Chapter 2

Mathematical Tools of Quantum
Mechanics

2.1 Introduction

We deal here with the mathematical machinery needed to study quantum mechanics. Although
this chapter is mathematical in scope, no attempt is made to be mathematically complete or
rigorous. We limit ourselves to those practical issues that are relevant to the formalism of
quantum mechanics.

The Schrodinger equation is one of the cornerstones of the theory of quantum mechan-
ics; it has the structure of a linear equation. The formalism of quantum mechanics deals with
operators that are linear and wave functions that belong to an abstract Hilbert space. The math-
ematical properties and structure of Hilbert spaces are essential for a proper understanding of
the formalism of quantum mechanics. For this, we are going to review briefly the properties of
Hilbert spaces and those of linear operators. We will then consider Dirac’s bra-ket notation.

Quantum mechanics was formulated in two different ways by Schrodinger and Heisenberg.
Schrodinger’s wave mechanics and Heisenberg’s matrix mechanics are the representations of
the general formalism of quantum mechanics in continuous and discrete basis systems, respec-
tively. For this, we will also examine the mathematics involved in representing kets, bras,
bra-kets, and operators in discrete and continuous bases.

2.2 The Hilbert Space and Wave Functions

2.2.1 The Linear Vector Space

A linear vector space consists of two sets of elements and two algebraic rules:
e aset of vectors v, ¢, y, ...and asetof scalarsa, b, c, ...
e a rule for vector addition and a rule for scalar multiplication.

(a) Addition rule
The addition rule has the properties and structure of an abelian group:
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If w and ¢ are vectors (elements) of a space, their sum, y + ¢, is also a vector of the
same space.

Commutativity: w + ¢ = ¢ + .

Associativity: (y + @)+ x = v + (¢ + x).

e Existence of a zero or neutral vector: for each vector y, there must exist a zero vector
Osuchthat: O4+yw=w+ O =y.

e Existence of a symmetric or inverse vector: each vector y must have a symmetric vector
(—y)suchthat y + (—y) =(—y)+y =0.

(b) Multiplication rule
The multiplication of vectors by scalars (scalars can be real or complex numbers) has these
properties:

e The product of a scalar with a vector gives another vector. In general, if y and ¢ are two
vectors of the space, any linear combination ay + b¢ is also a vector of the space, a and
b being scalars.

e Distributivity with respect to addition:
ay +¢) =ay +ag, (@a+by =ay +by, 2.1
e Associativity with respect to multiplication of scalars:
a(by) = (ab)y 2.2)
e For each element y there must exist a unitary scalar / and a zero scalar "o" such that

ly=yl=y and oy =yo=o. (2.3)

2.2.2 The Hilbert Space

A Hilbert space H consists of a set of vectors v, ¢, y, ... and a set of scalars a, b, c, . .. which
satisfy the following four properties:

(a) H is a linear space

The properties of a linear space were considered in the previous section.

(b) H has a defined scalar product that is strictly positive

The scalar product of an element y with another element ¢ is in general a complex
number, denoted by (w, ¢), where (v, ¢) = complex number. Note: Watch out for the
order! Since the scalar product is a complex number, the quantity (i, ¢) is generally not
equal to (¢, v): (v, ) = w*¢ while (¢, w) = ¢*w. The scalar product satisfies the
following properties:

e The scalar product of y with ¢ is equal to the complex conjugate of the scalar
product of ¢ with y:

(v, ¢) = (¢, )" 24
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e The scalar product of ¢ with y is linear with respect to the second factor if y =

ayy + byo:

(P, ayr +by2) = alp, y1) + b(, y2), 25)
and antilinear with respect to the first factor if ¢ = a¢; + bes:

(agr + bga, y) = a* (1, ) + b*(¢2, ). (2.6)

e The scalar product of a vector y with itself is a positive real number:

(v, v) =l y II>> 0, (2.7)

where the equality holds only for y = O.

(c) 'H is separable

There exists a Cauchy sequence y, € H (n = 1, 2, ...) such that for every y of H and
& > 0, there exists at least one y,, of the sequence for which

'y —wall < e (2.8)

(d) 'H is complete

Every Cauchy sequence y, € H converges to an element of H . That is, for any y,, the
relation

lim || wy, — wm =0, (2.9)

n,m— 00

defines a unique limit y of H such that

Tim |y =y [|= 0. (2.10)

Remark

We should note that in a scalar product (¢, v), the second factor, y, belongs to the Hilbert
space H, while the first factor, ¢, belongs to its dual Hilbert space H;. The distinction between
‘H and H, is due to the fact that, as mentioned above, the scalar product is not commutative:
(¢, w) # (v, p); the order matters! From linear algebra, we know that every vector space can
be associated with a dual vector space.

2.2.3 Dimension and Basis of a Vector Space

A set of N nonzero vectors ¢1, ¢2, ..., ¢n is said to be linearly independent if and only if the
solution of the equation
N
> aigi =0 (2.11)
i=1
isa; = ay = --- = ay = 0. But if there exists a set of scalars, which are not all zero, so that

one of the vectors (say ¢,) can be expressed as a linear combination of the others,

n—1 N
b= D aii+ D aidi, 2.12)
i=1

i=n+1
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the set {¢;} is said to be linearly dependent.

Dimension: The dimension of a vector space is given by the maximum number of linearly
independent vectors the space can have. For instance, if the maximum number of linearly inde-
pendent vectors a space has is N (i.e., ¢1, ¢, ..., ¢n), this space is said to be N-dimensional.
In this N-dimensional vector space, any vector ¥ can be expanded as a linear combination:

N
v=> aipi. (2.13)
i=1

Basis: The basis of a vector space consists of a set of the maximum possible number of linearly
independent vectors belonging to that space. This set of vectors, @1, ¢, .. ., Py, to be denoted
in short by {¢;}, is called the basis of the vector space, while the vectors ¢1, ¢o, ..., Py are
called the base vectors. Although the set of these linearly independent vectors is arbitrary,
it is convenient to choose them orthonormal; that is, their scalar products satisfy the relation
(¢i, ¢j) = J;; (we may recall that §;; = 1 whenever i = j and zero otherwise). The basis is
said to be orthonormal if it consists of a set of orthonormal vectors. Moreover, the basis is said
to be complete if it spans the entire space; that is, there is no need to introduce any additional
base vector. The expansion coefficients a; in (2.13) are called the components of the vector w
in the basis. Each component is given by the scalar product of y with the corresponding base
vector, a; = (¢, ¥).

Examples of linear vector spaces
Let us give two examples of linear spaces that are Hilbert spaces: one having a finite (discrete)
set of base vectors, the other an infinite (continuous) basis.

e The first one is the three-dimensional Euclidean vector space; the basis of this space
consists of three linearly independent vectors, usually denoted by z ], k. _Any vector of
the Euclidean space can be written in terms of the base vectors as 4 = ayi +an ] + a3k
where ai, ap, and a3 are the components of A in the basis; each component can be
determined by taking the scalar product of A with the corresponding base vector: a; =
i A a=j- A and a3 = k- A. Note that the scalar product in the Euclidean space is real
and hence symmetric. The norm in this space is the usual length of vectors || A I= 4
Note also that whegeve£a1l + az] + agk = 0 we have a; = ap = a3 = 0 and that none
of the unit vectors 7, ]’, k can be expressed as a linear combination of the other two.

e The second example is the space of the entire complex functions y (x); the dimension of
this space is infinite for it has an infinite number of linearly independent basis vectors.

Example 2.1
Check whether the following sets of functions are linearly independent or dependent on the real
X-axis.

(a) f(x) =4, g(x) = x%, h(x) = &

(b) f(x) = x, g(x) = x%, h(x) = x°

(©) f(x) = x, g(x) = 5x, h(x) = x*

(d) f(x) =2+x2, g(x) =3 —x +4x3, h(x) = 2x + 3x% — 8x3

Solution
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(a) The first set is clearly linearly independent since a; f'(x) + axg(x) + azh(x) = 4a; +
ar)x? + aze* = 0 implies that a; = a; = a3z = 0 for any value of x.

(b) The functions f(x) = x, g(x) = x2, h(x) = x> are also linearly independent since
aix + axx? +azx3 =0 implies that a; = a; = a3 = 0 no matter what the value of x. For
instance, taking x = —1, 1, 3, the following system of three equations

—a1+ay —az3 =0, ar+ay+a3; =0, 3a1 +9a; +27a3 =0 (2.14)

yieldsa; = a3 = a3 =0.

(c) The functions f(x) = x, g(x) = 5x, h(x) = x? are not linearly independent, since
gx)=5f(x)+0 x h(x).

(d) The functions f(x) = 2 +x2, g(x) = 3 —x + 4x3, h(x) = 2x + 3x% — 8 are not
linearly independent since A (x) = 3 f(x) — 2g(x).

Example 2.2
Are the following sets of vectors (in the three-dimensional Euclidean space) linearly indepen-
dent or dependent?

(@) 4=, 00),§f( 0,-2,0),C = (0,0, —1)

(b) 4 = (6,-9,0), B = (-2,3,0)

©A4=23-1),8=(012),C=(00,-5

() A =(1.-2.3). B = (—4.1.7).C = (0,10, 11), and D = (14, 3, —4)
Solution

(a) The three vectors A= (3,0,0), B = 0, =2,0), C = (0,0, —1) are linearly indepen-
dent, since B B R R R R
alA+aB+a3C=0= 3aji —2a2j —azk =0 (2.15)

leads to
3a; =0, —2ay =0, —a3 =0, (2.16)
which yields a; = ay =a3 =0. .
(b) The vectors 4 = (6, =9, 0), B = (=2, 3, 0) are linearly dependent, since the solution
to
aA+amB=0 = (6a1 —2a)i + (—9a; +3az)j =0 2.17)

isa; = az/3. The ﬁrst vector 1S equal to —3 times the second one: 4 = —3B.
(¢) The vectors A= 2,3,-1), B = 0,1,2), C = (0,0, —5) are linearly independent,
since

a1A+ay B+ a3C =0 = 2a1i + Ba; +a2)j + (—a1 +2a3 —Sa3)k =0  (2.18)

leads to
2a;1 =0, 3a1 +ap; =0, —ay1 + 2a; — S5a3 = 0. (2.19)

The only solution of this system is ar=a =a3 = 0 .
(d) The vectors A= 1,-2,3), B= (=4,1,7), C = (0,10, 11), and D = (14, 3, —4) are
not linearly independent, because D can be expressed in terms of the other vectors:

D=24-3B+C. (2.20)




84 CHAPTER 2. MATHEMATICAL TOOLS OF QUANTUM MECHANICS

2.2.4 Square-Integrable Functions: Wave Functions

In the case of function spaces, a “vector” element is given by a complex function and the scalar
product by integrals. That is, the scalar product of two functions y (x) and ¢ (x) is given by

(v. ) = / v (1) () dx. (2.21)

If this integral diverges, the scalar product does not exist. As a result, if we want the function
space to possess a scalar product, we must select only those functions for which (v, ¢) is finite.
In particular, a function y (x) is said to be square integrable if the scalar product of y with
itself,

(v, )= / ly () dx, (2.22)

18 finite.

It is easy to verify that the space of square-integrable functions possesses the properties of
a Hilbert space. For instance, any linear combination of square-integrable functions is also a
square-integrable function and (2.21) satisfies all the properties of the scalar product of a Hilbert
space.

Note that the dimension of the Hilbert space of square-integrable functions is infinite, since
each wave function can be expanded in terms of an infinite number of linearly independent
functions. The dimension of a space is given by the maximum number of linearly independent
basis vectors required to span that space.

A good example of square-integrable functions is the wave function of quantum mechanics,
w(7,t). We have seen in Chapter 1 that, according to Born’s probabilistic interpretation of
w(r, 1), the quantity | w (7, 1) |> d°r represents the probability of finding, at time ¢, the particle
in a volume d>r, centered around the point 7. The probability of finding the particle somewhere
in space must then be equal to 1:

400 400 ~+00
/ | w(,0) |> dr :/ dx/ dy/ |y, 0) P dz=1; (2.23)
—00 —00 —00

hence the wave functions of quantum mechanics are square-integrable. Wave functions sat-
isfying (2.23) are said to be normalized or square-integrable. As wave mechanics deals with
square-integrable functions, any wave function which is not square-integrable has no physical
meaning in quantum mechanics.

2.3 Dirac Notation

The physical state of a system is represented in quantum mechanics by elements of a Hilbert
space; these elements are called state vectors. We can represent the state vectors in different
bases by means of function expansions. This is analogous to specifying an ordinary (Euclid-
ean) vector by its components in various coordinate systems. For instance, we can represent
equivalently a vector by its components in a Cartesian coordinate system, in a spherical coor-
dinate system, or in a cylindrical coordinate system. The meaning of a vector is, of course,
independent of the coordinate system chosen to represent its components. Similarly, the state
of a microscopic system has a meaning independent of the basis in which it is expanded.

To free state vectors from coordinate meaning, Dirac introduced what was to become an in-
valuable notation in quantum mechanics; it allows one to manipulate the formalism of quantum
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mechanics with ease and clarity. He introduced the concepts of kets, bras, and bra-kets, which
will be explained below.

Kets: elements of a vector space
Dirac denoted the state vector y by the symbol | ), which he called a ket vector, or simply a
ket. Kets belong to the Hilbert (vector) space H, or, in short, to the ket-space.

Bras: elements of a dual space

As mentioned above, we know from linear algebra that a dual space can be associated with
every vector space. Dirac denoted the elements of a dual space by the symbol (|, which he
called a bra vector, or simply a bra; for instance, the element (y | represents a bra. Note: For
every ket | w) there exists a unique bra (y | and vice versa. Again, while kets belong to the
Hilbert space H, the corresponding bras belong to its dual (Hilbert) space H.

Bra-ket: Dirac notation for the scalar product
Dirac denoted the scalar (inner) product by the symbol (| ), which he called a a bra-ket. For
instance, the scalar product (¢, ) is denoted by the bra-ket (¢ | w):

(@, w) — (Ply). (2.24)
Note: When a ket (or bra) is multiplied by a complex number, we also get a ket (or bra).

Remark: In wave mechanics we deal with wave functions (7, ¢), but in the more general
formalism of quantum mechanics we deal with abstract kets | w). Wave functions, like kets,
are elements of a Hilbert space. We should note that, like a wave function, a ket represents the
system completely, and hence knowing | y) means knowing all its amplitudes in all possible
representations. As mentioned above, kets are independent of any particular representation.
There is no reason to single out a particular representation basis such as the representation in
the position space. Of course, if we want to know the probability of finding the particle at some
position in space, we need to work out the formalism within the coordinate representation. The
state vector of this particle at time ¢ will be given by the spatial wave function (7, ¢ | y) =
w (7, t). In the coordinate representation, the scalar product (¢ | ) is given by

@1 )= / 8 G, w0y dPr. (2.25)

Similarly, if we are considering the three-dimensional momentum of a particle, the ket | y) will
have to be expressed in momentum space. In this case the state of the particle will be described
by a wave function y (p, ), where p is the momentum of the particle.

Properties of kets, bras, and bra-kets

e Every ket has a corresponding bra

To every ket | w), there corresponds a unique bra (y | and vice versa:
ly) <«— (y]. (2.26)
There is a one-to-one correspondence between bras and kets:
aly)+ble) «— a(y|+b%el, (2.27)
where a and b are complex numbers. The following is a common notation:

lay) =ay), (ay |=a*(y|. (2.28)
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e Properties of the scalar product

In quantum mechanics, since the scalar product is a complex number, the ordering matters
a lot. We must be careful to distinguish a scalar product from its complex conjugate;
(w | ¢) is not the same thing as (¢ | w):

Ply) =y lg). (2.29)
This property becomes clearer if we apply it to (2.21):
(@1 y) = (/¢*<7, Dy (F, r)d3r) =/w*(7, DG 0 dr = (y | $). (230)

When | w) and | ¢) are real, we would have (v | ¢) = (¢ | w). Let us list some
additional properties of the scalar product:

(v laryr +a2w2) = ai{y | y1)+ax(y | va), (2.31)
(a1 +axp | w) = af{p1 | y)+ asid2 | v), (2.32)
(a1 + aapp | bryr +baya) = aybilgr | yi) + ayba(dr | w2)

+a3bi(g | w1) + azbaldn | w2).
(2.33)

The norm is real and positive

For any state vector | y) of the Hilbert space H, the norm (y | ) is real and positive;
(w | v) is equal to zero only for the case where | ) = O, where O is the zero vector.
If the state | w) is normalized then (yw | y) = 1.

Schwarz inequality

For any two states | w) and | ¢) of the Hilbert space, we can show that

Ky | &) < (wy)g|d). (2.34)

If | w) and | ¢) are linearly dependent (i.e., proportional: | w) = a | ¢), where a is a
scalar), this relation becomes an equality. The Schwarz inequality (2.34) is analogous to
the following relation of the real Euclidean space

=

|4-BP <|APIBP. (2.35)
Triangle inequality

Vi +oly+é) < Jylw) + V@) (2.36)

If | v) and | ¢) are linearly dependent, | w) = a | ¢), and if the proportionality scalar o
is real and positive, the triangle inequality becomes an equality. The counterpart of this
inequality in Euclidean space is given by |4 + B| < |4| + |B|.

Orthogonal states

Two kets, | ) and | ¢), are said to be orthogonal if they have a vanishing scalar product:

(v 1¢) =0. (2.37)
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e Orthonormal states

Two kets, | w) and | ¢), are said to be orthonormal if they are orthogonal and if each one
of them has a unit norm:

(w1¢) =0, (wly) =1, (@) =1 (2.38)

e Forbidden quantities

If | w) and | ¢) belong to the same vector (Hilbert) space, products of the type | v) | ¢)
and (y | (¢ | are forbidden. They are nonsensical, since | y) | ¢) and (y | (¢ | are
neither kets nor bras (an explicit illustration of this will be carried out in the example
below and later on when we discuss the representation in a discrete basis). If | ) and
| ¢) belong, however, to different vector spaces (e.g., | w) belongs to a spin space and
| ¢) to an orbital angular momentum space), then the product | ) | ¢), written as
| ) ® | ¢), represents a tensor product of | w) and | ¢). Only in these typical cases are
such products meaningful.

Example 2.3

(Note: We will see later in this chapter that kets are represented by column matrices and bras
by row matrices; this example is offered earlier than it should because we need to show some
concrete illustrations of the formalism.) Consider the following two kets:

—3i 2
ly)=1{ 2+i |, | ¢) = —i
4 2 —3i

(a) Find the bra (¢ |.
(b) Evaluate the scalar product (¢ | v).
(c) Examine why the products | y) | ¢) and (¢ | (v | do not make sense.

Solution
(a) As will be explained later when we introduce the Hermitian adjoint of kets and bras, we
want to mention that the bra (¢ | can be obtained by simply taking the complex conjugate of
the transpose of the ket | ¢):
@l=@2 1 243i). (2.39)

(b) The scalar product (¢ | w) can be calculated as follows:

-3i
Plw) = @ i 243i)| 2+i
4
= 2(=3i)+i(2+i)+42+3i)
= 7+8i. (2.40)

(c) First, the product | w) | ¢) cannot be performed because, from linear algebra, the
product of two column matrices cannot be performed. Similarly, since two row matrices cannot
be multiplied, the product (¢ | (y | is meaningless.
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Physical meaning of the scalar product

The scalar product can be interpreted in two ways. First, by analogy with the scalar product
of ordinary vectors in the Euclidean space, where A-B represents the projection of B on 4,

the product (¢ | w) also represents the projection of | y) onto | ¢). Second, in the case of
normalized states and according to Born’s probabilistic interpretation, the quantity (¢ | w)
represents the probability amplitude that the system’s state | ) will, after a measurement is
performed on the system, be found to be in another state | ¢).

Example 2.4 (Bra-ket algebra)
Consider the states | ) =3i | ¢1) — 7i | ¢a2) and | y) = — | ¢1) + 2i | ¢2), where | ¢1) and
| ¢2) are orthonormal.

(a) Calculate | w + x) and (y + x |.

(b) Calculate the scalar products (y | y) and () | w). Are they equal?

(c) Show that the states | w) and | y) satisfy the Schwarz inequality.

(d) Show that the states | y) and | y) satisfy the triangle inequality.

Solution
(a) The calculation of | ¥ + ) is straightforward:

lwy+x) = 1w+ 1x0)=0il¢1) = Til¢2)+ (= 1¢1) + 2i | $2))
(=143i) [ ¢1) — 5i | 2). (2.41)
This leads at once to the expression of (y + y |:
(w +x 1= (14301 | +(=5) (2 | = (=1 = 3i) {1 | +5i(¢2 | . (2.42)
(b) Since (p1 | 1) = (P2 | 2) = 1, (¢1 | ¢2) = (#2 | ¢1) = 0, and since the bras
corresponding to the kets | w) =3i | ¢1) —7i | ¢2) and | y) = — | ¢1) + 2i | ¢o) are given by
(w |= =3i{¢1 | +7i{¢ | and (x | = —(¢1 | —2i (¢ |, the scalar products are

wlx) = (=3il1 | +7i(da ) (= | d1) +2i | )
= (=30 (=1 | p1) + (7)) Q2i) {2 | p2)
= —14+43i, (2.43)
(xlwy) = (=1 |=2i{g2 ) Bi | 1) —7i | ¢2))
= (=D@Gi){¢1 | ¢1) + (=2i)(=Ti){¢2 | $2)
14— 3i. (2.44)

We see that (y | y) is equal to the complex conjugate of (y | y).
(c) Let us first calculate (v | w) and (y | x):

(w1 w) = (S3i{g1 | +T7id2 1) Bi | §1) = Ti | $2)) = (=30)(3i) + (7i)(=Ti) = 58, (2.45)

1 x)= (=1 | =2i(p2 ) (= | @1} +2i | ¢2)) = (=D)(=1) + (=2i)(2i)) =5.  (2.46)

Since (y | x) = —14 + 3i we have | (y | x) |>= 14%> 4+ 3% = 205. Combining the values of
| (w | x) 1% (v | w),and (y | x), we see that the Schwarz inequality (2.34) is satisfied:

205 < (38)5) == | (w | ) P < (v | w)x | x)- (2.47)
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(d) First, let us use (2.41) and (2.42) to calculate (v + y | v + x):

w+yxly+y) = [(=1=3i)¢1 | +5i(d2 [1[(=1+3i) | ¢1) — 5i | $2)]
= (=1 —=3i)(=1+3i) + (5i)(=50)
35. (2.48)

Since (y | ) =58 and (y | y) = 5, we infer that the triangle inequality (2.36) is satisfied:

V35 < VS8+Vs= Viwt+x v+ < Swlv)+Vxlx. (2.49)

Example 2.5

Consider two states |y1) = 2i|p1)+|¢2) —alp3) +4|p4) and |y2) = 3|p1) —i]|p2) +5|p3) —|pa),
where |¢1), |$2), |¢3), and |p4) are orthonormal kets, and where a is a constant. Find the value
of a so that |y) and |y;) are orthogonal.

Solution
For the states |y) and |w») to be orthogonal, the scalar product (y» | w1) must be zero. Using
the relation (y7 | = 3(p1| + i{¢2| + 5(¢3| — (Pal, we can easily find the scalar product

(w2 lw1) = Glod1l +i{pal + 5(d3] — (dal) Qilgr) + |¢2) — alps) + 4lpa))
= 7i—5a—4. (2.50)

Since (w2 | w1) = 7i — 5a —4 = 0, the value of a isa = (7i — 4)/5.

2.4 Operators

2.4.1 General Definitions

Definition of an operator: An operator! A is a mathematical rule that when applied to a ket
| w) transforms it into another ket | ') of the same space and when it acts on a bra (¢ |
transforms it into another bra (¢’ |:

Aly) =1y,  (B1d=1. (2.51)
A similar definition applies to wave functions:
Ay ) = v/, B4 = ¢'(. (2.52)

Examples of operators
Here are some of the operators that we will use in this text:

e Unity operator: it leaves any ket unchanged, 1] v)=|y).

e The gradient operator: Vy (7) = (0w (7)/0x)i + (0w (#)/3y)j + 0w (F)/0z)k.

I'The hat on 4 will be used throughout this text to distinguish an operator A froma complex number or a matrix A.



90 CHAPTER 2. MATHEMATICAL TOOLS OF QUANTUM MECHANICS

e The linear momentum operator: p w(r) =—ih Y w (7).
e The Laplacian operator: V2 (¥) = 62y () /6x% + 02w () /oy* + 62w (¥) /62>
e The parity operator: Py (F) = w (—F).

Products of operators
The product of two operators is generally not commutative:

AB + BA. (2.53)
The product of operators is, however, associative:
ABC = A(BC) = (4B)C. (2.54)
We may also write A" = A When the product AB operates on aket | y) (the order
of application is important), the operator B acts first on | ) and then A acts on the new ket
(B y)): .. .
AB | y) = A(B | y)). (2.55)
Similarly, when ABCD ) operates on a ket | ), D acts first, then C, then B, and then A.
When an operator A is sandwiched between a bra (¢ | and a ket | y), it yields in general
a complex number: (¢ | A | y) = complex number. The quantity (¢ | A | w) can also be a
purely real or a purely imaginary number. Note: In evaluating (¢ | 4 | y) it does not matter if

one first applies 4 to the ket and then takes the bra-ket or one first applies 4 to the bra and then
takes the bra-ket; thatis ((¢ | 4) | w) = (P | (4 | w)).

Linear operators

An operator A is said to be linear if it obeys the distributive law and, like all operators, it
commutes with constants. That is, an operator A is linear if, for any vectors | 1) and | y7) and
any complex numbers a; and a,, we have

Aar ly) + @ ly) =aid | yi) + wd | y), (2.56)

and
(yilar + (ya la)A=ai{y1 | A + ax(yz | A. (2.57)

Remarks

e The expectation or mean value (A 1) of an operator A with respect to a state | ) is defined
by
R A
Ay =4y (2.58)
(v lw)
e The quantity | ¢)(w | (i.e., the product of a ket with a bra) is a linear operator in Dirac’s
notation. To see this, when | ¢)(y | is applied to a ket | w’), we obtain another ket:

L)y v’y =(w v, (2.59)

since (y | ') is a complex number.

e Products of the type | z//)/I and 4 (v | (i.e., when an operator stands on the right of a ket
or on the left of a bra) are forbidden. They are not operators, or kets, or bras; they have
no mathematical or physical meanings (see equation (2.219) for an illustration).
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2.4.2 Hermitian Adjoint

The Hermitian adjoint or conjugate?, aT, of a complex number « is the complex conjugate of

this number: of = a*. The Hermitian adjoint, or simply the adjoint, /IT, of an operator Ais
defined by this relation:
t

(W A 1¢)=(p]4| )" (2.60)

Properties of the Hermitian conjugate rule
To obtain the Hermitian adjoint of any expression, we must cyclically reverse the order of the
factors and make three replacements:

e Replace constants by their complex conjugates: al =a*.

e Replace kets (bras) by the corresponding bras (kets): (| z//>)]L = (y | and ((y |)]L =| w).
e Replace operators by their adjoints.

Following these rules, we can write

aht = 4 (2.61)

@it = il (2.62)

At = aly, (2.63)
A+b+c+D)t = A1t et4hf, (2.64)
asepyt = pietstal, (2.65)
(ABCD | y)T = (v DIctBT AT, (2.66)

The Hermitian adjoint of the operator | w)(¢ | is given by

() DT =1 1. (2.67)
Operators act inside kets and bras, respectively, as follows:
|ady) =ad ]| y), v 1=a*ty | 4. (2.68)
Note also that (aﬁTy/ |=a*{y | (/I]L)Jr =a*(y | A. Hence, we can also write:
widlg =1y 19) = w1 dg). (2.69)
Hermitian and skew-Hermitian operators
An operator A is said to be Hermitian if it is equal to its adjoint fIT:
A=Al o widlg = widlw 2.70)

2The terms “adjoint” and “conjugate” are used indiscriminately.
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On the other hand, an operator B is said to be skew-Hermitian or anti-Hermitian if

Bl=—B o (y|Blg)=—(p|B|y)" @.71)

Remark
The Hermitian adjoint of an operator is not, in general, equal to its complex conjugate: A f #+

A

A .

Example 2.6
(a) Discuss the hermiticity of the operators (/I + /IT), i(/j + /IT), and i (4 — /IT).
A A A2 A A2 ~
(b) Find the Hermitian adjoint of f(4) = (14+i4+34 )1 —2i4—-94")/(5+74).
(c) Show that the expectation value of a Hermitian operator is real and that of an anti-
Hermitian operator is imaginary.

Solution
(a) The operator B=A4+ /iT is Hermitian regardless of whether or not A is Hermitian,
since
B+ dhi=i'+izs @72)

Similarly, the operator i(/i - /IT) is also Hermitian; but i(/j + /IT) is anti-Hermitian, since
A+ AN = —icd+ AN,

(b) Since the Hermitian adjoint of an operator function f' (ﬁ) is given by f t (/i) = f* (4 T),
we can write
A 2 A 2\ T A }2 At }2
(14+id+34)1—-2i4-94)) (1 +2id —941 )1 —id +341) 2.73)
5+74 54741 -

(c) From (2.70) we immediately infer that the expectation value of a Hermitian operator is
real, for it satisfies the following property:

(wldly) = (wldly* (2.74)

that is, if /iT = A then A A | w) isreal. Similarly, for an anti-Hermitian operator, Bf = —B,
we have . .
(w1 Bly)=—(yl|Bly), (2.75)

which means that (y | B | w) is a purely imaginary number.

2.4.3 Projection Operators
An operator Pissaidtobea projection operator if it is Hermitian and equal to its own square:

pt=p, P2=p (2.76)

The unit operator [isa simple example of a projection operator, since iT=17 , 1?=1.
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Properties of projection operators

e The product of two commuting projection operators, Py and P, is also a projection
operator, since

(P By = BIB] = By = PI Py and (PPy)? = PiyPr By = PRE2 = Pr oy,
(2.77)
e The sum of two projection operators is generally not a projection operator.
e Two projection operators are said to be orthogonal if their product is zero.

e For a sum of projection operators 131 + 132 + 133 + - - - to be a projection operator, it is
necessary and sufficient that these projection operators be mutually orthogonal (i.e., the
cross-product terms must vanish).

Example 2.7
Show that the operator | y)(y | is a projection operator only when | ) is normalized.

Solution
It is easy to ascertain that the operator | w)(y | is Hermitian, since (| y){y |)T =| w){y |. As
for the square of this operator, it is given by

Ay D=0y DAy D=1y | y)iy]. (2.78)

Thus, if | w) is normalized, we have (| w)(y |)2 =| w)(w |. In sum, if the state | y) is
normalized, the product of the ket | ) with the bra (y | is a projection operator.

2.4.4 Commutator Algebra

The commutator of two operators A and B, denoted by [/I , B ], is defined by

[A, Bl= AB — BA, (2.79)
and the anticommutator {/i , B } is defined by
{4, B} = AB + BA. (2.80)

Two operators are said to commute if their commutator is equal to zero and hence AB = BA.
Any operator commutes with itself:
[4, A]=0. (2.81)

Note that if two operators are Hermitian and their product is also Hermitian, these operators
commute:
= BA, (2.82)

A A

and since (fil?)Jf = AB wehave AB = BA.
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A

As an example, we may mention the commutators involving the x-position operator, X,

and the x-component of the momentum operator, P = —i h0/0x, as well as the y and the z
components
(X, P]=ihl, [V, P]=ihl, [Z, P.] =ihl, (2.83)

where 7 is the unit operator.

Properties of commutators
Using the commutator relation (2.79), we can establish the following properties:

e Antisymmetry: o A
[4, B]=—[B, 4] (2.84)

Linearity:

(A, B+C+D+--1=[4, B]+[A4, C1+[4, D]+ (2.85)

—_

e Hermitian conjugate of a commutator:
(4. By =(af, 4" (2.86)

e Distributivity:

[4, BCl=[A, BIC + B[4, C] (2.87)
[AB, C]= A[B, C1+[A4, C]B (2.88)
e Jacobi identity:
[4,[B, C11+[B, [C, Al +[C, [4, B]]=0 (2.89)
e By repeated applications of (2.87), we can show that
o n—1 A )
[4. B") =D B/[4, B)B"~/! (2.90)
j=0
AnoA nl An—j—=1_~r A Aj
(4", B1=>4""""[4, B4 (2.91)
j=0

e Operators commute with scalars: an operator A commutes with any scalar b:

[4, b]=0 (2.92)

Example 2.8
(a) Show that the commutator of two Hermitian operators is anti-Hermitian.
(b) Evaluate the commutator [4, [B, C]D].
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Solution A
(a) If 4 and B are Hermitian, we can write

L, Bt = (AB - BAy = 314" - ATBT = BA—- 4B = (4, By, (2.93)
that is, the commutator of 4 and B is anti-Hermitian: [/i E]T = —[/I , Z§].
(b) Using the distributivity relation (2.87), we have

A~ A A

[4, [B, C1D] = [B, Cl[4, D1+I[A, [B, C11D
B

2.4.5 Uncertainty Relation between Two Operators

An interesting application of the commutator algebra is to derive a general relation giving the
uncertainties product of two operators, Aand B. In particular, we want to give a formal deriva-
tion of Heisenberg’s uncertainty relations.

Let (A4) and (B) denote the expectation values of two Hermitian operators A and B with
respect to a normalized state vector | y): (A) = v | A | w)and (B) = (y | B | w).
Introducing the operators AA and AB,

A

=4 — (4), AB =B — (B), (2.95)

A NG

A
we have (AA)2 = A° = 24(A) + (A)2 and (AB)2 = B2 — 2B(B) + (B)2, and hence
(w1 (A2 |y = (ADY) = ()= (A2 (MDY = (B)—(B)?,  (296)

A2 A2 ~ A
where (A7) = (y | A" | w) and (B?) = (y | B? | w). The uncertainties AA and AB are

defined by
= Ji(AaAR) = (4 — (42, AB =\/((A1§)2) =\/<z§2> —(B)2.| (297

Let us write the action of the operators (2.95) on any state | y) as follows:

10 =adiyy = (A= D) 1w 1) =281y = (B-B)1w. @99
The Schwarz inequality for the states | y) and | ¢) is given by
G INe o) = 1 1) (2.99)
Al Al

Since 4 and B are Hermitian, AA and A B must also be Hermitian: A4 = 4' — (/I) =
A - (A) —Adand ABT = B — (B) = AB. Thus, we can show the following three relations:

10 =Wl AD 1 y), @1e)=w | AB*y), (x|¢)=(y|AAAB|y).
(2.100)
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f

For instance, since adl = ad wehave (y | x)=(y | AA AA | w) = (y | (AA)? | y) =

( (A/I)z). Hence, the Schwarz inequality (2.99) becomes

~ ~ A A |2
(AAPN(ABY) = [(AdAB) (2.101)
Notice that the last term A A A B of this equation can be written as
PP P I~ 1 o~ & I~
AAAB = E[AA’ AB]+ E{AA’ AB} = E[A’ Bl1+ E{AA’ AB}, (2.102)

where we have used the fact that [A/i, Afr’] = [/I, 3’]. Since [/i, ﬁ’] is anti-Hermitian and
{Azi , Aé} is Hermitian and since the expectation value of a Hermitian operator is real and
that the expectation value of an anti-Hermitian operator is imaginary (see Example 2.6), the
expectation value (AAAB) of (2.102) becomes equal to the sum of a real part ({AA, AB)) /2
and an imaginary part ([/i, E])/Z; hence

noa 2 1 A a2 1 a2
‘(AAAB) - Z‘([A, B])‘ +Z‘({AA, AB})‘ . (2.103)
Since the last term is a positive real number, we can infer the following relation:
A~ A |2 1 A A |2
‘(AAAB)‘ > Z‘([A, B])‘ . (2.104)
Comparing equations (2.101) and (2.104), we conclude that
N2 2 Lios anl?
(aD@B? = |14 B[, (2.105)
which (by taking its square root) can be reduced to
1 A A
IVIVES (<[A, B])(. (2.106)

This uncertainty relation plays an important role in the formalism of quantum mechanics. Its
application to position and momentum operators leads to the Heisenberg uncertainty relations,
which represent one of the cornerstones of quantum mechanics; see the next example.

Example 2.9 (Heisenberg uncertainty relations)
Find the uncertainty relations between the components of the position and the momentum op-
erators.

Solution

By applying (2.106) to the x-components of thg position operator )A{ , and the momentum op-
erator P, we obtain AxAp, > % | ([X, Py]) |. Butsince [X, P,] = ihl, we have
Ax Ap, > h/2; the uncertainty relations for the y— and z— components follow immediately:

h h h
AxApy > > AyAp, > > AzAp,; > > (2.107)

These are the Heisenberg uncertainty relations.
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2.4.6 Functions of Operators

Let F(A) bea function of an operator A. If 4 is a linear operator, we can Taylor expand F(A)
in a power series of A4:

o
F(A) =Y a,4", (2.108)
n=0

where a,, is just an expansion coefficient. As an illustration of an operator function, consider
e?4, where a is a scalar which can be complex or real. We can expand it as follows:

3

o0 n 2
e“A:z%An:I+aA+%A2+% S (2.109)

Commutators involving function operators
If A commutes with another operator B, then B commutes with any operator function that
depends on A: A A

[4, B]=0 = [B, F(4)]=0; (2.110)

in particular, (/I) commutes with 4 and with any other function, G(/I), of 4:

[4, F(4)] =0, (4", F(A)] =0, [F(4), G(4)] = 0. (2.111)

Hermitian adjoint of function operators
The adjoint of F(A) is given by

T

(F(AT = Fr(dh). 2.112)

Note that if 4 is Hermitian, ¥ (/I) is not necessarily Hermitian; F (fi) will be Hermitian only if
F is a real function and A4 is Hermitian. An example is

iyt = eﬂ’ @y = gmidl (gadyt il 2.113)

where a is a complex number. So if A is Hermitian, an operator function which can be ex-
panded as F(4) = > 02, a,,An will be Hermitian only if the expansion coefficients a,, are real
numbers. But in general, ' (/i) is not Hermitian even if 4 is Hermitian, since

Al = ia;(/ﬁ)”. (2.114)

n=0

Relations involving function operators
Note that . A .
[4, B1#£0 = [B, F(D)]#0; (2.115)

in particular, e4e® #£ 415, Using (2.109) we can ascertain that

eAeB — (AtB A B2, (2.116)

A 7 A A A l A A A 1 A A A A
bt = B[4 B+ 5lA [, B+ 5[4, 4 (4 Bm+--. @)
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2.4.7 Inverse and Unitary Operators

L. . . ~—1 . A
Inverse of an operator: Assuming it exists® the inverse 4  of a linear operator A4 is defined

by the relation
Ali=a4it =1, 2.118)

where [ is the unit operator, the operator that leaves any state | ) unchanged.
Quotient of two operators: Dividing an operator A by another operator B (provided that the

inverse B~! exists) is equivalent to multiplying A by B~

4_ AB™! (2.119)
5= . .

A 1 . 7. .-
Z=4-=4B7" and =4=B7'4. (2.120)
B B B

In general, we have AB™! #+ B~1A4. For an illustration of these ideas, see Problem 2.12. We
may mention here the following properties about the inverse of operators:

aAn A A\—1 N ~ ~ ~ an\ —1 A\ 7
(ABCD) = D¢ B AT, (A”) :(A 1) . 2.121)

Unitary operators: A linear operator U is said to be unitary if its inverse U-is equal to its
adjoint ot
of = 0! or 00t =070 =1. (2.122)

The product of two unitary operators is also unitary, since
O @t =onatoh =owihiot =oot =1, (2.123)

or (U I7)T = (U I7)‘1. This result can be generalized to any number of operators; the product
of a number of unitary operators is also unitary, since

(ABED - YABCD-- T = AbeDe.ypietat il = dsedphetatal
_ Ap@echatat = agahal
= il =1, (2.124)

or (ABCD-- T = (ABED -1,

Example 2.10 (Unitary operator)
What conditions must the parameter ¢ and the operator G satisfy so that the operator U=e
is unitary?

ieG

3Not every operator has an inverse, just as in the case of matrices. The inverse of a matrix exists only when its
determinant is nonzero.
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Solution
Clearly, if ¢ is real and G is Hermitian, the operator e

[F(fi)]Jr = F* (AT), we see that

i2G would be unitary. Using the property

(eiEG)T — e—ieé — (eisé)—l’ (2125)

that is, ot =01,

2.4.8 Eigenvalues and Eigenvectors of an Operator

Having studied the properties of operators and states, we are now ready to discuss how to find
the eigenvalues and eigenvectors of an operator.

A state vector | ) is said to be an eigenvector (also called an eigenket or eigenstate) of an
operator A if the application of Ato | v) gives

Aly) =alw), (2.126)

where a is a complex number, called an eigenvalue of A. This equation is known as the eigen-
value equation, or eigenvalue problem, of the operator A. Tts solutions yield the eigenvalues
and eigenvectors of 4. In Section 2.5.3 we will see how to solve the eigenvalue problem in a
discrete basis.

A simple example is the eigenvalue problem for the unity operator I:

Iy)=|y). (2.127)
This means that all vectors are eigenvectors of I with one eigenvalue, 1. Note that
Aly)=aly) = A"|y) =a"|y) and F)|y)=F@)|y). (2128

For instance, we have

Aly)=aly) = 1|y)=|y). (2.129)

Example 2.11 (Eigenvalues of the inverse of an operator)
aml acl . -
Show that if A ~ exists, the eigenvalues of 4  are just the inverses of those of 4.

SolutioAn_ o
Since A A = I we have on the one hand

ael ~
4 Aly) =|w), (2.130)
and on the other hand
Al A Al A Al
4 Aly)=4 (Aly) =ad |y). (2.131)

Combining the previous two equations, we obtain

~A—1
ad |y) =|y), (2.132)
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hence )
4 |y = - | w). (2.133)

. . . A=l . R B
This means that | ) is also an eigenvector of A ~ with eigenvalue 1/a. Thatis, if A  exists,
then

~ A 1
Aly)=aly) = AlIV/):;IV/)- (2.134)

Some useful theorems pertaining to the eigenvalue problem

Theorem 2.1 For a Hermitian operator, all of its eigenvalues are real and the eigenvectors
corresponding to different eigenvalues are orthogonal.

If AT = /i, A | $n) = an | pn) = a, = real number, and (¢, | dn) = Imn-
(2.135)
Proof of Theorem 2.1
Note that . .
A ¢n> = an |¢n) - <¢m | 4| ¢n> = an(¢m |¢n)a (2-136)
and . .
n | AT =aipn | = (fu | AT 1) = (b | S0). (2.137)
Subtracting (2.137) from (2.136) and using the fact that A is Hermitian, 4 = AT, we have
(an = ap){pm | pn) = 0. (2.138)

Two cases must be considered separately:

e Case m = n: since (¢, | ¢,) > 0, we must have a, = aj;; hence the eigenvalues a,, must
be real.

e Case m # n: since in general a, # aj,, we must have (¢, | ¢,) = 0; thatis, | ¢,,) and
| ¢,,) must be orthogonal.

Theorem 2.2 The eigenstates of a Hermitian operator define a complete set of mutually or-
thonormal basis states. The operator is diagonal in this eigenbasis with its diagonal elements
equal to the eigenvalues. This basis set is unique if the operator has no degenerate eigenvalues
and not unique (in fact it is infinite) if there is any degeneracy.

Theorem 2.3 Iftwo Hermitian operators, A and B, commute and if A has no degenerate eigen-
value, then each eigenvector of A is also an eigenvector of B. In addition, we can construct a
common orthonormal basis that is made of the joint eigenvectors of A and B.

Proof of Theorem 2.3
Since A4 is Hermitian with no degenerate eigenvalue, to each eigenvalue of 4 there corresponds
only one eigenvector. Consider the equation

Aldn) = an | ). (2.139)
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Since A4 commutes with B we can write
BA\¢n) = AB | ¢a) or AB | ¢pn) = an(B | bn)); (2.140)

that is, (B | ¢n)) 1s an eigenvector of A with eigenvalue a,. But since this eigenvector is unique
(apart from an arbitrary phase constant), the ket | ¢,,) must also be an eigenvector of B:

Bl gn) = byl ). (2.141)

Since each eigenvector of A is also an eigenvector of B (and vice versa), both of these operators
must have a common basis. This basis is unique; it is made of the joint eigenvectors of A and
B. This theorem also holds for any number of mutually commuting Hermitian operators.

Now, if a, is a degenerate eigenvalue, we can only say that B | ¢») is an eigenvector of
A with eigenvalue a,; | ¢,) is not necessarily an eigenvector of B. If one of the operators is
degenerate, there exist an infinite number of orthonormal basis sets that are common to these
two operators; that is, the joint basis does exist and it is not unique.

Theorem 2.4 The eigenvalues of an anti-Hermitian operator are either purely imaginary or
equal to zero.

Theorem 2.5 The eigenvalues of a unitary operator are complex numbers of moduli equal to
one, the eigenvectors of a unitary operator that has no degenerate eigenvalues are mutually
orthogonal.

Proof of Theorem 2.5
Let | ¢,) and | ¢,,) be eigenvectors to the unitary operator U with eigenvalues @, and a,,,
respectively. We can write

(g | OO 1 ) = ajanlgn | ). (2.142)
Since UTU = T this equation can be rewritten as
(@pan — 1){dm | ¢n) =0, (2.143)
which in turn leads to the following two cases:
e Case n = m: since (¢, | ¢,) > Othena,a, =] a, |2= 1, and hence | a, |= 1.

e Case n # m: the only possibility for this case is that | ¢,,) and | ¢,) are orthogonal,
(¢m |¢n> = 0.

2.4.9 Infinitesimal and Finite Unitary Transformations

We want to study here how quantities such as kets, bras, operators, and scalars transform under
unitary transformations. A unitary transformation is the application of a unitary operator U to
one of these quantities.
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2.4.9.1 Unitary Transformations

Kets | w) and bras (y | transform as follows:

ly') = U |y,

(' 1= (y | OT.
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(2.144)

Let us now find out how operators transform under unitary transformations. Since the transform
of Al y) =I¢)isd | y') =|¢), wecanrewrite A | y') =| ¢ as AU | y) = U | ) =
UA | w) which, in turn, leads to AU =04 Multiplying both sides of AU=04 by Ut and

since 00T = UTU = f, we have

A =04i0t, i=0T10. (2.145)
The results reached in (2.144) and (2.145) may be summarized as follows:
)y =Uly), = w0, 4 =040, (2.146)
v =0T1y),  wli=w 10, 4=01i0 (2.147)
Properties of unitary transformations
e If an operator A is Hermitian, its transformed A is also Hermitian, since
it=@ioht =oilot —oaot = 7. (2.148)
e The eigenvalues of A and those of its transformed A~ are the same:
~ ~!
Alyn) = anlyn) = A | ‘/’;,) = ay | l;/,’,), (2.149)
since
A/ A A A A A A A A
Ay = QAN | ) = 0AOT) | y)
= Ud |y = a0 | yu)) =an | vy). (2.150)

e Commutators that are equal to (complex) numbers remain unchanged under unitary trans-
formations, since the transformation of [4, B] = a, where a is a complex number, is

given by
i B 7 A0T. UBOT TAOTYVOBUTY — (O BOTYWOTADT
[4,B1 = [UAU",UBU"1=UAUNYUBU" —(UBUNYUAU)
= U[4, l}]lﬁ = 0a0t =a00T =4
[4, B]. (2.151)
e We can also verify the following general relations:

A=pB+yC = A4 =pB +yC, (2.152)
A=aBCD = A =aBCD, (2.153)
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e Since the result (2.151) is valid for any complex number, we can state that complex
numbers, such as (y | 4 | x), remain unchanged under unitary transformations, since

Al ~ A A A A A~ A A A ~
WA L) = G 1OD@ AN | ) = (v 1 OTOYADTUY | x) =ty 1 A1 y).
o (2.154)
Taking A = I we see that scalar products of the type

Wixh =l (2.155)

are invariant under unitary transformations; notably, the norm of a state vector is con-
served:

W'y = (wly. (2.156)

=

e We can also verify that (U 10 T) = 04" U7 since

(mﬁ)” — (mzﬁ) (0A0T)...(Ufim):04(0T0)2<0T0)...<0T0)40T
- 04"0". (2.157)

e We can generalize the previous result to obtain the transformation of any operator func-
tion f(A4):
00T = f0A0T = 1), (2.158)
or more generally

A

Uf(A,B,C,-- 0T = p(0A0T, 0BOT,0C0T,.. )= r(4, B, C,--). (2.159)

A unitary transformation does not change the physics of a system; it merely transforms one
description of the system to another physically equivalent description.

In what follows we want to consider two types of unitary transformations: infinitesimal
transformations and finite transformations.

2.4.9.2 Infinitesimal Unitary Transformations

Consider an operator U which depends on an infinitesimally small real parameter ¢ and which
varies only slightly from the unity operator /:

U,(G) =1 +ieG, (2.160)

where G is called the generator of the infinitesimal transformation. Clearly, U, is a unitary
transformation only when the parameter ¢ is real and G is Hermitian, since

0,00 = (T +ieG)( —ieGYy = T4 ie(G - Gy =1, 2.161)

where we have neglected the quadratic terms in ¢.
The transformation of a state vector | y) is

ly') = U+ieG) | w) =l y)+3| ), (2.162)
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where
Sly) = ieG | y). (2.163)

The transformation of an operator Ais given by

A =d +ieG)AU —ieG) ~ 4 +ie[G, A). (2.164)

If G commutes with A, the unitary transformation will leave A unchanged, A =4

[G,Al=0 — A =0{+ieG)Ad —ieG) = A. (2.165)

2.4.9.3 Finite Unitary Transformations

We can construct a finite unitary transformation from (2.160) by performing a succession of
infinitesimal transformations in steps of &; the application of a series of successive unitary
transformations is equivalent to the application of a single unitary transformation. Denoting
e = a/N, where N is an integer and a is a finite parameter, we can apply the same unitary
transformation N times; in the limit N — 400 we obtain

A I O A . o AN\N 6
Ua(G)legnoog(HzNG)=N2Tm(1+lﬁG) — ¢i90, (2.166)

where G is now the generator of the finite transformation and a is its parameter.
As shown in (2.125), U is unitary only when the parameter a is real and G is Hermitian,
since R R R
(eiaG)"' — e—iaG — (@iaG)_l. (2167)

. . . . . At ~
Using the commutation relation (2.117), we can write the transformation 4 of an operator 4
as follows:

. \2 . \3
%G je=1%G — J 4 ia[G, A] + (%) [G, G, A]] + % [G, 6, 16, A]]] n
(2.168)
If G commutes with A, the unitary transformation will leave A unchanged, A = 4:
[G, Al = 0= 4 = /%G je1vG — ] (2.169)

In Chapter 3, we will consider some important applications of infinitesimal unitary transfor-
mations to study time translations, space translations, space rotations, and conservation laws.

2.5 Representation in Discrete Bases
By analogy with the expansion of Euclidean space vectors in terms of the basis vectors, we need

to express any ket | y) of the Hilbert space in terms of a complete set of mutually orthonormal
base kets. State vectors are then represented by their components in this basis.
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2.5.1 Matrix Representation of Kets, Bras, and Operators

Consider a discrete, complete, and orthonormal basis which is made of an infinite* set of kets
| d1), | P20, | P3), ..., | dn) and denote it by {| ¢, )}. Note that the basis {| ¢,)} is discrete, yet
it has an infinite number of unit vectors. In the limit » — oo, the ordering index » of the unit
vectors | ¢,) is discrete or countable; that is, the sequence | ¢1), | ¢2), | ¢3), ... is countably
infinite. As an illustration, consider the special functions, such as the Hermite, Legendre, or
Laguerre polynomials, H,(x), P,(x), and L, (x). These polynomials are identified by a discrete
index n and by a continuous variable x; although » varies discretely, it can be infinite.

In Section 2.6, we will consider bases that have a continuous and infinite number of base
vectors; in these bases the index 7 increases continuously. Thus, each basis has a continuum of
base vectors.

In this section the notation {| ¢,)} will be used to abbreviate an infinitely countable set of
vectors (i.e., | ¢1), | ¢2), | @3), ...) of the Hilbert space H. The orthonormality condition of
the base kets is expressed by

(n | ém) = Onm, (2.170)
where d,,, is the Kronecker delta symbol defined by
1, n=m,

The completeness, or closure, relation for this basis is given by
x ~
DI gadign I =1, (2.172)
n=1

where 1 is the unit operator; when the unit operator acts on any ket, it leaves the ket unchanged.

2.5.1.1 Matrix Representation of Kets and Bras

Let us now examine how to represent the vector | w) within the context of the basis {| ¢,)}.
The completeness property of this basis enables us to expand any state vector | ) in terms of
the base kets | ¢, ):

ly) =11y = (Z|¢n><¢n |)| p) = D an | dn), (2.173)
n=1 n=1

where the coefficient a,,, which is equal to (¢, | w), represents the projection of | ) onto | ¢, );
ay is the component of | y) along the vector | ¢,). Recall that the coefficients a, are complex
numbers. So, within the basis {| ¢,)}, the ket | w) is represented by the set of its components,

ai, az, as, ... along | ¢1), | ¢2), | ¢3), ..., respectively. Hence | w) can be represented by a
column vector which has a countably infinite number of components:
(@1 | w) ai
(P2 | w) a
| y) — : =1 : |. (2.174)
an

(én | v}

4Kets are elements of the Hilbert space, and the dimension of a Hilbert space is infinite.
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The bra (y | can be represented by a row vector:

(wl— Wwlo) (wld2) - (wldn) )

Ut Ly)" (2 lw)™ e pn L) -0)
= (af a3 ---a, --). (2.175)
Using this representation, we see that a bra-ket (v | ¢) is a complex number equal to the matrix
product of the row matrix corresponding to the bra (y | with the column matrix corresponding
to the ket | ¢):
by
by

(wig=(aj a3 ar | o [=Dabu. (2.176)
by "

where b, = (¢n | ¢). We see that, within this representation, the matrices representing | )
and (y | are Hermitian adjoints of each other.

Remark

A ket |y) is normalized if (y | y) = >, la,|? = 1. If |yw) is not normalized and we want
to normalized it, we need simply to multiply it by a constant « so that (ay | ay) = |a|*(y |

w) = 1,and hence a = 1//Ty | y).

Example 2.12
Consider the following two kets:
Si 3
lyv)=1 2 |, l¢)=1 8i
—i —9i

(a) Find | w)* and (w |.
(b) Is | ) normalized? If not, normalize it.
(c) Are | w) and | ¢) orthogonal?

Solution
(a) The expressions of | w)* and (y | are given by

—5i
| w)* = 2 , (| = (=5 2 i), (2.177)

where we have used the fact that (y | is equal to the complex conjugate of the transpose of the
ket | w). Hence, we should reiterate the important fact that | w)* # (y |.
(b) The norm of | ) is given by

5i
wiyy==5i 2 O 2 | =(=5)Gi)+Q)Q) + ()(=i) = 30. (2.178)

—i
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Thus, | ) is not normalized. By multiplying it with 1/4/30, it becomes normalized:

5i
|>—1|>—1 2
AT AN

= (g =L (2.179)

(c) The kets | y) and | ¢) are not orthogonal since their scalar product is not zero:

3
wldy=(=5 2 | 8 |=(=5)3)+Q@)@®)+()=9)=9+i (2.180)
—9i

2.5.1.2 Matrix Representation of Operators

For each linear operator 4, we can write

A= Mi:( | $u) b |)A(Z | Bm) |)= D Awn | )b |, (2181
n=l1 m=1 nm

where A, is the nm matrix element of the operator A:

Aum = (pn | A| ). (2.182)

We see that the operator Ais represented, within the basis {| ¢,)}, by a square matrix 4 (4
without a hat designates a matrix), which has a countably infinite number of columns and a
countably infinite number of rows:

A A Az
Ay Axp Az

A=\ A3 A3 Ay - | (2.183)

For instance, the unit operator Iis represented by the unit matrix; when the unit matrix is
multiplied with another matrix, it leaves that unchanged:

1 0
0 1
I'=10 0

—_ o O

(2.184)

In summary, kets are represented by column vectors, bras by row vectors, and operators by
square matrices.
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2.5.1.3 Matrix Representation of Some Other Operators

(a) Hermitian adjoint operation

Let us now look at the matrix representation of the Hermitian adjoint operation of an operator.
First, recall that the transpose of a matrix 4, denoted by A7, is obtained by interchanging the
rows with the columns:

T
A A Az - A Axn Az
Ay Axp Ay - Ay Apn A3

T
(A" )um = Amn  or A3y Az Azz - = A1z Az Ass

(2.185)
Similarly, the transpose of a column matrix is a row matrix, and the transpose of a row matrix
is a column matrix:

al T ai
aj az
: =(a a - a ---) and (a1 a - ay ...)T=
Qn Qn
(2.186)
So a square matrix 4 is symmetric if it is equal to its transpose, 47 = 4. A skew-symmetric
matrix is a square matrix whose transpose equals the negative of the matrix, 47 = — 4.

The complex conjugate of a matrix is obtained by simply taking the complex conjugate of
all its elements: (4*),m = (Aum)*.

The matrix which represents the operator A f is obtained by taking the complex conjugate
of the matrix transpose of 4:

f f

AT =Ty or (AN =@ | A" | bw) = | A1 ¢0)* = Ay (2.187)
that is,
Ay A Az - f A7, A A3,
Ay Axp A - A, Ay Ay -
A1 Az Az - =\ 43 43 45 - |- (2.188)

If an operator A is Hermitian, its matrix satisfies this condition:

ATy =4 or A%, = Aum. (2.189)
The diagonal elements of a Hermitian matrix therefore must be real numbers. Note that a
Hermitian matrix must be square.

(b) Inverse and unitary operators
A matrix has an inverse only if it is square and its determinant is nonzero; a matrix that has
an inverse is called a nonsingular matrix and a matrix that has no inverse is called a singular
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. . . . A1 .
matrix. The elements An‘,; of the inverse matrix A~!, representing an operator 4 , are given
by the relation

1 cofactor of A, -1 _ B—T (2.190)

nm T determinant of 4 " determinant of 4’

where B is the matrix of cofactors (also called the minor); the cofactor of element 4,,, is equal
to (—1)™*" times the determinant of the submatrix obtained from 4 by removing the mth row
and the nth column. Note that when the matrix, representing an operator, has a determinant
equal to zero, this operator does not possess an inverse. Note that A~!4 = 4A4~! = I where /
is the unit matrix.

The inverse of a product of matrices is obtained as follows:

(4BC---POY" ' =7 'p7t...cB7I 47N, (2.191)
The inverse of the inverse of a matrix is equal to the matrix itself, (A_l)_1 = A.

A unitary operator Uis represented by a unitary matrix. A matrix U is said to be unitary if
its inverse is equal to its adjoint:

vl =ut o vlu=1, (2.192)

where [ is the unit matrix.

Example 2.13 (Inverse of a matrix)

2
Calculate the inverse of the matrix 4 = | 3 1 5 |]. Is this matrix unitary?
0 .

Solution

Since the determinant of 4 is det(4) = —4 + 16i, we have 4~' = BT /(=4 + 16i), where the
elements of the cofactor matrix B are given by B, = (—1)"*" times the determinant of the
submatrix obtained from A4 by removing the nth row and the mth column. In this way, we have

Az A

Bn = (=p'f! dss Ann = (1| _2‘=—2+5i, (2.193)
B = (-D'*? ji ji = (-1’ (3) _52 ‘=6, (2.194)
Bz = (-D'*3 j?: jz = (-1* (3) _11. = -3, (2.195)
By = (—1)3 _il. _02 ‘:21', By = (—1?* f) _02 ‘:—4, (2.196)
By = (1)’ (2) _ii =i, By = (=1)* ’1 (5)‘=5i, (2.197)
By = (=1 g 2‘:-10, By = (=1)° § i‘=2—3i, (2.198)
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and hence
-2+ 5i 6 —3i
B = 2i —4 2i . (2.199)
5i —-10 2-3;

Taking the transpose of B, we obtain

/2450 20 Si
1 14
A7t = pr_ T 6 -4 —10
—4+ 16 68 3 20 2-3i
L[ 2243 8-2 20-5i
= — | -6-24i a+160 10+40i |. (2.200)
B8\ _1243 8-2i —14-5i

Clearly, this matrix is not unitary since its inverse is not equal to its Hermitian adjoint:
A~V # 4T,

(c) Matrix representation of | y)(y |
It is now easy to see that the product | w)(y | is indeed an operator, since its representation
within {| ¢,)} is a square matrix:

aj aja} aa;, aa;
a .. @mal aa; axa; ---
Ly i=| o |@ a3 ai - )=| wa’ wd ad - | (2.201)

(d) Trace of an operator .
The trace Tr(A) of an operator A is given, within an orthonormal basis {| ¢, )}, by the expression

Tr(A) = D (G | A1 ) = D Aun; (2.202)

we will see later that the trace of an operator does not depend on the basis. The trace of a matrix
is equal to the sum of its diagonal elements:

Ay A A
Ayy Axp Ay -
Trl A3 A3 Ay - | =Ant+dnt At (2.203)

Properties of the trace
We can ascertain that

Tr(/IT) = (Tr(4))*, (2.204)
Tr(@A+ BB+ 7yC + ) = aTr(4) + BTe(B) + y Tr(C) + - - -, (2.205)

and the trace of a product of operators is invariant under the cyclic permutations of these oper-
ators:

Tr(ABCDE) = Te(EABCD) = Ti(DEABC) = Te(CDEAB) = - - - . (2.206)
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Example 2.14
(a) Show that Tr(/fé) = Tr(éﬁ).
(b) Show that the trace of a commutator is always zero.
(c) Hlustrate the results shown in (a) and (b) on the following matrices:

8—2i 4i 0 —i 2 1—i
A= 1 0 1—-i |, B = 6 1+ 3i
-8 i 6i 1 547 0
Solution
(a) Using the definition of the trace,
Tr(AB) =D (¢ | AB | $u), (2.207)

n

and inserting the unit operator between A and B we have

Tr(AB) = D (¢nl A(Z | Gm)(bm |)é | ) =D An | A | pm)ibm | B bn)

n nm

= > AynBun. (2.208)

On the other hand, since Tr(/IlA?) = {dn | AB | ¢n), we have

Tr(BA) D (w1 B D1 pudi |)fi | ) =D {hm | B 1) | A | pm)

m

= > BunAum. (2.209)

Comparing (2.208) and (2.209), we see that Tr(/Ilg’) = Tr(ff’/I).
(b) Since Tr(A4 B) = Tr(B A) we can infer at once that the trace of any commutator is always
Zero:
Tr([4, B]) = Tr(AB) — Tr(BA) = 0. (2.210)

(c) Let us verify that the traces of the products 4B and B A are equal. Since

-2+ 16i 12 —6—10i -8 5+i 8+ 4i
AB = 1—2i 14 + 2i 1—i , BA=| 49-35 -3+4+24 —16 ,

20i —-59+431i —-11+48i 13+ 5 4 12+ 2i
(2.211)
we have
—2 4 16i 12 —6 — 10i
Tr(AB) = Tr 1—-2i 14 +2i 1—1i =1+ 26i, (2.212)
20i —594+31i —11+4+8i
-8 541 8+ 4i
Tr(BA) =Tr| 49—35i —-3+424i —16 =1426i = Tr(4B). (2.213)
1345 4i 12 4 2i

This leads to Tr(4B) — Tr(BA) = (1 +26i) — (1 +26i) =0 or Tr([4, B]) =0.
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2.5.1.4 Matrix Representation of Several Other Quantities

(a) Matrix representation of | ¢) = A | v) L
The relation | ¢) = A | w) can be cast into the algebraic form / | ¢) = 1Al | ) or

(Z | Bn) (B |) | ¢) = (Z | Bn) (n |)A(Z | B ) (bm |) | ), (2214)

which in turn can be written as

an | $n) = Zam | @n){dn | A | $m) = ZamAnm | &n), (2.215)

where b, = (¢, | ¢), Apm = (Pn | A | dm), and ap, = (D | w). Itjs easy to see that (2.215)
yields b, = >, Aumam; hence the matrix representation of | ¢) = 4 | ) is given by

by A A Ao - ai
by Ay Axp Ay - as

by | = | A4n Axn Az .- a |- (2.216)

(b) Matrix representation of (| A | w)
As for (¢ | A | w) we have

pldly) = <¢|fﬁf|w>=<¢|(2|¢n><¢n|)fi(
n=1

= DA 1 dadln | A1 dndidm | w)

nm

o0

m=

| &m) (&m I) | y)
1

= ZbZAnmam~ (2217)
nm
This is a complex number; its matrix representation goes as follows:
An A Az - ai
An Axn Az - as

@1ALy)— 0 b5 b5 )| ay Ay Ay - || e |- @218

Remark

It is now easy to see explicitly why products of the type | w) | ¢), (v | (¢ |, AA<1// |, or | 1//)141
are forbidden. They cannot have matrix representations; they are nonsensical. For instance,
| v) | @) is represented by the product of two column matrices:

(@11 vy) (P11 )
| w) | ¢) — (P21 y) (P2 | &) . (2.219)

This product is clearly not possible to perform, for the product of two matrices is possible only
when the number of columns of the first is equal to the number of rows of the second; in (2.219)
the first matrix has one single column and the second an infinite number of rows.
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2.5.1.5 Properties of a Matrix 4
e Realif 4= A"or 4y, = 4,,

Imaginary if 4 = —A4" or A,y = —4;,,

Symmetric if 4 = AT or Apy = Apm

Antisymmetric if 4 = —A” or Ay = — Ay With Ay =0

Hermitian if 4 = AT or 4,,, = A*

nm

e Anti-Hermitian if 4 = —AT or Amn = =4},

Orthogonal if A7 = A7  or 44T =T or (AAT )y = Sun

o Unitary if AT = 4= or 44T = I or (44T)0n = Spn

Example 2.15 .
Consider a matrix A (which represents an operator A), aket| y), and a bra (¢ |:
5 3+2i 3i —1+i
A= —i 3i 8 |, lw = 3 . (pl=(6 —i 5).
1—i 1 4 24+ 3i

(a) Calculate the quantities 4 | ), (¢ | A, (¢ | A | v),and | w){¢ |.
(b) Find the complex conjugate, the transpose, and the Hermitian conjugate of 4, | ), and

(@1
(c) Calculate (¢ | w) and (y | ¢); are they equal? Comment on the differences between the
complex conjugate, Hermitian conjugate, and transpose of kets and bras.

Solution
(a) The calculations are straightforward:

5 342 3i —1+i =5+ 17
Aly)y=| =—i 3i 8 3 = 17+34i |, (2.220)
1—i 1 4 2+43i 11+ 14i
5 342 3i
pla=(6 —i 5)| —i 3i 8 | =(34-5 26+12i 20+10i ),
1—i 1 4
(2.221)
5 342 3i —14i
@laly)y=(6 —i 5) —i 3i 8 3 =59 + 155i, (2.222)
1—i 1 4 243i
—14i —64+6i 14+i —545i
| y)(p|= 3 (6 —i 5)= 18 —3i 15 . (2223)

24 3i 12418 3—-2i 10+ 15i
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(b) To obtain the complex conjugate of 4, | w), and (¢ |, we need simply to take the
complex conjugate of their elements:

5 3-2i =3i —1—i
A* = i -3 8 |, |w)r= 3 . pl'=(6 i 5).
1+ 1 4 2—-3i
(2.224)
For the transpose of 4, | ), and (¢ |, we simply interchange columns with rows:
5 —i 1—i 6
AT = 3421 3 1 T =(—1+i 3 243 ), (@I'=| —i
3i 8 4 5
(2.225)

The Hermitian conjugate can be obtained by taking the complex conjugates of the transpose
expressions calculated above: AT = (47)*, | y)T = (Iv)") =y, (¢ = (B 17)" =1 ¢):

5 i 1+ 6
At={3-2i =3i 1 |, wi=(-1-i 3 2=3i), |¢) =] i
—3i 8 4 5
(2.226)
(c) Using the kets and bras above, we can easily calculate the needed scalar products:
—1+i
@Ply)=(6 —i 5) 3 = 6(=14+i)+(=)(3)+50243i) =4+18i, (2.227)
243i
6
(W | @) = ( —1—-i 3 2-3i ) i | =6(—-1-0)4+G)B3)+5(2-3i) =4—18i. (2.228)
5

We see that (¢ | w) and (w | ¢) are not equal; they are complex conjugates of each other:

(W lg)=(ly) =4—18i (2.229)

Remark
We should underscore the importance of the differences between | y)*, | )T, and | z//)T. Most
notably, we should note (from equations (2.224)—(2.226)) that | y)* is a ket, while | w)” and

| (//)Jr are bras. Additionally, we should note that (¢ |* is a bra, while (¢ |7 and (¢ |Jr are kets.

2.5.2 Change of Bases and Unitary Transformations

In a Euclidean space, a vector A may be represented by its components in different coordinate
systems or in different bases. The transformation from one basis to the other is called a change
of basis. The components of 4 in a given basis can be expressed in terms of the components of
A in another basis by means of a transformation matrix.

Similarly, state vectors and operators of quantum mechanics may also be represented in
different bases. In this section we are going to study how to transform from one basis to
another. That is, knowing the components of kets, bras, and operators in a basis {| ¢,)}, how
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does one determine the corresponding components in a different basis {| ¢,,)}? Assuming that
{l ¢n)} and {| ¢;,)} are two different bases, we can expand each ket | ¢,) of the old basis in
terms of the new basis {| ¢,)} as follows:

| ) = (Z | 1) |) | ) = D Unn | 1) (2.230)

where
Unn = (P | dn)- (2.231)

The matrix U, providing the transformation from the old basis {| ¢,)} to the new basis {| ¢})},
is given by
(@11 d1) (@) 1) (&) | ¢3)
U=| & 1o1) (B51d2) (hr1¢s) |. (2.232)
(P51 d1) (B 1¢2) (P51 3)

Example 2.16 (Unitarity of the transformation matrix)
Let U be a transformation matrix which connects two complete and orthonormal bases {| ¢,,)}
and {| ¢;,)}. Show that U is unitary.

Solution
For this we need to prove that oot =1 , which reduces to showing that (¢, | oot | ¢n) =
Omn- This goes as follows:

G | OO 1 40) = (¢ | 0(2 | 1) |) OV g0 = D Ul (2233
! /

where Ui = (¢ | U | ¢1) and Uy = (¢ | OT | ¢w) = (hn | U | ¢1)*. According to
(2.231), Ui = (¢, | 1) and Uy, = (1 | #},); we can thus rewrite (2.233) as

D UntUsy =D | $)b1 | $3) = (1 | B3 = O (2.234)
!

i

Combining (2.233) and (2.234), we infer (¢, | UUT | ) = Spn, or OUT = 1.

2.5.2.1 Transformations of Kets, Bras, and Operators

The components (¢, | w) of a state vector | y) in a new basis {| ¢},)} can be expressed in terms
of the components (¢, | ) of | w) in an old basis {| ¢,)} as follows:

(B L v = (B | L1 y) = (g}, |(Z | Bn)(n |)| W) =D Unnlgn | w). (2.235)

This relation, along with its complex conjugate, can be generalized into

| Wnew) = U | Wota), (Wnew | = (Wota | 0T (2.236)
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Let us now examine how operators transform when we change from one basis to another. The
matrix elements 4, = (¢, | 4 | ¢,) of an operator 4 in the new basis can be expressed in
terms of the old matrix elements, 4;; = (¢; | 4 | ¢1), as follows:

A;nn = <¢;/71 | (Z | ¢I><¢] |)/,1\(Z | ¢1) (1 |) | ¢;,> = Z UnjAji ;1; (2.237)
J / jl

that is,
I‘Inew = 0/’1\01(10T or /Iold = U-I-/i\newfﬁ (2.238)

We may summarize the results of the change of basis in the following relations:

| Wneu)) = 0 | Wold); (Wneu) | = <l//old | UT, /inew = &A\old(\ﬂ-a (2239)

or

| V/old> = UT | Wnew): <l//old |= (V/new | 0; /iold = UTlinew[} (2240)

These relations are similar to the ones we derived when we studied unitary transformations; see
(2.146) and (2.147).

Example 2.17 .
Show that the operator U = ", | ¢,) (¢, | satisfies all the properties discussed above.

Solution
First, note that U is unitary:

TUT =" 10 1 1)@ 1= D 1) 1 = D | gy |= 1. (2.241)
nl n

nl

Second, the action of U on a ket of the old basis gives the corresponding ket from the new basis:

Ulgn) = D180 ba L dm) = D1 81)0wm =I ¢} (2242)

We can also verify that the action U7 on a ket of the new basis gives the corresponding ket from
the old basis:

TV 1) =D 18061 1) = D1 ¢1)0im =1 dm). (2.243)
1 l

How does a trace transform under unitary transformations? Using the cyclic property of the
trace, Tr(ABC) = Tr(CAB) = Tr(BC A), we can ascertain that

Te(4) = Te( UAUT) = (010 4) = Te(A), (2.244)
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Tr (| ¢n){hm 1) D i L )i | 1) = D (b | $1)(h1 | hn)

i i

= (¢m | (Z | 1) |) | $n) = (B | ¢n) =Omn,  (2.245)
!

Tr (I ) (Pn 1) = (B | G- (2.246)

Example 2.18 (The trace is base independent)
Show that the trace of an operator does not depend on the basis in which it is expressed.

Solution
Let us show that the trace of an operator A in a basis {| &n)} is equal to its trace in another basis
{l ¢,)}. First, the trace of 4 in the basis {| ¢,)} is given by

Tr(A) = D (pn | 41 40) (2.247)
and in {| )} by
Tr(d) =D (¢ | 41 4}). (2.248)

n

Starting from (2.247) and using the completeness of the other basis, {| ¢;,)}, we have

Tr(d) = Z<¢n|2|¢n>=Z<¢n|(2|¢:n><¢,; |)fi|¢n>
= D (Bl G | Al du). (2.249)

All we need to do now is simply to interchange the positions of the numbers (scalars) (¢, | ¢),)
and (¢, | 4| ¢n):

Tr(d) = > (4, | 4 (Z | Bn) (n |) [ d) = D (B | A1 ). (2.250)

m m

From (2.249) and (2.250) we see that

Tr(d) =D (a1 A1 d0) = D (B 1 A1 ). (2.251)

n n

2.5.3 Matrix Representation of the Eigenvalue Problem

At issue here is to work out the matrix representation of the eigenvalue problem (2.126) and
then solve it. That is, we want to find the eigenvalues a and the eigenvectors | ) of an operator
A such that

N

Aly) =aly), (2.252)
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where a is a complex number. Inserting the unit operator between Aand | w) and multiplying
by (¢ |, we can cast the eigenvalue equation in the form

(¢ | A(Z | Bn) (Bn |) | y) = algm | (Z | Bn) (Bn |) |y, (2.253)

or

D Amnln | w) = a D (Bu | ¥)oum, (2.254)

which can be rewritten as

D [ Amn — adun]pn | w) =0, (2.255)

n

with 4y = (b | A | ¢n)-

This equation represents an infinite, homogeneous system of equations for the coefficients
(én | w), since the basis {| ¢,)} is made of an infinite number of base kets. This system of
equations can have nonzero solutions only if its determinant vanishes:

det (Apn — adym) = 0. (2.256)

The problem that arises here is that this determinant corresponds to a matrix with an infinite
number of columns and rows. To solve (2.256) we need to truncate the basis {| ¢,)} and assume
that it contains only N terms, where N must be large enough to guarantee convergence. In this
case we can reduce (2.256) to the following Nth degree determinant:

Ay —a A1z A3 Ay
Ao Ap —a A3 Aon
43 An Az —a - Asn | . (2.257)
AN An> An3 -+ Ann—a

This is known as the secular or characteristic equation. The solutions of this equation yield

the N eigenvalues a1, a», a3, .. ., ay, since it is an Nth order equation in a. The set of these
N eigenvalues is called the spectrum of 4. Knowing the set of eigenvalues ay, az, a3, .. ., ay,
we can easily determine the corresponding set of eigenvectors | ¢1), | ¢2), ..., | ¢n). For

each eigenvalue a,, of A, we can obtain from the “secular” equation (2.257) the N components
@11 w), (2| w) (@3] ), ... (¢n | w) of the corresponding eigenvector | ¢ ).

If a number of different eigenvectors (two or more) have the same eigenvalue, this eigen-
value is said to be degenerate. The order of degeneracy is determined by the number of linearly
independent eigenvectors that have the same eigenvalue. For instance, if an eigenvalue has five
different eigenvectors, it is said to be fivefold degenerate.

In the case where the set of eigenvectors | ¢,) of A is complete and orthonormal, this set
can be used as a basis. In this basis the matrix representing the operator Ais diagonal,

a 0 0
0 ar 0 ..
A= 0 0 a ... | (2.258)
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the diagonal elements being the eigenvalues a, of A, since

(i | A1 pn) = an(m | $n) = @pun. (2.259)

Note that the trace and determinant of a matrix are given, respectively, by the sum and product
of the eigenvalues:

Tr(d) = D ap=ar+ar+as+-, (2.260)
n

det(4) = [Jan=aazas---. (2.261)
n

Properties of determinants
Let us mention several useful properties that pertain to determinants. The determinant of a
product of matrices is equal to the product of their determinants:

det(ABCD ---) = det(A) - det(B) - det(C) - det(D) - - -, (2.262)
det(4*) = (det (4))*, det(4T) = (det (4))*, (2.263)
det(47) = det (4), det (4) = 1T ), (2.264)

Some theorems pertaining to the eigenvalue problem
Here is a list of useful theorems (the proofs are left as exercises):

The eigenvalues of a symmetric matrix are real; the eigenvectors form an orthonormal
basis.

The eigenvalues of an antisymmetric matrix are purely imaginary or zero.

The eigenvalues of a Hermitian matrix are real; the eigenvectors form an orthonormal
basis.

The eigenvalues of a skew-Hermitian matrix are purely imaginary or zero.
The eigenvalues of a unitary matrix have absolute value equal to one.

If the eigenvalues of a square matrix are not degenerate (distinct), the corresponding
eigenvectors form a basis (i.e., they form a linearly independent set).

Example 2.19 (Eigenvalues and eigenvectors of a matrix)
Find the eigenvalues and the normalized eigenvectors of the matrix

7 0 0
A=1 0 1
0 i

-1
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Solution
To find the eigenvalues of 4, we simply need to solve the secular equation det(4 — al) = 0:
T—a 0 0
0=| 0 1-a —i |=(7-a [—(1 —a) —|—a)+i2] — (7 —a)(@® -2).
0 i —1—a
(2.265)

The eigenvalues of 4 are thus given by

a=7 a=+2, a3=-2. (2.266)

Let us now calculate the eigenvectors of 4. To find the eigenvector corresponding to the first
eigenvalue, a; = 7, we need to solve the matrix equation

7 0 0 X X Tx = Tx
0 1 —i vy =7y | = y—iz = Ty; (2.267)
0 i -1 z z iy—z = 7z

this yields x = 1 (because the eigenvector is normalized) and y = z = 0. So the eigenvector
corresponding to a; = 7 is given by the column matrix

1
la)) = [ 0 . (2.268)
0

This eigenvector is normalized since {a; | a;) = 1.
The eigenvector corresponding to the second eigenvalue, a» = +/2, can be obtained from
the matrix equation

70 0 x X 7-v2)x =0
0 1 —i y | =v2|y | = 0-V2)y—iz = 0; (2.269)
0 i -1 z z iy—(1++2)z = 0

this yields x = 0 and z = i (+/2 — 1)y. So the eigenvector corresponding to a» = ~/2 is given
by the column matrix

0
| a2) = Y (2.270)
iW2—-1)y
The value of the variable y can be obtained from the normalization condition of | a3):
0
l=(aala) = (0 y* —i(vV2=-1)") y =22-vV2) Iy .
i(vV2 -1y
(2.271)

Taking only the positive value of y (a similar calculation can be performed easily if one is

interested in the negative value of y), we have y = 1/4/2(2 — +/2); hence the eigenvector
(2.270) becomes

0
1

| a2) = 20-v2) |- (2.272)
i(v/2-1)
22-v2)
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Following the same procedure that led to (2.272), we can show that the third eigenvector is
given by
0
| a3) = ; (2.273)

¥
—i(14++/2)y

its normalization leads to y = 1/,/2(2 + +/2) (we have considered only the positive value of
y); hence

0
1
| az) = 20+v2) |- (2.274)
(1442
2024++/2)

2.6 Representation in Continuous Bases

In this section we are going to consider the representation of state vectors, bras, and operators
in continuous bases. After presenting the general formalism, we will consider two important
applications: representations in the position and momentum spaces.

In the previous section we saw that the representations of kets, bras, and operators in a
discrete basis are given by discrete matrices. We will show here that these quantities are repre-
sented in a continuous basis by continuous matrices, that is, by noncountable infinite matrices.

2.6.1 General Treatment

The orthonormality condition of the base kets of the continuous basis | yz) is expressed not by
the usual discrete Kronecker delta as in (2.170) but by Dirac’s continuous delta function:

e | ) = (k" — k), (2.275)
where k and &’ are continuous parameters and where d(k’ — k) is the Dirac delta function (see

Appendix A), which is defined by

1 [t
S(x) = — / e*dk. (2.276)
21 J_

As for the completeness condition of this continuous basis, it is not given by a discrete sum as
in (2.172), but by an integral over the continuous variable

+00 R
/ dk | e 1= 1. (2.277)

—0oQ

where 7 is the unit operator.
Every state vector | w) can be expanded in terms of the complete set of basis kets | yx):

) =1y = (/ dk | 1) I)|w> =/ dkb() | )e  2278)

—00 —00
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where b(;), which is equal to (% | w), represents the projection of | w) on | yx).
The norm of the discrete base kets is finite ({(¢,, | ¢,) = 1), but the norm of the continuous
base kets is infinite; a combination of (2.275) and (2.276) leads to

1 [reo

(xk | xx) = 0(0) = 2—/ dk — oo (2.279)
T J-co

This implies that the kets | yj) are not square integrable and hence are not elements of the

Hilbert space; recall that the space spanned by square-integrable functions is a Hilbert space.

Despite the divergence of the norm of | y), the set | yx) does constitute a valid basis of vectors

that span the Hilbert space, since for any state vector | ), the scalar product (yx | v) is finite.

The Dirac delta function

Before dealing with the representation of kets, bras, and operators, let us make a short detour
to list some of the most important properties of the Dirac delta function (for a more detailed
presentation, see Appendix A):

5(x)=0, for x#0, (2.280)
/ ’ F()8(x — x0) dx = [ Of (x0) iflsejvhzr’e“) <b, (2.281)

/ Sf(x )dn(j(x ) x = (=)' ——— dnf(x) o (2.282)

OF =) = d(x =x )3y = y)3(z = 2') = =0 = ')5(0 = 0)5(p — 9. (2.283)

Representation of kets, bras, and operators

The representation of kets, bras, and operators can be easily inferred from the study that was
carried out in the previous section, for the case of a discrete basis. For instance, the ket | )
is represented by a single column matrix which has a continuous (noncountable) and infinite
number of components (rows) b(k):

ly) — e lw) |- (2.284)

The bra (y | is represented by a single row matrix which has a continuous (noncountable)
and infinite number of components (columns):

(W |— (oeee (W gk) eeeee ). (2.285)

Operators are represented by square continuous matrices whose rows and columns have
continuous and infinite numbers of components:

A—

R ... A(k., k) (2.286)

As an application, we are going to consider the representations in the position and momentum
bases.
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2.6.2 Position Representation

In the position representation, the basis consists of an infinite set of vectors {| #)} which are

eigenkets to the position operator R:

=0

|F) =F|F), (2.287)

where 7 (without a hat), the position vector, is the eigenvalue of the operator R. The orthonor-
mality and completeness conditions are respectively given by

FlrY=60¢—-7") = 6@x—x"No(y —y)dz—172), (2.288)
/d3 PR = I, (2.289)
since, as discussed in Appendix A, the three-dimensional delta function is given by
1 ey
S o 37 ik-G—F")
or—r')= ) /d ke, (2.290)

So every state vector | i) can be expanded as follows:

= [@rineie = [ @i in, (2.291)
where () denotes the components of | y) in the {| )} basis:

Fly) = w). (2.292)

This is known as the wave function for the state vector | y). Recall that, according to the
probabilistic interpretation of Born, the quantity | (# | y) |* d°r represents the probability of
finding the system in the volume element d>r.

The scalar product between two state vectors, | i) and | ¢), can be expressed in this form:

@ly) = (o] (/ &r | P |) ly) = /d3r ¢ Py @). (2.293)
Since R | 7y =7 | 7) we have
F IR =F"SGE —F). (2.294)
Note that the operator 13 is Hermitian, since

/d3r?<¢|?><?| w) = [/d3r?(w|?)(7|¢>}

= (y| R | )" (2.295)

@Ry
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2.6.3 Momentum Representation

The basis {| p)} of the momentum representation is obtained from the eigenkets of the momen-
tum operator }3:
P|p)=plp), (2.296)

where p is the momentum vector. The algebra relevant to this representation can be easily
inferred from the position representation. The orthonormality and completeness conditions of
the momentum space basis | p) are given by

G150 =oG=5)  ad [ & IpGI=1 (2.297)
Expanding | v) in this basis, we obtain

) = / S| DG w) = / Fp ¥R | B, (2.298)

where the expansion coefficient ¥ (p) represents the momentum space wave function. The
quantity | W(p) |> d°p is the probability of finding the system’s momentum in the volume
element d° p located between p and p + dp.

By analogy with (2.293) the scalar product between two states is given in the momentum
space by

Bly) = (¢ ( / d*p | p)p |) | y) = / d*p ©*(p)¥(p). (2.299)
Since P | p) = p| p) we have

(P 1P| p)=p"5(p - p). (2.300)

2.6.4 Connecting the Position and Momentum Representations

Let us now study how to establish a connection between the position and the momentum rep-
resentations. By analogy with the foregoing study, when changing from the {| 7)} basis to the
{| p)} basis, we encounter the transformation function (¥ | p).

To find the expression for the transformation function (7 | p), let us establish a connection
between the position and momentum representations of the state vector | y):

Fly) =l (/d3p | PP |) | y) = /d3p 7| pY¥(D); (2.301)

that is,
y(E) = / & p | B E). (2.302)

Similarly, we can write

YG) = (Bly) = (] / Pr ) | y) = / LT G) (2.303)
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The last two relations imply that y (+) and ¥ (p) are to be viewed as Fourier transforms of each
other. In quantum mechanics the Fourier transform of a function f'(r) is given by

S 1 i ,
fr) = W/“’SP e Mg (p); (2.304)

notice the presence of Planck’s constant. Hence the function (¥ | p) is given by

1

_ - ipFt/h
= Gay /P, (2.305)

(r1p)

This function transforms from the momentum to the position representation. The function
corresponding to the inverse transformation, (p | ), is given by

N S 1 T
(PI7) = (F | p) = =———e P7/N. (2.306)

The quantity [(7 | f))l2 represents the probability density of finding the particle in a region
around 7 where its momentum is equal to p.

Remark

If the position wave function

w(F) = / d>p P/ (p) (2.307)

1
Qrh)3/2

is normalized (i.e., [ d*r y (F)y*(F) = 1), its Fourier transform

¥(p) = / PPr e Py ) (2.308)

Qrh)3?

must also be normalized, since

- - N 1 ] .
[ owe = [Epvo)]| o [aret )]

- 1 %N —ipr
/d3r w(r) [W/d3p‘i’ (p)e™'? /h}
= [Ervov e
= 1 (2.309)

This result is known as Parseval’s theorem.

2.6.4.1 Momentum Operator in the Position Representation

To determine the form of the momentum operator P in the position representation, let us cal-
culate (7 | P | y):

r | Ply)

/<; | P1A)G w>d3p=/ﬁ<F | VB | w)dp
1

e [ pér ey, (2:310)
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where we have used the relation [ | p){(p | d°p = [ along with Eq. (2.305). Now, since
pePT/h = _iVelPT/h and using Eq. (2.305) again, we can rewrite (2.310) as

5 Y L2 1 iDr -
(r | Ply) = —th(W/ep /h\P(P)dsp)
= —ih%(/ | p)p w>d3p)
= —ikV{F | y). (2.311)

Thus, Pis given in the position representation by

P =—ihV. (2.312)
Its Cartesian components are
R n L0 o 0
P :—zh— P, =—ih—, P, =—ihi—. (2.313)
ox’ oy oz

Note that the form of the momentum operator (2.312) can be derived by simply applying the
gradient operator Vona plane wave function w (v, t) = Ae' (pr=En/h,

—inVy P 0) = pu 1) = Py, 1). (2.314)

It is easy to verlfy that P is Hermitian (see equation (2.378)).

Now, since P = —i/V, we can write the Hamiltonian operator H = P 2/(2m) + V in the
position representation as follows:

. K2 K2 (32 0% o2
H=——V4+ V@) =— (— + — 14 2315
T @) 2m (ax +8 +62)+ ©, ( )

where V? is the Laplacian operator; it is given in Cartesian coordinates by V2 = 8%/ox? +
d%/0y* + 0% /622

2.6.4.2 Position Operator in the Momentum Representation

The form of the position operator R in the momentum representation can be easily inferred

from the representation of P in the position space. In momentum space the position operator
can be written as follows:

N 0
R; =ih— (G=x,y,2) (2.316)
op;
or
N 0 A 0 A 0
X=ih , Y=ii—1, Z=ih (2.317)
Opx apy op:
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2.6.4.3 Important Commutation Relations

Let us now calculate the commutator [ﬁ’ s ﬁk] in the position representation. As the separate
actions of X P, and P, X on the wave function w () are given by

A oy (r
KBy ) = —ina O (2.318)
ox
I 0 . . oy (r
PRw ) = —inL ey ) = —iny () — i D). (2.319)
ox ox
we have
oA PP o1 71 () K 1V (
[X, P ly(@) = XPw(@F)— P Xy(r)=—ihx lg)(c)+lh(//(r)+lhx v
= ihy(@) (2.320)
or o
[X, Py] = ih. (2.321)
Similar relations can be derived at once for the y and the z components:
(X, Pl =ih, [Y, Pyl = ih, [Z, Py]=ih. (2.322)
We can verify that
(X, 2] =X, B1=V, Pl =V, P) =2, P = [Z, B] =, (2.323)

since the x, y, z degrees of freedom are independent; the previous two relations can be grouped
into

[Rj, P =ihojr,  [Rj,R1=0, [P, P]l=0 (j,k=x,y,2).] (2324)

These relations are often called the canonical commutation relations.
Now, from (2.321) we can show that (for the proof see Problem 2.8 on page 139)

[X", P.]=ihinX""", [X, P =ihn P!, (2.325)

Following the same procedure that led to (2.320), we can obtain a more general commutation
relation of Py with an arbitrary function f(X):

o B dfD SR T
), Bl =i = [P, F(R)]_—thF(R)), (2.326)

where F is a function of the operator R.

The explicit form of operators thus depends on the representation adopted. We have seen,
however, that the commutation relations for operators are representation independent. In par-
ticular, the commutator [Iéj, ﬁk] is given by i/ in the position and the momentum represen-
tations; see the next example.
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Example 2.20 (Commutators are representation independent)
Calculate the commutator [X P] in the momentum representation and verify that it is equal to
ih.

Solution
As the operator X is given in the momentum representation by X = i%40/0p, we have

N o 5 55 0 oy (p)
[X, Ply(p) = XPy(p)—PXy(p)= lhg (pw(p)) —lhpF
0
= i) +inp P i, 2P o), (2.327)
op op
Thus, the commutator [)A( , f’] is given in the momentum representation by
[X, P] = [zh— } = ih. (2.328)
op

The commutator [)A( , 13] was also shown to be equal to i/ in the position representation (see
equation (2.321):

[X, P]=— [X in2 ]:ih. (2.329)

Opx

2.6.5 Parity Operator

The space reflection about the origin of the coordinate system is called an inversion or a parity
operation. This transformation is discrete. The parity operator P is defined by its action on the
kets | 7) of the position space:

PR = =), P = (=), (2.330)

such that R
Py ) = w(=r). (2.331)

The parity operator is Hermitian, Pt = P, since

[ereoPvo] = [ = [dre e
_ / &r [75¢(?)]* (@) (2332)
From the definition (2.331), we have
PPy () = Py(—7) = y () (2.333)
hence P2 is equal to the unity operator:
P2=f o P=P (2.334)
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The parity operator is therefore unitary, since its Hermitian adjoint is equal to its inverse:
pt=p-L. (2.335)
Now, since P2 = I, the eigenvalues of P are +1 or —1 with the corresponding eigenstates
Pur() =y (=) = ys @), Py—() = y— (=) = —y—(). (2.336)

The eigenstate | ) is said to be even and | w_) is odd. Therefore, the eigenfunctions of the
parity operator have definite parity: they are either even or odd.

Since | w4 ) and | w_) are joint eigenstates of the same Hermitian operator P but with
different eigenvalues, these eigenstates must be orthogonal:

(wy ly-) = /d3r yi(=ry_(-r) = —/d3r i y-(F) = —(wy | w-); (2.337)

hence (w4 | w_) is zero. The states | y4) and | w_) form a complete set since any function
can be written as v () = w4 (¥) + w—(#), which leads to

1

. . . S IPR .
pi(r) = 3 [w() + w(=F)], w_(F) = 3 [w() — w(=F)]. (2.338)

Since P? = I we have

P — 73 when n %s odd, (2.339)
I when n is even.
Even and odd operators
An operator 4 is said to be even if it obeys the condition
PAP =4 (2.340)
and an operator B is odd if o
PBP = —B. (2.341)

We can easily verify that even operators commute with the parity operator P and that odd
operators anticommute with P:

P — (PAPYP = PAPE=PA, (2.342)

y
BP = —(PBPYP = —PBP = -Ph. (2343)

>

The fact that even operators commute with the parity operator has very useful consequences.
Let us examine the following two important cases depending on whether an even operator has
nondegenerate or degenerate eigenvalues:

e If an even operator is Hermitian and none of its eigenvalues is degenerate, then this oper-
ator has the same eigenvectors as those of the parity operator. And since the eigenvectors
of the parity operator are either even or odd, the eigenvectors of an even, Hermitian, and
nondegenerate operator must also be either even or odd; they are said to have a defi-
nite parity. This property will have useful applications when we solve the Schrodinger
equation for even Hamiltonians.
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e Ifthe even operator has a degenerate spectrum, its eigenvectors do not necessarily have a
definite parity.

What about the parity of the position and momentum operators, R and P? We can easily show
that both of them are odd, since they anticommute with the parity operator:

A
5 A

= —PP; (2.344)

e

— &P, P

=

P

hence

PRPT = R, pppT = _p, (2.345)

since PPT = 1. For instance, to show that R anticommutes with P, we need simply to look at
the following relations:

PRIF) = iP|F) = 7 | 7). (2.346)
RPIF) = R|—F) = —F | —F). (2.347)

If the operators A and B are even and odd, respectively, we can verify that

A AN A AN A A

PAP=4", PB"P = (=1)"B". (2.348)

These relations can be shown as follows:

PA'P = (PAP) (PAP).. (PAP) = 4", (2.349)
PP (PBP) (PBP)--- (PBP) = (=1)"B". (2.350)

2.7 Matrix and Wave Mechanics

In this chapter we have so far worked out the mathematics pertaining to quantum mechanics in
two different representations: discrete basis systems and continuous basis systems. The theory
of quantum mechanics deals in essence with solving the following eigenvalue problem:

Hly)=E|y), (2.351)

where H is the Hamiltonian of the system. This equation is general and does not depend on
any coordinate system or representation. But to solve it, we need to represent it in a given basis
system. The complexity associated with solving this eigenvalue equation will then vary from
one basis to another.

In what follows we are going to examine the representation of this eigenvalue equation in a
discrete basis and then in a continuous basis.

2.7.1 Matrix Mechanics

The representation of quantum mechanics in a discrete basis yields a matrix eigenvalue prob-
lem. That is, the representation of (2.351) in a discrete basis {| ¢,)} yields the following matrix
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eigenvalue equation (see (2.257)):

Hy —E Hip His Hiy
Hy; Hy — E Hys e Hyy
Hs; Hy  Hy3—E - H3n =0. (2.352)
Hy, Hy, Hpys -+ Hyy—E

This is an Nth order equation in £ its solutions yield the energy spectrum of the system: E1,
E», E3, ..., En. Knowing the set of eigenvalues Ey, E>, E3, ..., Ex, we can easily determine
the corresponding set of eigenvectors | ¢1), | ¢2), ..., | o).

The diagonalization of the Hamiltonian matrix (2.352) of a system yields the energy spec-
trum as well as the state vectors of the system. This procedure, which was worked out by
Heisenberg, involves only matrix quantities and matrix eigenvalue equations. This formulation
of quantum mechanics is known as matrix mechanics.

The starting point of Heisenberg, in his attempt to find a theoretical foundation to Bohr’s
ideas, was the atomic transition relation, vy, = (£,, — E,)/ h, which gives the frequencies of
the radiation associated with the electron’s transition from orbit m to orbit n. The frequencies
Vmn can be arranged in a square matrix, where the mn element corresponds to the transition
from the mth to the nth quantum state.

We can also construct matrices for other dynamical quantities related to the transition
m — n. In this way, every physical quantity is represented by a matrix. For instance, we
represent the energy levels by an energy matrix, the position by a position matrix, the momen-
tum by a momentum matrix, the angular momentum by an angular momentum matrix, and so
on. In calculating the various physical magnitudes, one has thus to deal with the algebra of
matrix quantities. So, within the context of matrix mechanics, one deals with noncommuting
quantities, for the product of matrices does not commute. This is an essential feature that dis-
tinguishes matrix mechanics from classical mechanics, where all the quantities commute. Take,
for instance, the position and momentum quantities. While commuting in classical mechanics,
px = xp, they do not commute within the context of matrix mechanics; they are related by
the commutation relation [X, P.] = iA. The same thing applies for the components of an-
gular momentum. We should note that the role played by the commutation relations within
the context of matrix mechanics is similar to the role played by Bohr’s quantization condition
in atomic theory. Heisenberg’s matrix mechanics therefore requires the introduction of some
mathematical machinery—Ilinear vector spaces, Hilbert space, commutator algebra, and matrix
algebra—that is entirely different from the mathematical machinery of classical mechanics.
Here lies the justification for having devoted a somewhat lengthy section, Section 2.5, to study
the matrix representation of quantum mechanics.

2.7.2 Wave Mechanics

Representing the formalism of quantum mechanics in a continuous basis yields an eigenvalue
problem not in the form of a matrix equation, as in Heisenberg’s formulation, but in the form
of a differential equation. The representation of the eigenvalue equation (2.351) in the position
space yields

F1H | y) = EF|y). (2.353)
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As shown in (2.315), the Hamiltonian is given in the position representation by —h2VZ%/(2m)+
V (¥), so we can rewrite (2.353) in a more familiar form:

h2 A .
—%Vzl//(r) + V@A) = Ey (), (2.354)

where (¥ | w) = w(F) is the wave function of the system. This differential equation is known
as the Schrédinger equation (its origin will be discussed in Chapter 3). Its solutions yield
the energy spectrum of the system as well as its wave function. This formulation of quantum
mechanics in the position representation is called wave mechanics.

Unlike Heisenberg, Schodinger took an entirely different starting point in his quest to find
a theoretical justification for Bohr’s ideas. He started from the de Broglie particle—wave hy-
pothesis and extended it to the electrons orbiting around the nucleus. Schrodinger aimed at
finding an equation that describes the motion of the electron within an atom. Here the focus
is on the wave aspect of the electron. We can show, as we did in Chapter 1, that the Bohr
quantization condition, L = n#, is equivalent to the de Broglie relation, A = 2z %/p. To es-
tablish this connection, we need simply to make three assumptions: (a) the wavelength of the
wave associated with the orbiting electron is connected to the electron’s linear momentum p
by 2 = 2z %/ p, (b) the electron’s orbit is circular, and (¢) the circumference of the electron’s
orbit is an integer multiple of the electron’s wavelength, i.e., 2z = nA. This leads at once
to 2rr = n x 2rxh/p) or nhi = rp = L. This means that, for every orbit, there is only one
wavelength (or one wave) associated with the electron while revolving in that orbit. This wave
can be described by means of a wave function. So Bohr’s quantization condition implies, in
essence, a uniqueness of the wave function for each orbit of the electron. In Chapter 3 we will
show how Schrddinger obtained his differential equation (2.354) to describe the motion of an
electron in an atom.

2.8 Concluding Remarks

Historically, the matrix formulation of quantum mechanics was worked out by Heisenberg
shortly before Schrodinger introduced his wave theory. The equivalence between the matrix
and wave formulations was proved a few years later by using the theory of unitary transfor-
mations. Different in form, yet identical in contents, wave mechanics and matrix mechanics
achieve the same goal: finding the energy spectrum and the states of quantum systems.

The matrix formulation has the advantage of greater (formal) generality, yet it suffers from
a number of disadvantages. On the conceptual side, it offers no visual idea about the structure
of the atom; it is less intuitive than wave mechanics. On the technical side, it is difficult to
use in some problems of relative ease such as finding the stationary states of atoms. Matrix
mechanics, however, becomes powerful and practical in solving problems such as the harmonic
oscillator or in treating the formalism of angular momentum.

But most of the efforts of quantum mechanics focus on solving the Schrodinger equation,
not the Heisenberg matrix eigenvalue problem. So in the rest of this text we deal mostly with
wave mechanics. Matrix mechanics is used only in a few problems, such as the harmonic
oscillator, where it is more suitable than Schrodinger’s wave mechanics.

In wave mechanics we need only to specify the potential in which the particle moves; the
Schrodinger equation takes care of the rest. That is, knowing 17(17), we can in principle solve
equation (2.354) to obtain the various energy levels of the particle and their corresponding wave
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functions. The complexity we encounter in solving the differential equation depends entirely on
the form of the potential; the simpler the potential the easier the solution. Exact solutions of the
Schroédinger equation are possible only for a few idealized systems; we deal with such systems
in Chapters 4 and 6. However, exact solutions are generally not possible, for real systems do not
yield themselves to exact solutions. In such cases one has to resort to approximate solutions.
We deal with such approximate treatments in Chapters 9 and 10; Chapter 9 deals with time-
independent potentials and Chapter 10 with time-dependent potentials.

Before embarking on the applications of the Schrédinger equation, we need first to lay down
the theoretical foundations of quantum mechanics. We take up this task in Chapter 3, where
we deal with the postulates of the theory as well as their implications; the postulates are the
bedrock on which the theory is built.

2.9 Solved Problems

Problem 2.1
Consider the states | w) =9i | ¢1) +2 | ¢2) and | y) = —ﬁ | $1) + % | ¢2), where the two
vectors | ¢1) and | ¢o) form a complete and orthonormal basis.

(a) Calculate the operators | y){(y | and | y){w |. Are they equal?

(b) Find the Hermitian conjugates of | w), | x), | w)(x |, and | y){y |.

(c) Calculate Tr(] w){(x |) and Tr(] y){y |). Are they equal?

(d) Calculate | w)(y | and | y){x | and the traces Tr(| y){y |) and Tr(| y){y |). Are they
projection operators?

Solution

(a) The bras corresponding to | y) = 9i | $1)+2 | ¢2) and | x) = —i | ¢1)/v/2+ | $2)/+/2
are given by (y | = —9i{¢1 | +2(¢p2 | and (y |= ﬁ(f/ﬁl | +%(¢>2 |, respectively. Hence we
have

W] = s 0190 +21 6 Gl |+ D
= %(—9 | $1)(p1 | +9i | $1){a | +2i | d2) {1 | +2 | $2) (2 D),
(2.355)
ot = %(—9 | p)(B1 | =20 | $1)(g2 | =9 | $2)ight | 421 d2)(d2 ). (2.356)

As expected, | w)(y | and | y)(w | are not equal; they would be equal only if the states | )
and | y) were proportional and the proportionality constant real.

(b) To find the Hermitian conjugates of | w), | x), | w){x |, and | y){w |, we need simply
to replace the factors with their respective complex conjugates, the bras with kets, and the kets
with bras:

Lot = 1==9ig 142021, 10T =(x 1= % Gl ] +iga D, (2.357)
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Gz b =l w1 = %(—9 L)1 | =20 [ 1) 2 |

=9 | )1 | +2 | d2)(2 D), (2.358)
QoD =lwixl = %(—9 | 1)1 | 49 | d1) (b |

+2i | g2 (1 | +2 | ) (2 ])- (2.359)

(c) Using the property Tr(4B) = Tr(BA) and since (¢; | ¢1) = (¢ | ¢2) = 1 and
(@11 $2) = (@2 | ¢1) = 0, we obtain

Tr(y)(x ) = Tex 1l w) = (x| w)

- (%(@ | +%(¢2 |) 1 | d1)+2| ) = —%, (2.360)
Tr(| xXw ) = Te(w | x) =(yw | x)

= (9l | 422 ) (—% 1) + % | ¢2>) _ —%

= T vy D) 2.361)

The traces Tr(| w){y |) and Tr(] x){w |) are equal only because the scalar product of | ) and
| x) is a real number. Were this product a complex number, the traces would be different; in
fact, they would be the complex conjugate of one another.

(d) The expressions | w){w | and | y){y | are

lyXw | = ild1)+2]¢2) (=91 | +2(¢h2 ])
= 81| 1)(d1 | +18i | ¢1) {2 | —18i | ¢2) (1 | +4 | h2) (2 |,

(2.362)
00D = 5 A0 =i 1#ids |+ 1 )i 1+ 1 )i D
= =i 1giiga |+ 142 D). (2.363)

In deriving (2.363) we have used the fact that the basis is complete, | ¢1)(¢1 | + | P2) {2 | = 1.
The traces Tr(| w){y |) and Tr(] y){ |) can then be calculated immediately:

Tr(ly)w ) = (v lyw)=(9%(dr | +2(d2 ) 90 | 1) +2 | ¢2)) =85, (2.364)
1
T ) D = =501 Hea D (=i [ di)+142)) =1. (2.365)

So | y) is normalized but | ) is not. Since | y) is normalized, we can easily ascertain that

| x){x | is a projection operator, because it is Hermitian, (| y){y |)J[ =| x){x |, and equal to
its own square:

A0 D=0 0 =W la) T 1=l (2.366)

As for | w)(w |, although it is Hermitian, it cannot be a projection operator since | ) is not
normalized. That is, | y)(w | is not equal to its own square:

Ay)w D2 =1y Ly =Gy L) L y)y =85 y)iy . (2.367)
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Problem 2.2

(a) Find a complete and orthonormal basis for a space of the trigonometric functions of the
form w (0) = qu\;o a, cos(nb).

(b) Ilustrate the results derived in (a) for the case N = 5; find the basis vectors.

Solution
(a) Since cos(nf) = % (e’”e + e_”’e), we can write quvzo ay cos(nf) as

1 & . . 1| & 4 0 4 N .
- Zan (e’"e + e_’”e) = - |:Z ane"? + Z a_ne"’g:| = Z C,e"?, (2.368)
2 n=0 2 n=0 n=—N n=—N

where C, = a,/2 forn > 0, C, = a_,/2 forn < 0, and Cyp = ap. Since any trigonometric
function of the form w(x) = Z;]z\;o a, cos(nf) can be expressed in terms of the functions
¢ (0) = €0 /27, we can try to take the set ¢, (0) as a basis. As this set is complete, let us
see if it is orthonormal. The various functions ¢, (f) are indeed orthonormal, since their scalar
products are given by

T 1 /4 .
(b | ) = /_ G (O)pn(0)d0 = - / =m0 4o = §,.. (2.369)

-7

In deriving this result, we have considered two cases: n = m and n # m. First, the case n = m
is obvious, since (¢, | ¢,) = % ffﬂ d6 = 1. On the other hand, when n # m we have

b | ) = 1 T im0 gy _ 1 eftn—mz _ j—i(n—m)z 21- sin((n — m)x) o
S PO 2 i(n—m)  2itn—m)
(2.370)

since sin((n — m)x) = 0. So the functions ¢, () = €"? /v/2x form a complete and orthonor-
mal basis. From (2.368) we see that the basis has 2N 4 1 functions ¢, (¢); hence the dimension
of this space of functions is equal to 2N + 1.

(b) In the case where N = 5, the dimension of the space is equal to 11, for the basis
has 11 vectors: ¢_s5(0) = e/ 2m, p_4(0) = e 40/ 2x, ..., po(®) = 1/ 2, ...,
$a(0) = %0/ 2m, ¢5(0) = & )V 2m.

Problem 2.3

(a) Show that the sum of two projection operators cannot be a projection operator unless
their product is zero.

(b) Show that the product of two projection operators cannot be a projection operator unless
they commute.

Solution
Recall that an operator P is a projection operator if it satisfies pt=p and P2 P.
(a) If two operators A and B are pI‘OJeCtIOI’l operators and if AB = B A, we want to show

that (A4 + B)Jr = A+ B and that (4 + B)2 A+ B. First, the hermiticity is easy to ascertain
since 4 and B are both Hermitian: (4 + B)Jr = A + B. Let us now look at the square of
(A + B) since A = A and B? = B, we can write

(A+BP =4 + B2+ (AB+BA) = A+ B+ (AB + BA). (2.371)
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Clearly, only when the product of A and B is zero will their sum be a projection operator.
(b) At issue here is to show that if two operators A and B are projection operators and if
they commute, [A B] = 0, their product is a pl"O_]CCthIl operator. That is, we need to show that

(4 B)Jf = AB and (AB)2 AB. Again, since A and B are Hermitian and since they commute,
we see that (AB)Jf = BA = AB. As for the square of AB, we have

(AB) = (AB)(AB) = A(BAYB = A(AB)B = A°B% = 4B, (2.372)
hence the product ABisa projection operator.

Problem 2.4
Consider a state | /) f |p1)+—= f |p2)+——= J_ |¢3) which is given in terms of three orthonormal

eigenstates |¢1), |¢2) and |¢3) of an operator B such that B |pn) = n%|n). Find the expectation
value of B for the state |y/).

Solution . . .
Using Eq (2.58), we can write the expectation value of B for the state |y) as (B) = (w | B |
w)/{w | y) where

1 1 1
(wly) = (f ¢1|+f ¢2|+J_ ¢3|)(E|¢1>+ﬁ|¢2>+ﬁ|¢3>)
8

= = (2373)
and
wlBly) = ( B1 ] +—mldn |+ ¢>|) (i|¢>>+i|¢>+L|¢>)
"4 "4 == f 1 «/_ 2 \/— 3 \/E 1 ﬁ 2 m 3
1 223
=275 0
= 22 2.374
- = (2.374)

Hence, the expectation value of Bis given by

By = 18lv) 221011 (2.375)
(v | w) 8/10 4

Problem 2.5

(a) Study the hermiticity of these operators: X, d /dx, and id /dx. What about the complex
conjugate of these operators? Are the Hermitian conjugates of the position and momentum
operators equal to their complex conjugates?

(b) Use the results of (a) to discuss the hermiticity of the operators eX d/dx and eld/dx
(¢) Find the Hermitian conjugate of the operator Xd /dx.

(d) Use the results of (a) to discuss the hermiticity of the components of the angular mo-
mentum operator (Chapter 5): L, =—ih (Ya/az — Za/ay) y = —ih (Za/ax - Xa/az)

i, =—in (Xa/ay — Ya/ax).
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Solution ) )
(a) Using (2.69) and (2.70), and using the fact that the eigenvalues of X are real (i.e., X* =

Xorx* = x), we can verify that X is Hermitian (ie., Xt = )A() since

w1 Xv) =/ w*(x)(xw(x))dxz/ (0 (0)*) (@) dx

- -
_ /_ ey () w () dx = (Ky | ). (2.376)

Now, since y (x) vanishes as x — £00, an integration by parts leads to

d +00 d x=+00 100/ dy*
Wiz = [ vw (B2 ar= wewo| 7 - [ () vwas

—o0 dx =—00 —c0 dx

too g * d
_ —/ ( ‘Z(x)) @) dx =~y L), (2.377)
— x dx

So, d/dx is anti-Hermitian: (a’/abc)]L = —d/dx. Since d/dx is anti-Hermitian, id /dx must be
Hermitian, since (id /abc)Jf = —i(—d/dx) = id/dx. The results derived above are

T T
v % 4y __4 -i) 4
X'=X, (dx) =— (ldx _ldx’ (2.378)

From this relation we see that the momentum operator P =—ihd /dx is Hermitian: pt = p.
We can also infer that, although the momentum operator is Hermitian, its complex conjugate is
not equal to P, since P* = (—ihd/dx)* = ihd/dx = —P. We may group these results into
the following relation:

M=% x=x  pPt=p, P*=_bp (2.379)

(b) Using the relations (e4)T = oA and (@4 = =41 derived in (2.113), we infer

(e}Y)T _ ef(’ (ed/dx)T — o4z (eid/dx)T — pid/dx (2.380)

(c) Since X is Hermitian and d /dx is anti-Hermitian, we have

~d f d LA t d -
where d X /dx is given by
d (- d
- (Xz//(x)) - (1 +x5) v (x): (2.382)

hence

T
(X—) - X1 (2.383)
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(d) From the results derived in (a), we infer that the operators Y, Z,i0 /0x, and i0/0y are
Hermitian. We can verify that L, is also Hermitian:

A 0o 0 4 A 0 A 0 A
LI:—ih —Y—-—Z)=—ih\Y——Z— ) =Ly; (2.384)
oz oy oz oy

in deriving this relation, we used the fact that the y and z degrees of freedom commute (i.e.,
0Y/0z =Y0o/0z and 0Z /0y = Z/0dy), for they are independent. Similarly, the hermiticity of

iy = —ih (26/8x — f(a/az) and L. = —ih (f(a/ay - ?8/6}6) is obvious.

Problem 2.6

(a) Show that the operator A=i(X*+ )d/dx +1i X is Hermitian.

(b) Find the state  (x) for which A w(x) = 0 and normalize it.

(c) Calculate the probability of finding the particle (represented by  (x)) in the region:
-1 <x <1

Solution
(a) From the previous problem we know that Xt = Xand d/ a’x)Jr = —d/dx. We can thus
infer the Hermitian conjugate of A4:

T f
/IT = —i(d(i) (XZ)T—I(;;) —zXTzz(Cid)(Xz)—i— (%)—Z)A(

d d d .
i)(2a +i [d—x, X2] i —ik. (2.385)

Using the relation [E, 6’2] = CA‘[Z?, é] + [Z§, é]é‘ along with [d/dx, )A(] = 1, we can easily
evaluate the commutator [d/dx, X?]:

d ~[d . d 7« .
— Xl=X|= X —. X|X=2X. 2.386
|:dx i| |:dx’ ]+|:dx’ ] ( )

A combination of (2.385) and (2.386) shows that A is Hermitian:
At PEY d &
A =i(X*+ 1)_d +iX =A. (2.387)
X

(b) The state y (x) for which Ay (x) = 0, i.e.,

(X2 +1) "’( )+1Xt//(x) —0, (2.388)
corresponds to
dy(x) X
=— ) 2.
WL 40) (2.389)

The solution to this equation is given by

(2.390)
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Since fjozo dx/(x* + 1) = & we have

+00 +00 dx
1 =/ ly () dx = B2/ —— = B’r, (2.391)
—oo —oo X741
hich 1 B=1 h ==L
which leads to /+/7 and hence y (x) Neremy
(c) Using the integral fjll dx/(x? 4+ 1) = 7 /2, we can obtain the probability immediately:
+1 ) 1 +1 dx 1
P = dx = — - = . 2.392
[k =~ [ o= (2392)

Problem 2.7 A
Discuss the conditions for these operators to be unitary: (a) (1 +i4)/(1 —i A),

by (A+iB)yNA + B2

Solution
An operator U is unitary if 0ot =0t =17 (see (2.122)).
(a) Since
(1 Jrz'/I)T 1—idl
=] = , (2.393)
I—id 14idl

we see that if 4 is Hermitian, the expression (1 + i /i) /(1 —i /i) is unitary:

N .
t4id\ 1+id 1—id14+id
( aal ) RLEC el e L (2.394)

1—id) 1—id 1+idl1—id

(b) Similarly, if A and B are Hermitian and commute, the expression (A+i é) / 132 + B2
is unitary:

N S S e s 2 AU
A+iB \ A+iB A-iB A+iB A +B+i(AB- B
- - +i4
Jivp) Ji+p JE+ i+ B A+ B
2
A+ B> .
= %:1. (2.395)
A"+ B?

Problem 2.8

(a) Using the commutator [)A(, pl = ih, show that [)A(m, 13] = imhi’m‘l, withm > 1. Can
you think of a direct way to get to the same result?

(b) Use the result of (a) to show the general relation [F ()AO, P] = ihdF ()AO /d)A( , where
F ()A() is a differentiable operator function of X.
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Solution A A A
(a) Let us attempt a proof by induction. Assuming that [X"™, P] =1 mh X"~ is valid for
m = k (note that it holds forn = 1; i.e., [X, P] =ih),

[X*, Pl =ikhX*!, (2.396)
let us show that it holds form =k + 1:
[XFH1) Pl =[X*X, P]=X'[X, P+ [XF, P)X, (2.397)

A

where we have used the relation [/ié, é] = fi[é, C‘] + [/f, é]é. Now, since [)A(, Pl=in
and [X*, P] = ikh X*~!, we rewrite (2.397) as

(X, Pl =ihX* + (ikh XX = in(k + 1) X*. (2.398)

So this relation is valid for any value of &, notably for k =m — 1:

[X™, Pl =imhX" "\ (2.399)

In fact, it is easy to arrive at this result directly through brute force as follows. Using the relation
A A =1 A A =1 A A . ~ A .
[A",B]= A" [A, Bl +[A" ", B]4 along with [X, P,] = ih, we can obtain

(X2, P\ = X[X, P.]+[X, P]X = 2ihX, (2.400)
which leads to
[X3, Pl = X2[X, P+ [X2, POX =3i XPh; (2.401)
this in turn leads to
(X% Pl = XX, P+ [X3, PolX = 4i . (2.402)

Continuing in this way, we can get to any power of X: [)A( ", 13] =i mhA)A( m_lA.
A more direct and simpler method is to apply the commutator [X™, P] on some wave
function y (x):

L Pwe) = (X7P = PR") yio)
d d
= x" (—ih IZ’)(CX)) +ih£ (xmt//(x))
= x" (—ide(x)) + imhx™ "y (x) — x™ (—ihdl//(x))
dx dx
= imhx" "y (x). (2.403)

Since [X™, Pl (x) = imhx™ =y (x) we see that [X", P]=imhX"~".
(b) Let us Taylor expand F(X) in powers of X, F(X) = >, ax X k and insert this expres-
sion into [F()b, 13]:

[F(fo, ﬁ] - |:Zakf(k, ﬁ] = > alkt, P, (2.404)
k k
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where the commutator [)A( k. 13] is given by (2.396). Thus, we have

i ;
L ) _ g dFE

[F(f(), ﬁ] —in> ka X =i (2.405)
k

A much simpler method again consists in applying the commutator [F (/{ﬁ, f’] on some

wave function y (x). Since F(X’) w(x) = F(x)w(x), we have

PSR an d
[FD. Ply) = FOPy@) +int- (Fop )

= F)Py()— (—ihdz(x)) F(x) +ih d';(x) v (x)
o o dF
= FWPy @~ F Py +inT 0y
- ihdF)(Cx)t//(x). (2.406)

Since [F()AQ, 13] w(x) = ih%w(x) we see that [F()AO, 13] = ih%.

Problem 2.9
7 0 0 1 0 3
Consider the matrices 4 = 0 1 —i and B = 0 2 0
0 i -1 i 0 =5

(a) Are 4 and B Hermitian? Calculate A B and B A4 and verify that Tr(4B) = Tr(B A); then
calculate [4, B]and verify that Tr([4, B]) = 0.

(b) Find the eigenvalues and the normalized eigenvectors of A. Verify that the sum of the
eigenvalues of 4 is equal to the value of Tr(4) calculated in (a) and that the three eigenvectors
form a basis.

(c) Verify that U T AU is diagonal and that U~! = U T, where U is the matrix formed by the
normalized eigenvectors of A4.

(d) Calculate the inverse of 4’ = U t AU and verify that 4’ “lisa diagonal matrix whose
eigenvalues are the inverse of those of 4.

Solution
(a) Taking the Hermitian adjoints of the matrices 4 and B (see (2.188))

70 0 10 —i
al={o1 =), Bi={0 -2 0o}, (2.407)
0 i -1 30 5

we see that 4 is Hermitian and B is not. Using the products

7 0 21 7 3 -3
AB=| 1 2i =5, BA=| o0 2i 2 |, (2.408)
—i =2 5i 705 50
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we can obtain the commutator

0 —-3i 24
[4,B] = 1 0o -7 1. (2.409)
-8 =7 0
From (2.408) we see that
Tr(AB) =742+ 5i =7+ 7i = Tr(BA). (2.410)

That is, the cyclic permutation of matrices leaves the trace unchanged; see (2.206). On the other
hand, (2.409) shows that the trace of the commutator [4, B]is zero: Tr([4, B]) =0+0+0 =
0.

(b) The eigenvalues and eigenvectors of 4 were calculated in Example 2.19 (see (2.266),
(2.268), (2.272), (2.274)). We have a; = 7, a» = +/2, and a3 = —/2:

| 0 0
1 N S
lany =1 0 |, la)=]| Vee=v2) |, la3)= 202++v2) . (2.411)
0 i(v2-1) __i(14+V2)
22—2) 2(24++/2)

One can easily verify that the eigenvectors | a1), | a2), and | a3) are mutually orthogonal:
(a; | a;) = d;; where i, j = 1,2,3. Since the set of | a1), | a2), and | a3) satisfy the
completeness condition

3 1 0 0
DllajMajl=( 0 1 0], (2.412)
0 0 1

and since they are orthonormal, they form a complete and orthonormal basis.
(c) The columns of the matrix U are given by the eigenvectors (2.411):

1 0 0
0 1 1
U= V20-v2) A 20+V2) ) (2.413)
i2-1)  __i(1+V/2)

V20-v2) V2042

We can show that the product U TAU is diagonal where the diagonal elements are the eigenval-
ues of the matrix 4; U TAU is given by

1 0 0 1 0 0
1 (/2= 7.0 0 0 1 1
V20-v2) V202 0 1 —i V20-V2)  N20+V2)
1 i(1+v2) 0 i -1 0 —62-h  __i(+V2)
V202 V2012 V20V V2242
7 0 0
= V20 . (2.414)

0
0 0 —2
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We can also show that U JrU =1:

1 0 0 1 0 0
1 _ i(ﬁ—l) 0 1 1 1 0 O
20—v2) 202 V202 N2+ |=( 0 1 0
1 i(1+v2) 0 —62-h  __i(+v2) 0 0 1
V20+V2)  N20+V2) A202-v2) V202+2)

(2.415)
This implies that the matrix U is unitary: U T = U~1. Note that, from (2.413), we have
| det(U) |=| —i | = 1.
(d) Using (2.414) we can verify that the inverse of A’ = U TaU isa diagonal matrix whose
elements are given by the inverse of the diagonal elements of A”:

7 0 0 : 0 0
A=[0 V2 0 — 47'=[0 5 0 | (2.416)
_ _1
0 0 -2 0 0 -
Problem 2.10
2 i 0
Consider a particle whose Hamiltonian matrix is H = | —i 1
0 0
i
(@)Is| i) = 7i an eigenstate of H? Is H Hermitian?

-2
(b) Find the energy eigenvalues, aj, a2, and a3, and the normalized energy eigenvectors,
| a1), | a2), and | a3), of H.
(¢) Find the matrix corresponding to the operator obtained from the ket-bra product of the
first eigenvector P =| aj){(a; |. Is P a projection operator? Calculate the commutator [P, H]
firstly by using commutator algebra and then by using matrix products.

Solution
(a) The ket | 1) is an eigenstate of H only if the action of the Hamiltonian on | 4) is of the
form H | A) = b | 1), where b is constant. This is not the case here:

2 0 0 i —7+2i
Hiy= - 11 7 = -1+7 |. (2.417)
0 1 0 -2 7i

Using the definition of the Hermitian adjoint of matrices (2.188), it is easy to ascertain that H
is Hermitian:
2 i 0
= - 1 1 |=H (2.418)
0 1 0

(b) The energy eigenvalues can be obtained by solving the secular equation

2—a i 0
0 = | = 1-a 1 |[=C-a)[l-a)(-a)—1]—i(=i)(~a)
0 1 —a

= —(@—Da-1-v3)a—-1++3), (2.419)
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which leads to
a=1, aa=1=+3, a3=1+3. (2.420)

To find the eigenvector corresponding to the first eigenvalue, a; = 1, we need to solve the
matrix equation

2 i 0 X x x+iy = 0
—i 1 1 y]l=ly |= —-ix+z = 0 (2.421)
0 1 0 z z y—z =0
which yields x = 1, y = z = i. So the eigenvector corresponding to a; = 1 is
1
lay=1| i |. (2.422)

i
This eigenvector is not normalized since (a; | a1) = 1+ (i*)(#) 4+ (i*)(Z) = 3. The normalized
| a1) is therefore
1 1
lay=—4=1 i |]. 2.423
g (2.423)
Solving (2.421) for the other two energy eigenvalues, ao = 1 — /3, a3 = 1 4+ /3, and
normalizing, we end up with

. i2-+3) : i2+3)
| a2) = ——=—= 1-v3 |, | a3) = ——=—= 1+4/3
V62 =+/3) 1 V62 ++/3) 1
(2.424)
(c) The operator P is given by
1 1 | 1 —i —i
P =|a){a; |:§ i) (1 i i ):3 i1 1 ). (2.425)
i i
Since this matrix is Hermitian and since the square of P is equal to P,
1 1 =i —i 1 =i —i 1 1 =i —i
PP=—|i 1 1 i1 1 |= i 1 1 |=pr, (2.426)

o\ 11 P11 3\
so P is a projection operator. Using the relations H | a1) =| a1) and (a; | H = (a; | (because

H is Hermitian), and since P =| a1){(a; |, we can evaluate algebraically the commutator
[P, H] as follows:

[P, Hl=PH — HP =|ai){a1 | H—H | ai){a1 |=|ai){ar | — | ar){ar |=0. (2.427)
We can reach the same result by using the matrices of A and P:
1 —i —i 2 i 0 2 i

[P, H] i

Il
W | —
S O O - ~
—_
ol
—_—
O -
I
|
ol
S = O
—_—

S OO

0
0. (2.428)
0
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Problem 2.11

0 0 i 2 i 0
Consider the matrices 4 = 0 1 0 JandB=| 3 1 5
—i 0 0 0 —i =2

(a) Check if 4 and B are Hermitian and find the eigenvalues and eigenvectors of 4. Any
degeneracies?

(b) Verify that Tr(4B) = Tr(B A), det(4B) = det(4)det(B), and det(BT) = (det(B))*.

(c) Calculate the commutator [ 4, B] and the anticommutator {4, B}.

(d) Calculate the inverses 4~!, B! and (4B)~!. Verify that (4B)~! = B~14~!.

(e) Calculate 42 and infer the expressions of 42" and A2*+1. Use these results to calculate
the matrix of ¢4,

Solution
(a) The matrix A4 is Hermitian but B is not. The eigenvalues of 4 are a; = —1 and ap =
a3 = 1 and its normalized eigenvectors are

| 1 1 1 0
ay=——=1{ 0 |, a)) = — 0 , az) = 1 ]. 2.429
| ar) Al | a2) Al L | a3) : ( )

Note that the eigenvalue 1 is doubly degenerate, since the two eigenvectors | ay) and | a3)
correspond to the same eigenvalue ap = a3 = 1.

(b) A calculation of the products (4 B) and (B A) reveals that the traces Tr(4 B) and Tr(B 4)
are equal:

0 1 -2i
Tr(4B) = Tr| 3 1 5 |=1,
-2 1 0
0 i 2
Te(BA) = Tr| —5i 1 3i | =1=Tr(4B). (2.430)
2% —i 0

From the matrices 4 and B, we have det(4) = i(i) = —1, det(B) = —4 + 16i. We can thus
write

0 1 -2
det(AB) =det| 3 1 5 | =4-16i = (—1)(—4+ 16i) = det(4)det(B). (2.431)
-2 1 0

On the other hand, since det(B) = —4 + 16/ and det(BT) = —4 — 16i, we see that det(BT) =
—4 — 16i = (—4 + 16i)* = (det(B))"*.
(c) The commutator [4, B]is given by

0 1 =2 0 i 2 0 1—i -4
AB — B4 = 31 5 - -5 1 3i |=| 345 0 5—3i
-2i 1 0 2i -1 0 —4i 1+ 0

(2.432)
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and the anticommutator {4, B} by

0 1 -2 0 i 2i 0 14+i 0
AB+BA=| 3 1 5 |+| =si 1 3 |=(3-5 2 5+3i
—2i 1 0 2% —i 0 0 1—i 0

(2.433)

(d) A calculation similar to (2.200) leads to the inverses of 4, B, and A B:

0 0 i ] 2243 8—2 20-—5i
A= 0 1 0}, B_1=§ —6—24i 4+16i 104+40i |, (2.434)
—i 0 0 —1243i 8—2 —14-5i

|/ 5200 8-2i —3422i
T = — — 10i + 16§ — 61 . .
(4B)~! 40—10i 4+16i 24—6i (2.435)
8\ _54+14i 8—2i —3—12

From (2.434) it is now easy to verify that the product B~' 4~ ! is equal to (4B)~!:
1 —5—-20i 8-—-2i 3422

Bla7'=— | 40-10i 4+16i 24—6i |=(4B)"". (2.436)
8\ _sy14i 8—20 -3-12i
(e) Since
0 0 i 0 0 i 1 00
A= 0 1 0 0 1 0 |= 1 0 |=1, (2.437)
—i 0 0 —i 0 0 0 0 1

we can write 43 = 4, A* = I, A5 = A, and so on. We can generalize these relations to any
value of n: A%" = [ and 42" = 4:

1 0 0 0 0 i
A= 01 0 |=1, A2+l
00 1 —i 0 0

S
—
S
Il

ANy

(2.438)

Since 4" = I and 4?"t! = A4, we can write

00 X A" 00 xZnAZn 00 x2n+1A2n+l 00 x2n 00 x2n+1
eXA = _— + = I + A P .
r; n! r;) 2n)! r; @2n+1)! nzo(bz)! ;(271-1-1)!
(2.439)
The relations
i x2n N i x2n+l N (
= coshx, ———— =ginhx, 2.440)
= 2n)! o Q2n + 1)!
lead to
1 0 0 0 0 i
&1 = JTcoshx+ Asinhx=[ 0 1 0 |coshx+ 0 1 O |sinhx
0 0 1 - 0 0
cosh x 0 i sinhx
= 0 coshx + sinhx 0 . (2.441)

—i sinhx 0 cosh x
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Problem 2.12

0 i 2 2 i 0
Consider two matrices: 4 = 0 1 0 JandB={[ 3 1 5 . Calculate 4~' B
—i 0 0 0 —i =2
and B A~!. Are they equal?
Solution
As mentioned above, a calculation similar to (2.200) leads to the inverse of A4:
0 0 i
A" =1{ o0 1 0 ). (2.442)
1/2 —i/2 0
The products 4~! B and B A~! are given by
0 0 i 2 i 0 0 1 =2
A7'B = 0 1 0 31 5 = 3 1 5 , (2.443)
/2 —-i/2 0 0 —i =2 1-3i/2 0 -=5i/2
2 i 0 0 0 i 0 i 2i
BA' = 3 1 5 0 1 0 )= 5/2 1-5i/2 3i |. (2444
0 —i =2 /2 —-i/2 0 —1 0 0

We see that 4~! B and B A~! are not equal.

Remark

We should note that the quotient B/ A of two matrices 4 and B is equal to the product BA~!
and not 4~! B; that is:

2 i 0
31 5 , ,
B . 0 —i -2 0 i
A : = 52 1-5i2 3 |. (2.445)
A 0o i 2
-1 0 0
0 1 0
—i 0 0

Problem 2.13
0

010 1 0
Consider the matrices 4 =| 1 0 1 JandB=| 0 0 O
010 0 0 -1
(a) Find the eigenvalues and normalized eigenvectors of 4 and B. Denote the eigenvectors
of Aby | ai), | az), | az) and those of B by | b1), | b2), | b3). Are there any degenerate

eigenvalues?
(b) Show that each of the sets | ai), | a2), | a3) and | b1), | b2), | b3) forms an orthonormal
and complete basis, i.e., show that (a; | ax) = J;; and Z‘j':l | a;){a; |= I, where I is the

3 x 3 unit matrix; then show that the same holds for | b1), | b2), | b3).
(c) Find the matrix U of the transformation from the basis {| @)} to {| b)}. Show that

Ul = U T. Verify that U TU = J. Calculate how the matrix A transforms under U, i.e.,
calculate 4’ = UAUT,
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Solution
(a) It is easy to verify that the eigenvalues of 4 are a; = 0, ay = +/2, a3 = —+/2 and their
corresponding normalized eigenvectors are

—1 1 1

1 1 1
=—1 0 |, == 2], == —v2 |. 2.446
= — 1 |a2) = 3 { |a3) = 5 If (2.446)
The eigenvalues of B are by = 1, b, = 0, b3 = —1 and their corresponding normalized
eigenvectors are
1 0 0
[b1)=1{( 0 |, by =11}, | b3y =1 0 |. (2.447)
0 0 1

None of the eigenvalues of 4 and B are degenerate.
(b) The set | ay), | az), | a3) is indeed complete because the sum of | a;){a; |, | a2){a2 |,
and | az)({a3 | as given by

s /10 =1
laja | = S| 0 (-1 0 I)ZE 0 0 0 |, (2.448)
1 -1 0 1
{ 1 { 1 V2 1
la)a | = 5 V2 (1 V2 1)22 V22 V2], (2449
1 1 V2 1
1 : 1 =2 1
|as)as |= 5 V2 | (1 =2 1)22 V2 2 =2 |, (2450
1 1 =2 1
is equal to unity:
3 L[ 10 -1 e V2 o1
Z|a,><a,| = S| 0 0 0 )+g V22 2
= -1 0 1 1 V2 1
1 V2 1
+- V2 2 V2
1 —=V2 1
1 00
— 1 0 (2.451)
0 0 1

The states | ay), | a2), | a3) are orthonormal, since (aj | a2) = (a1 | a3) = (a3 | a2) = 0 and
(a1 | a1) = (a2 | @) = (a3 | a3) = 1. Following the same procedure, we can ascertain that

(2.452)

—_ o O

1 0
[ b1) by | 4+ | ba)(ba | + | b3)b3 = O 1
0 0
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We can verify that the states | b1), | b2), | b3) are orthonormal, since (b; | by) = (b1 | b3) =
(b3 | by) = 0and (by | b1) = (b2 | b2) = (b3 | b3) = 1.

(¢) The elements of the matrix U, corresponding to the transformation from the basis {| a)}
to {| b)}, are given by U;; = (b, | ar) where j, k=1,2,3:

(br lar) (b1 |az) (b1]|as3)
U=\ (bala) (balay) (ba]a3z) |, (2.453)
(b3 la1) (b3 |az) (b3]az)

where the elements (b; | ax) can be calculated from (2.446) and (2.447):

—1

Un :(b1|al>=%(1 0 0)( 0 ) =—g, (2.454)
1
! 1

Un =(bila)=5(1 0 0)[ 2 =3 (2.455)
1
! 1

Uz =(ila)=5(1 0 0)| —v2 =3 (2.456)
1
—1

U =(bala)=—7(0 1 0)f 0 =0, (2.457)
1
1 V2

Un =(la)=5(0 1 0)[ 2 == (2.458)
1

| 1 %!

Uy =(balay=5(0 1 0)| =2 === (2.459)

1
1 FARRE

Usi =(b3|al>=7§(0 0 1) (1) =5 (2.460)
1 1

Up =(la)=3(0 0 1) V2 =3 (2.461)
1
! 1

Us =(bslas)=3(0 0 1)| —v2 | =5 (2.462)
1

i -2 1 1
U=- ( 0 V2 =2 ) . (2.463)
1 1
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Calculating the inverse of U as we did in (2.200), we see that it is equal to its Hermitian adjoint:

-2 0 V2
-1 1 '|-
U =3 1 V21 =Ul. (2.464)
1 =v2 1
This implies that the matrix U is unitary. The matrix 4 transforms as follows:
L[ V2L 010 -2 0 V2
4 = vavt=2 o V2 V2 |[1 01 IV I
V2.1 010 1 V2 1
AR 7
= 3 -1 -2 1 . (2.465)
1 1 1+42

Problem 2.14
Calculate the following expressions involving Dirac’s delta function:

(a) [°5cos(3x)d(x — 7 /3) dx

®) 3 [T + 4] 6(x + 3) dx
(c) [2 cos?(3x) — sin(x/2)] 5(x + )
(d) [i7 cos(30)5" (0 — = /2) db
(@) f5 (x = 5x +2) o[2(x — 4)]dx.

Solution
(a) Since x = 7 /3 lies within the interval (-5, 5), equation (2.281) yields

5
/ cos(3x)3(x — 7/3) dx = cos (35) - 1. (2.466)
s 3

(b) Since x = —3 lies outside the interval (0, 10), Eq (2.281) yields at once

10
T4 4|0(x +3)dx =0. (2.467)
/0 [2 7 ]

(c) Using the relation f(x)d(x —a) = f(a)d(x — a) which is listed in Appendix A, we
have

[2 cos?(3x) — sin(x/2)] S(x+m) = [2 cos?(3(=1)) — sin((=1) /2)] S(x + 1)
— 36(x + 7). (2.468)

(d) Inserting n = 3 into Eq (2.282) and since cos”’ (30) = 27 sin(36), we obtain

/ i c0s(30)5" (0 —7/2)d0 = (=1)}cos” (37 /2) = (—1)327sin(37/2)
0
= 27. (2.469)
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(e) Since J[2(x —4)] = (1/2)0(x — 4), we have

’ x2—=5x +2)02(x —4)],dx = ’ x2 —5x +2)6(x —4)dx
2 2

N = N =

(42—5x4+2)=—1. (2.470)

Problem 2.15
Consider a system whose Hamiltonian is given by H=a (| d1){d2 | + | P2) {1 |), where a is
a real number having the dimensions of energy and | ¢1), | ¢2) are normalized eigenstates of a
Hermitian operator A that has no degenerate eigenvalues.

(@Is Ha projection operator? What about a"2A%

(b) Show that | ¢1) and | ¢») are not eigenstates of A.

(c) Calculate the commutators [I:I , | é1){(¢1 |] and []:I , | @2)(¢2 |] then find the relation
that may exist between them.

(d) Find the normalized eigenstates of H and their corresponding energy eigenvalues.

(e) Assuming that | ¢1) and | ¢;) form a complete and orthonormal basis, find the matrix
representing H in the basis. Find the eigenvalues and eigenvectors of the matrix and compare
the results with those derived in (d).

Solution

(a) Since | ¢1) and | ¢») are eigenstates of A and since A is Hermitian, they must be
orthogonal, (¢ | ¢2) = 0 (instance of Theorem 2;1)' Now, since | ¢1) and | ¢») are both
normalized and since (¢ | ¢») = 0, we can reduce H> to

A

B = (102 [ +1 (b1 D) d1)ig |+ d2) (2 )
= o) |+ 12 D), (2.471)
which is different from H; hence H is not a projection operator. The operator a2l is a

projection operator since it is both Hermitian and equal to its own square. Using (2.471) we
can write

@Z2HD = (Ig)iga |+ 1201 ) )2 | + | 2)igi ])
= g1 |+ ¢2)(ga |= a2 H. (2472)
(b) Since | ¢1) and | ¢) are both normalized, and since (¢ | ¢2) = 0, we have
H¢gr)=ald)d2| 1) +ala)igi | d1)=al| b, (2.473)
H | ¢y) =a | $1); (2.474)

hence | ¢1) and | ¢,) are not eigenstates of H. In addition, we have

(11 H | 1) = (g | H| ) =0. (2.475)

(c) Using the relations derived above, H | ¢1) = a | ¢o) and H | $2) = a | ¢1), we can
write

(A, | o)1 I=a(¢2)id1 | = | p1) (g 1), (2.476)
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[, $2) i D= (1 1) | = | $2) (b1 D) (2.477)

hence

[, 1) (1 1= —[H,] $2) (¢ II. (2.478)
(d) Consider a general state | ) = 11 | ¢1) + 42 | ¢2). Applying H to this state, we get

Hly) = a(¢i){gn|+1d20{b1 ) (A1 ] d1)+ 12| ¢2))
= a(la| o) +4i11¢2). (2.479)

Now, since | ) is normalized, we have
wly)=l PP+ P=1 (2.480)

The previous two equations show that | 41 |=| 4> | = 1/+/2 and that A; = %1,. Hence the
eigenstates of the system are:

| ys) = J% (I d1)E | b)) (2.481)

The corresponding eigenvalues are +a:
H|ys)=a | y). (2.482)

(e) Since (¢1 | ¢2) = (2 | ¢1) = O and ($1 | 1) = (¢2 | ¢2) = 1, we can verify
that Hy1 = (¢1 | 1) =0,Hn = (| H|¢)=0 Ho= (| H|P)=a,
Hy = (p2 | H| 1)

[ j—
Q

. The matrix of H is thus given by
0 1
H—oc(1 0). (2.483)
The eigenvalues of this matrix are equal to o and the corresponding eigenvectors are % ( :tl 1

These results are indeed similar to those derived in (d).

Problem 2.16

1 0 0 0 —i 3i
Consider the matrices A =| 0 7 —3i | and B = - 0 i
0 3i 5 3i i 0

(a) Check the hermiticity of 4 and B.

(b) Find the eigenvalues of 4 and B; denote the eigenvalues of 4 by aj, a;, and a3. Explain
why the eigenvalues of 4 are real and those of B are imaginary.

(c) Calculate Tr(A) and det(A). Verify Tr(4) = a1 + a2 + a3z, det(4) = ajazas.

Solution
(a) Matrix A is Hermitian but B is anti-Hermitian:

1o 0 0 i =3
Al=(o0o 7 -3 )=4, BI= i 0o -i |=-8 (2.484)
0 3 5 3 —i 0
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(b) The eigenvalues of 4 are a; = 6 — V10, a; = 1, and a3 = 6 + +/10 and those of B
are by = —i (3 + \/ﬁ) /2,by = 3i,and by =i (—3 + \/ﬁ) /2. The eigenvalues of A4 are
real and those of B are imaginary. This is expected since, as shown in (2.74) and (2.75), the
expectation values of Hermitian operators are real and those of anti-Hermitian operators are
imaginary.

(c) A direct calculation of the trace and the determinant of 4 yields Tr(4) = 1+7+5 =13
and det(A4) = (7)(5) — (3i)(—3i) = 26. Adding and multiplying the eigenvalues a; = 6—+/10,
a = 1,a3 = 6+ 10, wehave a; + a2 +a3 = 6 — V10 + 1 + 6 + /10 = 13 and
arazaz = (6 — +/10)(1)(6 + +~/10) = 26. This confirms the results (2.260) and (2.261):

Tr(A) = a; + a + a3 = 13, det(4) = ayaraz = 26. (2.485)

Problem 2.17
Consider a one-dimensional particle which moves along the x-axis and whose Hamiltonian is
H = —Ed?/dx® + 16E X2, where £ is a real constant having the dimensions of energy.

(@) Is wkx) = Ae‘zxz, where A is a normalization constant that needs to be found, an
eigenfunction of H? If yes, find the energy eigenvalue.

(b) Calculate the probability of finding the particle anywhere along the negative x-axis.

(c) Find the energy eigenvalue corresponding to the wave function ¢ (x) = 2x w (x).

(d) Specify the parities of ¢ (x) and y (x). Are ¢(x) and w (x) orthogonal?

Solution
(a) The integral fjof e~ dx = /7 /2 allows us to find the normalization constant:

+oo +o0
1= / ly (x)I* dx = 47 / ey = 42T (2.486)
—00 —00 2

this leads to 4 = /2/./7 and hence y(x) = ,/2/ﬁe‘2x2. Since the first and second

derivatives of y (x) are given by

d?y (x)
dx?

_dy(x)

= (16x% = 4y (x), (2.487)
dx

y'(x) = —dxy (x), p"(x) =

we see that iy (x) is an eigenfunction of H with an energy eigenvalue equal to 4&:

d?y (x)

Hy(x) =& -

+16Ex2y (x) = —£(16x2—4)y (x)+16Ex2y (x) = 4Ew (x). (2.488)

(b) Since fi) o e dx = /7 /4, the probability of finding the particle anywhere along the
negative x-axis is equal to %:

/0 Ly (0)2 d 2 /0 gy = (2.489)
X X = —— e X = —. .
o N 2

This is expected, since this probability is half the total probability, which in turn is equal to one.
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(c) Since the second derivative of ¢(x) = 2xy(x) is ¢"(x) = 4y'(x) + 2xy"(x) =
8x (=3 4+ 4x2)y(x) = 4(=3 + 4x?)p(x), we see that ¢ (x) is an eigenfunction of H with an
energy eigenvalue equal to 12&:

2
Hep(x) = —5d j(zx) + 16Ex%p(x) = —4E(=3 + 4xD)p (x) + 16Ex%p (x) = 12Ep (x).
* (2.490)
(d) The wave functions  (x) and ¢ (x) are even and odd, respectively, since y (—x) = w(x)
and ¢(—x) = —¢(x); hence their product is an odd function. Therefore, they are orthogonal,
since the symmetric integration of an odd function is zero:
“+00 —+00 —00
@ly) = P* () (x)dx = Py (x)dx = ¢(=x)y (=x)(—=dx)
—00 —00 +o0o
“+o0
= — ¢x)p(x)dx =0. (2.491)
—00

Problem 2.18

(a) Find the eigenvalues and the eigenfunctions of the operator A =—d? /dx?; restrict the
search for the eigenfunctions to those complex functions that vanish everywhere except in the
region0 < x < a.

(b) Normalize the eigenfunction and find the probability in the region 0 < x < a/2.

Solution
(a) The eigenvalue problem for —d? /dx? consists of solving the differential equation
d2
— l//(x) = OC!//()C) (2492)
dx?

and finding the eigenvalues a and the eigenfunction w (x). The most general solution to this
equation is

w(x) = Ade'™ 4+ Be ™Y, (2.493)

with a = b?. Using the boundary conditions of y (x) at x = 0 and x = a, we have
w0)=A+B=0 = B=—A4, w(a) = 4e'"® + Be™4 =0, (2.494)
A substitution of B = —4 into the second equation leads to A4 (e'? — e71%9) = 0 or €/** =

e~b4 which leads to €224 = 1. Thus, we have sin 2ba = 0 and cos 2ba = 1,s0 ba = nr. The
eigenvalues are then given by a,, = n’z2/a? and the corresponding eigenvectors by y, (x) =
A (eimrx/a _ e—innx/a); that is,

2.2

t="2—,  yu(x) = Cysin (@) (2.495)
a a
So the eigenvalue spectrum of the operator A=—-d? /dx? is discrete, because the eigenvalues

and eigenfunctions depend on a discrete number 7.
(b) The normalization of , (x),

a 2 a 2
e .9 (NTTX G _ 2nmx G
1= C”/o sin (—a ) ax==| [1 cos( - )}dx =, (2.496)
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yields C,, = 4/2/a and hence v, (x) = +/2/a sin (nwx /a). The probability in the region
0 < x < a/2is given by

2 [9? 1 (o2 2 1
—/ sin’ (ﬂ) dx = —/ |:l — cos( nnx)j| dx = —. (2.497)
a o a a o a 2

This is expected since the total probability is 1: foa | wu(x) |2 dx = 1.

2.10 Exercises

Exercise 2.1
Consider the two states | w) =1 | ¢1) +3i | d2)— | p3)and | y) =| ¢1) —i | ¢2) + 5i | ¢3),
where | ¢1), | ¢2) and | ¢3) are orthonormal.

(a) Calculate (w | w), {x | x)> {(w | x), {x | w),and infer (w + y | w + x). Are the scalar
products (y | ) and (y | w) equal?

(b) Calculate | y)(x | and | y){y |. Are they equal? Calculate their traces and compare
them.

(c) Find the Hermitian conjugates of | w), | x), | w){x |,and | y){w |.

Exercise 2.2

Consider two states |w1) = |¢1) + 4i|d2) + S|¢3) and |y2) = bld1) + 4|da) — 3i|¢3), where
|$1), |¢2), and|¢3) are orthonormal kets, and where b is a constant. Find the value of b so that
|w1) and |w») are orthogonal.

Exercise 2.3
If | ¢1), | P2), and | ¢3) are orthonormal, show that the states | w) =i | ¢1) + 3i | p2)— | P3)
and | x) =|¢1) —i | ¢2) + 5i | ¢p3) satisfy

(a) the triangle inequality and

(b) the Schwarz inequality.

Exercise 2.4
Find the constant o so that the states | w) =a | ¢1) +5 | d2)and | ) =30 | ¢1) — 4 | ¢2)
are orthogonal; consider | ¢1) and | ¢») to be orthonormal.

Exercise 2.5
If| w)=|¢1)+ | d)and | y) =| ¢1) — | ), prove the following relations (note that | ¢;)
and | ¢;) are not orthonormal):

@y ly)+ L x) =21 | ¢1) + 22 | P2),

Gyl w)— (x| x)=2(¢1|¢2) +2(d2 | $1).

Exercise 2.6
Consider a state which is given in terms of three orthonormal vectors |¢1), |¢$2), and |¢3) as
follows:

1 1 1
ly) = ﬁkﬁl) + fl(ﬁz) + %|¢3>,

where |¢,) are eigenstates to an operator B such that: Z§|¢S,,) = (3n% — 1)|¢py) withn = 1,2, 3.
(a) Find the norm of the state |y/).
(b) Find the expectation value of B for the state ly).
(c) Find the expectation value of B2 for the state [y).
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Exercise 2.7

Are the following sets of functions linearly independent or dependent?
(a) 4e*, &*, 5¢*
(b) cos x, e'*, 3sin x
(€) 7, x2,9x* e

Exercise 2.8
Are the following sets of functions linearly independent or dependent on the positive x-axis?
@x,x+2,x+5
(b) cos x, cos 2x, cos 3x
(c) sin® x, cos? x, sin 2x
(d)x, (x — D32, (x + 1)?
(e) sinh? x, cosh? x, 1

Exercise 2.9

Are the following sets of vectors linearly independent or dependent over the complex field?
(a) 2,-3,0), (0,0, 1), (2i, i, —i)
(b) (0,4,0), (i, —3i,i), (2,0,1)
(¢) (G, 1,2), (3,1, —1), (—i, 3i, 5i)

Exercise 2.10
Are the following sets of vectors (in the three-dimensional Euclidean space) linearly indepen-
dent or dependent?

(a) 4,5,6),(1,2,3),(7,8,9)

(b) (1,0, 0), (0, =5, 0), (0,0, v/7)

(c) (5,4,1),(2,0,-2),(0,6,—1)

Exercise 2.11
Show that if A4 is a projection operator, the operator 1 — A4 is also a projection operator.

Exercise 2.12
Show that | w)(w | /{w | w) is a projection operator, regardless of whether | ) is normalized
or not.

Exercise 2.13
In the following expressions, where Aisan operator, specify the nature of each expression (i.e.,
specify whether it is an operator, a bra, or a ket); then find its Hermitian conjugate.
@ (@1 4]y)yl
®) Al v)( |
©@1Aly) |yl
@y Adl¢)|¢)+i
@ (10)0p14) =i (1w

| 4
A >

Exercise 2.14
Consider a two-dimensional space where a Hermitian operator A is defined by A é1) =1\ ¢1)
and 4 | ) = — | ¢2); | ¢1) and | ¢) are orthonormal.

(a) Do the states | ¢1) and | ¢) form a basis?

(b) Consider the operator B=| P1) (P2 |. Is B Hermitian? Show that 32 = 0.
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(¢) Show that the products BB and BT B are projection operators.
(d) Show that the operator BBY — BT Bis unitary.
(¢) Consider C = BBT + BT B. Show that C | ¢1) =| #1) and C | o) =| ¢2).
Exercise 2.15
Prove the following two relations:
(a) edoB — e/I+1§e[fi,1§]/2’
(®) e?Be™" = B+ [4, B+ 3[4, [4, B + [, [4, [4, Bl +-
Hint: To prove the first relation, you may consider defining an operator function F (1) = At eh ‘)

where 7 is a parameter, Aand B are - independent operators, and then make use of [A G(B)] =
[A B]d G(B) /d B, where G(B) is a function depending on the operator B.

Exercise 2.16
(a) Verify that the matrix

cosf  siné
—sinf cosé
is unitary.

(b) Find its eigenvalues and the corresponding normalized eigenvectors.

Exercise 2.17
Consider the following three matrices:

010 0 —i 0 10 0
A=(1 0 1), B=[i 0o =), c=(0 0 o
010 0 i 0 00 —1

(a) Calculate the commutators [4, B], [B, C], and [C, 4].
(b) Show that 4% + B% +2C? = 41, where I is the unity matrix.
(c) Verify that Tr(ABC) = Tr(BC A) = Tr(C AB).

Exercise 2.18
Consider the following two matrices:

3 i 1 2i 5 =3
A= -1 —-i 2 ), B=}| —-i 3 0
4 3 1 701 i

Verify the following relations:
(a) det(4B) = det(A)det(B),
(b) det(AT) = det(4),

(c) det(4T) = (det(4))*, and
(d) det(4*) = (det(A4))*.

Exercise 2.19
Consider the matrix

(%0

(a) Find the eigenvalues and the normalized eigenvectors for the matrix 4.
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(b) Do these eigenvectors form a basis (i.e., is this basis complete and orthonormal)?
(c) Consider the matrix U which is formed from the normalized eigenvectors of 4. Verify
that U is unitary and that it satisfies

1— - ﬂl 0
U'AU = 0 1 )
where 41 and A; are the eigenvalues of 4.
(d) Show that e*4 = cosh x + A4 sinh x.
Exercise 2.20 o o L o
Using the bra-ket algebra, show that Tr(ABC) = Tr(CAB) = Tr(BCA) where A4, B, C are

operators.

Exercise 2.21
For any two kets | y) and | ¢) that have finite norm, show that Tr (| w)(¢ |) = (¢ | v).

Exercise 2.22

0 0 —1+1
Consider the matrix 4 = 0 3 0
—-1—-i 0 0

(a) Find the eigenvalues and normalized eigenvectors of 4. Denote the eigenvectors of 4
by | a1), | a2), | a3). Any degenerate eigenvalues?

(b) Show that the eigenvectors | a1), | a2), | a3) form an orthonormal and complete basis,
i.e., show that Zi':l | a;){a; | =1, where I is the 3 x 3 unit matrix, and that {(a; | ax) = Jdji.

(¢) Find the matrix corresponding to the operator obtained from the ket-bra product of the
first eigenvector P =| ay){a; |. Is P a projection operator?

Exercise 2.23
In a three-dimensional vector space, consider the operator whose matrix, in an orthonormal
basis {| 1), |2), | 3)},is

0 0 1
A=10 -1 0
1 0 0

(a) Is 4 Hermitian? Calculate its eigenvalues and the corresponding normalized eigen-
vectors. Verify that the eigenvectors corresponding to the two nondegenerate eigenvalues are
orthonormal.

(b) Calculate the matrices representing the projection operators for the two nondegenerate
eigenvectors found in part (a).

Exercise 2.24 A .

Consider two operators 4 and B whose matrices are
1 3 0 1 0 -2
0 -1 1 -2 0 4

(a) Are {I and B Hermitian?
(b) Do 4 and B commute?
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(c) Find the eigenvalues and eigenvectors of A and B.
(d) Are the eigenvectors of each operator orthonormal?

(e) Verify that UTBU is diagonal, U being the matrix of the normalized eigenvectors of B.

() Verify that U~ = U7,
Exercise 2.25
Consider an operator A so that [4 [ Jr]

(a) Evaluate the commutators [4' A, A] and [ATA AT]

(b) If the actions of 4 and A]L on the states {| a)} are given by Ala) = =Ja|a-1)and

— VaFT|a+1)andif (@ | a) = dye caleulate (@ | A a+ 1), (a+1]4 | a)

and (a | ATA | @) and (a | AA]L | a).

(c) Calculate (a | (4 + /IT)z |a)and (a | (4 — /IT)z | a).
Exercise 2.26
Consider a 4 x 4 matrix
0 V1 0 0
4|0 0o vz oo
“lo o o V3
0 0 0 0

(a) Find the matrices of AT, N = ATA, H=N+ %I (where [ is the unit matrix), B =
A+ AT and € = i(4 — 4T).

(b) Find the matrices corresponding to the commutators [AT, Al, [B, C], [N, B], and
[N, C].

(c) Find the matrices corresponding to B2, C?, [N, B? + C?], [H, AT], [H, 4], and
[H, N].

(d) Verify that det(ABC) = det(4)det(B)det(C) and det(C T) = (det(C))*.

Exercise 2.27
If 4 and B commute, and if | w1) and | yy) are two eigenvectors of A with different eigenvalues
(/I is Hermitian), show that

(a) ( i | B | w2) is zero and

(b) B | w1) is also an eigenvector to A with the same eigenvalue as | y1); i.e., if 4 | w1) =
ay | y1), show that A(B | y1)) = a1 B | y1).

Exercise 2.28
Let 4 and B be two n x n matrices. Assuming that B~! exists, show that [4, B~!] =
—B~[4, B]B7!.

Exercise 2.29
Consider a physical system whose Hamiltonian H and an operator A are given, in a three-
dimensional space, by the matrices
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(a) Are H and A Hermitian?
(b) Show that H and 4 commute. Give a basis of eigenvectors common to H and 4.

Exercise 2.30
(a) Using [.X, P] = ih, show that [X2, P]=2ihX and [X, P?] =2ihP.
(b) Show that [X2, P?]=2ik(ih + 2PX).
(c) Calculate the commutator [)A( 2, }33].

Exercise 2.31
Discuss the hermiticity of the commutators [ X, P], [X 2 Pland [X, P?].

Exercise 2.32

(a) Evaluate the commutator [X 2 d/dx] by operating it on a wave function.

(b) Using [X P] ihi, evaluate the commutator [X P2 PX 2] in terms of a linear combi-
nation of X2 P2 and X P.

Exercise 2.33 L
Show that [X, P"] = ihX P"~ L.
Exercise 2.34 e, D
Evaluate the commutators [¢/X, P], [¢/X", P], and [¢/X, P?].
Exercise 2.35
Consider the matrix

0 0 -1

A= 0 1 0
-1 0 0

(a) Find the eigenvalues and the normalized eigenvectors of A.

(b) Do these eigenvectors form a basis (i.e., is this basis complete and orthonormal)?

(c) Consider the matrix U which is formed from the normalized eigenvectors of 4. Verify
that U is unitary and that it satisfies the relation

A0 0
vtav={( 0 2, o |,
0 0 4

where 11, 17, and A3 are the eigenvalues of A4.
(d) Show that ¥4 = coshx + A sinhx.
Hint: coshx = > % /x?"/(2n)! and sinhx = > °°  x2"+1/(2n 4+ 1)!.

Exercise 2.36 e
(a) If [A B] = ¢, where ¢ is a number, prove the following two relations: e Be™ = B +¢
and e4+5 = eAe e_c/2

(b) Now 1f[A, B] = clAi‘, where c is again a number, show that edBe=4 = ¢ B.

Exercise 2.37
Consider the matrix
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(a) Find the eigenvalues of 4 and their corresponding eigenvectors.
(b) Consider the basis which is constructed from the three eigenvectors of 4. Using matrix
algebra, verify that this basis is both orthonormal and complete.

Exercise 2.38

(a) Specify the condition that must be satisfied by a matrix A so that it is both unitary and
Hermitian.

(b) Consider the three matrices

01 0 —i 10
m=(To) =0 7) we(o L)

Calculate the inverse of each matrix. Do they satisfy the condition derived in (a)?

Exercise 2.39
Consider the two matrices

1 (1 i L 1+i 1—i
A_ﬁ(i 1)’ B‘E(l—i 1—|—i)'

(a) Are these matrices Hermitian?

(b) Calculate the inverses of these matrices.

(c) Are these matrices unitary?

(d) Verify that the determinants of 4 and B are of the form ¢’. Find the corresponding
values of 6.

Exercise 2.40
Show that the transformation matrix representing a 90° counterclockwise rotation about the
z-axis of the basis vectors (i, j, k) is given by

0 -1 0
U= 1 0 O
0 0 1
Exercise 2.41

Show that the transformation matrix representing a 90° clockwise rotation about the y-axis of
the basis vectors (i, j, k) is given by

0 0
u={ 01 0
1 0

Exercise 2.42 o o .
Show that the operator (X P + P .X)? is equal to (X% P2 4+ P2X?) plus a term of the order of 4.

Exercise 2.43
4 i 7 1 1 1

Consider the two matrices 4 = 1 0 1 and B = 0 i O |]. Calculate the
01 —i —i 0 i

products B~! 4 and 4 B~!. Are they equal? What is the significance of this result?
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Exercise 2.44
Use the relations listed in Appendix A to evaluate the following integrals involving Dirac’s
delta function:

(a) [y sin(3x) cos?(4x)d(x — 7 /2) dx.

(b) [2, e +25(5x) dx.

(©) J25, sin(0/2)3" (0 + ) do.

(d) 57 cos? 00[(0 — m) /4] db.

Exercise 2.45

Use the relations listed in Appendix A to evaluate the following expressions:
(a) fy 3x2 +2)d(x — 1) dx.
(b) 2x° —4x3 + 1)d(x + 2).
(©) Jo (5x3 = 7x? = 3)5 (x* — 4) dx.

Exercise 2.46

Use the relations listed in Appendix A to evaluate the following expressions:
(a) [{ e ~25(—4x) dx.
(b) cos(20) sin(0)5(6% — n2/4).
(©) f_ll e 715" (x) dx.

Exercise 2.47 . .

If the position and momentum operators are denoted by R and P, respectively, show that
PIR"P = (—1)”13 " and PTP 7P = (—1)”f’ " where P is the parity operator and # is
an integer.

Exercise 2.48
Consider an operator

A = 1d0)id1 |+ 1) |+ | $3)(d3 | —i | ¢1)iga |
— | d1)p3 | +i | )1 | — | P3)ie1 |,

where | ¢1), | ¢2), and | ¢3) form a complete and orthonormal basis.
n ~2 S
(a) Is 4 Hermitian? Calculate 4 ; is it a projection operator?
(b) Find the 3 x 3 matrix representing A in the | ¢1), | ¢2), | ¢3) basis.
(c) Find the eigenvalues and the eigenvectors of the matrix.

Exercise 2.49
The Hamiltonian of a two-state system is given by

H=E(d)d1 | = d2)ida| —i | d1)go | +i|b2)idhn]),

where | ¢1), | ¢2) form a complete and orthonormal basis; £ is a real constant having the
dimensions of energy.

(a)ls H Hermitian? Calculate the trace of H.

(b) Find the matrix representing H in the | 1), | ¢2) basis and calculate the eigenvalues
and the eigenvectors of the matrix. Calculate the trace of the matrix and compare it with the
result you obtained in (a).

(c) Calculate [H, | ¢1)(¢1 |1, [H, | $2)(#2 |1, and [H, | ¢1) (¢ |].
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Exercise 2.50
Consider a particle which is confined to move along the positive x-axis and whose Hamiltonian
is H = Ed? /dx?, where £ is a positive real constant having the dimensions of energy.

(a) Find the wave function that corresponds to an energy eigenvalue of 9 (make sure that
the function you find is finite everywhere along the positive x-axis and is square integrable).
Normalize this wave function.

(b) Calculate the probability of finding the particle in the region 0 < x < 15.

(c) Is the wave function derived in (a) an eigenfunction of the operator A=d Jdx — 77

(d) Calculate the commutator [1:1 , /i].

Exercise 2.51
Consider the wave functions:

w(x,y) =sin 2x cos 5x,  Bx,y) = e 2Ty (x,y) =0T,

(a) Verify if any of the wave functions is an eigenfunction of A = 0/0x +0/0y.
(b) Find out if any of the wave functions is an eigenfunction of B = 0% /ox? + %/ ayf + 1.
(c) Calculate the actions of 4 B and B A4 on each one of the wave functions and infer [4, B].

Exercise 2.52
(a) Is the state w (0, ¢) = e~>'% cos 6 an eigenfunction of /i¢ = 8/0¢ or of By = 6/00?
(b) Are /L,; and By Hermitian?
(c) Evaluate the expressmns (w | A¢ | w)and (y | Bg | ).
(d) Find the commutator [A¢,, Bg]

Exercise 2.53
Consider an operator A = (Xd/dx + 2).

(a) Find the eigenfunction of A corresponding to a zero eigenvalue. Is this function normal-
izable?

(b) Is the operator A Hermitian?

(c) Calculate [4, X1, [A4, d/dx],[A, d?/dx?],[X, [A, X]], and [d/dx, [A, d/dx]].

Exercise 2.54 .
If 4 and B are two Hermitian operators, find their respective eigenvalues such that A =2/
and B* = I, where [ is the unit operator.

Exercise 2.55
Consider the Hilbert space of two-variable complex functions w (x, y). A permutation operator
is defined by its action on w (x, y) as follows: 7w (x, y) = w(y, x).

(a) Verify that the operator 7 is linear and Hermitian.

(b) Show that 72 = I. Find the eigenvalues and show that the eigenfunctions of 7 are given
by

1 1
pilx,y) = [V/(x V+y(.x)] and y_(x,y)= [V/(x »)— v, x)].



