2.3 Series, summations, and progressions

Progressions and summations
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Power series

Bigomial (1—|—x)"=1+nx—|—n(n_l)x2+n(n_1)(n_2)x3+ (2.120)
series” 2! 3!
Binomial ne (Mo nt
coefficient” &= <r> ~rl(n—r)! 2120
Binomial n_ (1 ik
theorem (a+b)'= o (k)a ’ =12
Taylor series fla+x)=f(a)+xfD(a)+ f @)+ + f(” Da)y+-  (2.123)
(about a)* ( !
(T;;S())r series f(a+x)=f(a)+(x-V)f|a+( ) flat b V) flat (2.124)
Maclauri x? -

aclaurin £(x)=F0)+xfD(0)+ = fD(0) +---+ £=D(0) - -- (2.125)
series 2! (n—1)!

“If n is a positive integer the series terminates and is valid for all x. Otherwise the (infinite) series is convergent for
|x|<1.

bThe coefficient of x" in the binomial series.

exf"(a) is x times the nth derivative of the function f(x) with respect to x evaluated at a, taken as well behaved
around a. (x-V)"f|, is its extension to three dimensions.

Limits
n‘x"—>0 as n—ooo if |x|<1 (for any fixed ¢) (2.126)
x"/n!—0 as n—oo (for any fixed x) (2.127)
(I+x/n)'—>e* as n—oow (2.128)
xlnx—»0 as x—0 (2.129)
%—A as x—0 (2.130)
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If f(a)=g(a)=0 or co then limM = m ('Hopital’s rule)  (2.131)
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Series expansions

x2

exp(x) 1+x+ + TR (2.132)  (forall x)
2 3 4
In(1+x) x—%-{—%—xz-l--“ (2.133) (—1<x<1)
1+X 3 5 7
ln<1_x> 2(x+x3+);+x7+...> (2.134)  (xI<1)
2 4 6
cos(x) 1—%+%—%+--- (2.135) (for all x)
3 5 7
sin(x) X— % 4 % — % +-e (2.136)  (for all x)
3 2 5 17 7
tan(x) x+x3 +%+%--~ (2.137)  (xl<7/2)
2 5yt 61
sec(x) 1+x2 +2—’;+%+ (2.138)  (xI<7/2)
1 x 77X 31x°
csc(x) ;+€+ 360 +— 15120 +- (2.139)  (xI<m)
1 x X 2
cot(x Rl 2.14
) X 345 9 (2.140) - (i<m
. 1 1:3x5 1:3-5x7
arcsin(x)" x+§%+ xs+mx7 (2.141)  (xI<1)
XXy (xI<1)
X—?+?—7+
arctan(x)’ g_l %_SLS (2.142) (x>1)
X X X
1 1 1
S x<—1
2 x  3x3 5x3 =D
X2 X4 X6
cosh(x) 14+ = X + = ai + == A 4 (2.143)  (for all x)
. h X3 XS X7
sinh(x) x4+ = 3 + + 7 +-- (2.144)  (for all x)
320 17X
tanh X X 5
anh(x) x— T+ (2.145)  (xI<7/2)

“arccos(x) =n/2 —arcsin(x). Note that arcsin(x)= sin~!

barccot(x)=n/2—arctan(x).

(x) etc.




Inequalities

. lai| —laz| < |ay + az| < lai| +azl ; (2.146)
Triangle \ )
inequality Z ail < Z |ail (2.147)
i=1 i=1
if aqj>ay>a3>...>a, (2.148)
Chebyshev and by =by=b3>...>b, (2.149)
inequality n n n
then ) aib> <Z ai) (Z bl-) (2.150)
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Cauchy ! o "
2 2
inequality <Z aibi) = Zai Zbi (2.151)
i=1 =1 =1
Schwarz b 2 b . b .
moquality [ soetiax| < [reopax [eeorax @152)




