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G.W. Leibnitz

One of the principal languages of science is

that of differential equations. Interprestingly,
the date of birth of differential equations is
taken to be November 11, 1675, when Gottfried
Wilthelm Freiherr Leibnitz (1646-1716) first

put in black and white the identity Iydy = %yz

thereby introducing both the symbols [ and
dy. Leibnitz was actually interested in the
problem of finding a curve whose tangents
were prescribed. This led him to discover the
‘method of separation of variables’ in 1691.
A year later he formulated the ‘method of
solving the homogeneous differential
equations of the first order’. He went further
in a very short time to the discovery of the
‘method of solving a linear differential
equation of the first-order’. How surprising
is it that all these methods came from a single
man and that too within 25 years of the birth
of differential equations.




Ditierential Equations

Many of the practical problems in physics and engineering can be converted into differential
equations. The solution of differential equations is, therefore of paramount importance. This
chapter deals with some elementary aspects of differential equations. These are addressed
through simple application of differential and integral calculus.

There are two important aspects of differential equation, which have just been touched in
this chapter. How to formulate a problem as a differential equation is the one, and the other is
how to solve it.

8.1 Definition
An equation involving independent variable x, dependent variable y and the differential

2
coefficients j—yj—z ........ is called differential equation.
X dx
.. dy ... dy
Examples : (i) —=1+x+y (il) —+xy =cotx
dx dx
3 2
.y (dy dy . , d?y (dy]
iii) | —-| —4—+4y =5c0s3x iv) Xx“—+.]1+|—| =0
(111) (dx“j dx Y (1v) dx? dx

(1) Order of a differential equation : The order of a differential equation is the order of the
highest derivative occurring in the differential equation. For example, the order of above
differential equations are 1,1,4 and 2 respectively.

|/Vak : 1 The order of a differential equation is a positive integer. To determine the order of a

differential equation, it is not needed to make the equation free from radicals.

(2) Degree of a differential equation : The degree of a differential equation is the degree of
the highest order derivative, when differential coefficients are made free from radicals and
fractions. In other words, the degree of a differential equation is the power of the highest order
derivative occurring in differential equation when it is written as a polynomial in differential
coefficients.

|/Vak : U The definition of degree does not require variables x, y, t etc. to be free from

radicals and fractions. The degree of above differential equations are 1, 1, 3 and 2
respectively.
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2
The order and degree of the differential equation y=x j—y + [a® (j—yj +b? are
X X

(a) 1, 2 (b) 2,1 () 1,1 d 2,2

Clearly, highest order derivative involved is j—y , having order 1.
X

Expressing the above differential equation as a polynomial in derivative, we have

2
d_y] +b?
dx

2
ie., (x?-a? g —2xy d—y+y2—b2 =0
dx dx

In this equation, the power of highest order derivative is 2. So its degree is 2.

1
2 2 =
The order and degree of the differential equation 3_32/ + (%)3 +x* =0, are respectively
X
(a) 2,3 (b) 3,3 (c) 2,6 (d) 2,4

2
The highest order derivative involved is j—zwhich is the 2™ order derivative. Hence order of the
X

differential equation is 2. Making the above equation free from radical, as far as the derivatives are
concerned, we have

d?y =+ ’ dy dzy ’ dy
— 4 x4 | =—— ie |—+x*| +—==0
dx ? dx dx 2 dx

2

The exponent of highest order derivative j—g will be 3. Hence degree of the differential equation is 3.
X

2 2 2
The degree of the differential equation d—g + S[d—yj =x? Iog[d—ZJ is
dx

dx dx
(a) 1 (b) 2 (©) 3 (d) None of these
2
The above equation cannot be written as a polynomial in derivatives due to the term x? Iog(j—gj .
X

Hence degree of the differential equation is ‘not defined’.
The order of the differential equation whose solution is x2 +y2 +2gx + 2fy +c =0, is

(a) 1 (b) 2 (© 3 (d 4

To eliminate the arbitrary constants g, f and c, we need 3 more equations, that by differentiating the
3

equation 3 times. Hence highest order derivative will be j—g/ . Hence order of the differential
e

equation will be 3.

The order of the differential equation of all circles of radius r, having centre on y-axis and passing
through the origin is

(a) 1 (b) 2 () 3 (d) 4

The equation of the circle will be x? + (y + r)2 =r?. Hence the constant to be eliminated is r.

.. order of differential equatior
Y Y,
0

(O, -

(0]
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Example: 6  The order of the differential equation, whose general solution is y = c,e* +c,e?* +c,e®* +¢,e*"%

, where
¢,,C,,C3,C4,C5 are arbitrary constants is

(a) 5 (b) 4 (c) 3 (d) None of these
Solution: (c) Rewriting the given general solution, we have
y=ce* +c,e® +ce® +c,e¥e®
=(c, +c,e%)e* +c,e?* +ce®* =cle* +c,e? +ce™
where ¢; =c; +¢,.6% . So there are 3 arbitrary constant associated with different terms. Hence the

order of the differential equation formed, will be 3.
Example: 7 The degree of the differential equation satisfying v1—x2 +,1-y? =a(x —y)is
(a) 1 (b) 2 (©) 3 (d) None of these

Solution: (a) To eliminate a the above equation is differentiated once and exponent of Z—y will bei. Hence degree is
X

1

dy 1(dyY  1(dy)
Example: 8 The order and degree of y:1+—y+— ) =[S s is
dx  2!\dx 31 dx

(@) 1,2 (b) 1,1
(c) Order 1, degree not defined (d) None of these

dy
Solution: (b) The given differential equation can be re-written as y=e%* = Iny = j—y
X

This is a polynomial in derivative. Hence order is 1 and degree 1.
d?y _ (dy )
Example: 9 The order and degree of d_z =sin v +X is
X X

(a) 2,1 (b) Order 2, degree not defined
() 2,0 (d) None of these

2
Solution: (b) As the highest order derivative involved is j—g . Hence order is 2.
X

The given differential equation cannot be written as a polynomial in derivatives, the degree is not
defined.

8.2 Formation of Differential Equation

Formulating a differential equation from a given equation representing a family of curves
means finding a differential equation whose solution is the given equation. If an equation,
representing a family of curves, contains n arbitrary constants, then we differentiate the given
equation n times to obtain n more equations. Using all these equations, we eliminate the
constants. The equation so obtained is the differential equation of order n for the family of
given curves.

Consider a family of curves f(x,y,a;,a,....,a,)=0 ... (i)
where a,,a,,......a, are n independent parameters.

Equation (i) is known as an n parameter family of curves e.g. y = mx is a one-parameter
family of straight lines. x* +y? +ax+by =0 is a two parameters family of circles.

If we differentiate equation (i) n times w.r.t. x, we will get n more relations between
X,¥,8,,8,,.....a, and derivatives of y w.r.t. x. By eliminating a,,a,,....,a, from these n relations and
equation (i), we get a differential equation.
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Clearly order of this differential equation will be n i.e. equal to the number of independent
parameters in the family of curves.

Algorithm for formation of differential equations

Step (i) : Write the given equation involving independent variable x (say), dependent
variable y (say) and the arbitrary constants.

Step (ii) : Obtain the number of arbitrary constants in step (i). Let there be n arbitrary
constants.

Step (iii) : Differentiate the relation in step (i) n times with respect to x.

Step (iv) : Eliminate arbitrary constants with the help of n equations involving differential
coefficients obtained in step (iii) and an equation in step (i). The equation so obtained is the
desired differential equation.

- - . L c .
Example: 10 Differential equation whose general solution is y =¢;x + -2 for all values of ¢, and c, is
X

d’  x* dy d’ y dy d’ 1 dy d’ 1dy y
a) Y, XY g ) LYY Y g o &Y _ 2% _g SEre =0
(@) y dx (b) dx?  x? dx ¢ dx?  2x dx (@ X2 x dx X2
Solution: (d) y:c1x+%2 ..... (i)

There are two arbitrary constants. To eliminate these constants, we need to differentiate (i) twice.
Differentiating (i) with respect to x,

dy Cy .-

= =C——5 ii

dx ' x? (D)
Again differentiating with respect to x,

d?y 2c
dx—¥=x—32 ...... (iii)

3 2
From (iii), ¢, = X?S—Z and from (ii), ¢, = g—y+—22
X

dy

LG ==+

d?y

X
dx 2

dx 2
2 2 2
From (i), vy (d x. ] +X7§_Z 3y2x2u+xdl
X X

dy 1dy y

T ax? T X

2

Example: 11 y-= X 1 is a solution of the differential equation

X +
d d d d
(@) y2 ¥ _y2 () x2 Y _y2 © y&_x @ xY -y
dx dx dx dx
Solution: (b) We have y - X = 1=X—+1:1+l
X+1 y X X

Differentiating w.r.t. x,

1y o 1
y? dx X
2 dy 2
XS —=
dx y

Example: 12 The differential equation of all parabolas whose axes are parallel to y axis is
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Solution: (a)

Example: 13
xy =c? is

Solution: (b)

3 2 3 2
@ Y _o b X ¢ © 3.9

dx? dy? dx®  dx?

d’y dy
d —+2—-2L=c¢
(@ dx? dx

The equation of a parabola whose axis is parallel to y-axis may be expressed as

- =4ay-# )
There are three arbitrary constants ¢, f and a.

We need to differentiate (i) 3 times

Differentiating (i) w.r.t. x, 2(x —a):4ag—y
X

Again differentiating w.r.t. x,

2 2
2= 4ad—)2/ = d—g = 1
dx dx 2a
Differentiating w.r.t. x,
3
&y
dx

The differential equation of family of curves whose tangent form an angle of z/4 with the hyperbola

dy x%+c? dy x%-c? dy c?
a) —= b) —= c) —=-—
@) dx x?-c? ®) dx x?+c? © dx  x?
The slope of the tangent to the family of curvesis m, = j—y
X
C2
Equation of the hyperbolais xy =¢? = y = —
X
dy_
©odx x?
CZ
- Slope of tangent to xy =c? is m, =——
X
dy c?
Z  m —m x5z dy c? c?
Now tan==—Lt 2 — 1:—2X = L1+ |=|1-=
4 1+mm, 1_Ldl dx X X
x? dx
dy _x*-c?
Cdx o x%+c?

8.3 Variable Separable type Differential Equation

(d) None of these

(1) Solution of differential equations : If we have a differential equation of order ‘n’ then
by solving a differential equation we mean to get a family of curves with n parameters whose
differential equation is the given differential equation. Solution or integral of a differential
equation is a relation between the variables, not involving the differential coefficients such that
this relation and the derivatives obtained from it satisfy the given differential equation. The
solution of a differential equation is also called its primitive.

For example y =e* is a solution of the differential equation

dy

oY

(i) General solution : The solution which contains as many as arbitrary constants as the
order of the differential equation is called the general solution of the differential equation. For
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2

d°y
dx?

example, y=Acosx +Bsinx is the general solution of the differential equation +y=0. But

y = Acosx is not the general solution as it contains one arbitrary constant.

(ii) Particular solution : Solution obtained by giving particular values to the arbitrary

constants in the general solution of a differential equation is called a particular solution. For
2

example, y =3cosx + 2sin x is a particular solution of the differential equation j—z +y=0
X
(2) Differential equations of first order and first degree : A differential equation of first

order and first degree involves x, y and j—y So it can be put in any one of the following forms:
X

j—yzf(x,y) or f(x,y,j—yjzo or f(x,y)dx +9(x,y)dy =0 where f(x,y) and g(x,y) are obviously the
X X
functions of x and y.

(3) Geometrical interpretation of the differential equations of first order and first

degree : The general form of a first order and first degree differential equation is f(x,y,g—yj =0
X

We know that the direction of the tangent of a curve in Cartesian rectangular coordinates at

any point is given by j—y , So the equation in (i) can be known as an equation which establishes
X

the relationship between the coordinates of a point and the slope of the tangent i.e., g—y to the
X

integral curve at that point. Solving the differential equation given by (i) means finding those
curves for which the direction of tangent at each point coincides with the direction of the field.
All the curves represented by the general solution when taken together will give the locus of the
differential equation. Since there is one arbitrary constant in the general solution of the
equation of first order, the locus of the equation can be said to be made up of single infinity of
curves.

(4) Solution of first order and first degree differential equations : A first order and first

degree differential equation can be written as
fx, y)dx + g(x, y)dy = 0
r %:% or g—izqﬁ(x,y)
Where f(x,y) and g(x,y) are obviously the functions of x and y. It is not always possible to
solve this type of equations. The solution of this type of differential equations is possible only
when it falls under the category of some standard forms.

(5) Equations in variable separable form : If the differential equation of the form
fo)dx =fooay L ()



400 Differential Equations

where f, and f, being functions of x and y only. Then we say that the variables are separable
in the differential equation.

Thus, integrating both sides of (i), we get its solution as j f, (x)dx = j f,(y)dy + C,

where c is an arbitrary constant.

There is no need of introducing arbitrary constants to both sides as they can be combined
together to give just one.

(i) Differential equations of the type j—y = f(x)
X
To solve this type of differential equations we integrate both sides to obtain the general
solution as discussed following : j—y = f(x) < dy = f(x)dx
X

Integrating both sides, we obtain, jdy = I f(x)dx +C or y = j f(x)dx +C.

(ii) Differential equations of the type :_y = f(y)
X

To solve this type of differential equations we integrate both sides to obtain the general
solution as discussed following :
LT N S N .
dx dy  f(y) f(y)

Integrating both sides, we obtain, Idx = Iidy +C or x = J.idy +C.

f(y) f(y)
(6) Equations reducible to variable separable form
(i) Differential equations of the form j—y = f(ax + by +¢) can be reduced to variable separable
X
form by the substitution ax+by+c=2
a+b gy = dz
dx dx

dz 1 4z
92 _ a1t ot = Y2 _asbi).
(dx a)b (2) = g =arhi@

This is variable separable form.

(ii) Differential equation of the form
dy _ ax+by+c
dx Ax+By+C’

dy _ K(Ax+By)+C
" dx Ax + By +C

Put Ax + By =7
A+Bd—y=d—z [dz A}1_KZ+C dz KZ+C

a b
where —=—=K (sa
N (say)

s —_—— = = —=A+B
dx dx dx B Z+C dx Z+C
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This is variable separable form and can be solved.

Example: 14 The solution of the differential equation (1+ xz):—y =x(1+y?) is
X

Solution:

Example:

Solution:

Example:

Solution:

Example:

2C)

Solution:

Example:

(a)

15

(b)

16

(a)

17

()

18

(a) 2tanty=log(l+x%)+c (b) tan'y=log(1+x?)+c

() 2tanty+logl+x%)+c=0 (d) None of these

Separating the variables, we can re-write the given differential equation as
XdX2: dyz = I 2Xd)§ =2J‘ dy2 = 2tany =log, (L +x?)+c

1+x l+y 1+x l+y

The solution of the differential equation j—y =x2 +sin3x is
X

(a) —X—3+COS3X+C (b) _x_3_cos3x+c () —X—3+sin3x+c

y 3 3 y 3 3 y 3

3
We have dy = (x2 +sin3x)dx = I dy :I (x? +sin3x)dx = yzx?_cos;x
The solution of dy :2;_ is
dx y“+siny
y° y°

(a) x=?—cosy+c (b)) y+cosy=x+c (c) x=?+cosy+c

Given equation may be re-written as dx = (y? +sin y)dy

Integrating, Idx :I (y2 +siny)dy

3

y
. X==———C0SYy+C
3 y

The solution of the differential equation j—y =(@4x+y+1) is
X

(a) 4x -y + 1 =2 tan(2x - 20) (b)
(c) 4x+y+1=2tan(2x + 2¢) (d)
Let4x+y+1=z= 4+d_y:d_z = d_y_d_z_4

dx dx dx  dx

d—y:(4x +y +1)?

[AISSE 1983]

[DSSE 1981]

(d) None of these

(d) None of these

4x -y - 1 = 2 tan(2x -

None of these

dx
:>d—z—4:22:>d—zzzz+4:> zdz =dx :>£tan’l£:x+c:>tan’l[M =2x+2¢C
dx dx z°+4 2 2 2

So4x + Y+ 1=2tan (2x + 20)

Solution of the differential equation gy _ XAy
dx  2x+2y+3

(a) 6(x+y) +11log(3x+3y+10)=9x+ ¢ (b) 6(x +y)-11log(3x+3y+10) =9x+cC

(c) 6(x+y)-11 Iog(x +y+%]=9x +cC (d) None of these

dy  Xx+y+7

Solution: (b, c)Given equation may be re-written as —

dx 2(x+y)+3

Let x+y=z
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= l+d—y:d—Z = d_y:d_z_l
dx dx dx dx

d_z_1 z+7
dx 2z+3
2 11
—((3z+10)-—
:d—zzl 27 _32+10 = 22+3 dz=dx => 3 3 g7 =dx :>J.—dz——I Sdz__
dx 22+3  2z+3 3z+10 3z+10 3z+10

= %z—%log(Sz +10)=x+¢; = 6z—-11log(3z+10)=9x +9c,

. 6(x+y)—11log(3x +3y +10)=9x +cC [9c, =c]

= 6(x+y)—11log 3[x+y+%)=9x +Cc = 6(x+y)—11Iog(x+y+%j=9x+(c+ll log 3)

" 6(x+y)—11|og(x+y+%j=9x+k (k=c+11log 3)

8.4 Homogeneous Differential Equation

(1) Homogeneous differential equation : A function f(x, y) is called a homogeneous
function of degree n if f(Ax,y)= A" f(x,y) .
For example, f(x,y)=x?-y?+3xy is a homogeneous function of degree 2, because f(ix,1y)=

Ax? - 22y? +31x. Ay = f(x,y). A homogeneous function f(x, y) of degree n can always be written
as f(x,y) = x"f(xj or f(x,y):y”f(%). If a first-order first degree differential equation is
X

dy _ f0cy)
dx  g(x.y)
same degree, then it is called a homogeneous differential equation. Such type of equations can
be reduced to variable separable form by the substitution y=vx. The given differential equation

expressible in the form where f(x, y) and g(x, y) are homogeneous functions of the

can be written as d_y: x_fly /%) = /%) = F(Xj. If y=vx, then d—y=v+xd—v. Substituting the
dx  x"gly/x) 9(y/x) X dx dx

dv
F(v)—v

value of d—yzF(Xj, we get v+xj =FV)=>
X

=d—X. On integration, I _[—+C
dx X F\v) - v

where C is an arbitrary constant of integration. After integration, v will be replaced by Y in
X

complete solution.

(2) Algorithm for solving homogeneous differential equation

dy _ 4(x,y)

Step (i) : Put the differential equation in the form
dx  y(x.y)

Step (ii) : Put y = vx and g—y =V + xj—v in the equation in step (i) and cancel out x from the
X X

right hand side. The equation reduces to the form v + x j—v =F(v).
X

Step (iii) : Shift v on RHS and separate the variables v and x
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Step (iv) : Integrate both sides to obtain the solution in terms of v and x.

Step (V) : Replace v by Y in the solution obtained in step (iv) to obtain the solution in terms
X

of x and y.
(3) Equation reducible to homogeneous form
A first order, first degree differential equation of the form
:—zzijﬁ:s—g:z,where Z—i;ﬁE—i ..... (i)
This is non-homogeneous.
It can be reduced to homogeneous form by certain substitutions. Put x =X +h,y =Y +k

Where h and k are constants, which are to be determined.
(dy _dy dv dx_dv

TdxdY dX dx dX
Substituting these values in (i), we have v _ @X+bY)+ah+bk+e, (ii)
dX (a,X+b,Y)+a,h+b,k+c,

a,h+b,k+c, =0
a,h+b,k+c, =0

Now h, k will be chosen such that

..... (iii)
i.e. h = k = - (iv)
b,c, -b,c; ca, —ca  ab, —ab;
a, X +hb,Y
For these values of h and k the equation (ii) reduces to d—ng which is a
dX a,X+b,Y

homogeneous differential equation and can be solved by the substitution Y = vX. Replacing X
and Y in the solution so obtained by x-h and y-k respectively, we can obtain the required

solution in terms of x and y.

Example: 19 The solution of the differential equation x j—i =y(logy —log x +1) is [IIT 1986]
(a) y=x% (b) y+xe®* =0 (c) y+e*=0 (d) None of these
Solution: (a) Given equation may be expressed as j—i = %{Iog(%}rl} ....... 1)
y dy dv.

Let ==v = y=vx= —=Vv+X
X dx dx

From(i),v+xd—vzv(logv+1):>xd—V:vIogv = dv =d—X :Iid(logv):jd—x
dx dx viogv X logv X
. log (log v) = log x + log ¢ = log (logv) =log (cx) > logv=cx=>v=e" = l:e”, Ly=xe®

X

X? gy 1 x?)

(@) 4y?/x?)=cx? () x24(y? 1 x?) = c?y? (© X24(y° Ix®)=c () ¢(y2/x2):"7y

y2 Py 1%
Example: 20 The solution of differential equation yy' = x| =5 +-—>—5—"| is
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Solution: (a)

Example: 21

Solution: (a)

Example: 22

Solution: (b)

x.d_v:[sz L A1)

X dx X

#(y /%))

Given equation may be re-written as

Lety=vx= d—y=v+xd—v and ¥ =v
dx dx X

. From (i), v(v+ X d_vj =v? +&? = VX v _ ¢(V22) = ¢’(V2)(22V av) _ Zd—x
dx A dx  #'(v°) L\ X

Integrating, In(@v?))=2Inx+Inc = ¢v?)=cx>

Py xP) =cx?

3 2
The solution of dy _y +2x7y is

(d) None of these

dx  x3+2xy?
(a) (XZ_y2)3 :BXZyZ (b) (X2+y2)3 — BXZyZ (C) (XZ_yZ)S :X2y2
Given equation is homogeneous. Let y = vx j—y =V+X j_v
X X
3 2 3 3 2
X® +2xy dx 1+2(y/x) dx 1+2v dx dx
1+2v? dx 1+2v? dx A B D dx
= ~dv=— = v =— —+—+——|dv=—
v(l-v9) X vl -v)(L+V) X v 1-v 1+4v X
where A(l—V)L+V)+Bv(l+Vv)+Dv(l—v) =1+ 2v?
Puttingv=0, A=1
3
VvV = 1’ = —
2
v=-1, D=-=
1 31 31 dx
Lt ———— v =—
v 21-v 21+v X
Integrating both side, we get Inv+%&?’)—gln(l+v): Inx+Inc = Inv—%ln(l—v)—%ln(lJrv): In cx

1
o (X2 Y2 = Bxy?, (C_Z _ BJ

The solution of dy _x-3y+2 is
dx 3x-y+6

(a) y*+6(x+2y+(x+27°=c
(©) y>-6(y+2)x+x%>=c (d) None of these
Given equation is non-homogeneous
Letx=X+h,y=Y+k
d dy
T
ay _ (X+h)-3(Y +k)+2 X-3Y +(h-3k+2)
dX 3(X+h)—(Y +k)+6 3X-Y +(3h—k +6)
Let usselect hand ksothat h-3k+2=0 and3h-k+6=0
Solving, k=0,h=-2 .. X=x-h=x+2,Y=y-k=y
o dy _ x-3y
dX 3X-Y
Now, let Y = vX

, which is homogeneous

2

v Y 2 2y? X
= VL2 —ex = (—j LV = [Lz] =[1—V—ZJ = Zoyp = XY
CX CcX X C

(b)) y?>-6(x+2y+(x+27°=c
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dy dv X -=3Y dv 1-3(Y /' X) dv 1-3v dv
= —=V+X— = VX — = ———=V+ X — = =V+X—
dX dx 3X-Y dx 3-(Y /X) dXx 3-v dx
p— 2_ p— —
Xd—V:1 3v_v:v 6v+1 (23 v)dv :d_x N 22v 6 dv=—2d—x
dX 3-v 3-v vi-6v+l X v —6v+1 X
Integrating, InW?—-6v+1)=—2InX+Ihc = IE*>-6v+D)+InX2=Ihc = X*Wv?’-6v+l)=c =

Y2-6XY +X2=c
Ly B+ 2y +(x+272 =c

8.5 Exact Differential Equation
(1) Exact differential equation : If M and N are functions of x and y, the equation Mdx +
Ndy = o0 is called exact when there exists a function f(x, y) of x and y such that
of of

d[f(x, y)] = Mdx + Ndy i.e., 6_xdx +5dy = Mdx + Ndy

where ? =Partial derivative of f(x, y) with respect to x (keeping y constant)
X

% =Partial derivative of f(x, y) with respect to y (treating x as constant)

|/Va& : U An exact differential equation can always be derived from its general solution

directly by differentiation without any subsequent multiplication, elimination etc.

(2) Theorem : The necessary and sufficient condition for the differential equation Mdx +

Ndy = o to be exact is %vl = Z—')\(I i.e., partial derivative of M(x, y) w.r.t. y = Partial derivative of
N(x, y) w.r.t. x

(3) Integrating factor : If an equation of the form Mdx + Ndy = O is not exact, it can always
be made exact by multiplying by some function of x and y. Such a multiplier is called an

integrating factor.
(4) Working rule for solving an exact differential equation :

Step (i) : Compare the given equation with Mdx + Ndy = 0 and find out M and N. Then find

M M N . L.
out M and ﬂ If M = 6_’ the given equation is exact.
oy OX oy  OXx
Step (ii) : Integrate M with respect to x treating y as a constant.

Step (iii) : Integrate N with respect to y treating x as constant and omit those terms which
have been already obtained by integrating M.

Step (iv) : On adding the terms obtained in steps (ii) and (iii) and equating to an arbitrary
constant, we get the required solution.

In other words, solution of an exact differential equation is J' Mdx + J' Ndy =c

Regardingy ~ Onlythose terms
as constant not containing x

(5) Solution by inspection : If we can write the differential equation in the form
f(f, O, y)d(f, (X, y)) + o(f, (X, y)d(F, (X, ¥)) +...... =0, then each term can be easily integrated separately.
For this the following results must be memorized.

()dx+y)=dx+dy (ii) d(xy) = xdy + ydx
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(iii) d(i
y

v) d (X—

y

(vii) d[

(ix) d (tan

(xi) d[In(xy)]=

dx —xd xd dx
= o o 2] 290
y X X
2 2 2
]: 2xydx ;x dy i) d(y_J _ 2xydy ;y dx
y X X
2 2 2 2 2
_ZJZ 2xy dx—42x ydy (viii) d y_j 2X ydy—42xy d
y X X
+x) 3oy 0 ofun 1) 8-
y X°+y X X°+y
xdy + ydx (xii) d[ln(iJj ydx — xdy
Xy y Xy

(mydx + nxdy)

[MP PET 1994, 95]
(d) y*+2xy =c

(d) None of these

1 xdx +yd xdy —ydx
(xiii) d| =In(x® +y?)|= 2—y2y (xiv) d In(lj _ Xy —yax
2 X +y X Xy
1) _ xdy +ydx . e” e*dx —e*d
vy of - L) Xy vdx vy of €] - yedx—etdy
Xy X7y y y
y Ydy — eV
(xvii) d[%}w (xviii) d(x™y")= x"y"?
X
. xdx +yd 1 X + x dy —ydx
(xix) d(w/x +y ) # (xx) d(—log yjz )2/ y2
Jx2 +y? 2 T x-y x2 -y
L d[fG )" (X,
N L(CE) S ()
1-n (f(x.y))
Example: 23 The general solution of the differential equation (x + y)dx + xdy = 0O is
(a) x*+y2=c (b) 2x2-y*=c (c) x2+2xy =c
Solution: (c) We have xdx + (ydx + xdy) = 0 = xdx + d(xy) = O
. x? c
Integrating, — +xy = —
ntegrating 5 +xy >
. x24+2xy =c
Example: 24 Solution of y(2xy +e*)dx =e*dy is
(a) yx2+e*=cy (b) xy?+eX =cx (©) xy2+e X =c
Solution: (a) Re-writing the given equation,
X X X
2xy %dx +ye “dx =e*dy = 2xdx +w =0 = d(x2)+d(67] =0
y
eX
Integrating, x?+ " c
Loyxiet =cy
Example: 25 Solution of (x? —4xy —2y?)dx +(y? —4xy —2x%)dy =0 is

(@) x*+y°*—6xy(x+y)=c
(©) x3+y*+6xy(x+y)=c

) x3+y +6xy(x—y)=c
(@ X*+y*—6xy(x—y)=c
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Solution: (a) Comparing given equation with Mdx + Ndy = o,
We get, M =x2—4xy —2y?, N =y? —4xy —2x>

@:—4x—4y
o

oN
T~ 4y -4ax
™ y

LM N
N
So the given differential equation is exact.
Integrating m w.r.t. x, treating y as constant,
3
.[ Mdx = I (x? —4xy —2y3)dx = X?—szy—Zyzx
Integrating N w.r.t. y, treating x as constant,
3 3
J. Ndy = I (Y2 —4xy —2x%)dy = y?_ 2xy % —2x%y = y? ; (omitting —2xy? — 2x% which already occur in I Mdx )
3 3

. Solution of the given equation is X?—ZXZy—2xy2 +y? =1 = xX3+y?—6xy(x+y)=32

~x3+yi—bxy(x+y)=c (3L =0)

8.6 Linear Differential Equation
(1) Linear and non-linear differential equations : A differential equation is a linear

differential equation if it is expressible in the form
d" "t d"? d .
P, dx?‘/ +P, dx“}ll +P, dx”’Z +..+P & +P,y=Q where P,,P,P,,...,P;,P, and Q are either

constants or functions of independent variable x.

Thus, if a differential equation when expressed in the form of a polynomial involves the
derivatives and dependent variable in the first power and there are no product of these, and
also the coefficient of the various terms are either constants or functions of the independent
variable, then it is said to be linear differential equation. Otherwise, it is a non linear
differential equation.

It follows from the above definition that a differential equation will be non-linear
differential equation if (i) its degree is more than one (ii) any of the differential coefficient has
exponent more than one. (iii) exponent of the dependent variable is more than one. (iv)
products containing dependent variable and its differential coefficients are present.

(2) Linear differential equation of first order : The general form of a linear differential
equation of first order is

d .
ay +Py=Q@ .. (i)
dx

Where P and Q are functions of x (or constants)

For example, j—y +xy =x3, x j—y +2y =x2, j—y +2y =sinx etc. are linear differential equations.
X X X

This type of differential equations are solved when they are multiplied by a factor, which is
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called integrating factor, because by multiplication of this factor the left hand side of the
differential equation (i) becomes exact differential of some function.

Multiplying both sides of (i) by ejpdx, we get eIPdX [j—y + Pyj = erpdx :di{yejpdx}z erpdx
X X

On integrating both sides w. r. t. x, we get ; yedeX = _[Q ejpdxdx +C

which is the required solution, where C is the constant of integration. ej "™ is called the
integrating factor. The solution (ii) in short may also be written as y.(L.F.) = J.Q.(I.F.)dx +C

(3) Algorithm for solving a linear differential equation :

Step (i) : Write the differential equation in the form j—y + Py =Q and obtain P and Q.
X

Step (ii) : Find integrating factor (I.F.) given by LF. = eIPdX .

Step (iii) : Multiply both sides of equation in step (i) by L.F.
Step (iv) : Integrate both sides of the equation obtained in step (iii) w. r. t. x to obtain

y(I.F.) = IQ(I.F.)dx +C

This gives the required solution.

(4) Linear differential equations of the form :—);+ Rx =S . Sometimes a linear differential

. . dx .
equation can be put in the form ™ + Rx =S where R and S are functions of y or constants. Note
y

that y is independent variable and x is a dependent variable.

(5) Algorithm for solving linear differential equations of the form g_x +Rx =S
y
Step (i) : Write the differential equation in the form 3—X+ Rx =S and obtain R and S.
y

Step (ii) : Find L.F. by using |.F. = eIRdy

Step (iii) : Multiply both sides of the differential equation in step (i) by I.F.

Step (iv) : Integrate both sides of the equation obtained in step (iii) w. r. t. y to obtain
the solution given by

x(LF.) = jS (I.LF.)dy + C where C is the constant of integration.

(6) Equations reducible to linear form (Bernoulli's differential equation) : The
differential equation of type g_y +Py =Qy"
X
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Where P and Q are constants or functions of x alone and n is a constant other than zero or
unity, can be reduced to the linear form by dividing by y" and then putting y "' =v, as
explained below.

Dividing both sides of (i) by y", we get y™ g—y +Py ™ =Q
X

1 dv

dy Yo=Y aompy=a-no
1 dx dx

Putting y ™ =v so that (-n+1)y™" —=d—v, we get
dx dx
which is a linear differential equation.
Remark : If n=1, then we find that the variables in equation (i) are separable and it can be

easily integrated by the method discussed in variable separable from.

(7) Differential equation of the form : j—y + Pg(y) = Qu(y)
X

where P and Q are functions of x alone or constants.

Dividing by w(y), we get Ld_y+¢_(y) P=Q
w(y) dx  w(y)
Now putM =V, so that i{M} = d_v or d_v =k Ld_y , where k is constant
y(y) dx (w(y)] dx dx w(y) dx

We get d—V+ka=kQ
dx
Which is linear differential equation.

Example: 26 Which of the following is a linear differential equation

2 2 2
d’y | . ofdy dy [dyj dy y dy

a) |—5 | +x°|—| =0 (b =—+ |1+ — c) —+==1log x d y—-4=x

()(dxzj dx (b) y dx dx ()dx x %9 ()ydx
Solution: (c) (a), (b), (d) do not fulfill the criteria of a linear differential equation but (c) do.

j—y+l =log x is a linear differential equation.

X X
Example: 27 Find the integral factor of equation (x? +l)j—y+ 2xy =x2-1 [UPSEAT 2002]
X
2 pa—
(a) x2+1 (b) 22X (c) Xz ! (d) None of these
X +1 X“+1
2 p—
Solution: (a) Given equation may be written as d_y+ 22)( y = Xz 1
dx x“+1 X“+1
. . dy
Comparing with d—+ Py=0Q,
X
. 2X
x2+1

.[de .f ZXd); In(1+x? 2
LF.=¢’ =e¢ 1 =" =14

Example: 28 The solution of j—y+ 2ytan x =sinx is
X

(a) ysec® x =sec® x+c (b) ysec?x =sec x+c (€) ysinx=tan x+c (d) None of these
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dy

Solution: (b) Comparing with o
X

+Py=Q,
P=2tanx, Q=sinx

IZtanxdx 21 I 2 2
I.F.=e =2 NHCX — g™ X — gpc® x

Multiplying given equation by I.F. and integrating, ysec’ x = I sin x.sec? xdx = jsec X tan xdx

o ysec? x =sec x+cC

Example: 29 The solution of the differential equation (1+y?2)+(x — e“"”fl”)g—y =0 is [AIEEE 2003]
X
(@) (x—2)=ke™ ¥ (b) 2xe™ ¥ =g2@ Y g
(©) %™ Y =tanly+k (d) xe?®™ Y ey g
~ _ tanty tan~ty
Solution: (b) We have (x —e®" 1y)d—y=—(1+y2) = & % = LI 7 X = e 5 e €9)]
dx dy 1+y dy 1+y l+y

This is a linear differential equation of the form g_x+ R(y).x =S(y)
y

1 gtan Ly

- , S =
1+y? 1+y?

R

dy
: .[ Rey I 1+y? anly
Integrating factor=e =e =e

Multiplying (i) by I.F. and integrating, xe L

J. etan’ly _etan_lydy :.[ (etan’ly)Zdy _ (etan’1y)2 +£
1+y? 1+y? 2 2

tan""y :ezmn’ly +k

o2Xe
Example: 30 Solution of j—y—y tan x = —y2?sec x is
X

SecC X

(a) ysecx=tanx +c (b) =tanx+c (c) ycosx =tan x + ¢ (d) None of these

Solution: (b) Re-writing the given equation, y2 j—y—y’l tan X = —sec X
X
_ o dy dv
Let yt=v = —y?2-21=—
y Y dx dx
" d—v+tan X.V=8CX . i)
dx
J- tan x
LF.=e =eN*CX —gec x

Multiplying (i) by sec x and integrating, v sec x :.[ sec? xdx =tan x +¢

SecC X
. =tan X+c¢

Example: 31 The solution of :—Z+£ logz = iz(log 7)? is
X X X

(a) (L]x=2—x2c (b) (ij=2+x2c (©) (L)x=xzc (d) (LJX=£+CX2
log z log z log z log z 2
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Solution: (d) Dividing the given equation by z(log z)?, 1 e 11 1

z(logz? dx  x logz X2
1 1 ldz dt
=t =

et —— = g =
log z (logz)® z dx dx
_g v 1
dx x  x?
dat t 1
——— == i
dx  x x2 ®
_dx 1
L.F :eI Koproe L
X
Multiplying (i) by L and integrating, Lz] —%dx :iz+c = ! =i2+c
X X X xlogz 2x

(i) (3)e
Sl — I X =] —|[+CX
Inz 2
8.7 Application of Differential Equation

Differential equation is applied in various practical fields of life. It is used to define various
physical laws and quantities. It is widely used in physics, chemistry, engineering etc.

Some important fields of application are ;

(i) Rate of change (ii) Geometrical problems etc.

Differential equation is used for finding the family of curves for which some conditions
involving the derivatives are given.

Equation of the tangent at a point (x, y) to the curve y = f(x) is givenby Y -y = j—y(x -X)
X

........ ¢))
and equation of normal at (x, y) is Y-y =f%(x -X)
&)
........ (ii)

The tangent meets X-axis at | x — L,O and Y-axis at (O,y - X d_yj

(dyj dx
dx

. d . X
The normal meets X-axis at (x +yd—y,0 and Y-axis at |0,y +d—
y
(dx
A particle moves in a straight line with a velocity given by (;—): =(x+1) (x is the distance described).

Example: 32

The time taken by a particle to transverse a distance of 99 metres

1
() logy, e (b) 2log, 10 (c) logye (d) Eloglo €

Solution: (b) We have
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- % dx t 99
Integrating, .[ —:Idt = [In(x +1)]y" =t
o Xx+1 Jo

. t=In100 = log,(10)? = 2 log, 10

Example: 33 The slope of the tangent at (x, y) to a curve passing through [l, %) as given by X—COSZ[XJ , then the

X X

equation of the curve is [Kurukshetra CEE 2002]

(a) y= tan{log(%ﬂ (b) y=xtan ‘{Iog(sﬂ () y=xtan ‘{Iog(%ﬂ (d) None of these

Solution: (c) We have j—z = %— COSZLXJ

X

Lety = vx = Y vix ™ v ¥ oy cos?v = x M m 052y = sec?vav=— Stanv=-Inx+c
dx dx dx dx X

=tan (y/x)=-Inx+c

Forx =1,y =17/4

= tanz/4=-Inl+c = 1=0+cC
nc=1

~otan(y /x)=1-Inx

= y/x=tan@-Inx)=tan*(Ine—Inx) = tan‘{ln[gﬂ
X

om

Example: 34 The equation of the curve which is such that the portion of the axis of x cut off between the origin and
tangent at any point is proportional to the ordinate of that point (b is constant of proportionality)

(@ y-—> (b) logx =by®+a () x2=y(@@a-blogy) (d) None of these
(@a—blog x)
Solution: (d) Tangent at P(x, y) to the curve y = f(x) may be expressed as Y -y = ((;i_y,\, a
X
dx
. =|x-y—,0
© ( Y dy j P(x,
As per question, OQ «xy
:>x—yd—xocy:>x—yd—x—by :i—d—x—b 0 T
dy dy y dy © ©
LW _x_
Cdy oy
Let 1:\/ =>X=vVy=> d—X:v+yd—V = 1—b:v+yd—v = v—b:v+yd—v = —bzyd—v = —bd—yzdv
y dy dy y dy dy dy y
Integrating, I dv = —bJ- Yy =>v=-blhy+a = X _a-bln y (a, an arbitrary constant)
y y
~ Xx=y@-bliny)
8.8 Miscellaneous Differential Equation
2
(1) A special type of second order differential equation : j—g =f(X) eeeeeen. (1)
X

Equation (i) may be re-written as d(dy =fx) = d d_yj = f(x)dx
dx \ dx dx
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Integrating, g—i :I f(x)dx +c¢, i.e. g—i =FX)+c, (ii)
Where F(x)= I f(x)dx +c,dx
From (ii), dy = f(x)dx +c,dx
Integrating, y = I F(x)dx +c,x +c¢,

S y=HX)+c, x+c,

where H(x)=j F(x)dx| ¢, and c, are arbitrary constants.

(2) Particular solution type problems : To solve such a problem, we proceed according to
the type of the problem (i.e. variable-separable, linear, exact, homogeneous etc.) and then we
apply the given conditions to find the particular values of the arbitrary constants.

2

Example: 35 The solution of the equation x? j—g =Inx whenx =1,y =0 and j—y =-11is [Orissa JEE 2003]
X X
1 2 1 2 1 2 1 2
(a) E(Inx) +Inx (b) E(Inx) —Inx (9] —E(Inx) +Inx (d) —E(Inx) —Inx
2
Solution: (d) We haved—é/:m—zX = d[d—y :In—zxdx
dx X dx X
Integrating, d—yz_[ln xd 1 :—In—X+J. izdx =—In—x—£+c = d_y:_wH:
dx X X X X X dx X
When x = 1, d—y:—l
dx
“-1=-14c=>cCc=0
" dy __lrinx = dy:—1+InX dx = —Idy:+J. d—X+J‘Inx.£dx = —y:lnx+£(lnx)2+ﬂ
dx X X X X 2

y=owhenx=1

L 0=0+0%44 = 1=0 = —y:lnx+%(|nx)2

1 2
wy=—=(nx)"-Inx
y 2( )

Example: 36 A continuously differentiable function ¢(x) in (0, 7) satisfying y’' =1+y?, y(0)=0=y(z) is

(a) tan x (b) x(x - 7n) () (x—-m)(@-¢e) (d) Not possible
I _ ' 2 dy _ 2 dy _ -1y _
Solution: (d) For ¢(x) =y, y'=1+y° = g =1+y° = v dx = tan"y=x+cC
X +y

L y=tan (x + ©)

i.e., ¢(x) =tan (x + ¢)

As y(o) = o, o=tancandy(n) =0=o0=tan(x+c)=tanc
~c=0

Lo Pd(x) =y = tan x.

But tan x is not continuous in (0, 7)
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Since tan % is not defined.

Hence there exists not a function satisfying the given condition.
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