j f(x)dx =J f(a+b—x)dx.
Statement 1: On the interval [247[—, 4—;—:\ , the least value
of the function f(x) = j;m (3sint +4cosf)dt is 0.

Statement 2: If f(x) is a decreasing function on the interval
[a,b], then the least value of £ (x) is f(b). '

5. Consider the function f (x) satisfying the relation fix+1)
\/\ +fx+7)=0,V x€R, '

Statement 1: The possible least value of ¢ for which v

' I:H f(x)dx is independent of @ is 12.

Statement 2: (x) is a.peﬁodic function.

. /4 /4 .
Consider I =j: e dx, L= Jo e'dx,

n/4d 2 T nl4 v 2,
I,= ¢ cosxdx,I,= & sinxdx.
3 0 s 44 0

Statement 1: [, > 1, > ;> 1,
Statement 2: forx € (0,1),x> x2 and sin x> cos x.

Statement 1: Let m be any integer. Then the valug of
L= j” de is zero.

, sinx
Statement 2: [y =L, =L=--=1I,

. Statement 1: j: \/1 —sin® xdx =0.

.Statement 2: I: cos xdx =0.

. ‘ -
. Statement 1: The value of _[0 " cos” xdx is 0.

Statement2: [{ £(x)ds = 2, £ , €720 =/()-

Statement 1: _[ £ (£)dt is an even function if f{x) is an odd
function. a .

Statement 2 I far isan odd function iff(x) is an even

function. a

11.

12.

13.

14.

15.

16.

17.

UGHHNG ity s

Statement 1: f (x) is symmetrical about x = 2, then
24a 2+a

[ f)dx isequalto 2 [ f)dx

2-a ’ ’ 2 -
Statement 2: If (x) is symmetrical about x = b, then

f-0)=fb+ )V (ae R).
xl4 T
Statement 1: The value of jo log(1+tan0)d0-= Elog 2.
exl2
Statement 2: The value of jo logsin8d@ =-mlog2.
Statement 1: The value of j: sin'® x cos® x dx is zero.

b b+c )
Statement 2: L fx)dx= L e f(x—c) dx and for odd

a
function J- f(x)dx=0.
-a
” T
Statement 1: Ix sin xcos® x dx =E
-0

sin x cos’ xdx.

(=R s 1 B

. b
Statement 2: Ix f(x)dx= 2

;b if(x)dx.

a
Letf be a polynomial function of degree n.
Statement 1: There exist a number x € {a, b] such that

x : b
[AGL _=.L F(e)dr.
Statement 2: f(x) is a continuous function.
Statemenf 1: .J.Jlsintl.dt , for x € [0, 271] is a non-

differentiable function.

Statement 2: |éin t| is non-differentiable at x = 7.
Statement 1: If £ (x) is continuous on [a,b], then there

exists a point ¢ € (a, b) such that ! f@de = fb-a).

Statement 2: For a < b, if m and M are, respectively, the
smallest and greatest values of f (x) on [a, b], then

mb-a)< j” F()dx < (b-a)M:

Linked Comprehensi
Type ‘

Based

upon each paragr‘aph, three multiple choice questions .+ -

have to be answered. Each question has four choices a, b,candd, ~
out of which only one is correct. '

For Problems 1-3

L\

x 2 2 »
y=F(x) satisfies the relation | f(t)dt = "7 +[2f@ar.
2 x v

The range of y =f(x) is

a [0,%) b R

(44
2 2]

e (coo.0]
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2 .
2. The value. of I f(x)dx is
-2

a0 ' b -2

c. 2log 2 d None of these
3. The valueof x for which f(x) is increasing is

a (—eo, 1] b [-1,)

e [-1,1] d None of these

For Problems 4 —6 ' )
Let f: R — R be a differentiable function such that

f(rc) =x*+ Ie_’f(x —t)dt.

4. f(x) increases for

Cax>1 b x<-2
c.x>2 d None of these
5. y=f(x)is

a. injective but not surjective

b. surjective but not 1n_]ect1ve

c. bijective

d. neither mJ]ective nor surjective

6. The value of j f(x)dx is.

0

1 1 5 12
- B —— > _

2% . 12 1

For Problems 7-9
. .7

f(x) satisfies the relation fix)— A j sinxcost f(f)dt= sinx.

0
7. If A > 2, then f (x) decreases in which of the following
interval?
a (0,m) b (n/2,37/2)

c. (—n/2, ml2) d. None of these
8. Iff(x) =2 has at least one real root, then

a. Ae[1,4] b Ae[-1,2]
c. 1e[0,1] d Ae[l1,3]
ni2
9. If | f(x)dx =3, then the value of A is
o :
al h 32
43 d None of these

For Problems 10-13

Letf(x) and ¢ (x) are two continuous functions on R satrsfymg

o ()= J f(@®)dt, a # 0 and another continuous functron g(x)

satlsfymg glx+ o) +g(x) 0V xe R o> 0 and Jg(t)dt is

independent of b.
10. Iff(x) is an odd functron then
a ¢ (x) is also an odd function
b ¢ (x) is an even function
¢ ¢(x)is nerther as even nor an odd function

d For ¢ (x) to be an even function, it must satisfy _[ fx)
dx=0 _ 0

11. Iff(x) is an even function, then
a. ¢ (x) is also an even function
h ¢ (x) is an odd function
¢. If f(a—x)=—f(x), then ¢ (x) is an even function
d Iff(a—x)=—f(x), then ¢ (x) is an odd function
12. Least positive value of cif ¢, k, b are in A.P. is
a0 hl B A 4 d 2c
~ q+na

13. If m, nare even mtegers andp, q € R, then I gdt is

\> . ptmo

equal to

-

B
09
=
a2
&

b (n—m)[ g(x)dx
0

g(x)dx +(n- m)jg(zx)dx

2

o
'H'—-Q Y ey Y — D

£ +(n—m) J g()dx
0

For Preblems 14-17 .
Evaluating Integrals Dependent on a Parameter ! .
Differentiate J with respect to the parameter within the sign of
integrals taking variable of the integrand as constant. Now,
evaluate the integral so obtained as a function of the parameter

and then integrate the result to get I. Constant of integration can

be computed by giving some arbitrary values to the parameter
and the corresponding value of I

14. The value of Io W dx is

a log(a—1) b log(a+1)
c. alog(a+1l) d None of these
‘w2

15. Thevalueof j log(sin® 6 + k2 cos? )d0, where k 20, is -

b wlog(l1+k) *
d log (1 +k)—log2
: n/2 .
16. The value of -j—IWhen I= J 10g(1_+_aﬂ) dx
. da -
.0

0 -
a mlog(1+k)+rlog2
c. wlog(1+k)—=log2
1—-asinx ) sinx
(where |a|<1)is

a d _ b —77:\/1—42
3 ‘ >
d a
T

1-a
c. Vi-a? vi-
) n
dx
17. If _[ = , then the value of
- gla—cosx)  \[p2 g
T_L_ iS.
(,(«/vﬁ—cosx)3 _
a .Zr_- ) " h E_
81 162
i

c. a— -d None of these

Ea
ha
St:
sta
b-r
as:




For Problems 18-20 | 2.

/2

"( ) sinx + j (sinx+tcos x) f(H)dt Columni = - ,' Column2 .~ -~
; —7l2 ] ; Can v .
" 18. Therange of f(x) is 2(14.___'t 1) S : : o
' - im| [ g 1, 3
a1 - S Lim - dt o2
a _ﬁ, _‘é b. _£ _‘/__ - & V! n+l . is equal to p- e 3 e 5
5 5 B — S

c. [‘%, iz_—} ~d None of these , b. Let f(x) bea function satisfying | ¢ &
: L=~ o f/(0) =f(x) with (0)=1and g be the

19. f(x)is notinvertible for ; function satisfying g ) +g) = xz )

axe [_ % —tan'2, 1752_ —tan™ 2] _ then the value of the mtegral

j f(x)g(x)dx s

b xe\:tan"—l—, 7r+tan‘1l]
: 2 2

v ; g ; : ]
c.xX€ [n’\+cot 2, 2w +cot 2] o J'e (1+xe )dx 1s equal to .
d None of these LO 0 e

xi2 '

20. The value of I f(x)dx is

S N

. 0 . L
a1 h-2 -1 d2 A0k
X 3.
Matrix-Match Type — T —
AColumnl SRR SR S Column2

Each question contains statements given in two columns which

a} If f (x) isan 1ntegrable functlon for el p 3

have to be matched. .
Statements a, b, ¢, d in column 1 have to- be matched w1th el EEL
statements p, @, I, s in column 2. If the correct match is a-p, a-s, RS [ W I
b-r, c-p, and d-s, then the correctly bubbled 4 x 4 matrix should be - i3
as follows: : ~ L= I sec? 0f(2sin 29) dfand
' . : : nl6 .
p-q r s | s
a|®@O . L= | cosec e f(zsm 20)d6 then 11/12
| ®OOE | s | o
NIOICIGIOIR ' b IffG+1)=fG+x)for v x, Q1
P@OOG | “ .
_ . and the value of J f (x)dx is indep-
1. If[.] denotes the greatest integer function, then matchthe endent of a then the value of b can be
following columns: : Cl The value of - . R r. 2
' ‘i '

! tan~'[x"]+tan"'[25 +x2-10x]

‘(where [.r]denotes the greatest integer -
function) is- '

a 1fI- ‘Z[\LH NEHfx e

, » (where x> 0), then [ I Jis equal to (whereﬂ'
- [.] denotes the greatest integer function) | 's. 4
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L

Integer Type

3 |
. Letf(x)= x3-%+x+—~

Consider the polynomial f(x) = ax2 +bx+ec. If f(0)=0,

f(2)=2, then the minimum value of jlf ‘()| dx is
. 0

. Consider a real valued continuous funétion S such that

N n/2
fO) = sin x + j (sinx +¢ f(£))dt . If M and m are
-n/2

maximum and minimum value of the function f; then the
vatue of M/m is

. A continuous real function f satisfies f(2x)=3 f(x) Vx € R.

1
If J f(x)dx=1, then the value of definite integral

2
[rydxis
1 2

4
34 -1
Then the value of [17‘; f (f (x))dx is

2
Lﬁnijx" dx equals
n—eo M 0

Let f: [0, =) — R be a-continuo'us strictly increasing

function, such that f x) = J t- f dt for every x 2 0,

then value of f(6) is )

. If the value of the definite integral J dx =

If the value of ‘the deﬁmte

integral
J207C x*®.q- x) dx is equal to ; whereke N, then

the value of k/26 is
3n/5

. IfI= [ ((1+x)sinx+(1 - x)cosx)dx, then the value
0

of (V2- DI is

. If the value of Lxm(n -3 2y. Z\/j 1s equal to’ \/— then

j=l
the value of N/12 is

. If fis continuous function and

X 2 ' .
F(x)= J ((Zt + 3)J- f@) dqut, then [F”(2)/f(2)] is equal
o t ' |
sin™" J_ n_
Jn

—-x+1

(where n € N), then the value of n/27 is

16.

17.

. Letf(x)= j\/__

- value of 4 g"(x) is

and g(x) be the inverse of f(x) then the

(g(x)°

1
. 1fU,,=jx"(2—x)"-dxand'V,, = [x"(-x"dx neN,
0 0

=1024 , then the value of n is

n . -

andifﬁ
. U

L If j x¥H e = 360 then 'the value of 7 is .

0

. Let f(x) is a derivable function satisfying -

fo)= Ie’ sin (x—f)drand g(x) =/"(x) - f(x),

¢
then the possible integers in the range of g(x) is

IfF(x)= iz [, 14 - 2F (9t , then OF @)yais
100
If j f(x)dx 7, then Y ( j fr=1+x)dy) =
r=1
= |tan”! tan '
. The value of -[02 | x|~ in” sin x| dxis equal to
Itan tanx|+|sm sin x| '

1 : -
If7,= I(l —xs)"d’C, then ,—ﬁi is equal to
0 : o 7 111 :

1 .
) jx1004(1"_7x)1004dx )
22010 0
T
JXIOM(I—XZOIO)IOde
0 '

The value of

is

AT 8- l&{l‘%"@1%!»%{4”&“&‘*4!”%%“}% %__u?‘gﬁ




1
o2k I fx)=x+ jt(x+t) f(t)dt , then the value of 2—23f(0) is
0

equal to 5
2+ 4, 2
22. The value of the definite integral r2r s ;x 4;2

equals

2 4 ) -1
23 Lets= [(3-#")tan(3-x")drand K = [ 6—6x+x")
-5 -2 :
tan(6x — x* — 6)dx, then (J + K) equals

1

24. Let g(x) be differentiable on R and I xg(x)dx

sint
, . - . 1
=(1—sin#),wherete | 0, |. Thenthe valueof g} —=
~(1=sind ( 2) g(ﬁ)
is

Archives

: YS'ubjective

1. Show that lim ! +—1— +---+—l—- =log6.
e\ n+l n+2 6n _

(T-JEE, 1981)
2. Evaluate j; (& +1 —x)" dx, where n ‘is a positive integer
and ¢ is a parameter independent of x. Hence, show that
| vj;xk (1=x)"* dx =["Cfn+ DT fork=0,1,...,n
| ' (IT-JEE, 1981)
P
3. Show that I: xf (sin x)dx = % jo f (sin x)dx.

(IT-JEE, 1982)

3/2 '
4. Find the value of L |xsin wx|dr.  (OT-JEE,1982)
\\ . \
4sin x + ‘ '
5. Bvaluate | S X +C0SX (UT-JEE, 1983)

0 ' 9 +16sin 2x

/2% sin” x

1 .
6. Evaluate the following | dx. (IT-JEE, 1984)
0 /1 )

7.- Given a function f (x) such that
a. itis integrable over every interval on the real line, and
b f(t + x) =f(x), for every x and a real ¢, then showthat

a+t , :
the integral L f(x) dx'is independent of a. .

em/2 x'sin xcosx
8. Evaluatej —
_ 0 cos”x +sin” x.

(OT-JEE, 1985)

Definite integration 8.39

n xdx -
. EBvaluate }. ——— ~JEE,1986)- -
9. Ev 0 1 +cosersinx swhere0<a<z (IT-Jk T

10. Iffand g are continuous functions on {0, a] satisfying £ (x)
= f(a - x) and g(x) + gla — x) = 2, then show that

Joaf(x)g(x)dx = j:f(x) dx.

(I'T-JEE, 1989)
f2 .
11. . Show that -‘.o S (sin 2x) sin x dx
/4
=2 Jo f(cos 2 x) cos x dx. (IIT-JEE, 1990)
‘ i in 2kx .
12. Prove that for any positive integer £, Su.l =2[cos x
_ . sinx

+ cos 3x + --- + cos (2k — 1) x]. Hence, prove that

nl2 .
I sin2xkcotx dx= —.
0 2

(IIT-JEE, 1990)
13. If f is a continous’ function with J: f()dt > as

| x| = oo, then show that every line y = mx intersects the

curvey’ + [ f(t)dt =2.

(UT-JEE, 1991)",

. . (=
xsin2x sin| — cos x

14. Evaluate [ dx. (OT-JEE, 1991)

2x—T

"15. Determine a positive integer 7 < 5 such that

I3

l .
jo & (x—1)"=16—6e. (IT-JEE, 1992)"

3 20 +x* —2x% +25% +1

2 (@) (7 1)

T4y - .
17. Show that -[o |sinx|dx =2n+1—cosv, where nisa

16. Evaluate

dx. (IIT-JEE, 1993)

positive integer and 0 < v <T. _ (UT-JEE, 1994)
nl-cosnx , - ‘
- 18. If U, = | —————dx, where n is positive integer or
\-/\ 0 ]1-cosx ) :

zero, then show that U, . , + U, =2 U, ;. Hence, deduce

/2sin’ nO
aJ‘" RV

1 .
=— N7t E
0 sz 8 2 ni. (IT-JEE,1995)

19. Evaluate the definite integral

J'l/‘/5 354 i 4 '2x .
s "‘1 — | cos . dx. (IlT-JEE, 1995)
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} v nl4
20. BEvaluate jo In(l + tan x)dx.
21. Leta+b=4, where a<2,andlet g(x) be a differentiable

function If _g > 0 for all x, prove that ja g(x) dx

+I g(x)dx increases as (b a) increases.
(IIT-JEE, 1997)
P 2x(1+smx) d.

22. Determine the value of I 3
- 1+cos” X

IT-JEE, 1997)

.
! Z)dx ~ 2f tan™ xd.
1-x+x 0
Hence or otherwise, evaluate the integral

J.l tan '(1-x + x*)dx.

S S |
23. Prove that J-otan
(OT-JEE, 1998)

24, For x > 0, let f(x) = j:ll%dt. Find the function

f(x)-_*- f (—E) and find the value of fle)+ f ( ) .

([IT-JEE 2000)
cosxcos'«/g dy
thenfind —atx=T7.
| 25. Ify(x) jﬂ e 1+sm2 T then find
/-‘ (OT-JEE,2004)
’ 13 +4x°
426 Find the value of r ——u—f;—dx.
2— cos(|x|+§
(U T-JEE, 2004)
| 1 .
~ 27. Evaluate "-” e‘wsxl 2sin lcosx +3005('—‘ cos x)) sin x dx
< 0 ) 5 2
_ ' (T-JEE, 2005).
. 1(1—x5°)1°°dx
28. Evaluate 5050=% (IT-JEE, 2006) -

504101 7.
E jo(l x0YO gy
Objective
Fill in the blanks

SCC2 x +cotx coseC x

secx  COSX _
1. fx)= cos? x cos’x cosecx’ oo
i cos’x cos? x
2 .
Then j:’ f(x)dx = (ITT-JEE, 1987)

2. The mtegral I [le dx, where [-] denotes the greatest

integcr function, equals (UT-JEE, 1988)

2 .
3. Thevalueof |_|1-x"|dx is . (T-JEE, 1989)

3z /4 ¢ i
4. The value of J.ﬂ/4 1+sin¢d¢ is
' (UT-JEE, 1993)
s x
5, The value of —— ——dx s
oo [ e m T
(IT-JEE, 1994)
. ’ ) ‘ " N
6. Iffor non-zerox, af (x) +bf (l\ = = —5,where a# b, then
. x; X
2
[ re)de = —— (T-JEE, 1996)
) i 2t
2 : o
7. Forn>0, |~ —dx = |
0 gin®® x +cos” x _
. (OT-JEE, 1996)
. 37 n 1
\9 8. The value of Je msin\rInx) ( In.x) dx is
x
| (lIT-JEE 1997)
d Sin
9. Let Ex—F(x dx F(k) F(l), .

then one of the pos51ble value of kis —
. ' (IT-JEE, 1997)
10. Letf:R—>R be a continuous function which satisfies

f (x) j f(¢)dt. Then the value of f(In5)is

(IIT-JEE 2009)

' ) 516
11. The value of — j sec(mx) dx is
In3

716
. (IIT-JEE 2011)

12. 1fj (f(x) -3x)dr=a’ = b7, then the value of f( )

(OT-JEE, 2011)

True or false
1. The value of the integral I [ /() :\dx is
(f (x)+ f (2a—x)}
- equal to a. (LIT-JEE, 1988)

Multiple choice questiéns with one correct answer

) 1. The value of the definite integral J; (1 +e ™ )‘dx is
a -1 g h?2 _
c. 1+ d None of these
(OT-JEE, 1981)

2. Leta, b, c be non-zero real ‘numbers such that

j;(l +cos® x) (ax2 ;I¥bx+c)dx
= ’J‘Z(l +cos® x) (ax2 +bx +c)dx ;

“Then, the quadratic equation
ax®+bxtc=0has

(.

i

"

-l



Y

N

a. 1o oot in 0,2)
b. at least one root in (0, 2)
¢. adoublerootin (0, 2)

d two imaginary roots (IIT-JEE, 1981)

®2 Jeotx

3. The value of the integral J-

0 “Jeotx + Jtanx
b /2
d. None of these
(IIT-JEE, 1983)

dx is

a. /4
c. T

4. For any integer n, the integral I: "% cos® (2n +1)xdx
has the value
an b1
c.0 d None of these
, ' (IT-JEE, 1985)
5. Letf:R—Randg: R —> R be continuous functions. Then
the value of the integral

J‘ [f(x)+f(—x)] [g(x) - g(—x)]dxls

a 7t |
c.—1 do (IT-JEE, 1990)
& _
6. The value of j ——3 I8
: 1+ tan> x
a0 : : hil _
c /2 ' d x/4 (IIT-JEE, 1993)
7. 1ff(;c)=,_4sin( 2)+B f( ) J—and
j f(x)dx = ==, then constarts 4 and B are-
a Eand z b 2 and 3
2 2 n T
' -4 4 -
¢. Oand — d = and 0 (T-JEE,1995)
4 n .

m .
- 8. The value of I i [ZSinx]dx where [.] represents the

greatest integral functlon is
-5z

a — bh-7
3 *
/4 S
c. 5 d-27 (IIT-JEE, 1995)

k
9. Letf beapositive function. Let L= L }

= jlk_kf[x(l —x)]t_ix, where 2k— 1 >0. Then ;_; is
a 2 bk N

c % dl1 (ﬂT-JEE,"Ib9’7)
10. If glx)= j: cos* ¢ dt , then g(x + m) equals
a. g(x) +g(7) B g(x) - &%)

c. g(x) g(7) o £ @m0
. o " g(m)

. xflx(1-x)]dx,

11.

12.

13.

W\

14.

15.

16.

17.

18.

Definite Integration 8.41 .

in/4 - dx

74 1+cosx is equal to
‘a2 b -2 . .
c. 112 d -1/2 (IT-JEE, 1999)

If for a real number y, [y] is the greatest integral function
less than or equal to y, then the value of the integral

g3l .
J [2sin x]dxis
w2 )

a—T b0

o —al2 d 7/2  (OT-JEE,1999)

Letg (x)= [ f(0)at, where fis such that % <f()) <1, for

te[0,17and 0<f(H) < %,forte [1,2]. Then g(2) satisfies

the inequality

3 1 1 N3
a - —<g(2)<= h —<g{2)<s=
Sss@<y b gssl)s
3 5
c. 5<g(2) _<_5, . d 2<g(2)<4
(IIT-JEE,2000)
COSX 3 .
If £ (x) = sin 3 for| x| 2 ,then [ f(x) dris
2, otherwise -2
equal to
a0 h.1 _
c.?2 d3 (IT-JEE, 2000)
The value of the integral I 10ge dx is
a. 32 _ b 52
c.3 ds _ (IT-JEE, 2000)
x cos® x
The value of J_, 1 +a* ,wherea>0, is
arn b ar ‘ :
¢ /2 - d2rm (II'T-JEE, 2001)
Let fix) = J‘:AIZ'—tz dr. Then the real roots of the
equationx® ~f'(x)=0are /-
1
a *1 h+—
‘ V2
c.:I:% d 0and1 (UT-JEE,2002)

Let T> 0 be a fixed real number. Suppose fis continuous
function such that forallx € R, f(x + T) =f(x). If

T - 3437 ]
I= -[o f(x) dx, then the value of L - f(2x)dx is

a. 321 b A

¢ 3l d6  (OT-JEE,2002)
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19. Theintegral iz [x]+ dx, is equal to (where
-1/2 -x

[-] represents the greatest integer functlon)
a — 1 . hoO
2

el d 2In G) (IT-JEE, 2002)
20. If L(m, n) = j
L(m, n)mtermsof(m+1 n- 1)1s(m ne N)

2"
———L m+1l,n— 1
a'm+1 m+1 ( )

b L(m+1,n-1)
m+1

271
m+1l m+l

c.
m
——L(m+1,n-1

d n+l (m n-1)

¢ dt ;then f(x) increases in

?\21; 700 = j:: “
a. (0,2)
c. (0,0)

h. no value of x .
d (-o,0) (IT-JEE,2003)

| | ) )
22. Iff(x) is differentiable and j; xf(x)de =3 £, then

4 -
— |equals i
1[5 .
a. 2/5 h -5/2
¢l - d 52 (IT-JEE, 2004)

fi=x, .
23. The value of the integral |, ﬁ—idx is

(IT-JEE, 2004)

24. jfz{ﬁ +3x? +3x 43 +(x +1)cos(x+1)} dx is equal to

a—4 h 0 ‘
c 4 a6 (IT-JEE, 2005)
25. Let f be a non-negative function defined on the interval

\ [0, 13. Ifjwl—(f'(t))z dt=Jf(t)dt,0Sx.<J,andf(0)
0 0 )

=0, then

a

3]

o
“~

A
N W= =
[+
=
o
~ )
N TN TN

~—
\

N= N

(XT-JEE, 2009)

. _"‘ VI
Wim Wim W= W=

e e T
=S
N TN TN

= N

— e
\Y

(1+2)" dt , then the expression for’

(IIT-JEE, 2003)

26. The value ofj Q- x) Y78 ixis(are)
+x
7 105 15 2
(TIEE2010)

27. Let f be a real-valued function defined on the interval

(-1, 1) such that ¢ f(x)=2 +Nt4 +1dt, for all xe

(-1, 1) and let f " be the inverse functlon of f. Then (f'y

(2)1sequalt0
a1 h 173 N A V7 o dl/e
' (IITJEE 2010)
: Jin3 .2
| 28. Thevalieof | ——p " ————dr is
i3 S0 X +sin(ln6 — x°)
alpd wlnd cwd alwd
T4 2 2 2 2 6 2
' (ITJEE 2011)

29. Let £+ [1, 2] = [0, ) be a continuous function such that
o 2 '
fe)=f(1-x)forallxe [-1,2]. LetR= j xf(x)dx, and R,
-1
be the area of the reglon bounded by y =f(x), x=-1,x=2,
and the x-axis. Then

a R=2R, hR=3R, c2R=R, _d.3R1—R2

Mudltiple choice questions with one or more than one correct
answer '

_ = 1 . _

1 1t [} £(e)de =x+ [ ¢ f(¢) de, then the value of /(1) is
a 12 h 0 ‘ .

, (| d -172 (IIT-JEE, 1998)

2. Let f@)=x—[x], for every real number x, where [x] is the

integral part of x. Then j f (x dx is

al b 2

0 - d 172 (IIT-JEE, 1998)

n—1

zand Z

3. Let S, = ~

O on? +kn+k n? +kn+k2
forn=1,2,3,...,then
a § <  hS, >
"33 33
o T<- 2. 4 T>-". WT-JEE,2008)
"33 im0

Z?h Let f(x) be a non-constant twice differentiable function
N\ defined on (o, 0o) such that £ (x) =f(1 —x) and f” G)'= 0

then : l
a f'(x) vamshes at least twice on [0, 1

b f»(i)f

Li

Le



V2 -
jf(x+ )sinx'dx=0

-1/2

12
d [f@ear = j f(1-¢) ™" dt (IIT-JEE 2008)
0

1/2

i 5 If1n=_7j sinn7m

. _SINAT e n=0,1,2, .. th
N (PP I -

10 '
b Y, Ly =107

a.l=1I_,
m=1
10
¢ > I,,=0 A L=,

| 6. Let f be a real-values functlons defined on the interval

N

following statement(s) is (are) true 7-
a. f”(x) exists for all x € (0, =)

by (x)ex1sts for all x € (0, =) and fis contmuous on
(0, =0) butnot dlfferentlable on (0, =)

¢ there exists a> 1 such that [f'(x)} < [f(x)| for all x €

(050
d. there exists >0 such that | f (x)| +f'(x){< Bforallxe
0,9) (ITIEE 2010)
Match the column type ‘ '
1. Columnl Column IT
P
Al B 283
b. & G 210g(—)
o fi_?
3 dx T
J £ 3
21-x% 3
) .
a 2 dx 3 C
d | —F/— s. — (IIT-JEE,2006) . .
'[l xx* -1 2

Linked comprehension type

' | b
Let the definite integral be defined by the formula j f(x)dx

(IT-JEE, 2009)

ab (0, ) by f(x) =Inx + J-,/1+smtdt Thenwhlchofthe‘

’V )’ we

b c b
can use L flxydx = L f(x)dx+ L f(x)dx = F(c) so that for

e= 22 weget [! f(de="22 (@B + Y
- emi2
1. Jo sinxdx is equal to
a %(’14\/5) b %(1+\/E)_
r n
“w tan
| fxdx- ( )(f(x)+f(a>)
- 2. If lim =0, thenf(x) is
Lo (x—a)’ :
of maximum degree B .
a4 b3 .2 a1

3. Iff"(¥)<0 Y x€ (a, b)andcis apoint such thata <c< b,
“\\ and (c,f(c)) is the point lying on the curve for which F(c)
is maximum, then *(c) is equal to

o LO-f@ B 20®)= @)
b-a _ ' ~b-a
. 2O)-1@ R
2b—a o
(U'T-JEE, 2008)
Integer type :

L 1. For any real number x, let [x] denote the largest integer
less than or equal to x. Let f be a real valued functlon
defined on the interval [ 10, 10] by

)= {x —[x] if [x] ié odd

1+[x]-x if [x]iseven

2 10
Then the value of — J f(x) ¢os 7x dx is
0 o

: ‘ . ([[TJEE 2010) ’

uz. Lety'(x) + y(x)g'(x) =gx)g’x), M0)=0,x € R, where f'(x)

df(x)
dx

denotes and g(x) is a given non-constant different-

‘iable function on R with g(0) = §(2) =0. then the value of
W(2)is



8.44 Calculus-

Subjective Type

1. LetF)= | f(&)dt
wFxp) = .ﬂow—me+J fow

—H@+J " fe)ae - W

Obviously, now we have to prove that J (t) dtis zero.

Given that f(x) has period p, thenj f (£)dt is
independent of x.

Let x =—p/2, then j 810 dt—j f(t)di=0
[as given f(x) is an odd function].

F(x+p)=F(x) : syor
Thus, F(x) is periodic with period P.

om0V
2 1= [ a0
-[0 (sine)
- j:’z 62cosec?0d0
— [0*(~cot O — j:’z 20-(~cot9)d6

(Integrating by parts)

12
- [éir%ez cot e]+2j: 6 cot0d0
— .

/2
=0+2 [[9 logsin 9]77:/2 I: logsin ed@]

(Integrating by parts)

- 2[—1im91nsin9—k]
) 8-0
=-2k
L
3. Letg(x.)=1+x+x2+...+x"—1= d 1
x—

. ) 1 1 ,,_1'
- fn) - ! g(x)dx= { i‘x_—ldx

Putx=cos @ = dx=-sin08d0

Oj (cos" 0-1)(=sin®)

~f)= (cos6-1)

/2

ANSWERS AND SOLUTIONS

w2 (1- cos” 9)2'singcos 6

0 2sin —2-

w2

:!]'.

cot( )(l cos” 8)dO

el 2cos? 8
4. Given integralis j tan~t| == — sec? 646
0 2-sin26 _

/4 o .

= j tan~! (——2——-—)se026d9 ‘
sec“@ —tan@

ni4 »1 -
= I tan~ (—————)seczede
e 1+tnd — tan6

Put tan 6=, then sec’ 40 = dt

The given integral reduces to ‘ '_
‘,1 .1 o
jtan'l (—12—)dt = ‘[tan‘1 (Lu)dt
! 141 ¢ 1+t(-1)

0

1 1
= [tan™ tdt - [ tan™ (¢ - 1)t
0 0

1 1
= [tan™" rdt - [tan™ (@~ 1)1t
0 0 '

1
= 2[1tan™ tdt
- (integraﬁn‘éT)'y parts)
n
= -2——[1n(1+t )] ——1n2
| 2x -1
5. Forxsl, sin 3 =2tan" x
1+x° ‘ :
2
Forx>1, sin™! 2x2 =sin! —%
+Xx 1+L

=2tan"'(1/x)=2cot ™ x




Hence, the given integral

‘/S’sm'_1 (——sz) 1
- [ o | 2 (tan™ x)dx
0 (1+x%) 0 .

2 2
_[(tan_1 x) ] [(c t~l x) ] E—(%—%)

-1 . o 1.
Graph of y = f(x)

Graphofy=f(x+1) :

() L

T4 0 1 2

Graph of y = f(x—1)
' Fig. 8.16

5 s 5 :
|, gtax = [ flx=Ddx+ [ fG-Ddx
= Area of triangle in the graphy =f{x— 1)
+ Area of triangle in the graph y =f{x + 1)

ol
=2-Q)0) =2

7. I= [ f(x)g(x)h(x)dx
0

) j f(x)dx=

Uelnie Nieyiauull. o.49

- [ fa-gta-h(a-x)ds
0

- j roeen( 2=
3] fgmadr+ [ fegds |
4 o g- -
=252 { F e
5% :
I= | g
0.

-2 fa-ng(a-ds
0 . -

= 2 [ fOx-gtps=-1
7 |

2I=0 = I=0

12
. Let I, —qu x" sinx dx

" Integrate by parts and choose sin x- as- the second
~ function.

/2 J-II:IZ

Therefore, I, = [x (—cos x)] "1 (—cosx)dx

w2 g
=0+n _[0 x"7 cosxdx
Again integrating by parts, we get
1. nl2 < (RI2 n-2 .
I, =n {x" 1smx}0 ~n(n-1) Io x" % sinxdx
' \n-l . '
= I, =n (g) —n(n-1)1,, -
R.H.S. contains 7% Therefore, putn=3 |
2
371: /2
I, =3 (E) ~321 = — 6]” x sinx dv
2
3;
= i —6{x (—cosx) +sin x Y52

2

SEa)

= 2 (r2-8) which is true.
4 _
Hence,n=3. ’

jsmx

Let/= -”jz f(%) f(— - x)



3.46 Calculus _ (5
. (= : s _ 1.2. Itis given thatf(x+ fON=fx)+y E
12 x sm(—z—_—x) : ' Putting y =0, we get f(x +£(0)) =f(x)+0
- J'—;_—n_——dx 1) =f() ‘
0 ‘ (—2— -X ) Now, using the property,
) . 2a a . . a
_ "_-I[ZZSinxcosxdx B [f@ae = [f@ax + [ fa-x)dx, we get
: x( —2x) ’ 0 -0 0
. : 2 : 1 i
z”jz sin2x , jf(z—x)dx=jf(2—x)dx+ jf(z-(z—x))dx |
0 x(;—2x) _ 0
_ _ I
=>Letix—t = dtz2d.x =J-f(2 - x))dx+jf(x)cbc
sint dt sinf 0
’ ﬁl:{t 2 a1 1
20 . = [ra+xan+ jf(x)dx - 2_] f@dx
. _ 4 0 0 S0
= %J.sint G"’ﬁ)d’ : Alternative method
A '  Itisgiventhat/(r+/0)) =f() +y
=le’”dHl sinz_ ., ' , Putting y =0, we get £ (x+£(0)) =1 (x) + 0
Tt mp@=h ‘ =f:+1)=f()
=1TSiLtdt+lT sin(r —¢) dtl ) =>f(x)1$penodlcmthpenod1
Ty L nyx—(n—1)
Now, I= j f(2-x)dx
1 Esins 1 Esint 2 rsint |
=;.([Td ;o_t—dt n-j—_dt Puttlng2 x= tweget
. o . - C 1 :
. Eﬂjzf(x)f(f—xjdx _ j,s_lgdx - L == jf(t)dt=2jf(t)dt =2[f@dx
25 2 o X , g ;0 o .. 0
. 13. Here,f(x)= ————— >0Vx2>1
10. We have g(x) = j SO 4 . I e/ ) 2 +(f () ZOvE
: = f(x) is an increasing function Vx> 1
Differentiating both sides w.r.t. x, we get ' Givenf(l)=1=f(x)21Vx=>1
g)= L% ( ) @)= —xg®) Hence, /() S —— Vx21
. +x
| ':If(x)dx—=—1xg'(x)dx=—x gl +[e@ar o j Fd < j
0 0 0
‘ ) a a : _ -1 -1
—ag@)+ [ gl dv= [g()dx fas g(a) = 0] =070 2 - a
0 - 0 =>f(x)£tan x+1-Z
x+p ) ' 4 .
11. Letg(x)= J r@ar . o | ::>f(x)<§+1—§— (astan x<E Vx>1)

x .
. Since g(x) is independent of x, g’(x)=0. . _
i.e.,f(x)<1+ZVx21 16

=f(x+p)-fx)=0
= f(x) is periodic with period p. - -+ 14. Givenexpressionis

. P ' : x x
Here, I, = [ f()dt - x[ (1—t)sin(f (©)dt = 2[ ¢ sin(f ()t

0 ' 0 0 .
410 P pH10 , Differentiating w.r.t. x, we get
adly= | f&z= | f@d= I ferds s N
1o 0 [—)sinlf @dt +x(1- x)sinl £ (x)] = 2xsin[ £ (x)]
) _

- | fds = 2
0 I )



= T(l—t)sin[f(t)]dz= X2 sinl f ()] +xsinl f (]

Agam differentiating w.r.t. x, we get
(1-x) sin[f(x)] = 2x sinf/ ()] +x” cos[f )1/ ")
+sin[f(x)] +xcos[f (x)]f'(x)
= 3x sin[f ()] = (x + x%) cos[f ()] f(x)

=cot[f(x)]f"(x)

—3x
x(1+x)
= f'(x) cot f(x) + 1—i;=0

' 1
15 Letd I o (17 +8x—4x*)( ™ +1) ®

Replace xwith2 -x (Property IV)

dx
'([(17+8(2 x)—4(2-x) )8 +1)

2

@
{ 17 +8x—4x )(e_m_")+l) @

Adding equatlons (1) and (2) , we get
2

2= 1 1 )dx
o(17+8x 4x2)\ (@ +1) (e'6(1"")+1

2
‘([17 +8x— 4x

' 1 dx
- Iz_g'c[xz '2x—1—7—
: »4
__1%
8
1
o (x—17%- 4
' «/ﬁlz
x-1-1=
8 21 l J21
DL P P
2 lo
_ |2x 2- «/_l
|2x 2+\/_|
1 Jeg 2=~21|_, 2+Jﬁ)]
Py R W
16.. Letx=I+f=> [x]=I _ : m

[ I r
Now, jo x dx =J-0xdx=7,and

[T s =[xl = Lo de+ P14t

[l u-nd+ [1ax

={1+2+3+-+{I- D} +IT+f-])

-

17.

=0<x<1 or {x}=

Definite Integration 8.47

_Iu-n
2

+1(x-1I) [us_,ing equation (1)]

Given | [x]dx = j(E’fl x dx

I I(I-
I (1-1)

2,
=T=00r2/-2x+1=0

ie,[x}=0 or x—ﬂ I+l
2 2

+I(x-1)

1
=0<x<1 or x=[x]+ 5
1
2

x b
Given F(x)= [ j f(0) dt - j Fi0) dt](2x —(a+b)) O

 As fis continuous, hence F(x) is also continuous. Also,

putx=a.-

. b b
F(a)= -[r® dt](a ~b)=(b-a) [ f(Oat

and putx =b

.
Fo)=| | 1@ dt](b ~a)

a
Hence, F(a) = F(b)
Hence, Rolle’s Theorem is applicable to F(x).

- Jsome c € (a, b) such that F’(c) =0

Now, F'(x)= =

. F '(c)j =flc)[(a+b)-2c

18.

19.

Here jlsih x|dx is the area under the curve fromx=atox
a C ' .

=h. ,

Also, the area fromx=ato

x =a+ mis 2 square units. Hence b—a=4r.

Similarlya+b5-0= 9771:,i.e.,a+b= 97”

a= _75, b= 17z
4 4
17n/4
Hence, Ixsinxdx =—xcosx[/%* + j sin xdx
a ‘ . n/4
= —-l—zzcosl—7z+£cosE =—4—n—2\/57i
4 4 4 4 2
a a+t .
Given | [ f(x)dx| = j f(x)dx Ve R
a—t
a+t
J rooe=- Jf(x)dx (since f(a)
a—t )

=0 and /() is monotonic)
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= fla-f)=-fa+D)
= fla-D+fla+1)=0

=

=

Objective Type § |

1.b.

3.d.

flat=-fla—)=x  (say)

t='x)-a
andt=a—f(-x)

)

@
&)

From equations (3) and (2), (a—f(x)) + (@ — i=))=0

A A
[ £ =2 [ (s ) de=20
22 2 :

lim S, =lim
i H»Lf 2+m
.1 1 1 1
= lim — + et
n—e 1 L E+ Z L n
Jn n n n n

Put*/_—z — dx=dz
J_
= lim S, —I = =2llogz+ h
=2(log2-log1)
=2log2=log4
4n, .
. llmz Jn
" rl«/—(B«/_+4\/_)
_ 1
r— p ] 2
E(]
n n
4n .
§=tim =Y L
: 3,/—+4 —
7 n n
4
{J’(3\/_+4)
put 3z +4=1 =>§-—1—dx=dt
x

bte
I= [ f(x)dr, pittingx=t+c

atc

. . b
= dx = dt, we get [ = j:f(t+c)dt=ja flx+o)dx -

I= [ o) dx

44, jf

.Puttingx =lc=>dx=cdt,

o b b

we get/= cL fe)de= cja fex)ydx
S@= U@+ SR+ [~ ()

= f@e

= 2 U S 1)~ fexn s

=21 S+ e+ L[ (09— ey de
=2 I G e

as f x)+ f (—x)is even and f(x) — f (—x) is odd.

T

/e -1 2

-1 T

= [sec™ ¢ =—

[ L5 >
= sec”! x —sec™! 2=§

—1 T
=8C X— —=
4
~1
=sCc x=

»J‘]/z e"(2—x_
T -x)y1- 2
J.l/ze (1 —-X +1)

-l (1-x)41- -x* | . |
2 | (1+x 1 :
L N: (1-%) Y1-x? de
1/2 '
g ’1+x
1-x

= /3¢

—1

n - -
6.a. J. sin n x sin mx dx
- :

b4
= Jo 2 sin mx sin #x dx

o= f:[cos (m—n)x~cos(m+n)x]dx

Im(m —n)x _sin (m +n)x|
| men

0

min |,

Ta. I= IM

bt

e s it DA S A B




8.c.

=>I=O
Put x =a sin@ .. dx=a cos edo

Whenx¥0,9=0;x¢a,9= %

z/2 acos@d8.

-. given integral J = j m

_ Iﬂ/Z cos 646
sin@+cosf

. COS (E —9) do .
sin (E.— 9) +cos (E —0) )
2 o 2

J-fr/Z sin 6 d6

2
Also, I= I:/

cos@ +sin 6
2
_ J-frlzcos (7] +sm (7] 4o = fr/ 4o = 3
cosO+sm9 ‘0‘. - 2
==
4

9.b. J.:/ |sinx —cosx | dx

el

of

i
AR

=4 . ' ©2, .
= .[o —(sin x—cosx)dx + Lﬂ (sin x —cos x)dx

= |cosx +sinx [7* +|=cos x —sinx']f,ﬁ

11 11
= —+——1—0) (—0 -1+—=+ )
(2 V2 £ 2
=i2—2=2«/§—2'=2(«/§-1)

' x tan x

Secx+c0sx.

: n
10, Let1=j —————dx | M

(r —x) tan (T —x)
sec (7c — x) + cos (r—x)

—x)tanx
ecx+cosx

@

|
T

Adding equations (1) and (2) gives

T tanx

Ad=1 | ——"—
osecx+cosx

sin x
n . .
coS X . sin x
=1tJ. 7 dx:ﬂj 5 dx
0 +cos x 01+cos x
coS X

11.c.

12.c.

Now, from equatlon (1) a=

Definite Integration

Put cos x = z, therefore — sin x dx = dz.
Whenx=0,z=1,x=m,z=-1

. dz
L 2l=r =7
J-1+z _"‘11-+z2

=xitan”' z|!,
=g[tan™ 1 —tan™! (- 1)]

(n n) 27?
=l —4+ —|=—

4 4 4
=>1=i
4

4
We have [(3- f(x))dx=17
; ) _

) 4 4 .
=6~ [f)dx=7 = [ f(x)dx =~
2 2

Now,

-1 2 ' 4 ' 2
If(x)dx=—Jf(x)dx=-[ | f(x)dx+Jf(x)dx}
‘2 -1 -1 4

4 4 ‘
=‘[I f(x)dx-—jf(X)dx} =—{4+1]=-5
5 4

: 1 2
We have jo' e (x—a)dx=0

: 1 2 1 52 .
=>J.Oe xdx=_[0e o dx

1t 1
= ——J. etdt=aj e"zdx,wheret=x2
2J0 0

1 1 2 . .
=>5(e—1)=ajoe dx o - @

, .
. X . . . .
Since, €" is an increasing function for 0 <x < 1, therefore,

2
1< e" <ewhen0<x<1.-

= 11— 0)<je dx < e(1-0)

=>1sj'oe"dx5e, - @

From equations (1) and (2), we find that L.H.S. of equation
' 1

(1) is positive and _[Oe"zdx lies between 1 and e.

Therefore,  is a positive real number.

E(e 1y

_[Oe dx

The denominator of equation (3) is greater than unity and
the numerator lies between 0 and 1.Therefore, 0 < o< 1.

NG

13.a. Puttinga=2,b=3,c=0, we get

oo dx _ . T T
J (2 +4)(x* +9) 2(2+3)(3+0)(0+2) 60

14.c. Givenintegral

8.49 -
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1 dx

(x +cosar)? +(1—cos2 a)
o dx

O(x +cos@)? + sin?

1
1 X tcosax
sin &

tan

0

1 -1 1+ cosa _1 Cosa
= — tan”! —— "= _tan1 =
sSm o sin & sSma

“wal6-5) G
sine [\ 2 2 2 2sinx
e e
5d. I= (1+1)dx— 1+ inx
1 \x 1+ xInx
=[Inx+x]§ ~[In (1 +xlnx)] ¢
=e-In(l+e)
6.b. On putting x = sin 6, we get dx = cos 040

cos6do
(1+sin 9)(cos 9)

_ J- J-coseczede
1+sm 6 2+cot? @

~at
=J'2 d2 where t=cot 9
+

Integral (without limits) = |

_1 cot@
n

V2o

_IL-—_I

2 ETR

L, il Vi-2

e ]

= Definite integra] = — L tan~' 1+ Ltan‘l oo
«/E

\/5
_ T

4«/_ 2J— 4~/_

b. Putting &' — 1 =£ in the given integral, we have

log5 x\/'__—
j?%dx 2j~dt_ [jldt 4jt +4J

; =2[(t—ztan" @”

=2[2-2xm4)]=4—7

8. Putx=tan 0 .. dx=sec?040
When x = oo, tan G=co, .-, 0=n/2

='J-7c/2 tan 6 sec? 92 4o
O (1+tan 6) (sec? 9)

Now changing equation (1) into sin@ and cosf

M

T2 sing dg
=]

» cosO+sing 4
19.a. Putting x =tan 6, we get
x/2 - sec’ 0d6
[x+J;T] 0 (tan@ +sec@)?
12 2]
=l s
O (1+sin6)
=[_ 1 -7:/2__1-*-1—:3
2(1+sin ) 8 2 8
Towr/2 .
20.c. 1= | Stn xdx
o l+sinx+cosx
- "J/-Z cos xdx
o l+sinx +cosx

/2 .
:”21__-_‘. smx+cosx+1-1

o SInx+cosx +1

=20=2 1559
=1=Z _ Ly
4 2°°
101
2b. = [ — ";" -
100 (5+2x=2x)(1+%74) -
_ 101 dx
—i00 5+ 201=x)=2(1-x)? (1 + > ““‘"’)
Co101
=20= | - i =1,
_1003+2x—2x
A1
L, 2
) ' &* -
22.c. f(x)= f(a)— — and fl-q) =
) 1+
- e'“ -1
1+L 1+e"
ea
=f@+f(-a )— =1
1+¢&°

Letf(—a)— acf(a)=1-a
I-a :
Now, ;= [ xg(x(1-x))ax

K4

I-a _ '
= [ 0-9g-a-a-xpa

I-o

= [ -0e(x-xpar

a

25

26.c.

" 27.a.



-« . I
| ex@-xpdr=1,- .. 2

i
N.

n20=

[#4
:3a. Wehavef())=¢e”,g(0)=y:y>0

'4.c.

S.a.

a.

Fo= [ 1 - »g()dy

= fy Ty o

= e‘j;e‘yy dy
(]l o)
e (e [eT,)

= e'(—te_t —e"+1)
=e'—(1+9)
(%)
I= Iz cos(exz) 2xe* dx
0 o

. 2
Put & == € 2rdv=di
/2
== J-costdt—[smt]l/ =1-(sin1)
1 .
1445 )
2 1+ =
j X log(l +x ——)dx
2 1
1 x° -1 +;—i“
1+45 1
1+—

Putx— — =t¢ (+—17)dx dt
P
+1
Ifx=1,t=0,and x= 52 , =1
=1= jln(”t)dtptt tan§ .. di=sec’ 00

. 1+2

n/4 -
I= j In(1 +ta.n9)d9—- = logeZ

.c. As f (69) satlsﬁes the condltlons of Rolle’s theorem in [1,2],

fx)is cpntmuous in the interval and £ (1) =1(2).
Therefore, [ £(0de=[f W = /@)- f) =0

2
3f .4 x axt+1
_ -tanl2 +tan™! - 1dx
STV x*+1 x _

N -
0 4 X Sax°+1) -

= | |tan” —+tan”' —— |dx
-1 X4l x

: 2
3 rxc+1
+ tan™! X +tan~! /
0 X+l X,

28.c.

29.d.

30.b

31.a.

Definite Integration 8.51

. .
={ _Z Tk
-2 2
SRR
=l—-—x]| +]=x
2 13 L2 4

=7
The polynomial function is differentiable everywhere.
Therefore, the points of extremum can only be the roots
of the derivative. Further, the derivative of a polynomial
is a polynomial. The polynomial of the least degree with
roots x = 1 and x = 3 has the form a(x ~ 1) (x=3).
Hence, P'(x)=a(x—1) (x-3).

Since at x = 1, we must have P(1) = 6, we have

P)= [ P()dr+6=a [ —ax+3)dv+6
_ , ) |
=a(x——2x2 +3x—-‘}-)+6
EN 3

Also, P(3)=2 s0 a=3. Hence, P(x) =x° — 6x* + 9x+2,
Thus, jp( yar=t2:24p219

4 2 4
Since *1, — 2a12+13 0 '

= j (@a—x) f(x)dx =0

Hence, no such positive function f{x).
mf2 '

. I= [ Janxdx . o )
. 0

2

== chot d - _ )
Addmg equations (1) and (2) we get

20= j (Vianx + Voot x ) dx

2 .
— \/5 smx+cosxdx
"“ Vsin 2x

sinx +cosx.

_J_j'

0 \/1 —(sinx— cosx)

- \/5 dr
!Nl—tz
bt

(where sin x —cos x =1)

fl
(S}
5
T




8.52 Calculus-

-32.b.

sint smt
= ——j —dt= J

But given j—— dx=F (x)
X

€ sint
= j—dt
5 ¢

=F(6)-F(2)

, Jloot_l(l—x+x2)dx

—j (1 —x+x’ )dx
—j (l)c+x((11 J;)))dx

- j; tan™" xdx+j0 tan” (1 — x)dx

- j;tan_l xdx+j;tan—‘[1—(1—x)]dx

33.a.

34.a.

35.c.

= Zj'ltén"xdx =1=2
0 .

Sr/4
Letl=
3n/4

4
smia N2COS| Xx——
- 4
I= | ———%dx

(sin x+cos x)

x—7/4 +1 dx

x—1/4

-3n/4 +1
. 3

Puttmgx—z=t = dx=dt

N j ZCOStdt . M
x e +1 o

Replacing ¢ by 7+ (—m) £ or -, we get
_ J V2 cos(—t) gt = J- ¢ ;2 co.st
el ~ +1 Loe+l

Adding equations (1) and (2), we get

dat )

(4
2I=-2 j costdt = I1=0

-
fe-a)=f2+0)
= function is symmetric about the linex=2. .
2+a 2+a
[ feyax=2 j f(x)dx
2-a 2

Since € is an increasing function on (0, 1), therefore

m=e"= 1, M= ' = e(m and M are minimum and maximum

values of f(x) = & in the interval (0, 1))

—1< € <e, forallxe(0,1)

1 .
=1(1=0)< [’ dv<e(1-0)
0

1
=>l<‘jex2dx<e

w4 . |
36.a. I,= J._”/‘4 In(sin x +cos x) dx
14
= J: (In(sin x + cos x) + In(sin(—x) + cos(—x))) dx
/4 - '
= j: (In(sin x + cos x) + In(cos x —sin x)) dx
nl4 2 .2
= Jo In{cos” x—sin” x)dx
/4 )
= jo In(cos 2x) dx

. R . t
Putting 2x=1¢,1.e., d? =dx ,we get

__1 /2 1 pmi2. 7T
L= Ejo In{cost)dt = EIO ln(cos(g—t))dt

1gniz . 1
= EIO In(sin)de =1, = 1,= 2,

2
COS2 x

!
37.c. Il= I 1+—cos'§;dx
0

n/2 2 _
cos“(m/2—x) i

o 1+cos’(m/2—x)

sm X

= _[ —dx=1,
1+sin? x
' *2( sin®x cos? x
Also I, + I,= f( ——+ . ]dx
. 0 1+sin“x 1+cos“x

w2 . . .9
_ sin? x +sin? xcos? x +cos? x +sin® xcos> x &
: 1+sin? x + cos® x+s1n xcoszx

_Il+251n xcoszxdx =213

2 +sin’ xcos> x
2[1'_—213 =>Il

=I3 $11=12=13

o
8a. X[ fr-1+x)dx

r=19
1 1 1 '
v = [ r@dn+ [ faFdx+ [ £+ x)d
. 0 : 0 : 0
1
-+ f-1+x)dx
o1 2 3 - 2
= [f@dx+ [ f@yde+ [ fEde+ [ f(Ddxt-
0 1 . 2 r-1

+ J f()dx. = j S

n-1

7/2 Sin X —COSX

39.c L= |

0 l+sinxcosx
(T b4
o S 2—x —Cos E_X
=.J. . dx
0 . (r , T
1+sm(———x) cos,(——x)
2 2




x/2 cosx—sinx"
L= J' dx =-
1+sinxcosx

:>Il—0
L=0as sin® x is odd.

e I
__J- (1 a-- x))

"L (2 18)L ) - £0] N

40.c. 1 vy
£ 142+ g(=x)]
(P SE
Tog g(x*/4)[g(x) + g(=)]
_ (as function inside the mtegratlon is odd)
o : )
alb. =042 [F2XSRE j"—iﬂ’;——dx=4——=;¥
01+ cos“x 01+ cos” x 4
a
e [T — )
oy f@+f(a-x) 2
. a & & a*l 7
= lim|—+—+—+-+—|=7
T2 2 2 2|5
e _14
l-a 5
' =5a=14-14a
14
=a=—
19

tsint

. 1)~ | =i Y

Replacing ¢ by 71—t and then adding f(x) with equation (1).

/4 ..
- sint - :
fx)=—= —_—_—dt
T2 J(;\[1+tan2xsin2t

/2

=n sin? dt.
2 2
o \1+tan® x(1—cos”f)
=””/2 _ sint g
o sec’ x—tan’ xcos’ ¢
Lety cost
dy——smtdt
&
= f)= nj
\/7ec x—(tan x)y

)

Definite Integration 8.53

T dy

tanx g feosec?x— y?

1
b4 .-
. {sm 1_ Y
tan x cosecx )y

I

44.c. I= -
_1a2(eF 4 +1) cos_(x - %)

. T :
Putting x—z =¢,we get

1 n/2 dr.

Sp= e | —
\/5_”,2 (€' +1)cost
1 dar

V2 (¢ +1)cost

ni/2

1 L
Adding, we get2I= —= | sectdt
' ’ V2 —7!/2 '

: 1 /2
S I=—F secxdx .. k=
Ly

1
2 2—7:/2 ’ 2‘/5

45.a. Forxe (-%,O), 2cosx—1>0

2
=[= de=£—
: —n:/3'2. 6

7O TR
46.a. (————— )10 x dx

'(|;1+7z:2x2 1+x? }g
wlog(%)dy 7 logx
- g 5 dx

l+y2 1+x%

—

1
= —j og% dy-———ln 4
1+y

47d. f (x) cos (tan™'x)

=)=~

sin(tan™! x)
1+x°

1
=1= jx f"(x)dx

= /@0 - j f(x)ds (Intograting by parts)

=l WI-17 )] g
=f M)-f(D+10)

Now f(0)=1; f(l)———f f= 7——

::~I=,1v—i—

2«/57



8.54 Calculus
48.a. Givenf'(1)=tanm/6, f'(2)=tanw3, f'(3)=tanm4

3 3
Now, j S SR+ [ () dx

1

[(f ©) T @R

_FOy -y, B0
5 _

-3 (L

Ty +(‘,ﬁ)

=._—-+1.———=_
2 3 3
e -1
49b. | tan” x| logx 1,
3 X 1+x2
e -1 i
X 11+x
1
e -1 etan
=J»tan xdx+(10gxtan x I x
T 1.
=tan_le

.50.b. J: [f(x) + f '_’(x)] sin xdx
- [} £y sinxde + [ f"()sinxdx
= (f(x)(~cosx)f + f ACEE N

+sinx f/(x)lg - j cosx f'(x)dx
=f(m+£(0)=5(given)
=f(0)=5-f(m)=5-2=3

| 51b. ;= J':‘ Jinxdx , putting.( = Inx Jle,dt= ij—xh; |
=2 & dt
= [ Vinxds
= IZ 2t2e‘2 dt’

j e dt 2e——e a

T lsinx
x in]

52.c. J 2 —
) (1 +e )

mf Jsinx| lsin x|
—-| € COsSXx € COS X
=2 [ + dx

COos X

1+e™  1+e

X
J 2 0 cos xdx

o

T

= JZ es“”‘ cos xdx
0

53.d. J:x4 _az- -x dx

. 2

—_— 3 a' g
=l ——1 |+ 'g-[o'x2 Ja? ~x* dx
(Integrating by parts with x> as first function and

x\/a -x* as second function.)

zi2sin2x

54.a. I= dx.Putx=y/2"
IO x+1 ’
=I= nsmydy

0 y+2
—cosyY F cosy :

= - dy (integrating by parts)
(.y+2 )o {(y+2)2 - | |

I= _._.1 +l_
T+2 2

i=j(y —4y+5)sm(y 2)
0 (2y —8y+1)
2

55.a. dy ,pufy—,2=z

== J'
22
56.a. Putting x tan 6=z sin 6 = dx =cos Odz

“7 sin(z)dz=0

1
‘=I=cos 8 Jf(zsine)dz
' ‘tan@
. tanf

= =cos@ I f(xsme)dx

S8l.c I;= =
jl+x j x3(2 x )
InIZ,putl—x3=t
1
=L==|—
2 3'!e‘“’(1+t)
1 ¢ '
=L,j_e_£=i,l
3e01+t " 3e
NS
12 '
o ) sin— sinl-
ssd 1= [ — 2 - gl 2 4

4n-2 _ -2 .
T247 +2 -t 2747 21+(2n—£)

61

' 62.

63.




59.d.

- 60a. =

6l.c.

"Put2m— £=z
2

RS —%a’t=dz, ie,dt=—2dz

Whent=4n-2,z=2n-2n+1=1

Whent=4m,z=2n—-27=0

- _IO sin (27 —z)(-2dz)-
291 14z

_ J-l——smzdz __
z +1

smt
-[ 1+t

I= j”‘m_-’-‘dx
x -
tan 0= dx = sec> 0d0

9 —Z— sec’ 046
tan @

Putting x =
=I= J'

j”/4 20

dé
sin 20
Putting 20=1,i.c.,2d0=dt,

J~77.'/2 t -
smt
/2 Xx
= _j —~ dx
sinx

we get.]=

e e
[anx)* dx = 120" — [ @nx)~ ds
1 1
=L=e— ki,
=L=e-4l,

=e—4[e-3(e-21)]

=9¢e—-24 (v I=1)

1
Putting x= —— ,dx= — ! dy,

1+y’ 1+y)

- wegetly, n= J X" (1—x)" " dx

' 62.¢

63.b.

L) T
“Q+yy" I\ 14y (1+y)

s yn—l e o xn—l
0 (l+y)m+n i 0 (l+x)m+n
Since, I(m, n) = I(n, m)
m—l ’ o xn—l
Therefore, I(m,n)= j —dx= —
o A+x)™" o 1+x)y™™"
We have 1,4, — ZI cos(n+1)xdx =0
oL =1, =,s1,,+1 =] =-=l, = =I=nforalln20
sin nx — sin(n — 2)x =2 cos(n — 1)x sinx
. 3 2
= J‘semx jZCos(n l)dx+Jde
sin % :
w2 . wf2 Comf2 .
TR g pcosandie | g
o Sinx 5 ‘ o Sinx

Definite Integration 8.55

rf2
d= [ dx=

sin3x

e

T
64.a. L= [ (sinx)’dx
0

sinx

oy

n

- i o

= ¢"(sin xﬂo —SI (sin x)* cosx e*dx
0

(1
. 2 7‘ . .
=0— 3(sinx)” cosx e"|0 +3j(2s1nxeosxcosx
0 _ ’
— sin xsin® x) e*dx

1 k2
=0+6 Jsinxcosz xe"dx—?»"‘sin3 xe*dx
0 0
7 . .2 )
= 6J sin x(1—sin’ x)e*dx — 3_[ sin® xe*dx
0

n K )
= 6Ismxe‘dx—9fsinx3e”dx ‘
)

0
=61, -9,
= 10L,=6,
I; 3
I s

65b. I,= j(logx) dx

m(log x)

L= [x(log x)" ] I dx (integrating by
parts)

. € .
=1,=e—m[(iogx)" " dx =e—ml,, (1)

Replacing mlby m-1

L, =e—(m-1I,. ' @

From equatlons ¢)) and (2),wehave I, = e—mle—(m-DI, ;]
- =L —m(m-D), ,=e(1-m)

I
=2 -+ml, ,=e
-m

=K=1-mandL=
66.a.

1
m

Fig. 8.17

The graph with solid line is the graph of f (x) = {x} and the
graph with dotted lines is the graph of f (x) = {-x}. Now



.56 Calbulus
the graph of mm({x} {-x}) is the graph with dark sohd
 lines.

100
J' 100 f(x)dx = area of 200 triangles shown as solid dark
N

1 .
lines in the diagram =200 %(1)(5) =50. \

: 36 0.643
67.c. Putx—04=1=> jos{t} dt=j06 i} dt

1 2Y 3
=3J.O(t—[t])dt =3(?) =>=15

68b. LetI= [*[x] /') dx,a>1
Leta=k+ h, where [a]=k,and0<h <1

o R ) de=[71 1 (x)ds + 2 () d
' +--~+J':_l(k—1)f’(x)dx+_[:fhkf'(x)dx

@ —f O]+ 2 B)—f @] + -+ + k=D [ ® —fk— D]
' + k[t B)—f(R)]

—f@)+ K (k+h)

+f([aD]

=)~ ~f®)
=[alf(@-[F(D)+f@)+--
' 2nr

J- [costldt + I [cos t]dt

2nw

X
69.c. I= j‘[cost]dt

) 2nr+wl2
=n j [cosrldt+ | [oostldr+ j [cos]dt

2nm 2nn:+—

=—nx+0+(x—Qnar+ m2)) (-1)=-nw+2nm+ w2 —x
=(2n+ l)li'/2—x

7i2 T 37:/}/. .
+ )
t i . 2n

Fig. 8.18
- 1 dt X dt .1 dt
0.a. = = *
70.a. f(x) -£1+|x—t| -([1+x—t j.l-—x+r
X
. 1 1
= - b =0
Tle. f(x)= J(— L
1+ :
. 4 1 d
x
dx _ |
Nowg(x)=—= Lt Fig 8.19
wheny=0,i.e., _[ =(0thenx=2
d1+t

Hence, g'(0)= V1+16 = W17

, . .
T2b. I= j (x(3+x)(4+x)(6—x)(1(_)—x)+sinx)dx) )

F N

J(6 %) (3-(6-)(4+(6- x))(6-(6-x)

(10 — (6 — x)) +sin(6 - x))dx

[ 8]

4

= ((6—x)(x'—3)(10—x)x(4+x)+sin(6-$c))dx )
, .

Adding equations (1) and (2), we get
. _

2= [(sinx+sin(6-x))dx
A _ _

= (—cosx+cos(6_—x));
o =—cos4+cos2+cos2—-cos4
- = 2(cos2—cos 4)
= I=cos2—cos4
dc . 4, . -
73.c. Z=sm l(sinf) cos t=tcos ¢
a'y sinz 1 _ sint dy  sint tant

' an @ _ _
T d i 2 dr 2ercost 28

T4, f(x)=cosx— jo (x—1) f()dt

= f(x)=cosx— xjo f@dt+ jo FOd
=5 () =-simx—xf (x) - X F@dt+3£(x)

= () =—sin_x—j: f@)at
= f"(x) =—cosx—f(x)

=f"(x)+f(x)=—cosx

cost
756 fi(x)= j f(t) vl
= 2f(x)f’(x) fO)gom (differentiating wit.
using Leibnitz ruie)
= 2f'(x)= cosx [as  f(x) is not zero everywhere]
_cosx ’
= ZIf (x)dx—12+smxdx

= 2f(x)=log,(2 + sinx) + logC. |
Put x=0 we have 2f(0) =log2 +logC, or logC=-log2

=[x )——111(2+smx) x#nm,nel

1

76.a. hml[j sint gy 4 j " gsin 'a’t]—lm—— 7 it

x>0 xLYy . x—>0x

-1

8



Apply L'Hopital Rule
esinz (x+y) (l + %) _esinzy %
= lim —
x—0 1
— esinzy [14_1}1_9'_}1] — esinzy
dx dx

T £ Lx—et—dt =f(1)=0 andff(x) = %

78.a.

79.b.

Let g(x) =f(x) - In(x), xe R*

, 1 e
=g@=r®-_=
= g(x) is increasing forx € R™,
g)=f(1)-In1=0-0=0
=g(x)>0Vx>1andg(x)<0Vxe (0,1]
=hx2fx)Vxe (0,1]

X

>0 VxeR"

]‘ f(o)dt = x+_l[§f(t) dt
0 x

= ii—U f(t)dt) - i(x +.1[§f(t)dt)
&\ a\" T
=f(x)=1+0~-xf(x)
=f)=1-%)
U e
=fx)= =1 =f1)= 3

{using Leibnitz’s Rule]

[L 2f@ydt=1-cosx
COsSX R

Differentiating both sides w.r.t. x

1
4 J’ tzf(t)dt=—j;(l—cosx)

e

sl

Cos x
= —cos? x f(cos x) (—sin x) =sinx
= cos’ xf (cos x) sin x = sinx

=f(cosx)= ——.
cos” x

B B
Now f 7 i attained when cos x=—.

4
f(if_-)= ?=5.33

(-

J(x)

| #dt=xcosm , ' Q)
0
A )
= — =X COS Ix
0
= [f(0)] =3xcos mx : - @ _
=[O =-27 | |

81.b.

Definite Integration &.57

=/(9)=-3

Also, differentiating equation (1) w.r.t. x, we get

P Sf (x)=cos mx—x 7 sin 7x

=[fOTf ©)=-1

Givenxf(x) =x+ Lx f(t)de

C fE)Fxfx)=1+f(x)

82.c.

83.d.

84.a.

85.b.

= f(x)=loglx|+c¢

=1 = f@=loghl+1

—feh)=0

Givend= .lfo‘Z 2-x dx;B= jxs" 1-x)% dx

In4, put_x:2t=>_dx ='2;1t 7' "

— A= 21./“2 50 450 950 1-1)® d( . o
0

1/2 ) '
Now,B=2 [ x® (1-x)* dx )
: .

‘ 2a a
[using Jo f@dx=2; s if fa—2= f(x)]

-From equations (1) and (2), we get*

A=2'%p

The given integrand is a perfect differential coeff. of
. :

H(x+r)

r=1

n .1 ) .
=]= [H(x+r)] =(m+1)!-n'=n-n

r=1 0
207 ’
J | sin x | [sin x]dx
207
20n

= |sinx [ (fsin.x] +[~sinx])dx
0 ’ i

. _
=-20 [ (sin x)dx =20 (~cos x)g =20(-2) =40
0

, |
[ f(x) dx -(b-a) f(a)

b b
[f()ax-[f(a)ax

-
[(r) -f(a))dxl



8.58. Calculus

86.a.

.2
~sin” x
j dx =
0 .

b

< 1/ (x) -1 (a)lax

a

o

b 2
< [ix-aldx= j(x—g)dx= @

a

On integrating by parts taking sin? x as first function and

1 : .
—5 as second function, we get

. 1 -
sin® x(——) -
X/

I 2sinxcosx(—-l)dx :
0 X

xZ

" Noi, lim'sin® x(—l) =0,and

X—roo X

.2
. sin®x _
lim

=0 X x—)O

= sin? x sin2x

Thuj dxoj dx

JC

Now, put 2x=¢, then dx = dt/2

87.b.

88.a.

89.d.

L EJ-«’ sinx. _lJ-w'sin3x

J-w sin2x ~sint dt J-wsmt

dt J smx
0¢/2 2 0

0. x

3

g 3 . 1.
sin” x= — sinx— —sin 3x
- 4 4

-3
~sin” x
dx

x

dx

ﬂ’id ( =3x)

_ onsmx

-4f;

x - 27 x . -
I= _jo [sin¢lds = _[0 “[sinddr +_f2m[sm tJdt

. r_ X . ..
= nIO [sin¢]dt + Ln-n [sint]dt (as [sin x] is periodic with

. period 27)
=-ng+0=-nx )
. . 16 ‘x6 : :
J f@de=| ¢ F@de+=+ 7+ a
11 1
Forx=1, J.f(t)dt—0+8+3+a=§+a

Differentiating both sides of equation (1) w. rt x we get,

CfO)=0—xf(x) +2x" +24°

2(x1 +x°)
1+x?
1x1° +%° 11

dr=—"—+
0 1+x° 24

=fx)=

2

1
= 2j (P =x 2 =7 +x5)dx=-1—1—+a
0 , o2

1 1 11 1) 11 -
=2 —_—t———+—=|=—+a
(14 12710 87 6) 24
167 :

840

90.a. Letn<x<n+1wherene I

I= Iﬁdt—JZ{‘}dt+J‘2{t}dt

n

- nIZ{’}dt+j2{'}a’t
= nf2'de+ [2 " de

12‘

2" 1n2

2’. .
,ln2

n
= Q-+ 2% 2"
- @D+ 2( -2)

n | 1 Q-
=4 )
In2 ln2( ‘ )

_[x1+2% -1
. W2

5 3 -5
o1b. [ f(xDdr=[ f(xDde+]f(x]dx
3 -3 3

' 3 . 5
= 2I f(x)dx+ I f(x)dx .
0 3
S N
= z[jf(x)dx{r_jf(x)dx+_[f(x)dx},
0 1 2
4 5
+ U f@dx+[f (X)dx]
3 4
_2(0+1+22)+(g+§)=£
. 2 2 2 2) 2
f@=f

) Jcotx dt
- (1 t) 1(1+1%)
1

cot x(1+cot® x)
=tanx—tanx=0 »
= f(x) is a constant function.

AT .
f(])‘.[%(l_,_tz)'*,[ét(l'”z)

L
= L%dt =i, =1

92.c.

,, < . tanx j '
= fixX)=—"7 sec? x+ (—cosec2 x)
1+tan” x

93.c. Inl,,putx+1=¢, then B
02 282 +11t+14 2 2x% +11x+14

L1, 42 ,dt: 2 x*42 .dx




94.b. Il - j sin?s

95.b.

96.b.

= jjzxf(xz)dx =2 % 2 (%)

%8 +3x° +7x* +2x? +11x+14dx

x*+2
‘[2 (x* +3x+7)(x +2)+5x
-2 42

s hth= .[2

dx

—j (2 +3x+7)dx+5j_zmdx

100
=2 (2 +TNdx=—
[[e+7) 3

(The other integrals are zero, bemg integrals of odd

functions.) "

1+cos?

3f (x(2 - x))dbx

l4cos® ¢ .
=l @R GQ-dx=2L-1,
= 2=2,= L LI

2
. .
I= jo f(0)dt ,putt=x*
= dt = 2xdx, then
1= 2[5 (P ds

From Lagrange’s Mean Value Theorem

Jo 20 x| 23f (6*)ds
2-0

=2yf(y*) for some

_, {2af(a2) +2ﬁf(ﬁ2)}
' . 2

(where 0 < B<y<@<2, and using intermediate Mean
Value Theorem.)

3
I= st {x""}dx 0y
-3
Replacing x by —x, we have I I x {= —x!! }dx (2)
-3
 Adding equations (1) and (2), we get
3 3 »° 3
2I= j B (! + =) e = 2jx8dx = 2(—9—) =237
3 - 0 o

97.b.

' Integrating w.rt. x, we get

= [=3"[as {x} + {~x} = 1 for x is not an integer]
1

-X

x2 I3
B e Rt IR
)z‘j)S=]n

LetS' =1+x+x*+x>+

172

0

= k-

1 l®=-m2
5 2(S) n

ye©,2)

98, 129 - 7= f(-;fj - f(i) .

99.b.

100.c.

veitie meyiduuil. 0.9

A2)

fx)is contmuous)

22
So, whenn — o = f(2x)=f(0)
i.e., f(x) is a constant function.

-

=/0)=f)=3, [ f(f(x)dr= [3dx=6.
1 -

[x]=0,vxe [0,1) 1

Forxe [1,2),[x]=1

[x] 1 . [ [X] ]
LVxe[l,2)= | —=|=

1+x*  1+x° 1+x2

Forxe [-1,0),[x]=-1= [x] _ 1
o . 1+x2 1+x2
“Clearly,2>1+x*>1,Yxe [-1,0)
S 2<1=>—12_v12>_1
1+x 2 l+x

=>[ [x] ]=_1 Vxe [-1,0)

1+x?

: : 0
Thus, the given integral = —I dx=—
-1

&)= jf(t)dt

g(x)= j f@ydt= - J f(-tydt= jf(t)dr as /() = @)

= g(—x) 200, thus g(x) is even.

x+2

j f@dt

24x

j f(t)dt+ j f@)dt

It

Also, g(x +2)

=g(2)+ j f(t+2)dt
DA

= g@)+[ f()at
0 .
=£()+2() |
2 1 2
Now, g(2)= j flydt= j S@drs j Syt

1

= f(t)dt+ j Je+2)dt

[~

1

j f(e)de + j f()dt

I F()dt=0 as £ s 0dd
_l .

- =g(2)=0=>g(x+2)=g(x) = g(x) s periodic with period 2.

=>g(4)—o=>f(6)—o g(zn)—o ne N,

2nm

101.c. .f|s1nt|dt J[smtldt+j|smt|dt

2nw
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T . X .
= 2n|sint| dt + | sintdt (asxlies in

-0 2nx
either 1% or 2™ quadrant)
= 2n(—cost)§ +(—cost)3,, =4n—cosx+1
| [t -1=x<0
_J 4
102.c. f(X)_W 0 .
' [~tdt+ e x20
\—1 )
_ l(1—_;x2), -1£x<0 -
= J 2 ’ ’
1 2
—(1+x°), ~x=0
L2( )

nw
.X+——

103.b. g(x+—2-)— j(|smt|+|cosz|)dt

nr

x4—
x 2

= [(sint|+|cost [dt + | (sine|+|cost[ydt
0 .oXx

nn

=gx)+ I (| sint|+]| cost l)dt (as |smt| + |cost| _
0 has a perlod 7d2)

=50+ 5(7)

y

104.c.

Graph of y = cos (mx/2)

1\V4

Fig. 8.20
1 .
From graph, J [x [1 +cos %:I + 1] dx
-2
-1 1’ .
= J[x[l+('—1)]+1]dx+ j[x[1+0]+1]dx _

—(x):;+j[x+1]dx -1 (—2))+ j0dx+j1dx 2
.o=1 -1

105.b. I = j_a(cos' x—sin J1-x )dx

0 -1 ra .
= cos™ x dx+A——2J'O sin

-a

1-x%dx

= J: ‘(7r - covs'vl x) dx+ A-24
_=a7r—2A=>/1=2

106.b.

107.a.

108.b.

109.b. I,

=2(b-a)® j 2 "0 cos® ode

=[ sm4t+4+411:| {hm sm4x=-4}
t -0 . x

C sin 4t.

I=b11—a{— +4+41,}

Putx = a cos? 0+bsm6=>dx 2(b -
then

j (x—a)3(b—x)4dx

=2(b- a)j (acos 6 +bsin’6—a)’(b—acos’ 0
: — b sin? 0) sin 0 cos 649

‘a) sin cos 0de,

~2(b~a)* jo sin’ (1 —sin” 6)* cos 646
;2{b;a)8 j;ﬂ(l—xz)“dx
=2(-a)* [ ¥ 1-)'ax

1 o
=2(b—,a)8 j x.7(I—4x2 +6x* —4x6 +x%)dx

. ) _ 8
= 2(b~ a)[ 4,8 4+—] (b-ay
8 10 12 14 16 280
. et 1 .
I—bJ‘0 ;cos4xdx—a Io —z—sm4x#

X

=blj—aly"

1
b= [, — sindxar

;={[—lsm4x];+4j °°S4xdx}

a sin 4
t

¢ 1 .
=(b-4a) jo ~cosdxd+ ~4a

a sin 4t
t

-1

Therefore, (b —4a) J: 1 cosdxdx=4a-1
x

L.H.S. is a function of ¢, whereas R.H.S. is a constant.-
Hence, we musthave b—4a=0and 4a—1=0.

1 : - 1 ’ ¢ .
e log,(1+)dt= [log'e(1+t)e"]:)— J'e— =elog 2~
0

n/2

~L= j (cos6—sin 26) f(sm0+cos 0)do
Put ¢ =sin 0+cos20=>dt (cos 6—sin 29) do

1
L-L=[f@©dt=0
1




" 110.d. Wehave f(x)= J sinx df 5
-1sin? x-+(t —cos x)
sinx t—cosx ' |
== tan"' (-—-)
sin x sinx Ji4

-1 1—cosx 4 [—1—cosx
= tan - —tan~ | ———
sinx J sinx

=tan"! (tan x/2) + tan™! (cot x/2)

/4
—2", x>0
Now, we know that tarn"l x+tan ' == .
——, x<0
X 1 % tan-J2£>0
=>tan’_‘(tan—2-)+tan“ —1=1"
2 “a

Hence, range of f (x) is {_.725 E}

2 nw

v Y
. Let4= lim [tan tan———tan——]
n—yoo

2n ~ 2n 2n

s logA= llm lo tan—-+lo tang-r-
8 & 2n 8 2n

B log tanﬂ]
2n] -

= hmz logtan——flogtan(2 )dx

n-es 17

2 .
==2—j” log tan y dy §))
w0 :

[Putting %n’x =y - dx=(2/n) dy]
n/2
. Nowlet I = -[o log tan ydy

/2 1 i
I j—-jo log tan En’ -y |dy (by Property IV)

nl2
= Io logcot ydy

oml2;
='—j log tan y dy =—1
orI+I=00r2I=00rI=0
. from equation (1),log4=0 .. 4= e—l

12.b. Dlﬂ'erentlatmg, we getf™ (x) =f(x)
| jdf (x) =[x > Inf@=x+c= @)= 4 0y

= [f (x)4x_= [ dedx =f()=A4¢+B @

Now, f(0)=1=A4+B=1

: .
“ L E=f@+ [(4e” +1-Adx

113.b.

114.b.

115.a.

116.a.

117.c.

118.a.

WCHIIG HIGYIAWA L wews

Aef‘=(Ae"+1—A)¥i(A’e‘+(1_A)x)|(!) e
=>1—A+(Ae+1—A—A)'='0 R

= Ad(e-3)=-
=A=——andB= _ 2 _lze
-e 3—e 3-e:
4 l-e_S5-e
=floed) =323 7.
[ rooar= w(x)]a [ xf e o)
Now, putf(x)=t =~ x=1" (1) ’

and f* (x) dx=dt and adjust the limits

Therefore, j f)dx=[bf (b)-af (a)]- J‘f ®

o
by (1)
f()

[ (x) dx=bf (B)~af (@)

f(a);
f(g(a+ﬁ—x)
e

f(%) A,
= A5) " ) )
1 b —4ac

»1=1(p-a
2 2a
(- f(x) is even function = &+ f=0)

f()()()(“)

=logy= Zbg( )

2 [ e+

R
i
9'-—.1:.

= lim y = lim y = jlog(1+x)dx (k- l)loge(1+k) k

Whene<[x]<e 1<10g[x]<2

when € <[x]<e 2<log[x}<3
8 10 -

o frdx+ [2ax=9

2
Letg()= [ f(t)at
. 0

Now T f@)dt=g(2) _2@-2) , 20-2(0)
0

2-1 1-0
=g +g(B) -
—3[aif(a3)+ﬂ2f(ﬂ3)]

I= j £ (g(x) gl -x)] dx

= —jf(l ) g g1 =x)] dr
J I

=20= | f@-f(1-0]g@-g(1-n)]dx<0
| I& E=
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Multiple Correct’

Answers Type

.a,b.
1 1-
fx)=€+ jex f@) a’t=ex+ke"wherek=jf(t)dt

a,d.
fo=

Also, f* (x)—-

0 0

c.._...-

k= (¢ +ke')dt =e+ke ~1-k

-1
—-e’

No

N

, thus f(x) = € (1+ —:) =

1
Obviously, fO)= 3. <0

x

<0foere R.

Hence, f(x)is a decreasmg function.

L -
Also, J- Jf(x) dx

X X

1
3 = >0Vx>0=f(x)= >——,Vx21

1+x® 1+x2°

=>jf (x)dx>j

=>f(x)>tan x— tan11=>f(x)+7r/4>tan x

a,b,c.

a,b,

Fora<0,
given equation becomes

2
[G-a)ax=1= aS% =a<0
0
For0<a<2,
2- - _' a 2
flx-ajaxzt = [@—xdx+ [(x-a)dx 21
0 0 a .
a2 .az )
=>—2—+2—20+?21é:.a2—2a+120=>(a—1)220
Foraz2, '
3

2 2 . .
flx-aldsc21 =>J(a—x)dx21='->2a—'221=>a25
0 * )

=a22

b .
We know L | sin x | dx represents the area under the

S.e¢.

curve ﬂ'omx atox=bs. We also know that area from
x=atox=a+wis2.

Llsinx|dx‘=8 =>b—a=8—;:— _ )

Slmllarly,I |cos x| de=9 = a+b-0= 9: %)

From(l)and(Z),a—— andp= 177

:>v|a+b|= %,]a—bl=4ﬂ? ;=17 and

. th o
Obwouslyj sec” xdx #0

Letf(x)= V3+x°

Clearly, f(x) is increasing in [1, 3]
=>Tﬁe1wstvalueofthe function, m=f(1)= V3+1’ =2
and the greatest value of the functlon M=f(3)=V3+ 3}

3
Therefore, (3~ 1) 2 sj«/3+x3dx <B-130

Here, 4< j\/3+x dx<2J_

6a,bc

7.a,b.

go)= [21at .'
7

(j-—tht, x<0 -
= 42 ‘

jztdt, x20
" e

f 2 x

-], x<0
[T
L[tZI , x20
—xz, x<0
xz, xZOV '

= xi » '

Clearly, continuous and differentiable atx=0 -

, —2x, x
Also, £¢)= 2x, x>0

0 N :
which is non-differentiable
atx=0.

, g
fx)=x|—dt—€*
1 t

x X t
=>f’(x)=xe—+J-e—dt—e"
-x 1t

10.a




=fx)= J'Etid¢>0t’-‘ x€ [1,%0)]
1

Definite Integration

" Now given that J-;[f(x)]_ldx=~/z ":>f(1)"=\/§

. . . = From (1), lU(1)12=1+c =c=0
= f(x) is an increasing function. 2
8.9,¢,d. = f(r)=+2x
e j 2x% +3x+3 Butf(1)= 2 = ()= V2x =f(2)=2
0 (x+1) x +2x+2) Also, /(x)= 1 SF)=12
La(? +2x+2) = (e +D) Vax
X X x 3278 372
= 1 _ R g )
, { (x+1) (x? +2x+2) Iof(x)dx—f()@dx—[ 3 L— 3
1 1 : 2 )
= dx Al )= =— 1(2)=2
' }[( x* +2x+2) o so,f‘(x) D) =f7Q) -
11.b,c. '
= [2log(x+1)- tan—‘(x+1)] e
I= :
=2log 2 —tan” 12 +tan"'1 ) ~'£1+x4-
o) 2
=210g2—tan"2+ ~= =J‘fll__x_dx
4 . 1+xt
T ) 2
=log4— (——cot 2) — =X i VX k=1 +1
2 4 ‘(.;'1+x4 ‘([1+x4 1
_=_%+log4+_cor‘2 o Lz—l
. S  2-1 12=1|; ;‘+72dx,
: = —tan" —+Xx :
»_Fromequatlon W), I 21og2 tan™ T+2x1 2
=210g2—tan’1% Put x+TY
=2log2—cot?3 =>IZ=J —dy
9.a,d. ' _ e
An+l—An ’
ni2 . . =>I j j
sin @n +1)x —sin 2n-1Dx 1+x 1+x
sin x . Addmg equatlons (1) and (2), we get
0 1
. o0 T 1
/2 1+ x%dx 7t 1
= j 2cos2nxdx=0 =2I= 2 =I ic dx,put x—— =y
o 1+x 0_2_+xz x
x
= A4 +1=A oo -
n ) n © dy 1 a4y P
B -B = 2= =[— 1 2 ="
" e 2 o 2 _'[,J’Z'*'Z V2 V2 2
sin® (n+1)x — sin” nx .
= ~ o - dx T
0 sin® x ' ﬂl:m .
”jz sin@r+Dx 12.3,b,d. |
o smx Given that ()= _[|t 1|dt
=An+l '
10.a,b, c. 1 =f()= j(l-t)dt, 0<x<1
. :
)= f()———-1 -0 =f(x)f()=1 o
1oL 7m® 7@ 2
: 7 =x—- —
=>jf(x)f(x)dx=j1dx 2

= %[f(x)]z éx%c

1 x
Q) Alsof(x) = j(1-t)dt+j(t—1)dt,where1sxsz
. 0 1 ’

8.63
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2 . Adding équations (1)and (2), we get

1 X 1
= -4 —x+=—=——-x+1
2 2 2 2 _ =>21j1dxba
. :
x - .
x—=—, 0<x<1 . b—a) :
’ =I=|—1=10" ;
Thus, /&)= 1 , | . (2 - (given)
X _x+1, 1<x<2 b—a=20
2 15.a,b,d

( ) l1-x, 0<x<1 S L i :
= ’ -n
fe x—1, l<x<2 _ In:.f—__n' I(1+x) dx
0 o .
Thus, f(x) is contmuous as well as differentiable atx=1.
Also, f(x)=cos” ! x has one real root, draw the graph and

1 -
verify. . a —n—1
For range of f (x): : '(1+x2 )" '([( )(1 +x ) 2x X xdx
x . ) C 0
f@)= [1£-1]dt is the value of area bounded by the curve Lo g
y=|¢t—1|and x- -axis between the limits =0 and £=x. ‘ 9" +2n£(1 +xz)n+l
Obviously, minimum area is obtained when = 0 andt=x o
coincideorx=0. R | Ly +x%-1
Maximum value of area occurs when =2, : ' = o +2n T awHl
hence f(2) = area of shaded region = 1. (1 +x )

- %2—n+ 2nl, —2nl, |
=2nl,,,=2"+@2n-1I,

=2I,= % +1 =% +tantxfy’

=:'12=l+z
48
Also4L,=272+3I,
' - - 1 (1. m\_1 3z
3b,c,d. - —Z+3(Z+§)=Z+'3_
C A a0 e - . 16b,c. |
. ) 2n
i L3 /(0)-frwe
_ nl4 2 n—-2 _ /4 n-2 ' i '_
_J'Ol sec” xtan x dx - jo tan" " xdx hm Zf ) J:f(l +x)dr
= j "2dt -1, , where ¢ =tan x ; e
0 . : . _ 2 2
Y S - =Jr@a=[rxa
IL+I,_,= _ 1 1
n-1 0 - B L
=>1,,+'1,,_2=—1— | - Jim — Zf( )=Jf(x)dx
n-1 ) _ - 0
=L+1,,I;+1, ... areinHP. o o : 2 18
For0 <x < /4, wehave0<tan x<tan"~ o hm Zf( ) jf(x)dx
Sothat0<1n_<1,,_2=> I, +1,,, <21, <1 +I, 17a,5 4 " el ‘
S SPY S SN DS AP | Q=) =@ +x),fG-D) =f4+3)
aab, n+l =l 2nl) T 2(n-D) U= (R = @+ 2-) =)~ )
2,0, : ' S = 4 is aperiod of f(x)
Let/= I S %) o dc o 50 a8 50 .
7@ S ar - [r@ = [r@dc+ [ r(x) ax
=j fla+b-x) o 0 0 p

a fla+b-x)+f(x)




4 2
=12 [ f(x)dx+ [f(x)ax
. , .
(in second integral replacing x by x+48 and

then using f (x) =1 (x + 48))

2 2

=12 (jf(x) dx+ [f(4-2) dx]+5
) >

=12 U S de+ [f(4 +x)dx}+5
0 0 .

2 .
=24 f (x) dx +5=125
0
2448

.46 -2
jf(x)dx=-jf(x)dx+ [ fx)ax
-4 .

=2

~N

jf(x+4)dx + 12jf(x)dx

4+48

Also jf(x)dx jf(x)dx+ j f(x)ds

N

) =fre- x)dx+12jf(x)dx

0
2
= jf(4+x)dx + 24jf(x)dx

0

2

jf(x)dx+ 24jf(x)dx 7
25

Il
—

3+48

jf(x)dx If(x)dx+ff(x)dx |

3

=[£Gy +12 J f(x)dx

N =

(=3

jf(x+1)dx + z4jf(x)dx

#125
18.a, b.

x{eu L
LHS= ] { [ £ dt} du
Integrating by parts choose ‘1’ as the second funciton

{ j )y dt} j flwyudu

=x[ir@a- [ rauds

- —xj £ () du-— j f)udu= j fu) (x—u)du
' ~RHS. .

Definite lntegréﬁon 8.65

~ -
>

19.a,c,d.
The expressionf(x) f(c) Vx € (c—h,c+ h) where k- 0" is
equivalent to L1m f(x)f(c) which equals to (f(c)) because

f(x) is continuous. '
Therefore, f(x) flc)>0Vxe (c~h,c+ h) where —> 0"

a. We have 7= lim -l—ln[(1+-l—)(1+z)...(1+_)]_
mee n n n n

— fim ~ mH(H:)

nsen Gy
="lim —1—2111(1 +—I£) ’
n—en i n

2 , _ o
= [mxdr=[s(nx-Dff =-1+2In2
. l b-r . |
c. Givenf(x)ZO:-)If(x)deO.

b . _ S : , .
But given If(x)dx =0, so this can be true only when .

S a
f)=0.

b
d J. f(x)dx=0 = y=f(x) cuts x axis at least once.
a . R
So, there exists at least one c € (a, b) for which f(c)=0.
20.a,c. '

je"z"‘ dx

Forxe (0, 1), #—xe(-1/4,0)

—1/4 -

-2
e Ve T <l

1 1
=>e4<Iexz" dx<1

21.a,d.
e+ m= ) [ (cos(sint) +cos(cos t)) it
0

a

j(cos(sm 0+ cos(cos 1) dt

(=]

+ XJ' (oos(sm t) +cos(cost)) dt

=f(m)+ j(cos(sm B+ cos(cost)) dt

(- for gx)= cos(sm x) + cos(cos x),f(x+ 75) =f(x))
=f(m)+fx) :

=f(m+2f (‘725) o . g(x) hasperlod 7[/2)3
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Reasoning Type

»
o l

la.

2b.

3a.

- 44.

b .
[etnax

graph at least once, then y = f (x) g(x) changes sign at least

Given that J.l g(x)ldx> = y = g(x) cuts the

b

once in (a, b), hence I £ (x)g(x)dx can be zero.

1=j sin(x —3)dx+j sin(x? +12x+33)dx =L + 1
j sin(x? +12x +33)dx = j sin((x+6)° ~3)dx,

putx+6—— , .

=>12——I sm(y -3)dy=-1,

S +L=0=I=0

o 2(1-x)-1 iy
I= Iot"‘n 1+(1-0-0-x)>

1-2x

= J dx
l+x x*
==
" =1=0 _ _
)= j5 N« sint+4cost)dt
” .
' Sm 4r

= f’(x) = 3sinx + 4cosx, X € [—4—, 3 ]

5.a.

6.c.

These values of x are in third quadrant where both sinx

and cos x are negative.

St 4m
Thenf’'(x)<0forx€ [—4—, —3—]

Henee, f(x) is decreasing for these values of x.

. :5 4
Then, the least value of function occurs at x = 3

an/3 3 1
= i dt=—+4—-—
= foin= -[5::/4 (3sint +4cost) 2+J§ 2.3

G1venf(x+1)+f(x+7)—0 VxeR

Replace x by x—1, wehave fx)+f(x+6)=0 ()
Now, replacexbyx+6 we hiave f(x+6) +f(x+ 12) 0
@

- From equations (1) and (2), we have f(x)=f(x+12) (3)

‘Hence, f (x) is periodic with period 12.

= rﬂ f(x)dx is independent of a if ¢ is positive integral -

a -
multiple of 12 then possible value of ¢is 12.

' i1
x> Vxe (O, %) =$~ef‘>'ech Vx e'(O, Z)

i3
cosx>sinxVxe (O, Z)

) xz Xz :
.= ¢ cosx>e smXx

‘Now, j: cos” xdx =0

=&F> > & eosx,>e"zsinxvxe (0, %)
=L>1>5>1,

- 2 ‘ N
7a. Letl,= [ =" dx. Then,
™ Jo sinx
T
sSinx

= j:ZCos(Zm——l)xdx

2
= w1 [sin@m-1xJ§ =0
I,=1,  foralime N

?}]mz m_1=1m_2=....=11
rsin2x r
But,[; = -[o pr d-X=2jo'cos./xdx=0.

I =0forallme N

8.d. j: 1—sin? xdx

z -
=jolcosx|dx

nl2 n
= j cosxdx+I —cosxdx
0 nl2

=1+1=2

Hence, statement 1is false
However statement 2 is true. .

9.b. LetI = J.o cos” xdx.

Then, .
. .
I= 2]0 cos” xdx [ cos” 2m-x)= cos” x]

[ cos”(w—x) = —cos” x]

=1=2x0=0

10.c. Statement 1 is true as it is a fundamental property.

(See mtegratlon of odd and even function.)
Letg(x)= j f@ydt
If f(x) is an even functlon

 Theng(-2)= j fyar
=- j Sy
= -jﬂ f»
E —if(y')dy—jf('y).}zy

#-g(x)

Hence, statement 2 is false.

W

11

1¢

1!

1



11.a.

il.c.

13.a.

14.c.

15.a.

Statement 2 is a fundamental concept, also we havef(2—a).

=f(2+a)
2+a 2+a

[ rwax=2 | fdx
2-a 2

Both the statements are true independently, but statement
2 is not a correct explanation of statement 1.

To prove jb fx)dx= Ibﬂ
a a+

Putz=x—c, thendz=dx

Whenx=a+c,z=aandwhenx=b+c,z=b

b+c b b

L 7T famoax= [ Sy de= [ f)dx

Thus, statement 2 is true '

rb b+c

[ reya=[,  fx—c)dx

Putﬁngf(x)=sin1°°xcos99x,d=0,b=7£,andc=— 2 ,wWe
get : : 2

fx-o)dx

T
Io sin'% x cos” x dx -

nl2 . o T
=I sin'®l x + = cos?| x+ = |dx
-/2 2 2

nl2

100

=- CcOS
-[—n:'lz o

=0

xsin® x dx’

[ cos'® x sin® x is an odd function]
b b : ’ '
Ixf(x)dx_:'j(a+b—x)f(a+b—x)dx

b

=(a+b) Jf(a +b - x)dx rxf(a +b —x) dx

Therefore statément 2 is true only whenf(a+b—x)=f(x)
which holds in statement 1.

Therefore, statement 2 is false and statement 1 is true.
Let g(x)= jxf (¢) dt —'jbf(t dt,wherex € [a,b]
jf@ﬁmmg =Kf@ﬁ

= g(g(b) = (j 1) dt) <0

We have g

. Clearly, (x) is continuous in [a, b] and g(a)g(b) <0

16.d.

It implies that g(x) will becomes zero at least once in

[a, b]. Hence, j f(t)dt —I f(¢) at forat least one value
ofx e [a, b].

Hence, both the statements are true and statement 2 is a
correct explanation of statement 1.

Obviously, |sin 1] is non-dlﬁ'erentlable atx="m.

x » “sint, 0<x<7®
But jolsintldt= N
j sintdt+j —sintdt, t<x<2xw
0 4
_ —cosx+]l, 0<x<m
{3+cosx, n<x<2w

" 17.a.

" Definite integraton o.o/

which is continuous as well as differentiable at x = 7.

" Hence, statement 1 is false.

For a < b. If m and M are the smallest and greatest values
of f(x) on [a, b]

then m(b — aj < Jb f(x)dx L(b-a)M

orm<

j f@desM

Since f (x) is contmuous on[a, b}, it takes on all intermedi-
ate values between m and M.

Therefore some values f (¢) (a <f(c) £ b), we will have
j fx)ds= f(e) or j f@dr=fleXb-a)..

Hence both the statements are true and statement 2 is a
correct explanation of statement 1.

Linked Con1prehensron

Type

For Problems 1-3
1.d.,

2.a, 3.c.

Seol. .

x 2 2 L
[r@yar= 12—+jt2 f(t)dt
2 x

Differentiating w.r.t. x, we get

1) =x+ )
=) [1+x]=x

=2y

=y’ -x+y=0
Since xisreal, D=0
=1-4/20

= 2’2
2

Also, f(x) i is an odd function, hence j f(x)dx =0

-2
14+ x% —2x2 1-x% :
“(x)= = 20
S 1+x% 1_+x2
=x-1<0
=xel-1,1]
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‘or Problems 4-6

4b., 5.b., 6.c.
Sol.

‘ f(x)=f+]i'e"f(x—t)dt o
0

=x*+ f[e_'("—’) Fx—(x—t)at
!

[u_si}lg [P roas= [ fla+b-nas |

=+ e“XTe’j(‘t)dz ) SR )

0

Differentiating w.r.t. x, we get
X

=f(x)=2x- e_x_[e‘f(t)dt + Qf’fef’f(x)

0
o[ f@dHE
=fx)=2x+ 2. ’ [using equation (2)]

3
=fx)= —)-C3—+x2+c

Alsof(®)=0 - ) [from equation (1)]

3.
=f(x)= f3—+x2

=f()=x"+2x "
= f*(x) = 0 has real roots, hence f (x) is non-monotonic.
Hence, f(x) is many-one, but range is R, hence surjective.

1 1 x3
[redx = I(—3—+x2)dx
0 0
\:x4 x3]1
= .__-+.__
12 3]

For _Problems 7-9

7.c., 8.d., 9.c.
Sol.

) n/2 —
FO)—A jo sinx cost f(f)dt=sinx
© w2
= f(x)—Asinx .[o cost f(¢)dt=sinx
=f(x)—A4sinx=sinx or
f(x)=(4+1)sinx, where 4 =lj:/2 cost f()dt
n/2 -
=A=2 jo cost(A +1)sintdt

= Mrnsin 2tdt
2 0
M4+ [—cosZt]’m

2 2 b

=1

2 /2
= —[ cosx] =3
v 2-2 do

=sinx=(2-4)
—PR-N<1
=-1<A-2<1

=1<AL3
wi2

. jf(x)dx=3
-0

nl2

'zzlsinxdx=_3

= _£—=3
2-A
= A=4/3

For Problems 10-13 ‘
10.b., 11.d., 12.d., 13.d.

’ 10.b. f(x) is an odd function = f(x) =—f(-x) .

p(=x)= | f@adt,putr=—y

S (0= | S0 = [ fOd = [ fOd

—a

+[f@d=0+ [ f@)ydt=9 ()

11.d. Iff(x)isaneven function, then

=-[roa

= —T f(t)dit—jf(t)dt

=2 fOa-[f®d @sf@ism |
0 a :

even function)

Now, [ f@)dt= [ fla-tydr
[{ 0

- j _f(f)dt [using fla—x)=-f&))]
o .

Fo

re

1



= 'a[f(t)dt=
0

= (0= ~[ fOdt =)
= ¢(x)is anaodd function.
12d. gx+ o) +gx)=0
x+20) +gx+a)=0
= g(x +20)=g(x)

— g(x) is periodic with period 2¢z

2k b+e
= [gdt= [ e@dx (= bkcaeinAP)
b b

This is independent of b, then ¢ has least value 20

qt+no g+no :
Bd | g@d-= T g(x)dx+ j gx)dr+ j g(x)dx
' p+ma prmo

[24 q . a
='.—mjg(x)d&c+fg(x)dx+njg(x)dx
0 p 0 .

q ’ o
= [g()ds+(n—m)[ gxydx
p 1}
For Problems 14-17

14.b, 15.c, 16.a., 17.c.
Sol.

14b. Leti@)= [ 2
“14b. LetI(a)= o log x
. Differentiating w.r.t. a keeping x as constant

. dI(a) x? -1
" da jo da(logx x
- ¢! xlogx »
0 logx

f v
- xa+l-.l

a--l-l0

T @+
Integrating both sides w.r.t. a, we get
I(a)=log(a+1)+c
fora=0,1(0)=log1+c
0=0+c

. I=log(a+1)
/2
15.c. LetF(k)— j In(sin e+k2cos 6)do

o

. [from equation (1)]

Definite Integration 8.69
ﬂll—}——-—
o Sin’8+k*cos’@

72 2
o SIn"0+k“cos”0
n/2 )
=2k | _21‘.’__
o tan®@+k*
/2 2 )
06—
=2k gc__i_tan_zedg
tan? 0+k%
ri2

——5 -2k j de

F'tk) = 2k cos’ 646

(Putting ¢ =tan 6)

=2k Leantd 1"
. k 0
=1 - F'(k)=n—kn=mn(1-k)
=S Fl)= ——
1+k

=>F(k)=7tlog(1+k)+c
Fork=1,F(1)=0=c=-nlog2
= F(#)=rlog(1+k)-7xlog2

l1+asinx) dx
l—asinx)—

—2k %+k2F’(k5

' x/2
16a. Letia)= [ lqg(
0
il_ =”j2 2sinx dx
- da

sinx

0 1-a?sin? x sinx

n/2
2sec? xdx

;',. 1+tan? x—»a2 tanz,x ‘
n/2

2sec? xdx.
° 1+(1——al2.)tan2x-

= |
——— (puttanx=1¢
‘([1+(1—-a2)t2(p tanx =1)

= «/l_f_a_z_ [tan‘l (t\ﬁ? )]:

b3

vV1-a*

=I= msin~'a [as I(0)=0]

dx T.
2 (@—cosx) f 2
Dlﬁ'erentxatmg both sides with rcspect to a, we get

_ I —nta
ola— cosx) a2 1)3’ 2

Agam dlfferentlatmg with respect to a, we get

(4
17.c. j
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@ -1

’I’ __7m(1+24%)
o (@—cos x)

Puta= 10 , we get J- & 7—7t

(\/_0 cosx)® 81

For Problems 18 — 20

18. b., 19.d., 20.c.

Sel. :
nl2 ni2

f(x)=sinx+sinx j f(H)dt+cosx I i (t)dt

—nl2 -n/2

/2 wi2
=sinx(1+ | f(t)dt)+cosx j # () dt
/2 . -r/2
=Asinx+Bcosx
. w2
Thus, 4= 1+ [ f(f)dr
-/2
nl/2

=1+ [ (4sint+Bcost)dt

-r/2
/2

=1+4+2B J costdt

= A=1+2B

/2

| vwar

—r/2

I

B

n/2 : :
| «4sint+Bceostyar
-n/2

Il

/2
=24 j tsintdt
0

= 2A[~tcost +sinz]F?

= B=24

From equations (1) and (2), we get
A=-1/3,B=-2/3

=f(x)= -—%(sinx+200sx)’

V5 5 }

Thus the range of f(x) is l:—? 3

fx)= —3 (sinx+200s x)
= .——\/Esin(xﬂan'1 2)
3
= ——\/Ecos(x—tan_1 1)
-3 2
/4

f(x)is invertible if ‘% <x+tan'2< >

@

@

Matrix-Match Type

1

T
= —Z—tan'2<x<E _tan12
2 2
al
or 0<x—tan ESE

a1l .
= tan 155x$7c+tan“

N | e

or nSx—tan‘I%SZn

=>x€ [IL' +cot™! 2, 2w +cot™! 2]

/2 71:/2
Jf(x)dx——— J (sinx+2cosx)dx

= ——[—cosx+2smx]”/2

a=>s.b—os.cord-oq.

1
a. [[x+[x+[x]]dx
-1

&

a.

tans /4
=25 ( x)
s

(use property [x+nl=[x]+nifnis integer)

-js[x]dx 3j[x]dx 3[([x]+[—x])dx

——3 (as [x]+[—x] =-1)
I -([x]+[—x])dx=Jj Sldx=-3

£ e :
- [x]) { if x is not an integer

0, if x is an mteger

Hence, J_Isg11(x—[x])dx =4(1-0)=4,

. Letz=25[""(tan® (x ~[x]) +tan? (x ~[x])dx

{ O<x< % =[] =o}
s I =25J:/4(tan6 X +tan4, x) dx
=25j:’4tan4x(tan2 x +1)dx |

pr/4 . '
=25 Io tan* xsec? xdx

0

=25% l=5
-5

. a=rbop.cos.d-q.

2 . n
t
- ;';(H_—nﬂ) dt

-n+l




DEeTHHIE tieyiauull  o.r1

: 2112 S : x/3 ‘
— lim (H_L_) | 1= | cosec? 0f(2sin26)dO=1,.
n—o n+l o . . ’ rl6 . ’
5 v : : b. fx+1)=f(x+3)=f(x)=f(x+2)
= lim (1+——) -1 : = f(x) is periodic with period 2.
n—yoo n+l ) . .
) a+
=e’~1 Then j f(x)dx is mdependent of a, for which b is
b. f (x) =fx)=f(x)=C &° and since f’ (0) 1 .
— f(O) C . ) ultlple of 2.
.'.f(x)=e"an_dhenceg(x)=x2—e". . ' =>b*2 4,6..
' S o tan""[x"]
' c. Letl= D
Thus, {f (x)g(x)dx | I tan"'[x*]+tan"'[25+x ~10x] , ®
1 . RIS 2 1 .
= I(xzex —e?*)dx= xze""O 4—2jxe"dx.——; . Applying jf(JC)dx=J-f(a_+b—x)dx,we get
0 0 -a a
. 4 2 ) .
1 11 tan[(5—x)"]
=(e—0)—2xe"| +2&| — = (&1 I= _ dx 2
(e—0)—2xe ‘0 € lo > (-1 ‘!-tan"[(s—x)2]+tan"l[x2] : .( )
=(e—-0)—-2e+2 e—2——;-(e2—1) _ _ Adding equations (1) and (2), we get -
1, 3 . : 2= jdx =2[=3=1=3/2
L me—ge-3 :
c I= J'e (1+xe Ydx ' - d Lety= \’ +,/x+ x+- ,/x+
' x=0
Lete" t y-y-
+
t ot E _ - y= 1+ 1 +4x
= je (A+tlogt)— , . 21
t : 1+ T+4x o -
e 1 = y= 5 (ry>1)
- je‘ (;+1ogt)dt = - X
! - S - 2 ' 3/2
. 1+ 1 +4x 1 +4x
=[ 1ogt] . o ' » = I=I——2-—dx— 5+(—§-—)—-
' 0 ~24
=¢° . 2 cdom
1 i k. 1
- 7
, j(1+sin2x)"dx [(1+-2—)—(0+—1—)]=1 26 Q
.0 : " 0). . o _ 12 12 12 6
R = o S =l
' 1 . 4. ap,q.b-p,q,r.c>q,s.d=>s.
t =L= lim 1+sin2k)* ' : )
: ( a, I= j_z(ax3 +Bx+y)dx
' _ ehm L sin2k) _2 o . "o + P is an odd function
{}" 3. a»q,b-or,s,cop,d->p. 1=0+2_[0 ydx=2.2y=4y
w3 - ' »
3"." 2 : . 1 . .
Ya 1= [ sec?0f(2sin20)a0 b. 1= [2sinccxsinfxds

nl6

:

X b b E
t B4 . : . _ 1

Applying property [ f(a+b-ds= | f()d - Lf(osto- - cos(ac+ ﬂ)x) =

# a a !

L= j: sec” (% - 9) f (2 sin 2(% - 9)) deé _ _1_[ sin(@—f)x _sin(or+ ﬂ)x]
_ 0

21 a-B o+p




8.72 Calculus
1[sin(@—-p) sin(@+P) , X Therefore, f,, =3(z+1)=M
"2l a-B  a+B ' o andf;, =(z+1)=m.
Also, 20:=tan crand 2B =tan 8 N _134_"_3
= 2Aa—P)=tana—tan B and 2(a+pB)=tanc+tan _ m : _
3.(5) Wehave f(2x)=3f(x) )
2Aa-p)= BC=B) iy )= SATH) T - |
cosarcos 3 cosacos f§ and If(x)dx -1 _ o)
Substituting these values, we get o ' '
I=(cos ccos B)—(cos axcos B)=0. : 1l .
¢ f(x+0)+f(x)=0 ' : From equations (1) and (2), EJ. f(@2x)dx=1
=SfOc+20)+f(x+a)=0 ' , 0
=fa+20=f() | Put2r=1, - | f(1)de =1 (
= f(x) is periodic with period 2¢ 6% :
- .[5+2W(ax3.+ﬂx+7)dx= ‘)/I:af(x)dx. = j.f(t)dt=6
oo v !
d. Let/= j:[sinx]dx ,ae [(2B+)x, 2B+2)7], Be N, o .
 [where [ - ] denotes the greatest intéger function.] ‘ = I f@® a’t+j f(@dt=6 (
- o 1
I= L)zﬁ [sm x]dx + J.(zﬂ b [sinx]dx | ) I 7
[ s . Hence, ‘!'f(t)dt =6—£f(t)dt =6-1=5.
Japmx . _
. T @ ‘ ' 2
= BI()Z [sinx]dx +0+ J‘(zp'ﬂ)ﬂ (-Ddx 4.(4) Givenf(x)=x— %- +x+ %=% (@’ —6x* +4x+1)
=—fr+ 2+ -a : » =1-(4x3—6x2+4x-1+2) |
=B+ V-0 - _ | 4 .
= yj:[sin x]dx depends on ¢, Band ¥ ' . fo)= % K -a-0h+ %
Integer Type (e 1 [(1_x)4_x4]+ %
2 2 : ‘
1.(2). Ilf '(x)|dx 2 If '(X)dxl : ' o S+ —x)= Z + Z =1 ' )
-0 0
' , ‘ | Replacing x by f(x) we have '
= [Ireldz| r@)=2 SRR B
. .
- Now /= _[ f(f(x))dx _ €)] 8.1
2.(3) Wehave f(x)=sinx+ J (sinx+¢t f(t))dt =sinx+ wsinx " .
) 3/4 3/4 :
o | | Also,I= | f(fa-D)ds= [ FQ-f)dx @
b : _ va : /4 ‘,
' -,!/ztf(t)dt | , | . {using(D)
] : adding (3) and (4), . .
s fx) =(r+1)sinx+4 ‘ ) 24 4
w2 w2 2= +f(1- dx= | dx
NowA j. (7c+1)smt+A)dt 2(1r+1)[ J. tsmtdt] 17‘;[f f(x) f f(X) ] 17';
. 2 o gypa(gg 1 1
= A=2(n+1) | == = I=g 9.
Hence, f(x) =(x+ 1) sinx +2(zx+1). :
L




1m . .
noe 2" n+1 o
n 2n+1

= 11
n2" n+l1

= lim ————=
01+ (1/n)

®) Givenf’@= [r-f>()ar -
0

differentiating, 3 () f'(x) =x/2(0)
s~ fx)= % +C

H

f@#0 = f)=3

butf(0)=0=C=0 -
f6)=6

@8) LetI= j2°7c 2% (1= x) dx
1 1

=27 (i_x)7.£ ol (=)
7y 201 201
— e —— 0

zero 0
¥ R
— 207C J‘ 1 x) 200 gy
201, _
Integrating by parts again 6 more times’
7! ' J‘ 207 gy
201.202.203.204.205. 206 207,

(207)! 7M1

= 71(200)! 201.202---207 208
_ ot 111

— 2°7C7

—_ = k=208
(207)! 71 208 208 k .
w4 3n/4 :
?) I= j (sinx+cosx)dr+ [ x(sinx—cosx)ds
| - o I 1
3n/4
j' (sin x +cos x)dx +x(-cosx - smx)[w4
0 : . —
) - 3n/4
+ j (sinx +cos x) dx
2
3n/4 : '
I (sinx + cosx)dx 2(\/_ 2+
0

8) I= ﬁmﬁ+~/5+ 34+ 60
b i

vEiie nnoyiauunt Ul

6
\/Z jfdx [2 3/2] _2 6/6=%
n—)«»n n 3
10.(7) F(x)=(2x+3) j f(w)au

X

2 o
2 P =—(@x+3)f0)+ [ | f(u)du}i

' F"(2)=—7 f(2)+0

-1 .
1. 1= |58 sintx .
0x x+1 . ‘ -
1 in 1. -1 Lt
I___J- 1- x cos J;dx ®
x —x+l 0Jc —x+1

On adding equations (1) and (2), we get

1. -1 -1
2I=Jsm x +cos «/—

) x?—x+1
Ty dx
- onz -x+1
I &
.2 0

Hence,I=L2-=L_E£__
ST 63 108 A
12.6) y=f) = x=f'0) = x=g0)

Given y=f(x)=.j\/jt_3

_y__ ) dx
dx 1+x°
(}’
&)= _322(0g'»
1+g 6]

—
L 230D =3g () E D a2
| J1+£0) ego)

= 28" =380)




8.74 Calculus

. i B | 1\ ’ .
. n n = |1+=F'(4)=4
13.(5) Given U,= jx"~(2—x) dx;V,.=jx (1-x)" dx : ( 8} “)
0 0 - - pray= 32
MU, putx=2 = dc=2dt Indisars
1/2

: 100 '
U,=2] 2" 2" -0y dt - O 1.0 Z(L, f(r—1+x)dx)
0 ) ' r=1
' 12 . : ‘ 1 el 1 1
‘Now V, = 2jx (1-x)"dx Q) = jo f(x)arx+j0 f(1+x)dx+j0f(z+x)dx+---+ jo F(99+x)dx
n .
From equatlons (1) and (2) we get U, =27"-V,. '=vJ;f(x)dx+‘|'l2f(x)dx+J.jf(X)dxf---+j;:0f(x)dx

14.(6) I= (xz)"-xe_“ dx
{ =] f@dx=T7
putx*=t = xdx=dt/2

: "t g 18.(0) - Integrand is discontinuous at — , then J 0-dx +
= I= —J t 2
3nf2 '
[ 0-dx=0
1 =T " :
=—|-t"e?| +n| e d '
z\i € ]0 n}[ ¢ :\ s 0<x< 5 ,tan! tan x| = |sin”! smxland —2~ <x< 37”
1 o : _ |tan~" tanxl*lsm sin x|
=~ |o+nfe
2 ! 19.8) I, = I(l 2 ldr
n! : - I i
= I=—=360 :
2 1_ 45311 53104
o n=6 _=(1—x) -x]0+11j(1—x) 5x% - xdx
x 0 .

15.(3) ! sin (x —f)dt 1
, 76 {e e =0- 55j(1-x5)‘°(1—x5 ~Ddx
0

X

= [ sin(x—(e-tpar _ N B '
5 | : : =55 [(1-x°)" dx +55L9.
X . o 0
=& [ sintdt B - = -561,;=55I,
0 | | = lo_536
. X . I“ 55
= f(x)=e’e “sinx+e* Ie” sin ¢dt . :
0 , - 20.(4) I = [#*%(1-x)'"dx
= sinx+e"Je" sin tdt ' ' Y |
0 . =2 [ 51— , )
= f'(x)=cosx+ ee” sinx+e".je" sin tdt ' )
0 ' _ 1004, 201041004
—cosx+smx+f(x) Avdfy -([x (1-x0) " dx .
= f'(x)—flx)=cosx+sinx ' Putx‘°°5—‘t = 1005x'% ax=d:
Rangeof g(x)=f"(x)—fx)is [—‘/— \/_ ] 004
: 1
- Number of integers in the range is 3. N = L= 1005‘[(1 -2 " dr
d X 2 . . X
16.(8) = [7[4% —2F (1)}dt =[4F-2F'(x)] - 1-0 L
® =14 2P o=l Q) =L )™
| g 1005 ¢ '
o F()= —[4x? ~2F"()]+ 5 |, (4 ~2F (0)}dt ,
_ x x 1 2004
' . 1 ) . 1 . 7 =—]__60—5J‘ (2 t) dt
S F(d)= —[64—2F"(#)) -~ |, g(Ddx . 0
16 3274 : , Nowputt=2y =. dt=2dy

’22



/2

J‘ (2y)1004(2—2y)1004dt

= I=———
271005 {

» V2
1 1004 1004 [ 1004 1004
2-2 -2 1—- d
= 1003 f y o A=yy Ty

1/2

1 1 5200 J‘ 1004 (1 _ 51004 dy

1005
1 _1 52008,
1005 !
I 1005
72— - 52008
-22010 I

1005 1,

1 1 -
21.9) f)=x+ x[t Q) dt + [ f @)t
(1] 0

. -1 1 -
. f)=x(1+A4)+B;where = [ f(f)dt and B= [ r@ar
0 (V]

i

1 3 1
B
No'w,A=It[t(1+A)+B]dt=%(1+A) +Bol
| . .
1+4 B
= A= ——+>
' 3 2 , |
= 4A 3B=2. » (1)
ta fava B2l
Again B=[ [+ 4)+Bldt=——""+=.
- 4 3
. 0 o
44 B
o 4 3 '
= 8B-34=3 (2)

. ‘ 18
.Solving equations (1) and (2) we have B= ey =£(0)

2+l 2 _
pyr- | A D, (_'(_xz_l)z)dx
B ( +1) J'-l (x“+1)°.
- T e dx

T A D
_—

L

-a 2— )
I= J'(xz l)zdxwhere(a=~/§+1);
1/a(x +1) :

1 ' 1
putx=; =>dx=—t—2dt

.
(- L)a j ay
1 t (1+t )
{5
t
' Va . (1 , t2) Va 1'

"j(1+z 2 J(t2+1)

Definite Integration 8.75

__ J- t -1
(@ +1) h
= 211=0
= ;=0
= I=2
23. (0) We have J = j(3 x2) tan(3 — x*)dx-
Put(x+5)=t,weget
1

J=[3-(@-5)tan (3~ (-5))dt
) :
1 ) -
= [(-22+10/- ) tan (-22+10t a1,

. . .
Now, K= [ (6-6x+x)tan(6x~x” - 6)dx.
Put (x+2)=z, we get

1 .
K= [(6-6(z-2)+(z=2)")tan (6(z—2)—(2—-2)* ~6) dz
[ .

1 ’ : .
= [(22-10z+2%) tan(-22+102-*)dz
Hence, (J+K)=0.

1 _ S ‘
24.(2) Wehave [ x” g(x)dx=(1 —sin®) : )
sin¢
Differentiating both the sides of (1) with respect to ‘¢, we
get

0- (sm f) g(sm ) (cos )= —cos t

= g(sin H=

@

sin® ¢

Putting = % in(2),

we get g(L =2
C W2
Subjective
-1 l. ' 1
1. L=1 —t——tet—
,,513,(,,.,.1 n+2 6’n),

—hmz——_ SZ( i/n )

ln+r n—> 1+r/n

Now, Lower limit= lim (#/n),_, = lim (I/n)=0
. N n—yeo

Upper limit= lim (/n),_g, = lim (51/5)=5
n—yoo n—oo



8.76 Calcuius

Then L= = [log (1 +x)]0 —log6

01+ x
2. j;(tx +1— x)" dx
= j;[(z —)x+1]" dx

Mwe-px + 110! ]‘
R

o
' 1 AL |
=n-i-1\:t—1 _;——l

., t”+] -1
=>J-1(tx+1—-x) dx=m @
Forj k (1 X ax=["C, (n+1)]-

k=0,1,2,-,n
Now [&x + (1 -x)]" '

= i "C, () Q —x)." ~¥ [Using binomial theorem]
k=0 : ‘

= 2[ Cp x* (1 -x) ¢

Integrating both 51des fromi 0 to 1 w.r.t. x, we get '

=Io[bf+(1—x)1"dx=gtk ¢ [ Q- e

n+l

i ‘ { I; o (1-x)" ‘ dx}

(t 1) (n +1) i=0

= i'"Ck * {I;xk (1 —x)"*kdx}
k=0

! 1[1+i+t2+t3+---+t"][Usings'umof_G.P.]
n+

Equatirig the coefficients of #* on both the sides, we get

- 1
"ijx (1-x)""* ax =

. 1.
1 k - n—k dx=
= J.O,x -2 "Cp (n+1)

. LetI= J':xf(sinx)dx - : 0

Now using property IV, we get-
I= j:(n—x)f{sin(n—x)}dx,or ‘. ‘
1= J:(lr—x) f(sinx)dx )

n . ’
. adding equations (1) and (2), we get 21= n_[d f(sinx)dx

orI= % I7 S,

[Using equation (1)]

4.

> sin @is—veif —r<0 <0
1Is+veif0<@<rx
i_s—veifn<6 <372

(—x) (~sin7x) If -1<x <0
Slrsinmx={xsinzxIf0<x<1
x(~ sinzx) I 1 < x <3/2
P »
I_l {xsin 7x| dx
= [ xsinx de + [ x sin zx de + [P (o sin 22 e
1 2
= j_lx sinx dx — _fl x sin 7x dx

1 32 S
=2J xsinnxdx-—J‘/ x sin 7Tx dx
. [+] 1

] 1]

In/4
. o

e (2
_ (%) +(;;%) [sin 7], +{f53?c_)} cos 7 + (%)

- %) [sin nx]f/ 2
;(2/75)+0+0'+(1/7r)-_l-(1/7r2) '
=@3x+ 1)/7;2
I= Iﬂ/‘tsm X +Ccosx
9 +16sin 2x

‘we know that (sin x — cosx)* =1 —sin 2x

= sin 2x =1 — (sin x — cos x)?
- sin x + cos x

== IO' 9 + 16 (1—(sin x — cos x)?)

sin x + cos x R

25-16(sin x —cos x)

Letsinx—cosx=¢

0 dt

-125-16¢%.

1 (0 dt

=I=




1/2 xsin 1x

\ll—x

Put x =sin 8= dx=cos 8d0
Also whenx =0, 8=0 and when x=1/2, 8= /6

6LetIJ

/6 sin @sin”" (sin 6)
\/1 —sin® @
= 1=-j0 0 sin 646
Integrating by parts, we get _
1=[0(-cosO) " + "1 cos 00

bThus 1=|; cos6 dO

=[- Ocos 0+ sin O%'¢

—nJ_ 6—'75\/5

6 2 2 12
7. Given that f(x) is integrable over any interval on real line

andf(t+x)=1(x) )

for all real x and areal ¢

Now, J.:H f(x) dx

0 t a+t )
= [ 7@ e+ [ f@dx+ [T 1) dx
In the last mtegral put x = ¢ + y so that dx =dy

Then [ £ (x) dr | |
'I fe+y)dy= If (y) dy [Usmgequaﬂon(l)] |
= [ f(x) dx.

Hence, j " Fx) dx
——jﬂna+yﬂna+1ﬂnﬁ

= I f(x) dx which is independent of a.

/2 0S X -
B oLetl= [P ESMTCOSE 4 o
cOos’ x +sin Xx

J-n/2(7z:/2 x) sin (w/2 - x) cos (w/2— x)
~cos? (m/2 - x)+sm (m/2-x)

[Using jaf(x)dx = J-af(a'— x)dx]
Jn/z (7 /2 —x)sin x4cos xdx e
sin® x + cos® x o
Adding equations (1) and (2), we get

J-n/2 sin x cosx
sm x+ cos4 X

dx

dx

n/2  sin x cosx
oL

s1n x+cos X

.4 n:IZSCC x tan x .
-7 J' —— (Dividing numerator and

tan® x +1 denominator by cos* x)

SIS IRGYIQauull Wers

T Im 2tanxsec xdx
ZX4 I+(ta.n x)

Put tan” x = ¢ = 2 tan x sec’x dx = dt
A1so,asx—>0,t—)Q;asx—>7r/2,_t—>oo

I—E ~ dr
2 T8y
L
| —s[tan ]0 < [m2-0]= 2/16.
r x dx ’
9. LetI =) -——" , : @

0 14 cos asin x-

r=J'7r (r—x)dx
© Y0 1+ cos & (sin(zm —x))

~ [using jo f(x)ax '=j0 fla=x) &
7 (m—x)dx ’ '
"~ Jo 1 +cosasinx
Adding equations (1) and (2) , we get
T X+m-x '

2I'= ——————dx
01+ cosasin x

@

T b4

=] —
01+ cosasinx
e 1
2901+ cos sinx

12
=£X2I” ————l—dx
2 0 l+cosasin x

- J-:IZ . 1

2tan x/2
1+cosax

1+ tan? x/2
;”I#{Z sec?x/2
0 1+tan® x/2+ 2cos & tanx/2

Pntmnx/2=t¥> —;-sec2 %dx=dt
Alsowhenx —»0,—0
asx— a2, t—1

1 o 2dt

024 (2cos )t +1-

=2n_J'1 s dt
' O(¢ + co§ @)’ +1—cos® &

1 . dt
—271'_[0 2 =2
: (t + cosa)” +sin” o
1 1 (t+cosaT
reie—y)
sina sine )

-= -27[ [m—l (l +COS&J _ t’a_n_l (COS a)]
sin¢ sin & sine




8 Calculus

10.

1.

12.

1+cosa cos &
2 -1 sin & sino
= — tan —_— N
sing 1+ 1 +cosor cOs &
’ sin o sin¢

T [ _1( sina )]
=-——|tan
sino 1+cosa
o

= fla-x) gla-a

= 01 () {2-g(x)pex

=2 fx) - fy S (D@

2" ()@ de=2fy S e
= [0 7() g de= [ f(x) &

Let ='j:/2 f (sin2x)sin x dx - (15
= -"_"lzf{sinz(—lz—n—x)} sin(%ﬂ:—x)dx
f (sin2x) cos x dx ' ‘ 2

Then addmg equations (1) and (2), we have
21 =I0 f(sin_ 2x)(sinx + cosx) dx

/2 . i1
=2 J'n f(sin2x) sm(x g )d_x
Now, from the result which we have to prove,
it is clear that we have to substitute E_ 20 =2x.

= dx = —d0 and also when
x=0, 0= /4 and when x = /2, 6=—7/4

=2I=12 '[KM £ (cos26) cos 6 do

~ 22 j *£(cos26) cos® d6
[as g(G) = f(cos26) cosOis an even function]

I= «/—j f(cost) cosxdx - 3

Equations (1), (2), @) give the required result.
25mxcosx+25mxcos3x+ )
+2 sinx cos (2x—1)x
= sin 2x + (sin 4x —sin 2x) + (sin 6x—sindx)
’ + - + (sin 2kox — sin(2k — 2)x)
=sin 2kx=R.H.S.
sin 2kxcos x

= sin 2kx cotx = nx
= cos x - 2[cos x + cos 3x + +++ + COS 2k—1)x]

13.

14.

1+cos2x+cos4x+cost+cos6t-Lcos4x+

+ cos 2kx + cos (2k — 2)x
"2
= I sin 2kx cot xdx

w2 /2 ' )
j dx+ j (2c0s2x-+2c0sdx++-- - +2cos(2k =2)x) dx

2
+ j cos 2o = —
2

(as mtegrals other than lst one are zero)
We are given that fis a continuous function and.

j f(@) dt—)ooasLxl—)oo
To show that every line y = mx intersects the curve
P fo S0 de=2

If possible, let y = mx intersects the given curve then
substituting y = mx in the curves, we get

- m? +j f(eyde=2 M

Consider F(x)=m>" +I f(¢) de -

Then F(x) is a contmuous functlon as f(x) is glven tobe

continuous.

Also F(x) — oo as x| — oo

But F(0)=-2

Thus, F(0)=-ve and F (b) +ve where b is some value of
x, and F(x) is continuous.

Therefore, F(x) =0 for some value of x € (0, b) or equation
(1) s solvable forx.

Hence y =mx mtersects the given curves.

n
x sin 2x sin (E cos x)

Letl= [ d
© 0 F2x-7 -0
Then v T .
(71: x) sin (27 — 2x) sin ( cos (7 — x))

I= 2 dx or

0 2(m-x)-x ?

. ’ . . T

i (z — x) (= sin 2x)sin (— 2 cos x)

I= - —= or

0 m- 2x
S £
. (x — 7) sin 2x sin (-2— cos x) '
= : dx
=, P o
Adding equations (1) and (2), we get
i (2x — &) sin Zx sin (% cos x) v
az= jd 2x—-x dx

T . . n -
= J' sin 2x sin (— cos x)dx
0 - T2

... (m
-_-J'O 2sin x cos xsin (5 cos x)dx

14



15.

. b3 . . 7t .
=]= .[o sin xcos xsin (5 cos x)dx

Putz= th—cosx, then dz=— g sinx dx

Whenx=0,z= %andwhenx=—7r z=———72E

-n/
:>I=—2 7r222. dz————j
T dnl2

n/2

=‘~|°°‘

7c/2

vaenje (x—1)" dx =16 —6e -

wherene Nandn <5.
To find the value of n.

Let I, = [ " (x~ 1) dv
(-1 ey~ [ n(x -1 & dx
=~(—1j"—j;n(x )l ax

= L=C1)""'-nl,_;. ®

o 1
Also I} = J.Oe" (x-1)dx

.'. = [e“ (x- 1)]:) - J.;ex dx

16.

=— ()= ()

=l—-(e-1)=2-¢

Using equation (1), we gét_

L=y -2,=-1-2(2-é)=2e-5
Similarly, I; =(~1)*~3L,=1-3 (2¢-5)
=16—6e -

.n—3

dx

3 2x +x -2 +2x% +1
1=, D) - )

s 20 (x =1) + (2 +1)

2 () (22 -)

;j3 2x3dx2 Is 1~

22 41) 2l
I 1. x-1T
.=L 5+ —2-log il

: (x2+l) x+lp
1041 1 2 1
=1 ?-dt [5 (logg—log 5)]

Putx*+1=71=2xdx=dtwhenx—2,t— 5andx— 3,
t—)l(_) -

oof1 1Y, 1.
=== = |dr + = log2
'[5 (t tz) 2 &

nN° 1
=|log|t|+-| +—1log2
(gll t)s * log

° Un+2 _Un+1 =j0

Definite Integration 8.79

1 1 1
=log10—log5+ — — — + —log?2
& BTl 5T

=3 log2 L
2 10
nw+v
DLetZ=[" " |sinx|dx
0 .

= J.vlsin x| dx + J.MHVI sin x| dx

—I sin xdx+n_[ |sin x|dx [ ]smx[haspenodn]

= (- cosx )o + n (—cos x)o
=2n+1-cosv=R.H.S. :
z (1-cos(n +2)x)—(1—cos(n+1)x) 5

1-—cosx

_ J-Ir cos(n+1) x—cos(n+2)x

0 I—cosx
: . ( 3) X .
2sin|{ n +—|x sin— -
=J‘” 2 2 . -
0 2sin? x/2
_ o ”sm(n+2)x . o
= Un+2. '—Un+l = _[0 *xdx (1)
' sin = o
2
(3
sin n+2 x
Ups1 =, I ——= @
sinZ

From equations (1) and (2), we get
(Un+2 _Unl+l) _(Un+1 _Un)

. ( 3) . ( l)
sin n+§ X — sin n+§ X '

. X
sin—
2

2cos(n+1) x sinx/2
sin x/2

= U,y +U,

2Un+1 = J.

' . .2
=2["cos(n+1) x alx=2(M =0
0 n+l  J,

= Un+2+ Un=_2Un+l

z] —cosx

: r 1-1
0 ,J.O 1-cosx * 1o 1—cosx 4
U-Uy=nr (common difference)

= U,=Uytnr=nn

_=>‘U=n7r

sin? n0 46 =J~7r/21—0052r16' 0

N I J-ﬂ/z
oW I Zg 0 l-cos 2_0
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19.

20.

1 i.l ;cosnx
- [FEEEEY e
270 1—cosx = i

1/\3 gc4 -1
Letl—.[_l/fl —x 1+ x2

Putx——y, so that dx =—dy

1
=—n

1743 y4
d =
N LWH (HyJ
But cos™ (—x)= r—cos™ x for— 1<x <
vz yt g 2y '
= I= ‘1/\/51—.———4_ [7: — cos (1 n sz:Idy
1743 1743 o) 2x
- J-‘”‘f_l—x jl/‘/—1—-x (1+x2]dx
13 x4
nj BT _ x4 -1
1\3 x4 '
=I=r dx
=
/43 1 :
© el VV3 odx
='—7L'J-0 dx+7t.[0 1_x4

3l 1 1
= 4 = + dx
J_ ‘[ |: -x* 1+ xz] '
=T E[(—llog'e X +tan_1'x)}”\/3 '
V32l 2 o
V3 +1
J3-1

7[2

12

V3 T4

nl/4 ) .
Let = jo In(1+tan x)dx )

. j:” In(1 +tan (w/4-%)dx [ [ fax

=J:f(a —x)dx]

Y A PO el . PP
0 . 1 +tan x

o n/;t 2'-
=I In| —2— |dx
0 14 tan x

: n/4 .
1=j0 [In 2~ In (1 +tan x)}dx %))

Adding equations (1) and (2), we get

/4
20=]  In2ds

=m2[x]"* =In 2[%]

=>I=Eh'12
8

21. a+b=4=b=4-a

22,

=0+4

Letf(@)= |, g(x)dx + [ g (x) dx

= [lgax+ [ g

‘ﬁ’—a@gMa>
a

4@ __df(@) _dfa
d(b-a) d(4-24d) —2da

(x)dx _

=(g(4-a)- g(a))/Z

Now givena <2

=2a<4
=4-a>a
= g(4—a)>g(a)
#@
d(b—a)
=f(a)= j g(x)dx+ J g(x) dx increases as (b—a)

increases.

- g(x) isan increa'sing‘ function)

z 2x (1+sin x)
-7 1+ cos dx
; cos” x

x 2x Fa

I=

xsin x

= ———drt2| S —dx : o)

2

“1+cos” x 2

"1+ cos” x
T Xx,sin x
01 +cos? x

___4JOn (m— x) s_in'(n - Xx)

1+cos® (m-x) -~
J-(n—x)smxdx
0 1+cos x

—4x T sin x dx—4r xsin.x dx

0 {+cos?x - 01+ cos? x

7 sinx
=>2I=47TJ. —
01+cos® x

sin x
1+coszx

Put cos x = ¢ so that — smxdx;dt'
Whenx=0,¢=1;whenx=m,¢=~1

=1 27CJ

=I=2r o
L 144
47r[tan t]o
=471:-£=77:2
4 ) :

1 1 Tl x+(1~-x)
23. tan! ———dr=| tan? ———~

J-O 1-x+ x2 -[0  1=x(1-x)

- j; [tan™ x + tan™ (1 — )] dx

-, tan*‘xdx+j(: tani™ (1 %) d |




- j; tan x dx + j; tan! [1 = (1 —%)] dx

L
= . 1
2_j0 tan  x dx _ 4))]
Now

I= j; fan! (1 —x+x%) dx

1 .
—j cot ( )dx
1- X+ x*

= %_2 J‘ tan ! x dx [ﬁom equation (1)]
e 1 !

= E—Z{x tan”! x - — log (l+x2)}

=log,2

24. LetF(x)=f(x)+ f(_l_)

xlog th_ J‘l/xlog tdt
11+1¢ 1 1+¢

: .
"In2nd integral lett=1ly=dt=——dy
y

logt x—log y( _dy
=>F(x) j11+t +L———1+1 ;2

y
xlogth_ J-x log y Jogy 4
Vi4¢ 1 y1+y)
_ xlogth_ J-x log ¢ dt
1141t 1 ¢(1+1)

xlogt 1 2
=| ——dt =—(logx
= 5 (log x)

~ F@O= > z

cOS X COS w/_
25. We have y(x)= I “6de

2 . cos\@
=cosxj ———2—— de
%1161 + sin” V@

J-xz coso

721161+ sin” VO @

dy .
-~ =—sinx
= _

cosvO 9:| .

+ cose [jﬁ,/mlﬂmz -
COS“[—

=—smxj”2/161 N sz J_de

+cosx [__c_cﬁ_xz__ 2x —O] .

1+ sin“x

- Definite Integration 8.81

2 )
= i 0+ ﬁ—f—-27£=2n
/fixz,, 1+sin” #

/3 1450
2. Let I={"" — 3% 4
~r/3 T
2—-cos (lxl + —)

_ J~lr/3 T di

x/3 - - 4x3
+

J‘—7:/3 I 4 dx
2—cos |x|+§

The second integral becomes zero as integrand being an

odd function of x.
' w3 dx

=>I=27cj L —
. 0 _ ¥
2,—co$(x+-§)

‘Letx+m3=y=>dx=dy
Also,asx — 0, y——)ft/3asx——>n:/3 y—>27r/3
i3 dy

=3 2—cosy

= I=2x
‘ 2rl/3 dy

w3 2__'1—tan2 yl2

1+ tan® y/2

=2r

_ n_J-Zn:B sec’ y/2
n/3 3tan® y/2+1
1, ,
iﬂ'_'j oml3 —2-—sec yl/2 ;
3 753 ap? y/2+(1/~/_)

47“/— [tan” (V3 tan /2)]2"/3

z/3

= —[tan_ 3—tan-’ 1]

J‘
J‘ 7 [tan™ 3 - 7r/4]

27. I= '[ goosH (ZSin(—l—cosx)+3<>os(lcos x))sinxdx
o 2 2
% |cosx| . (1 : v ’
.= I e 2 sm(— cosx).sm x dx
0 2 _
. o ]
+ I e'°°s"'3cos(— cosx)sinxdx
=5+l T
‘Now using the property that .
. 0if fRa-x)=—f(x)
[Cr@dc=s o oo
o 2, fC)dx if fQa-x)=f()
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we get fl =0and
12 1.
I, =2 qu & 3cos(—cosx)sin xdx
70 2 :

. 12
= 6_"7r e™ s cos(lcosx) sinxdx
0 2
Putcosx=t=—-sinxdx=dt
1
= I, =6I €' cost/2 dt
0
' 1
e (1 L x x)
=6 |——| —sin=+4cos—
12 2 2

I+~
4 o

ax

e
Using {e® cosbxdx =
|: & J a’+b

24 1y 1 . (1
= I, =—|ecos| — |+ —esin{ —|—1
5 2) 2 2).
1
5050 (1-x°)'*dx

: I
28, —O =5050-1%
J‘(l'__xso)loldx 101
0

S
Lo = j(l_xso)(l_xso)loodx i
0

1 '
| = Lo~ [xx® (- x")®ax

o —x(1— x50y ! _l(l_x50)101 _
190 101 , 3 5050

I I
= Lior=loo— —2- = 5050 12 = 5051

Ibjective
‘ill in the blanks
1. Given that

S€C x COsx SC_C2 X + cotx cosec x

f(x)=|cos® x cos? x cosec’ x

1 cos® x cos? x

Operating R, — R | —secx - Ry, we get

0 0 sec’x+cotx cosecx —cosx
=lcos’x cos®x cosec® x
1 cos? x cos® x

Expanding along R,, we get

= (sec? x + cot x cosec x — cosx) (cos*x — cos’x)

5 (_b-sin bx+acos bx) }

2

1 COoSXx 2 2
= 5+ —COS X {COS x(cos x—l)
cos“x sin“x

sin” x + cos® x— cos® xsin’ x 2.2
- R cos” xsin® x
cos” x sin® x

=—sin? x — cos’x (1 -sin’x)

=— sin®x —cos® x

/2 12
J f(x)dx = qu sm x +cos’ x)dx
/2 '
=—I: [H%zx+cosx(l—sin2x)2:ldx
sin2x |2 0
. 5 2 P ‘
==—7"=—] —| t——+— | ,wheret=sinx
2 3 5) .
0
z ( 2 1)
=——+[1-=+=
4 35
_(157[—32) _
60 /.

2. Whenx=0,x2=0andx=1.5, *=2.25
’=>[x2] is discontin_uous whenx*=1andx*=2 or‘x'=1 and
x=+2
=>j ¥ dx = j [xZ]dx+J‘ [xz]dx+j [*ldx

—0+j 1dx+ J_ ® 2 dx

“1(V2-1)+2(15-V2)=2-2)

2
3 Letl=] |1~ |dr =2J’02 11— x| dx

=2[ (- le)dx.+ 2 flz(xzz—l)dx
sl
[ ]+z[--z-§+1]

4 8
_+_
3 3

3n/4 ¢
%4 1 +sing
3n/4 n=¢

=1= —————d¢

nl/4 1 +sin(w — ¢)

b .
[Using L f(x)ax= jb fla+b-x) dx]
3n/4 L — ¢
d .
7/4 1 +sing ’ _ _ ; @
Adding equations (1) and (2), we get
- 3n/4 n" d¢
#/4 1 +sing

4. I=

M

=1=

R e




J-3n/4 1—sm¢ o

=4 1 —sin® ¢

IBn/41 Sm¢d¢
/4 cos )

3n/4
=7 I (sec® ¢ —sec ¢ tan ¢)d¢

3n/4
= m[tan ¢ —sec @l

" = g {tan 37/4 — sec 37/4 — tann;/4+sec7r/4]
a1+ V2 —1+ 2] '
=2m(N2 - 1)

=I=m(2 -1)

. LetI=I23—5\/—_———xJi:dex _ _ -
J- \/5 x .
2 5—(5-x) +y5-*
[psing j” f(x)de= j" fla+b- x)dx].
3_AS-x .
S @

Adding equations (1) and (2), we get

jSJ— +\/3—_;
\/S—_;+\/-

=>1——j 1dx=—(3 2)=—

. Let’s first find the functxons satlsfymg
o +if(3)=1-5. - 0
x) x _ :

Replacing x by 1 , we have af ( )+bf x)=x-5. @
Eliminating f ( ) from equatlons (1) and (2), we get

, 2 2-5a-bx+5b
= X
= jlf(x)dx—j_————az_b2 dx
1.

= 1. = \:alogx—bfz—+5(bfq)x:|‘

= lbz [alogZ—2b,+10(b—a)+—g—_—5(b—a)]'

a2 -
1 71 .
= log2—-5a+—
a* -b? [a o8 ¢ 2]
M xcostx :
1. =I= =—dx | )

o cos®” x +sin®" x.

J» (271: x)cos2 x @

x+s1n x

[Usméj f (x)dx J f(a—x). dx]

37 i
== jo "sin ¢ dt =[-costly " =

] J'142e

UGCHIMG RIGyicuwis  weww

Adding equations (1) and (2), we get

: 2n 2
2z 2% COS 057" x
o= [ dx = 47t_[—————7—dx
cos™ x +sin”" x - 0 €os” x+sin” X

([ ryae =2, 1 i f2a-0)= 59

w2 cos?" x :
=81 |~ )
. n 2
-y cosT x+sin” x

[Using the above property again]

[Using j: fx)dx = jo f(a—x) dx]

L sin®" x -
=8 [ @
° sin?" x+cos>" x .

Adding equatlons (3) and (4), we have
ni2
ar=g8n | 1dx
0
=I=1 . .
€7 7 sin (IL' In x)
= —

dx

—cos37xm+1

= (-1)+1=2
sin xz

de= () —F(1)=[Fo) 11

Putxz—t L 2xde=dt '
I=| “‘e—— de=F((O]°

- I—F(16)—F(1)

10. f()= [ f@ dt= f©)=0

11.

also, f'%x) =f(x),x>0

= f(x)=ke*, x>0
-+ £(0)=0and f{x) is continuous = FO)=0Yx>0
< f(n5)=0

2

T 56

—l;——(ln(lsecﬂ:x+tan7tx|)7/6

=Zim secs——+'tan5—7c—.lnsec':7—7£+tanljE
In3 6 6 6 6

=r



.84 Calculus

b
12. [(f@)-3x)dr=a® -5

b .
= If(x)dx:% (bz—a2)+a2—b2=(b ~a ]

2
= fx)=x
AN
N f(E) 6
rue or false
_ [ f (&)
1. Let ] _J.o f(x)+ f(2a-x) »
_ Iza f(2a-x)

0 F@a-x)+ /()

M

o

[Using [['/() de= [)f(a~x) dx]

Adding equations (1) and (2), we get
- [eL0)+fQazx)
0 f(x)+ f(2a~x)

2a
=1 ldx
0

= [x](Z)a =2a =1 =a

Therefore, the given statement is true.

{tiple choice questions with one correct answer

d f;(l +e) dx

_ 1 1 1
S . S,
311 521 731

Clearly ‘d’ is the correct alternative.
b. Letf(x)= I(l +cos® x)(ax? + bx+c)dx
S = (1 +cos® x) (ax + bx + )
From the given conditions
fO-fO)=0  =f(0)=£Q)
andf(2)-f(0)=0 =/(0)=1(2)
From equations (2) and (3), we get f(0) =£(1) =£(2)

0

@
€)

By Rolle’s theorem for f(x) in [0, 1]: (0)=0, at least one

asuchthat0< o< 1.

By Rolle’s theorerm for £(x) in [1,2]: /"(8) =0, at least one

Bsuchthat1<fB<2,
Now, from equation (1), f'()=0

= (1+cos® @) (ad? + bor+¢) =0 (= 1+cos® a#0)

4.c. I=J“ e™s

6.d. Let /=

=ad’+ba+c=0
i.e., ais a root of the equation ax® + bx + ¢ = 0.
Similarly, is a root of the equation ax® + bx + ¢ =0,

But equation ax? + bx + ¢ =0 being a quadratic equatxon
cannot have more than two roots.

Hence, equation ax? + bx + ¢ = O-has one root orbetween (
and 1, and other root 8 between 1 and 2.

/2 \/cot x . ’
I=
3. I \/cot X + \/tanx : (1) :

Jytanx e
Jtanx + \/cot x ’ @)

[Using [/ (x) v = [ £ (a ) ax

= Jc(:zlz

n/2
Adding equations (1) and (2) we get 2] = I ld.x

0
== /4

= j 5 T3) o3 [(2n+1)(7z—x)]dx |
 [Using [y 7@yas=[7 f(a~ x) ar]

= _[:em’" cos® [(2n+1) m—(2n+ 1) x] dx

ke

=T
=7=0

: /
' cog? @n+1xdx

5d. Since h(x) = (f (x) +£(-x)) (g(x) ~ g(—x))

= h(=x) = (f(=x) +/(x)) (g(~) —g(x))
= h(—x) =—h(x)
-~ h(x) is odd function,
= [ @+ [N e~ g-x)dx =0
wl2 dx
0 1+tan® x
=2 cos’ __cosix : :
j sin® x + cos® x snxtoory s @
(m
. _ J'.”/Z COS3 (5 - )
- 40 . /4 3(
sin’ (E - ) + cos (E —x)
/2 sin’ x s .
'[ cos® x + sin’ x cos x5 n s @

Adding equations (1) and (2), we get
: n/2
21 = |, 1

dx

. =>I=E
: 4

** cos? (2n+)xdv,ne z | )]

.;,Hummmwwmwww‘wv&%mmiﬁmy ]

5 kA

)

9.c.



-d. f(x)=Asin (7x/2)+B
=>f(x)= 5 cos( 2)

1 Ar T
= f'I—1=— T — 2 (given
f (2) 2 cos 2 (g )

= A=4/n

Also, given j; f(x)dx= -

24 (n) ' 24
= |- "= cos|— [+Bx} =—
v 4 2 o =
=B ?ﬁ=2—4 =B=0
4 T
2
gb. I= | [2sinx]dx
T
>I ,* ‘
4 '\\:
1+ 0 7, 1tx
/. T 6
O v—t+——f5—X
0 % x  5m M| :‘11275
446 2 6 6e q
TS 4
[N . Z 1
~ Fig.8.23
From the graphmFlg 8.23
5716 /6 Nzl6
_j” dxj"—ldx "2 dx
16

+.[2n —ldx
- iiz/6
st © r il Tz
—(?"E)+(_?+”)+2('?+?)
11
+(—2ﬂ'+——6—-)
3 6 6 6
9.c. Givenfisa positive function, and
I = I:—k xf(c(l-x)d
L =[], S -0l
Now, I, = j - W
j A-DfIQ-xpdax = @

[Usmg the propertyj f(x)dx = j fla+b x)dx]

UCIHH UG 11 RGYITGUVIL W

Adding equations (1) and (2), we get

k Il .
2 =" i -0ds=h= =
2

10.a. g(x)= j:cos4 tdt
) X+ 4
=gx+m)= jo cos’ tdt
= I: cos tdt + rm cos” tdt

=g(x)+ J. cos” tdt [ period of cos” tis 7]

=g(x)+g(m)
T e3mia dx

Na I=| e . .

#/4. 1+ cos x
In/4 dx
©/4 1+ cos(m — x)
_ -[Using the property j: f(x)dx=

_ Isn/4' Cdx
~ Jara 1—cosx
Adding (1) and (2), we get

3ml4 1 1 ).
2l = + dx
ni4 \1+cosx ~1—cosx

3n/4 2
= I 2cosec x dx
n/4 e

[(rla+b -x));zx]
'(2)

 =2(-cotx)s
=—2[cot 3 w4 — cot /4]
=2(-1-D)= 4
=I=2
12.c. Refer to the graph of the question 8 (Fig. 8.23), we have

j ’[2sinx]dx
e [ e -2

[ el

-

2
13b. gx)= j fl)dt,

=>f(2) -[; r0= If(t)dt+ j f@a

Now, —2- <f(<1forete [0, 1]

= I;%dt < ﬁf(t) dt s.[;l 4t

=>%sjéf(:)drs1 : | o)

 Again, 0<f(5) < % for te (1,2]
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2 2 21
= |, Od;‘ < jl f(t)fjl S
::vosjl f@des _ %)
From equations (1) aqd (2), we get

—;—Sﬁf(t)+ff(t,)dt£%

1 3
—<g2)<=
= 5se@)=]
€% sin x for |x|<2
Me. Iff(x) ={2 otherwise
3 2 ‘ 3
= fEd= () dc+ [ f(x) ax
= |2 &% sin xdv + [ 245 =0+ 202} =2
[ & sinx 1san0dd function]
? |10
15b. Let I = j =Be D
1 log, x
For —<x<1,log, x<0,hence . <0
e
1
For1<x<ez,logx>0,hence oi"x >0
T ,
= 1 —lOg"’xdx+Izl°gexdx
l/e x 1 x
1 1 1r,. 27€
=3 [(k)ge x)z] + _[(loge x)_ :|
1
—lo-(-D"{+=1(2)" -0
3o+ 5ler-d]
=l+2=§
2 2
2
z cos” x
16.c. I= - dx Y]
Tl+a
I cos (0—x)
IR T A

' b
[Using the property L f(x)dx=

= a* cos® x |, -
s I=[ ——=d )

% 1+a"

Adding equations (1) and (2), we get

2l = i cos? xdx ) o A3)

-7
= 2J‘”cos2 xdx

—4j cos® xdx

[ jzaf dx= 2J“f x)dx1ff(2a x) ()}

=4 [ sin® x ax @ -

P(rlass-s)a]

- Adding equations (3) and (4), we get

17.a.

i ®l2
4] =4j 1dx
0
=I=r/2

Here f(x) = Lx 22 dt

=)= 2-x

Now the given equation x* — f’(x) = 0 becomes

18.c.

19.a.

20.a.

21.d.

P—2-x* =0

=0 7

=>x==1

- 3437 s
Letl, = L f@x)dx .

1 p6+6T7
Put2x=y,sothat1,=§j6 fO)dy

= 6], FO)ay (+ £ has period 1)

=3I

172 1+x
I= I”z([x]ﬂn[ _xndx
172 %)
—J'Uz[x]dx .[ [ ;)dx

0 1/2 :
= —1dx+j 0dc+0
-1/2 0

[ log (i tx )13 an odd functlon}
1-x

=l =0-(3) =2

Given L(m, n)= j; (1 + )" dt

Integrating by parts considering
(1 +2)" as first function, we get

L(m,n)= [tml (1+2)" ]1 ——?——jlt’"f’ (1 +2)"" at
m+1 , m+1 0 ) _
L(m, n) = 2 ————L(m+1 n—-1)
m+l m+l

We have f(x) = sz Yt
=)= D 9x o0y
=2 [e—(xz +1F _ ]

(B> xt

?

4
= '

+1) > ex‘ s e.—(kz +1) < X

2 4
= e o

2

2

Y



~ f(0)20,vVx<0
Therefore, f(x) increases when x < 0.
2

‘4. L;z xf (x) dx = . £ (Here, t>0) |

Differentiating both sides w.r.t. £, we get -

= f{)x2t= %xSt“

=)=t _
Putt=—§—=>»f(-24§)=%
o e
_ 1 1—x dx

.0 0 1 x2
_r -2 !
-——2—+|: 1—-x ]0
=5”2-+(0'—1)=£—1
.
i.c. I= j[x3 +3x% +3x +3+(x+1)cos(x +1)ldx-
. 2 : ; .
0 . . .
= [ [ +1) +2+(x+Doos(x+Ddx |
2 E
0
= Ju-2—x+1’ +24(=2—x+1)cos(-2— x+1)]dx
-2 ‘
. 0
= [[-(+x) +2-(+x)cos(t +x))dx
-2

o
> y=2[2 = I=4
-2

se frety1- f2

= f(x)=sinxor f' (x)=-— sin x (not possible)
= f(x)=sinx

Also, x>'sin, Vx> 0.

) .
. o 4
16.a I(xG —4x° +5x* —4x? +4—1 z)dx
: +x

0
1

7 6 3
0 AN S ... S

7 3 A
=l_2+1_i+4_n=__7,

7 3 _
N . x . . .
b &* f(x)=2+j-«/’ £ +1dt )
| AN

Uetiniie integrauon  o.of

fUTeN=x
= £UEeENEY =1
1 ,(2 = 1 '
= U0 ey
fg0)=2=>f_“‘(2)=0

vy L
= (7Y@ 70

e f(x)=2+[Nr* +1ds
0

= S (F@- )=V +1
Putx=0
= f(0)-2=1
= fO=3
Y@=13 -
28.a Putx’=t = xdx=dt

In3 .
1 sinf

I== [ —— dt
21n251nt+sm(1n6—t)_

{183
I=—
=3

sin(ln6 - 1)
sin(ln 6 — ¢) +sin?

dt

In3 -
- o= j 1dt —r=Lim3
2., 4 2

: 2 . 2 : -~ 1
29.c R,= |5 (x)dr= [e-1-9/@-1-nd
2 - _'} 2
= [a-nfa-nde= [1-xfx)d
-1 |

2
Hence 2R, = | f(x)dx=Ry.
-1

'Multiple choice questions with one or more than one correct
answer :

1.a. j:f(t) dt =x+ J’itf(t) dt
Differentiating both sides w.r.t. x, we gef -
f)=1+0-x(x)
=@+ Df)=1

=f)=

x+1
=1
=f=3
2.a. ﬁlf(x) dx = Jil(x —[x]) dx .
=I—1xdx—.[1-[x]dx
=l -1

—0- ﬂl[x]dx o ) M
' [ x is an odd function]

———
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= —jfl(-l)dx —j;o dx

- n 1
S,< lim S, =lm 21 —_—
' oo =1 l+k/n+(k/n)

- n
Now, T,> —= as
" 3\/5

ne : 1 A : ,,‘ . .
h if(k/n) > [f(x)de>hY, f(kIn)
k=0 0 k=i

4.a,b,c,d.

fE)=f(1-x)

Replace x by % +x, we get -
= f(—l- +x)—f(l —x) , ®

2 ) T2 ( :
by -
1/4 3/4 o
N 0 /\1/2 \ :
Fig. 8.24

Hence, f (x + 1/2) is an even function or f(x+1/2)sinxisan
odd function. .

Also, /) =—f"(1-3) | @

and forx = 1/2, we have f"(1/2)=0.

1 : 0
Also jf(l )™ dt =— I f(y) €0 dy
y2 - 172 '
(by puttmg,l —t=y)
Since f (1/4)=0=f'(3/4)= =0 [from equation (2)]
Also, f'(1/2) =0 [from equation (2)]

" =f"(x)=0 atleast twice in [0, 1] (Rolle’s Theorem).

5.a,b,c.

it

-1 +-7rx) sinx

sin nx #” sin nx sin nx
- dx =
o Jo!

1+7r sin x 7(1+7tx)sinx sinx

sin nx

dx

sin(n + 2)x —sinnx

NOW, In+2"_1 -

n .
sinx

2cos(n+1)x sinx o
dx=0

T
0
]{
0 Smx:

. o=
= L=mL=[2cosxds=0
: 0

1.b,c. f’(x)=—l-+\/1+sinx
x

f(x)isnot differentiable at sinx=—lorx= 2mt—§ ,nEN
Inxe (1, =) 9> 0, (>0
consider f(x)—f"(x)

=lnx+ j 1+sintdt—}--—~/1+sinx
_ x

0

x
= (I\/l+si11t'¢1(—\f1+sinxJ+ln x—l

0 X

| Consxderg(x) Jf+smt dt— \F+smx

It can be proved that g(x) >22-10 0 Vx €(0,0)
Now there exists some o > 1 such that

-l——lnx<2J_ J10 for all x € (@, =) as -1-—1nx is
P

stnctly decreasmg function.

= gx)= —_—ln x
x .

Match the column type
1.  a-s,b-s,c-p,d-r. .
e :
—— =[tan”! x| ‘=tan™ (1)~ tan” (-1
o [ = ] =t ) -t D)
=£_(_z)_271_£
4 \4) 4 2
0 dx : v
b j =(s1n lx) =sin"! (1) —sin™’ (0)
OJ1-x
_T %
2 2
P2 = 1og |EH =2 [iog2-log3
e« bz 72" 1m|), T2 g2 e’

J{]




d Lz x \/jx—zj =[sec’1 x]f =sec”' 2— sec 1=

1inked comprehension type

Wi

= o)
1a. j:'zsinxdx;—zz—(sinmsiri%usin%)
“ate
f(x) dx = 22| (f (@) + (@)
24. limL ' ( 2 ) “

x-a (x_ a)3 ,

a+h

7 de =L@+ 0+ @)
lim ; =0
h—0 h - _

fa+ B~ L U@ +1@H0I- 5 U @rh)
= lim -

a0 342

=0 [Using L’ Hopital's Rule]

1 1 “h .., .
= im Ef(a + h)—af(:) - ‘2‘f (a+ k) ~o
h—0 3h
L aen-L prlasm-Lrraen)
2 2 2 o
: : 6h '

= lim
h—0

" [Using L’ Hopital’s Rule]

= lLim —————f”(a +h) =0
h—0 12
=f"(@)=0,VaeR
- =f(x)mustbe of maximum degree 1.
3b. f"(x)<0,Vxe (a,b),force (a,b)

RO= 2 @)+ F@) + 75 U0+ 1)

b-a c—a b—c
5 f(C)'+—2-‘f(a)+—2—f(b)

b—a

2
(6~ @)+ @~/ ®)

=F'(c)=

o+l @ -1
@45 @=310)

N | =

Fr(e)= 5 (b-a)f (©<0
[ f7(x) <0,V x € (a,B) and b> a]
Therefore, F(c) is maximum at the point (¢, f(c)) where

| FO=0=f0" 2[&1—:({—("—))

Integer type
x—1, 1<x<2

L@) f(x)={

1-x, 0sx<l1

LICTHIHIIG Ity - ——

2 1 b1 2 03
Fig. 8.25
f(x) is periodic with period 2

10
I= J f(x) cos mx dx
) -10

0
= 2If(x)cosnxdx
0
2 _
= 2x5j'f(x)cos1txdx
. 0 -
R 2 _
= lO[I(l—x)cosnxdx+J.(x—1)cos7£xdx]=10(11+12)
0 1

L= J(x—l)cosn:xdx (putx—1=t)
1 .

. 1
I=-[tcosmtdr
0

1 1
L= j(l—x)cosﬂ:xdx = -jxcos_(ﬂ:x)dx
0o - . . 0 . .

. 1
I= 10[—2jxcosnxdx]
o

. 1
sinfx COSTX
= =20 [x + ]
0
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57. (0) y'(x) + y(x) £ (x) =g(x) £'(%)
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#2) =O0.



