
iz'u iznf'kZdk & xf.kr

8.1 lexz voyksdu (Overview)

bl vè;k; esa] ljy oØksa osQ varxZr {ks=kiQy Kkr djus] js[kkvksa rFkk o`Ùkksa] ijoy;ksa vkSj nh?kZo`Ùkksa
osQ pkiksa osQ eè; {ks=kiQy Kkr djus rFkk mijksDr oØksa }kjk ifjc¼ {ks=kiQy Kkr djus osQ fy,
lekdyksa osQ oqQN fof'k"V vuqiz;ksxksa dh ppkZ dh x;h gS%
8.1.1 oØ y = f (x), x-v{k rFkk x = a vkSj x = b (b > a) js[kkvksa  ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy = 

b

a

ydx = ( )
b

a

f x dx 
8.1.2 oØ x = φ (y), y-v{k rFkk y = c vkSj y = d js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy   = ( )
d d

c c

xdy y dy    
8.1.3 nks  y = f (x), y = g (x) oØksa rFkk x = a, x = b js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy lw=k gS%

{ks=kiQy =   ( ) – ( )
b

a

f x g x dx , tgk¡  f (x)   g (x)  [a, b] esa gSA

8.1.4 ;fn [a, c] esa]  f (x)   g (x) gS rFkk [c, b]

 esa]  f (x)   g (x)] a < c < b, gS rks

{ks=kiQy=     ( ) – ( ) ( ) – ( )
c b

a c

f x g x dx g x f x dx    gSA

8.2  gy fd, gq, mnkgj.k
y?kq mÙkjh; iz'u (S.A.)

mnkgj.k 1 0 vkSj π osQ chp] oØ y = sin x dk
{ks=kiQy Kkr dhft,A
gy  gesa izkIr gS%

vè;k; 8

lekdyksa osQ vuqiz;ksx
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{ks=kiQy OAB = 
π

o o

sin
π

=∫ ∫ydx x dx  = 
0

– cos x
π

       = cos0 – cosπ = 2 oxZ bdkbZ
mnkgj.k 2 oØ ay2 = x3,  y-v{k rFkk  y = a vkSj y = 2a js[kkvksa  }kjk ifjc¼ {ks=k dk {ks=kiQy
Kkr dhft,A

gy  gesa izkIr gS %  {ks=kiQy BMNC = 

2 2 1 2

3 3

a a

a a

xdy a y dy   

     = 

1
253

3
3

5

a

a

a
y

    =   
1

553
33

3
2 –

5

a
a a

    = ( )
1 5 5
3 3 3

3
2 – 1

5
a a

= 

2
2 3

3
2.2 – 1

5
a  oxZ bdkbZ

mnkgj.k  3 ijoy; y2 = 2x vkSj ljy js[kk x – y = 4 }kjk ifjc¼  {ks=k dk {ks=kiQy Kkr dhft,A
gy  fn;s gq, oØksa osQ izfrPNsn fcanq lehdj.k x – y = 4 vkSj y2 = 2x dks x vkSj  y osQ fy, gy

djus ij izkIr fd, tkrs gSaA
gesa y2 = 8 + 2y vFkkZr~ (y – 4) (y + 2) = 0 izkIr
gSA blls y = 4, –2 rFkk x = 8, 2 izkIr gksrk gSA
bl izdkj] ok¡fNr izfrPNsn fcanq
(8, 4) vkSj (2, –2) gSA

vr%] {ks=kiQy  = 
4

2

–2

1
4 –

2
⎛ ⎞+⎜ ⎟
⎝ ⎠∫ y y dy

=

42
3

–2

1
4 –

2 6

y
y y+ =  18 oxZ bdkbZ
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mnkgj.k  4 ijoy;ksa y2 = 6x vkSj x2 = 6y ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
gy   fn, gq, ijoy;ksa osQ izfrPNsn fcanq bu osQ lehdj.kksa dks x vkSj y osQ fy, gy djds Kkr fd,

tk ldrs gSaA ;s fcanq 0(0, 0) vkSj (6, 6)

gSaA vr%]

OABC dk {ks=kiQy  = 

6 2

0

6 –
6

x
x dx

  
     

    = 

63
32

0

2 6 –
3 18

x x

      = 

3
32(6) (6)

2 6 –
3 18

 = 12 oxZ bdkbZ

mnkgj.k  5 oØ x = 3 cost, y = 2 sint ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
gy   t dks fuEufyf[kr izdkj ls yqIr dhft,%

x = 3 cost,  y = 2 sint ⇒ cos
3
=

x
t , rFkk sin

2

y
t , buls gesa] izkIr gksrk gS%

2 2

9 4

x y = 1 tks ,d nh?kZòÙk dk lehdj.k gSA

vko`Qfr 8.5 ls] ge izkIr djrs gSa fd

ok¡fNr {ks=kiQy = 4 

3
2

0

2
9 –

3
x dx

= 

3
2 –1

0

8 9
9 – sin

3 2 2 3

x x
x

       

= 6 π oxZ bdkbZ

nh?kZ mÙkjh;  (L.A.)

mnkgj.k 6 ml {ks=k dk {ks=kiQy Kkr dhft,] tks ijoy;  y = 
23

4

x
vkSj js[kk 3x – 2y + 12 = 0

osQ chp esa ifjc¼ gSA
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gy  fn;s gq, oØ y = 
23

4

x
 vkSj js[kk 3x – 2y + 12 = 0 osQ lehdj.kksa dks gy djus ij] gesa

izkIr gksrk gS%
3x2 – 6x – 24 = 0

⇒ (x – 4) (x + 2) = 0
⇒ x = 4, x = –2
ftuls y = 12, y = 3 izkIr gksrk gSA
vko`Qfr 8.6 ls ok¡fNr {ks=kiQy =  ABC

dk {ks=kiQy

 = 

4

–2

12 3

2

x
dx

   
     – 

4 2

–2

3

4

x
dx 

= 

42

–2

3
6

4

⎛ ⎞
+⎜ ⎟

⎝ ⎠

x
x – 

43

2

3

12
−

x

= 27 oxZ bdkbZ
mnkgj.k 7 oØ x = at2  vkSj  y = 2at }kjk t = 1 vkSj t = 2 osQ laxr dksfV;ksa osQ chp ifjc¼ {ks=k
dk {ks=kiQy Kkr dhft,A
gy  fn;k gS %  x = at2 ...(i),

y = 2at ...(ii) ftlls t = 
2

y

a
gqvkA

t dk ;g eku (i) esa j[kus ij] gesa izkIr
gksrk gS % y2 = 4ax A
(i) esa  t = 1 vkSj t = 2 j[kus ij] gesa
x = a, vkSj x = 4a izkIr gksrs gSaA
vko`Qfr 8-7 ls] ok¡fNr {ks=kiQy
= 2 × ABCD dk {ks=kiQy

= 2
4a

a

ydx∫ = 2 × 2
4a

a

ax dx∫

 = 
( )

43

2

8
3

a

a

x
a  = 

256

3
a oxZ bdkbZ
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mnkgj.k 8 x&v{k osQ mQij ijoy;  y2 = ax vkSj o`Ùk  x2 + y2 = 2ax osQ chp osQ {ks=k dk {ks=kiQy
Kkr dhft,A
gy   oØksa dh fn;s gq, lehdj.kksa dks
gy djus ij] gesa izkIr gksrk gS% x2 + ax
= 2ax
ftlls x = 0 ;k  x = a izkIr gksrs gSaA
blls Øe'k% y = 0  vkSj  y = ± a izkIr
gksrk gSA
vko`Qfr 8.8 ls] ODAB {ks=k dk  {ks=kiQy

= ( )2

0

2 – –∫
a

ax x ax dx

eku yhft, fd x = 2a sin2θ gSA rc]
dx = 4a sinθ cosθ dθ  rFkk

x = 0, ⇒ θ = 0,  x = a ⇒ θ = 
4

 

iqu%,
2

0

2 –
a

ax x dx∫

= ( ) ( )
4

0

2 sin cos sin cosa a d

π

θ θ 4 θ θ θ∫

=  a2 ( )
4 4

00

sin 4
1– cos4 –

4
d a2 θ⎛ ⎞θ θ = θ⎜ ⎟

⎝ ⎠∫
π π

 =  
4

 
a2  blosQ lkFk gh]

0

a

ax dx∫  = 
3

2

0

2

3

a

a x
⎛ ⎞
⎜ ⎟
⎝ ⎠

= 
22

3
a

bl izdkj] ok¡fNr {ks=kiQy = 
2 2π 2

–
4 3

a a    = a2 
2

–
4 3

   
    oxZ bdkbZ

mnkgj.k  9 js[kk x = 
2

a
 }kjk o`Ùk x2 + y2 = a2 osQ dkVs x, ,d y?kq o`Ùk[kaM dk {ks=kiQy Kkr

dhft,A
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gy   lehdj.k  x2 + y2 = a2 vkSj  x = 
2

a
 dks gy djus ij] gesa buds izfrPNsn fcanq izkIr gksrs

gSa] tks , 3
2 2

a a  
    vkSj 

3
, –

2 2

a a  
     gSaA

vr% vko`Qfr 8.9 ls] gesa izkIr gksrk gS%
ok¡fNr {ks=kiQy  = OAB osQ {ks=kiQy dk

nksxquk = 2 
2 2

2

–
a

a

a x dx 

= 2

2
2 2 –1

2

– sin
2 2

⎡ ⎤
+⎢ ⎥

⎣ ⎦

a

a

x a x
a x

a

= 2 
2 2π 3 π

. – . – .
2 2 4 2 2 6

⎡ ⎤
⎢ ⎥
⎣ ⎦

a a a
a

=   ( )
2

6π – 3 3 – 2π
12

a
  = ( )

2

4π – 3 3
12

a oxZ bdkbZ

oLrqfu"B iz'u

mnkgj.k 10 ls 12 rd izR;sd esa] fn, gq, pkj fodYiksa esa ls lgh mÙkj pqfu,&

mnkgj.k 10 o`Ùk  x2 + y2 = 2 }kjk ifjc¼ {ks=k dk {ks=kiQy cjkcj gS

(A) 4π oxZ bdkbZ (B) 2 2π oxZ bdkbZ

(C) 4π2 oxZ bdkbZ (D) 2π oxZ bdkbZ

gy  lgh mÙkj (D) gS] D;ksafd {ks=kiQy  = 
2

2

0

4 2 – x 

 = 4 

2

2 –1

0

2 – sin
2 2

x x
x

        = 2π oxZ bdkbZ

mnkgj.k 11 nh?kZo`Ùk 
2 2

2 2

x y

a b
+  = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy cjkcj gS

(A) π2ab (B) πab (C) πa2b (D) πab2
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gy  lgh mÙkj  (B) gSA D;ksafd {ks=kiQy = 4
2 2

0

–
a b

a x dx
a∫

    =  
2

2 2 –1

0

4
– sin

2 2

a
b x a x

a x
a a

⎡ ⎤
+⎢ ⎥

⎣ ⎦
= πab

mnkgj.k 12 oØ y = x2 vkSj js[kk y = 16 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
32

3
(B) 

256

3
(C) 

64

3
(D) 

128

3

gy  lgh mÙkj  (B) gSA D;ksafd {ks=kiQy  = 2

16

0

ydy∫  gSA

mnkgj.k 13 vkSj 14 esa ls izR;sd esa fjDr LFkku Hkfj,μ

mnkgj.k 13 oØ x = y2, y-v{k rFkk js[kk  y = 3 vkSj y = 4 ls ifjc¼ {ks=k dk {ks=kiQy _______ gSA

gy   
37

3
 oxZ bdkbZ

mnkgj.k 14 oØ  y = x2 + x, x-v{k rFkk x = 2 vkSj x = 5 js[kkvksa ls ifjc¼ {ks=k dk
{ks=kiQy  ________ osQ cjkcj gSA

gy  
297

6
oxZ bdkbZ 

99

2
= oxZ bdkbZ

8.3  iz'ukoyh
laf{kIr mÙkjh; iz'u (S.A.)

  1. oØ y2 = 9x, vkSj y = 3x ls ifjc¼ {ks=kiQy dk {ks=kiQy Kkr dhft,A

  2. ijoy; y2 = 2px, vkSj x2 = 2py ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  3. oØ y = x3,  y = x + 6 vkSj x = 0 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  4. oØ  y2 = 4x vkSj x2 = 4y ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  5. y2 = 9x vkSj y = x osQ chp  esa iM+us okys {ks=k dk {ks=kiQy Kkr dhft,A

  6. ijoy; x2 = y  vkSj js[kk  y = x + 2 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  7. js[kk x = 2 vkSj ijoy; y2 = 8x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

  8. {ks=k {(x, 0) : y = 24 – x } vkSj x-v{k dk fp=k.k dhft,A lekdyu dk mi;ksx djrs

gq,] bl {ks=k dk {ks=kiQy Kkr dhft,A
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  9. oØ y = 2 x  osQ varxZr x = 0 vkSj x = 1 js[kkvksa  osQ chp osQ {ks=k dk {ks=kiQy Kkr

dhft,A
10. lekdyu dk bLrseky djrs gq,] js[kk 2y = 5x + 7, x-v{k rFkk x = 2 vkSj x = 8

js[kkvksa ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

11. oØ y = –1x  dk varjky [1, 5] esa ,d laHkkfor vko`Qfr [khafp,A bl oØ osQ

varxZr rFkk x = 1 vkSj x = 5 js[kkvksa osQ chp osQ {ks=k dk {ks=kiQy Kkr dhft,A

12. oØ y = 2 2–a x  osQ varxZr rFkk x = 0 vkSj x = a js[kkvksa osQ chp osQ {ks=k dk {ks=kiQy

Kkr dhft,A

13.  y = x vkSj y = x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

14. oØ y = –x2 vkSj ljy js[kk x + y + 2 = 0 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

15. izFke prqFkk±'k esa oØ y = x , x = 2y + 3 vkSj x-v{k ls ifjc¼ {ks=kiQy Kkr dhft,A

nh?kZ mÙkjh; iz'u (L.A.)

16. oØ  y2 = 2x vkSj x2 + y2 = 4x ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
17. x = 0 vkSj x = 2π osQ chp oØ y = sinx }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
18. lekdyu dk iz;ksx djrs gq,] ml f=kHkqt }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,]

ftlds 'kh"kZ (–1, 1), (0, 5) vkSj (3, 2) gaSA
19. {ks=k {(x, y) : y2 ≤ 6ax vkSj x2 + y2 ≤ 16a2} dk ,d laHkkfor vko`Qfr [khafp,A lkFk gh]

lekdyu dh fof/ }kjk bl {ks=k dk {ks=kiQy Kkr dhft,A
20. js[kk x + 2y = 2, y – x = 1 vkSj 2x + y = 7 }kjk ifjc¼ {ks=k dk {ks=kiQy Kkr

dhft,A
21. js[kkvksa y = 4x + 5, y = 5 – x vkSj 4y = x + 5 ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A
22. oØ y = 2cosx rFkk x-v{k }kjk x = 0 ls x = 2π rd ifjc¼ {ks=k dk {ks=kiQy Kkr

dhft,A
23. oØ y = 1 + |x +1|, x = –3, x = 3 rFkk y = 0 dk ,d laHkkfor vko`Qfr [khafp,A

lekdyu dk iz;ksx djrs gq,] bu ls ifjc¼ {ks=k dk {ks=kiQy Kkr dhft,A

mís';kRed iz'u

iz'u 24 ls 34 rd izR;sd esa] fn, gq, pkjksa fodYiksa esa ls lgh mÙkj pqfu,&

24. y-v{k, y = cosx,  y = sinx, 0 ≤ x ≤ 
π

2
ls ifjc¼ {ks=k dk {ks=kiQy gS
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(A) 2 oxZ bdkbZ (B) ( 2 1+ ) oxZ bdkbZ

(C) ( 2 –1) oxZ bdkbZ (D) ( 2 2 –1) oxZ bdkbZ

25. oØ  x2 = 4y vkSj ljy js[kk x = 4y – 2 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
3

8
oxZ bdkbZ (B) 

5

8
oxZ bdkbZ (C) 

7

8
oxZ bdkbZ (D) 

9

8
 oxZ bdkbZ

26. oØ 216y x= −  vkSj x-v{k ls ifjc¼ {ks=k dk {ks=kiQy gS

(A) 8π oxZ bdkbZ (B) 20πoxZ bdkbZ  (C) 16π oxZ bdkbZ    (D) 256π oxZ bdkbZ
27. izFke prqFkk±'k esa] x-v{k] js[kk y = x vkSj òÙk x2 + y2 = 32 }kjk f?kjs {ks=k dk {ks=kiQy gS&

(A) 16π oxZ bdkbZ (B) 4π oxZ bdkbZ  (C) 32π oxZ bdkbZ    (D) 24 oxZ bdkbZ
28. oØ y = cosx }kjk x = 0 vkSj x = π osQ chp esa ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2 oxZ bdkbZ   (B) 4 oxZ bdkbZ   (C) 3 oxZ bdkbZ        (D) 1 oxZ bdkbZ
29. ijoy; y2 = x vkSj ljy js[kk 2y = x ls ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
4

3
oxZ bdkbZ   (B) 1 oxZ bdkbZ   (C) 

2

3
oxZ bdkbZ        (D) 

1

3
oxZ bdkbZ

30. oØ y = sinx }kjk dksfV x = 0,  vkSj x = 
π

2
rFkk x-v{k osQ chp ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2 oxZ bdkbZ   (B) 4 oxZ bdkbZ   (C) 3 oxZ bdkbZ        (D) 1 oxZ bdkbZ

31. nh?kZo`Ùk 
2 2

25 16

x y
+ = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 20π oxZ bdkbZ (B) 20π2 oxZ bdkbZ  (C) 16π2 oxZ bdkbZ (D) 25 π oxZ bdkbZ

32. o`Ùk x2 + y2 = 1 }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 2π oxZ bdkbZ   (B) π oxZ bdkbZ   (C) 3π oxZ bdkbZ      (D) 4π oxZ bdkbZ

33. oØ y = x + 1 rFkk x = 2 vkSj x = 3 js[kkvksa  }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 
7

2
oxZ bdkbZ   (B) 

9

2
oxZ bdkbZ   (C) 

11

2
oxZ bdkbZ      (D) 

13

2
oxZ bdkbZ

34. oØ x = 2y + 3 rFkk y = 1 vkSj y = –1 js[kkvksa }kjk ifjc¼ {ks=k dk {ks=kiQy gS

(A) 4 oxZ bdkbZ   (B) 
3

2
oxZ bdkbZ  (C) 6 oxZ bdkbZ        (D) 8 oxZ bdkbZ


