o

[=]
aE |

110

T 31 3TdhetsT

(Limits and Derivatives)

*® With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD *%*

12.1 (gﬁqam (Introduction)

I A o HI Tk iRl 71 Feld 0 HT g€ w0E
2 e gera: wia o fogefi o aRads @ wer o o9 o e
Il AR 1 e fha S 81 Ueel §9 STahersl
(Irafaes &9 9 qisfiyg foee fom) j\:I%Tfﬂﬂ‘ﬁl\?fTﬁﬁ‘ﬂ(In‘ruitive
idea) YA 21 AT TH HIAT hT TEs U 3 AR Frr
o SISO oh1 S LT | TR 9IS TH STashars i
TR I ok FAT SO S SR Teehetst o ST <
FS TFIT HUN| FH F© (AR AME Forl o STk |
el caul
12.2 3raehetsli ol HWESYd are
(Intuitive Idea of Derivatives)
iferer FE A erHifEa foren @ o fie ww wEi/ss weer 9 iRt ¢ Tehel § 4.92
X 0 77 Fa1 ¢ 1l fie g HieX ® 99 &1 T gl (s) Yol H AW T T (p)
% Tk Bod o B9 W s=4.92F & T )

G AR 12.1 | Tk @Sl 92q ¥ iR T uw fie o Iehsl | fafa=
T (1) WHR T 9 H gl (s) W 2

T Sfishgl O THT =2 Uohg R g 1 o A wEA1 €1 3299 €1 3@ qHE
TEoH o faU ¢ =2 Wehe W TANK B oo fafae Traiauel ™ med 97 Ad w1 Th
7§ SR YN H € TR W /=2 Wohg W AN ok SR H D YR TS|

Sir Issac Newton
(1642-1727 A.D.)
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=1, 3 (=1, o= WA N’ =1 3R =1, Thel RO 12.1
o oS T 1 TS gl R (1,-¢,) W W S T Bl ; 5
21 3T U 2 SFel § HieT A 0 0
1 4.9
_ (=03, = 2% R E 15 11.025
FEATITA (1, 1)) 1.8 15.876
~ 1.9 17.689
= M:%ﬁr/@r 1.95 18.63225
(2-0)¥ 2 19.6
T GRR, =13 =2 &= HqEF o1 2.05 20.59225
196 4.9\ 2.1 21.609
- %:14.714?/@ 2.2 23.716
(2-1) 25 30.625
T R fafay o fus =1 3R (=2 = & 3 44.1
e a7 1 iehe Hid 8| FEfaiEd 9rol 12.2, 4 78.4
=t T IR (=2 Fohel & " WX Ifq ohe
¥ e 3 (v) @ e
AR 12.2
t 0 1 1.5 1.8 1.9 1.95 1.99

1

12 9.8 14.7 17.15 | 18.62 19.11 19.355 19.551

TH GO W BH el i ® foh Wied an efil-R wg w1 81 SE-sy =2
W HET BN AT GEAAeeh] STEE S ST © B9 SEd © T (=2 W &H a7 % TH
g 3o Al T U B | TR 6 © Toh 1.99 Wehg 3R 2 Uehg o o™ o AT
T A e @l gH T feprerd € TR 1= 2 Webs W wieA A 19.55 W@ 9 g sty
% 2

78 frend @i Frefafaa sl & wqe=ea 9 fofad oo e 81r=2 9os
¥ YRY I gU fafaer Traiarretl R 1A 3 1 ufehe Hifere) gd i wifd 1 =2 Hehg
SR (=1, Wohe o o= WA A (v)

_ 2 Uk SN ¢, Yshe & =g i
)
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_ L H @ R g - 2WheH T A
t, =2

_ LS H T H gl - 19.6
t,—2

frfafeaa o 12.3, 1 =2 Fohel 3iR 1, Gobe o i wiex ufd Tehe § e A
Vﬁ%:

H|RUT12.3
¢ 4 3 2.5 22 2.1 2.05 2.01

2

12 294 | 245 | 22.05| 20.58 | 20.09| 19.845 | 19.649

TEl A: B A4 3d € o A% eH =2, § URH hid gY IR HHAmel| i ofd
ST B dBH ¢=2 W AT 1 3Afueh 3Tesl |y el 2l

STeherl o 9UM F=ad | B (=2 R 9 8 ! 9¢d IHA=RIel § "L
AT A foran 7 IR 99 omen 1 ® foR r=2 9 fwfad qd w9 swenfea s | =
STfehel oF Tt F=ad | =2 T 31d 81 a1 Hed FHAladel | 71 a9 Fd fohan
2 3R a9 omen 1 ® fF 1=2 & Tl o8 %z sy s 7 w2 fags w9 9
et SR T WeA S o A S 3R Th GHM T W T =1feT g9 fHfvea
w9 9 frerd frhrerd € 6 r=2 R fig &1 97 19.551 Hi/A 3R 19.649 H/A & =
2 TR ®9 ¥ BH e Thd B
fof =2 W dwfas am 19551 A s249¢°
oA R 19.649 WA, & I Bl feememmma e /B
S o el ¥R 9§ am ol -
o URadd & R T T
fromfea  foren, o8 Fefarfaa 2 % ------------- /0
“fafay &or T gl | aRem &l T ﬁ-?é :
1 A ol 81 W hed @ T

T e s =492 =2 W  fe--- gl 000 r--3iC

RS 19.551 3 19.649 % o= X yo

q ” ' L - >t
4 2 0 / 2 2+t 2+¢, HUI-3T

T W Ht Ul H TH
foeren fafy smerfa 12.1 & swiig o ST 12.1



i R ST 229

B T8 oid WA (1) IR WM o R 9 fie &1 T (5) w1 e 71 SE-Sd
AR o STFT Ay, b, .., T I YT HT SR SR St @ 99 & W ol <ok
ST A T €t T B ? S

Cl]?’l CZBZ C3B3

AC,” AC, AC,
% TG o STTHA FI BN T, S CB =5, -5, T T T S fie wHrwa
h,=AC,® T %I €, TN TP 12.1 9 = frehd frsper gifeea 8 &6 o a5
1 A oIk o 65 A TR THIR@l o 1ol 1 AR S it 81 T sl H, 1=2
T W Y 1 dichifeln 97 9% s=4.92 % (=2 T W9 & @A o THH 2|

12.3 @U@ (Limits)
Iudert foeer 30 qed W1 3R Tyeeqan ffde @ @ for ed W & ufean @ik
AAfush T &9 ¥ GHZH 1 STEvThdl ¢ §H Gl S Heheud d IRifad g9 & fog
_@'—s)’m (illustrations) <h1 SR HW B
wE flx) = R R FIT eEde FifET fF S9-S9 xH IF F
afferen fehe WM <4 €, fx) 1 W 9t 0 kT R SFER EIal STl 81 (3@ ATehia 2.10
AT 2) 0 wed § lim f(x)=0
(8 () W A T, S x Y HT AR SE €A1 B, TG W1 §) f(x) Bl H,
S x I T ST SHIEE BT €, ol UH TS ST S9 x = 0 R f(x) H1 AF g =g
Mk &4 Y 5 x —> a, f(x) —> [, T [ B f(x) hi G el S © SR

T T8 YR foran s g lim S (x) =/,

e g(x) = x|, x 20 W fo=R HifsT WWWg(O)W&W‘!ﬁ%Ix@
0 o erefueh e Wl o fIT g(x) o | w1 IRehel & o foT &9 <Ed € T
g(x)wmoaﬁaﬂiwaﬂm%w@n%m )lcil}%g(x)=0.x 20 fau y=|x o
ACE ¥ 98 TEoidl ¥ T TN ¢ (S B 2.13 1A 2)

2
frfafad wem R far Fifa: h(x)=> _24,x¢2.
e

x%h 2 o IAfuE e 7Fl (dfera 2 &) & fau a(x) & 71 &1 9Reked
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FHI| AT Wl WHR FAEC fF gt 7m
4 o fahe 31 ==l (3Tl 122) H fRU oA
y=h(x) % i@ R =GR ®F 9 sqH! fH =
o foerr 21

9 9ft SwIdl | T W Ay =0 R Hed
% S AE YS9 R A el o arad B 39 W
AeiE &l € for x b ¢ 1 SR SIS Bl 2
2 S fof x & &N o F R SR TH
o fow o @ =1 @R = < SR 2, rufq x

e g TR T A gA FA ST GFd e M a ¥ 2,0 O (2,0)

ek 81 Tohd &1 399 @i ®9 9 g g
- 9T¢ gey K1 G SR S ey ki HEn 9ia Bt
21 el £ o <8 &l 1 | fx) 1 98 T @

JTTeRTT 12.2

S f(x) oF WH W SR Bl 8 W6 x, o o SIS AR SEL a1 B1 THI YehR ST el i

o1l 3Heh wid o folu, weM W fa=r sifse

I, x<0
f(x):{z, )t>0

3Mepfa 12.3 § 59 oM w1 Seid <01 T B qE
T TfHOoOW fHMAFx<0k foIU f(x) o4 9
W A9 T ® SR 1 o wEE @ et 9 W f(x)

and w1 Hm m S(0=12) gt gm0 W £ w1 AA
x> 0 @ fau f(x) & @ W el w7, 2 @ erufq o
% and gay 1 T lim (0 =2 2 gw feafa F and ok

> =<

y=fx)
0,2)

—(0,1)

3TTeRTd 12.3

¢ & ki T f=-fo= ¥ SR o7 39 %% Whd © R 99 x Y T SR IR
B € 9 £ (x) 1 G e 21 (Wl € e 0 W uRwfid 21)

qrIST

Waﬁﬁ%%}gﬁl fx),x=a™® f(x) 1 MR (expected) AM €, & x o
T R e o & faw f(x) 1 9F KT €1 39 99 # ¢ R f(x) HI ¢ g

#t o wEd B
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T Fed € fF lim f(), x=a R f(x) 1 oriferd 71 & 69 x % o % T
3R o fehe aH o foT f(x) & A KU €1 30 91 *l g W f£(x) HT T 987 I
T wed 2

7fg g SR ¢ uey 1 W GO 8 9 89 36 SHARTS WH &l x=a T fx)
F! €A Fed € iR W M ) ¥ fefm w5 €

I ¢ IR 91E e HY HAE T T B qf a8 FEl S € R x=a W fx)
1 A AR 2

Feid 1 (Mlustration 1) ®e™ fx) =x+ 10 R TR IfNT| 89 x =5 W ®eH &I Hm
A AT AR STEY, T 5 oF 3TAd e x o AHI o6 faT £ o A 1 IRehad &l
5 o 3fera Tiepe o€ 3R & fag 4.9, 4.95, 4.994, 4.995... 3efE €1 3 faigati W fx)
% HH 9 Rofiag &1 36 URR, 5 % eTedd e 3 T SR ardfas ge 5.001,
5.01, 5.1 ot 81 27 fagefl W off wer o 99 "o 12.4 ¥ &y €

HROT 12.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fix)| 149| 1495| 1499 | 14.995| 15.001| 15.01 15.1

areft 12.4 9 &9 fifHa & € R fx) &1 9 14.995 € =21 3R 15.001 9 Bie
2, 98 e H gC TR x =4.995 AR 5.001 o ot o SHIT el sfed 7 gl
g U HTA GG B o 5 o o 31 1 HEemet & fo x = 5 W f(x) 1AM

15 € 31iq lim £ (x)=15
THl YRR, W x, 5 o [ AR SE BNl €, /1 O 15 Bl =fey sreiq
lim /(x)=15

3d: € G B o £ o a1d get 1 HiAn oI Srd uet wt HAn, S 15 o SR
g1 39 yHR

lim /(x)= lim /(x)=lim / (x) =15

x—5"

T 15 F 9UeR BH oF R | I8 (ThY Ho o STerd S 3Tehid 2.9(ii) STeM 2
# feon 8, 1 @ frfaa oo @ 81 39 eepfa § ¥ oA 24§ fF S-SR x, S
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o A1 Al TR AR A AE 3R ST &I, Her f(x)=x+ 10 1 37e@ &g (5, 15) i
N S BIal Sl 81 89 S@d © TR x=5 W o W & "H 15 o S
B 2

TR 2 T flx) = x° T =R FISU 3T FH x = 1 W 36 G &1 HH 90w
%1 JAE | et fefd i TE 9ed §U 89 xoh 1 o e HHI oh faT fx) o AM
1 GRONeG Y 1 TH WRON 12.5 # @ wn ®:

RO 12.5

X 0.9 0.99 0.999 1.001 1.01 1.1

Sx) | 0729 0.970299 | 0.997002999 | 1.003003001 [ 1.030301 | 1.331

39 OO © eH A e ® TR x=1 W £ %1 7 0.997002999 § Sifies SR
1.003003001 ¥ 7 &, 98 Heddl H Y & x =0.999 3R 1.001. o = Fo
YT T Tfed 7 81| 98 | GehdTd @ foh x=1 1AM | o aT¢ 3R 1 Gemsi
W AR w7 ereriq

lim f(x)=1,

x—1

Tl YHN, 99 x, 1 o S AR L BT S, A £ HT HAA | BT AT e
lim f(x)=1

x—1*

31d:, I8 H9red © for o uer w1 e oK S usr sk diE §F 1 S Ser Bl
T THR

lim ()= lim 7 (x) =t /() =1
T | oF SeR BF 61 I8 FTeht %o o 3Ter@ St STehfa 2.11, 31eam™ 2 | fan
2, 1 @ Tohfed ol X 81 59 AMhfa W €W A < © foh S-S x, 1 ok A Al
TE AR AT AE AR W B, el flx) = x> Ae@ fag (1, 1) HT AR SR Fral
S 2
B0 A: SEclihd Hd € b x=1 T ®e &1 7 W 1 o e B

TR 3 HAT flx) = 3x W =R FINU BY, x =2 R 36 Hod &1 A JG HH 61
e 1| Frefafea el 12.6 @a: s w2
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H|RUT12.6
x 1.9 1.95 199 1999 2.001| 2.01 2.1
f(x) 5.7 5.85 597 5997  6.003] 6.03 6.3

Tdfad BH STaclihd i € b x a1 d ad A S 2wy SR SR B ¥, f(x)
HT A 6 1 AR SR Bl g TId &Il 21 eH 39, 39 YR AfeifEd X dehd

EED Y
lim £ (3)= i ()= i ()6 0.0
3T 12.4 H YR SHHT ei@ 39 q2F !
I <l 2
7 T: T 2 W T R x =2 W wer Hw A i
x =2 HW % GO 8 o/ @0

TR 4 3T B flx) =3 W fa=ar wIfSw) 13T 84
x =2 W ITH! WH Ad HH 1 JIH FR| I8 B
X T B % IO 993 U & aF (39 frufg \%
H 3) 9 Fl € 2efiq 2 ok 37edd FeRe feigeti & ShY 12.4
T 9T HE 3§ o7
lim ()= lim £ (x) = lim £ (x) =3
flx) =3 o1 3@ BB | (0, 3) ® M ol x-3781 o FHiR @l ¢ 3R
3Mrepfar 2.9, 3teard 2 W <wiian T €1 39 TE ot T € T ereiie Wiwn 3 © qema: W

Tl ¥ SEclfnd e € fF R awafas g o fag lim f(x) =3

TR 5% flr) = +x R fomR Fifow zw lim/(x) 3 wom =wwd 8w
x=1% e fix) & aF grvil 12.7 % grofiag 3 €:

WO 12.7
x 09 099 | 0999 1.01 1.1 1.2

fx) 1.71 | 1.9701 | 1.997001 2.0301 2.31 2.64
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399 I qehdTd g g © TR /Y\
}Lf{!f(x)=jgf{£f(x)=}cigf}f(x)=2. 4
MR 12.5 H JWW fix) =x>+x o 3
aerg ¥ 9E T © R S-S x, | A
3R e Bial 8, eme@ (1, 2) &1 3R :
ST BIA Sl €1 1/
aa:%qlgﬁzﬁwmﬁ%ﬁs XX
lim /0 =/ () M
aa,ﬁtr%rf@a?ﬁ-—raw‘fﬁam TR 12,5
W hl TR FHAC
1irr11x2=1, 1irr11x=13$|T1irr11x+1=2
i limx? + 1imx=1+1=2=11m[x2+x],
x—l1 x—l1 x—l
el limx. lim(x+1)=12=2=lim[x(x+1) ] =lim & +x .

T 6 HeM f(x) = sin x W far FIfw) gart lim sin x § wf ¢ ST w00 fem §
x—>5

ww%laﬁ,%ﬂﬁgéﬁﬁmﬂx)éaqﬁ(ﬁw)aﬁﬂmﬂa@m%
|ROM 12.8

x T o1 | Zooo1 | Evo01| Zrou
2 2 2 2

f(x) 0.9950 0.9999 0.9999 0.9950

lim f(x) = lim f(x) = lirrrlt f(x) =1

T
x%z xX—= X—>

99 70 T o O © TR

THeh AfAReR, T8 f(x) = sinx & Ao@ ¥ T2 Bl © S A 3.8 A 3
T fen 21 =9 feufa § off s9 3@ B lim sinx =1,

x>
2
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T TR fx) =+ cosx R R FATU T lim /(x) T B < &
el B 0 o T1ehe fix) o 7 (Freheam) wnviiag fee 2 (ERef 12.9).

HIOT 12.9
x ~0.1 ~0.01 —0.001 0.001 0.01 0.1
f(x) 0.9850 | 0.98995 | 0.9989995 | 1.0009995 | 1.00995 1.0950

ot 12.9, 9 &9 T & g © T
lim /(x) = lim f (x)=lim £ (x)=1
w feofa & off 70 gam wW@ € R limy(x) =/(0) = 1.

376, 1 3T W &) EHR & 9hd ¢ 6

1im[x+cosx]=limx+linr(1)cosxan-g|a 4 9 29
-

x—0 x—0 X

TR 8 x>0 F o, W f(x)=x—121ﬂ frem FR T lim () T FE
e g

71, B SFaclieh i € foh e o1 Uid Gl eTensh artas @ €1 or:
6 B9 f(x) % WH GRONEg i ©, x Y o 91 AR SHE Bl €, 1 hie o1l e
21 = 89 0 o b x & YATHE AT o AT Wl & HHI ] GRUEg 4 B (39
oot & fRE oF o 6 fefyd s 2

F= @ T wROi 12,10 §, B9 <@d € TR S x, 0 %1 AR U B 7, fix) €l
3R =gl eiar w1 €1 78l ght 1 B foR, f(x) 1 9 e & gen 9 o ser fRen
ST Gehell 2l

RO 12.10
x 1 0.1 0.01 10
fix) 1 100 10000 102

TR w9 W, T e W ¢ lim f(x)=+oo
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7q feofl oft #xd € & 50 wgasd W B9 3@ R w1 e a1 ==t T@l s
gwiaowm im f(x), s #e =red €, s

x—2, x<0
f(x)z , x=0

x+2, x>0

Tl I HE B 0 o e x o fIY f{x) F1 WRON A6 €1 UeTOl hid € foh x
U HHI o Tt 89 x — 2 1 A TehTon &1 STavaehdl © 3R x o A qH
% AU x + 2 1 A9 FHrrem 1 Tavaehar 2idt 2

|IOT 12.11
x -0.1 ~0.01 —0.001 0.001 0.01 0.1
£(x) 2.1 ~-2.01 —2.001 2.001 2.01 2.1

ROt 12.11 1 92 o gfefted 9, g0 e o3 € T B &1 51 -2 9%
E @I ® AR

lim f (x) =2
qroft skt eifam = wfaftesl 9, 7q fma w@ § R
%

e T UM 2 T 96 @1 § 3TN 3d:
lim f(x)=2 , 2)}/

e e e e 0 -
TH el Wl 3o ST 12.6 W fean @ @, 'm 0,-2)

fouqult &hd & o x = 0 W Her &1 °F goid: IRefog €

3R, ar&de W, 0 % S §, W x = 0 W el i Y’

uRefea off = 2 MR 12.6

Tl 10 Th 3ffaq g2id o &9 §, g9 }jg}f(x),aﬁmﬁ%’aarﬁs

f(x):{“z x#1

0 x=1
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H|ROT 12.12
X 0.9 0.99 0.999 1.001 1.01 [1.1
f(x) 29 2.99 2.999 3.001 3.01 (3.1

TEd 1 e, | o ke x o fAu ed f(x) & 9 I Gviieg w1 Y F
x % T fx)® o 9, 7€ geita el @ 5 v = 1 W e 1 9 3 8 ey sreiq

lin}f(x)=3
TH UHR, | 98 x o fAU fx) S T 9 ARMIE fx) HT THE 3 A MG,
}i_r)?f(x)=3. (0, 3) -

TG T AT AR 3N e Y HE ot § oK
HAd:

lim f (x)= lim f(x) =lim f (x) =3

MM 12.7 § Hed &1 ofcr@ Hm o R § X
TR A 1 9@ a1 1 T, B AW A ©

e &Y 9, T K g W e 1 7 S 36! Y’
T f=-fa=t &1 TR & (9 € < aRefid &)

12.3.1 @WHaren’ &1 SterTuTa (Algebra of limits) STIF TRIA H, TH STAHT HL
I & fF dm ufsan =, oo, O SR WW % Ued Sd @ S| 9 T
foamefia e 3R Hnd guikenfod &1 e T =21 @1 arad o, &q 5! form suufa
o WO % B ¥ A= ®9 d §)
uﬁﬂlqﬁ?ﬁmﬁfﬁ'{gﬁwﬂ'@%ﬁ)lglzf(x)aﬁ?)lglzg(x)ﬁ Calic i
HIES

() @ e % i 7 e s S w1 A A, s

lim [f0x) + g (9] = lim fix) + lim g(x)

A 4

{,0)
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(ii) < Hor o AT h HHT Wl i WS w1 HAR Bl 8, e
lim [fv) — g(9)] = lim fv) — lim ().

(i) = el % UM H1 HH Her w1 HHSA w1 [UH gl €, g
lim [fx) . g(] = lim fix). lim g(x)

(iv) & Wl o TR 1 HH Herl B HE w1 e g €, (et 8 IR
BT 7)), 31

f(x) limf(x)

_ X>a

lim =
wag(x)  limg(x)

femoft fagm w9 @ feufd (i) 1 T faftme fufq § 4 g(x) T U@ 3R Helr @
foh fordh aredfass G&m 4 o Tt g(x) = 4 &4 9 &

lim[ (A.f) (x) ]| =lim £ (x) |
3T X STl §, B9 TId 31 foh 39 R Wi fafre YRR o6 werl i Hmed
o T W W hd WA TR ST 2

12.3.2 5@0&?’ 3T TRAT wert &t 'H?Wﬁ ( Limits of polynomials and rational
functions) n ¥d 1 Tk e fx) TgURT Bl hgaldl 2, A fix)=a,+ax+ax’
+. . tax, & as UH oo geand € fe R wehd W@ o % fAu g # 0

T WA ® T limx =g, omd:

xX—a

limx? = lim(x.x) =limx.limx=a.a=a*
xX—a x—>a xX—>a xX—>a

n TR SANTHA T T SAYAH THE] Fardl ¢ T
limx" =a"
X—>a

Fd, "HHE AT f(x)=a0+a1x+a2x2+...+anx” TH dgISA ®waAd R
ao,alx,azx2 ..... aﬂﬂWﬁ@FWéﬂTﬁﬁlﬂﬁ@,%ﬂqﬁ%ﬁF

lim f(x)= lim[ao +ayx +a,x’ +...+anx"]
x—a x—>a
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— lima, + lima,x + lima,x* +...+ lima,x"
xX—a xX—a xX—a xX—a

= a, +a limx+a, limx* +...+ a, limx"
xX—a Xx—a Xx—a

— 2 n
a + a,a + a,a +...+ a,a

f(a)
(gffrea o fop oo Swie o welsh =X o it wmg forn €1)

()

g o
@Wf@trﬁﬁawqm%aﬁﬂka,w 2(x) AR h(x) @
qgTE € B h(x) £ 0.

() me)(a)
i ()= i)~ ()

Tafy, afk h(a) =0, 1 feafm@t € — (1) & g(a) 20 IR (i) & g(a) =0. 94 I
frarfq o &0 wed ® T o o1 i @1 @)1 9 ) feafa § &9

g(x)=(x—a)"g1(x),5|%5f k g(x) ¥ (x —q) HT HEAH ®@ Bl g YR

h(x) = (x — a) 'h, (x) FA(F h (a)=0. 3@, A k> F9 90 B

limg(x) lim(x - a)k o8 (x)

) = i)~ im0
)lci_lg(x_a)(kil) g (x) 3 0.g,(a) -0
)1{1_15}11()6) h(a)
afe k< 1, 9w w2 o2
3aTgur 1 W =id aﬂm:
() lim[x —x?+1] (i tim{ ()]

. 2 10
(i) XILIE[IJFXJFX +...+X ]
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gol o gl it s Tgu< el i SN 71 37 HiHmd gea faget W ke
o A §1 79 U &

@ M -w+1]=1-12+1=1

lim[ x(x+1)]=3(3+1)=3(4) =12

(1)

(i) lim [1+x+x2 +...+x1°] =1+ () + (=12 + .+ (=)0

x——1

=l-1+1+...+1=1.

STE0T 2 HHEW T i
. lim_ x*+1 . hm_x3—4x2+4x
W51 x+100 L
. lim _i . lim_ﬂ
(i) 5 _x3 —4x” +4x W) x—>2_x2 -5x+6
o [t }
) o x?*—x  x° =3x2+2x ]

g gl foamrfia wer afdg o €)1 e, B9 Ted yed fagel W 3 werl o AM

Wmﬁ%laﬁ%%,éﬁwm%,mm,aﬁ@méﬁ %wm%ﬁaﬂ‘oﬁr{m
2, &l T Td gU worl i A forad )

2 2
. x +1 1" +1 2
) ¥9 UM @ lim - - =
@ s>l x+100 14100 101

(i) 2 T we H HHE Y HE W EH 7 %wmﬁ’mﬁ%l 1a:

. X —4x? +4x . 35(35—2)2 . x(x—2) .
- T lim————— 1 FHifw
T ea R (ae2)(x-2) o (x+2) x #2
_2(2-2) _o_,
242 4
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0 . .
(i) 2 T e H HE YE HE W, TH 39 Eéﬁmﬁmﬁ%,aﬁz
lim(x+2)(x—2)
=2 0 —4x? 4dx 72 X(X—2)2

- (x+2) 242 4
— hm = = —
=2x(x-2) 2(2-2) 0

ifer aftenfoa & 21

mzmwmmmwmﬁwﬂw%émﬁm%m:

3 2
limﬂ — lim

x—>2x2—5x+6 x—2 (x—2)(x—3)

(v) U8 BH e whi GREE %o S| g6 foed 2l

x—2 1 x-2 1
{xz—x_x3—3x2+2x}: x(x—l) x(x2—3x+2)

x—2 1

- x(x—l) x(x—l)(x—2)}

X —dx+4-1

i m}

x> —4x+3

- x(x—l)(x—2)
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0 .
1 W % 1 A1 I i | EH ash‘rwmﬁ% 37

o xr=2 1 . x2—4x+3
lim -

_lim-—-—
ol x?—x X =3x*+2x _xlg}x(x—l)(x—2)

T oix(x-2) T 1(1-2) =%
&0 feuqult #ed @ fop et o Wi e © A U (x— 1) i T fomen ity 1.

T Hequl ST 1 |1 9 1, S foh o kol § yged e, e uew wee
% B9 H T 2
o 2 fRet o9 o 1ok faw,

n n
X —a n—1
=na

lim
¥a x—a
femult Suds wHa o dw g Aok G © el p hE UREE gem € iR
a ¥ B
Wﬁ(x”—a")aﬁ(x—a),@ﬂmﬁm,gqa@ﬁ%ﬁﬁ
X'—a"=(x—a) (x'+x2a+x3a+ . +xa?+ta)

.ox" - .
39 G lim =lim (x""' +x?a+x3 @+ .+ xa?tat)
x—>a xX—a x—a

=a"'+aa?+. .. +a?(a) ta"!

=g + g . 4a + @ (n TR)

15
P _ lrx-1
(i) hm"lo—_1 (i) lim X

x—0 X
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T (i) eHR UE @
X -1 O -1 x'0-1C
lim = limG——-=+ C
x -1 x10_1 x—»lljx—l x—1 C
O -10 0 Ok'°-1C
= ImF——i[rFlmE——f~r

—igx-l g =1gx-l
= 15(1)"*+10(1)y W THI ¥)

—15;10-i
' 2

() y=1+x T8 y o 159 o @@

oAl +x -1 . \/7—1
lim — lim Y——-
x-0 X y-l y_l
1

2 _12

— Jim 21

y-1 y—l

1, 1
- Loy (v oo @) -

12.4 Trerotiudia wemt @t 'FﬁTITIi (Limits of Trigonometric Functions)
% €9 W, Bodl o ) | Fefafied 92 (F9E o &9 1 8 T0) FB i

el @1 HEST ®1 qReed W H gad @l

; Y
S 2 A

T 3 O ST 99 Wid 9l & SRt
MG Fe [ R g U € fF ufr o wiq
gt x & fau f(x) < g(x) 7 o & fow afg

lim ) siw im o) G %1 ot & o

¥ =fx)

lim ) < im g(x) o smepfa 1289 foe @
e foRan T R

r .4

Q=

TR 12.8
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i 4 Tsfaer wiE (Sandwich Theorem) A AfST £ g 3R/ arEdfess AR ot
@ ¥ for e & wdftes widl o @ x
o U £ (x) < g( x) < h(x). Tordt arfaes

gE oo fag afe UM gy =

= lim o), @t lim o) = 1 39

xX—a

amepfa 12,99 fost o oy o T B

renmifirda werl 9 Hafua fefafad
eyl ol H TE R AR
Wﬁ’ﬁﬁ?ﬂ?ﬁ%:

0<|x|<% & faw cosx< <1 (%)
X

SUUfT B9 WA © T sin (—x) = — sin x 3R cos( - x) = cos x. 3T 0<x<% = fau

srafteRt &l fag w6 & fag 78 19t 2 B
aepfa 12.10, § T 3HE g9 F1 H% O Bl U AOC,

(
xi@ﬂﬂﬁf%ﬁtk%%ﬁ@mmaﬁx@,m%m AN

&1 3ueh tfafed AC &1 foemn T 21 a
AOAC &1 &FFd < FUEE QAC &% < AOAB &1 &A%

a]l'@"iﬁ 12.10
e %OA.CD < %.n.(OA)2 < %OA.AB ,
T

JAq CD<x.0A<AB. AOCDH

CD .
sinx = a(?ﬁ%FOC=OA)3ﬁ'{ 31d: CD = OA sin x. 39 21fafiem

AB
tanx=a3ﬁ'{ 3Ad: AB = OA tan x. 39 T

OA sin x < OA x < OA. tan x.
Fiifh TR OA ¥FHF ¢, 89 U ©

sin x < x < tan x.
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WﬁFO<x<g,sian%SﬁTstinx,@H‘*ﬂaﬁ q7 3 W, B9 U ®

X 1
—<
sinx cosx

Tl 1 kT FH W, T U B

1<

cosx<%<lwﬁﬁ[ﬂf§'§l
Ui 5 frefafed < Aeequl HE 2
I limsmx: 1 (i) liml—cosx:0
=0 x x>0 b

sin x

Suuf (i) (*) § /TRt (Inequality) o STTHR Her , e cos x 3R 3TER e

e o 1 & S ®, % = o fed 2

oo s i im cosx = 1,70 @@ € fF w1 & (i) F1 Swfa Hefa=
g @ gof )

X

(i) T g 3 & fofu, &n Fraromta weafie 1_cosx:zsm{§jwmvm

1= cosx 2sin? [;J sin[;J
¥ lim——— — lim— =/ = lim—.sin[%j
"(5)
Sin 5
- lim—.limsin[gj ~1.0=0

x—0

Wﬁﬁq%wﬁwmﬁwawwwm%%x%o,géoé

@W%\lsﬂaﬁy=§wwﬁmﬁmmwé|
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. sin4 . tan
SEETOT 4 /E A Bt (i) lim— a (ii) lim a

x—=0S1n 2x x>0 X

sin4x _ lim{sm4x 2x 2}

; li . .
&) s 4x sin2x

x>0 sin2x  *0

. | sin4x sin2x
= 2.lim +
=0 4x 2x

. sin4x . sin2x
= 2. lim + lim
4x—0 4x 2x—0 2x

=2.1.1 =2 dx —> 0, 4x — 0 d2 2x — 0)

X . sinx . sinx . 1
= lim = lim .lim
X x>0 x COS X -0 x x—0 COS X

tan

mw%(ii)}g& =1.1=1
T 9 o, fogent dimet o1 91 fHohred 999 eaH | WA it e dehd
2, frefafea 2:

/(x)

T fo i lim (x)aﬁrarwq%aﬁwﬂwmammaﬁﬁ%wﬁ

xX—a g

T f(a) 3R g(a) T A H S AR A = €, A w6 @ € Al g 39 e
F Y F GHRd T S IS GHTE B H RO 2, g W AR ww
f) =1, () fi(x) Fora & 98 £, (a) = 0 &R £, (a) # 0 | 36 TR g(x) = g, (v)
gz(x),f?”l'@ﬁ%ﬁﬁ gl(a)=03ﬁ'{g2(a)¢0.f(x)3ﬁTg(x)ﬁﬁgﬂ'qﬁ'%'{[ﬂﬂ'@? (Afg
Ha 8) d e 1 2 ® 8l
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12.

18.

20.

21.

23.
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gyATaet 12.1
9T 1 9 22 9% frAafafea dweti o 9= o s

limx+3 2. lim(x—gJ

x—3 X—=>n 7

. 4x+3 U’

i 4% 5 fjm XX+l

x4 x =2 x— -1 x—1
32 —x—-10 L x'-81
lim ——— 8. lim

x—2 x> —4

1

3 2
z3 -1
) . ax" +bx+c
111)1} N 11, Iim ———
2 < =l ex“ +bx+a
z0 -1
1 1 .
~ 4 5 i sin ax
x . lim
lim x>0 bx
x—>-2 x+2
i sm(n—x) . COSx
m-——- 16. lim
XN T[(T[_x) x>0 T—X
. ax+Xxcosx :
lim X T XCOSX 19, lim xsecx
x=>0  bhsinx 0
. sinax+bx
lim ————,a,b,a+b#0
x>0 gx + sin bx
tan2x
lim (cosec x —cotx) 97 % T
x—0 ’ 2 X_E

=3 2x? —5x -3

3. limm?
r—l

5
o D 1
x—0 X

ax+b

9. lim
x—=>0 ¢cx + 1

,a+b+c#0

14, 1im 22 4 b20
x>0 sin bx

. lirncos2x—1
" x>0 cosx—1

2x+3, x<0

liir(l)f(x) #R }jg}f(x),aﬁ e, STt f(x):{3(x+l), x>0



24, lim £ (x) 5 =i, et /(1) =0,

25, lim f(x) =1 W g wife, w= £ (x) =

26. lim £ (x) s wifem, w=f /(x)=
27. lim f(x) 5 =ifs, el £ (x)=|x|-5
ZS.WFﬂﬁ"If(x)=EA, x=1

AR A lim /()= /(1) T a FRb T Ford 7 FA0 2

29. AF AN a4, a, .. . a 9T grEdafaw GEAT ¥ SR TH wad

1’ 72

f(¥)=(x-a) (x-a,)..(x~-a,) ¥ aRefia 2l )}13;11 £(x) = 22
foft a#a,a, .. a,% fau im £ () %1 ofgem wifm

%x|+l, x<0

30. 4 f(x)=0m, x=0
Hx|—l, x>0

T o f ARl % faw im gy i et 22
f(x)-2

31. AR wed  flx), }Cig}—:n,ﬁ e war ®, }j{r}f(X)w e

x -1

T hifeTd|
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32. T quiel m iR p % fag limf(x) sl limf (x) G4 1 sife 2, af

mx*+n, x<0
f(x)z nx+m, 0<x<1

3
nx’ +m, x>1

12.5 3TdehctSt (Derivatives)

BH 3T=R% 13.2, W <@ g ¢ o fafay wmaiauet = fie &1 ferfq &1 st 39
! TG B G9a 2 T fis ot feaf ufafda e @ 1 wwa & fafay eof @ o
f4fera gt (parameter) =T ST SIR 39 X 1 1A T 61 WG w1 Food gaw
IRede B @I ], 3T oA & w1 fawa 8| aredfaes Ssite i e feafal it €
5 UE ufran wmEifed & 1 STavashd Bl Bl SIEUM: Th Ih! % {@-1@d
T O AfH o fIT T9T 6 3 &0 9 UM i TEUE S 98 ST AT
Bl ® ToF 1 ha Do o, fafare Toal @ ehe i SeE ST ehe aeh!
1 36 g1 a7 o URehel whi STEvashdl gl € oHd SR 1 Uehe © HETOl
sTaeTeh o1l faxia Geoml i fdl faeie W o odHe qod S 36k qedl |
TR 1 Afeearolt FA sTevas B B T SR U ete ot feufaat | e S
arefise 2l © for woh orerer o g fopelt it o wrder ufied foRe wehR B 272 aiar
o Wid o YSH fog W Her i STashes 59 (o9 1 e $E9 2l

uftarr | u <ifS f T arafass qHg word € SR s9eT IR & Fid § U fag
a®l a R f I SahHAA

lim
T Rt € a9d fom 39 dmn w6 et @l o W f(x) 1 TS £ (a) W et
g 2l

TR HIT & f(a), a W x & Guer aRed= 1 qREmT =aqmr 2l

FEEIOT5 x =2 T Hed  flx) = 3x Sl STehalsl A hIfT|

f(a+h)—f(a)
h

o TE f(2) = limf(2+h)—f(2): lim3(2+h}2_3(2)

h—0 h h—0
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im 8370 i i3s3
h—0 h =0 h—0

3d: x =2 W HAT 3x H] AThAS 3 2

SEEIUT6 x = —1 W HEH flx) = 2x2 + 3x — 5 1 Tahersl 90 &gl I8 o fag
HIST & £7(0) + 31" (-1)=0.
T BH U8 x =0 3R x=—1 W f{x) 1 feshels A6 Hd 2| €H U € foh

_ imf(—1+h)—f(—1)

h—0 h
2(~1+h) +3(=1+h)=5 || 2(-1)" +3(~1) -5
I e e R e G
h—0 h
= lim 2 =lim (24 -1)=2(0)-1=-1
i (o) = i 7=
[2(0+h) +3(0+ ) =5| - 2(0)" +3(0)-5]
= lim
h—0 h
~ lim 2h2h+ 3 ~lim (2h+3)=2(0) +3=3

T £1(0)+3/'(~1)=0
femuit g fafa & wam GfS i e fog W stasdes &1 9@ o 3 § 9 A
F ok fafaer fml &1 guEst yam afmfea @) feafafaa saea s w5 2:
JEAEIOT7  x =0 sin x 1 Ehersl A HIST
Tel AM ST fx) =sinx. 9@
f(0+h)—f(0) _ limsin(0+h)—sin(0) _ limSinhzl
h

h—0 h >0 h

S(0)= lim
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SEAEIT8 x=0 3R x=3 W HeM f{x) =3 h1 dehelsl A i

T iR STahels Teld | Uiedd sl WOl 8, FeSEY ¥ I8 TR § T o=’ T
1 Y oI5 T STk I BF AIfEl 39, e |, Frefafad aReer @ o faem 2

S(O0+h)-/(0) . 3-3_

7'(0)= lim

h—0

h
SB+h)-7(3) . 3-3

O - e
319 g9 UH fog W wem & ){\
W a’ﬁ R"-ﬁ:r(ﬁ—q WT W f(a +h) ------------- Q(a+hs f(a+h))

Y B
HH &S y = f{x) Tk T
2 3R 9 ST 39 wew @
siE W P = (q, o) i S@
Q=(a+h fla+ h) I TR
frhe foig #1 empfa 12.11 o
T AT €IEH S € T
a) = tim LI
519 PQR, 9 78 T ? fiF o7 U et diw ew of @ ¥, Fenedar 9
tan (QPR) o SR ¥ S feh Sftem PQ &1 &1l B1 HAT o &1 Wiewan o, ST 4, 0 1
3R SR B 2, fog Q, P ohl 3R STURR el @ @I §9 UW € e
fim L@t S(a) QR
h—0 h Q—P PR
Tg 39 q%4 o qod & TR S PQ, 9% y=f(x) o foig PR waefl &1 SR ewE
Bt ?1 31a: f'(a)=tany .
T U e £ o Ty B0 Yo faig W 3ferhels 1 Y Tehd B | 9 ok fag
W EhHAS 1 A € A 98 Th T4 Hod i qRAd wmid € S wer [
FTHAS HEl Sl & SI=eh ®9 W 8H Tk e oh SFThers] i (Hefeliad ThR
Rt w2

) K a ath

JTTERT 12.11
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uftamr 2 wE ofifSw ff £ weh arafess A e @, @
f(x+h)—f(x)
h

lim
h—0
T R o, Sl el @ %1 eifie ], il x W £ HT STahers qRerfa fawe
S 3R f(x) W Frefua feman STan 1 staehers 1 39 TR S 3TeeheTsT el Wed

fagia «ff e s 2

TH THR f(x) = limf(x+h)_f(x)

h—0 h

TA: f(x) HT TRA 61 Uid I @ SRl wel Sudad G v St 1 T

T o AR o fafa Hohad 1 wi-Fe f(x) %(f(x)) 4 frefia e

w%aﬁ;’yﬁ(x),ahg%@ﬁﬁaﬁvmwélsﬁymﬂx)$HﬁaW
& ®9 ¥ Sealfad foHar s © 39 D (F(x) ) § ot faefya fapan sman 21

df dar
Y a(L) wa

Tk TR x = @ W foh 3Taharsl &l %f(X)
forefid feran s 21

FETETUT 9 f{x) = 10 x T TGk A HIFT
f(x+h)—f(x) _ limlO(x+h)—10(x)
h h

h—0

T B U € /@) = lim

— 1im % _ 1im (10) =10

>0 f o ho0

FETETOT 10 flx) = x> 1 3Tehelsl T hiSCl

T f(x) = iing)f(”h]z_f(x)

— lim (h+2x) =2x

h—0 h h—0
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SETET0T 11 Uoh 3TeR aidfash @& ¢ o U, 3R WM flx) = a 1 TS
F1a it

T TH UM € f(x)=11rnf( hz—f(x)
-l =l =0 o

T EHURE S0 = }1irr(1)f(X+h}2_f(x)

1 1

lim (x+h) x
h—0 h

e

lim 1| =" fim — 1 1
=0 k| x(x+h) T 0 x(x+h) T2

12.5.1 ®eTAl o 3aahersT &l STSTIoTa (Algebra of derivative of functions) %
sTaherst &1 auned R § W feew & @Y w9 o wfmfad 2, g9 sawes
ol o Tehedt @ i o 1ol o STTHA T TR Hd 1 BH S| eterEd goa
T 1 €
THT 5 A WA £ 3R g% TH Wer © fF SR 3wafTss wid H SR stasher
wfnfod &, 7

() = T % AN HT SFahHAS I Bl o SFahes Bl AT B

LA () ()] = 0+ g
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(i) < el oh A HT SRS 7 HeHl oh SEhelsi 1 AT B

d d d
L ()=g(x)]=—f()-—-gx)
(i) = e oF UM h1 Teeharsl (HfArEd o 298 (product rule) &=
RIEI %:
L) - ()] 1080+ 700
(iv) T el oh ANTHA i STahers EdrEd IR 98 (quotient rule)

T fean T € (SRl wE | IFW T)

d d
i(f(x)}abcﬂx)-g(x)— f) g
g(x)

dx (g)
T U HiHst 1 qed €9 YUl W AT d §Y W SO0 Fdl & eH 3%
Tei fag 72 & dmetl w1 feafd #1 e 98 799 Saara € fF 999 9a6R & werl
o ITFRES i Yehferd fhT S &1 T9 o 3ffam 1 el &l Fefafad &1 9 :
el W Gohdl ¢ (00 SHeh GOl i H o o werEar firerd 2

HHE ey uzf(x) 3ﬁ?v=g(x)?|3l
(uv)' = u'v+uw

IE el oF UM o STeshad o o Leibnitz F=m =1 oM 4 IecifEa g
21 56 YR, e frEm €

! ' ’
u uv—uyv
| = 5
v v

e, U BH FS HHF Hel o kel hi ol Tg I WA ¢ R Her
f(x)=x 1 RS =R HoH | 2| TE 7 Hifeh

f(x+h)—f(x) _ limx+h—x
h

h—0 h

f' ()= lim

— liml1=1
h—0
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T U1 3R SYGH WHF 1 FAN fix) = 10x=x +x + ... + x (10 T%)
(SWH W9 o (i) W) o SrEehers o Yehed o Hid ©

df (x)

_ 4
PR (x+..+x) (10 W)

—ix+ +ix 10 9
 dx T dx ( )

= 1+..+1 (10 9%) = 10.

T oA <d ® R 39 9o 1 A oE g o wEm 9 off e e S gk 2
%qmﬁ%,ﬂx)=10x=uv,5|ﬁumﬁ%.aﬁumwmIOWWW
2 R v(x)=x. T&l &0 S B T 4 1 SEehers 0 o 9O € WU & v(x) = x
Herhels | o SN €1 39 YR UM T 9, B9 UM ©

f(x) = (10x)' =(uv)' =u'v+uy'=0x+10.1=10
THI SMUR W flx) = x2 o ISt sh1 M WIw fehel S Gehal 21 &H U B
f(x)=x2=x.x3ﬁ1 3d:

= lx+x1=2x

Fferen =9 &Y 9 89 e 99 9 8
i 6 TR om quieh 4 o fAT flx) = x0T SRS xR

SUUTH 3Tahers] Tl &1 IRE 9, 89 U@ 7

oy Sxrh)=f(x)  (x+h) =x"
f(x)—hm =lim p .

h—0 h h—0

fme W wEm & R (v hy = ("G )x" +("C )" R4+ (1C, ) A" iR
(x+h)y —x"=h(nx""'+..+ h" ) TH TR

df(x) _ fim (x+h)" —x" _ h(nx'H +....+h”’l)

dx h—0 h h—0 h

= lim (mx" +. 48" =
h—0 ?
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Torercaa: &1 STh! 1 W A 3R oH g @ off 7 R fog X g €
n=1 o foIq 98 "o & w1 o veet fe@mn s g @

d, , d e
) = ()

d (x).(x"71)+x.i(x"71) (T"H 93 ¥)

~dx dx
=1x"" +x.((n—1)x”72) (3T qRehea T )

= x4 (n - 1)x”71 =nx""!

femult ST 999 x, % qeft =l o forw ger @ erufq p i oft arafas den @
T 81 (AR &0 o Tl fag T w)
12.5.2 agqa? 3T BraRvTfidta wer il & siaaherst (Derivative of polynomials and

trigonometric functions) A TTAMARET T9HT | IRY T S FHRI IgILA Herdl oh
IR TqAT |

T 7 HA ST f{x) = anx"+an71x"71+....+a1x+a0 T a9guad Hed 2 el as
Tt rEafas W@t € 3R o 0 T4 STehelsl o 39 YRR & S @

& _

na,x
dx

9 YT 1 IYUfd T 5 SR YHT 6 o AN (i) Rl HIE WY W@ 9 U 1 S
Hehdt 21

JEEIOT 13 6x'0 — x5 + x o SThelS] o1 UReheld hifsd|

g0l SUE YA &1 WUl YA waaral @ f Suddd w1 sradhor
600x” —55x% +1 !

x—=2
+(n—1)an,1x +...+ 2a2x+al

SEEOTI4 x=1 W fix)=1+x+x2+x3+.. +x° F Fdhelsl Jd HitaQ|

T SUE WHA 6 1 Gl SgA Saarl © fF STdE e i sTadha
1+2x+32+. .. +500 81 x=1 T ZE el 1 7 1+2(1) +3(1)2 +... +50(1)®

50)(51
=1+2+3+...+50=L2():1275 2l
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SR 15 f(x)=xT+l T STEFAS T FI
%T*TZI'S'W)C=Oﬁmmﬁmﬁwmﬁélgﬂﬁu=x+l3ﬁ?v=x
TR TR TEE o1 TN R R Sy = 1 3R v = | TEfeT

mzi[x_ﬂjzi[zj Cwv—w' 1(x)-(x+D)1 1
dx e\ x dx\ v V2 x2 x2
IEEIUT 16 sin x o STThelS] sl G STl

' ﬂﬁ?ﬂﬁl@f(x)=sinx,ﬂﬁl

df(x) _ limf(x+h)—f(x)_lim sin(x+h2—sin(x)

dx h—0 h h—0

2005[2x+ h
~ lim

h—0 h

. [ h
JSIH[2J (sin A—sin B & T3 &1 TN Hih)

sin—
limcos| x+— [.lim 2 =cosx.l=cosx
= 150 2 ) h>0 h .

2

IEEIUT 17 tanx o STOehalS] ol YReheld ohifold|
Tl AM ST f{x) = tan x, T
df (x) _ limf(x+h)—f(x) i tan(x+h2—tan(x)

=lim
dx h—0 h h—0

1 {Sin(x+h) ) sinxil
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=
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. sinh . 1
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@) fi(x) = 1imf(x+h)—f(x):Iim(x+h)sin(x+h)—xsinx

h—0 h h—0 h

(x+ h)(sinx cosh+sinh cosx)—xsinx

= lim
h—0 h

xsinx(cosh —1)+xcosxsinh+ h(sinxcosh+ sin/ cosx)

= lim
h—0 h
xsinx(cosh—l) . sinh | . .
= lim +1lim;,_,, xcos x—— +lim(sinxcos/ +sin/cosx)
h—0 h h—0

=X CcOoS x + sinx

SaEor 21 (1) flix) =sin 2x (i1) g(x) =cot x
o RS Bl GReHEH hifed|

et (i) BreRtofAfd ¥ sin 2x = 2 sin x cos x 1 IO HINTI 36 THR

LUAC)) = i(2sinxcosx)=2i(sinxcosx)
dx dx dx

= 2[(sin x)' CcoS X + sinx(cos x)' }

= 2[(cosx)cosx+sinx(—sinx)} = 2(cos2x—sin2 x)

(ii) TR |, g(x) = cotx=:§:;c TH 9RTHRS G H1 TAN 36 o W H3, ST HEl

ag _
dx

d
g Rtwifia 2 d—(COtx)=
X

dx\ sinx

d ( cosx J ~ (cosx)'(sinx)—(cos x)(sinx)’
- (sin x)*

_ (=sinx)(sin x)—(cos x) (cos x)

(sinx)?

: 2 2
sin” x +cos” x 2
= —————5 ———=-—cosec’x
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~ (I-sinx)tanx — (x + cosx) sec” x

(tan x)2

7T 12 UT fafaer gv-naeit
1. vem fagia 9 f=fafad werl &1 fahas I Sifse:

(i) —x (i) (-x)" (i) sin(x+1)  (iv) cos (x — %)
TG el o STeshels Hd ST (I8 9 S T a, b, ¢, d, p, ¢, r 3R

s Fifea SR 3R € IR m e o quiie 2):
L 2
2. (x +a) 3. (px tq) . 4. (ax+b)(cx+d)
1
ax+b I+— 1
5. 6. —2 7. ———F———
cx+d 1_1 ax“ +bx+c
X
ax+b 2
g —HDb o DX rgrr 10, 2 -5 4 cosx
px-tgx+r ax+b x X
1. 4Jx-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
] coS x
14. sin (x + a) 15. cosec x cot x 16. ;
1+sinx
. sinx + cosx 18 secx —1 0
" sinx—cosx " secx+1 |osmex
a+bsinx sin(x + a) ‘e
200 —— 21, ———— 22. x"(5sinx—3cosx)
c+dcosx CcOSXx

23. (x2 +l)cosx 24. (ax2 +sinx)(p+qcosx)



264 TfoTd

Vs
4x +5sinx x? cos (J
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