Exercise 6.7

Answer 1E.

(@)

Consider the expression,
sinh(0).

Recollect the definition of the hyperbolic sine function,

sinh(x)= %-

Calculate the value of the expression using the definition of the hyperbolic sine function as
follows:

0 -0
sinh{ﬂ):%

€ "€ since. —9=0
2

- since, o2y
2

=g Subtracting

=( Simplifying

Therefore, the value of the given expression is [sinh(0)=0].

(@
Consider the expression,
cosh(0)-
Recollect the definition of the hyperbolic cosine function,
e +e”
S

Calculate the value of the expression using the definition of the hyperbolic cosine function as
follows:

cosh(x)=

e’ +e”’
2

cosh(0) =

o 0
_ *€  Since, -0=0

=ﬂ Since, g% =1
2

2 ;
== Adding
2

— 1 Simplifying

Therefore, the value of the given expression is [cosh(0)=1].



Answer 2E.

(&) tanh 0=

Thus [tanh0=0

(B) tanh 1=

et [ez +1)

221

= = 076159

et +1

Thus [tanh 1% 0.76159]

Answer 3E.

i
2
_ &2 -1/

(4)  sinh (In2) =

B)
2 -2
sinh2 =2 "%

4 p—
= "’2&,1 ~3.626860




Answer 4E.

(A) cosh 3=

:>|cosh3sslﬂ.ﬂﬁ?66

h3 -3
® coshln3) =%
_ &4

2
34173

Answer 5E.

1
cosh

(A) SEC k(ﬂ) =

Thus seck(ﬂ)= 1

(B) Since cosh 0=1
Then cosh?1=0

Answer 6E.
(&)  Wehave sinhr=— _;
Puttingx =1
o1
sinkl= 8

:>sink1=%[ —1)931_1?5

g
So sin Zlw=1.175

B) Wehavesink'llen(x+ x’+1), xeR

Puthing==1
sink'llzln(1+ 1

Or sink-‘1=1n(1+J§)
Or |sin& 1= 0.881




Answer 7E.

By the definition of hyperbolic function, we have

g —g "

sinh (x) = . Mow replacing x by —= we get

(=51 _ g5

sinh (—x) =2 -

2
4 —E_')

(e
2

=|-sinh x|.

Thus |si.nh (—x) =—sinh xl. Therefore sinh= 15 an odd function

Answer 8E.
Consider the following expression:
tan (sin" x]
The objective is to simplify the expression.

Let y=sin"'(x) then siny=x

The domain of the inverse sine function is —] < y <1 and range is % <y< %.

To find tan y but it is easier to find first cos y.
Use the trigonometric identity.
sin® y+cos’ y=1
cos’ y=1-sin’ y
=1-x

Y

cosy=+1-x Since cosy > 0 for TL <y<—

b |
S

Find lan(sin"_r).

tan(sin".r]: tan y

sin y . . —
-4 [smcc siny =x,cos y =+1—x
cos y
. x
1-x°
PR X
Therefore, [tan {Sll’l .'IT) = =
l=x"
Answer 9E.
. &+e”T &-g"
cosh x+smh x= +
2 2
e te e -
2
2
Therefore

coshx+sinhx=¢"




Answer 10E.

E —x 4 —x
. g +e g —g
coshx—sinhx= —
2 2
et - e
2
2e—l
T2

Therefore,
|cosh x—sinh x=¢~*

Answer 11E.

Consider the identity,
sinh(x+ y) =sinh xcosh y + cosh xsinh y

Prove the identity as follows:

x -x v -

Since ginhxy = € - and cosh y = i

Then,

sinh x cosh y + cosh xsinh y

=[e, —;")[r" o ]{e‘ e ][e = }
e -e)e re) s (e rer)e )
=%[ef & —gTE + EET —e e v e+ e — T e 'f-’"}

=%[2e‘ e —2-e”
=%[2€"" —2e“"] Use ™. " = ™
- %"I (€ —e™ | Factor out 2 and simpiify

e )
2

-2

=sinh(x+ y) Since sinhx = -

Hence,

sinh(x + y) = sinh xcosh y + cosh xsinh y|

Answer 12E.
g+ . g —a"
We have coshx= Lsinkx = 5
- _,F
And so cos}w=€'+e ,sin =€' z



Then
x —x —F L — e
coshxcosi!y+sinkx.sinhy=(e i J(g’ i }'{e ‘ )[5’ ‘

2 2 2 2
&P+ 4T eV e’ — P g 4o
4
287 +2e7e 7
4
2(9("?) + e-("?))
P [¢' =™ ]
4
e(x+y) +€_('+’)
=
=cosh(x+y) (By the definition)

So we have |cosh(x+y) = cos kx coshx +sin kx sin ky

Answer 13E.
We have cothx = C?Sh
sin Ax
2
Then cotkxz= %
sink'x
2
Then cotk’x—1= C?Sk T
sinkx
e +e™ :
2 1
eF—e*Y
2
(e' +ﬂ'_°")2 -

(=)
(=T
zp?"+2+g;"'—p3"—p7“’+2
(=T

Therefore
coth? z—1= 4 5
(e"==7)
=]
g:r _e—l
_ 1
| sinkx
2 1
=csch'x cschx=—
sin Ax
So cothix-1= csch’xl
Answer 14E.
Amnother approach
First take left hand side
inh [x+
) )
cosh(x+ )
[g(ﬂ.r) _ g—(ﬂ.r)] 2
B [F7+e 12
e(ﬂ-?) _g'("J)
(D

TN e



Now we take right hand side
sinhx+sinhy
tanh x+tanhy  coshx coshy
l+tanhxtanh y | sinhx sinhy
cosh x cosh y

sinh xcosh y+cosh xsinh

cosh xcosh »
= Cosh xcosh »+sinh xsinh y
cosh xcosh »
_ sinh xcosh y+cosh xsmh y
~ cosh xcosh y+sinh xsimh y»

S 0 0
Fﬂ )(e+e JJ{ . [ : J

e" )(e’+e )+(e'+e_')(e’
(e[ )+ ) e )
[ oot 4eTe T -2 ’) [e'e"+e T - -2 e’)
('e’+e e’ te'e T 4 e ")+(e'e" e e —ge 1o e")
F 277
'e’ +2: 77
gtﬂ.r:l_e—(ﬂ.r)

= e
From (1) and (2), we have
tanh (x+) = tanh x+tanh y
1+tanh xtanh y

Answer 15E.

Consider the following identity:

sinh 2x = 2sinh xcosh x
The objective is to show that the identity, use the formula.

T =X r o

sinhx = S .coshx= cre
Find sinh2x:
T M
2
(=) -()
2
=[(fl —e™ ]2(3} +e_3)] {al -5 =(ﬂ-b}(ﬂ'+b]}

_ 2
2

1
(%

[e’ i :"’ *e )] (Multiply and divided by 2)
(e e (g +e )]

ooy

]

= [ . ][*’ ’;‘*‘ ) (use the above formulas)

2

= 2sinh xcosh x

Therefore. [sinh 2x = 2sinh x cosh x|

Hence, the identity is proved.



Answer 16E.

4 —-3x
We have cosh2x = “'2% [By definition]

Using the identity
2(4 +8*)=(A+B)" +(4-B)
(e' +é'_')2 +(e' —e7 )2
4
(e' +e~" )2 (e' -7 )2

+
4 4

[e' +e_":|2 [e' —e_':lz
= +
2 2
= [cos k] +[sinax] [By definition]

Or coshZx = coshzx+sinhzx|

We have, coshZ2x=

Answer 17E.

sin hx

cos hx
sink (]n x)
cos Jz(]n x)

( BT _ e_h')

We have tan hx=

So tank(]nx)z

[r]nlenx’:l

= = [e]“ = x]

So tan k[]n x) =

Answer 18E.

sin fx

coskx
sinkx
1+tan bx coshx
I-tankx _sinkx
coshx

Wehave tan bx=

_ coshx+sinkx
coshx —sin bx



Using the definitions of sinh and cosh functions.
N
1+tankx _ 2 + 2

1-tankx 2"+ 2"—&™

So I—

Answer 19E.

([:-::ﬁs.3:Jr+si11.3:x)l=['E te +'E . J

% [Divide and multiply by 2]

Adding and subtractinge™ in numerator

(cos hx-'—sin hx)l = 23""’3—_3

25 +e™ g™
= +
2 2
=coshnx+sinknx [By definition]

So (coshx+sinkx)l =coshax+snhnx

Answer 20E.

Consider the value of the hyperbolic function,
12
tanh x=—
13

The objective is to find the values of the other hyperbolic functions at x.

Use the trigonometric identity,

sech® x=1—tanh® x
9
sech’x=1 a4 (since tanh .r=l—']
169 13
s
169
sech _*:=i

Hence, the value of the hyperbolic function is [sech x = S
13




The hyperbolic function ¢gshx can be written as,

1
sech x
13
w5

coshx =

"

( . 5
since sechx =—
13

&

Hence, the value of the hyperbolic function is |coshx = %

Use the trigonometric identity,
sinh® x = cosh® x—1

sinh:'x:%—l (since EﬂshF?]
144

s

sinh x =E
5

Hence, the value of the hyperbolic function is |sinhx = %

The hyperbolic function ¢sch x can be written as,

cschx=—

sinh x
:i [Sinhx:E)
12 5

Hence, the value of the hyperbolic function is |eschx= %

The hyperbolic function g¢gth x can be written as,
1

cothx =
tanh x
15 . I2]
=— since tanh x=—
12 15
Hence, the value of the hyperbolic function is |coth x =% ;
1

Answer 21E.

Consider
5
coshx = 5 and x>0

Need to find the other hyperbolic functions.

The easiest other hyperbolic function to find is gech x -

The hyperbolic functions ggshx @nd sechx are reciprocals.
Thus,

1
x

sechx =

LFY]

| s th



Since x > 0. all the hyperbolic functions at x are positive.
Now to find the other hyperbolic functions, use hyperbolic identities. Start with the identity

cosh® x—sinh®*x=1-

sinh’x=(£)_—l
3

sinh=x=E—1
9
sinhzx=E
9
Smh.l=i
3

Thus,

sinh x
cosh x

MNext use the definition tanhx =

Finally, use the definition cothx = coshx/sinhx 10 find ¢othy-

53
cothx =—
X 3

e

v

Therefore, the other hyperbolic functions at x are

sinh.ar=i |::s:r:h.=r=E
3 4
5 3
cosx=— sechx=-—
3 5
t:mlurzi li:u:!ntl'lxzE
5 4




Answer 22E.

@

To sketch the curve of y =sechx=

1
sinkx
‘We have the graph of y =sinkx as follows

To sketch the curve of y=cschx=

Y
Z

-Z

Fig1

‘We see that sinkx 15 a increasing function so ¥ =csc Ax be a decreasing function
atz=0; sinAx=0 then cschx 15 not definedat ==0

Since sinAx —>o0 as x —>00 50 cschx >0 as x > oo

And sinhx —-—0 as x—>—0 so cschx —0 as x > —0

Now we can sketch the graph of y =csc hx as follows

A
3

[

ta

Fig2

1
cos kx

We have the graph of y =coskx as follows

A
3,

Y
]
"

Fig3

‘We see that y = cos kx is decreasing for = < 0 and increasing, x> 0
So y =sechx beincreasing for x < 0 and decreasing forz> 0
And  coshx—o as x =00 sosechx —0 as x >0

coshx —>00 as x —>—00 sosechxr —> 0 as x>0
And coshx=1lat, z=0s0 sechx=1at==0
Since coskx =1 15 the absolute minimum of the curve y =coshx
So sechx =1 be the absolute maximum of the curve y =sechx



HNow we can sketch the graph of yy =sechx as follows

Y

Fa
/\
] 1 g 1 ;x

4

-2

Fig 4

To sketch the curve of y=cothx= L
tan kx

We have the graph of y=tan hx

(5

Fig 5

We see that tankx=0 atx= 050 at x =0, the function cot Axbe not defined

Since tan kx is increasing form -11to 1 so cot #x be decreasing function
tankx —1 As x> 50 cothr 2 lasx >

And tankx—>—1 As x—>—0 so cothxr >—lasx >0

HNow we can sketch the curve of y =cothx

T
3,

e

Ay
-
Lt

e

Fig &

(B) MNow we skeich the curve ¥ =cschx, y =sechx and y = cothx with the help of

computer in figure 1, figure 2 and figure 3 respectively, which are same as part
(A).



Answer 23E.

{(A) Wehave tanhx= sin fx
cos hx
—tanhxr="_°

g +e*

Taking the limit as x —co

gt —e™"

lim tan kx = lim
e E o N

" (l—e_h)e'
=lm
H’"(l+e_h)e'
1=
Ny B
Since 2= —0 as x—>®
So 11mtanhx=E=1
e 1+0 1
Or lim tan bx =1
® Wehave tankx= 22
cos hx
—tanhx——_°
g +e*

Taking the limit as x ——¢co
lim tan Ax= lim il
e H_‘,Ez_i_e—l
(Eﬂl’_l)e—x
= hmﬂi
"H‘(e '+1)e_'
_ 2% —1
o™ 41
Since ¢® —0 as x —>—00 so we have
0—1_—_1
0+1 1
Or limn tan kx = —1

¥

So lim tan Ax=

(C)  We have sinhx=— _;'
Taking limit as x —

r_ X
lim sin kx = lim & 2“
=1]mg——]_|mg_

I—w 2 = 2
= 1]ime' ——lime™
2'—’0 2 o

Since lime = and lime " =10

So lmsmhx=w—0=co

So lim sin &x = co

E—




e —e "

(D)  We have sinkx=

2
Taking hmit as x — —00
lim sinkx = lim =2

= lim & — lim £—
== 2 o

=—lime*——lim ™
2 r3o 23

Since lime =0 and lime” =c

So lim sinhx=0-0=—c0
=
(E) ‘We have sechx = !
coshx
B 2
2" +e"

Taking limit as x —co
lim sechx = lim 2

rewgt pgt

T
m 2"8_2: [Diwide numerator and denominator by 2" |
el te

lim [219')
" m1tlim(1/e%)

I>m —»wm

2lime™™

T 1tlime >

Since e =30 as x—mand e =0 as x =

So lim SBC.&I=L= 0
L 1+0
=
F We have cothx= ct:)skx
sin Ax
Or cothx = e' +g_'
e —g

Taking himit as x — oo

. & te™

lim cotdkx =hm —
T I—)ﬁe _e
I T
(1+7)
_'l‘t’e'(l—e_k)fe'
_ 1+
T

Since & —0 as x —>®

So  limcothx=t2-1
I

1-0 1

o



(G) Wehave cothx = Z52%

sin Ax

Or cothx = EI +E_I
e —e

Taking himit as x =0

e +e

lim cotAx= lim
=0t I—}ﬂ"',gx —_

2x —x
i (e +1)e
0" (eh - l)e_'
[Taking &* common in numerator and denominator]
e +1
m, 2x
50" g — ]

Since 2" +1—=2% as x =0°
And 2¥-130" as x =>0* [Since e* —1* as x —=0*]

So lim cot kx =4c0
a0

(H  Wehave cothx= E?Sh

5in

Taking limit as x =0~

lim cotkx= hm coshx
-~ =0 ain by
Since z<0so sinkx=—sinkx
Then we have
lim cot iz = lim | — S22
-0 0| anhx
<XiV
Since sinkx —0 and coshkxr—>1as x—0
So lim cothx =—0
"
<XV

(D Wehave lim cschx= ]11:|:1L
e = - EIIIFII

Since sinhx —»—€0 as x —>»—0

So lim cschx=10

==

<xXVi



Answer 24E.

e +e
2

-x

Recall that coshy =

(a) Need to prove %(mshx]=sinhr

x =X

e +e
2

Differentiating with respectto x

d d|e +e”
4 (coshr) =
& (<o) d:c( 2 ]

Lo 2(5)-2(5)

Since %{f[r:Hg{t]) =%(f{r)}l+ %(g{r})

Take coshxy =

1 d 1d,_,
=3zl

P B R I
=EQJ—EE Since El:{f )=(’ .El:(,' ]=(.’

_€ =€ Simpiry
2

L T

B ) ) e
=sinhx Since sipjfix =

Therefore,

< (cos ) = siniu]

(b)

Need to prove %{m hx)=sech’x

sinhx e —e”

Recall that tanhx = = -
cos hx & +e”

Differentiating with respect to x
i(m j’u) = i e e
dx dx|l e +e*

d d
By Quotient rule i‘rfl:l':l]z g{T]drf(t)_r[li fh_gl:-'l']

v £() (2(=)

e d e —e")—|ef —e” a e +e”
4y V) e )
& {e" +e"'}

_ {e’ +e” )(e’ +e"}—(e'i—e")(e’ —e"}
(e‘ +e"')-

) dy; . L d o, '
Since I(e ):{* _E(c ]:(_—;

e 24— 42—

B
(e’ +e "



Continuation to the above steps,
4
2
( e +e” )

=[ 2 ] Rewrite
e +e”

£ (tanix) =

et+et

cos hx

2
=[ ! .|Si"CE coshx =

=sechix Since sechx =
coshx

Therefore,

< (tan/ix) = sec™a]

(€)
Need to prove %(csch] = —cot fix.csc hx

1
sin fix

Recall that ¢schx =

2 . . e —e”
— SINCE sin /ix =

e —e 2
Differentiating with respect to x

%(mh): %[ e’ —ze"]

Or csch=

%(mh)zzi[ - 1 -:) Since J‘c‘f[_r}:.[rzc‘-l-f[_r]rir

del e —e
-1 d .
=2-F-E(e’ —¢ )Since %{x “)=-n-x" I%[J‘)
-2le" +e”
={_+e;,} Since i c’}:{f=_i[(.' L]:t’ '
(g’ —e_l) dx dx
(e’ -!-e‘} 2

(e +e)/2 I
== . Divide numerator and denominator by 4
(e —e™)r2 (e —e™)i2
coshx 1 ] e —e” e +e”
_— P — SIH[:E 1 = and =
sinJx " sin fix sin Jix 3 cos hix B

=—cothr.cschy Since cschy = — :
sin fix

Therefore,

d
4 (esch) = [eotesci]
4 (cxch) - Footimse]



(@)

Need to prove %(sechr) = —sec hx.tan hx

1
cos hx

Recall that sechx =

2
e +e”

Differentiating with respectto x

i(sechx)zi( 2 - )
dx dele” +e™”

Or sechy = Since coshx =

%(Sech]=2%( 1 ] Since J‘r_,f[_r}ir:c"l‘_fl;xjrh‘

e +e’”
d -z N dy .
dx(Mhr)_ {e" +e“}3 .[e*'ﬂ}e )SIHEE I(t ']=—n-,r )
2|e" —e"
- _{_e:) since 4 (¢)=e" L (e)
(e‘ +e"'} dx dx
Continuation to the above steps,
(e-¢) 2

Rewrite

T (e rer) (e ve)

B (e -e)/2 1
(e ve)r2 (e ve) 2

e +re”

~

Divide numerator and denominator by 4

__sinh.r 1
coshx coshx
since sin fxr =< — and coshr=5"%
= —tan hx.sechx Since sechx =
coshx

Therefore,

< (seciis) = [Csce e tan ]
dx

(®)
Need to prove %{mt hx)=—csch'x

coshx e " +e™*
sinhx e -

Recall that cot hx =

Differentiating with respectto x

e +e”
e —e”

%{m: h):%[

By Quotient rule i(f(-f)\ - g{'t}::r'ﬂxl_ﬂr)ig('ﬂ
J (g(x))

p (¢ -e)L(e+e™) (e +e7) (e —e)

dx

g(x)

E{mt hx) =

(e" —e )2

dx

a4

X

)



Continuation to the above steps,
{e‘ —e"){e" - ]—{e" +e"){e" +e"]
(E‘ - )!

o dy adp
since (e )=e. (e )=e"
dx ' dx

e —24e - -2
= Y
(e-e)
4

= {;]1 Rewrite
(=)

di{mt h.r} =_cschix Since cschx=
L

|
sin fix

Therefore,
d Z
—(cot fix)=|— I
< (et )
Answer 25E.

Let y=sink'x
Then =x=sinky -—(1)
We have cosk’x—sink’x=1
Replacing zby y
cosky =1+sin iy

Or c:oshy=1ﬁ+sink2y

Or  coshy=+J142 — [From{1)]

HNow we have

coshx+sinkx =e"
Replacing xby v

= sin ky +coshy =27

=x+ 45 =&
= _)r=11:1(1r+'\ﬂi+x2 ' [é"' =x=ln I=J’]
Or sinh_lx=ln(x+«h+12)

Answer 26E.

Let y=cosk 'x
Then x=coshy — (1)
We have coskx—sinkx=1

Replacing xby y,
cosky—sink’y=1

Or sink’y = cosky—1

Or sinkyz,ﬂcoshny—l

Or  sinky=+x—1 — () [From(1}]



HNow we have
sinkxtcoshr=¢&"

Replacing xby 7,
= sinhy +coshy =g’

;‘*-J‘xz—l+x=e"

= =+ -1

:Z>y=h:l(1r+~.|,‘x2 —1'
Or t:(:usiflxz].tl(1r+~..l|x2 —1'

Answer 27E.

(A) Let tankl'z=y
Then x=tanky
snky (& -e7)i2
x: =
cos Ay (e’ +e")f2

o —g?
2’ +e”
=2 txe” - te? =0
:>(x—1)e’ +(x+l)e_’ =0

= X=

Multiplying by 2"
;‘*(x— l)ez" +(x+1) =0

(1+x)
==

¥ (1+x)
(1-x)
:>2y=1n(1+—x)
1-x

1+x

:>y=%ln(:) [3‘ =y<=>1ﬂy=x]

= ltan &'z = l11:1 1+_x
2 1-x

=>tanky=x —()

NN Lt [Erom (1)]

Then 2y=1n(—) [ﬂ’”@'”:y]




Answer 28E.

(4)
(0 From the graph of cschx we see that

L]
ad

ra

Fig.1

csch is one to one function so it has inverse function denoted by csck'x
y=csch 'x Scschy=x

(i1} We sketch the curve of csckh'x

A
3

P

dy
1
B

=> Domain = {—0,0)u(0,00) and range = (—0,0)u (0,c0) ={x/x+ 0}

(m) Let cschlx=y

= cschy=x — (1)
1

::’_—= X

sin ky

2

= =X

¥ — a7
=2=x —x&”°
=27 =" —x [Muliplying by " |

= -2 —2=0

This is a quadratic equation in &
b
252 ()
2x

_ 2+ 4 +453

2x

J1+ 2

+
:>g,:1_

So

=

X



-1+

Since 2 >0 so >0forx<0
X
And N2 s 0
X
1-1+ 2
m[—] for x <0
X
So y=|cschTx=
m[ﬂ] for x <0
x

®)
(1 From the graph of sec Ax we see that sec#x is not a one to one function but when

we resinict 1t domain [O,tl:l) then it becomes one to one function and then this
function denoted by sec & 'x

= y=sech x> x=seck 'x and y=0
¥
7

-2 -2 - I"Il 1 F ]l
Fig.3

(i)  We sketch the function seck'x

¥

Domain is =(0,1]]  Range= [0,e0)

() Let seckx=y
= x=sechy — ()

= X= —
¥+

=zt =2
Multiplying &’
xe” +x=2
=7 -22" +x=0
This is a quadratic equation in &
o 2+Ja—a2
2x
B 1+1-2

X

Then

=&



Since 27 >0 s0 >0 forz>0and x <1

1412
x

fnd VT 0and 121
x
2
ln[L “ix] for 0<x<l
X

1:.[1_7 "’i_‘:] For —1<x=0
X

Then y=seck 'x=

(<€)
L§] From the graph of cot Ax we see that

[

Fig5

cot kx 15 one to one function, so it inverse 15 denoted by cot lx
y=coth'x => x = cothy

(u)

Fiz 6

Domain = (—0,-1ju(Lw) Range= R=(—c0,00)

() Let y=coth 'z

=> x=cothy
Cos

== xX= —}D’
sin Ay
et +e7

= X= —
2’ —a?

=Sz -’ =" +&”
= - -’ -7 =0
=(x-1e" —(x+1)e” =0



o FF]
x—1
Then 2y=].n[x—+1)
x—1
1 x+1
Or =—ln| —
Y=3 (;:—1)
Or coth x= l11:1 [I—H)
2 x—1

Answer 29E.

{a). Let y=coskx
Then coshy=x
Differentiating this equation implicitly with respect to x we get

%(cos}w)%zl By chain rule
=>sin hy% =1 [ :—x(cos kx) = sinhx]
Q_ 1
dr  sinhy
Or %(cos h_lx) = ﬁ [-::os Br—sinkiz= 1]
1
Or —(coskh™x)=
(cos x) .an——l

®. Let y=tamk'x
Then tanky=x
Dufferentiating this equation implicitly with respect to x

%{m@)iy_le @y chain rule)
dy _

=seckiy—=1
ydx

=1

dr sech’y

We have seck’ y=1—tan &’y

dx  l1-tank’y

d o 1
= |—|tan k" x|= ——

dx[ ) 1-x

{c). Let y=cschlx
Then cschy=x
Differentiating this equation imphicitly with respect to x we get

%(cscky)%=1 [By chain rule]

dy
_ ] 2
= —cschy cothy o
dy -1

dax - cschy cot Ay



Since cothy = i‘,J1+ cschly = iy".x; +1
Ifx > Othe cothy > 0 and so cothy = x* +1
Andx < 0then cothy = —/x° +1

So we have
dy -1
—=—————  forz<0
dx —(x)dxz+1

Ang Z__ 1 forz=0
dr i +1

So we have
d a -1
—|csch x)]= ———
dx( ) |xsz+1

(d) Let y=seckh'x
Then sechy=x
Dhfferentiating this equation imphcitly with respect to = we get

%{sec hy) % =1 by Chain Rule

=»—secky tan Jgr% =1

dy 1

ax _secigf.tanky

We have 1- tan &'y =seck’y
Or tan by =1—sech’y

Or  tanky=-l-7
-1
Then £=—
dx  J1-22
Or i(swz[: k_lx) = _—1
dx -
(e). Let cothlzx=y
= cothy=x
Dhfferentiating with respect to x
d dy .
—(cotiy]—=1 chain rule
@[ h)’)dx By )
:}—csckzygzl
dx
dx cschly
We have
cotiy—1=rcsc?y
Then Q:_—:
dx cschy—1
-1
-1
Or —(-::otiz'lx)z ! 5
1-x




Answer 30E.

Consider the function
fGo)=tanh(1+ &™)
Need to find the derivative of the function f(x).

Use the Chain Rule which says:

iI:anlm:: sech’u-ﬁ.
dx dr

Derivative with respect to x the function f(x). to get
d d 2x
E(f(.t‘))=;(tal‘lh(l+e )
f(x) =9&ch’(l+e=’)i(] +e) Here use iI:tanh (x)) =sech’(x)
dx dx
2 Ix d d Ix
= sech?(1+¢ )[E(ma(er )]
Now to apply the Chain Rule for the exponential function which is

id‘:epg_
&

Therefore,

fl(x)= sech’(l+e”}[(}+2€:‘]

Thus, the final derivative is | F'C0)= 26" sech® (1 + e‘z")

Answer 31E.

Consider the function
JFGo)=xsmhx—coshx
Need to find the derivative of the function f(x)-

Derivative with respect to x the function f(x). to get

d d, .
E[f(.r)] = E{xsmh x—coshx)

)= 2 (xsinho) - 2
f(x)—dc(xsuﬂlx) drmth

For the first term, xsmhx. use the Product Rule which says:
i[uvv) =u-%{v}+v—§[u)_
%(Iﬁinh;‘r) =I-%(sinhx)+sinhx-i(;r)

P Here y=x and v=sinhx
E(Hinh_r)zx-mshxﬂ-sinhx

Use this value for %(xsinhx) and insert into f*(x).

f'(x) =£{xsinhx}—%wshx

=(sinh x + xcosh x)-sinh x
=xcoshx

Thus. the final derivative is | f*(x)=xcosh x|



Answer 32E.

Consider the function
£(x) = cosh(Inx)

Need to find the derivative of the function g(x).

Recollect the Chain Rule which says:
du

d .
—coshie= sinhis- —.
dx dx
Derivative with respect to x the function g(x). to get

< () =5 (cosh(In))

g'00)= sinh(Inx)- %[lﬂx}

) 1
=sinhilnx)- —
(inx)- -
_ sinh[]nx)
a x
L sinh(Inx)
Thus, the final derivative is |g'(o)= .
x
Answer 33E.

Consider the function

(0= In(coshx)
Need to find the derivative of the function h{.r]_

Recollect the Chain Rule which says:

i[]nu}zlﬁ_
dx 1 ofx

Derivative with respect to x the function k(x). to get

i{h{x}j = i(ln{oosh x))

S -
R'C0= ooshxdr(codlx}
B 1
" coshx
B sinhx
" coshx
= tanhx

-smhx

The last step used the definition of hyperbolic tangent:

Thus, the final derivative is .&'{.r} = tanh x|.

X



Answer 34E.

Consider the function

y= xmﬂl(1+x2)

Need to find the derivative of the function y.
Derivative with respect to x the function y . to get

d d 5
E[y}=3[.rmth(l+x ))
For xcoth(1+x") _ use the Product Rule:

%{u-v)=u'-v+u-v'.

Let w=X and v = -::d:h(1+x’). Thenz'=1.
Take the derivative of v= ooth(1+f) . by using the Chain Rule:

4 i.’mm;:—-:s-::h“z.p:-E
dx dx

v' = —csch? (1+f)2x

To summarize, =X v=c:d:h(1+x’). 1'=1 and v'=—2xcsd1“(1+x’)_

Apply these values to the Product Rule: %{u-v}: uv4u-v'

d 2
Excdh(l+x2): 1-cdh(1+x2)+x(—2x)(sd1 (1+Jr:2)
= coth(1+x") - 2x" esch” (1+x7)

Thus, the final derivative is |y"=coth(1+x")-2x" esch® (1+x7)

Answer 35E.

We have y =g
Differentiating with respect to x by chain rule

¥ =e‘m'%(cosh 3x) [Chain rule]

=™ sinh 31%{31} [Chain rule]

Thus |p'=3e"*®sinh (3x)




Answer 36E.

Consider the function
y = csche(1- Incschz)
Need to find the derivative of the function y.
Derivative with respect to r the function y. to get
d d
E{y) = E(cschf{l ~Incschr))
=cscht i{l ~Incsch#)+(1-Incsch f}-i(cschr)
dx dx
Here using product rule:
%{u v)=u %(w) - v-%{u)

In this case gz = cschf and v=1- lncschi-
Their respective derivatives are ;' = — csch cothf and use the Chain Rule for ¥ which says

dt 1t
== ! —I:(scht)
cscht o

=— E(— (Sdlrcd.hr)
= cotht

To summarize, 1= cschf. v=1-Inecschf. ' =-cschrcoths and y'= cothz.
Apply these to the Product Rule.
. d
y =E{csch.f(l—hl(cschf]))
=cschr-%{l—h1{cs¢hr]]+(l—m{¢s¢hr)}-%(cs¢hr)

=eschrcoths+(1-In(cschr))(—esch-cothr)
=cschtcotht —cscht-coths+1n(cschr)-cscht-cotht
=In(cschr)-cschz-coths

Thus, the final derivative is [y'=cschrcothtIncschr |.

Answer 37E.
Consider the following function:
f(r)=sech’(¢')
Find the derivative of this function using the Chain Rule.
Differentiate the function with respectto 1.

Glr0]=gser ()]

Use —[ g(xj):[ (2(x))-2'(x) 1o —[f(f}]_—[sech ('f)]

dr
f‘(f)=2mh(e')-|:%scck{e’)] since %[u"‘}:nu‘%[x}
. zm(e').[_m(e*)m{a).%{e-)]

=-2¢ secﬁ{e’)sech{e’)lanh(e‘)
=-2¢'sech’ (e’}tanh(e*]

Therefore, the derivative of f (¢)=sech’(¢') is [f"(r)=-2¢ sech’ (e')tanh(e’)|-




Answer 38E.

We have y==sinh (cosh x)
Drfferentiating with respect to x by chain rule

%: cosh (cosh x):—x(cosh x)

Then |y'= sinh x cosh(cosh x)l

Answer 39E.

We differentiate this function with respect to x,

We get,
‘ _ d I — coshix
g X dx I = coshx
. !{i—cmil:\iﬂ—!{i—cwha\iigi—mhx\i
gix|= LY 4 dx L Jode J
{1+ coshx)’
. {1 + coshaM — sinhx) — {} — coshxNsinhx)
gix= S
(1 + coshx)”
d —sinhx — sinhxcoshx — sinhx + sinhxcoshx
gix= p
{1 + coshx)”

Thus,
Tel= — 2sinhx
g {1 = coshx)’
This is the required derivative

Answer 40E.

Given y=sinh™ (tan x)

On differentiation
-y
y'_dx
=%[sinh'(tanx)]
LU A
Jl+tan? x dx
= 1 -SBsz
SEC X
=S5EC X
Therefor
Answer 41E.

Given y=rcosh™ J;
On differenhiation

_&
=
=%|:t:-::;sh_1 JJ_E]



[
ok

1 24x
= L ,,‘x(x—l)

. 1
7= 2, ’x[x—l)

02 |

Therefore

Answer 42E.

Consider the following limit of the function:

. -1
lﬂ'l tan”' (Inx)

The objectiive is to find the limit of the above function.

Sketch the graph of y =Inx as shown below:

&

4y

From the graph, observe that,

As x tends to 0 from the right side, the function value In(x)tends o —o.

Thatis. as y 50" In(x)—> -

Then,

IILT tan”' (Inx)=tan"'(—=0)

o (=(3)

Thus, the imit of the function is. lim :an".[]nn—}z _* 3
="




Answer 43E.

Consider the following function provided in the text-book:

3r=_rsinh"l[§]—\il9+.rz

Differentiate with respect to x by product rule followed by the chain rule as follows:

et G (- 267

XX

m”ﬁ“""(ﬂ‘z%

-— = +si11]1"(£]——"'r =
3 Q+x° 3 9+ x

9

| [l | =

e

Solve further,

=X - +sinh"(£)—7'r

yp'=
VO+x7 3 9+x°

= sinh"[%]
_]ﬂ i si..h--[gj.

Hence, the derivative of y =_'csir|]1"1[3

Answer 44E.

Given y=seck ' (e" )
On differentiation,
y=Z

dx

= % [s ech! (e_‘)]

Therefore |y =

Answer 45E.

Given y=coth™ (secx)
On differentiation
¥
Y= dx
d
=—| cotk'
s [co (sec x)]



- )

1—sec?x dx
secX-tanx
=
1—sec” x
secx-tan x
=

—tan™ x
__secx
tan x
1 COSX
= — = -
COSX SINX
=—CsSCX
Thertore pr=—e5e7]
Answer 46E.
1
Consider i 1+tanhx=i 1+tanh x Y2
l-tanhx drxr\l-tanhzx
_d|l+tanh x
dgx| 1-tanh x
1+si1:|hx
=i cosh x
ar 1- sinh x
cosh x
_i cosh x+sinh x
dx| coshx—sinh x

B o [coshx+sinhx)(coshx+5inhx)
Cdx (coshx—sinhx)(coshx+5inhx)

- 2
d | (coshx+sinh ;lr:]2
dx| cosh? x—sinh®*x

4 [ (cosh x+sinh ;1|::]2 lid
dx 1

= i[cosh x+sinh x]
ax
=sinh x+cosh x

Therefore | — J——M ="




Answer 4/E.

Consider the left hand side function
dx
To obtain the Right hand side, differentiate this as follows:

LHS -

i[an:lan{tanh.t}] =%[ tan"{lanh.t]] Wite arctan = tan™'

1
I+l;anh'x d.'t

[tanhx] Since —(l;an x)— e

1 -
=[—z]-mhzx Use i(mnh,t]=1‘.a=:«:h'.1vr
l+tanh” x dx

_ﬂ Simplify
1+tanh’ x

I_Lht Since |_

1+ tanh? x tanh” x =sech™ x

Continuation to the above steps:

d 1 —tanh® x
4 [ arctan(tanh x)] = 1=t20h"x
dx 1+ tanh” x
- sinh” x
cosh’ x g _ sinhx
= COSh X gince tanhx
14 sinh” x " coshx
cosh® x

msh x—sinh” x Do LCM
" cosh? x+sinh? x

cosh 2x Since

=sech 2x

-1 cosh® x—sinh” x=1
cosh® x +sinh® x = cosh 2x

= RHS
Therefore

i arctan(tanh x) | =sech 2x
4 farctantanh )]




Answer 48E.

The gateway Arch in St Louis was designed by E S and was constructed using equation
¥ =211.49-20.96 cosh(0.03291765x)

(@

The graph of the equation is as shown below.

Input:

> plot(211.49 — 20.96-cosh(0.03291765-x), x=- 100 .100, y = 0. 200)

Output:

el

(b)
To find the height of the arch at its center, substitute the value y =(into the arch.
The height of the arch at its center is,
¥=211.49-20.96cosh [0.03291765.’(]
=211.49-20.96cosh (0.03291765-0)
=211.49-20.96cosh(0)
=190.53 meters

Hence, the height of the arch at its center is |y =190.53 meters|-

(c)
To find the point at the height is 100 meters, equate the equation to 100 meters.
The equation is,

¥ =211.49-20.96cosh(0.03291765x)

0=211.49-20.96cosh (0.0329] '1'65):)

211.49
2096

= cosh (0.03291765x)

0.03291765x = cosh™ [

cosh”! 211.49
_ 20.96
0.03291765
=71.56m
Hence, the height to the arch would be 100 meter above the ground at

x =71.56 meters (both sidesof thearch]l.

21 1.49]
20.96




(d)
To find the slope of the arch at the points, find the derivative of the equation and then
substitute the points.

The slope of the arch is,

¥ =211.49-20.96cosh (0.03291765x)
¥ =—0.6899sinh (0.03291765x)

The slope of the arch at x=71.56 metersis.

3" = ~0.68995sinh (0.03291765-7156)
= —0.68995sinh (2.355587034)
= (~0.68995)-(5.2247395502942)
=-3.6048

The slope of the arch at x =-71.56 metersis,

¥ =—0.68995sinh (0.03291765--7156)
=—0.68995sinh (-2.355587034)
=(-0.68995)-(—5.2247395502942)
=3.6048
Hence, the slope of the arch at the poinis x = +71.56 metersis m

Answer 49E.
Here we have the data on the diameters of 36 rivet heads in 1/100 of an inch.

a)

‘We need to compute the sample mean and sample standard deviation.
By definitions, the sample mean diameter is given as

=|6.7261

By definitions, the sample vanance 1s given as

st = ﬁ[{&n—ﬁ_?zﬁl]’ +(6.77-6.7261)" + ___+(6_?2—6_?261}’]
=0.0029

Thus, the sample standard deviation 1s given as

5=+/0.0029
=10.0536
b)
We need to construct the relative frequency histogram of the data

The relative frequency distribution for the given data is as follows:

Diameter

lower upper | midpoint width | frequency  Relative frequency
6600 = 6640 | 6620 0.040 2 0.056
6640 = 6680 | 6660 0.040 6 0.167
6680 < 6720| 6700 0040 5 0.139
6720 = 6760 | 6740 0.040 8 0222
6760 < 6800| 6780 0.040 12 0333
6800 = 6840| 6820 0.040 3 0.083

36 1.000




Using Excel, we construct a relative frequency histogram as follows:

Histogram
0.350 - 0333
0.300 -
o=,
g 0.250 -
z
g 0.200
(I
o 0.150 -
-
- :
= 0.100 -
aa 0.056 |
0.050 77777777
0.000 2
= = = = [=] =
[y | w = = [==] |
w = [ P = =u)
w w w w w w
Diameter

c)

From the relative frequency histogram_ we observed that the nature of the distribution 1s
negatively skewed as the left tail of the curve is pronounced than the right tail Hence the
distribution 1s not symmetric.

The histogram indicates that the sample does not come from a population of a bell-shaped
listributi

Substitute 4.0/s for.10.0cm for 4. and 0.161s for £.
a=(-160 cm/s? )sin| 4(0.161s) |
=-96.0 cmy's

Therefore, the speed and acceleration of the particle, when 1ts distance 1s 6.00cm from

equilibrium are |32-ﬂmnfs|and|—96.ﬂm’sz |

(©

The required time interval for a particle to move 800 cm from the origin can be
determined as follows:

Use equation (1) to calculate the distance of the particle.
x(t)=Asmor
Rearrange the equation for time £_
(o))
f=|—sm | —
o A

Substitute 10.0em for 4. 800cm for x_and 4.00/s for @_

1 - 1| 8.00cm
= s
4.00/s 10.0cm

=0232s
Therefore, the time interval required for the object to move from x=0tox =8 em 1s
0232s|.




©

Sketch the bifurcation diagram for the differential equation, %:ay—}j by using
advanced Grapher and location of the critical points as a function of @ in the gy—plane

as follows:

str
‘-
N Asvmptotically
able
1-
a
s 4 3 2 1 . 1 z 3 s 5
11 S )
34 Unstable
_4‘
) ih' 1
Bifurcation diagram for — = ay—y
dt
Rewrite the equation as
P
P)=008P|1——
f{ ] ”{ 1000)
-
_ D_W_u_t}sP"
\ 1000
B r{:u_{:um:*x1m:mo—(}_mLP*]
\ 1000
e
= D'DEJ[IDMP—F)
\ 1000

The reproduciion rate approaches maximum value at f{P):U .50
0.08

1'(P)={ s J1000-27) =0

1

Find the second derivative of f(P:l = O_W(l—ﬁ)

0.08

7(P)~{ e J(2)<0
The second denvative 1s negative, so the maximum reproduction rate 1s
500
f(500)= I}_ﬂsxiﬂﬂ(l—ﬁJ
=20

If the value of ¢ exceed this value 20, the production rate P will be negative for every
value of P

Therefore, fish population will always die out for ¢ > 20.



(©

For c<20 .

Sketch the direction field for the differential equation % :ﬂ_ﬂﬂP(l—%)—

[
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For c>20 .
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(d)
Sinne'ﬂlesnluﬁonuflhgdiﬂ:erenﬁaleqlmﬁondp—ﬂw 1- il —C is
& 1000
(x]— lom_& ; A=10()()—.ﬁ
1+ 4e E

Using the above expression P(x) . hmP(x)=1000 this is to be expected.



Answer 50E.

We sketch the curve y= acosk(xs‘a) fora=1,234,and 5

Fig.1

1. For all graphs, the ¥ —intercepts are y=a .
2. Asaincreases, the opening of parabola becomes broader

Answer 51E.
(&)

Fig. 1

The shaped of the catenary y = 20.:05;,[%]—15

Then slope of the tangent at any point 15

D _ 002 cosi| Z)-Z 15
dx dx 20) 4=

—20.Lsinn (i) —0
20 20

- sinh(i)
20

The rnight pole 15 at x =7 so for x =77 the slope of the curve 1s
7
stink(—) = 0.3572
dx 20

(B)  Let the tangent at x =7, makes an angle ¢ with x—axis

Then tan.ﬁ:% axz=7
Or tan.ﬁ:sinh(;—[])

Or g=tan™ sinh(l) =19.66°
20

By the property of right angle triangle 8+ ¢+ 90°= 180°
So g=200"— g= 90°- 12 66°

Or & r70.34°



Answer 52E.

T
Wehave y= —cosh[pﬁ]
og T
Differentiating with respectto

dx pgdr T
=£_p_g_sink[_pgx) [B¥ chain rule]
g T T
Or @=sinh[p£] —
dx T

Again differentiating (1) with respect to
2
ay_ isinh[—pgx)
dx

dx* T
Or %: p?gcosk(p?ﬂ) -—(2) [By chain rule]

PE 1+[£T=p_g +mk2(&]
T q dx T d T

Using cosk x—sink'x=1

Putting x:p?gx:} cosk (p?zx)—sinkz(%JZI

= cosk? (pix] —1+4sin 4 ["’ix]
T T

2
So p—g 1+(£] :E COSE[E]
T J dx T J T

S [%) i, jx,—” (Fom ()

Thus y= i[:os}z [ pf) 15 the solution of given equation
£,z

Answer 53E.

A cable linear density p =2 kg/mis strung from the tops of two poles that are 200 m apart.
(a)

The shape that this cable would be the function y = Lcosh[%] where 7T is the tension in
PE

the cable in units of Newton's N, and g is the acceleration due to gravity. a constant 9. 81 m/s’.
To find the tension T, the cable will make 60 meter at the center 0 ie. x=0 and y=60.

Substitute these values into the function,

_]" = Lmh[’oﬁ)

Pg T
= r mh[pg-ﬂ]
2(9.81) T
T=19.62-60
=1177.2N

Hence, the value of tension T is [T =1177.2N].



To find the height of the poles, make sure to draw the graph of the function and then substitute
xvalue.

Substitute the values into the function,

,,=Lms,{£)

rg T
_un2 2(9.81)-x
2(9.81) 1177.2

¥ =60-cosh(0.01667x)
The graph of the function is as shown below.

¥=60-cosh(0.01667x)

X
120110 100 90 80 70 60 S0 40 30 20 W 10 20 30 40 50 60 70 8 S0 100 110 120

Observe, the two leES are 200 meters apart. 50 we need to find the value of the function when
x =100meter .

The height of the pole is,
¥ =060-cosh(0.01667x)
=60-cosh(0.01667-100)

=164.506 meter

=164.5 meter
Hence, the height of the poles is |y =164.5 meter|-
(b)

The tension is doubled ie. T =2354.4N (since 2(1177.2N)).
To find the new low point of the cable, substitute the tension and x =( into the function
The function is,
y=T cosh [ﬂ)
Pg r

_ 23544 . (2(981)x
2(9.81) 23544

=120cosh (0.008333x)
Hence. the function is y =120cosh(0.008333x).




The new low point of the cable is,

¥ =120cosh(0.008333x)
=120cosh(0.008333-0)
=120cosh(0)
=120 meter

Hence, the new low point of the cable is |y =120 meter|.

To find the new height of the pole, substitute the same value x =100 meter in the function as

the poles are 200 meters apart.

» =120cosh(0.008333x)
=120cosh (0.008333-1000)
=120cosh(8.333)
=164.13 meter

Hence, the new height of the pole is |y =164.13 meter| with doubled tension and the poles are

200 meters apart.

Answer 54E.
We have to evaluate Tim 22
T e
We have
lim sinkx —lim g —e
r3wm E: o 291
_ l_ 1_3—21’
E3m 2
—2x
_1 im%
2 = 2

Since e ¥ =0 as x—w

So nm2FE_1l g
= e
or |im®2Ax_1
e o 2
Answer 55E.
Consider the function,

Given function is  y = Asinkmx + Bcoshmx

Differentiate with respect to x_

. _dy

¥ = o = Amcos hmx + Bmsin imx

I:imsht = sin fix, isin.‘nr = coshx]
dx dx

Differentiating again with respect to x

V= dy

>

= Am’® sin hmx + Bm® cos h mx

So that,

¥ =m’ ( Asin hmx + B cos hmx)

-y

Therefore the function satisfies the differential equation "= m:y



(b)
Find a function ysuchthat y*=9y salisiying y(0)=-4and y'(0)=6
Compare with the differential equation y”" = m’y S0 that.
m =9
m=3
Use the initial condition y(0)=—41in (1)
Asinh(m0)+ Bcosh(m0)=—4
Asinh(0)+ Bcosh(0)=—4
A(0)+B(1)=—4 (sinh(0) =0,cosh(0)=1)
B=-4

Use the initial condition y'(0)=6in (2).
Amcosh(m0)+ Bmsinh(m0) =6
Amcosh(0)+ Bmsinh(0) =6
Aml:i)+ B(ﬂ] =6
Am=06

Find 4using the value of m.
A=

(m=3)

Nwios o

Plugin the values and write the desired function.
v = Asin hmx + B cos hmx

=2sinh3x-4cosh3x  (A=2,B=-4,m=3)

Therefore the desired function is,

y =|2sin h3x —4cosh 3x]

Answer 56E.
Let ae +bha” =ah{x+ﬁ) az0,b=0
B _ Ao
= -
2
=2ae" +2be T = e —ae e’
Comparing both sides, we have
2a=oae" — (1)
And 2b=-ae” —@
From (1)
a=2ae”’
Then from equation (2), we have
2b=-2ac " &”*
= —E =g ¥
a

Since ¢* >0 forall 8. so —E must be positive which 1s possible when b and a
a

both are having opposite signs_



Now we suppose that
ae® +be™ =acosh(x+ f)

e B )

=a.
2
=2ac" +2be =ae’ & +ae e
Comparing both sides. we have
2a=ae” —3)
And 2b=ae”® —

From equation (3). @ =2a¢”
Then from equation (4), we have
2b=2ae*

b —5)
a

Since ¢ ¥ >0 so 5 must be positive which 1s possible when a and b both are
a

having same sign_

= Calculating @ and 8

b_ e

Since =g

:>—2,3=1:{E} [hx=yod =x]|

1 b
=p=-yo(2)

= ﬁszg [rlnx:]nx’]

Now from (3). we have
e’ = 5

a

=g’ =J§
a

Then from (4), we have

%:a.JE
a
:}tx:ﬂr‘jg
b
= o =2/ab]

So we have two cases as follows:
When a and b have opposite sign=> ae” + be ™ =asinh(x+ §)

And when a and b have same sign=> ae” + be " = acosh(x+ §)

And |@=2Jab|and ,&:h‘g_

Answer 57E.
First we find slope of tangent as
d .
=—coshx=sinhx
Y dx

It s given that slope is 1, thus
sinhx=1

x=sinh-11=1n[1+J§)
Putting value of x incoshx,wegety:ﬁ
Therefore, at point In (1+-J§),-J§thﬂ tangent have slopel.



Answer 59E.

The given integral is Isi.n hxcoskxdx
Putting coshx=u
Differentiating both sides, we get
sinkx dx = du
Therefore,
Isi.n hxcoskxdx= qua‘u

3
L

=2 4c
3
_ COS }13] +C
3
Hence,
3
Isinkx coshixdr= cosh I+C'
Answer 60E.
Consider the following integral:
[sinh(1+4x)dx
To evaluate the above integral substitute:
l+d4x=u
Then,
Qv = du
dx = ldu
4

Use the above substitution and evaluate the integral:
. N 1
J-smh{l +4x)dx = Jsmhu-zdu

r -1
Replace. sinhx=5—¢ and evaluate:

jsinh{1+4x)dr=%j@du

= %fe'dn-%le"du —

—le -lle"dit +C,
8 8

To evaluate the integral Ie_'du use the following substitution:
—u=t
—du = dt
du = —dt
Then,
Ie"du = Ie’ (—dr)
=—[e'(dr)
=—e' +C,
=—e"+C,

Use this in (1):

. 1 e,
191nh{l+4x}dr=§e'—gle du+C,



Simplify,

[ sinh (1+4x)dx = %[e' e ] +C

2

Wth=%IC:+CI

Also note that coshw = le. ;e ]then.

J-sinh[l+4x}dt=%coshu +C
AS |+ 4x =y above becomes:
Isinh{l+4x]dr = %mh(l +4x)+C

Therefore the required integral is:

[ sinh (1+4x)dx =%cush[l +4x)+C

Answer 61E.

Consider the following integral:

sinJ;
=%

The objective is to use the subsiitution rule to evaluate the integral.

Let ;= J then du=1/(2Vx)dx

dx

= 2du =(1/Vx )dx

MNow the integral becomes,

J'Sinh -J';

d = Isinh u(2du)

Jx
= 2[ sinhu du
=2(coshu)+C
=2coshJx+C back substitute v/x for u
Hence, ISi“}J; dx =[2coshx+C
X
Answer 62E.

The given integral is Itmkxdx

From definition of hyperbolic functions,

il _23 ’ . coshx= e -;g_'
sinhx (e' —e_').-‘Z

coshx (e'+e_').-‘2

sinhx =

and tan Ax =

gt —eg "

g +e

-



Therefore, [mh.ﬂ:j

g —e*

x

e +e
Let e te " =u
Differentiating we get,
(e' —e")d.'x: i
Now, [tankxdx= j: :q dx
:IEE
u
=hnfu[+C
= ]n(e' +e_')+C'

Hence,

Itankxdx=ln (" +e™)+C

Answer 63E.

The given integral is j

coshx

cosh x—1

From hyperbolic 1denhities, we have

=

Therefore, I

Let

coskr—sinkiz=1

coshizr—l=sin#’x

coshxdx _[ coshxdx
coshx—1 sinkx
sinkxr=u

Differentiating we get,

cos kxdx =du
l- coshxdx IE
sink'x u

= [u?du

=2 +C

- lic
u
=—— ! +
sin kx

Hence,

I

coshxdx -1

cosit—1 sinkx

+ 0 =—cschx+T

Answer 64E.

The
Let

sechixdx

given integral 1s l EF——

24tanbx=u

Differentiating we get,

=

d (2+1tan hx) =du
sec i xdx = du

since [(e'+e_“) >0 jor ali x_]



Therefore,
sech’xdx Fs i T}
fedsfa

2+tan kx
=Inju|+C
=ln|(2+tan Ax)[+C
) —l<tanhx <1 50
:]n(2+tanhx)+ﬂ' since
(2+tanhx) >0 for all x
Hence,
_[len(2+tankx)+ﬂ'
2+tan hx
Answer 65E.

Consider the following definite integral:
&« ]
[, =
4 e _9
To find the value of the above integral, first make the demominator in the standard form:

J': Jf:_g df =I: J‘}[é-l)

1 s 1

dt

To evaluate above, substitute:
I

—=coshx

3
Then,

ﬂ = sinh xdx
3

or

dr = 3sinh xdx

Also, the imits of the integral become:

When,

r=4
Then

cosh.r:i
3

And for y =4
mshx:E
3

x=cosh™'(2)



Use all the values determined above and find the integral:

1 '(2) 35||1h.rdr
_I r'"b cosh ' [4/3) =y
3]
a Imﬂ"t!i sinh xdx
e () [Gnh? x

since, cosh’x—1=sinA’x. further:

l] I (2) Smh_t.ctr
344 cod'(43) sinhx
3]
s cosh ' 2) :
cosh™"(4/3)

= [‘t E::::)n

=cosh™'(2)—cosh™(4/3)

MNow. note that cosh ' x=1In (x+ Jx -l)when x 2150, the above expression becomes:
les 1 4 |(4Y
E-L = [2+,,‘{2} —l] n[§+ [5] —I‘
- =1
)
16
=In|2 In| =+, [—-1
a[2+5]- l . ]

=]n[2+ﬁ]—lnld+3ﬁ]

(2+s-"_)
(4+J'_)f3

Simplify:

ﬁ+3Ji]

;I:J[;]]zlzm(uﬁ

Hence the required integral is:
.[ [6+3V3
J— a7

Answer 66E.

] i 1

The integral is | —dl

;[ J166 +1

The objective is to evaluate the integral.
Use the following formula:

j%dr:sinh"x :
I1+x”



Consider the integral,

dt

PO | PR |
dr =

'[Jlﬁrzﬂ !Jlﬂﬁr’
1
L a

:‘;,’14,[4;}’
Let 44=x

Differentiate both sides.
Adr = dx

d'.t:ldx
4

Limits of integration:
Upper limit:

x= 4(1} =4
Lower limit:

x= 4(0) =0

The integral becomes,

Answer 67E.
Consider the indefinite integral:

&
Il-ehdr'

The objective is to evaluate this integral.

To evaluate this integral, use substitution: x =¢*, and du =" dx-

Now, plug in the values of u and gy . into the integral, to evaluate it-

e du
e P

=tanh™' (u)+C Since. the anti-gerivative of — is tanh™ (u).
- N

=tanh'(e")+C Since. ;= ¢*

Thus, the value of the indicated integral is,

j$m=m*(e’}+c-




Answer 68E.

The area under the curve y =sinkcx betweenx=0andx=11s
A=[sinkcxdx
o
1f o5 — g™
2
1

=4 1 —-X
=§I.:“" d“;ﬂ‘" x

= %[e":t +%[e"':t
Tre_ o7, 1,—~_0
:Z[e —g ]+Z[e —g ]

- %[g_]]%[f 1]

Or A=le‘+e-‘—2]
2c
We have A=1
1
So —|ef+er-2]|=1
Ll ree—2]
Or gf+e -2=2¢

=l +e =2{c+1)

For solving this equation we use graphical method We sketch the curves
y=¢ +&* and y=2(c +1) on the same set of axis and move the cursor at the

point of intersection of these curves, we see that ¥ —coordinates of the points are
about 0 and 1.6 [figure 1]
But we can not take 0 because sink0=0

So  |em16

Y Y=o'+a"

y=2(1+c}

Fig1

Answer 69E.

(A)  First we sketch the curves y =cosk2x and y =1+4sin kx on the same see of axis
and mowe the cursor to the points of intersection, we see that the x-coordinates
of the points of intersection are about 0 and 0 48
So the solutions of the equation cosh2x=1+sinkx are

x=0and x=~048

y=coshPx
T e y=1+sinhx
154
1o
s
aa
r
a5 os 10

Sgure1



(BY From figure 1 we see that from = =0 to x = 0.48 the curve y =cosk2x lies below
the curve y =14smmhx.
So the area of the region bounded by the curves ¥y =cosk2x andy=14+sinkx is

A= ®(1+sinhx - cosh 2x)dx

_ 04 1+E:_E—r _Ek+e—k\dx
2 2
= 1 l14(2+.v2' —e T - —e_;')dx
2
1[ . N 2 e—ﬂ:_u"a
=—|2x+e" e ——+
2 2 2 |
1 A0 X048 [
=—|2(048)+e"® 4 1T o0l T
2 2 2 2 2
~ 1(0.08)
2
Or
Answer 70E.
¥Ya
P
1
I
]
]
I
- >
0 1 X
xX-y=1
Fig. 1
The equation of the curve is
-y =1
=y = -1=y=J"-1
Area of the shaded region is
A= Area of the right triangle — [ Area of the region under curve x* — 3* =1 from 1
tocoshs |
1

— — (base)x(height)~ [ —ldx

2
or  Aff)= %{coskt)(sin he) = [

Dnfferentiating with respectto t
g1 d posk
A'(t):—(—cosktsinkt)——l  —1dx
gL 2 i 1

First we calculate i(l coskisin kf.]
gEN 2

i(lcoshtsinht)zl (i(coskz))_sinht+coskz£(sinhz)
di\ 2 2|\t df
(B¥ Product rule)
1

= E[si.miz.t.sink.t +cosktf cos ht]

= %[si.nhzt +cosjkf.]



Mow we calculate %Lmﬂ Jx’ —1dx

Let cos i = u then sinhtz%

So %I:MEJxZ——ldxzierz——ldx.% (By chain rule)
= Ju® —1 (sinkt) [FET.C-1]
= Jos 'z —1.(sin kt)
= Jsin &% (sinkt) [sin 7% = cosi’t —1]

= sin Bt

Then A (.t) =%sinh2£ +%cosh2£—sinh2.-‘.
1, ., .
= —[cosk®t —sin k't
2([:05 sin )

A() = %

Since derivative of A(Z) =% so an anti derivative of A'(¢) is Afz)= %z

So A(t) = %z

Answer 71E.
L=t ae'+be"=crsink(x+,&) az0,b20
ST _ A
=

2
=2as" +2be T =gt —pT e

Comparing both sides we have

2a=ar’ -— (D
And 2b=-ae* — (2
Now we suppose that

ae” +be " = acosk(x+ B)
S 4 R

2
=2ae" +2be " =’ " tae et
Comparing both sides we have
2a = az® -—(3)
And 2b=g™” -— (4

HNow we suppose that
ag” +he " = a.’-::osk(x+ ﬁ)

JEF L
=

2
=2ae" +2be =’ " tae e
Comparing both sides we have
2a=a" -—(3)

And 2b=ae* — @)



From (3) a=2ae™”"
Then from (4) we have

28 = 2ae™
=2 —®
a
Since e ¥ >0 so E must be positive which 15 possible when a and & both are

a
having same sign

= Calculating @ and 8

Now from (5) we have
g = 5

a@
- b
=ef ==
a

Then from (4) we have
b
2b :a:‘]:
a
S a= Eb‘lg
&
oJab

= |E=

So we have two cases

When and b have opposite sign => ag” +de  =asin Fz(x+ ﬁ)
And when a and b have same sign => ae” +de” = r.:r[:osk[x+ ﬁ)

And |@=2+ab|and ﬁzanE

b




