Exercise 6.4

Answer 1E.

The objective is to explain why logarithmic function y =Inx is used more frequently in
calculus.

The natural logarithm is generally writien as y =Inx. It is useful to find a solution to differential
equations and hyperbolic functions, population growth.

The natural logarithm y=Inx means log, x and the common logarithm is y =log, x.

The reason why the natural logarithm is used instead of logarithm of base a, when dealing with
common logarithmic function there are two variable that can affect the function, thatis a and
e . But in a natural logarithm the base is e the only factor that effecting the function is x.

In a real world or in nature, things are explained by e which is approximately 2.718.
Therefore, natural logarithm is more used than common logarithm.

The natural logarithmic function y = Inx is used much more frequently in caiculus than the
other logarithmic functions y = log_x is the differentiation formula is simplest.

For example, the differentiation is simple using natural logarithms.

In natural logarithm, i Inx =l .
dx x

. because |“¢I=E-

xlnb Inb

In common logarithm, %lnb X=

Answer 2E.

Consider f(x)=xlnx—x
Differentiating f(x)=xlnx—x

7®=2 )

=%(x-]nx—x)

d d
=E(x'lﬂx)—£(x)



:[IG}LMU)]_I
=1+lnx-1
=lnx

Therfors
Answer 3E.

Consider the following integral:

f(x)=sin(Inx)

Use chain rule to differentiate the function, f(x)=sin(Inx).

f(x)=sin(lnx)

f'(x) =%[sin(ln.r))

(%) =ms(h1.r)-%ln.r Use chain rule F(x)=f'(g(x))-g'(x)

[(x)= cns(lnx)—% Use ilnx =%
f'(x}=w

X

Hence, the derivative of the function f (r} = sin(ln _t}iS

Answer 4E.

Given f(x)=In (si.t.l2 x)
Differentiating with respect to x,

f'(x)=%(f(x))

- :_I(m(smz %))

1 4

= —(sin®x) (Since %(m:):

sin® x dx

= sinlz Jr(2sin x)-%{siﬂ x) (%[u’): au™

=——-C05X
sin x

COSX
=2

sinx

=2cotx

Answer 5E.

Given _f(ﬂ:h:{%)
=lnl-lnx
=-Inx

Dufferentiating, f(x)

7 @=5 &)

~2(~tnx)

Therefore |f(x)=—

I(x)

_ ms(h‘l.r} .

X

1 du

1)

)

dx




Answer 6E.

1 -1
Gi = ={ln
ven y= 11:1 ( x)
Differentiating y,

Y= 2l
=(-1)(ta ) £ (in)

| 5 l
()
_
x[ln Jr:]2

Therefore |y =

Answer 7E.

Consider the function to find derivative is
3

flx)= Iug,,,(x + l)
We know that

d 1

—(Inx)=—

dx X

The given function is converting into in terms of natural logarithm
For any positive number a(a=1) . we have

Inx
log " =——
L Ina

O+
f(x)= Iﬂg,,,[.r" +l) = %

(m)]

_(f( })_Ek in(10)

il +|)]

5"“&

Recall the constant multiple rule

If ¢ isaconstant and g is a differentiable function, then

d d
E[cg{x}] = cEg{.r)
In this case

hm,g{:} In(x*+1)

dal 1 | d. .
E{In(lﬂ}.]n{fﬂ)]:In(lﬂ]zln(x +1)




e Tun n in + I5 @ COmpos n o n ns Inx +1
The function In{x® +1) i ition of two functio x

Recall the chain rule

If f, is differentiable at x and J; is differentiable at f;{_r) then fof, is differentiable at x

and

d '
—(fofi ()= £ (£ (x)£ (x)
In this case

fi(x)=lnx.f,(x)=x"+1
(£ )(x)= £ (£ (x)=£(¥ +1)=In(x* +1)

f{x)=i{-nx1=l

7 (f(x)= :

filx ( ) o+l
f;{x}=a(f +1)=3x"" =3x

L iaf 1) = £/ () 5
1

= 3x°
o+l
1 d 1 1 2
—In(4+1l)=————3x7
In(10) dx (*+1) In(10) x*+1
Answer 8E.
Consider the following function:

S (x)=log; (-“-’-" )
Differentiate the function as shown below:

Inx

In( xe®
i[lugs{xe‘ )]zg% Use the formula log, x=

h:j dr[ln(.re’]]

Use the chain rule
(x¢") [

<[ (e(x)]=r(2(x)g'(x)

_ 1. 14
In5 xe* dv

Use the product rule

R I PP
Ins xe’[ex “] l [f[ )g(x)]=7(x)g (x)+g(x) ()

InS .te‘
1 x+1
= Simpl
InS[ x J e
Therefore, i[logs(m')]= xrl
dx xIn3




Answer 9E.

Consider the following function:
f(x)=sinxIn(5x)

Differentiate the function as shown below:
i[sin xIn {Sx)] Use the product rule
dx

d . ,
=sin.t%ln(5,r}+ln[Sx}%[sinx) E[_f[.l')g{.t}1=_f{.r}g (x)+2(x) S (x)

=sinx-i-5+ln[5x]m.r Since i(]n.t:l=l (sinx)=cosx
5x dx x

E‘:—lt-

m +cosxIn(5x) Simplify

dr. sin x
Therefore, | — In(5x) |=—— In(5x)].
dr[sm.r n(5x)] ——+cosx (5x)

Answer 10E.

Gwen f (u) " 1+lnu
Dufferentiating f(u),

7w =)

_ o u
" dul\l+lnu

) (1+1nu)£(u)—u %{1+lnu)

(1+lnx)*

(1+]n u) —u [ul]
C (ma)
- mz

(1+1n u)’

Therefore | f* (u) =

(1+1 )

Answer 11E.

Consider the function,

{2v+l}

‘f}- +1

Then rewrite the function G{ _;.-] as,

G(y)=In

G(y)=In(2y+1) —In/y? +1 ln[%]:lna—lnb.
=In(2y+1)’ ~In(y* +1)"
=5m{2;=+1]-%ln(y*+1] Ina” =nla.

The objective is to find diferentiate the function.



Differentiating G () with respect to y, to get

G'(¥)= @[51n{2y+|]-—]n{yz+l)]

_ . __.;.i
- 2y+l a&»{ +) 2 v+l dy
2y+|(] 2(y* + |){2y)
_ 10 v
T2p+l i+l
10 ¥

Therefore, G'(y)=

2y+l_y3+l-

Answer 12E.

Consider the following function:
h(x)=|n(x+Jx‘-1]

The objective is to diferentiate the function.
Differentiate j(x)with respect to x, we get

h'{.t]=%[ln(x+\fr‘_—l)]
Let g{x}=x+ x* —1 then,

g'(x)= %(.\% Jﬂ)

=1+

1
2Ux -1 (2)

X
x -1

=1+

Now i (x)= - [n(2()]
Use the formula, % In(g(x))= g(x)

g(x)

Then, the derivative becomes,

H{I]:n 1J:=—|(l+\;'.;:—|]

o [ o1, x ]
Cxede o1 (W o1 Y-l

B 1 .[x+1|12—|]
P O R O
_ 1
Jx' -1
a1
Hence. I (x)= =




Answer 13E.

Consider the following function:

g(x)= In(.'cm)
g'l:x)=i(ln(ru‘x’—l )

N [.rJ.t——) Use —]n.r-l_
g'(x)= \-Jx_—(m_:er_J__)

Use Ef{):}-g[,r) =g(.t]-Ef(I:'*f{"f}'Eg(I)

g'(x)=

===
1 [J_IH L) (d‘r-%l]]

=1

Simplify further as follows:

¢ == (T o)

1 ( 3 X
=x f—l-km-‘- Jﬁ]

1 I((\J.\’:—l)(w..‘x:—|)+.1r2]
=x\.".r3—l- N

\

1 _(x3—1+x3]
Nl N
2 -1
_.t(_rz—l]

! ( =11 +I-l(_\.’: -l);_l -E[Iz -1]] Use %x" =nx""

Hence. the derivative of the function g(x)= m(_r-ix’ - 1) is |g'(x)= m !
x 3 —

2x° =1

Answer 14E.
Given g(r):rzln(}+1:l
Differentiating of g(r)
g(r)=< (&)
= ;(r’h(zrﬂ))
=[%(rz)][].n(}+1))+r2-%[]n(zr+1))
=(27)(ln(2r +1))+7 - 5 2+1

Therefore |g°(r) = (2?)(]:1(2?+1))+i+1




Answer 15E.

Inu

We have j(u)zm

‘Which is the from of f(u):@

Alu)

Where g(x)=Inu then g'(u) =ul

And h(u)=1+1n (2) then &' (u)= — ==
We use quotient rule to diﬁ'erentiatef(u) with respect to u
oy )2 ()~ 2 (u) H (x)
fiw)=
“ (k)]
[1+1n(2u)]l—(1nu)l

[1+1a (2)T

_ 1#ncu-lnu
- u[1+1n (2) [
_I#ln2+lnu-lnz
- u[141n(22) T
() 1+l 2

_uft+n()f

[1n(mn) =Inm+1nx]

Answer 16E.

Given y=1n|1+;_£3|
On differentiation,
d

)"=E()’)

=%(1n|1+£—£3|)

142 E(IH_IB)

Therefore [y'=

Answer 17E.
Given f(x)=%"+5"
On differentiation
ey d )
I (X)ZE(XS +5°)
d £ i,
=E(‘5)+E(5 )
=5z +51n3
Therefore |_;f'(_1|:)=51r4 +5‘]n5|

Answer 18E.

Given g(x)= xsin (21)
On differentiation,



Il
E
—
]
Y
+
-
[x]
=)
[
—
]
u
"
—
]
u
)

Therefore [g(x)=sin 2") +x2%cos(2")n 2

Answer 19E.
Given y=tan (]n (ax +b))
On differentiation,

V= :—x(y)
= %(tan (]n (ax +5 )))

ec’ (ln (ax+2))- (m (ax+2))
ec? in (ﬂ+b)).ﬁa(ﬂ+5)
1

=sec (l.n (ax+b))- P

-

Therefore |y'= a:l-b sec? |[]n (ax+b:])

Answer 20E.

Consider the following function:

Differentiate the function.

Rewrite the given function as follows:

1

H(z)= In[: = ]3

H{z}——ln[

]Use the property In(a")=nlna
a+z

H(z) =%[ln[a’ —z’}—ln{a: + z’}] Use the property ln[g] =Ina-Inb
Differentiate H (z) as follows:

%(H{z}} =£|:%[In (¢ -2%)-In(a® +2° )ﬂ Use the difierence rule
Z%E(m(az-_.-r)]-g(m(az +zz)]]

=l[ 1] —.—2z— 1! —-2z ]SIHEE i{h‘lt]——
2M0a -z a +z dx X




z z -
=——— =S|mplrfy

Take the LC.M

2 2
_—@’z-r-a'z+7

= (az-zl)(a1+zz) Multiply

24°
= m Simplify

d ‘az -z ~2a°z
Therefore, E[I“ =g l— (a: —23){a3 +23}-

Answer 21E.

Consider the following function_
y=In {e" +xe " )
Differentiate the given funciion y =In (e" + xe " ) with respect fo x.
Let g(x)=e" +xe™* =e*(1+x). then the function y will be as follows:
y=In(g(x))
Use the chain rule [i[ln (g(x)]= &] to differentiate the function y = In(g(x)) with
dx g(x)
respect to x.
dy _d
— =2 In(z(x)]
1

= M[itgd{l "'-']):I Since. g(x)=e*(l+x)
e o]
Using product . £.[7(x)-£()] = /(x)-#'(+)+ /()2 ()

1
e (1+x)

-
e"{l +.t)

[e"-{])-:-e" -%(—I)-(l +x)] Using chain rule: %[g""} =& %[g (x)]-
[e"+e" (-1)-(1 +.\']] Differentiating —x with respect to x

Simplify the result.

%= e"(:+x][e-’ - I+I}]

L —xe]

=e"(l +x)

__—xe
e (1+x)

o
# (1+x)

X

1+x

Therefore, the value of the function y=In {e“ +xe " ),'ﬁhen differentiating with respect to x is
dy x

dx 1+x




Answer 22E.

Given y=In |cos (In x)l
On differentiation,
d
Y= E(J’)
= %[]n |cos (]n x)l]

cos (110 ) :x('”"(]” =)

= cos (110 oy (-snlta ) 5ol

sm (1n x) 1
cos (]n x) x
_tan (ln x)

x
tan (ln x)

x

Therefore |y'=—

Answer 23E.
Consider the following function:
»=2vxlog,,Vx
Differentiate the function.
d
E[Z.\'Iogm Jx ] Use the product rule

d .
- 2:‘% log,, Vi + log,, J';%(z-") E[{(l)g{tﬂ =f(x)g'(x)+g(x)

d[InJx Inx d
=2x.— 1 2 Since log, x=——,—(2x)=2
* dr[|n|0]+ ong; log, x Ina dr( )

=2x- ——(InJ_)+Elogm~f_ Simplify

: 4 (x)=-1 . L(nx)=1
—9y 'mﬁ-zJ_‘Q]ong' Since —(J_}— N dt(l )= .

1 1 1
s L T | x Use the property In(a” )=rlna
In10 2x 2 e («)

=——+log,, x Simpli
T P

d
Therefore, dElr|:2.1rlnng“, Jx ] +108m -

Answer 24E.
Consider the Tollowing function:

v=log, (e" cos .ﬂr.r}

Differentiate the function.

%[I(Jng2 (e" cosx.t)]

d . 4 Inle " coszx In 3
E[IO& (e oosxx)] :E% |:ll:ig‘7 x= ﬁ}

= -%[In{e" cos..wx)]

1 " Use the chain rule

d
"2 e cosxx dr ¢ cus.w.r) %[f[g(_r))]=f'(g(.1.‘))g'(.r)

f(x)



Evaluate further.

_ 1 1
In2 e *cosax

[ Use the product rule

"

I —e “cosmx sin Tx
1+

ln2 e “cosTx COSTX

= % [1+ = tan zx] Simplify
- _M Simplify
In2

[—e" cosTx—Tsingxe " ]

< :i_i[f(.r)g{.t]: =f(x)g'(x)+g(x) S (x)

] Simplify

d _
Therefore, —[Iu e cosax ]=
oLloz )

_[I+:rtan:r_t]

In5

Answer 25E.

Given 7(£)=10¥
Taking logarithms on both sides
in (7 () =1n(10"‘)
=tn10
On differentiation,

i(ln(f(z)))=:—z(~fz_]nlﬂ)

F(#)=(1=10)- J

(f)
In10
= Fila=F(¢
O=s—F W4
_10¥ .1n10
2t
Therefore f'(E)= 10‘&;10
Answer 26E.
Given F [z) S
Taking logarithms on both sides.
In (7 (£))=1n(3%)
=cosZ2fln3

On differentiation, we have

i(ln (F(e))= %{m 3-cos2t)

—F'(£)=ln3(—sin2z)x(2)

£(1)

= F'(£)=F(£)In 3{—sin2s) 2

= F'(£) = —2(sin 2)(In 3).3*




Answer 27E.

Consider the following function:
y=x"Inx

Use logarithms on both sides of the equation and use the properties of logarithms to simplify as
shown below:

Iny= In[.xz 111{2.1']]

=Inx*+ In[ln{ltj]

=2Inx+In[In(2x)]
Differentiate implicitly with respect to x
ldy 2 . d I
—_Z, - Since -~ Inx=—
vdr x In{Zx) :ir[ (2% }] e w T

2 | 1 d

s —(2x Use chain rul
= In[lr} > ‘ﬁ_{ ) se chain rule

2 ] -L-Z Use chain rule

Substitute, y = x* Inx in the above result.

v=r '“{2“‘}[1 In[]lr} . ]

=|2x-In(2x)+x

From the previous step. y'=x+2xIn(2x).

Differentiate this equation again with respect to x.

y'=|+2x-%ln(2:}+ In{lx}-%lr Product rule

=I+21[L]i21+]n{2x}-2
2x ) dx

:I+2+2ln{2x}
=3+2|n{2.r}

Therefore. |y"=3+2In(2x)|




Answer 28E.

Consider the function,

Inx
y=—
X

Differentiate above function using quotient rule.

If fand g are differentiable, then

i[ f(x,] 25 () 1(x) 5 8()
g(x)

de|g(x)] [e(x)]

S;=i[£)

x
x’i(ln.r}—lnxif
_ dx

x-l.

|
“e—=Inx(2
-.r . nI( .r]

B x—2x(Inx)
- =

Therefore,

y‘ —L_zﬁ
¥ x

Now,

1 ,Inx
Y53

Differentiate again with respect to x.

4, 41 ]
&’ dle °

i x’-iln{x}-ln(.r}-%x’

41
dr x° x°
£ oin(x)3e
=3og|—x
x
=_3I_._2[.r'—3;;ln(x]]
3 1-3In(x)
B
_ —5+6In(x)
-—
Therefore,
. —5+6In(x)

4
X

Quotient rule



Answer 29E.

Consider the function,
y=]n(.‘r+-\.l||+.1r2 )

Differentiate the above equation with respect to x on both sides.

%y:%[ln(r+m)]
)

] [1+ L 4 {|+x-‘)] since L Jx
= - — & — WX =—F=
1+ 8 W+x® dx dx 2x

1 1
= ]+ '2_\—
.'r+Jl+x=( N ]

B 1 [ l+x’+.r]
T e N e
1

e

Therefore,

y_J]-i-,r:

Differentiate again the above equation on both sides

i},.=1(;]

de de|fie g

Y= %(I +x° )_%
=—%(I+x’)_%_'-%{l+f}

1 3
=—5{I+X2] 2.2x
__ X

(1+2)

Therefore,

x

y ==

Answer 30E.

Given y=ln(secx+tanx)
Dhfferentiating with respect to =, we get,
. ody d
=—=—In{secx+tanx
y el )

1 d ;
= WE(SECI-FW I) {Chain rule)

1 (a‘ d )

=— | —secx+—tan x
(st:cx+tanx) agx agx

_ 1

B (se-::x+tan x)

_ st:cx[tan x+secx]

B (st:cx+tan x)

=S5eCX

[secx_tan Jr+sn:t:2 x]




Again differentiating with respect to =, we get,
»" —iy'—isecx
dx dx

=secxtan x

Hence

|y'=st:cx and y"=secxtanx

Answer 31E.
The given funchion is

7= (x 0

Differentiating with respect to x, we get
S 0= 5 0= ]

. [l—ln(x—l)]%x— x:—x[l—ln(x—l)]

- _ [1-ta(x-1)T _

l—ln(x—l).'l—x(%l—%ln(x—l)]

[1-ln (x0T

1-ln{x—1)— x[ﬂ—( l)dx(x_ )] |

T pwear e

[1—1n(x—1)]—x[—ﬁ(1—0)]

T [mmGenT

. [1-1n (x—l)]+ﬁ

[T

_ =1-(z—D)ln{z-N)+x
(x=1)[1-1a(x-1)]

_ 2x-1-(x-1)ln(x-1)

(x-D[1-ln(x-DT

[Using quotient rule]

Hence

2x—1-(x-ln(x-1)

£ (=)=
O e m - T

x

1-1n{x-1)

The domain of £ 1s the set of those values of = for which _f[x) 15 defined.
Now f(x) 15 defined

Ifx-1> Uandl—ln(x—l)at 0

We have to find the domain of _f(x):

Ifx-1=0 = x=1
If1-In(x—-1)=0

= In{x-1)=1

= £ V22 Applying exponential function to both sides.

= x—1=e Since e® =x

= xzlte.



Thus we get
x>1 and x#14+e

ie. the domain of £ will be the set of all values of = greater than 1 except 1+e.
Therefore, domain of f =(11+e)u (1+e.0)

Hence
|Domain of £ = (1 1+e) U(1+e,w)|
Answer 32E.
Given f(x)=+2+lnx
On differentiation,
. B o
b (x)—z(-\p'2+].n x)
1 d
= % (2t
22 +lnzx dx( x)
_;(l]
2-J2+lnx b4
1
2z 2tz

Therefore

1
il =
(x) 222+lnx=

The function j(x) 1s defined only if 24+lnx=0
= Inx=>-2
= xze?

Therefore |domain of f=(e-’,m)

Answer 33E.

Consider the function,
f{r} =In (_l': - 2_1’}

Differentiate the above equation with respect to x.

d d 3
Ef{.\'):;ln(r —21}

NS B T S S |
f{.rr)—x:_l]|r il 2x) Smcedrlnx .
=— 2x-2
_r—Z_r{ *-2)
_2(x-1)
_x{.r—l]

It is need to defermine domain of f(x)

Since f(x)=In (_1': - 2_r) is defined for non-zero positive values,

¥ -2x=0

The roots of above equation are 0, 2.
Equation (1) is defined for y<Qorx>2 -

Therefore,

Domain of f(x)is |(—ee,0)w(2,)|



Answer 34E.

We have to differentiate f(x) =lnlnlnx
Differentiating both sides with respect to =,

d d
2 f(x)=Z il
o’ (=g nlax

= f'(x):ﬁ-%(lnlnx) Using chain rule.

1 1 4

“Inlnx Inxdx
101 1

1

- xlnx-Inln x
Hence,

1

d (I)z xlnzlnln x

HNow we find the domain of f(x):ln]n]n x.

-———1In x Using chain rule.

The domain of [ 1s the set of those values of = for which 15 defined.

Forlnxto be defined x> 0
For In In = to be defined.
Inx>0
= > = x>1
Also forln In In = to be defined.
Inln x>0
Inx>e”

=

= Inx>1
== x:\-el
=

The domain of £ is (e, )|

Answer 35E.

Consider the following function:

f{.r]: Inx

1+

Apply quotient rule to differentiate the function.

Quotient rule:

If f and g are two differentiable functions, then the value of

d [ ,r(_t)] () < ()1 (x) 5 2(x)
dx| g(x) [gl:.t}]:

Differentiate as shown below:
d d| Inx
EI(I)_E[HIJ]
nd d :
{]+,r )Eln,r—]n,rva(H—,r }
(I+_r: )'

7=

(1+.r’)l—]nx-2.r
_ x

(|+.t:)1

i[ﬁ] is as follows:

dx

g(x)



Substitute x=1in f’(x) to find the value of f*(1) .
{I+l:}%—lnl-2(l]

(1+8)

=

Since Inl1=0

[
o]

!
2

Answer 36E.

Consider the following function:
f(x)=In(1+€")

Differentiate the above equation on both sides with respect to x.

if(.r):iln(He:‘)

I d 21x s l; I
fi(-")‘m-;{He‘ ) Since :Eh”:;
1 oy d
Ry Gl e
1 2e

C1+e ()2

_ 2

T l4e”

Substitute, x=0 in f*(x) tofind £*(0).

, zef{l

rO)=1 5
_2(1)
T+l
1

Therefore,

Answer 37E.
Given y=In (Jr2 —3x+1)
And point = (3, 0)

d
Then %: E(111(;:’ —3x+1))

1

P —3x+1

B 2x—3
2 —3xr+1

(21—3)

Therefore slope of the tangent at [3, U)to the curve wyis

(dy) _ 2x-3
dx JBR T 2 34

3

1
=3



Therefore equation of tangent at [3, U)is

y-0= (%L(x—z)

= y=3({x-3)
= 3x—y=9

Therefore |t:quaﬁonof thetangentis3x—y =19

Answer 38E.

Given y=xlnx
And point =(1,U)

Then Q=£(x21nx)
dx dx

= x’-l+21-]nx

x
=x+2xlnx

Therefore slope of the tangent at (], U)to the curve ¥is
Ql ={x+2xln I)H
dx 19)

=1

Therefore equation of the tangent at (], U) 15

= —y=1

Therefore |Equation of thetangentisx— y=1

Answer 39E.

Consider the function,
f{.r}= ln(l+eh)
Differentiate the above equation on both sides with respect to x.

if{.r) = i[sinxﬂnx}

d . d . dr . 4 d
"(x)=—sinx+—In Since —| f(x)+g(x)|=—
f{r) o X = X uu.”w. (x) 5“!, -

1
=COSX+—
x
Therefore,

f(x)= cosx -+~

. i
f(x)+—g(x)
dx



To draw the graphs of £, f’ using graphing caiculator, first set the window as follows:

W T HOOL
Amin=01
Amax=28
ASC1=0
Ymin=-1
Ymax=6
Yecl=2
ares=1

Now press the button then enter the functions as ¥, =sinx+Inx.Y, = ccrs,t+l _ Finally
X
press [GRAPH| - The graph is shown below:

fix)=sinx+lnx

v

frx) —cosx+L
x

Answer 40E.

. . In
(Given curve is _}r=—x.
x

Thﬂny'=%

Atthe point (1,0), »'={1-1n1)=1

Atthe point (e,1fe),y' =0

Hence equation of the tangent line at (L U) 15
_}r—ﬂ=(l—ln1:](x—1:]
_}r—ﬂ:(l)(x—l)

= y=(x-1)

The equation of the tangent line at [e, ],-‘re:] is
y—1lfe=0(zx—¢)

=



The graphs of the tangent lines are

/

Tangent x-1

/}-—

Answer 41E.

05

15 2 75 335 4 45 5 55 6 65 7 75 8 85 9 95 10

Given f (x) = (c:x+ln (cos x))

On differentiation

(@)= %(cx+ln (cos x))

= %(cx) +£[ln (cos x))

=c+

(— sin x)

CO5 X

=c—tanx

Given that 7'(7f4)=6

m

= c—tan —=
4

= c—1
= c

Therefore

Answer 42E.

6
6
7

Given f (x) =log, (3;[2 — 2)

1

log &°

On differentiation,

In(32"-2)

FR=5 )

1

Ine
1

Ina

d

— (1:. (32 - 2))

1
bx

3 -2

bx
(3;:2 —2)]na



Given that f*(1)=3

Therefore 3= i
lna

= lna=2

= a =£'2

Therefore  |a=¢°

Answer 43E.

Given y= (x2 +2): (x‘ +4)‘
Taking logarithms on both sides,
Iny=In [(12 +2)2 (x‘ +4)‘:|
—tn(2 +2) +In(* +4)'
=2In(x* +2)+4In(x* +4)
On differentiation,
d d
—(iny)= E[21:.(;:’ +2)+4la(x* +4)]

1 a4 2 4
= ——== 2x)+ {4x*
e e Cobe iy

| %= 162
£+2 144

&

dx
. dy 2 ¢ 4 162
1€, E :(In+2) ().’2+4) |:Ii—j:2+mi|

=

Answer 44E.

g cosix
2 +x+l
Taking logarithms on both sides,

In y=In (e" cos® x)—]n (f +x+1)

Given y=

On differentiation,
%‘?%:%[ln(&}_“cos2 )—h(x:+x+1)]
v A a1 4
_e_"coszxdx(g £ ) xz+x+1dx(xz+x+1)
_ e (-2cosxsinx)—e cos” x  2x+l

e Fcosix =24x+l

_ —sin 2x—cos® x 2x+1

cos® x _x:+x+1
 otanx—1— 2x+1
+x+1
—x 2
Therefore £=e cos x[—2tanx—1— 2x+1 )
dr Fax+l Paxel
Answer 45E.
x—1
Given y=_|——
7 41
Taking logarithms on both sides
In —l.n( x-1 ]]’p
7 o +1

=%[1n(x—1)—1n(x* +1)]



Differentiating the above equation with respectto =,

1dy
ydx
1d .
=5 |ia(x-1)-1a(= +1)]
1142
T 2lx-1 x4
Therefore 22| L _ 2%
dr 2| x-1 2 +1
. d 1 !;—1 1 47
L1e; —=— -
de 2¥x* 41| x-1 41

Answer 46E.

Given y= J;e”z_" |::r+1):"3
Taking logarithms both sides,
Iny=tn (Ve (x+1)*)

=In (-J;) +ln (e‘i_‘) +ln I:Jr+1)2"*3
= %ln Jr+(:r2 —x)+%]n(x+1)

Differentiating the abowe equations

1o 11,6 2 1
ydx 2 x 3x+1

1
Therefore %:yl—+2x—1+

2
2x 3(;r+1)

& |8

=Vx e (1) l; Fox—1+
X

2
3(x+1)

Answer 47E.

y=x
Taking logarithm on both sides:-
Iny=xlnx

Dhfferentiating with respect to by product rule

%[lny] = %[xln x]

Or ldl:;r£1rur+]n xi_x

¥ dx
Or & = y[z l+11:| x]
ax x
Or Q: Fal [1+1n x]
dx
Answer 48E.
Given y=x""
Applying logarithms on both sides
]ny:ln(x““) [Sim:e ln(a’):blna]

=ln y= (cos ;r) (ln(x))




On differentiation with respect to x, we get

%(lny) = %((cos x) (]n x))

Since i(ln ;r) = l and
- ax x

B |8

% =(cosx)-%(]nx)+|:ln x)-%(cos x)

%(cosx)z—sin x

=(cos ) (3 +{ln 2){~sinx)

COSX

~ —(ln x)(sinx)

N (cos x— x(]n x) (sm x))

x

B x5 (cos x— x(ln x) (sin x))

B & &lll&

X

Answer 49E.

y=x=
Taking logarithm on both sides
In y=In £F

Iny=sinxlnx (sinl:e h(x‘):nlﬂ x)

Differentiating with respect to = by product rule
i(lny) = %(sm zln x)

dx
l-QzsinJr£11:11r+]1:ur-isi1:lJr (y:uv:}gzu£+vdi)
¥ dx dx dx dx dr  dx
sz[sin x-l+]nx-cos x]
dx x
szs_"[ﬂ+]n x-cosx]
dx x
Answer 50E.

Consider the following function:
=
Take logarithm on both sides of the equation.

Inyzanr_'

=Inx

e

—%(lﬂft’) Since Inx" =nin(x)

Differentiate both sides of above equation with respect to x.

li:i.i(lnx)q. Inx-i[£] Product rule
yvdx 2 dx dv\2
=£'l+h'l.'l."l
2 x 2
:l[l+lnt]
2

It can be written as shown below:

& _y
o 2[I+ln.r]

Jr

2

[1+Inx]




Answer 51E.

Consider the following function:
y=(cosx)’
Take logarithm on both sides of the equation.
Iny=In (cusx}’
=x-In(cosx) Since Iny’ =b-Iny

Differentiate the above equation with respect to x.

%hy=%[r~ln{mx)]
i% =x-%[ln {mx)]+ln{mx)-%: Product rule
:I.mlsx-%msx+h1{cos:} Since %h.‘l’:%
=${—sin x)+in(cosx)
=—xtanx+In(cosx)

The above eguation can be written as shown below:

dy

Eﬁv[—xtan X+ ]JI(COSJ:)]

= [CUSI]I[—IIEI‘II-P lJ‘l(COSx}] I

Answer 52E.

Consider the following function:
y= {sin .r)‘"

Take logarithm on both sides of the equation.
Iny = In(sinx)™*

=Inx-In(sinx)

Differentiate the above equation with respect to x.

d

Elny=%[ln.t-ln{sinx}]
lﬂ=In.\'-ihl{!-‘.irl.r}+||'|{si|ht:|-iln.t
ydx dx dx

=lnx-

isin:):+ ln(sin_vc}-l
sinx dv x
=111.\"_L-u:mnrsi.n'+111|[5ir1.1:)-l

sinx X

In(sin x)

=Inx-cotx+

The above equation can be written as shown below:

%=y|:lnx-cotx+—ln (i“x}]

= (sinxj'“’[mx-m:n@].




Answer 53E.

Consider the equation,

1
y=(tanx)x
The objective is to find the derivative of the function.

Take the logarithms of both sides of the equation and use the Laws of Logarithms to simplify:
1
Iny =In| (tanx)s

Iny:iln[tanx) Use ln{mr)=r]n{m)

Recollect, the derivative of natural logarithmic function is

Recollect, the product rule

4 p(x)

Suppose fand g are both differentiable functions, then

d d d
()] =S ()L (0)]+ e (1) 1))

Differentiate In y = lln(tan x)with respect to x-
X

i{Iny}]=i|:lln(lzmx) ]
——( =24 [1n(tan )]+ In(ian x) & [ ]

X

Use product rule

—

L/ ] [In(tan.t)]+ln(!anx)[——) B

¥y

To find the remaining derivative %[In(m .r)] in (1). use formula of derivative of natural

logarithmic function:

Substitute sec” x or 4 I in (1), then
dx[n(mx)] (1)

tan x
(dy/a) _1[sec’x] roo o 1
y x| tn ][I(M)J[EJ
=j"“ *——[in(anx)]
%= y_xlanr [ln{tanx]]] Multiply both sides by y
=(tanx)x [i’; —é[h‘l(tan .t)]] Substitute (tan .r]i for y
Therefore,

(tan I}i

-
]




Answer 54E.

y= (ln x)m'
Taking logarithm on both sides:-
In y=cosxln (ln x]l

Dhfferentiating with respect to x by chain rule together with product rule
%(lny) = %[cos xln (ln x)]

lgz cos xi]n (]nx) +in (ln x)icos x
dx dx dx

¥y

> y[';‘::%ﬂn (tn x)(—sin x)]

?—Iz(]nx)m'[iii—sinx]n(]nx)]

Answer 55E.

_'y=11:|(1(2 +y:)

Dhfferentiating with respect to = by chain rule
d d
@)
dyg 1 dra 2

or E_(xn+y2)dx[x +J’]
dy _ 1 dy

Or E—(I:+y2)|:2x+2ydx:|
Q_ 2x 2y Q

Y wTF) e

2x
I2 2
o H_ B
dx x2+y2—2y
[x’+y’)
dy 2x
o T EA
Answer 56E.

We have to find y if 27 ="

Wehave x¥ ="
Taking logarithms of both sides, we get,
In ¥ =1ny"
= ¥lnx=xlny Since Inx*=ylnx

Differentiating both sides implicitly with respect to z, we gat,

%[yln x]= %[x]ny]

PN S—
= y_%+(lnx)?—x=x_%(%)+(]ny)_l Using chain rule.

= Z+anrQ:£%+1uy

x dx y



HNow to find ¥' we will collect the terms containing % on one side. So we have

]rurg—igzlny—1
dx ydx x
= [lnx—i)gz (]ny—z]
¥ ldx x
In —Z)
= ¥_ [ " x
[lnx—i)
¥
_ (zln y—y)fx
(y]n x—x)/y
3 »(xlny-y)
- x(ylnx—x)
Hence
_dy_y(xlay-y)
S dr x(y]n x—x)
Answer 57E.

We have to find 7 (z) if £(x)=la{x-1)

For this we will find first three or four derivatives and then guess n'® denvative by
mspection

We have f(x) =]n(x—1)

Differentiating both sides with respect to x,

We get 7'(x)= % f(x)= %h (x-1)

1
) (1-0)

1

"~ {x-1)

We have f'(x):ﬁ

Differentiating with respect to %, we get,
F0)= 57 0=

— 2 (x-1)"

= (—1)[;—1)4%@—1) Using chain rule.

=(-)(x-1)" (1-0)

=(-)(x-1)"

Wehave £°(x)=(-1)(zx-1)"
Differentiating with respect to =, we get

£ D=2 (D=2 (-1
= (—1)(—2)@—1)*‘“%(;:—1) Using chain rule

=(-D*1.2(z-1)" (1-0)
=(-0"12(z-1)"



We have got 7™(x)=(-1)'1.2(x-1)"
Differentiating with respect to =, we get

4 .. d, 2 3
7= (D= (D 12(x-)
=(—1)21_2_:—x(x—1)_3
~(-D12(-3)(x-0* L)
=(-1123(x=1)" (1-0)

=(-1"123(x-1)"

Proceeding in the same way differentiating 1 (x) n times, we get
AE=0"123 (a-D(x-D"

_ |07 -1y
(==7)°
Hence
e DT (-1)
f @y
Answer 58E.

d’
Evaluaie £ _(+®Inx
dfqt )
Let _;:=xs]_n:r
" B 1 7
y=x -—+8.‘I.' Inx
X
Y= x +8x Inx
J.-. = ?_rh 1-3.'{T 'l+3‘?'1’b Inx
X
=15x"+8-7-x"Inx
1
Y =90x"+8-7-x*-—+8-7-6-x’Inx
X

=146x" +8-7-6x" Inx
¥ = Ax* +8-7-6-5x" Inx
7 =Bx*+8-7-6-5-4x’ Inx
W =Cx* +8-7-6-5-4-3x Inx
¥ =Dx'+8-7-6-5-4-3-2x' Inx
Y = Ex® +8.7-6-5-4-3-2-1x" Inx

¥ =E+(8)Inx

J:Iql —— 0+E
x
Therefore,
. i
—|x Inx)=|—
:i'r°( ] X
Answer 59E.

First we skeich the curve y= {_\-_4}: and y = Inxon the same screen with the help of

computer (figure 1) and move the cursor to the points of intersection of these curves, we see
that x-coordinates of the points of intersection are about 3.0 and 5.3.



2
|

First we take initial approximation x, =3.0

Since f{,r} = (_1- —4]2 —Inx

1 d 1
Then f'(x)=2(x-4)—— | Zlnx=—
F(x)=2(x-4)-1 [dt : ]
Then Newiton's formula becomes
s
el “m
f(xn}

(x, —4): —Inx,

X

= X,

’ u%-q-%

(]

Or x, =2.957738
Similarly x; = 2.958516

x, 2958516 [x, =x,]
So first root of the equation is |y =2.958516

Now we take initial approximation x, =5.3

(x, —4): —Inx,

Then 2~ 2{&—4)—(%]

(53-4)" -In(5.3)
2{5.3-4){%}

Or x, =5.290755

=53-




Similarly x, =5.290718
x, =5.290718

Here x, = x, (correct up to six decimal places)

So the second root of the equation is | x = 5290718

The roots of the equation ( - 4)2 =Ilnx.are l_r = 2958516, 5.290‘.’]8]

Answer 60E.
Consider the equation In (4 -x ) =x
Rewrite the equation as f(x)=1In (4—_1:: } -x.

Need to find all the roots of the equation correct to eight decimal places using Newton's
method.

The sketch of the graph  f(x)= h1(4-.r3}-_r is shown below

&

Sy

£l x_':.=]:an4 —x? }—x

‘ e

X

-5

Differentiate the function f(x) with respect to x. get
f(x)=In(4-x")-x
. _ —x

In Newton’s method, nth approximation is x, and f '{Iﬂ]i 0, then the next approximation is

given by

X :x—f{x")
T r(x)



From the graph observe that the equation has two roots.
First find the root located at left side of the origin.

Choose x, =—1.94 with =1 then the second approximation is
=g
=X - 'fl(-tl]
f'(x)
In(4-x)-x,
=X —
1 _hl -l
4-x°
In(4—(-1.94)")—(-1.94
g (a-(199)-(-199)
-2(-1.94) 1
4-(-1.94)’
1 ox_ 0497770007
15.41285956
= —1.94-0.03229575959
=—1.97229576
And
X=X,
o f(x)
C S(x)
In(4-x,")-x,
s
I];-l
4-x,°

In(4-(~1.97229576)" | -(~1.97229576)
-2(-1.97229576)
4-(-1.97229576)’

=—1.97229576 -

~ _1.97229576— —0.234529845
3484381437
= —1.97229576 + 0.006730888947

=—1.965564871
Similarly, we obtain

x, =—1.964648471

x; ==1.9646356

x, =—1.964635597

x, = -=1.964635597
Since x, and x, agree to eight decimal places, we conclude that one root of the equation,
correct to eight decimal places, is x =—1.964635597.



Now find the root located at right side of the origin.
Choose x, =1 with y =] then the second approximation is

X =X
v f(x)
1 f'{_tl)
IJ'll(dI-—_\f:l-_r1
-2x,

4-x’

_l_ln(4—(|)’)—(1)
- __i'),q
4-(1y

~ 0.098612289

—1.666666667
=1+0.05916737339

=1.059167373

=x—

"
=1

And
X =X
e f(x)
© O f(x)
In(4-x")-x,
4-x?
In(4-(1.059167373)" ) -(1.059167373)
=1.059167373

-2(1.059167373) |
4-(1.059167373)°

—0.002014617
=1.736001978
=1.059167373-0.001160492341

=1.058006881
Similarly, we obtain

x, =1.058006401
x, = 1.058006401

=1.059167373—

Since x, and x; agree to eight decimal places, we conclude that another root of the equation,
correct to eight decimal places. is x = 1.058006401.

Answer 61E.

The given functionis f(z)= lnTx
X

Domain of the function 1s (U,m)
Differentiating with respect to =, we get,

=% 7= (5]

1 4 df 1 .
=——(lnx)+lnx—| — Using product rule.

T dx(&)

1(1 4 _in
=—]|— +(1nx)- —x

Fap e (57)

1 1 —=
=J|:3_‘.2+11:u{—§;r2 J

1 Inx
zﬁ_zxm

2-Inx




2—Inx

Wehave f'(x)= SR

Dufferentiating with respect to x, we get,

f"(x)=j—x[f'(x)]=j—x[%]

1df2as]

C2de| 27

f“i(z—lnx)—(z—lnx)if”]

| ax dx ) .

= 5 Using quotient rule.
(=)

[ 3
f“(o_l)—(z—mx)-gﬁ_l]

3
x

:—x’“—%(z—lnx)x‘”]

| =

[ | =

| e

3
X

4l;r‘“[—z—6+31n;r]

3
X

_[3nz-3]

L77]
4x

For point of inflection f"(x)=0

- 3lnx—8
4"
= 3lnx—8=0
= 111;::§
3
= ="
Also, when x=2""
Inx
y:f Ti=—
(912
_]ncsa‘r3
- rfgs.e
=£ Since Ine*=x
[
8 8 un
T3 3

Therefore, point of inflection is
&3 8 p3
e ,—¢
( 3 ]

Let us check for concavity of f{z) The given function f{z) will be concave upward
if f“(x)>0
3lnx-8

4572

3lnx-8>0
3lnx>38

= =0

]Iur::\-§
3

b u

P

Thus (=) 1s concave upward for xe (em,m)

The given function f{z) will be concave downward if #"(x) <0

3lnx-38
= = <0
4x
= 3lnx—-8<0
= 3lnx <8
= Inx <8f3



= x{em

Thus (=) 15 concave downward for x e (I‘J,e‘m)

Hence,

f (%) 15 concave upward on (esﬂ,m)

j(x) 15 concave downward on (U,em)

Point of inflection is (e“”,ge“”]

Answer 62E.

‘We have to find the absolute mumimum value of the function f[x) =xlnx
The domain of f({x)=xlnx is (0,c0) as In x is not defined for x <0
Given, [ (x) =xlnx
Dhfferentiating with respect to =,
. g d
7= 5= Lztnx)
= xi(]n x) +(]n x) ix Using product rule.
dx dx

= x-l+(1nx)-1
x
=1+lnx

For critical values f'(x)=0
1+lnx=0
Inx=-1
=gt
x=1fe

Lo ol

Now, f'(x)=1+lnzx

For, f'(x)>0
1+lnx>0

= Inx>-1

e

ie. I>—
e

= f(x) 15 increasing when J|:::1-1
g

For, f'(x) <0
We have,

1+lnx <0
Inx=-1
x<eg’
x<lie

L udu

f(x) 1s decreasing for x -::l
e



Here f(=) is decreasing for x <1/e and increasing for x> 1fe
So by first derivative test for absolute extreme walues, f{z) has absolute minimum

value at x=1/¢.
And absolute minimum value of f{=) 1s
j(x)lenx
1l
g e
—llne_l
z
=—1lne Since nx"=ylhnx
z
:—1-1 ]_ne=1
z
_ 1
z
Hence,

Absolute mimimum walue
=—1fe

Answer 63E.
Consider the curve y =In(sin x)
Rewrite the curve as  f(x)=In(sinx)
A The domain is
D ={x|sinx >0} =(0,7)U(2x.37)U(4x7,57)...
= {.‘I’ |xe(2n7,(2n+ I}.w)} nis an integer including 0
B. x-intercept occur when In(sinx) =0

=sinx=1

b4
= I=E+2m:

No y-intercept since at x=0. f(x) is not defined

C.Since f(-x) is not defined so it is not symmetric
f(x+2x)=In(sin(x +2x))=In(sinx)

So it is a periodic function and has a period of 27

D. We look for vertical asymptotes at the end points of the domain.
Jim In(sinx)=— and lim In(sinx)=—e

So vertical asymptotes are x=nx

There is no horizontal asymptote

E Since f(x)=In(sinx).

1
sin x

Then f'(x)= (cosx)=cotx
Since f’(x)> 0 on the interval {2n;r,2njr+%]
And f'(x)<0Oon (Zmr-l-%.{hﬂ]x]

So f(x) isincreasing on [Zmz, 2nr + %]

And decreasing on (mm + %,{2n+ I]x]



F. f(x) has local maximum f(Zmr+%]='0
G.since f'(x)=cotx

Then f"(x)=-ecsc’x

since f"(x)<0 forall x

So f {r] is concave downward on its entire domain

H. Using this information, we sketch the curve

Answer 64E.
Consider the equation of the curve.
y=In (tanz _r)
Find the domain of the function.
Domain is the set of values of x for which f(x) is defined.
As the domain of In(x] is the set of all positive real numbers.
So. the domain of y =1In(tan’ x) is @ set of positive values of apn? x for which an? x is
defined.

As iap? x gives positive values, so find the set values of x for which ggn?  must not be

equal to zero.

The domain of the function, y=1In (tan _tz) is as follows:
T
x| AT+ — An+1
{rl rE[rm' nx 3 ]u(mr (n }n’)}

Set y=01ofind x-intercept.
In(mn:.r)=0
tan’ x=¢’
(la.l‘l.lr]2 =1
tanx =1
x=tan"'(1)
.t=tan“'[lan(mr—§]] ForneZ

.r=(mr-%] ForneZ



Set y =0 in the equation y:]n{tan:_r) to find yp-intercept -

y=In ( tan’ U:l
y=In(0)
y=-m undefined.

The function J.-=]n{tan3_r) that has periodicity is &

The function has no horizontal asymptotes.

The vertical asymptotes are the following:
lim ]n(tanz .r} = —a0
x =+
lim In(tan” x) = —ac for every n

Therefore, the vertical asymptotes are x=0,nx forevery m _

Find the derivative of the function y= ]n(tan: _r) with respect to the variable x

dy 1 d 2
—_—=— —la:nx)
dr tan” x dx

1 5
= — (Ztanx—sec‘x]
tan™ x
_ 2
sin X Cos X
Set E:ﬂ and solve for x .

dx

2
SiN XCos X
2=0 Which is false.

=0

Therefore, there are no critical points and the graph of the function y= ]n{tan: _r) has no

local minimum and no local maximum.

Sketch the graph of the function y = ln{tan: x)i

¥y =In(tan’ r]

\




Answer 65E.

Consider the curve y=In (] +xz)
Rewrite the curve as f (x)=In(1+x7)
A y=f(x)=n(1+x)

Domain is a set of real number R

B. For x-intercept In (I + x’) =0

or 1+x* =1 or x=0
And for y-intercept y=In(1+0)=0

So x and y intercept are 0, 0

C.Since f(-x)= f(x) soitis an even function and symmeiric about y — axis

D lim In{l +x° } =0 so there is no asymptote

T=p2m

E Since f(x)=In(1+x")
Then f'(x)= ﬁ [By chain rule]
since f'(x)>0 forx>0so f(x) isincreasing on (0,x)

And f’(x)<0forx<0so f(x)isdecreasingon (—o,0)

F.So f {ﬂ}:ﬂ is the local and absolute minimum

(1+x*).2-(2x)(2x)

G. f(x)= (1+13):

2(1+x°) -4
(1+2°)

_z(l-x’)

(1+2)

f(x)=0 when 1-x*=0 or x=%1

So f"(x)<0when -w<x<-1and I<x<oo
And f"(x)>0 when -l<x<l

So f(x) is concave upward on (-1, 1)

And concave downward on (—o,—1)and(1,%)

Inflection points are (—1,In2)and(1,In2)



H. Using this information, we skeich the curve

' ™

X

—6 —5 4 —3 —2 -1 1 2 3 45 6
Answer 66E.

Consider the curve y=1In {_rj -3x +2)

Rewrite the curve as f(x)=In(x* -3x+2)

A y=f(x)=In(x’-3x+2)

Domain is {:r| X =3x+2> I‘.}} = D{x|(x-1)(x-2)>0}

since (x—1)(x—2)> 0 when both factors are having same sing so

D={x|xg[12]}

B. For x-intercept

In(x* -3x+2)=0

¥ -3x+2=¢"
X -3x+2=1

¥ =3x+1=0

3+/94 3+45
Ty rE T

So x — intercepts are 3-V5 and 345
2 2

And for y-intercept y =In(2)

So y-interceptis In(2)

C. limIn (xl -3x+ 2] = o0 so there is no horizontal asymptotes

r=ptw

lim |n(_l] -31+2}= o0 and lim 1n(f —3x+ 2):-«:

="

so vertical asymptotes are x=1, 2

D. f(-x)= f(x)=-f(x) So this function is not symmetric



E since f(x)=In(x"-3x+2)

2x-3
X =3x+2

S0 f'{.'t‘)=
f’{.’c}:l}When 2x-3=00r x:%

And f’(x)is not defined when x* —3x+2=0=(x-2)(x-1)=0
x=2orx=1

But f{x) is also not defined for x=1.2 and 3/2 is also not in the domain.
f(x)<0on (-=,1)and f(x)>0 on(2,x)

So f(x) is increasing on (2,)

And f(x) is decreasing on (—ao,1)

Ff(x) has no local maximum or minimum

o (2x-3)
G f {-f]—m

Then

(x* -3x+2)(2)-(2x-3)(2x-3)

{f -3:r+2):

I (x)=

2x° —6x+4-4x"-9+12x
(.\'! —3x+2}:

_ =2x" +6x-5

(¥ -3x+2)

Since f*(x)=0when _25* +6x-5=0

Or 24% _gx+5 = 0 Which has no real roots

f7(x) snotdefined when x* —3x+2=00r x=1,0r 2
So f*(x)<0for —c<x<land 2<x<o

So f(x) is concave downward on (—-ao,1)and (2,m)

H. Using this information, sketch the curve




Answer 67E.

Consider the function f(x)=In(2x+ xsinx)

Find the first derivative of the function f(x)=1In(2x+ xsinx) with respect the variable x
using CAS.

The maple commands are:

Fx_=In(2*x+x"sin(x));

> Fr:= In(2*x + x*sin(x) );

In{2x + xsin(x))

diff{Fx.x);

> diff (Fx, x);

2 + sin(x) + xcos(x)
2x + xsin(x)

2 +sinx+xsiny

Therefore, f7(x)= et reiny

Sketch the graph of f and f' .

&y

AR

1 12 13 14

The function f is increasing on the interval, if f '(x) >0 on that an interval.
The function £ is decreasing on the inferval, if f"(x)< 0 on that an interval
Observe the graph of f” . it is positive on the intervals (0,2.7),(4.5,8.2), and (10.9,14.3)

So, the function f is increasing on those intervals (0,2.7),(4.5,8.2), and (10.9,14.3).

Find the second derivative of the function f(x)=In(2x+ xsinx) with respect the variable x
using CAS.

The maple commands are:
Fx=In(2*x+x"sin(x));

> Fx:= In(2*x + x*sin(x));
In(2x + xsin{x))
diff(Fx, % X);

> diff (Fx, x, x);

2cos(x) —xsin(x) _ (2 + sin(x) + xeos(x))’
2x + xsin(x) (2x + xsin(x))?

2cosx—xsinx {2+sinx+xms_t}:
2x+xsinx {21...155“1.)3

Therefore, f*(x)=

Sketch the graph of f and f* together.



The graph of f* has zeros approximately at x=3.8,x=5.7,x=10, and x=12.

Looking back to the graph of f at these points x=3.8,x=5.7,x=10, and x=12 to get »-
coordinates.

Therefore, the Inflection points are |[3.8-l.?].[5.?,2.1).[[0.2.?). and [12.2.9}| :

Answer 68E.
MNeed to graph the members of the family of functions f {r) = ln(_r: +{') for several values of
C.

The graphs of the members of the family of functions are shown below-

31y
4
3] c=8
c=4
1 c=l1
¥
-10 4 6 8 10
y=Mn{x-1)
y=n{x2-4)
y=In{>?+1)
y=ln[2+4
y=tnf-g)
y=In[2+8)
y=In[)




From the graphs observe that for ¢ >0, the function f [r] is defined everywhere.
As c increases, the dip at yx =() becomes deeper.
For ¢<0,

lim_In (f + c] = —an,

—Exc

So the graph has asymptotes at y — +./¢.

Consider the daia describe the charge Qremaining on the capaciior ( measured in
microcoulombs, g«)) at time r( measured in seconds)

r| 000 | 0.02 | 0.04 | 0.06 | 0.08 | 0.10
QO | 100.00 | 81.87 | 67.03 | 54.88 | 44.93 | 36.76

(a)
By using TI-83 calculator
Press STAT to view the statistics editing options.

Press the number associated with an option or use the cursor keys to select an option and
press enter and press 1 to select edit which displays the lists of data.

Press STAT pto view the statistics calculation options.

Press the number associated with an option or use the cursor keys to select an option and

press.

Press 0 to select exponential regression which finds the best-fit exponential equation of the

fiorm y= ab®

ExFpRed

y=gkb™x

a=160E. 83124369
b=4.5149533 -5

So. the obtain the model O =ab’ with [g = 100.0124369] 2nd [ = 0.000045145933|




(b)
The flash unit on a camera operates by storing charge on a capacitor and releasing it suddenly
when the flash is set off. The data in the table describe the charge remaining on the
capacitor at time r. Use the data to draw the graph of this function and estimate the slope of
the tangent line at the point where ¢ =(),04 -

So, the graph of the function.

4
Q | microcoulombs|
LS

70

0 A
504 \..,'\
~L |

002  0.04 006  0.08 0.1 I (Seconds)

e =

The points  P(0.04,67.03)and R(0.00,100.00)on the graph. to find that the slope of the
secant line PRis
100.00—-67.03
My =————
0.00-0.04
3297

"~ 0.04
= 82425

The table at the left shows the result of similar calculations for the slopes of other secant lines.
From this table the slope of the tangent line at y = (), (4 to lie somewhere between —742 and
—607.5- In fact, the average of the slope of the two closest secant lines is

%(—w ~607.5) =%{—1349.5}
=—674.75
So. by this method to estimate the slope of the tangent line to be —§75

Another method is to draw an approximation to the tangent line at P and measure the sides of
the triangle 4B in the above diagram. So that an estimate of the slope of the tangent line as

_|4B| _ 80.4-536
|Bc|~ 0.06-0.02

=[-670]




Answer 70E.

Consider the data,

Year | Population

1790 | 3,929,000

1800 | 5,308,000

1810 | 7,240,000

1820 | 9.639.000

1830 | 12,861,000

1840 | 17,063,000

1850 | 23,192,000

1860 | 31.443.000

(a)
Find an exponential model for the above data:
Let ¢ represents the year, with y = corresponds to 1790.

Step1: Press |STAT] 1 for the EDIT screen; enter values of years inio L, and sales inio L,.

The display as shown below:

L1 JLz L: z| |4 Lz L= z
o 20 7.Z4EB

io =0 8 54E6

z0 40 1.29E7

0 Eil 17iE?

4 &0 2. 3ZE?

il B

g0 |z3zEr| 0 | ===
Lzid=39296EE Lzigy =

Step2: Press |?nd and select Plot 1. Then set as follows

Flatz  Flatz
B
urps: B = Jn

Hh- HIH |~

- el
mlistilg
Ylistilz
Mark: B -

Step3: Press [WINDOW)| key then set as follows

W THDOLI

Amin=a
H“max=5a
#wscl=1A
Ymin=@
Ymax=2200E800
Yeo l=2A0EEEA
Hres=1




Step4: To view the scatter plot of the data, Press |GRAPH| key.

32,000,000

0 Iy

Stepd: Press [2ndIMODE] then press chooses sub menu and press @
then Press |2ndlL||*|2ndlL:|and press |ENTER| key.

ExrReg
u=gz+h™
a=3956172.85
b=1.829953251

Therefore, the Exponential Model: P =[39561 72_{;5([_030)'

Now, graph this regression equation with the data points.

To paste the regression equation into the function editor:

Press and move the cursor to Y1, then press [VARS] [5] [<]
[<] EQ, select RegEq [ENTER].

The regression equation should be in the function editor, [Y=], as shown below.

A3l Flotz Flot:
~Y1E3956172. 8499
S85%1 , 8299532511
I564~%

~Mz=

~Na=

“My=

~HMe=

Press |[GRAPH | key and the regression line will be shown with the data points

.
- I
P=3956172.05/1.030

In exponential model, the data is either increasing or decreasing.

From the scatterplot, it appears that an exponential model is a good fit.



(b)

One way to estimate the rate of change of population growth in 1800 is to take the average of
the slopes of the secant lines before and after y =1800-

The slope of the secant line from 790 and 18001s.

_ change in population
- change in time

_ 5,308,000 -3,929,000
© 1800-1790
1,379,000

10

=137,900

The slope of the secant line from 1800 and 181015,

_ change in population
- change in time

_ 7.240.000-5,308,000
- 1810-1800
1,932,000

10

=193,200

So, the rate of population growth in 1800 would be exactly half way between 137,900 and
193.200.

137,900+193,200 331100

2 2
=165,550

Therefore, the rate of population growth in 1800 is 165,550

One way to estimate the rate of change of population growth in 1850 is to take the average of
the slopes of the secant lines before and after ¢ =850

The slope of the secant line from 1840 and 185015,

_ change in population
- change in time
23,192,000-17,063,000
1850-1840
6,129,000
T
=612,900

The slope of the secant line from 1850 and 186015.

_ change in population

N change in time
_31,443,000-23,192,000
N 1860 - 1850
8,251,000

10

=825,100

So. the rate of population growth in 1850 would be exactly half way between 612,900 and
825,100.
612,900 +825,100 1,438,000
2 2
= 719,000

Therefore, the rate of population growth in 1830 is (719,000




(©)

From part (a), the exponential model is P =39561 ?2,05{1_030)’.

Use this model and then estimate the population in 1800 and 1850.

Since y = () corresponds to the year 1790, so j = J(Qcommesponds to the year 1800

The rate of growth in population in 1800 is,

P =3956172.05(1.030)"
-
The answer is 32 times larger than the answer in part (b).
Since y = () corresponds to the year 1790, so j = g(comesponds to the year 1850
The rate of growth in population in 1850 is,
P =3956172.05(1.030)"
=|17,343.486

The answer is 24 times larger than the answer in part (b).

(d)

From part (a), the exponential modelis p= 3955172_05(1 _030)'.

Use this model and then estimate the population in 1870.

Since y = () corresponds to the year 1790, so ¢ = 7(cormmesponds to the year 1870

The rate of growth in population in 1870 is,

P =3956172.05(1.030)"
.
But the actual population in 1870 is 38,558,000.
There is a large difference between the population estimated using the exponential model in
1870 and the actual population.
Answer 71E.

We have _l:édx=3 :ldx

=3[in ]
=3[ia(4)-1a(2)]

(]
= _

Answer 72E.

3

dx
Consider | ——
o Sx+1

[t

=%(1n16—1n1)

=1(1n2‘—o)




Answer 73E.
2 gf
183
dx
Let 8— 3 =x then _3&=dx@_?=d‘

We have to evaluate

Whent=1=x=5and whent=2=x=2

Therefore
riz 2_—1d'x
18-3% 453y
Al (fraerwas)
=5[ie
=%[]n5—l.n2]

D) [l

Therefore | —%— =|11a[2
18-% |3 \2

Answer 74E.

We have to evaluate the integral i[J; + %T dx
We have (J; +%}2 = (J;?)2 +[%T+ 2.0x %
1

=x+—+2

Therefore i[&+%}2dx=i(x+%+2]dx
= dex+jldx+2_idx
= [%I +[In x]: +2[x]:

= %[92—42]+[]n 9-1n4]+2[9-4]

=l(65)+].n§+10
8,0
2 4
Hence
9 2
I[ x+i] dx=2 42
s Jx 2 4
Answer 75E.
‘ =+ +1
We have to evaluate the integral [ *
We hawve xz+x+1:£+£+l
X X X X

= Jr+1+l
x



Therefore E[ﬁxxﬂ]dx:i[ +1+;)dx
- jxdx+jdx+de
= [g]: +[x]] +[lnx]]

5
lne=1
=l[ ) 4+e-1+1-0 Since .
2 In1=0
=—(92—1)+e
_92—1+2e
2
Hence
£ 2_
I[x’+x+1}dx:e 142
1 x 2
Answer 76E.

Consider the following integral:
sin(Inx
,[ (Inx)

X

Since laﬁr = du . substitute |p x = 35 shown below:
X

J- m(]n T} J-sin[n}dh

=—cos(u)+C
TR

Answer 77E.

_ (inx)°
‘We have to evaluate the integral I—dx
x

Forthislet Inx=¢
Dufferentiating both sides, we get,

X

Now -[de=ltzdt

X

= E-H: Where c 15 a constant.

3
= —(]n I) +e
3

Since f=lnx
Hence

ESNCEN

Answer 78E.

COS X

We have to evaluate I -
24+sinx
Let 24+sinx=¢

Then cosxdx=di



Therefore l-—cos x = l—

24+sinx

=hl+C
= ].n|2+sin x|+C'

Answer 79E.

There are various technigues to evaluate the integral
One of the techniques is the method of substitution.

In the method of substitution, an expression is substituted for one variable in order to simplify
the integrand so that it is brought into a form that is easy to evaluate.

Consider the integral:

———dx

J- sin2x
l+cos x

Make the substitution as shown below:

cos’ x=u
2cosx(—sinx)dx = du
=2 sin xcos xdx = du
sin 2xdy = —du

Evaluate the integral as shown below:

J'$1n2_t _ 1 e

1+cos® x l1+u
=—In|l+u|+C
=—lnl]+cus’.r|+£'
=—ln(l+cos21)+C'

Hence, the final value of the integral is |- ]n(] +cos’ _r] +C|.

Answer 80E.
We have to evaluate I dx
& +1
Let " +1=¢
Then & dx = df¥
Therefore
dr=1=
le +1 I
=mM+c

=[log(e" +1)+C|  Since &* +1>0 forall x.




Answer 81E.

2
We have to evaluate the integral jw’at:
1

Wow ] 100 de = 10
1n10 |

BETST [WI
=ﬁ[10’—10‘]

1
=——|100-10
lnlU[ ]

90

“Inlo
Hence

30
In10

2
]10’@::
1

Answer 82E.

Ve have to evaluate the integral ]:2"4;

For this let x* =¢
On differentiating both sides, we get,
2xd =dt

= xdx=£
2

Now, IxZ'adxz.[Z'§

=lj’2’,ﬁ
l1+'c: ‘Where c 1s a constant.
2ln2
2'2
= +c  Since £=x°
2ln2
Hence
Ix?idx= z +c
2ln2
Answer 83E.
" |
A We know that if — +c |=
(&)  Weknow —[f(R)+e]=2(x)
Then Ig(x)dxz_f(x)+c
HNow %[]n Isi.n x|+c:]=%ln I::inx|+%c
=—isin x40
sin X dx
1
=——cosx
sinx
=cotx
Therefore Icotxd.'len l::inx|+c:
{B) Let us evaluaie lcotxd.'x by method of subshiution

COS I

Icotxdx I
Let sinx=#£
On differenhiating we get
cos xdx =df

Sl[lI




Therefore

Icotxdx:lcosxdx

sinx
=j£
£
=1n|f.|+-:': ‘Where c is a constant.

=1n|sinx|+c Since f=sinx.
Hence

Icot xdx=ln|sin x|+c:

Answer 84E.

Consider the curve y = and thelines y=—4 and y=—|

2
(x-2)
5%

x=A4

(od o
NN
[

So, the area of the region the curve ¥ = andthelines y=—4 and y=—_]

2
(x=2)

=—2[In|x—2[]
=-2[In|-1-2|-In|-4-2{]
=-2[In|-3|-In|-6]]
=-2[In(3)-In(6)]

4]
)

= -2(~0.693147)
=[1.386294



Answer 85E.

First we sketch the region under the curve y=1.-’41+1 from 0 to 1.

Y
s

AN

L%

Fig.1

Now we consider a veriical sirip with thickness Ax in this region If we rotate this
region about x — axis, then we get a typical disk of radius y= 1:'Jx+1

Then the area of the cross section 1s A(x) = :-'r(lf x+1 : =xf (x+1)

Fi
And so the volume of approximating disk 1s A(x) Ax= ( +1) Ax
x
Y
y=1ipx+1)™
X
a 15 28

The solid lies betweenx=0and x=1.
Then the volume of the resulting solid obtained by rotating the region about x —

V=iA(x)dx

x:r-l)
1
(x+1)

dx

Il
0 ey ot
o

-

by dx

Let x+1=u & dx=du
Whenxz=0,u=1and whenz=1,u=2

Therefore,
V::ri&du
= A nfu[]
= 7!‘[].[[ 2—]111]
Cr,

¥ — 7tin 2 [Since In 1=0]



Answer 86E.

First we sketch the region under the curve y= 21 ] from 0 to 3.
x +
J
',:'-'fl="|]
—
ry £l 3t
sl Fig.1

Now we consider vertical strip with thickness Ax at a distance = from the origin
in this region If we rotate this region about y- axis, then we get a cylindrical shell
of radius

The height of the cylindrical shell is y=

= +1

=

Fig 2

ol

Then the wolume of the resulting solid obtained by rotating the region about y-

axis 15

Let #*+1l=u<2xdr=du
When x=0,z=1 and when x=3,u=10

Therefore
T
V=n]-du
1k
=n{nfu(]
=7{ln10—1n1]
Or [Sinceln1=0]
Answer 87E.

The work W done by the engine when the volume expands from volume ¥, to ¥, is described
by the following formula.

W= TP:IV
v

Here, the pressure p is a function of the volume P = P(V}



First use the equation Py =(.where p is pressure and J° is volume, to calculate the value
of the constant (. The problem states that when the steam starts, it has a pressure of
150 kPa and a volume of g0Q ¢m®- Use this to calculate .

(150 kPa)(600 cm®)=C

90000J-cm’~C  [BecauselKPa=1]]

MNow, write the pressure p as a function of volume.
PV =90000

P=

Finally, use the formula for work done to calculate the work done as the steam goes from a
volume of g0 em® t0 a volume of 1000em?-
[l
90000
W= [ ——av
o ¥

=90000[In V]

=90000(In 1000 - In 600]
~45975]

Therefore, about |459751]| of work is done during the cycle.

Answer 88E.

We have to find £
(Giwven that j'(x:]=x_2 .z>0 , f(1)=0 and £(2) =0
= %j'(x):f2

=  d[f(x)]=x"dx

Integraiing both sides we get,
[a[r(x)]=]x"ax
241
= f'(x) = i +c [c 1s a constant]

= j'(x)=?1+c

Also from f'(x) = _—1+c
x

= %f[x) = —%+c

= d[f(x)]= [—l+c)dx
x
Integrating both sides, we get,

Id[j[x)]=l[—%+c:|dx

= _f[x) =—In |XI+CI+L'1 ‘Where ¢, is a constant



Given that whenx=1, f(1)=0

Therefore from f(x)=—Inx+cx+c;, where x>0

Wehave f(1)=—Inl4+c.(1)4c

=  0=0+4c+q [ln1=0]

= cte =0 ——(i)

Also when x=2, f(Z):U

Therefore from f(x)=—Ilnx+cx+c

Wehave f(2)=—In2+c(2)+c
O0=-In2+2c+¢

=  0=—In2+4c+(c+g)
= O0=—-In2+4c+40 Since ¢+¢g =0 from equation (1)
= c=ln2

From (i) ¢, =—¢
= o=—In2

Substituting values of c and ¢, in 7 {x) we get
F(x)=—Inx+tex+e
=-lnx+{(ln2)x-In2
= (x—l)lnE—lnx
Hence

l7(®)=(x-)in2-Ins|

Answer 89E.

The given functionis (x)=2x+hx
Also g is the inverse function of 7 (x)=2x+Inx.
Sog=5"
We have f(x) =2x+lnx
Diufferentiating with respect to x, we get
. d d
¥i (x):;f[x):;[21+ln x)

= i2Jr+i].1:| x
ax

PRy
x

f(x) 1s defined 1if x>0
Here [ '(x) 15 always positive as x > 0_ Therefore f[x) 1s increasing function
So f(x) will be one- to — one.

Now, we needto find g'(2) ie. (#7)2
For this we have
f(x)=2x+1nx
Putting x=1 we get,
F(1)=2x1+mn1
= f()=2+0
= f(l) =2 = _f_l (2) =1 By definition of inverse function



We know that if £ 15 one — to — one differenhiable function wath inverse function
Fland [ £ [a)]# 0 then the inverse function is differentiable at a and

( )()_f[f_I( )]
Now, we have f~ (2)=1
Also f(x):21+]nx

And £ (x)= 241

So f'[j“(E)]:j'(l)=2+%=3
Therefore g'(2)=(7 '1)'(2)
Rt “(2)]
[

) |t ﬂ..ﬁ
fam—

Hence

g(2)=

Answer 90E.

Given f(x:]=e'+]nx
Differentiating with respt:[:tto =, we get,
f (x)——f(x)— (e +1nx)
:ie'+ilnx
dx dx

1
=" +—
x

Since e° is always positive and — is also always positive forx > 0.
x

[Hote: for x"-_'iﬂf(x:] 15 not defined]
Therefore f (x) >0

=> Fi (x) 15 increasing funciion
So f(x) will be one —io — one.

Now, we need to find & (e) ie. (f_l) ()
For this we have

f(x)=9'+]nx
Therefore 7(1)=¢'+In1

=40
=g

= ¥i N [e:] =1 By defimtion of inverse function



We lkknow that if £1s one — to — one differentiable function with inverse function
fland £ [ f1 (a)]:t 0, then the inverse function is differentiable at a and

L )()_f[fﬂ)]
Now, we have (e)—l
Also f(x)=e'+]nx

And f'(x)=¢" 41
X

o £ [ @]-7 (=o'

=e+1
Therefore
L )[)_fo()]
1
0]
1
e+l
Hence
K E)=() ()=
Answer 91E.

X
Consider the curve ¥=+— and the line y=mo.
o+ l)

—

flx)= )

x +l}

Differentiate with respectfo x.

, _{.rl+l){l}—x{lr)
FO=1)

x*+1-2x°

{.T3+l)

2

—

.r3+l)

H the slope of th y=isi f'(x) (1-x)
ence, the slope of the curve ( is X)=———~.
+1) (x+1)

If x=0Qthen f’(0)=1. Theslopeoftheline y=mxis, 0<m< f’(0) that implies

D<m<l.



Hence, proceed as follows:

x
mx = —
.t‘+|}
.
mr(.r'+l)=x
1
X +l=—
m
XHl-—=
m
1
¥ =—-I
m

The interval, — ‘L_l <cx<0and Qecx< ’L_l
m m

Hence, the area of the region is as calculated as follows:
A= —_ —
_\ILL_I[(IZ 1) "‘“}"” I [(xz 1) ”“}“

This suggests that one should substitute, 2 4| =4 SiNCe 2xdx = du.

The limits are as calculated as follows:
1 1

As x> — |——11hen y——
m m

As y(then 4]

[ (e T (e

iy L
V= !

[ol

&
|

Or

' .[:L[(fil)‘"“]““*ﬂﬁ‘”]“

-

If m=1] then

- L= T (=
0



Answer 92E.

(a)
Consider the function f(x)=Inx

Hence the linear approximation f l|:_1r} is given by
f,(x)=Inl+£"(1)(x-1)

=0+1(x=1)

=x-1

Therefore the linear approximation of f(x)=Inxis (x-1)

(b)

The graph of f(x)=Inx and the linear approximation of f(x)=Inxis (x-1)

5%
y

44 x=1

(©)

The linear approximation of f(x)=Inxis (x-1)

But the linear approximation accurate to within @]

So that
(_r-l)(ﬂ.l
x<01+1
x<l.1
x=1
Answer 93E.
Letf(x):]nx
Differentiating with respect to =, we get,
d 1
x)=—lnx=—
f( ) dx x

So_f'(l):%:l



Also f(x+k)=In(x+k)
From the definition of a derivative as a limit, we have
iy J (H) -7 (1)
7 (U-',‘_ﬁf

o T D=7 ()

L Replacing hby =
o (1+x)-n(1)
=l x
=h_m]rn(1+x)—(]
=l x
=h_m]n(1+1r)
=0 x
Therefore,
. In(l+x , . ,
];‘ﬂ%:f (1) Since £'(1)=1
=1
Answer 94E.

Let #(¥)=Iny Then j'(y)z%

And f(y+k) =1n(y+h)
MNow from the defimtion of the a denivative as a hmat, we have,
. +h)—
RS e

=1 ]
=]jmln(y+.31)—lny
£0 P
]ny+k
=tim —2 Since InZ=tnx—Iny
lim

Since, f'(y)=%

Therefore, we have,
lim l111 (1 +£) =
B0 § ¥

Let us put k:l and y=
»

H|n—l‘<|""

As k=0 | n—ow
Therefore, we have,

1 (1im)) 1
St [1+(1fx)) T

=  limzln [1+5)= x
F ) n

X

= ]jm]n(1+ ) =x Since Inx’=ylnx
E s

n

Applying exponenhal funchon to both sides, we get,

Bl
a =&

= lim eh[h;']. =£"

= ].im(1+£) =" Since 2™ =x
o 7

Hence,

lim (1+£] =g"
Pl ) n




