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3.2 Vectors & 3D Geometry

DIRECTION COSINES AND DIRECTION RATIOS

From Chapter 1, recall that if a directed line L, passing through the origin, makes angles o, Sand y with the
x-, y- and z-axes, respectively, called direction angles, then the cosines of these angles, namely, cos &, cos 3
and cos y, are called the direction cosines of the directed line L.

If we reverse the direction of L, the direction angles are replaced by their supplements, i.e., 7 —~a, 7 — B
and 7 — y. Thus, the signs of the direction cosines are reversed.

X Fig. 3.1

Note that a given line in space can be extended in two opposite directions, and so it has two sets of
direction cosines. In order to have a unique set of direction cosines for a given line in space, we must take the
given line as a directed line. These unique direction cosines are denoted by [, m and n.

If the given line in space does not pass through the origin, then in order to find its direction cosines, we
draw a line through the origin and parallel to the given line. Now take one of the directed lines from the origin
and find its direction cosines as two parallel lines have same set of direction cosines.

Any three numbers which are proportional to the direction cosines of a line are called the direction ratios
of the line. If /, m and n are direction cosines and 4, b and ¢ are the direction ratios of a line, then a = A,
b=Am and ¢ =4x for any non-zero A € R.

Notes:
1. Direction cosines of the x-axis are (1,0, 0).
Direction cosines of the y-axis are (0, 1, 0).
Direction cosines of the z-axis are (0, O: 1).

2. Let OP be any line passing through the origin O which has direction cosines cos &, cos Band cos %,
L.e., (,, m, n) where distance OP = r = Coordinates of P are (r cos @, r cos B ¥ cos ).

3. Ifl, mand n are the direction cosines of a vector, then B + m?> + n? = |.

4. 7=l rl (l?+m}'+nl§) and r=li+m}+nk.
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Direction Ratios

5
Let [, m and n be the direction cosines of a vector r and a, b and ¢ be three numbers such that a, b, ¢ are
proportional to /, m and n. Therefore,

Lom_n =kor (I, m, n) = (ka, kb, kc)

a b c

Hence, a, b and ¢ are direction ratios.

For example, if (1/\/_3_, —1/\/5, 1/\/3) are direction cosines of a vector 7, then its direction ratios are
(L-1,Dor(-1,1,-1)or (2,-2,2) or (A, -4, A) ...

It is evident from the above definition that to obtain the direction ratios of a vector from its direction
cosines, we just multiply them by a common number.

“That shows there can be an infinite number of direction ratios for a given vector, but the direction
cosines are unique.”

Direction ratios of a line joining two points
For points P (x,, y,,z,) and Q (x,, y,, z,),
Vector Féz (x, — x,) zA'+(y2 -y) }'+(z2 -z) k,
Then the direction ratios of PQ are < (= x), (3,~y)s (2,—2) >

To obtain direction cosines from direction ratios

Let a, b and ¢ b e the direction ratios of a vector 7 having direction cosines /, m and n.
Then, [ = Aa, m =Ab, n = Ac _ (by definition)
P+rm*+n?=1
= A+ +cUr=1

1
> A=t
Nat +b* +¢?
= == a m=* b n=x—©O
Vb et N +bh vt Ja e biec?
Example:

Let the direction ratios of a line be 3, 1 and —2.

Direction cosines are

B

-

r -

2
14’\/1—4)

Q’

3 1 -2
2,12 .92 22120 22 2211240 2 :( 14°
VFHP (2 B P +(=2)7 B+ 4 (2)

Notes:
SO T L . a b ¢
1. If r =ai+b j+ ck isavector having direction cosines I, m and n, then [ = —,m=—=,n= —
. ’ e [ 7] [ri

2. Direction cosines of parallel vectors:

Leta and b be two parallel vectors. Then b =la for some A.
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Ifa=ai+a,j+a, 12, then b =da = b= (/la,)§+ (la2)3'+(l‘a3)fc
This shows that Z has direction ratios Aa, Aa, and laj,, i.e., a, a, and a, because

e - . . . . .
Aa,: Aa,: da,=a,:a,:a » Thus, a and p have equal direction ratios and hence equal direction
cosines too.

171 A
— L (ai+bj+ck).
Vat +b* +¢?

- - - Lo
Projections of r on the coordinate axes are: Iir|, mir| and nirl.

- -
3. Ifthe direction ratiosof r area,bandc = r =

5. The projection of a segment joining points P (x;, ¥y 2)) and Q (x,, y,, 2,) on a line with direction
cosines I, mand nis (x, —x ) [+ (y, —-y)m+(z,-z)n
6. If ll, m, n, and lz, m,, n, are the direction cosines of two concurrent lines, then the direction
cosines of the lines bisecting the angles between them are proportional to [,£1,m +m, and
n*n,
1 2

7. Acute angle 6 between the two lines having direction cosines l], m,n, and lz, m,, , is given by

. , 2 2 2
cos 0=l + mm,+nn), sin 0= \/(l1 my—bLm) +(mn,—mn) +ml,—nl)

8. If a, b], c,anday, b, ¢, be the direction ratios of two lines, then the acute angle 6 between them
laya, +b'b, +¢ c,|

J¢+H+&Jé+%+ﬁ

is given by cos 6 =

V@ b, —a, b)Y + (b c,~b, ) +(c, a, — ¢, @)
Ja v 0+ v b+
9. Two lines having direction cosines L,m,n and l,m, n, are

a. perpendicular if and only if [, + m,m, + nn,=0.

sin 0 =

b. parallel if and only if L} =
L m
10. Two lines having direction ratios a,b,c anda,b,c,are
a. perpendicular if and only if a,a, + bb,+cc,=0
h_a

b. parallel if and only if &2 =

a, b Gy
Direction ratio of line along the bisector of two given lines

Ifi, m, and n and L,,m, and n, are the direction cosines of the two lines inclined to each other at an angle 6, then
the direction cosines of the

. . +1 +m, +n,
a. internal bisector of the angle between these lines are htl M g T ,

and 2cos (0/2) 2cos (68/2) _ 2cos (68/2)
b. external bisector of the angle between the lines are bl el h

2s5in (8/2) 2sin (072) " 2sin (872)
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Proof:

B ' 0]
Fig. 3.2
Let OA and OB be two lines with direction cosines [, m, 1, and [, m,, n,. Let OA = OB =1. Thenthe

coordinates of A and B are (I, m, n ) and (I,, m,, n,), respectively. Let OC be the bisector of ZAOB. Then C
is the midpoint of AB and so its coordinates are

‘ (l,+—l2 m+m, n+n,
27 2 7 2

[ +1 +m n+n
1 2,”"1 2 and i

2 2 2
L+1Y m +m,\ n+n\
We have OC = 2 o2 2
2 2 2

1 3
= E\/Ellz+m]2 + a2+ + mE +n3)+2(L1, + mm, + mn,)

-Thérefore, the direction ratios of OC are

= %x/z+'200s9 (v cos O=11,+mm,+nn)
0
= %,/2(1+cos )] =cos(5)

L+, m+m, n+n,

Therefore, the direction cosines of 0—)C are , )
2(0C) 2(0C) 2(0C)

. L +1, m, +m, n+n,
2c0s(6/2) 2cos (0/2)" 2cos (8/2)
In Fig. 3.2, OE is the external bisector.

The coordinates of E are h=b , MM and

2 2 2
Therefore, direction ratios of OFE are L=l , i ;mz and ;nz
Also, OF = % J2—2cos 0
1
= 5 J2 (1-cos6)
=sin (8/2)
Therefore, the direction cosines of ﬁ are L2 e g ~

2sin (8/2)° 2sin (872) ©° 2sin (8/2)
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If o, Band ¥ are the angles which a directed line makes with the positive directions of the
co-ordinates axes, then find the value of sin* @+ sin® B + sin® .
Sol. The direction cosines of the line are I = cos o, m = cos S and n=cos ¥.

Since I + m* + n? = 1, cos® a + cos? B+ cos?y=1

=1 —sin’a+ 1 —sin?f + 1-sin’y =1

= sin0 + sin’f + sin’y =2
A line OP through origin O is inclined at 30° and 45° to OX and OY, respectively. Then find
the angle at which it is inclined to OZ.
Sol. Let [, m and n be the direction cosines of the given vector. Then £2 + m2 + n?=1.

If I =cos 30°= \/5/2,m=cos45°= 1/\5, then%+%+n2=1.

= n? = —1/4, which is not possible. So, such a line cannot exist.

ABCisatriangleand A = (2,3, 5), B =(-1,3,2) and C = (4, 5, ). If the median through
A is equally inclined to the axes, then find the value of A and p.

Sol.

4(2,3,5)

B(-1,3,2) - CA, 5, 1)

Fig. 3.3

Midpoint of BC is (%‘—1 4,2 “; K )

o . . 5
Direction ratios of the median through A are

,land'u—g-
2

2,4 3and 2TH 5 i, A7
2 2
The median is equally inclined to the axes; so the direction ratios must be equal. Therefore,

A5 _no8
2 T 2
A line passes through the points (6, —7, — 1) and (2, — 3, 1). Find the direction cosines of
the line if the line makes an acute angle with the positive direction of the x-axis.

=A=7,u=10

Sol. Let [, m and n be the direction cosines of the given line. As it makes an acute angle with the x-axis,
{ > 0. The line passes through (6, — 7, — 1) and (2, — 3, 1); therefore, its direction ratios are (6 —2,
—7+3,-1-1)or (4, -4, -2). Hence the direction cosines of the given line are 2/3, ~ 2/3 and — 1/3.

Find the ratio in which the y-z plane divides the join of the points (2,4, 7) and (3,-5, 8)

Sol. Let the y-z plane divide the join of P(-2, 4, 7) and Q(3,— 5, 8) intheratio A : 1.

(31—2 —5A+4 8A+7
A+17 A+l 7 A+l
3A-2

— ~ =0Qor34A-2=0
A+1 or

SoA=23

) is in the y-z plane. Then its x-coordinate is zero.
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IfA(3,2,-4),B(5,4,-6) and C(9, 8, - 10) are three collinear points, then find the ratio in
which point C divides AB.

Sol. Let C divide AB in the ratio A : 1. Then

_(SA+3 4A+2 -64-4

B ( A1 2417 A+1
Comparing, 5A+3 =94+ 9 or 44 = —

. A=-31

Also from 44 + 2 =81+ 8 and - 64 — 4 = —10A — 10, we get the same value of A.
FR¥%AE If the sum of the squares of the distance of a point from the three coordinate axes is 36,
then find its distance from the origin.
Sol. Let P(x, y, z) be the point. Now under the given condition,

[\/x2+y2]2+[\/y2+z2]2+1[ ,z2+x2]2=36

=>2+y*+72=18
Then distance from the origin to point (x, y, z) is

NE+Y + 72 = V18 =312
L1 Aline makes angles @, f, ¥ and §with the diagonals of a cube; show that cos® @ + cos? B+

cos’y + cos> 8= 4/3.
Sol. The four diagonals of a cube are AL, BM, CN and OP.

): 9, 8-10)

z
A
C(0, 0,a) Mia, 0,0)
»
L0, a,q) GLL)
» X
0 A(a, 0, 0)
5 B0, a,0) Ma,a,0)
Y
Fig. 3.4

Direction cosines of OP are — and
-Direction cosines of AL are —and —
f f I

Direction cosines of BM are — and
FE™E
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-1

E.

Let I, m and n be the direction cosines of a line which is inclined at angles &, ﬁ, Yand 0, respectively,
to the four diagonals; then

1 1
Direction cosines of CN are —=, —=and
NG

1 1 1
cos=l-—+m—=+n—
NERRENE) 3
l+m+n
BN
~l+m+n

Similarly, cos 8 =

NE

cos ¥ = [-m+n
B
cos 5= I+m—n

N

c0s2¢t + cos?f3 + cos* Y+ cos?d = % [(U+m+nl+l+m+nP+(-m+nP?+ (I +m-n)

= l-4(lz+m2+nz)= 4
3 3

Find the angle between the lines whose direction cosines are given by [ +m +r =0 and
20 + 2mt —n? =0.

Sol. P+m*+n*=1 : 6)]
l+m+n=0 (i)
2P +2m*—nt=0 (iii)
2l -n)=m*=3n’=2=n=+J2/3 (iv)
2P+m)=r=((l+m)yY=>1=m » )

[+m=xJ2/3 =2l= +2/3

I=+1/6 ,m=11//6
Direction cosines are .

[%’ _\/IE’\EJand (%,%’_\E]

The angle between these lines in both the cases is cos™ (—%) .



Sol.
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A mirror and a source of light are situated at the origin O and at a point on OX, respectively.
A ray of light from the source strikes the mirror and is reflected. If the direction ratios of
the normal to the plane are 1, -1, 1, then find the DCs of the reflected ray.

Let the source of light be situated at A(a, 0, 0), where a #0.
Let OA be the incident ray and OB the reflected ray.

ON is the normal to the mirror at O. Therefore,

ZAON = ZNOB = 6/2 (say)

Direction ratios of OA are a, 0 and 0 and so its direction cosines are 1, 0 and 0.
Direction ratios of ON are 1/ \/5 ,— 1/\/5 and 1/ x/§ Therefore,
LAON=ZNOB=(6/2) (say)

cos (6/2) = 1/4/3

Let /, m and r be the direction cosines of the reflected ray OB.

i+t 1 m+0 1 g n+0 1

2c0s(8/2) 3 2cos(6/2) 3 2c0s(6/2) 3

Concept Application Exercise 3.1

10.
11.
12.

If the x-coordinate of a point P on the join of Q(2, 2, 1) and R(S, 1, -2) is 4, then find its
z-coordinate.

Find the distance of the point P(a, b, ¢) from the x-axis.

If ? is a vector of magnitude 21 and has direction ratios 2, —3 and 6, then find 7:

If_P)(x, ¥, z) is a point on the line segment joining Q(2, 2, 4) and R(3, 5, 6) such that the projections of
OP on the axes are 13/5, 19/5 and 26/5, respectively, then find the ratio in which P divides QR.

If O is the origin, OP = 3 with direction ratios —1, 2 and —2, then find the ¢ dinates of P,

A line makes angles ¢, ff and y with the coordinate axes. If o+ 8=90°, then find ¥.

The line joining the points (-2, 1, —8) and (&, b, ¢) is parallel to the line whose direction ratios are 6,
2 and 3. Find the values of @, b and c.

If a line makes angles ¢, B and y with three-dimensional coordinate axes, respectively, then find the
value of cos 20 + cos 23 + cos 27.

A parallelopiped is formed by planes drawn through the points P(6, 8, 10) and Q(3, 4, 8) parallel to
the coordinate planes. Find the length of edges and diagonal of the parallolepiped.

Find the angle between any two diagonals of a cube.
Direction ratios of two lines are a, b, ¢ and 1/bc, 1/ca, 1/ab. Then the lines are

Find the angle between the lines whose direction cosines are connected by the relations [ + m + n
=0and 2im+2nl —mn = 0.
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EQUATION OF STRAIGHT LINE PASSING THROUGH A GIVEN POINT AND PARALLEL
TO A GIVEN VECTOR

Vector Form

Line Passing through Point A(Z) and Parallel to Vector b

Let A be the given point and let AP be the given line through A.

Z -
A /2/
P l
A
«— |
d —
-
»Y
(0]
X
Fig. 3.5

Let b be any vector parallel to the given line.
- -
Position vector of point A is a.
N
Let P be any point on line AP, and let its position vector be r.

—_s — —

Then, we have r= OP=0A+ AP=a+ Ab (where, E =2b).
Hence, the vector equation of straight line; ;) = Z + /ll_;. @)

Here, ;) is the position vector of any point P(x, y, z) on the line. So r = x§+ y }+ zlAc.
In particular, the equation of straight line through origin and parallel to bisr =Ab.

Cartesian Form

Let the coordinates of the given point A be (x,,y,»z,) and the direction ratios of the line be g, b and c¢. Consider
the coordinates of any point P be (x, y, z). Then

- A " A ed n A ~ - A A A
r=xi+yj+zk;a=xi+y j+zk and b=ai+bj+ck
Substituting these values in (i) and equating the coefficients of i, jand k , we get

x=x+Aa;y=y +Abiz=z + A
These are parametric equations of the line.
- Y =W 2T,

o x
Eliminating the parameter A, we get = 5 =
a ¢
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Notes:
1. Here any point on the line is (x, y, 7) = (x,+Aa,y, + Ab, z, + Ac) (A being a parameter).

2. Since the x-,-y- and z-axes pass through the origin and have direction cosines (1, 0, 0), (0, 1, 0)
and (0, 0, 1), their equations are

x-0_y-0_ z-0

Equation of x-axis : ory=0,z=0

1 0 0
%20 y=0_ z-0 '
Equation of y-axis . —— = = orx=0,z=0

0 1 0

-0 -0 z-0 o
Egqiation of z-axis : xO =y0 =Zl or x=0,y=0

EQUATION OF LINE PASSING THROUGH TWO GIVEN POINTS

Vector Form

B

Fig. 3.6

— 5 —

From the figure, OP = 7, OA = 2 and EE = Z
Since H; is collinear with E, XI—; = /IE?) for some scalar A.
= OP-0A = A (OB - 0A)
- 7 —Z = A (Z - Z)
= r=a+A(b-a) L | o @
“Therefore, the equation of a straight line passing through a and b is r=a+ A (b —a).

Cartesian Form

A

- S " ~n= n A A - A "
We have r=xi+yj+zk,a=xi+y j+zk and b =xi+y,j+z,k.
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Substituting these values in (i), we get
x?+y}'+ zlAc = xl?+yI }'+z112 + A [(x, —)cl)§+(y2 —yl);'-+-(z2 —z,)lz]
Equating the coefficients of ;, }'and Ig, we get
x=x + Mx,=x)y=y,+ Ay, -y)z=2+ Mz, - 2,)
X~ X4 Y~ X 7~z

On eliminating A, we obtain = = =4
& Xy =X Y2 = N 2 — %

which is the equation of the line in Cartesian form.

The Cartesian equation of a line is x

-3 1 -3
oz ra Find the vector equation of

=2

the line.

_y+l_z-3
-2 5
Note that it passes through (3, —1, 3) and is parallel to the line whose direction ratios are 2, —2 and

Sol. The given line is .

5. Therefore, its vector equation is 7= 3i- }'+ 3k+ ),(2?— 23'+ 51A<) , where A is a parameter.

¥%) The Cartesian equations of a line are 6x ~2 =3y + 1 =2z — 2. Find its direction ratios
= and also find a vector equation of the line.

Sol. The givenlineis 6x ~2=3y+1=27-2 6)
To put it in the symmetrical form, we must make the coefficients of x, y and z as 1. To do this, we
x=(1/3) _y+@/3) z-1
2 T3
This shows that the given line passes through (1/3, —1/3, 1) and is parallel to the line whose direction
ratios are 1, 2 and 3.

divide each of the expressions in (i) by 6 and obtain

-

. . . 1 A 1 A A A A A
Therefore, its vector equation is r = 3 i— 3 JHk+AG+2 j+3k).

A line passes through the point with position vector 2i ~ 3}' +4k andisin the direction

of 3/1'\ + 43’ - 52 . Find the equations of the line in vector and Cartesian forms.

Sol. Since the line passes through 2i — 3}' + 4k and has direction of 37 + 4}' — 5k , its vector equation is
7= a+Ab = 7= 2i —3}'+4l§ +A (3§+4}'—512), where A is a parameter. @)

x=2 y+3 z-4

Cartesian equivalent of (i) is 1 3

Find the vector equation of line passing through A(3, 4, —7) and B(l -1, 6). Also find
its cartesian equations.

Sol. Since the line passes through A(3i +4j—7k) and B(i —j+6k), its vector equation is
F=3i+4—Th+A[G-j+6k)—(3i+45-70)]
or F=3i+4j—Thk-AQi+5;j-13k) @)
where A is a parameter. |

_y—4 z+7

The Cartesian equivalent of (i) is *- s =3
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Find the vector equation of a line passing through (2, -1, 1) and parallel to the line whose

x=3_y+1_2z-2

equation is
7 =3

-3 y+l z-
7 -3

Sol. Since the required line is parallel to al , it follows that the required line passing

through A (2/1} - }'+ lAc) has the direction of 2; +7 ; - 312 .Hence, the vector equation of the required

line is r:2?—}+l§+l(2;+7j—3;<) where A is a parameter.

Find the equation of a line which passes through the point (2, 3, 4) and which has equal
intercepts on the axes.
Sel. Since line has equal intercepts on axes, it is equally inclined to axes.

= line is along the vector a(i+ j+k)

-2 - -4
=> Equation of line is LA 4 I 3 =X !
. . . x=-1_y+2 =z,
Find the points where line = = B = 1 intersects xy, yz and zx planes.
Sol. Line meets xy-plane where z =0
- 2
Hence from the given equation of line, x1 = _Xil_ = %
= x=landy=-2.
= Line meets xy-plane at (1, — 2, 0).
Line meets yz-plane where x =0
Hence from the given equation of line, o-t = le = %
-1 3
= z=—and y=——
5 y
. 3 -1
= Line meets yz-plane at | 0, — >3
Line meets zx-plane where y=0
x=1 0+2 ¢

Hence from the given equation of line — =1

= z=-2,x=-3
= Line meets zx-plane at (— 3, 0, — 2)

Find the equation of linex + y —z ~ 3 =0 = 2x + 3y + z + 4 in symmetric form. Find the

direction ratios of the line.

Sol. In the section of planes we will see that equation of the form ax + by + ¢z + d = 0 is the
equation of the plane in the space.
Now equation of line in the form x + y — z— 3 = 0 = 2x + 3y + z + 4 means set of those points in space
which are common to the planes x + y — z — 3 =0 and 2x + 3y + z + 4 = 0, which lie on the line of
intersection of planes.
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Sol.

Sol.

i 9wl Find the coordinates of a point on the line i

Vectors & 3D Geometry

For example, equation of x-axis is y = z = 0 where xy-plane (z = 0) and xz-plane (y = 0) intersect.
Now to get the equation of line in symmetric form , in above equations, first of all we eliminate any
one of the variables, say z. .
Thenaddingx+y—-z-3=0and2x+3y+z+4=0,

3x+4y+1=00r3x=-4y—1=A(say)

A A+1
—1 x:—’y:—
3 —4
A +1
Putting these values inx + y — z — 3 =0, we have §+;L——z—3=0
= A1=39+12z
Comparing values of A, we have equation of line as
3x=-4y-1=12z+39
sl 13
or 2=—4y—1=12z+39 or = 4 _ 4
12 12 12 4 -3 1

1 13
Hence the line is passing through point (O, T Z) and having direction ratios 4, — 3, 1.

If we eliminate x or y first we will get equation of line having same direction ratio but with

different point on the line.

=%ty Find the equation of a line which passes through point A(1, 0, -1) and is perpendicular to the
straight lines 7 = 21 ~ j + k+ A (28 +7) = 3k) and 7 = 37—+ 3% + 22} =2} +50).

Since the line to be determined is perpendicular to the given two straight lines, it is directed towards
vector

ik
(2i+7j-3k)x 2i =2j+5k) =2 7 3| =29i-16j-18k
2 =2 5

Hence, the equation of the line passing through point A(1, 0, —1) and along vector 29; - 16;‘ - 18]A< is
x=1_ 'y z+l

29 -16 18 y+1

-3

=z at a distance 4\/ﬁ from
the point (1, -1, 0).

Any point on the given line is (2r + 1, —3r — 1, 1), its distance from (1,-1,0)
2

= (2rf +(Bry +r2= (414)

= r=+4

= Coordinates are (9, —13,4) and (-7, 11, —4) and the point nearer to the originis (-7, 11, —4).
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ANGLE BETWEEN TWO LINES

Let the given lines be

=a+Ab G
. — Vector form

, , , ¢ — Cartesian form
X=a y-a z-a

b b, by

Clearly (i) and (ii) are straight lines in the directions of b and b , respectively.
Let 0 be the angle between the straight lines (i) and (ii).

Then 6is the angle between vectors: b and b Therefore,

-

bb

- o
(61151

cos 6 =

b = bi+b, j+bk, b = bi+b, ] +bk

-

v BB = bb/+ b, +bp!
and 1 b1 = B2 +b2+5 | 1D = BB+ b7

bb/+b,b; +b.b;
B2 + B2+ BB + b + b

=cos 8 =

‘Notes:
1 I the lines are perpendicular, then 5-b' = 0 = bb/+b;b] +b;b; = 0.

2. Ifthe lines are pardﬂel, then b=Ab’ for some scalar A = L

v, b b

Find the angle between each of the following pairs of lines:
i r=3i+2j-ak+AG +2] +2k);7 =51 - 28+ (37 +2)+6k), where 4 and y are
parameters.

x+4_y—1_z+3_x+1_y—4_z—5
3 5 4’ 1 1 2

ii.
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Sol. i. Lines are along vectors, l;: =§+23’ +2k and l;; =3i +2} +6k

If @is the angle between the two given lines, then

bb, M) 3)+(2) (2)+(2) (6) 19 19 i (19)
c0s 0 = ——5~ = = =— =0 =cos'|—
b1l VE+2+22 212216 (D) 21 21

ii. Lines are along vectors 51 =3 +57+ 4k and 52 =i+ ]+ 2%

If @ is the angle between the two given lines, then

e OOFOO+@@ _ 345+8
32452442 P 412427 V9+25+161+1+4

16 16 _@:6._%_,(@/_5}
T s2v6 sazs 15 T

. Find the condition if linesx =ay + b,z =cy +dandx =ay +b’,z=c’y +d’are perpendicular.

Sol. The equations of straight lines can be rewritten as

x-b y-0 z-d
a 1 c

x=ay+b,z=cy+d:>

x=b y-0 z-d’
a 1 c’
The above lines are perpendicular if aa”+ 1-1 4 ¢-¢”=0.

andx=a’y+bz=c"y +d' =

PERPENDICULAR DISTANCE OF A POINT FROM A LINE

Foot of Perpendicular from a Point on the Given Line

Cartesian form

* e, B,7)

Ae ] > ” - B
L ai+b]"\+ck

Fig. 3.7
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Here, the equation of line AB is TN =
a b c

Let L be the foot of the perpendicular drawn from P(c, f3, 7) on the line aank. =
: a

Let the coordiantes of L be (x, -i-al, y, +bA, z,+ch).

Then the direction ratios of PL are (x, + aA — &, y, + bA— B,z + cA— .
Direction ratios of AB are (a, b, ¢).

Since PL is perpendicular to AB,

a(x, +al—o)+b(y, +bA-P)+c(z, +cA-P=0

a(@—x)+b(PB-y)+c(y—-=z)
a+b+ct

A=

Putting the value of Ain (x, + aA, y, + bA, z, + cA), we get the foot of the perpendicular. Now we can get

distance PL using distance formula.
Vector form

? P@)

L(a +4b)
Fig. 3.8

Let L be the foot of the perpendicular drawn from P (&) onthe line r =a +Ab.

- - o -
Since r denotes the position vector of any point on the line r = a + A b, the position vector of L will be

(a+ ll_;) W o 4
Directions ratios of PL=a—a+ Ab .

Since PL is perpendicular to b,
(a-a+AiAb)-b =0

l

= (@a-a)b+Ab-b =0

—(@-a)-b

= A= —
' b

= Position vector of L is a- [(—“_j"—)b]i which is the foot of the perpendicular.
bl
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Image of a Point in the Given Line
® P(a, B,y)

Aeo— Al o]

VL

L]
Q(Image)(@', B, ")
Fig.3.9
Since L (foot of perpendicular) is the midpoint of P and Q (image of a point P in the line), we can get Q if
L is found out.

Find the coordinates of the foot of the perpendicular drawn from point A(1, 0, 3) to the join
: of points B(4,7,1) and C(3, 5, 3). '
Sol. Let D be the foot of the perpendicular and let it divide BC in the ratio A : 1. Then the coordinates of
3A+4 54 +7 34 +1
, and :
A+l A+1 A+1

D are

Now, ELEE:E% =0
=2 2L+ 3)+26A+7 +4=0

=A==

P

= Coordinates of D are g, % and 1—7

3

Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the given line [ whose equation is

y 1-z2 x—4 y z-1 : : :
=< = or === =k (say). Therefore, 1
6 3 -2 6 -3 (s2y) - ®

x=4-2k,y=6k,z=1-3k

As P lies on (i), coordinates of P are (4 — 2k, 6k, 1 — 3k) for some value of k.
The direction ratios of AP are

(4-2k-2,6k—3,1—-3k—4)or (2 -2k, 6k—3, -3 —3k).

Also, the direction ratios of [ are -2, 6 and —3.

Since AP 1 1,

= —2(2 - 2k) + 6(6k —3) —3(-3 -3k) =0

= 4+4k+36k—184+9+9% =0 or49% —13=0o0rk=13/49
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We have AP? = (4 =2k =2)*+ (6k —=3)* + (1 =3k —4)* o A(2,3,4)
=(2 -2k + (6k —3)* + (-3 - 3k)*
=4 —8k+4k* + 36k* =36k + 9+9 + 18k + 9k’
=22 —26k+ 49k*

2
20— 26(2) + a0l 12 l L
49 49
_ 22x49-26x13+13" 909 Fig. 3.10
- 49 " 49

AP = Ex/101

-
SHORTEST DISTANCE BETWEEN TWO LINES

If two lines in space intersect at a point, then the shortest distance between them is zero. Also, if two lines in
space are parallel, then the shortest distance between them will be the perpendicular distance, i.e., the length
of the perpendicular drawn from any point on one line onto the other line. Further, in a space, there are lines

which are neither intersecting nor parallel. In fact, such pair of lines are non-coplanar and are called skew
lines. )

VA
A
G F
D E
\
0 .
c >y
A4 B
X Fig. 3.11

Line GE goes diagonally across the ceiling and line DB passes through one corner of the ceiling directly

above A and goes diagonally down the wall. These lines are skew because they are not paraliel and also never
meet. ‘

By the shortest distance between two lines, we mean the join of a point in one line with one point on the
other line so that the length of the segment so obtained is the smallest.
For skew lines, the line of the shortest distance will be perpendicular to both the lines.
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Shortest Distance between Two Non-Coplanar Lines

Vector form

Fig. 3.12

Let the given lines be r=a+tbandr=c +t1d
- If two lines AR and CD do not intersect, there is always a lme 1ntersectmg both the lines perpendicularly.
The intercept-on this line made by AB and CD is called the shortest distance between lines AB and CD.
In F1g 3.12,the shortest d1stance LM, where LALM = ZCML=90°. In the ﬁgure the shortest distance

Ipr03ect10n of AC along MLI

_lae ML' I(a—c) IM |
| IML||> |LM |
Now LM is perpendicular to both b and d
= IM=bxd
l(a—c) (bxd)l
1bxdl
_Id a=cll
bxd
Cartesian form
Let the two skew linesbe 2 =2"% _2=% 3 X6 _Y~6 _2-G
’ »-bl b2 b3 dl d2 d3
4 G-d, G4
b] b2 b3
dl dZ d3

S o~
&S
S

Then the shortest distance =

Qu
3
[ S

B
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Condition for Lines to Intersect

i -5 o - - - - A K X
Twolines r =a +tb and r =c +¢,d are intersecting if

(@-¢)-(b-d)

- o =0
bxd

aG—a C,—a =0
=| b b, b, | =0
d1 ‘ dz o da
Distance Between Two Parallel Lines .

If two lines [ and 1, are parallel, t;heﬁ;ﬂle;y are copl-anar.. Let the lines,vﬁe given by.

iaian S
eaiub |

(i)

. . :
where ‘_1)1 is the position vector of a point Son/ and a, is the position vector of a point T on /,.

As [ and [, are coplanar, if the foot of the perpendicular from T on line /| is P, then the distance between
the lines / and [, =1TP1.

Let @ be the angle between vectors E’)

ol

and

o I,
P
L : >
S(a)
Fig. 3.13
Then b x ST = (11| ST sin6)n (i)
where 7 is the unit vector perpendicular to the plane of the lines [, and ,.

But ST = a; — a

Therefore, from (iii), we get
bx(a,—a)=1bIPTn (since PT=STsin @)

ic, |bx(a,-a)l=1bI1PT-1 (aslnl=1)
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Hence, the distance between the given parallel lines is

. -1
Find the shortest distance between the lines d > = = and

-5
= z—s— Also obtain the equation of the line of the shortest distance.

Sol. (i) The two given lines are x;l =2 ; 2_2 ;3 =r, (say) ®

_9 4 - ..
cand X2 o xT4 223 =7, (say) _ (ii)

3 4 5
Any point on (i) is given by P (2r + 1, 3r +2, 4r +3)
And any point on (ii) is given by Q (Br,+2,4r,+4,5r,+5)
Direction ratios of PQ are given by 3r, ~2r, + 1, 4r, —3r, + 2 and 5r, —4r, +2
Since PQ is perpendicular to (i), we get
2@r,-2r +1)+ 3(4r,-3r +2)+4 (5r,=4r, +2)=0
or 38r,—29r, +16=0 ' v (i)
Also PQ is perpendicular to (ii), we get ‘
3@r,=2r + )+4(4r, =3r + 2) + 5(5r,=4r +2)=0
or50r,~38r, +21=0 v ’ @iv)
Solving (i) and (iv), we obtain r, = ~(1/6), r =(1/3).

: 0 2 )
Therefore, coordinates of P and Q are (g, 3, ?) and (%, 1?, —65—), respectively.

o (3_SY (10 LV (25 13 (1Y (1} (1} 1
Th“S’PQ‘(z 3) +(3 3) +(6 3) ‘( 6) +(3J +( 6) ~ %
L
7

The equation of the line of the shortest distance is given by

x=(5/3) _y-3  z2-(3/3)
(3/2)=(5/3) ~ (10/3)-3 ~ (25/6)-(13/3)

= PQ =

x—(5/3)  y=3 z-(13/3)

-(1/6) — 1/3) " —(1/6)

x=(5/3) _y-3 z-(013/3)
I
Alternative method for finding the shortest distance:

Line (i) is passing through the point (x»¥,,z,)=(1,2,3) and is parallel to vector
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ai+bh j+ck=2i+3)+4k.

Line (ii) is passing through the point (x,, ,, z,) =(2, 4, 5) and is parallel to the vector
a2§+b2}'+c21253§+4}'+512.

Hence the shortest distance between the lines using the formula

X=X V=Y L% 2-1 4-2 5-3
q, b, C 2 3 4
" a, b, I s 3 4 5 _ 1
PGk PRl e
a b ¢ 2 3 4
a, b, ¢ 3 45

e kL] Determine whether the following pair of lines intersect or not.
i r=i-jHAQivkyr=2i—j+uG+j—k)
i, r=i+j—k+AQGi-j)yr=4i —k+u2i+3k)

- A -

Sol. i. Here a1=i—3', a2:2;—}', l;:=2/i\+12 and I;2=§+}'—12

2-1 -1+1 O
Now [a, —a, b b]=| 2 0 1
1 1 -1
1 00
=12 0 1
11 -1
=-1#0

Thus, the two given lines do not intersect.
li. Here a, =i+ -k, a,=4i—k, b =3i—j and b, =27 + 3k
4-1 0-1 -1+1
= [a, —a, b bl=| 3 -1 0

2 0 3
3 -10

=13 -1 0|=0
2 0 3

Thus, the two given lines intersect. Let us obtain the point of intersection of the two given lines.
- . .
For some values of A and y, the two values of » must coincide.

Thus, {+ j—k+A(3i— j) = 4i -k + u (27 +3k)
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2@+2u-30i+(A~1) j+3uk=0
= 3+2u-34=0,A-1=0,3u=0
Solving, we obtain A= 1 and y =0

Therefore, the point of intersection is r= 4i -k (by putting i = 0 in the second equation).

Emmple3 27 Find the shortest distance between lines r = (1 + 2] + k) + /'L(Zt + _] + 2k) and

r—Zz—J k+ﬂ(21+]+2k) oo I, _
Sol. Here lines (i) ane (ii) are passing through the points @, =i +2 j+k and a, = 2i — j —k, respectively,
and are parallel to the vector b=2i + j + 2k.

Hence, the distance between the lines using the formula

[

2 1 2
Ibx@-ayl_ ' 7 A 14i-6j-7k1  Vi6+36+49 _Ji0T
R 3 3 3 3

MR iz - If the straight lines x =—1+5, y=3 —As,z=1+Asandx= =,y =1+£,z=2 —f, with
T parameters s and ¢, respectively, are coplanar, then find A.

Sol. The given lines x;—l =2 ;3 -l = s and

0 ) 0+1 1-3 2-1
=0 _yzl_»y- =tarecoplanarif | 1 -4 A1 |=0
1/2 1 -1

/2 1 -1
1 2 1
1 -2 A;=0
/2 1 -]
=>1().—l)+2(—1—&)+1(1+1)=0
2 2

=>A=-2

29 Find the equation of a line which passes through the point (1, 1, 1) and intersects the

-1 -2 z- - 1
x—1_y _z Sandx+2_y 3 _z+

lines = = = .
3 4 1 2 4

Sol. Any line passing through the point (1, 1, 1) is > -1 = ®

y—-2 z-3
3 4

e . x—
This line intersects the line =
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1-1 2-1 3-1
Ifa:b:c#2:3:4and | a b c [=0

2 3 4
= a-2b+c=0 (i)
Again, line (i) intersects line *—(=2) =2 ;3 =z _i_l) .

-2-1 3-1 -1-1
Ifa:b:c#1:2:4and| a b ¢ (=0

1 2 4
= 6a+5b—-4c=0 (1ii)
From (ii) and (iii) by cross multiplication, we have a - b —
85 6+4 5+12

a b c
:> —_— O m———= —

3 10 17
So, the required line is x-1 = y-1 =2 !

3 10 17

| Concept Application Exercise 3.2 |

Find the point where line which passes through point (1, 2, 3) and is parallel to line
r=i—j+2k+A@{i—-2j+3k) meets the xy-plane.

Find the equation of the line passing thrdugh the points (1, 2, 3) and (- 1, 0, 4).

Find the equation of the line passing through the point (2, -1, —1) and parallel to the line
—6x-2=3y+1=2z7-2.

Find the equation of the line passing through the point (-1, 2, 3) and perpendicular to the lines

f_y—1=z+2 a

nd x+3=y+3=z—1_
2 -3 -2 -1 2 3

. . . . . . -1 -2 z-3
Find the equation of the line passing through the intersection of x2 =2 =z and

-4 -1
XT = yT =z and also through the point (2, 1, ~2).
x=3 y-2 z-1
The straight li = = i
he straight line 3 1 o is

a. parallel to the x-axis b. parallel to the y-axis

¢. parallel to the z-axis d. perpendicular to the z-axis

Find the angle between the lines 2x = 3y = —z and 6x = -y = 4z,

“If the lines x=1_y=2_ Z_'3and x—1_y-5_z=6
3 2% 2 3% 1 -5

are at right angle, then find the value of k.
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9. The equations of motion of a rocket are x = 2¢, y = — 4t and z = 4¢, where time ¢ is given in seconds, and
the coordinates of a moving point in kilometres. What is the path of the rocket? At what distance will

be the rocket from the starting point 0(0, 0, 0) in 10?
10. Find the length of the perpendicular drawn from the point (5, 4, ~1) to the line

r=1+AQ1+9+5k), where Ais a parameter.
x—=6_y-7_z-7
2 =2

11.  Find the image of point (1, 2, 3) in the line

12. Find the shortest distance between the lines r = (1-A) 7 + A-2)7 + (3-2A) k and
r = (u+1)§ + (2,u—1)}' - (2p+1)12.

—1:y+1=z—1 and x—3:y—k
3 4 1 2

13. If the lines u = % intersect, then find the value of k.

PLANE

A plane is a surface such that if any two points are taken on it, the line segment joining them lies completely on
the surface.
A plane is determined uniquely if:

i. The normal to the plane and its distance from the origin is given, i.e., the equation of a plane in-normal
form.
ii. It passes through a point and is perpendicular to a given direction.

ii. It passes through three given non-collinear points.
Equation of a Plane in Normal Form

Consider a plane whose perpendicular distance from the origin is d (d # 0). If 5} is the normal from the origin
to the plane, and 7 is the unit normal vector along ON, then ON =d n. Let P be any point on the plane.
Therefore, NP is perpendicular to ON.

o
@ %
& L
N
PO E
Fig. 3.14
Therefore, NP -ON =0 @)

Let 7 be the position vector of the point P. Then NP=7—dn (as ON + NP = oP )
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Therefore, (i) becomes

(F—dn)dn =0

= (r—dn)n =0(d =0)

= (r-n)-dn-n=0

= r-n=dasn-n=1) - (ii)
This is the vector form of the equation of the plane.

Cartesian form

Equation (ii) gives the vector equation of a plane, where n is the unit vector normal to the plane. Let P (x, y, z)
be any point on the plane. Then

ﬁ = 7= x§+y}+zh
Let I, m and » be the direction cosines of h
Then n = l/i\+m3'+nh
Therefore, (ii) gives
(x§+ y}'+ zh)-(l§+m}'+nh)=d
orix+my+nz=d (3ii)
This is the Cartesian equation of the plane in the normal form.
- Note: Equation: (iii) shows that if - (a'z} +b 3 + cl:t) = d is the vector equatioh of a plane, then

: ax + by tez=dis “the Carteszan equation of the plane where a, b and c are the direction ratios of the

‘ normal 10 the plane

4 ) .
Example3.30 RILTURI equation of plane which is at a distance E from the origin and is nermal to

vector 2i + }'—3;:: .
2i+7-3k _ 2i+j-3k

Sol. Here n=2i+ ] 3k . Then — — = =
inl 2P J14

Hence required equation of plane i 1s r- \/_ (21 + ] 3k) T

or r- (22 + } - 3h) =x1 (vector form)
or 2x+y-3z=z=l (cartesian form)

- A A A
&J1° Find the unit vector perpendicular to the plane r - (2i + j+ 2k)=5.

- A ~ ~
Sol. Vector normal to the plane is n=2i+ i+ 2k
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, n 242k 1 s e s
Hence unit vector perpendicular to the plane is — = ———J T2 __ 5(21 + j+2k)

Il 22412422

Sol. The plane can be put in vector form as r - (2i — } ~2k)=9 where r=2i— } ~2k.
Here ;= 2i- }'— 2%
n o 2i - } -2k
In) 3
Dividing equation throughout by 3, we have equation of plane in normal form as
. (2i— j—2k)
' 3

33 Find the vector equation of a line passing through 37— 5}' +7 ]2 and perpendicular to

=3, in which 3 is the distance of the plane from the origin.

the plane 3x 4y + 57 =8.
Sol. The given plane 3x —4y + 5z =8 or (3; - 4}' + 5/2) . (x? + y}'+ z/Ac) =8.
This shows that d=37i- 4}' + S_IAc is normal to the given plane.
Therefore, the required line is péralle] to 37 — 4}' +5k.
Since the required line passes through 37— 5}' +7k , its equation is given by

F=3i-57+7k+A(37 -4 +5%), where Ais a parameter.

Vector Equation of a Plane Passing through a Given Point and Normal to a Given
Vector

.
n
>
PO
g
4@
Fig. 3.15

>
Suppose the plane passes through a point having position vector ¢ and is normal to vector 7 .
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Then for any position of point P (7 ) on the plane, AP Ln
= AP-n =0
= (r-a)n=0 (-AP=r-a)

Hence the required equation of the plane is (? - Z) n=0.

Note: ... .

The dbove equation can be written as ron o= d, where d = an (known as scalar product form"of

‘plane). ' ' , B ’ .

The equatzon r Z d is in normal form if n is a unit vector and d is the distance of the plane from the

origin. If n is not g unit vector, then we reduce the equation r n d to the normal form by dividing
N

bothszdesbylnl wegetTn=—q—=>7 n= L3

=p (distanbe from the origin). . -
int  Inl ' :

Inl

Cartesian form
If r=x§+y3'+zl§,a=xl?+y,}'+zlfc and n=a§+b3’+cl€,then

Fea)=(x—x)i+(y-y)i+(z-2)k

Then equation of the plane can be written as

(x=x)i+(y—y) j+(z=2)k)-(ai+bj+ck)=0
=ax-x)+b@y-y)+c(z—-z)=0
Thus, the coefficients of x, y and z in the Cartesian equation of a plane are the direction ratios of the

normal to the plane.
. Find the equation of the plane passing through the point (2, 3, 1) having (5, 3, 2) as the
- direction ratios of the normal to the plane.

Sol. The equation of the plane passing through (x, y,, z,) and perpendicular to the line with direction
ratios a, b and c is given by a (x —x)) + b (y — y)+c(z—z)—
Now, since the plane passes through (2, 3, 1) and is perpendicular to the line having direction ratios
(5, 3, 2), the equation of the plane is given by 5 (x ~2) +3(y -3) +2(z—1)=0or 5x + 3y + 2z =21.
B The foot of the perpendicular drawn from the origin to a plane is (12, — 4, 3). Find the
", equation of the plane.

Sol. Since P (12, — 4, 3) is the foot of the perpendicular from the origin to the plane, OP is normal to the
plane. Thus, the direction ratios of normal to the plane are 12, —4 and 3.

Now, since the plane passes through (12, —4, 3), its equation is given by
12(x-12)-4(y+4)+3(z-3)=0
or12x—4y+3z—-169 =0.
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m Find the equation of the plane such that i image of point (1, 2, 3) initis (-1,0,1).

Sol. Since the image of A (1, 2, 3) in the plane isB (-1, 0 1) the plane passes through the midpoint
(0, 1, 2) of AB and is normal to the vector AB = — 27 - 2] 2%

Hence, the equation of the plane is —2 (x - 0) -2 O-1D-2z-2)=0orx+y+z=3
Equation of a Plane Passing through Three Given Points
Cartesian form
Let the plane be passing through points A (x: ¥» 7)), B (x,, 3, 2,) and C (x,, Y3 Z3)-
Let P (x, y, z) be any point on the plane.
Then vectors PA, BAand CA are coplanar.
[PA BA CA]=0

X=X Y= -z
= %2=% Y.~ ¥ 2z,—%| =0, which is the required equation of the plane
H=XH V=N LI
Vector form

Vector form of the equation of the plane passing through three points A, B and C having position vectors
a, band 2, respectively.

Let 7 be the position vector of any point P in the plane.

Hence vectors AP =r—a ﬁ:Z—ZandzTé=_c)—Z are coplanar.

Hence, (r - a) {(b-a)x (¢~ )} =0

= (r-a)-(bxc—bxa—axce+axa) =0

=>(?—2)~(Z><Z+Z><Z+ZXZ)=O

= 7-(3x?+2x3+2x2)—2 (3><2)+Z-(ZXZ)+Z-(Z><Z)
= [rbcl+lrabl+(rcal=[abe]

which is the required equation of the plane.

Notes:

1. Ifp is the length of perpendzcular from the origin on this plane therz p = [a b c]/n where
n—laxb+b><c+c><al 4

. - o - ) ] : —>—-> —.
2.. Four points a, b, cand d are coplanar if d lies on the plane containing a,band ¢,
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ord-laxb+bxc+exal=[abe]
or [dabl+[db cl+[d cal=[a b dl

Find the equation of the plane passing through A (2, 2, 1), B (3,4,2)and C (7, 0, 6).
Also find a unit vector perpendicular to this plane.
Sol. Here (x,y.2)=(2,2,-1), (x,,v,,2,) = (3, 4, 2) and (%5, ¥,,2,)=(7, 0, 6)

Then the equation of the plane is

X=X y -y z-gz x=2 y=-2 z-(-D

BTh By g =00r3-2 4-2 2—(=D)i=0

B—X V=N -y 7-2 0-2 6-(-D

or

5x+2y-3z=17

A normal vector to this plane is d =57 + 2 j—=3k 6]

Therefore, a unit vector normal to (1) is given by

. d _sisdfo3k

n

— = = (5i+27-3k)
IdI \/25+4+9 \/@ J

~ Show that the line of i 1ntersect10n of the planes r (l + 2 Jj+ 3k) 0 and r (31 + 2 Jj+ k)
=0 is equally inclined to z and k Also find the angle it makes with ]

Sol. The line of intersection of the two planes will be perpendicular to the normals to the planes. Hence

itis parallel to the vector (i +2]+3k)x (31 + 2} + k)= (- 47 + 8} - 44,

Now, (—4i+8j—4k).i=—4 and (=47 +8—4%) -k =—4

Hence the line is equally inclined to- 7 and 3
Also, & 4i+8] - 4k)‘A_ f
J16+64+16 NCT

2
If @is the required angle, then cos 8= \g = 8=cos™ \/;

Equatlon of the Plane that Passes through Point A with Position Vector ¢ and is
Parallel to Given Vectors b and c

Vector form

Let 7 be the position vector of any point P in the plane. Then

AP = OP-0A=7-a
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2
—b
.

/A(Z)

PR

Fig. 3.16

Since vectors ¥ —a, b and'_c) are coplanar,
(r—a)(bxc)=0

LT B =a-BxOo B d=aba)
which is the required equation of the plz(ne..

Cartesian form
From (7 —a)-(bx ¢)=0, wehave [r —a b c]

X=X Y=y 7%
=1 x, ¥, z, | =0, which is the required equation of the plane,

X3 V3 )

xd /} /\. A - /\ A N
whereb=x,i+y, j*+ kand c=xi+y, j+2z;k.

Find the vector equation of the following planes in cartesian form:

F =i eadefek) +p (G-274+30).

Sol. The équation of the plane is =i }'+ A (? + }'+ 12) + U (; - 2}' + 312).
Let ;)zx?+y}'+z;<
Hence, the equation is (x? + y}'+ zlAc) —(zA' - }') -——l(? + } +IA<)+;1 (? —2}' +31Ac)
Thus vectors (x? + y} + zIAc) - (? - }'), i+ } + 12, i 2}' +3k are coplanar.

x=1 y—(-1) z-0

Therefore, the equation of the plane is | 1 1 1 |=0o0r5x-2y-3z-7=0

1 -2 3
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Equation of a Plane Passing through a Given Point and Line

. A()
T RQ)

-
— —_—
B(b) i

Fig. 3.17

-

Let the plane pass through a given point A (2) and line 7 = b +Ac.

For any position of point R (;)) on the plane, vectors —AE’) RA and ¢ are coplanar. Then

-

[;) —a b-a Z] =0, which is required equation of the plane.

Prove that the plane 7 - (i + 2 — £)=3 contains the line 7 = } + F+AQT+ j+ak).

Sol.  To show that ?:?+}+/1(21A'+}'+4/2) (1)
lies in the plane 7+ (i +2 7 %)=3, (i)
we must show that each point of (i) lies in (ii). In other words, we must show that ;) in (i) satisfies (ii)
for every value of A.

We have [i + 4+ A (27 + ) +48)]-(G+25 —F)

= (?+})-(?+2}—1€)+/1(2?+}+41€)-(?+2}—1€)
=M M+M@Q+AR) W)+ (1) (2 +4(-1)] =3+ A 0)=3
-Hence line (i) lies in plane (ii).
Find the equation of the plane which is parallel to the lines ?= ;'\+}'+ 1(2?’+}'+4I€) and
x+1_ y-3 z+2
-3 2 1

and is passing through the point (0, 1,-1).

Sol. The plane is parallel to the given lines, which are directed along vectors a= 20+ }'+4/2 and
b=-3i+2j+1k.

iJk
Then the plane is normal to vector a x b=|2 | 4 ':—7?—14j+7k
-3 2 1

Also, the plane passes through the point (0, 1, -1).
Therefore, the equation of the planeis -7 (x-0)-14(y—1)+7 (z+1)=00r7x+ 14y -7z =21
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Intercept Form of a Plane

Let O be the origin and let OX, OY and OZ be the coordinate axes.

Let the plane meet the coordinate axes at the points A, B and C, respectively, such that

OA = a, OB = b and OC = ¢. Then, the coordinates of points are A (a, 0, 0), B (0, b, 0) and C (0, 0, ¢).
Let the equation of the plane be Ax+ By+ Cz+ D=0 1)
Since (i) passes through (g, 0, 0), (0, b, 0) and (0, 0, ¢), we have

Aa+D:0=>A=£, Bb+D=0=B= TD’ Cc+D=O:C=—D
a C

Putting these values in (i), we get the required equation of the plane as

a b ¢
If a plane meets the coordinate axes at A, B and C such that the centroid of the triangle
is (1, 2, 4), then find the equation of the plane.
Sol. Let the plane meet the coordinate axes at A (a, 0, 0), B (0, b, 0),and C (0,0, ¢). Then,
a=3,b=6,c=12.
Y

Hence, the equation of required plane is —;C—+ =+ % =1 or dx+2y+z=12

Equation of a Plane Passing through Two Parallel Lines

Aa)

ARG
2
Cc(c) e

—

Fig. 3.18

Let the plane pass through parallel lines r= 2 + lz and ;) = ? +u Z

As shown in the diagram, for any position of R in the plane, vectors RA , AC and b are coplanar. Then

[? —ac-— Z l—;] = 0, which is the required equation of the plane.

Equation of a Plane Parallel to a Given Plane

The general equation of the plane parallel to the plane ax + by + cz+ d=01is ax + by + cz+ k=0, where k is any

scalar, as normal to both the planes is ai + bj + ck .

Find the equation of the plane passing through (3, 4, —1), which is parallel to the plane
- A A A
r-2i-3j+5k)+7=0.

Sol. The equation of any plane which is parallel to 7 (2 =37+ 512) +7=0is
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2 =37+50)+A=0 0)
or 2x—3y+5z+A=0

Further (i) will pass through (3,4, 1) if 2) @) +(3) @) +5(-)+A=00r-11+4A=0=1=11
Thus equation of the required plane is - (2? - 3}' + 512) +11=0.

ANGLE BETWEEN TWO PLANES

Fig. 3.19
The angle between two planes is defined as the angle between their normals.

Let 8 be the angle between planes 7 Z, =d, and - 172 =d,

- -
n - n,
e
Inlln,l

Condition for Perpendicularity

then cos 6=

If the planes ?r_z), =d, and r- 1: = d, are perpendicular, then n, and 7, are perpendicular. Therefore,

- -

n-n, =0

[S]

Condjtion for Parallelism

If the planes r- ;, =d, and r rz = d, are parallel, there exists the scalar A such that r_z]) =An,.

Cartesian form
If the planesare a x + by +cz+d, =0 andax+ b,y +c,z+d,=0

aa, +bb, +cc,

= cosf = ——
\/a, +b +¢ \/az‘er2 +c;
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b

Condition f lelism: t=a=5=3
ondition for parallelism: o b ¢

2 )

8]

Condition for perpendicularity: a,a, + b b, + ¢ c,=0

- N A A
Find the angle between the planes 2x +y —-2x + 3=0and r - (6i+ 3j+ 2k)=5.

Sol. Normals along the given planes are 2i+ }— 2k and 6i+ 3;’ +2k

Qi+ j-2B)-(6i+3]+2h)
Jor+ 0+ 22 Jor + 3P+ @7 T 21

_Show that ax + by + r =0, by + cz + p = 0 and ¢z + ax + g = 0 are perpendicular to x-y,
y-z and z-x planes, respectively.

Then angle between planes, 6 = cos~

Sol. The planes a x+by+cz+d =0and ax+ b,y + ¢,z +d, =0 are perpendicular to each other if and
onlyifaa, +b b, +cc,=0. ’
The equation of x-y, y-z and z-x planes are z = 0, x = 0 and y = 0, respectively.
Now we have to show that z = 0 is perpendicular to ax + by + r = 0.
It follows immediately, since a (0) + b (0) + (0) (1) =0, other parts can be done similarly.

LINE OF INTERSECTION OF TWO PLANES

- o - o
Let’two non-parallel planes are r-n,=d, and r-n,=d,

/N

3

\

Fig. 3.20

- -
Now line of intersection of planes is perpendicular to vectors #, and n, .

-

5
.. Line of intersection is parallel to vector n,x n, .

If we wish to find the equation of line of intersection of planes a x + by + ¢ z—d =0and ax + b,y +c,z -
d, =0, then we find any point on the line by putting z = 0 (say), then we can find corresponding values of x and
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~ y by solving equations a,x + b,y —d, = 0 and ax + b,y — d, = 0. Thus by fixing the value of z= A, we can find
the corresponding value of x and y in terms of A. After getting x, y and z in terms of A, we can find the equation
of line in symmetric form.
Reduce the equation of line x —y + 2z = 5 and 3x + y + z = 6 in symmetrical form.

or
Find the line of intersection of planesx —y + 2z =5and 3x +y +z=6.

Sol. Givenx—y+27=5,3x+y+2z=6.
Letz= A
Thenx-y=5-2Aand 3x+y=6-A.
Solving these two equations, 4x = 11 =34 and 4y = 4x 20 + 84 = -9 + 5A.
4x—11 _ 4y+9 z-0
-3 5 1

Find the equation of the plane passing through the points (-1, 1, 1) and (1, -1, 1) and
perpendicular to the plane x + 2y + 2z = 5.

The equation of the line is

Sol. The equation of any plane which passes through (-1, 1, 1) is

a(x+D+by-D+cz-1D=0 1)
_This plane will pass through (1, -1, 1) if »

2a-2b=0ora=b (i)
Next, (i) will be perpendicular to x + 2y + 2z =5 if '
a+2b+2c=0 (iii)

Using (ii), we can write (iii) as a +-2a + 2c =0 or c = —3a/2.
-3
Thusa:b:c=a:a: 7 a=2:2:-3

Putting these values in (i), we get 2 (x + 1) +2(y - 1) -3 (z-1)=0

or 2x+ 2y —3z + 3 =0, which is the equation of the required plane.

Alternative method:

The plane is passing through the points A (-1, 1, 1) and B (1, -1, 1).

Let any point on the plane be P (x, y, z).

Then vector AP x AB is perpendicular to vector P+ 2}' +2 IAc, which is normal to the plane

x+2y+2z=5.

x—(-1) y-1 z-1
Hence, the equation of the planeis |1-(-1) —1-1 1-1|=0o0r2x+2y-3z+3=0
' 122

+1 -3 +2 .
Find the equation of the plane containing line ad 3 =7 5 =z 1 and point

(09 79 - 7)-
. oo x+l oy 3 242
Sol. The equation of the plane containing line 3 = = = is
a(x+1D)+b(y~-3)+c(z+2) =0, ()

where —3a+2b+c¢=0 (i)
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This passes through (0, 7, — 7).
Soa+4b-5¢=0. (i)
b c a_b_c

1

From (ii) and (iii), — = —*— = ¢ o 2 _
-14 14 14 "7

So, the required plane isx +y + z = 0.

Find the distance of the point P (3, 8, 2) from the line — (x D= —(y == (Z 2)
measured parallel to the plane 3x + 2y — 27 + 15 = 0.

Sol.

P(3,82)

Fig. 3.21
Let the general point of the line be A (24 + 1, 41 +3,31+2).
Let this point lie on the line such that AP is parallel to the plane
=AP 1 (3i+25-2k)
=3-(2A-2)+2(41-5) 2(34) =
=A=2
Therefore, Ais (5, 11, 8).
PA=\/(5—3)2 4—(11—8)2 +(8-2Y = J4+9+36 =

Find the distance of the point (1, 0, — 3) from the plane x —y —z =9 measured parallel to the

x=2 _y+2 2-6

line 3 " —6

Sol.

4(2,- 2, 6)
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The given planeis x —y ~z=9 ®
- z—-6
The given linc ABis *—2 = yT” s (if)
. . . x—=2 y+2 z—6 .
The equation of the line passing through (1, 0, —3) and parallel to 2 = 3 =g Is
x-1 y-0 z+3 _
2 Ty T "

Coordinate of any point on (iii) may be given as P (2r + 1, 3r, — 6r —3).
If P is the point of the intersection of (i) and (iii), then it must lie on (i). Therefore,
2r+1)-Q@Gr) —~(-6r-3) =9

2r+1-=-3r+6r+3 =9=r=1

Therefore, the coordinates of P are 3, 3, —9.

Distance between Q (1, 0, —§) and P (3,3, -9) =\/(3—1)2-+(3 —O)‘2 +(=9+3)?
. =N4+9+36 =7
ANGLE BETWEEN A LINE AND A PLANE

- A
n
Normal —>| e
Line
0
90 -0 R
Plane
Fig. 3.23

The angle between a line and a plane is the complement of the angle between the line and the normal to the
plane.

If the equation of the line is F=a+Ab and that of the plane is ron=d , then angle 6 between the line

and the normal to the plane is cos 6 = -
[bllnl

So the angle ¢ between the line and the plane is given by 90° — @

- - Z—)
‘n

L o
s$in ¢ = |———=| or ¢=sin" |-5—
[blinl [bllnl
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Line 7 =a +Ab and plane ron=d are perpendicular if b=Anor bxn=0 and parallel if bLlnor
b-n=0.

Find the angle between the line ?=Ii\+ 2;’—-12+A.(g—-3'+12) and the plane
FQi-jrh)=4.

- -
b-n

Sol. We know that if 81is the angle between the lines F=a+Ab and Fon= p,then sin 8=

o
nl

Sl

Therefore, if 81s the angle between y= i+ 2} ) (? - ; + lAc) and 7. (2; - }'+ 12) =4, then

o= fiith.Cizish
o Gehn2iojek]
_ 2+1+1
JIHT+1J4+1+1
4 4
NENGREND
= 8 =sin™' (i)
32

EQUATION OF A PLANE PASSING THROUGH THE LINE OF INTERSECTION OF TWO
PLANES

¢/

= A = A
Let 7, and 7, be two planes with equations r-n, =d and r-n, =d,, respectively. The position vector of any

Fig. 3.24

point on the line of intersection must satisfy both the equations.

5
If ¢ is the position vector of a point on the line, then

- A ’ - A
t-m =dand t-n, =d,
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Therefore, for all real values of A, we have
- A A v .
t-(n+An,)=d +Ad, @
-

Since r is arbitrary, it satisfies for any point on the line.

- - - -
Hence, the equation r - (n, + An,) = d, + Ad, represents a plane 7, which is such that if any vector r

satisfies both the equations 7, and 7,, it also satisfies the equation 7.

Cartesian Form

In Cartesian system, let r_z: =Ai;+B,}'+C,lAc, r;;=A2?+Bz}+CZI;and ?:x?+y}+zlg.
Then (i) becomes
x(A +2AA)+y (B, +AB) +z(C + AC) =d, + Ad,
or (Ax+By+Cz-d)+AAx+By+Cz-d)=0 (i)
which is the required Cartesian form of the equation of the plane passing through the intersection of the given
planes for each value of A. '

Find the plane passing through the intersection of planes 7 (2/i\ - 33’ + 41/2) =1 and

r- (? - }') + 4 = 0 and perpendicular to - (2? - } + I':t) =-8.
Sol. The equation of any plane through the line of intersection of the given planes is
(r-Qi-3j+4k)-10+A{r-G-J)+4) =0
FA(2+A)i-(3+A) j+4k)=1-4A )

If it is perpendicular to 7 - (27 — ] + k) + 8 = 0, then

(Q+A)i—(G+A) j+4k)-Qi—j+k) =0
20+ +B+A)+4=0

a=1
3

Putting A =-11/3 in (i), we obtain the equation of the required plane as 7 (- 5? +2 } + 12/2) =47

. Find the equation of a plane containing the line of intersection of the planesx +y +z —
6 =0 and 2x + 3y + 4z + 5= 0 and passing through (1,1, 1).

Sol. The equation of a plane passing through the line of intersection of the given planes is
(x+y+z-6)+A(2x+3y+4z+5)=0 @
Ifitis passes through (1,1,1),(1+1+1-6)+A(2+3+4+5)=0
-3
14
Putting A= 3/14in (i), we get

= A
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(x+y+z—6)+%(2x+3y+4z+5) =0
20x+23y+26z-69 =0

The planeax + by = 0 is rotated through an angle crabout its line of intersection with the plane

z=0. Show that the equation to the plane in the new position is
ax+by+z \Ja® +b* tan a=0. _
Sol.  Given planes are ax+by=0 @
andz=0 (i)

Therefore, the equation of any plane passing through the line of intersection of planes (i) and (ii) may
be taken as

ax+by+kz=0 . (iii)
The direction cosines of a normal to the plane (iii) are
a b k

, = and,
\/a2+b2+k2 @ +b + K Ja +b2+ i
The direction cosines of a normal to the plane (i) are

a b
\/az + b \/a2 +b?
Since the angle between the planes (i) and (iii) is ¢,

a-a+b-b+k-0 a’ + b
Cos o= = 2 2 3
NP +5 1k Ja? 4> @' +07 +k

= k> cos® a=a (1 - cos’a) + b* (1 —cos?c)

(a2+bz)sin2a —
=>k2=\:>k=iﬂa +b° tan ¢,

cos’ @

Putting this in (iii), we get the equation of the plane as ax + bytz Ja’ +b* tan =0

and O

DISTANCE OF A POINT FROM A PLANE

Vector Form 7 P(a)

~l
S]

I
Q

Fig. 3.25



Three-Dimensional Geometry 3.43

Let (7 n= d) be the given plane and P (Z) be the given point.
Let PM be the length of the perpendicular from P to the plane 7.

Since line PM passes through P(Z) and is parallel to vector 7, which is normal to the plane 7,
the vector equation of line PM is: r=a+ An @

Point M is the intersection of (i) and the given plane 7. Therefore,

(@+An)-n=d

-5 > - =
= a-n+ln-ll'=d
d—(a-n)
=>ﬂ.=_,—
2 - o
, . o : . : - - |d-a-n|>
Putting the value of A in (i), we obtain the position vector of M givenby r = a + — n

PM =PV.of M —PV.of P

d-@n|> -

5
= dad-+ a

-

2
[nt

d—(a-n) >

S
2
Inl

Nw—amal td-@mial_1d-@-n

= PM=I1PM| = -
‘ [nl? lnl? Inl

, which is the required length.

Cartesian Form

Let PM be the length of the perpendicular from a point P (x, y,, z,) to the plane ax + by + cz +d = 0.

Then the equation of PM is XTh Y ;y‘ =4, (let) @
a ¢

The coordinates of any point on this line are (x, +ar, y, + br,z, +cr).

Thus the point coincides with M if and only if it lies on the plane.
ie,a(x +an+b(y, +br)+c(z +cr)+d=0
(ax, + by, + cz, +d)
a’+b*+c?

(i)

Now, PM = (x, +ar—xl)2 +(yl +br—yl)2 +(z, +cr—zl)2
= (a2 +b’ +cz)r2

=Ja’+b +c Irl
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= m‘—(axl +by, +cz, +d)
l 612+bz+c2
_ ax, + by, +cz, +d)l
\/a2 +b*+¢?

Also, if coordinates of M are (%, ¥, 2,), then

L% %Y L,—% __(ax,+byl+czl+d)

a b c a+b*+c?

Image of a Point in a Plane

EP(xlayls Zl)

M(x27 Y2, Z;

——teegt @ w [ - -

O(x3, y3 23)
Fig. 3.26
Here Q is the image of P in the plane.
Therefore M is the midpoint of PQ.
Therefore from (iii)
X+ x Y~y Z,— 2
32 ]—x[= 32 1_y1= 32 I_Z]
a b c
_ lax, +by, +cz+d)
- a+b+¢?
or
HoX_Vmh 53 =—2(ax1+by1+cz,+a')
a b c a’+b*+c?

DISTANCE BETWEEN PARALLEL PLANES

The distance between two parallel planes ax + by + cz + d =0and ax + by + cz + d, = 0is given by

(dz _dl)

Ja't + b+

d=

from (ii)

(iii)
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Proof:
Let P(x,, y,,z,) be point on plane ax + by+cz+d =0
then distance of this point from plane ax + by + cz+d,=01s

de lax, + by, + ¢z, +d,|
\/az+bz+c2

also ax, + by +cz,+d, =0

\d, - d,|

== Jal+b*+c’

Find the length and the foot of the perpendicular from the point (7, 14, 5) to the plane
&x+4y —z = 2.
2(7)+4(14)-(5)-2 _14+56-5-2 _ 63

2+ 4r 412 Ja+i6+1 V21

Let the coordinates of the foot of the perpendicular from the point P (7, 14, 5) be M (c, B. 7.
Then the direction ratios of PM are &t —7, §— 14 and y-5.
Therefore, the direction ratios of the normal to the plane are a—7, B —14 and y-5.

Sol. The required length =

But the direction ratios of normal to the given plane 2x +4y —z=2are 2,4 and — 1.

a-7  B-14 _y-5 _
4 -1

o=2k+7,f=4k+14and y=-k+5. (1)

Hence,

k

Since @, B and ¥ lie on the plane 2x + 4y —z=2,2a+ 45 —y=2
= 2 +2k)+4(14+4k)—-(5-ky=2

=14 +4k+56 + 16k -5+ k=2

= 21k=-63

=>k=-3

Now, putting k= -3 in (i), we get

a=1,8=2,7=8

Hence the foot of the perpendicular is (1, 2, 8)

Find the distance between the parallel planes x + 2y —2z + 1=0and 2x +4y —4z + 5=0.

Sol. We know that the distance between parallel planes ax + by + cz +d, =0 and ax + by + cz+ d,=0is
ld, —d,|

\[az +b2+ ¢



3.46 Vectors & 3D Geometry

5
Therefore, the distance between x + 2y—-2z+1=0andx+2y-27+ 5= Ois

15/2)-11 1

Ji+4+4 2

- Find the image of the line x—1=y~2_z+3

in the plane 3x —3y + 10z —26 = 0.

-1 -3
Sol.
—eo—
A(1,2,-3)
) 7
N Fig. 3.27
x—1 -2 z+3 .
S A ®
-9 -1 -3
3x-3y+10z-26=0 . : (i)
The direction ratios of the line are 9, —1 and -3 and direction ratios of the normal to the given plane

are 3, -3 and 10.
Since 9 - 3 + (=1) (=3) + (=3) 10 = 0 and the point (1, 2, —3) of line (i) does not lie in plane (ii) for
31 -3-2+10.(=3) 26 0, line (i) is parallel to plane (i). Let A’ be the image of
point A (1, 2, -3) in plane (ii). Then the image of the line (i) in the plane (ii) is the line through A”
and parallel to the line (j).

Let point A”be (p, g, r). Then

p=1 _g-2 r+3  (GB1-32)+10 (=3)-26) 1

3 -3 10 9+9+100 2
The point is A (5/2, 1/2, 2)

x=(5/2) _y—(1/2) z-2
9 -1 -3

The equation of line BA “is

EQUATION OF A PLANE BISECTING THE ANGLE BETWEEN TWO PLANES

Given planes are
alx+b]y+clz+dl=0 (@)

ax+by+cz+d=0 - (i)
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Fig. 3.28
Let P (x, y, ) be a point on the plane bisecting the angle between (i) and (ii).
Let PL and PM be the length of the perpendiculars from P to planes (i) and (ii). Therefore,
PL=PM

:>|a1x+b,y+clz+dli_la2x+b2y+czz+d2’
Ja+bi+e || Ja+niec |

ax+by+cz+d, . ax+by+c,z+d,
\/af +b’ +c} \/azz +bl+c?

This is the equation of the plane bisecting the angles between planes (i) and (ii).

Vector form

The equation of the plane bisecting the angle between planes Py ,_1: =d, and P ,;; =d,is

- -5 | - o
rem—=d| |r-n,—d,
| - = -

n n,

Bisector of the Angle Between the Two Planes Containing the Origin

Let the equation of the two planes be
ax+by+cz+d =0 and @
ax+by+cz+d,=0 ' (i)

where d, and d, are positive.
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The equation of the bisector of the angle between the planes (i) and (ii) containing the origin is

ax+by+cz+d, a4x+by+c,z+4d,

\/af+b12+cl2 \/a22+b22+c§

Bisector of the Acute and Obtuse Angles Between Two Planes

Let the two planes be
ax+by+cz+d =0 ()
ax+by+cz+d,=0 (1)
whered ,d,>0

i Xfaa,+bb,+cc,>0,the origin lies in the obtuse angle between the two planes and the equation of

. . ax+by+cz+d a,x+by+c,z+d
the bisector of the obtuse angle is — DA Lo 22 2 z.

\/a12+b12+c,2 ' \/a§+b22+c§

ii. Ifaa,+bb,+cc,<0, the origin lies in the acute angle between the two planes and the equation of
]x+b1y+qz+d a2x+b2y+c2z+d
T rv N Y

Exampleii ) Find the equations of the bisectors of the angles between the planes 2x -y +2z +3 =0
“ER- and 3x — 2y + 6z + 8 = 0 and specify the plane which bisects the acute angle and the
plane which bisects the obtuse angle.

the bisector of the acute angle between the two planes is

Sol. The given planes are 2x —y + 2z + 3=0and 3x—2y + 6z+ 8 =0, where d,,d,>0 and aa,+bb
+cc,=6+2+12>0.

2

ax+by+cz+d  ax+by+cz+d,
\/a,2 +b7 +ct \/a§+b22+c§

(obtuse angle bisector)

ax+by+cz+d _ GXt b,y+c,z+d, (acute angle bisector)
Jai +b2+c? J@ +b2 +¢

2x—y+2z+3 . 3x-2y+6z+8
Ja+i+4 T J9+4+36

ie.,

= (14x —Ty+ 147+ 21)=+(9x -6y + 187+ 24)

Taking the positive sign on the right hand side, we get
Sx—y—-4z-3=0 (obtuse angle bisector)
Taking the negative sign on the right hand side, we get
23x—13y+32z+45=0 (acute angle bisector)
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TWO SIDES OF A PLANE

Letax+by+cz+d=0bethe pléne. Then the points (x, y,, z,) and (x,, y,, z,) lie on the same s_ide or the opposite

ax, +by +cz, +d
ax, +by, +cz, +d

sides as >0 or < 0, respectively.

Proof:
® P(x,y,2)

&R

0055, ¥3, 25)

Fig. 3.29
Here the equation of the plane is ax+ by + cz+d=0. @)

Let (i) divide the line segment joining P and Q at R internally in the ratiom : n.

mx, +nx, my, +ny, mz, + nzl)

ThenR( m+n m+n m+n

R lies on plane (i). Therefore,

a (m.x2+nxl) +h (my2+ny,) te (mzz+nz,) +d=0
m+n m+n m+n
a(mx,+nx)+b(my,+ny)+c(mz,+nz)+d(m+n)=0

m (ax, + by, +cz,+d) +n(ax, +by +cz, +d)=0

m - (ax +by +cz +d) o i
n (ax, + by, +cz, +d)

Now, if ax, + by, + cz, + d and ax, + by, +cz, +d

are of same sign — <0 (external division)
n

are of opposite signs — >0 (internal division)
n
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ax, +by,+cz +d
ax, +by, +cz, +d

>0 (same side)

ax, + by +cz, +d

<0 (opposite side)

ax, +by, +cz, +d

10.

11.

12.

13.

14.

15.:

-1 -1 ]
Find the angle between the line x;—l = y2 = z4 and the plane 2x + y —~ 3z + 4 = 0.
. . . ox+1  y-3 z-2
Find the distance between the line 3 =7 T3 and the plane x+y+z+3=0.

-2 +1
Find the distance of the point (-1, —5, —10) from the point of intersection of the line x.3 = lr

2 and plane x —y +z=5.

Find the equation of a plane which passes through the point (1, 2, 0) and which is perpendicular to
the planesx -y+z-3=0and 2x+y-z+4=0.

Find the equation of the plane passing through the points (1, 0, —1) and (3, 2, 2) and parallel to the

linex—1= =2 = 222,
2 3
- -7 +3 -8 -4 -5
Find the equation of a plane containing the lines ad =2 =Z and = =2 =222
4 -5 7 1 3

. . . Lo x—1 y+2 z .
Find the equation of the plane passing through the straight line 5 =3 5 and perpendicular
totheplane x -y +z+2=0.

. , . . ox-1 y-3 z-4 :
Find the equation of the plane perpendicular to the line =1 =3 and passing through
the origin.

x-1 oyt 2 z-3

Find the equation of the plane passing through the line and point (4, 3, 7).

6 4
Find the angle between the line r = (—l3 + 2} - Z) + A (? —7+ Z) and the normal to the plane
7. Qi-j+k) =4

Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum
distance from the point ( -1, 0, 2). ‘

. N : - .ox—l y+l 22

Find the direction ratios of orthogonal projection of line R R in the plane
x—y+2z—3=0. Also find the direction ratios of the image of the line in the plane.

Find the equation of a plane which is parallel to the plane x — 2y + 2z = 5 and whose distance from the
point (1,2,3)is 1. :

Find the equation of a plane which passes through the point (1, 2, 3) and which is equally inclined to
the planes x ~ 2y + 2z -3=0and 8x—4y+z7-7=0.

Find the equation of the image of the plane x -2y + 2z-3 =0 inthe plane x+ y+ z— 1 =0.
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SPHERES

0
Fig. 3.30

A sphere is the locus of a point which moves in space in such a way that its distance from a fixed point always
remains constant. The fixed point is called the centre and the constant distance is called the radius of the
sphere.

Equation of a Sphere

Let ¢ be the position vector of the centre C of the sphere and a be the radius of the sphere.

Let 7 be the position vector of any point P on the sphere.
Then | CP| =a
But CP = OP-0C=r - ¢
Thus, 7 — ¢l =a
Slr—cl2=g
= (-0 (F-0)=a
Cartesian form

Ifc =c,§ +c2}' + calg and r = xi+ y}'+ zl;,thenr—2=(x—cl)§+(y—c2)}'+(z—c3)lAc

Now, |7 —cl=y(x—c,) +(y— ;)" + (2 — )’

Therefore, the equation is (x — ¢ S+ -c)+(z~-c)=a
= X+y+2-2cx-2¢y~2cz+ ct+ci+cl—a*=0
We usually write this equation as x?+y*+ 72+ 2ux + 2vy + 2wz +d =0 @

Adding #” +v* + w? on both the sides of (i), we can write (x + #)2 + (y + V)2 + (W + 2 =12 + V2 + w2 —d.

This equation represents a sphere with centre at (—u, —v, —w) and radius /u® + v* + w? — d. Note that

we must have u? + 12 + w? —d > 0.
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Thus, (i) represents a sphere with centre at (—u, — v, —w) and radius equal to \/u® + v* + w* — d.

5
In particular, the equation of a sphere with centre at the originis | ¥ | =g or x> + y* + 22 = a%

For a fixed sphere in space, we require four non-coplanar points which form a tetrahedron, or we can say

that every tetrahedron has a unique circumscribed sphere.

Example3'59 Find the equation of a sphere whose centre is (3, 1, 2) and radius is 5.
Sol. The equation of the sphere whose centre is (3, 1, 2) and radius is 5 is
x-3P+@-1P+(z-2)P=52

X4y +26x2y4z-11=0

xab!é 360 - Find the equation of the sphere passing through (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 1).

Sol. Let the equation of the sphere be
X+ 4+ 224+ 2ux +2vy + 2wz +d=0 . @
As (i) passes through (0, 0, 0), (1, 0, 0), (0, 1,0) and (0, 0, 1), we must have d =0, 1 + 2u + d=0
1+2v+d=0and 1+2w+d=0
Since d =0, we get 2u =2v=2w=~1
Thus, the equation of the required sphere is x* + y* + 22 —x —y —z=0

Example kX3l Find the equation of the sphere which passes through (1, 0, 0), (0,1, 0) and (0, 0, 1), and
=~ whose centre lies on the plane 3x —y +z=2.

Sol. Let the equation of the required sphere be x> + y? + 2% + 2ux + 2vy + 2wz + d = 0.
As the sphere passes through (1, 0, 0), (0, 1, 0) and (0, 0, 1), we get
1+2u+d=0,1+2v+d=0and 1 +2w+d=0

d+1
2

Since the centre (—u, —v, —w) lies on the plane 3x -y +z=2, we get —3u+v-w=2

=S U=v=w= —

3 4
= 5 (d+1)=20rd+1=§ ord=

W | =

Thus,u=v=w=-2/3

: 2 2 2 1
Therefore, the equation of the required sphere is x* + y> + 72 — (5) x— (5) y= (5) Z+ 3= 0
or 3 (x2+y2+22)—2(x+y+z)+ 1=

" Find the equation of a sphere which passes through (1, 0, 0) (0, 1, 0) and (0, 0, 1), and has
' radius as small as possible.
Sol. Let the equation of the required sphere be x + y* + z2 + 2ux + 2vy + 2wz + d=0 @
As the sphere passes through (1, 0, 0), (0, 1, 0) and (0, 0, 1), we get
14+2u+d=0,1+2v+d=0and 1 +2w+d=0
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= u=v=w=—%(d+1)

If R is the radius of the sphere, then R2 = 4? + V2 + w? —d

3
=>R'2=Z d+1)-

[d2+2d+1—id:|
3
[d2+ d+l]
3
( 2
= d+1)+1—l
4 3 9
r 2
(d+1 +§
39

The last equation shows that R (and thus R) will be the least if and onlyifd=-1/3.

J:Im Alw

| w

Alw

Therefore,u=v=w=_l (1_1)=_1
2 3 3

Hence, the equation of the required sphere is x* + y? + 72 —% x+y+2) —% =0

or3(x*+y*+7) -2(x+y+2) ~1=0

an mple ; 638 - Find the locus of a point which moves such that the sum of the squares of its distance from
g the points A (1, 2, 3),B(2,-3,5)and C (0,7,4) is 120.

Sol.

Let P (x, ¥, z) be any point on the locus. Then PA2 + PB? + PC? = 120

= =1+ =20+ (2=32+ (x 22+ (7 + 32+ (25 + (x —0)* + (y~ T+ (2 -4y2=120
3x2+3y% + 32 6x —12y — 247+ 117 =120

Bty -2x—4y-8z-1=0 :

This represents a sphere with centre at (1, 2, 4) and radius equal to 1/12 +224+4°+1 =422

Diameter Form of the Equation of a Sphere

Let AB be the diameter of a sphere whose centre is C Let the vectors of the extremeties A and B of the diameter

be 2 and b respectively. Let P be any point on this sphere. Suppose the position vector of P is 7. We know
that the angle in a hemisphere is a right angle.
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Thus, ZAPB=m/2

4B BF =0

But AP = r—a and BP=r—b

Thus, (i) can be written as (" - )(V - b) =0
This is the required equation of the sphere.

Cartesian form

a=xi+yj+tykb = x2§+y23'+ZZIAcand? —xityj+zk
Then 7 - a =(x—x) §+(y*yl)}'+(z—zl)f<
P b= G ity ite-n)k

Thus, (7 —a)-(r —b) =0 gives
(x—x)(x—x)+(=y) -y +(@-z)(z-z2,) =0

Example 3.64 Find the equation of the sphere described on the joint of points A and B having position
ST vectors 27 4 63’ — 7k and -2} + 43’ - 3]’2, respectively, as the diameter. Find the centre
and the radius of the sphere.

-

Sol. If point P with positive vector r = xi+ y}' + zIAc is any point on the sphere, then

"AP-BP =0

=D (x+D+G -6 (-4 +@+T)(z+3)=0
= (2 —4) + (% — 10y +24) + (22 + 107 +21) =0
>R+ +2—10y+10z+41=0

The centre of this sphere is (0, 5, —5) and its radius is {/5° + (—5)2 —41 = 9 =3



Three-Dimensional Geometry 3.55

Find the radius of the circular section in which the sphere I? |= 5 is cut by the plane
roG+j+h) =343

Let A be the foot of the perpendicular from the centre O to the plane

Fo(i+j+k) =343 =0

Sol.

Fig. 3.32

\O (l+]+k 3\/—| 3\/—

17+ 7+EklI

Then | OAl =

. =3 (Perpendicular distance of a point from the plane)

If P is any point on the circle, then P lies on the plane as well as on the sphere. Therefore,
OP = radius of the sphere = 5

Now AP*=0P? - 0A?=5?-32=16 = AP=4

Show that the plane 2x —2y + z + 12 = 0 touches the sphere x* + y* +z2 —2x —dy + 2z —3=0.

Sol.

The given plane will touch the given sphere if the perpendicular distance from the centre of the

sphere to'the plane is equal to the radius of the sphere. The centre of the given sphere x> + y* + 72 —

2x~4y+2z-3=0is (1, 2, 1) and its radius is \/12 +2° +(_1)2 _(_3) =3,

Length of the perpendicular from (1, 2, 1) to the plane 2x -2y +z+ 12=01s

2(1)-2(2)+(-1)+12 29,

V27 + (=2) + 12 3

Thus, the given plane touches the given sphere.

A variable plane passes through a fixed point (a, b, ¢) and cuts the coordinate axes at points

a b [
A, B and C. Show that the locus of the centre of the sphere OABCis — + ; + P 2.

Let (o, B, 7) be any point on the locus. Then according to the given condition, (¢, 8, 7) is the centre
of the sphere through the origin. Therefore, its equation is given by

(x=0)*+ (P +(z—1=(0-a) +(0-p)* +(0
X+y+2-20x2By-2yz=0

Sol.
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To obtain its point of intersection with the x-axis, we put y = 0 and z = 0, so that
¥ 20x=0=x(x-20)=0=>x=00rx=2c

Thus the plane meets x-axis at O (0, 0, 0) and A (2¢, 0, 0). Similarly, it meets y-axis at O (0, 0, 0) and
B (0,2p,0), and z-axis at O (0, 0, 0) and C (0, 0, 29.

The equation of the plane through A, B and C is

y Z .
— + =— +— =1 (intercept form
20 28 2 ( P )

Since it passes through (a, b, ¢), we get

a

b
_— — —C~=10r + =+ —=2
2a 28 2y

Rls

<
14

™|

. b
Hence, locus of (&, 8, 9) is £'+ 2:8 29
y z

Example 3.68 A sphere of constant radius & passes through the origin and meets the axes at A, B and C.

Sol.

* Prove that the centroid of triangle ABC lies on the sphere 9 (x2 + y? + z2) = 4k,
Let the equation of any sphere passing through the origin and having radius k be
P+ +2+2ux+2vy+ 2wz =0 ®
As the radius of the sphere is k, we get
W+ v+ wr=k? (i)

Note that (i) meets the x-axis at O (0, 0, 0) and A (- 2u, 0, 0); y-axis at O (0, 0, 0) and B (0, —2v, 0);
and z-axis at O (0, 0, 0) and C (0, 0, —2w).

Let the centroid of the triangle ABC be («, 3, 7). Then

2u v 2w 3 38 3v
Putting this in (ii), we get
(ﬁa)z S3e) L (23, .
> +1 3 + 27 =k
4
= a2+ﬁ2+7?=§k2

4
This shows that the centroid of triangle ABC lies on x* + y? + 72 = —9- k?
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Concept Application Exercise 3.4

Find the plane of the intersection of x* + 2 + 22 + 2x + 2y +2z+2=0and 4x* + 4y* + 42% + 4x + 4y
+4z-1=0.

Find the radius of the circular section of the sphere | : | =5 by the plane . (7 +2 3 - z) =4 ﬁ
A point P (x, y, z) is such that 3P4 = 2PB, where A and B are the points (1, 3, 4) and (1, -2, —1),
respectively. Find the equation to the locus of the point P and verify that the locus is a sphere.

The extremities of a diameter of a sphere lie on the positive y- and positive z-axes at distances 2 and
4, respectively. Show that the sphere passes through the origin and find the radius of the sphere.

A plane passes through a fixed point (a, b, c). Show that the locus of the foot of the perpendicular to
it from the origin is the sphere x* + 32 + 22 — ax — by —c¢z=0.

Exerxcises

Subjective Type SR - P S Solutions on page 3.79

1

If variable lines in two adjacent positions have direction cosines /, m and n and (+ 8, m + om),
(n + dn), show that the small angle 60 between the two positions is given by (86)? = (8 + (6m)* +
(6n).

Find the equation of the plane containing 1he line %+ . 1, x =0, and parallel to the line Xz 1,

¢ a c
y=0.
A variable plane passes through a fixed point (¢, 3, 1) and meets the axes at A, B and C. Show that the
locus of the point of intersection of the planes through A, B and C parallel to the coordinate planes is
ox '+ Byl 4yt =1,

Show that the straight lines whose direction cosines are given by the equations al + bm + cn = 0 and
ul® + vm?> + wn? = 0 are parallel or perpendicular as
2 2 2
—+—+—=00r (v + w) + b*w + u) + cX(u + v) = 0.
U (] w

Find the perpendicular distance of a corner of a cube of unit side length from a diagonal not

passing through it.

A point P moves on a plane £+%+ fo1.A plane through P and perpendicular to OP meets the
a c

coordinate axes at A, B and C. If the planes through A, B and C parallel to the planesx=0,y =0and
z =0, respectively, intersect at Q, find the locus of 0.

If the planes x —cy — bz =0, cx—y + az = 0 and bx + ay —z =0 pass through a straight line, then
find the value of a® + b + ¢2 + 2abc.

P is a point and PM and PN are the perpendiculars from P to z-x and x-y planes. If OP makes angles
6, a, Band y with the plane OMN and the x-y, y-z and z-x planes, respectively, then prove that cosec?
6 = cosec® o+ cosec® B+ cosec? y.
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10.

11.

12.

13.

14.

1s.

16.
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A variable plane [x + my + nz = p (where [, m, n are direction cosines of normal) intersects the
coordinate axes at points A, B and C, respectively. Show that the foot of the normal on the plane from
the origin is the orthocentre of triangle ABC and hence find the coordinates of the circumcentre of
triangle ABC.

Letx—ysin o—zsin B=0,x sin o+ zsin y —y=0and x sin S+ y sin ¥ — z = 0 be the equations of the
planes such that & + 8 + y= /2 (where o,  and y # 0). Then show that there is a common line of
intersection of the three given planes.

Let a plane ax + by + cz + 1 =0, where a, b and c are parameters, make an angle 60° with the line
x =y =z, 45° with the line x =y — z = 0 and 6 with the plane x = 0. The distance of the plane from
point (2, 1, 1) is 3 units. Find the value of §and the equation of the plane.

2 2 2
Prove that for all values of A and u, the planes <X + % + cz_ 1+ l(i - ~bl _E ’7) =0 and
a ¢

3y

a b
OA, OB and OC, with O as the origin, are three mutually perpendicular lines whose direction cosines
and, m andn_(r=1,2and 3). If the projections of OA and OB on the plane z = 0 make angles ¢,

and ¢,, respectively, with the x-axis, prove that tan (¢, —¢,) =*n,/nn,.

Sy 4
5+ ,u(% 2t 3) =0 intersect on the same line.
. ¢

O is the origin and lines OA, OB and OC have direction cosines [ ,m andn _(r=1, 2 and 3). If lines
OA’, OB’ and OC’ bisect angles BOC, COA and AOB, respectively, prove that planes AQOA’, BOB and

Yy _ Z

COC’ pass through the line = = .
L+L+l, m+m+m m+n,+n,

If P be any point on the plane Ix +my + nz = p and Q be a point on the line OP such that OP-0OQ =p’,
then find the locus of the point Q.

If a variable plane forms a tetrahedron of constant volume 64&> with the coordinate planes, find the

locus of the centroid of the tetrahedron.

Objective Type : o ‘ | ,‘ f ‘»Sbluti:b,r‘isQnipagej’.SQ'

Each question has four choicesa, b, c and d, out of which only one answer is correct. Find the correct answer.

1.

2.

In a three-dimensional xyz space, the equation x* — 5x + 6 = O represents
a. points b. planes

¢. curves d. pair of straight lines
x=2 y+1 z-1
2 -1

The line

intersects the curve xy = ¢?, z=01if c is equal to

a. =*1 b. *+1/3 ¢ t./5 d. none of these
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x+3 y—-4 z+5
3
a. the line is parallel to the plane b. the line is perpendicular to the plane

3. Letthe equations of aline and a plane be and 4x ~ 2y —z =1, respectively, then

c. the line lies in the plane d. none of these

4. The length of the perpendicular from the origin to the plane passing through the point 2 and containing
the line 7 = Z+ ),z 1s

e e ]

[abc] [ab c]
a. 5 S5 5 - 5 o b. e T
laxb+bxc+cxal faxb+bxcl

- = > e i )

{abc] lab c]
& S5 S5 d ——S——F—7
lbxXc+cXal texa+axb!

5. The distance of point A (=2, 3, 1) from the line PQ through P (-3, 5, 2), which makes equal angles with
the axes is

a. /3 b. Ji4/3 ¢ 16/43 d 5/3

6. The Cartesian equation of the plane r:(1+/”t—u);+(2—),)}'+(3—2/1+2/.t)l; is
a. 2x+y=5 b. 2x-y=5 c. 2x+z=5 d. 2x-z=5

7. A unit vector parallel to the intersection of the planes 7 (? - } + IQ) =5and r- (2; + } - 3/2) =4is
2i+5)-3k 2i-57+3k ~2i-5j -3k —2i+5) -3k
—_ b, 22 -/7°% c. ——<J - d =7 ==

\38 J3g . - /38 V38

8. Let L, be the line ';1)=2;+}'—IA<+/”L(§+21A<) and let L, be the line r2=3§+3'+u(;+;'—f<).
Let @ be the plane which contains the line L, and is parallel to L,. The distance of the plane 7 from the

origin is
a. 2/7 b. 1/7 c. 6 d. none
9. For the line x-1 =2 ; 2 =2 =3 , which one of the following is incorrect?
a. itliesinthe planex—2y+2z=0 b. itis same as line 2=2= %
c. it passes through (2, 3, 5) d itis parallel to the plane x — 2y + z—6=0

10. The value of m for which straight line 3x — 2y + z+ 3=0=4x -3y + 4z + | is parallel to the plane
2x—y+mz-2=0is
a. 2 b. 8 c. —18 d. 11

11. The intercept made by the plane ron= g on the x-axis is

~>
S
~ >
S
S

a. q b.

C.
A
i-

- - i

S
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12. Equation of a line in the plane 77 = 2x - y+2z—4=0which is perpendicular to the line  whose equation

x=2 y-2 z-3

is and which passes through the point of intersection of [ and 7 is

l -1 -2
a x—2:y—1:z—1 b. x—1=y—3=z—5
1 5 0 1 3 5 -1
x+2 _y+1_ z+1 d x=2 y-1 z-1
2 -1 1 2 -1 1
13. If the foot of the perpendicular from the origin to a plane is P (a, b, ¢),.the equation of the plane is
a. £+X+£=3 b. ax+by+cz=3
a b ¢
C. ax+by+cz=a>+ b+ c? d. ax+by+cz=a+b+c

-1 -2 z-3
14. The equation of a plane which passes through the point of interseciion of lines x3 S AL

x-3_ y~-1 z-2
1 2

a  4x+3y+5z=25 b 4x+3y=57=50 ¢ 3x+4y+5z=49 d x+7y-5z=2

and

and at greatest distance from point-(0, 0, 0) is

15. Let A (Z) and B (Z) be pc;ints on two skew lines 7: 2 +2 ; and 7 = Z + u:]) and the shortest
distance between the skew lines is 1, where ;and 3 are unit vectors forming adjacent sides of a
parallelogram enclosing an area of % units. If an angle between AB and the line of shortest distance
is 60°, then AB =

: .
a 3 h 2 c 1 . d Ae R-{0}

16. LetA(1,1,1),B(2,3,5andC (=1, 0, 2) be three points, then equation of a plane parallel to the plane
ABC which is at distance 2 is

a 2x-3y+z+2.14 =0 b 2x~3y+z- /14 =0
€ 2x-3y+z+2=0 ' d 2x-3y+z-2=0

X—-2 y+3 z+5
2 2
a (3,-5,-3) h (4,-7,-9) e (0,2,-1 d (3,53

18. The coordinates of the foot of the perpendicular drawn from the origin to the line joining the points
(-9,4,5)and (10, 0,-1) will be

a (3,2, b (1,2,2) c. (4,5,3) d none of these

17. The point on the line at a distance of 6 from the point (2, — 3, - 5) is

19. IfP.: ?r_z: -d,=0,P,: ?,{; -d,=0and P, : ;),;; -d, = 0 are three planes and ’Z)’Z and;;; are
three non-coplanar vectors, then three lines P =0, P,=0; P, =0, P.=0and P3 =0, P =0are

a. parallel lines b. coplanar lines ¢. coincident lines d concurrent lines
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The length of projection of the line segment joining the points (1, 0, — 1) and (-1, 2, 2) on the plane x
+3y-5z=46,1s equal to

a 2 N i ¢ |72 R il
53 31 35

The number of planes that are equidistant from four non-coplanar points is

a 3 h 4 c 7 d 9

In a three dimensional co-ordinate system, P, Q and R are images of a point A (a, b, ¢) in the x-y,
¥-z and z-x planes, respectively. If G is the centroid of triangle PQR, then area of triangle AOG is (O is
the origin)

a 0 b a?+b+c? c. z(a2 +b* + ¢?)d. none of these

A plane passing through (1, 1, 1) cuts positive direction of co-ordinate axes at A, B and C, then the
volume of tetrahedron OABC satisfies

SR

9 9
a V< b VZE c. V= d. none of these

2
Iflinesx=y=zandx= % = g , and third line passing through (1, 1, 1) form a triangle of area \/—6— units,

then point of intersection of third line with second line will be

a (1,2,3) h (2,4,6) c (%’%’%) d none of these

The point of intersection of the line passing through (0, 0, 1) and intersecting the lines x + 2y + z=1,
—x+y-2z=2andx+y=2,x+z=2 with xy plane is

5 1 51
a. (—,——,O) h (1,1,0) c. z,—l,oj d (——,—,0)
33 373 33
Shortest distance between the lines x1—1= 4 1_1 = 2;1 and x;2= b4 1_3= 2% s equal to
a 14 b /7 ¢ 2 d none of these
Distance of point P (;) from the plane 7;= 0 is
a. |;.,_{| . h lpxnl c. li_)—n—l d none of these
|n| N [nl
The reﬂectlon of the point a inthe plane r-n =gqis )
a. a+w : hoa+2|dzen s
inl Inf
c. Z+MZ d none of these
int
Line r =a+Ab willnotmeettheplane?-Z=q,if
a b-on=0an=g b-n0,a-n#gq
c. Z ;1) O,a n;tq b Z¢0,2-2=q
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4
If a line makes an angle of 7 with the positive direction of each of x-axis and y-axis, then the angle

that the line makes with the positive direction of the z-axis is

a T h X e a Z
3 4 2
The ratio in which the plane 7 - (i —2 ] +3%) = 17 divides the line joining the points—2 7 + 4 +7%

and3 { -5 +8F is

a. 1:5 b. 1:10 c. 3:5 d. 3:10
The image of the point (—1, 3, 4) in the plane x -~ 2y = 0 is

(—5 D 4) h (15,114 (—1—7 —Ql) a(2-B4
a 33 (15,11,4) C. 3730 PR

The distance between the line: ? = 2? - 2}‘ +3k+ A (f — }'.;_ 4];) and the plane 7 . (? + 53‘ + ]2) =51is
10 n 10 e 10 a 2
343 9 3 10

Let L be the line of intersection of the planes 2x + 3y +z =1 and x + Jy+2z=2.

If L makes an angle o with the positive x-axis, then cos o equals

1
b 1 ¢ —F= d

V2

a.

-

1
2

x=6_ y-7 z-17.

The length of the perpendicular drawn from (1, 2, 3) to the line is

2 -2
a 4 h 5 c 6 d 7
If angle O between the line Xl y2—1 _x22 and the plane 2x -y + /3 z+4 =0 is such that sin
1
0= 3 the value of A 1s
a =3 h. > c. -4 a3
5 3 3 4

The intersection of the spheres x?+ y?+ 22+ Tx -2y —z= 13 and x? + y2 + 22— 3x + 3y + 4z =38is the same
as the intersection of one of the spheres and the plane

a x—-y-z=1 h x-2y-z=1 c x—-y-—-2z=1 d 2x—-y-z=1

A plane makes intercepts OA, OB and OC whose measurements are b and ¢ on the 0X, OY and OZ
axes. The area of triangle ABC is

. 1 1
a. > (ab + bc + ca) b. Eabc (a+b+c¢)
1 1
c. > (@ + b*c? + ca?)'? d. > (a+b+c)
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A line makes an angle with each of the x- and z-axes. If the angle B, which it makes with y-axis, is such
that sin? 8= 3 sin? 6, then cos? 6 equals

a. 2 b. 1 c. 3 d. 2
3 5 5 5

The shortest distance from the plane 12x + y + 3z = 327 to the sphere x> + y* + 22 + 4x - 2y — 62 = 155 is
a 3 h 26 c. 41 It} d 13

A tetrahedron has vertices O (0,0,0), A(1,2,1),B(2,1,3)and C (-1, 1, 2), then angle between faces
OAB and ABC will be:

17 19
a cos' | b 30° c. o d cos'| =
31 35

The radius of the circle in which the sphere x* + y* + 72 + 2z — 2y — 4z — 19 =0 is cut by the plane x + 2y
+2z+7=0is
a 2 h 3 c. 4 d 1
The lines: x=2_y-3_z-4 and X1_Y74_2°5 are coplanar if:
1 -~k k 2
a k=lor-1 h k=0o0r-3 ¢. k=3o0r-3 d k=0or-1
The point of intersection of. the lines x5 = y—7 = 22 and x+3 = y=3 = 26 is
3 -1 1 -36 2 4

510

a. 21, - 33 b (2,10,4) c. (-3,3,6) d (5,7,-2)

Two systems of rectangular axes have the same origin. If a plane cuts them at distance a, b, ¢ and &’
b’, ¢’ from the origin, then:

1 1 1 1 1 1 1 1 1 1 1 1

& grgtat ot oyt —y=0 b - mt =0
1 1 1 1 1 l 1 1 1 1 1 1

¢ —tS+=-—~-—-—=0 d s+S+5+—F+—F75+—5=0
aZ b?_ cl a/Z b/l C12 2 2 G ’ b/2 C/Z

. . . x=-3 y-6 z-4.
The plane, which passes through the point (3, 2, 0) and the line n = 5 = 2 is:
a x—-y+z=1 b x+y+z=5 ¢ x+2y-z=1 d 2x—y+z=5

The direction ratios of a normal to the plane through (1, 0, 0) and (0, 1, 0), which makes an angle of

% with the plane x + y = 3 are

a. <1,2,1> b. <1,1, 2 > c. <1,1,2> d. <\2,1,1>
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48. The centre of the circle given by: 7 . (? + 2}' + 2/2) =15and| 7 — (}' + 2/2) =4 is
a. (0,1,2) b (1,3,4) c. (—1,3,4 d. none of these

49. The lines which intersect the skew lines y=mx,z=c;, y=—mx, 7=~ c and the x-axis lie on the surface
a cz=mxy b xy=cmz C. cy=mxg d none of these

50. - Distance of the point P ( ; ) from the line 7= a+ b is

(p-a)-b)b
1P

a |(a-p)+ b (Z—B)+——((p“lg)lz'b)b

Llp-b)-bB)b

e. [(a—p) -
15

d none of these

S1.  From the point P(a, b, ¢), let perpendiculars PL and PM be drawn to YOZ and ZOX planes, respectively.
Then the equation of the plane OLM is

a. Z+24+%-0 b. Z+2_Z-9
a b ¢ a b ¢
o X_Y_Z_, d Z-2:%2-9
a b c a b ¢
52. Theplane 7 n=gq will contain the line 7 = g + A7, if
a Z-Z?&O,Z;L);éq : b. Z-Z:O,Z-Ziq
C. Z~Z=O,Z~Z=q d Z-;¢O,Z-Z=q
53. The projection of point P (;)on the plane ?-;L):q is (})), then
a s=4-pmn b s—pilazpmn
Inf | nt?
o s=p-E a 5=p-@zLnn
In InP

54. The angle between i line of the intersection of the plane 7 . (? + 23’ + 31Ac) =0and r- (3? + 3}' + ]2)
=0, is

1 1 2
a cos™! (5) b. cos*’(ﬁ) c. cos™ (E) d none of these

x+6  y+10 z+14
3 8
opposite vertex is (7, 2, 4). Then which of the following is not the side of the triangle?

55. The line

is the hypotenuse of an isosceles right angled triangle whose
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o x=7 _y-2_z-4 h x=T7_y=2_z-4
2 -3 6 3 6 2

x=7_y-2 z-4
35 0 -l
The equation of the plane which passes through the llne of i mtersect1on of planes - nl q,r
g, and is parallel to the line of intersection of planes P _) =g, and r- n =q,,is

d. none of these

Y

-

a. [”2 na n4](r'n| -q) = [nl n3 n4](r 'nz -q,)

b. [nl n, nal(r'n4_Q4) =[n4nzn'1](r'nz_%)

C Ingmm](r-n—q,) = [mn,m](r- nz q,)

d. none of these

Consider triangle AOB in the x-y plane, where A = (1, 0, 0); B=(0, 2, 0); and O = (0, 0, 0). The new
position of O, when triangle is rotated about side AB by 90° can be

43 2 b 3«f2 'C(EZLJ d(iz_)
575,\/5 . > 5 \/— . 5,5,\/5 . 5 5 \/—
Let Z=?+}'and3=2?—]2, then the point of intersection of the lines 7x2=3x2 and
;)XZ=2XZ is
a. 3,-1,1 b. 3,1,-1) c. (3,1,0 d (-3,-1,-1)

The coordinates of the point P on the line 7= (? + 3’+ IAc) +A (—? + } - 12) which is nearest to the
origin is

(zﬁz) b (_z _4 z)
3733 ) 37 3’3

The ratio in which the line segment joining the points whose position vectors are 2i —4 j — 7k and

(%i—z) d. N f th
3'3° 73 . None of these

~37 + 5}' 8k is divided by the plane whose equation is r- (? - 2} + 31Ac) =13, is

a. 13:12internally b 12:25externally ¢ 13:25internally d 37:25 internally
Which of the following are equations for the plane passing through the points P (1,1,-1), 0 (3,0, 2)
and R (- 2, 1, 0)?

a. (2i-3)+30)((x+2)i+(y—1)j+zk) =0
b. x=3-t,y=-11t,z=2 -3t

e (x+2+1ly-1)=3;

d. Qi—j+3k)x(=3i+k)(x+2)i+(y=1)j+zk) =0

Given o =3i+ 3 +2k and ,_é =i- 2}' — 4% are the position vectors of the points A and B. Then the
distance of the point —i+ } +k from the plane passing through B and perpendicular to AB is
a. s b. 10 c. 15 d. 20
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L, and L, are two lines whose vector equations are

L: 7:1((005 0+ «/§)f+(\/§sm9)3+(oos6—«/§)12)

L: ‘r’ =U (a? + b}' + C/:f) , where A and i are scalars and ois the acute angle between L and L, Ifthe

angle ‘o is independent of 6, then the value of ‘&’ is

a. T b. r c. r d.
6 4 3

(SRR

—3=y—-8=z—3and x+3= y+7= z2—6
-1 1 -3 2 4

a. 30 b. 2430 c. 5430 d. 330

. . X .
The shortest distance between the lines is

The line through i+3j+2k and 1 to the line r=(G+2j-%)+A2i+j+4) and
r=Q2i+6j+k) + Ui +2]+3k) is

a r=(i+2j-R)+A(—i+57-3k) b. r=i+3j+2k+A(G=5]+3k)

c. 7=§+33‘+21§+/’L(?+5}'+3]€) d. r=i+3j+2k+A(-i-5j-3k)

The equation of the plane passing through the lines x—4_y=3_ 222 and XT3 _Y"2_2 4
1 2 1 -4 5

a llx-—y-3z=35 h 1lx+y-3z=35 c. llx—y+3z=35 d none of these

The three planes 4y + 6z=5;2x+ 3y +5z=5and 6x + 5y +9z=10

a. meetin a point ) b. have aline in common

¢. forma triangular prism d none of these

The equation of the plane through the line of intersection of the planes ax + by + cz+d = 0 and @’x
+b’y+c’z+d’ =0 and parallel to the line y=0and z = 0 is

a. (ab’'—ab)yx+(bc’-bC)y+(ad’—ad) =0
b. (ab’'—ab)x+(bc’-bc)y+(ad'—a'd)z=0
€ (ab’—a’b)y+(ac’—at)z+(ad —a'd) =0

d none of these

Equation of the plane passing through the points (2, 2, 1) and (9, 3, 6), and L to the plane 2x + 6y
6z—1=0is .

a 3x+4y+5z=9 b 3x+4y-5z=9
¢ 3x+4y-5z=9 ‘ d. none of the above
Value of A such that the line x-1 = y3—1 = 2;1 is 1 to normal to the plane 7-(27+3}Z +4Z) =0
is
1
a. - 13 b. - ) c. 4 d. none of these
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The equation of the plane through the intersection of the planes x + 2y + 3z -4 =0 and 4x + 3y + 22
+ 1 = 0 and passing through the origin is

a 17x+14y+11z=0 : b Tx+4y+2z=0
¢ x+14y+11z=0 d 17x+y+2z=0

The plane 4x + 7y + 4z + 81 = 0 is rotated through a right angle about its line of intersection w1th the
plane 5x + 3y + 10z = 25. The equation of the plane in its new position is
a. x—4y+6z=106 b. x — 8y+132=103

c. x—-4y+6z=110 d. x-8y+13z=105

The vector equation of the plane passing through the origin and the line of intersection of the planes

-

r.Z:land?-Zzuis
a. 7-(Aa-ub)=0 b 7-(Ab-pa)=0 ¢ r-(ha+pb)=0 d. r-(Ab+pa)=0

The lines 7= a+ A (Z X 2) and r=b+ u (Z X Z) will intersect if {

a axc=bxc b. 22:32 ¢ bxa=cxa d none of these
.. .ox+1l oy z-1 . . . .
The projection of the line =y = 5 = 5 on the plane x — 2y + z = 6 is the line of intersection of

this plane with the plane
a. 2x+y+2=0 b. 3x+y-z=2 ¢. 2x3y+8z=3 d. none of these

The direction cosines of a line satisfy the relations A (I + m) = n and mn + nl + Im = 0. The value of
A, for which the two lines are perpendicular to each other, is

a. 1 b. 2 ‘ c. 172 d. none of these

The intercepts made on the axes by the plane which bisects the line joining the points (1, 2, 3) and
(-3, 4, 5) at right angles are

9 9 9 9
__7999 —99’9 99__,9 9’_59
a (-5:99] b. (5:99) e (0-29)  a (029)

The pair of lines whose direction cosines are given by the equations 3/ + m + 5n =0 and 6mn — 2nl
+5Im=0, are

a. parallel b. perpendicular ¢. inclined at cos™ (é)d none of these

A sphere of constant radius 2k passes through the origin and meets the axes in A, B and C. The locus
of a centroid of the tetrahedron OABC is

a. +y +7 =4k b. X2+y +72=k

c. 2K2+y*+2)?r=k d. none of these

A plane passes through a fixed point (a, b, ¢). The locus of the foot of the perpendicular to it from the

origin is a sphere of radius
1 2
a. E«,/az+bz+c2 b. Va’+b*+c’

1
c. a+b+c? , d. E(a2+b2+c2)
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What is the nature of the intersection of the setof planes x +ay+ (b+c)z+d=0, x + by+(c+a)z+
d=0andx+cy+(@+b)z+d=0? :

a. They meet at a point b. They form a triangular prism

¢. They pass through a line d They are at equal distance from the origin _
Find the equation of a straight line in the plane r - n =d whichis parallelto r=a + A b and passes

through the foot of the perpendicular drawn from point P(c) to r-n=d (where n-b =0).

a r=a+(d;2a.an+/lb b r=a+[mJn+lb
n n

- - *)._)_ - - - - _)._)_d - -

c. r=a+[#]n+lb d r=a+(an“Jn+lb
n n

What is the equation of the plane which passes through the z-axis and is perpendicular to the line
x—a=y+2:z——3,7 ‘

cosf sin@ 0

a. x+ytan 6=0 b. y+xtan8 =0

€. xcosf@-ysing =0 d. xsinf-ycos@ =0

A straight line L on the xy-plane bisects the angle between OX and OY. What are the direction cosines
of L? _
a <(/+2),12),0> b <(1/2),(3/2),0>

c. <0,0,1> d <(2/3),(2/3),(1/3) >

For what value(s) of a, will the two points (1, a, 1) and (-3, 0, a) lie on opposite sides of the plane 3x
+4y-12z+13=07?

-a. a<-lora>1/3 b. a=0only

¢. O<axl d. -1<ax<1

If the plane 42 + g =l cuts the axes of coordinates at points A, B and C, then find the area of the

triangle ABC.
a. 18 sq unit b. 36 sq unit

c. 314 squnit d. 2./14 sq unit
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Multiple Correct Answers Type |ENESCEEEE. TR o Solutions'on'page 3111

Each question has four choices a, b, ¢ and d, out of which one or more are correct.

1.

Let PM be the perpendicular from the point P(1, 2, 3) to the x-y plane. If al: makes an angle 8 with the

P . . . — . ) . . .
positive direction of the z-axis and OM makes an angle ¢ with the positive direction of x-axis, where
O is the origin and 8 and ¢ are acute angles, then

a cos Ocos =1/14 b sinOsin¢g=2//14 c. tan¢p=2 d tan6=+5/3

Let P, denote the equation of a plane to which the vector (? + }') is normal and which contains the
line whose equation is =i+ ; +k+ A(? —A}' - l/;) and P, denote the equation of the plane containing
the line L and a point with position vector j.Which of the following holds good?

a. The equationof P isx+y=2.

h  The equation of P, is . (2 - 23‘ + ]Ac) =2.

c. The acute angle between P, and P, is cot™' “f3).

d. The angle between the plane P, and the line L is tan™' V3.

If the planes 7(; + } + IAc)= q, ?(; + 2a}f +IA¢) =q,and —r)-(a? +a° } +12) = g, intersect in a line,
then the value of a is

a. 1 b. 1/2 c. 2 d. 0

A line with direction cosines proportional to 1, -5 and -2 meets lines x =y + 5 =z + | and

x + 5 = 3y = 2z. The coordinates of each of the points of the intersection are given by
a (2,-3,1 b (1,2,3) c. (0,5/3,5/2) d (3,-2,2)

Let P = 0 be the equation of a plane passing through the line of intersection of the planes 2x—y =0

and 3z -y = 0 and perpendicular to the plane 4x + 5y — 3z = 8. Then the points which lie on the plane
P =0is/are

a. (0,9,17) b. (1/7,2, 1/9) c. (1,3, -4) d. (172,1, 1/3)

The equation of the lines x +y + z— 1 =0 and 4x +y — 2z + 2 = 0 written in the symmetrical form is
a x=1 y+2 z-2 b x+(1/2)  y-1_ z-(1/2)
2 -1 2 1 =2 1

x_y _z-1 d x+1 y-2 z-0

1 2 1 1 =2 1
Consider the planes 3x — 6y + 27+ 5 = 0 and 4x — 12y + 3z = 3. The plane 67x — 162y + 47z + 44 =0
bisects the angle between the given planes which '
a. contains the origin b. isacute c. isobtuse d. none of these
If the lines x=2 = y—3 = 24 and x_1 = y—4 = 25 intersect, then

1 A A 2
a. A=-1 b. A=2 c. A=-3 d. A=0
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The equations of the plane which passes through (0, 0, 0) and which is equally inclined to the planes
X-y+z-3=0andx+y+z+4=0is/are

a y=0 h x=0 ¢ x+y=0 d x+z=0

The x-y plane is rotated about its line of intersection with the y-z plane by 45°, then the equation of
the new plane is/are

a. z+x=0 b. 7—-y=0 . c. x+y+z=0 d z-x=0
. L .. . x=1 'y z+42
The equation of the plane which is equally inclined to the lines T:——Z: I and
-4
%—3 = yT = i4 and passing through the origin is/are
a. 14x—-5y-7z=0 b. 2x+7y-z=0 ¢. 3x-4y—-z=0 d. x+2y-5z=0
Which of the foliowing lines lie on the plane x + 2y -z + 4 =0?
a. x_—1:l=z_—5 b. x~y+z=2x+y-z=0
1 -1 -1
c. ?=2?—}'+4/€+/’L(3§+}+5/§) d. none of these

If the volume of tetrahedron ABCD is 1 cubic units, where A0, 1,2), B(-1,2,1) and (1,2, 1), then the
locus of point D is

a. x+y—z=3 b. y+Z=6 C. y+Z=0 d y+z=—3

A rod of length 2 units whose one end is (1, 0, —1) and other end touches the plane x—2y+2z+4=0,
then

a. The rod sweeps the figure whose volume is 7 cubic units.

b. The area of the region which the rod traces on the plane is 2.
¢. The length of projection of the rod on the plane is 3 units.
. . . (22 -5
d The centre of the region which the rod traces on the plane is 333 )

Consider a set of points R in the space which is at a distance of 2 units from the line N =X ire

-1 2
between the planesx—y+2z+3=0 andx—-y+2z-2=0.
a. The volume of the bounded figure by points R and the planes is 10/ 3\/5 )z cube units.

b The area of the curved surface formed by the set of points R is (2071/\/3) $q. units.

¢. The volume of the bounded figure by the set of points R and the planes is (207r/x/g) cubic units.
d  The area of the curved surface formed by the set of points R is (10/ \/5)77: $q. units.

The equation of a line passing through the point a paraliel to the plane ron = q and perpendicular to
theliner =b + tc is

& F=a+Anx o) b Goax(x)=0

¢ F-pa+ ),(Z % Z) d. none of these
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Reasoning Type |ENEEENCIR A Solutions on page 3.116

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
Statement 1 and Statement 2.

a. Both the statements are true, and Statement 2 is the correct explanation for Statement 1.
b. Both the statements are true, but Statement 2 is not the correct explanation for Statement 1.
c¢. Statement 1 is true and Statement 2 is false.
d. Statment 1 is false and Statement 2 is true.

1. Statement 1: Lines r = i- Jj+ ),(? + } - lAc) and r=2i - 3 +u(i+j- l/%) do not intersect.
Statement 2: Skew lines never intersect.

2. Statement 1: Lines r=1i + } —k+ 1(3? - }') and r=4i -k +u(2? +31Ac) intersect.

- - - - - - - - -
Statement 2: If » X d =0, thenlines r =a + Ab and r = ¢ + Ad do not intersect.
-1 +3 -2 x—2 —1 +3
* = y = z and = y = i .

3. The equation of two straight lines are
1 -3 1 -3 2

Statement 1: The given lines are coplanar.
Statement 2: The equatiohs 2x,—y,=1,x,+3y =4and 3x +2y =S5 are consistent.
4. Statement 1: A plane passes through the point A(2, 1, —3). If distance of this plane from origin is
maximuim, then its equation is 2x + y — 3z = 14.
Statement 2: If the plane passing through the point A (2) is at maximum distance from origin, then
normal to the plane is vector a.
x-1_ y;O - ”12 lies in the plane 2x— 3y — 4z — 10 =0.

Statement 2: If line ;) = Z+ AZ lies in the plane ?Z =n (where nis scalar), then ZZ =0.

5. Statement 1: Line

- -1
6. Statement 1: Let 8 be the angle between the line x—2 AL 2

2 -3 -2
Then 0 = sin™ (l/x/ﬁ).

Statement 2: The angle between a straight line and a plane is the complement of the angle between
the line and the normal to the plane.

7. Statement 1: Let A (? + 7 + Z) and B(? —7 + ;) be two points. Then point P (2 + 3 j + k) lies
exterior to the sphere with AB as its diameter. SN
Statement 2: If A and B are any two points and P is a point in space such that PA - PB >0, then point
P lies exterior to the sphere with AB as its diameter.

and the planex +y —z=35.

8. Statement 1: There exists a unique sphere which passes through the three non-collinear points and
which has the least radius. )
Statement 2: The centre of such a sphere lies on the plane determined by the given three points.

x=1 'y z+2

== - which are at a distance of 2 units

9. Statement 1: There exist two points on the line 0

from point (1, 2, — 4).

. -1 +2 .
Statement 2: Perpendicular distance of point (1, 2, —4) from the line le D A > is 1 unit.
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10. Statement 1: The shortest distance between the lines XX and =

-3 1 -1 1
y=3 (z+(13/7))_
2 = _1 1S ZEro.

Statement 2: The given lines are perpendicular.

Linked Comprehension Type e H I

Based on each paragraph, three multiple-choice questions have to be answered. Each question has
four choices a, b, c and d, out of which only one is correct.

For Problems 1-3

" Solutions on page 3.117

Given four points A(2, 1, 0), B(1,0,1),C(3,0, 1) and D(0, 0, 2). Point D lies on a line L orthogonal to the plane
determined by the points A, B and C.

1. The equation of the plane ABC is ‘
a. x+y+z-3=0 b. y+z-1=0 c. x+z-1=0 d. 2y+z-1=0
2. The equation of the line L is

a. r=2k+A>i+k) b. 7=2k+AQ2j+k) ¢ r=2k+A(j+k) d. nonme
3. The perpendicular distance of D from the plane ABC is
a 2 b. 122 c.2 d. 1/42
For Problems 4-6

A ray of light comes along the line L = 0 and strikes the plane mirror kept along the plane P=0at B. A(2, 1,6)
x-2 y-1_2z-6

is a point on the line L = 0 whose image about P =0is ATt "i‘s given that L=01is 3 1 5 and P
=0isx+y—-2z=3.
4. The coordinates of A” are
a (6,5,2) b. (6,5,-2) c. (6,-5,2) d. none of these
5. The coordinates of B are :
a. (5,10,6) h (10,15,11) ¢ (-10,-15,-14) ] d none of these
6. If L, = 0is the reflected ray, then its equation is
a x+10=y—5=z+2 b x+10=y+15=z+14
4 4 3 3 5 5
. x+10 _ y+15 _ z+14

4 5 3 d. none of these
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For Problems 7-9
Consider three planes 2x + py + 67 =8, x + 2y + gz=5andx+y+3z=4.

7. Three planes intersect at a point if

a p=2,g+3 b p#2,g#3 ¢ px2,q=3 d p=2,¢4=3
- 8. Three planes do not have any common point of intersection if
a p=2,g#3 b p#2,g+#3 ¢. pz2,q=3 d p=2,9=3
9. The planes have infinite points common among them if
- a p=2,9€3 b pe2,ge3 ¢ p#2,q=3 d p=2,9=3
For Problems 10-12

Consider a plane x + y — z = 1 and point A(1, 2, -3). A line L has the equation x=1+3r, y=2—rand

z=3+4r

10. The coordinate of a point B of line L such that AB is parallel to the plane is

a. (10, -1, 15) b. (-5,4,-5) c 41,7 d. (-8,5,-9)
11. The equation of the plane containing line L and point A has the equation

a x-3y+5=0 b x+3y-7=0 e 3x—y—1=0 d 3x+y-5=0
12.  The distance between the points on the line which are at a distance of 4/+/3 from the plane is

a 4.2 h 20 ¢ 10413 d none of these

Matrix-Match Type =

- Solutions on puge 3.120
Each question contains statements given in two columns which have to be matched. Statements
(a,b, ¢, d) in Column I have to be matched with statements (p, q, 1, s) in Column IL. If the correct matches

area—p, s; b—gq, r; ¢ — p,qand d — s, then the correctly bubbled 4 x 4 matrix should be as follows:
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1.
ColumnI ColumnIl
a. A vector perpendicular to the line x=2t+1,y=¢+2andz=~¢-3 p- 73 +3}‘ +5]A<
b. A vector parallel to the planes x +y +z—-3=0and 2x-y +3z=0 q. 43 _}' —3k
¢. A vector along which the distance between the lines L —11i +7j+5k
X y 4 - AR A A A AL
> = 3 = =) and 7= (3i —j+k)+t(i +j—2k) 18 the shortest
d. A vector normal to the plane s i+ 3}' +k
Fe—i+af6k+AG +37 —20)+p(—i +27 -5k)
2.
Column I Column II
. x—1 y+ 2 Z - A A A A A A ) . .
a Lines —— = = = and r=(3i —j+k)+t(i +j+ k) are p. intersecting
- x+5 y-3 z+43 R : .
b. Lines 1 = - = 3 andx—y+2z7-4=0=2x+y—-3z+5=0are q. perpendicular
¢. Lines{(x =t-3,y=~-2t+1,z=-3r-2)and —r) = ('t§|-1)§+(2t+3) } + (_z_9)1A¢ are{r. parallel
d Lines 7: (/f +33‘ —]2)+z(2§—} —I/::) and _r> = (—/z: —2}' +51Ac)+s(/1:—2}' + %II;)are s. skew
3.
Column I Column IT
a.  The coordinates of a point on the linex=4y +5,z=3y~6ata p. -1,-2,0)
distance 3 from the point (5, 3, - 6) is/are '
-2 +3 +5 '
b The plane containing the lines x 3 =2 5 =2 7 and q. (5,0,-6)
parallel to i+ 4}' +7k has the point
¢.  Aline passes fhrough two points A(2, - 3,-1) and B(8, -1, 2). r. 2,5,7)
The coordinates of a point on this line nearer to the origin and at a
distance of 14 units from A is/are
d  The coordinates of the foot of the perpendicular from the point s. (14,1,5)
(.1, 1) ontheline == 222 =22 i
— n —_— — =
-(3,-1, 1) ontheline 3 7 isfare
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4.
Column I Column IT°
i e r=(2i=27+3k)+ A0 - j+4k) and- 25
r=(2i- i— —_—
a.  The distance between the line J J and plane | p. Wid
Fei+5)+k) =5
b Distance between parallel p]anes?- (2? —}' +31€) =4and 7 (6i-3j+9k) q. 1377
+13=0is '
A A s 10
¢.  The distance of a point (2, 5, — 3) from the plane 7 - (61 —3j+2k) =4is L 375
d  The distance of the point (1, 0, - 3) from the plane x ~y~z—-9=0 measured s. 7
lel to line 222 =22 278
aralie = =
p o line 3 >
5.
Column 1 Column 11
a. Image of the point (3, 5, 7) in the plane 2x + y + z=—18is p. —1,-1,-1)
. . . .o x=2 y-1 z-3 .
b The point of intersection of the line ——= > = 5 and the plane q. (-21,-7,-5)
2x+y—z=3is
528
¢. The foot of the perpendicular from the point (1, 1, 2) to the plane 2x — 2y + rl5>33]
42+45=0is |
: N , -1_y-2_2z-3 x=4 _y-1_ . ( 1 25 -2)
d  The intersection point of the lines —— = = and = =Zis| 8 | ——,—,—
P ' 2 3 4 5 2 12712712

Integer Answer Type ’

1.
2.
3.

Find the number of spheres of radius r touching the coordinate axes.

o Solutions Onjl’?age’ 3-12‘45:'7

Find the distance of the z-axis from the image of the point M (2, -3, 3) in the plane x -2y —z+1=0.
If the length of the projection of the line segment with points (1, 0, - 1) and (-1, 2, 2) to the plane
x+ 3y —5z = 6isd, then find the value of [d/2] where [ - ] represent greatest integer function.

If the angle between the plane x— 3y +2z=1 and the line x; ! =7 1_ ! =% _3

of cosec 6.

! is O, then find the value

Let A,A,ALA, be the areas of the triangular faces of a tetrahedron, and 4, h,, h,, h, be the
corresponding altitudes of the tetrahedron. If volume of tetrahedron is 1/6 cubic units, then find the
minimum value of (A +A, + A, +A)(h +h,+h,+h,) (incubic units).
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10.

Archives [RESNSENS

Subjective Type
1.

Vectors & 3D Geometry

Let the equation of the plane containing line x—y—z-4=0=x+y+2z-4 and parallel to the line
of intersection of the planes 2x+3y+z=1 and x+3y+2z=2 bex+Ay+ Bz+ C=0. Then find the
value of |A + B+ C—4l.

Let P(a, b, c) be any point on the plane 3x + 2y + z=7, then find the least value of 2(a®+ b* + ¢?).
The plane denoted by P, : 4x + 7y + 4z + 81 = 0 is rotated through a right angle about its line of
intersection with the plane P, : 5x + 3y + 10z =25. If the plane in its new position be denoted by P, and
the distance of this plane from the origin is d, then find the value of [k/2] (where [ - ] represents
greatest integer less than or equal to k).

x+2 2y+3 3z+4
4 5

The distance of the point P(-2, 3, —4) from the line measured parallel to the

plane 4x + 12y — 3z + 1 = 0 is d, then find the value of (2d - 8).

The position vectors of the four angular points of a tetrahedron OABC are (0, 0, 0), (0, 0, 2),
(0, 4,0)and (6,0, 0), respectively. A point P inside the tetrahedron is at the same distance ‘7 from the
four plane faces of the tetrahedron. Find the value of 9r.

" Solutions on page 3.137

(i) Find the equation of the plane passing through the points (2, 1, 0), (5,0, 1) and (4, 1, 1).

(ii) If P is the point (2, 1, 6), then find the point Q such that PQ is perpendicular to the plane in (i) and
the midpoint of PQ lies on it. (IIT-JEE, 2003)
Find the equation of a plane passing through (1, 1, 1) and parallel to the lines L, and L, having
direction ratios (1,0, ~1) and (1, — 1, 0), respectively. Find the volume of tetrahedron formed by origin
and the points where this plane intersects the coordinate axes. (IT-JEE, 2004)

A parallelepiped S has base points A, B, C and D and upper face points A’, B, C’ and D’. The
parallelepiped is compressed by upper face A’B’C’D’ to form a new parallelepiped T having upper
face points A”, B”, C” and D”. The volume of parallelepiped T is 90 percent of the volume of

parallelepiped S. Prove that the locus of A” is a plane. (IT-JEE, 2004)
Find the equation of the plane containing the lines 2x—y + z—3 =0and 3x + y=z =75 and at a distance
of 1/+/6 from the point (2, 1, - 1). ' (IIT-JEE, 2005)

A line with positive direction cosines passes through the point P (2, - 1, 2) and makes equal angles
with the coordinate axes. The line meets the plane 2x + y + z = 9 at point Q. Find the length of the line

segment PQ. : (IT-JEE, 2009)

Objective Type

Multiplé choice questions with one correct answer

1.

x-4 y-2 z
1
a. 7 b. -7 ¢. no real value d. 4

(IIT'JEEs 2003)

The value of k such that

;k lies in the plane 2x — 4y + z=7, is
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2. Ifthelines 212t 271, 4 x=3_ y—k
2 3 4 1 2
a 32 b 972 c —2/9 . d -312
(IIT-JEE, 2004)
3. A variable plane at a distance of 1 unit from the origin cuts the coordinate axes at A, B and C. If the

= % intersect, then the value of k is

1 1 1
centroid D(x, y, z) of triangle ABC satisfies the relation — +— +—; =k, then the value of k is
Xy oz
a. 3 b. 1 c. 173 d. 9
(IIT-JEE, 2005)
4. A plane which is perpendicular to two planes 2x — 2y + z = 0 and x — ¥y + 2z = 4 passes through
(1, =2, 1). The distance of the plane from the point (1, 2, 2) is

a. 0 b. 1 ¢ V2 d. 242 )
(IIT-JEE, 2006)

S. LetP(3,2,6)beapointin space and Q be a point on line ;) = (2 - }'+ 21/:7) + u(—3? + 3 + 51/2)T Then the

value of u for which the vector Fé is parallel to the plane x —4y + 3z=11is

a. 1/4 b. -1/4 c. 1/8 d.-1/8
(IIT-JEE , 2009)
6. Equation of the plane containing the straight line g = % = i and perpendicular to the plane containing
the straight lines .Y 2 and 2=2=2 is
3 4 2 4.2 3
a x+2y-2z=0 h 3x+2y-2z=0 ¢ x-2y+z=0 d 5x+2y-4z=0

(IIT-JEE, 2010)

7. If the distance of the point P(1, -2, 1) from the plane x + 2y — 2z = ¢, where ¢ > 0, is 5, then the foot
of the perpendicular from P to the place is

(§E_Z 4 _4 1) c (12&) d (2 _lé)
3’3 3 37 33 3’3’3 I A )

. (IIT-JEE, 2010)
Assertion and reasoning type '
Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
Statement 1 and Statement 2.
Both the statements are true, and Statement 2 is the correct explanation for Statement 1.
Both the statements are true, but Statement 2 is not the correct explanation for Statement 1.
Statement 1 is true and Statement 2 is false.
Statment 1 is false and Statement 2 is true.

e g
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1. Consider the planes 3x —6y—2z=15and 2x +y —2z=5.

Statement 1: The parametric equations of the line of intersection of the given planes are
x=3+14t,y=2t,z2= 15z

Statement 2: The vector 147 + 2}' +15k is parallel to the line of intersection of the given planes.

Consider three planes P : x—y +z= 1,P2:x+y—z=—1andP3:x—3y+ 3z=2.

Let L, L, and L, be the lines of intersection of the planes P, and P, P, and P, and P, and P,

respectively. '

Statement 1: Atleast two of the lines L, L, and L, are non-parallel.

Statement 2: The three planes do not have a common point.

(IT-JEE, 2009)

Comprehension type

For Problems 1-3

) ] x+1 y+2 z+1 x—2 y+2 z-3
Consider the lines L : = = L = = (IIT-JEE, 2008)
3 1 2 1 2 3
The unit vector perpendicular to both L, and L, is
v T+ Tk _i-75+5k —i+7)+5k Ti-7j-k

., = , — ., T d.
& T Jog b =55 ¢ T sh 755

The shortest distance between L, and L, is
1 A 17
a. 0 b. N ¢ 55 d. 53
The distance of the point (1, 1, 1) from the plane passing through the point (-1, -2, —1) and whose
normal is perpendicular to both the lines L, and L, is

12 14 13 13

&—E —\/—7—§ C.'\/—Tg d.\/a

Matrix-maich type

Each question contains statements given in two cclumns which have to be matched. Statements
(a, b, ¢, d) in Column I have to be matched with statements (p, ¢, I, 8) in Column IL. If the correct matches
area —p, s; b— q, r; ¢ - p, qand d — s, then the correctly bubbled 4 x 4 matrix should be as follows:

q r s

1®OOG
POE@OG
®O0OG
OEOOG
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1. Consider the linear equations ax + by + cz=0, bx+cy +az=0and cx + ay + bz =0.
Match the conditions/expressions in Column I with statements in Column II. (OIT-JEE, 2007)

Column I Column I

a a+b+cz0anda’+b*+c?=ab+bc+ca |p. The equations represent planes meeting only at a
single point.

b. a+b+c=0anda®+b*+#ab+bc+ca |q.The equations represent the linex=y =z

¢c.a+b+c#0anda?+b*+c2#ab+bc+ca |r. The equations represent identical planes.

d.a+b+c=0and @+ b*+c*=ab+bc+ca |s. The equations represent the whole of the three-
q P
: dimensional space.

Integer Answer Type
1. If the distance between the plane Ax — 2y + z = d and the plane containing the lines

. x—l___ y—2:z—3 and

2 3 4 3 4

- - —4
x=2_Y 3=Z5 is /6 , then find the value of Id I.

(OT-JEE, 2010)

ANSWERS AND SOLUTIONS

Subjective Type .'

1. Sincel, mand n, and (I + §m), (m + 6 m), (n + on) are the direction cosines, we have
lz+m2‘+n2=1 ' Q)
I+ +(m+omP+(n+dn)y=1
S P +m?+n2+ 2080+ 2m dm + 2n én + (81> + (dm)* + (dn)? = |

= 2(1 8L+ m Sm+n &n) = — ({812 + (Gm)* + (6n)?) (i)
Now it is given that 660 is the angle between two adjacent positions of the line. Therefore
cos 08 =I(I+ 8) + m(m + &m) + n(n + én) (i)
Now cos 60 =1 - (629!)2 + (55!)2 -

(66)*

If 50 1is small, thencos 68 =1 —

(66)*
2

Then from (iii), we have 1 — =P+m*+n)+(6l+mbém+ndn)

60 _
D -

= (86) = ()R +(Sm)2 +(Sn)

1

1- % {(6 D+ (6m)* + (6n)*} (using (i) and (ii))
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1 1
The equation of the first line may be written as % —3 = 3 z ,x=0
c
1

o x y—Eb_z——c 0

0 b -~
Similarly, the equation of the second line may be written as

1
xX——a z+=c
2 y »
= = 1
a 0 c @

The equation of any plane passing through line (i) is

A(x)+B(y—%b)+C(z—%c]=0, (iit)
where A-0+B-b—C-c =0 (iv)
Now plane (iii) will be parallel to line (ii) if
Aa+B0-Cc =0 ) W)
Solving (iv) and (v), we have —A— = —B— = _E_

bc —-ca -ab

Putting these values of A, B and C in (iii), the equation of the required plane is

) 1
bcx—ca(y——b) —ab(z,———c) —Qor2-2_%41=0
a c
. . Xy z .
Let the equation of the variable plane be —+ " +2=1, @)
a c

where g, b and ¢ are the parameters.
Plane (i) passes through the point (¢, 3, 7). Therefore,

e, B v, (i)
a b ¢

Plane (i) meets the coordinate axes at points A, B and C. The equations of the planes passing through
A, B and C and parallel to the coordinate planes are, respectively,

x=a,y=b,z=c _ ) (ii1)
The locus of the point of intersection of these planes is obtained by eliminating the parameters a, b
and ¢ between (ii) and (iii). Putting the values of a, b and ¢ from (iii) in (ii), the required locus is
a

—+E+Z= lorax '+ By '+yzr'=1

given by
Tx oy z

(bm+cn)
a

Here, [ = - and ul> + m*>v + wn?=0.

Eliminating /, we get

u (bm + cn)2

a2

+vm*+wn®=0

u(b*m? + 2bemn + c*n?) + va*m’® + wa*n?* =0

(b*u+ avym? + Qbcuw)ymn + (cfu + a*w)n* =0
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= (bzu + azv)(%)z + (2bcu)(%) + (czu + azw) =0, which is quadratic in (m/n) having roots
m /n, and m/n,
a. If the straight lines are parallel, the quadratic in m/n has equal roots, i.e., discriminant = 0
= (2bcu)® — 4(b*u + av)(c*u + a?w) =0
= bchl = (b*u + av)(c®u + a*w)

= advw+buw+cuv=0

a* b
= —+—+— =0
u v w

b. If the straight lines are perpendicular,

m m, czu+a2w

" -n2 = utaiy (product of roots)

mm,  nn, 0
2 2, T 32 2
cut+aw butav
Similarly, by eliminating n, we get

Ll m,m, .
b'w+cv T ctu+atw ‘ (i)
From (i) and (i1)

1112 _ m(mz _ nan

Pwtcv  cu+a’w bu+av
Since they are perpendicular, [/, + m m,+nn,=0
= MbWw + cW) + AcPu + a®w) + Mb*u+ a*v) =0

= av+w)+bA(w+u) +AH(u+v)=0

Z
A
€(0,0,1)
A "“/\’—“ P(1,1 1)
ka M
L B(0,1,0)
> 3%
X J
1
AT
Fig. 3.33

Let the edges OA, OB and OC of the unit cube be along OX, OY and OZ, respectively.
Since OA=0B=0C=1unit, 04 =i, OB =) and OC =k
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Let CM be perpendicular from the corner C on the diagonal OP. The vector equation of OP is
r= l(?+ 3’+ lAc)
OC-0P _; (i+j+k) _ 1

OM = projection of OC on OP =

TR B
10P | V3
Now OC*= OM?+ CM?
| 2
= CM*= OC*~-OM? =1——-=="=CM=,|-
3 3 3
6. The given plane is idiion B 6]
a b c
Let P(h, k, [) be the point on the plane
fl—+£+£=1 (i)
a b c

= O0P= W +k*+1?

h k l
, and .
R+ + 12 R+ +2 R+ 2+
The equation of the plane through P and normal to OP is

hx ky Iz

+ + - I
JE ol R+l R+l Vel

Direction cosines of OP are

orhx+ky+iz=h+kP+ 1

2 2 2 2 2 2 ! ' h2+k2+ 12
Therefore, A = (ﬁ——i];l;l, 0, O) ,B= (0, ﬁ;kk—i, 0) and C= (0, 0, ——l—)

2 2 2 2 2 2 2 2 2 .
10, then a =KL 5 L andy =2 (i)

2 2,92
h +k +1 _ l (iv)

1 1 1
— t—=
B (hz+k2+lz)2 R+ 1

Now, —+
o

2 2 2 h 2 2 lZ
From (iii), k= KAkl = _:h_"'k_"”_

a aa
2 2 2 2 2 2
Similarly, E = e+l and i — EL”
b bp c cy
R4+ B4+ R+ + nh k1 ..
+ + =—+—+—=1 (from (ii))
act bB cy . a b ¢
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or ! + L + L. ! ! + ! + L (from (iv))
——— =T L i
ae bf ¢y K +E+P oF By

1 1.1 1 1 1
 The required equation of locus is —+—+—=—=+—+—
. ax by cz x :

7. The given planes are

X—-cy—-bz=0 ) @)
cx—y+az=0 (ii)
bx+ay—z=0 (ii1)

The equation of the planes passing through the line of intersection of planes (i) and (ii) may be taken as
x—cy-b)+ Mcx—y+az)=0

orx(1+2A)—ylc+A)+z(=b+al)=0 (iv)

If planes (iii) and (iv) are the same, then Eqgs. (iii) and (iv) will be identical.

1+cA  —(c+1) —b+al

b a -1
_(a+bc) an :_(db+c)
~ (ac+b) aa (l—az)

—(a+be) (ab+c)

) (ac+b) - (1_a2)
a—a*+ bc - a’bc = a*bc + ac* + ab* + be
= 2a’bc+ac* +ab’+ad®—a=0
= aabc+c*+b*+a*-1)=0
=a*+b*+c*+2abc=1
Alternative method:

Since the planes pass through origin, the given planes have a common line of intersection if given
system of equations has a non-trivial solution '

1 —c -b
=lc -1 al=
b a -1

= a?+b+c?+2abc=1
8. LetPbe(x,y, z,). Point Mis (x,0,z)and Nis (x, y,, 0).

So normal to plane OMN is OT)W X 0_1>V = ; (say). Therefofe,

ig ok
X 0 gl =i(—yz)-jl=xz)+k(x )
x oy 0
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. =4V 2t X502+ X2 . nx OP
sin 6 = e = because sinf = S ——
iyl 2, Inl 1OPI

Ex22x2y2 sz sz sz
2 — 1 17 1 | 1
= cosec 0 _ﬁ- _2.+_2_+__
1}’121 1 yl zl

OPk
Now, sin = —— ===, sin = 5 andsiny =—2
0PI NEx VEx Zx

Now, cosec? o+ cosec? f + cosec® y =

Tx, Ix Zx’ ,

— +—+—-=cosec’ 0
X i !

Hence proved.

9, 42 . % _ 1
pll p/m pln
The foot of normal on plane has coordinates H (Ip, mp, np).

Direction ratios of AH are lp — (p/l), mp and np and direction ratios of BC are 0, —p/m, and p/n.

y
B(0,p/m.,0)

, (p/1,0,0)

C(0,0,p/n)

Fig. 3.34

= (l —E)-O+(mp)(—£J+(np)(£) =0
\ l m n

Hence, AH is perpendicular to BC.

Similarly, BH is perpendicular to AC and CH is perpendicular to AB.
Hence, H is the orthocenter.

Moreover, in any triangle, G (centroid) divides OH in the ratio 1 : 2.
Hence,

E(ﬁ P ﬂ)
31" 3m’ 3n

H=(Ip, mp, np)

3

L o=|P=tP p=m'p p-r'p)
21 2m " 2n



Three-Dimensional Geometry 3.85

10. x—ysina—zsin =0 @
xsin o+ zsiny—y=0 (i)
xsin f+ysin y—z=0 (i)

These planes pass through origin. Let [, m and n be the direction cosines of the line of intersection
of planes (i) and (ii). Then .
[l1-msin g—nsin =0
I[sina-m-1+nsiny=0
/ _ m _ n
—sinysin@—sinf} —sinfsing—siny —l+sin’a

@iv)
If a+ﬁ+y=% = f= %—(a+y)

sin B =sin (ch— -(a+ }’)) =cos(+7)

sin B =cos acos y — sin asin ¥
sin § + sin o sin ¥ =cos acos ¥
Similarly, sin ¥ + sin 8 sin @ =cos acos 8

m n

From equation (iv), we get = =—
cosqcosy cosacosf cos’

l m n
= = )
cosy cosf8 cosa
The line of intersection of planes (i) and (ii) also passes through the origin. Then the equation of the

line is
x-0 y-0 z-0
! m n
X
=2 -2 vi)
€osY  cosfi cosc

If the line also lies on plane (iii), then the three planes will intersect on this straight line.
The angle between line and normal of plane (iii) should be 7/2.
= cos ¥sin B + cos Bsin Y+ cos c{—1) =sin (§+ ) — cos &

=sin(£—a)—cosa=0
2

X z . . . . .
Hence =2 . is the common line of the intersection of the three given planes.
cosy cosfB cosa

1. ax+by+cz+1=0 @
It makes an angle 60° with the line x = y = z. So we get

a+b+c
sin 60° = = 3JZa’ =2(a+b+¢) (i1)
N o
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Plane (i) makes an angle of 45° with the linex=y—-z=0 (or % === —)

sindse= 2C J5a? —b+e | (i)

J24za

Plane (i) makes an angle 6 with the plane x = 0. So we get

a

cos 8 = \/—z—a—z— : ' (IV)

From (ii) and (iii), we get

(f2a*) =2
4 1
= \/Z_az = 5
From (iv), cos 0=1/2 = 8=60°
Distance of plane (i) from the point (2, 1, 1) is 3 units.

2a+b+c+1
— =3
>a?

=+3yZa® =2a+b+c+1

Casel:

NI =2a+b+c+1 )
From (ii) and (v), we get

b+c—-1=0 (vi)
and from (ii1) and (iv), we get

2a+b+c+1=3(b+c¢) : (vii)

From (vi) and (vii), we get

1 QFV2) 212

—,b= andc= ——-

2 4 4

Hence, the set of such planes is 2x +(2i\/§)y +(Zi\/§)z+4 =0.
Casell:

“3WXa* =2a+b+c+1

“100 0 2 -

-1, —(2%y2) ~232)
a= b= —Tandc —0‘

2

Hence, the other set of the planes is 2x + (2% ﬁ)y +(27F JE)Z -20=0.
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12. Let the given planes intersect on the line with direction ratios Z, m and n. In that case,

(2+,1)1+(1—2A)ﬁ+(2—1)ﬁ=0
a b c

@
and ﬂ—(3.—5;¢)ﬂ+4;1.ﬁ=0 (i)
a b c
Hence I/a _ m/b _ nlc
T6-6U—31-3Au 8-8u—4A-4Au -10+10u+54+5Au

or lla _ mlb _ nlc

32-2u-A-Aw) 4Q2-2u-A-Au) -52-2u-A-Aw)

l—{;- = m:b = n./rc (provided2 —2u—A— Au#0)
which are independent of A and 4. Hence a line with direction ratios (3a, 4b, —5¢) lies in both the
planes.

2(-
For2 -2u—A-Au=0orA= (1+ # , planes (i) and (ii) coincide with each other. Hence, the two
u

given families of planes intersect on the same line.

13. LetA and B, be the projections of A and B on the plane z=0. Let OA, OB and OC be of the unit length

each so that the coordinates of A, B and C are A(ll, m;, 1), B(lz, m,, n,) and C(l3, m n3). ‘The
coordinates of A and B,, therefore, are A, m,, 0) and B (L, m,, 0). Since OA and OBI make angles

¢, and ¢, respectively, with the x-axis, the apgle between OA and OB, is ¢, ~ ¢,. Hence
Ll +
cos (9, — ¢) = =212

@)
e
Also OA, OB and OC are mutually perpendicular so that
LL+mm,+nn =0

and I} +m} +n? =1

Eq. (i), therefore, yields
-n

cos(@, - ¢,) = e

Vi-nmyl=n;

1—nl—n?+nin? 1—n* —n? n’

2 — 1 2 17y 1 2 3
:Sec(¢1_¢z)_ 22 =1+ 2.2 =1 2 2
nmn, nny

2

n
= tan’(§, — ¢,) =—5
nn,

iy

= tan(g, — ¢,) =+

nn,

14. If O is the angle BCO, then the direction cosines of OA’ {bisector of ZBOC) are
12+l3 m, +n, n,+n,

, —2 3 and —*——2— or the direction ratios of OA’ are L+ L, m,+m, and n,+n,.
2cos(0/2) 2c0s(0/2) 2cos(6/2) )

Also, the direction cosines of OA are [ ,»m, and n . Hence the equation of plane AQA’ is
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x y z
L+l my+m, n,+n|=0
l m B

Applying R, = R, + R,, we get the equation of plane AOA’ as

x y b4
L+L+lL m+my+m, ntn,+n(=0
L, m n

= For all values of r, the point (W, + [+ Lr, (ml +m,+m,)rand (n, + n,+nJr) lies on plane AOA’.

— Y — Z
L+1L+1 m+m,+m m+n,+n,

Hence, the line

=r lies on plane AOA’. Similarly, this line

lies on planes BOB’ and COC’ also. Hence, all the three planes, AOA’, BOB’ and COC’, pass

through the line.
15. Let P(o, B, ) and Q(x,, y,, z,) be the given points.

Direction ratios of OP are ¢, $ and ¥ and those of OQ are X,y and z,.

B

o
Since O, Q and P are collinear, —=-"—= Y =k (say)
X 3

As P(a, B, 7) lies on the plane Ix + my + nz = P,
lo+mB+ny=p,or
kix +kmy +knz =p (using (i)
Since OP- OQ =p?,

Vo2 + By [y 42 =

= \/klez+k2y]2+k2z|2.\/x,2+y|2+z,2 =p’
=>k()c|2+y|2+z,2)=p2

Ix, + my, + nz,

From (ii) and (iii), —5———
Xty +y

1
=—orp(lx, + my +nz)= (x? +y? +22)
P

Hence, the locus of Q is p(Ix + my + nz) = (2 + y* + 72)

16. Let the variable plane intersect the coordinate axes atA(a, 0, b), B(0, b, 0) and C(0, 0, ¢).

Then the equation of the plane will be 2i2iZq

a b c
Let P(c, B, ) be the centroid of tetrahedron OABC. Then,

a=2,p=" and7=§, ora=4q,b=4fand c =4y

4

FNTEY

(i)

(iii)

@
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= Volume of tetrahedron = (Area of AAOB) OC

:>64ks=l(lab)c=“_”c = 6410 < UREDAY) _ o _oby
312 6 6 6

Therefore, the required locus of P (a8, ) is xyz = 6k°

OBjective Type

1. b.x*-5x+6=0
= x-2=0,x-3=0
which represents planes.

2. ¢. We have z = 0 for the point, where the line intersects the curve.
x=2 -
Therefore, ad = y*l = g—l
3 2 -1
-2 +
= a = land y_l =1
3 2

= x=5andy=1
Putting these values in xy = ¢?, we get
S5=c¢?=c=1% J5
3. ad4(2)-23)-112)=
Also, point (-3, 4, -5) does not lie on the plane.

Therefore, the line is parallel to the plane.

4. c. The given plane passes through 2 and is parallel to the vectors Z—-'Z and c. So it is normal to

(b — a) X c. Hence, its equation is

(r—a)-(b-ayxc) =0

or F.(bxc+cxa) =labecl

The length of the perpendicular from the origin to this plane is

-2

f[abc]
1bxc+cxal
S. b.Here,a=f=7y
wcos? a+cos? f+costy =1
1
P COS a=ﬁ

£PQ (1 1 1)
S S| 77— 7=/
AN B BB
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A(2,3,1)
=l
3,5,2)P M 0
Fig. 3.35
PM = Projection of AP on PQ

1 1 1 2
=[(-243)—=+3-5)—+=+(1-2)—4= = —=
2435+ (-9) -2 5] = 7

6. c. Given plane is := d+A- u)§+ 2 - l)}'+ B-2A+ 2/4)12
= r=Gr2j4+30)+ G- - 20+ u=i+2k)
which is a plane passing through Z= i+ 2}'+ 3k and parallel to the vectors Z= i- }"— 2k and
Z =—i+2k

Therefore, it is perpendicular to the vector i=b X&=~-2f —k
Hence, equation of plane is —2(x - 1) + (0)(y = 2) — (z—=3)=0or2x+z=35

A ;x; 2A'+5A'+312 - =
7. cca=t ——ZL =% troJ . (where n, and n, are normal to the planes)
n, X n, V38

8. a.Equation of the plane containing L,Ax-2)+B(@-1)+C(z+1)=0
whereA+2C=0;A+B-C=0
= A=-2C, B=3C, C=C
= Planeis 2(x-2)+3(y~1)+z+1=00r2x—3y—-z-2=0

| 7 |-
(¥ = s = —
nce, p -\/1—4 7
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9. c.(1,2,3) satisfies the plane x— 2y +z=0 and also (; +27+3k)- (1~ 27+ k)=0

1 y-2 z-3
al =y2 =Z3 and %:%:é both satisfy (0, 0, 0) and (1, 2, 3), both are

same. Given line is obviously parallel to the plane x -2y + 7 = 6.

Since the lines

10. a. Vector ((3? —2j+k)x(4i =37+ 412)) is perpendicular to 27 — j + mk

3 21
=4 -3 4| =0 =>m=-2
2 -1

11. a. xintercept is say x,
=> Plane passes through it

Ao q
Lxin=qg =2 X =% 5
i-n
12. b. Let direction ratios of the line be (a, b, ¢), then
2a—b+c=0anda—-b-2c=0,ie, L = 2 = <
3 5 -1

Therefore, direction ratios of the line are (3, 5, —1).

Any point on the given line is (2 + A, 2 — A4, 3 — 24), it lies on the given plane 7 if
22+ -Q2-1)+(3-20)=4

=4+24-2+A+32A=4=A=-1

Therefore, the point of intersection of the line and the plane is (1, 3, 5).
Therefore, equation of the required line is

x-1 y-3 z-5
37 5

13. c.Direction ratios of OP are (a, b, ¢)

Therefore, equation of the plane is

a(x—a)+b(y-b)+c(z—c)=0

ie. xa+yb+zc=a*+b*+¢?
14. b.Lleta point (34 +1, A+ 2, 24 + 3) of the first line also lies on the second line
o 3/1+1—3= }»+2—1= 24+3-2 N

2 3

Hence, the point of intersection P of the two lines is (4, 3, 5).

The A=1

Equation of plane perpendicular to OP, where O is (0, 0, O) and passing through P is
4x+3y+57=50.
(pxq)

Ipxql

15. b.1=|b-a)

= 1b—-alcos60°=1 => AB=2
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16. a.A(1,1,1),B(2,3,5),C(-1,0, 2) direction ratios of ABare < 1,2, 4 >,
Direction ratios of AC are <2, —1, 1>.

Therefore, direction ratios of normal to plane ABCare <2, ~3,1>
As aresult, equation of the plane ABC is 2x — 3y + 7= 0.

Let the equation of the required plane is 2x — 3y +z=k, then

k=+2 14

Hence, equation of the required plane is 2x — 3y+2z+2./14 =0

=2

k
Ja+9+1

17. b. Direction cosines of the given line are l - 2 - %

. . o x—2  y+3 z+5
Hence, the equation of line can be point in the form

Y3 T —2/3° 237"
2r

L. r 2r
Therefore, any point on the line is (2 + 37 3- 3 5- —), where r=16,

Points are (4, -7, -9) and (0, 1, -1)

18. d. Let AD be the perpendicular and D be the foot of the perpendicular which divides BC in the ratio
A: 1, then

D(101—9 4 _)“+5J.

. \ 0)
A+l TA+1 A+1
A(0,0,0)
[ ]
Be- A 1 —e C
(-9,4,5) D (10, 0, -1)
Fig. 3.36
10A1-9 4 —1+5

The direction raties of AD are

s an - and direction ratios of BC are 19, — 4
A+1  A+1 A+1
and - 6.
Since AD 1 BC, we get

104 -9 © 4 ~A+5

19 -4l —1-6|==|=0
( A+1 ) 4(}L+1) ( A+1)

_ 31

T 28

=1

58 112 109
Hence, on putting the value of Ain (i), we get required foot of the perpendicular, i.e., ( 59’ 359 g;) :



19.

20.

21.
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d. P, P 0, P P,=0and P, =P =0 are lines of intersection of the three planes P, P, and P,.

As "1 nz and n3 are non-coplanar, planes Pl, P, and P, will intersect at unique point. So the given
lines will pass through a fixed point.

d.LetA(1,0,-1),B(-1,2,2)
Direction ratios of segment AB are <2, =2, —3>.
12x1+3(<2)-5(-3)1 11 11

= JI+9+25 J4+4+9 T V17357 595

Length of projection = (AB) sin 8

COs

= Jor ~F 0 1—%
= 17 \/q— umts

c. Let the point be A, B, C and D.
The number of planes which have three points on one side and the fourth point on the other side is

. 4. The number of planes which have two pomts on each side of the plane is 3.

22.

23.

24,

= Number of planesis 7.
a. Point A is (a, b, ¢) = Points P, Q, R are (a, b, —¢), (—a, b, ¢) and (a, -b, c), respectively

_, Centroid of triangle PORis [ 2,2 G(abc)
entroid o nange 1S 3 3 3 3 3 3

= A, O, G are collinear = area of triangle AOG is zero.

b. Let the equation of the plane be % + % + % =1
1 1 1
= —+—+—-=1
a b c
1
= Volume of tetrahedron OABC = V= = (abe)

; 3
Now (abc)'? > T 1 12 3(GM.2HM.)

— ._+._.
a b ¢
9
=abcz2T=>V2 3
A, 1,1
]
o B(2 24, 34)

Fig. 3.37
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b. Let any point on second line be (A, 24,32)

cos B = rwin@:% :
——(OA) OBs1n6=—fAJ—4x£ J6
N/
=>A=2
SoBis(2,4,6)
25, a. Equation of linex+2y +z— 1+ A (~x +y—-2z-2) =0 ®

X+y—-2+Uux+z-2)=0

(0.0, D) liesonit=A=0, u =

For point of intersection, z = 0 and solve (i) and (ii).
26. c. Since the given lines are parallel.

(i)

A(1,1,1) (x-DN1=@E~1)/1=(@E-1)1

: (x—2)/1=(y—3)/1=(z—4)1
c B(2,3,4)

Fig. 3.38
From the figure, we get

2-1m (3 1)1 4-D1 1+2+3

= =2‘\/§
BB TG
AB=+1+4+9 =14
Shortest distance = AC = /14 -12 = «/5

BC=

27. c. LetQ (q) be the foot of altltude drawn from ‘P’ to the plane ron =0.
= q p An = q p+ An

Also g-n=0 = (p+/'tr—1))-r_1)=0

p-n - - (p n)—)
S = q-p=-
inl 7P

= A

=1lp-ni

-5 -
. . - lp-nl
Thus, required distance = | g — pI = —
Inl



28. b.Given plane is ;) : ; =q

$B()
Fig. 3.39

Let the image of A (Z) in the plane be B (Z).

Equation of AC is ;= 2 + 2,1_1) ('~ AC is normal to the plane)
Solving (i) and (ii), we get

—a-n
=>/l=q =
lnl?
— - (q_z ;l)) -
oC = -
tnl?
_ +
But oC =—b
. _—-).—y—y a+z
+(q zn)n .
tnl?
> b=a+2 Q;_)a'—n n
ln?

Three-Dimensional Geometry 3.95

(in)

29. c.Wemusthave b-n=0 (because the line and the plane must be parallel) and a - n # g (as pointz

30.

on the line should not lie on the plane).
c. Here [ = cos z, m=cos£
4 4

Let the line make an angle ‘Y with z-axis
SP+mrnt=1

T T
= c0s* =+ cos’ = +cos’ y=1
4 4

1 1 )
= —+—+4cos" y=1
2 2

T
= 2co08’y =0=cos y=0= y= 5
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31. d.Letthe plane 7‘) . (7 - 5j + 37() =17 divide the line joining the points

- 5i+4fj+77< and?;'—5_)j+8_l)c in the ratio r : 1 at point P.
Therefore, point P is
3t-2-> -5t+4- 8t+7-
i+ j+ k
t+1 t+1 t+1

This lies on the given plane

- - 7
R e PP S
t+1 t+1 r+1

Solving, we get
3

I=E_

32. d.LetP(c, B, 7 be the image of the point O (-1, 3, 4).
Midpoint of PQ lies on x —2y = 0. Then,

%—2(%):0

=a-1-2-6=0=>a-28=7
Also PQ is perpendicular to the plane. Then,
a+1_ﬁ_3 y—4

1 -2 0
Solving (i) and (ii), we get
9 13
==, B=——,7=4
o= B 507

Therefore, image is

559
5 5

Alternative method:

For image,
a—-(-D_ -3 _y-4 -2(-1-203)
1 27 0 D+

9 13
a:—’ =——, :4
= =g hegy

33.  a.Ttis obvious that the given line and plane are parallel.
Given point on the lineis A (2, -2, 3).
B (0, 0, 5) is a point on the plane

®

(i)
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" AB =(2-0)i+(-2-0)j+(3-5)k
Then distance of B from the plane = projection. of AB on vector i + 5 } +k

(21—2] 2k z+5]+k‘

p:

Jir25+1 I
_ ‘2-10—2‘_&
V27 | 343

34. d. Since line of intersection is perpendicular to both the planes, direction ratios of the line of intersection

3s.

36.

j ok
3 1| =3i-37+3%.
3 2

1]
— 0 >

3 1
Hence, cos o= ————=
enee, cos 9+9+9 4f3

d. Let P be the point (1, 2, 3) and PN be the length of the perpendicular from P on the given line.
Coordinates of point N are (31 + 6, 24+ 7, 24+ 7).

Now PN is perpendicular to the given line or vector 3? +2 7 -2 z
=3BA+6-1)+2(24+7-2)2(2A+7-3)=0

= A=-
Then, point Nis (3, 5, 9)
= PN=7

b. The line is xi”: y2—1= Z;2 and the plane is 2x —y + /A z+4 =0.

If Obe the angle between the line and the plane, then 90° — 81is the angle between the 11ne and normal

to the plane
M) +(2)(=1)+(2)(v4)

= c0s(90°-0) =

JI+4+4.Ja+1+2
_ 2-2+2VA 1 22
= sinf =—"F——= - =
35+ 3 35+
= J5+1 =21
= 5+A=44
=3A=5

=>l=§
3
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37. d. The given spheres are

38.

39.

40.

X+y +24+Tx-2y—-z-13=0

and x2+y*+ 722 -3x+3y+4z-8=0

Subtracting (ii) from (i), we get

10x-5y—-5z-5=0

=>2x-y-z=1
c. Plane meets axes at A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢).
Then area of AABC,

- LA x4
2

=%|(—-a?+b})x(—a?+c1§)1

= %\/(azlf +b%c* +cta?)
c. Here sin®> f=3 sin?
By the question, cos?8 + cos?0 + cos’f =1
=cos?ff=1-2co0s* 0
Adding (i) and (iii), we get
I=1+3sin’0-2cos? 0
= 1=1+3(l —cos?6) -2 cos?0
=5cos?8 =3
=cos’ @ = 3

5

d. The given sphere is
Py + 22 +4x -2y —-62-155=0

Its centre is (-2, 1, 3) and radius =v4 + 1+ 9 +155 =169 =13

Therefore, distance of centre (=2, 1, 3) from the plane 12x + 4y + 3z =327

-——
>

Fig. 3.40

_H2(=2)+4(1)+3(3)-3271 .y
- J144+16+9 -

Hence, the shortest distance is 13.

(1)
(i)

@
(i)
(i)
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41. d. Vector perpendicular to the face OAB is
OAXOB= (i+2j+k)x(2i+ j+3%)
=5i—-j-3k
Vector perpendicular to face ABC is
ABXAC=(i— j+2k)x (=2i = j+k)

=i-57-3k
Since the angle between the face = angle between their normal, therefore
cos f= St5+9 —Q=>6—cos‘1 (19)
V35435 35 35

42. b. Center of the sphereis (-1, 1, 2) and its radius = \/1+1+4+19 =5

~1+2+4+7

J1+4+4 -

CL, berpendicular distance of C from plane, is

Fig. 3.41
Now AL*=CA?~CL?*=25-16=9

Hence, radius of the circle = +/9 =3

43- b.Thelines x—2=y_3=2_4 . . (1)
1 1 -k
x—1 y—-4 z-5 ..
and —=~*—=2_"— (i)
k 2 1
X=X YomN L3
are coplanar if I, m, no1=0
L m )
1 -1 -1
or{l 1 —ki_g
k 2 1
=k +3k=0

= k=00r-3
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44. a.Given lines are

x=5 y-T_ z+2

Sox=3r +5=-36r,-3,
y=—-r+7=3+2r,
andz=r —2=4r,+6
On solving, we get

5 10
x=21,y= §,Z=?

45. c. Theplanesare£+Z+£=1andi+l,+i,=l
a b c a b ¢

Since the perpendicular distance of the origin on the planes is same, therefore

x=3 y-6 z-4
46. a. The required plane is 3—-3 2-6 0-4 =0
1 5 4
x-3 y-z-2 z-4
=0 0 —4 =0 (Operating C, > C,~C,)
1 4
=4 (x-3-y+z+2)=0
=x-y+z=1
47. b. Any plane through (1,0, 0)isa (x— 1) + by + cz=0.
It passes through (0, 1, 0).
. a@-D+b(N+c(0)=0=—-a+b=0

(i) makes an angle of % with x + y =3, therefore

T a(l)+b(1)+c(0)

COS— =
\/az+b2 +c? J1+140

)

(i)
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a+b

1
= ﬁ B \/5\/az+b2+c2
=a+b=d* +b" +¢*

Squaring, we get
a’+b*+2ab=a*+ b + c?

=2ab=c*=2a*=¢?

Se=+Za

Hence,a:b:c=a:a:+2a

=1:1:2

48. b. The equation of the line through the centre } +2k and normal to the given plane is

7 = 3‘+21§+/1(§+2}'+212)
This meets the plane for which

[G+2k+AG+27+201 G+2j+2k)=15
=6+91=15=41=1

Putting in (i), we get

7 o=j+2k+(+2+2k) = i+3f+4ak
Hence, centre is (1, 3, 4).

49. c. Equations of the planes through y = mx, z = c and y =— mx, z = — c are respectively,
y-mx)y+24 (z-¢c)=0
and (y + mx) + A, (z +¢)=0
It meets at x-axis, i.e.,y=0=z.

A=A
. .. — -+
From (i) and (ii), yomx_ yrmx
z-c Z+c¢
SoCy =mzx

50. .c. Let Q (;) be the foot of altitude drawn from
P(p) totheline 7= a+ b,
= (;])—;)-Z =0and 5=2+),Z
= (@a+Ab—-p)-b =0
= (a-p)-b+AIbE=0
(p-a)b

=1 S
b

(using (ii))

®

@)
(i)
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- p-a)b)b -
= g-p =as 2L 7
b2
p—a)b)b
= 1g-pl=l@-p+ pZa)b)b
b2

51. b. Coordinates of L and M are (0, b, ¢) and (a, 0, ¢), respectively. Therefore, the equation of the plane

passing through (0, 0, 0), (0, b, ¢) and (a, 0, ¢) is

x=0 y-0 z-0

0 b ¢ |=0or=+2-Z29
a b ¢
a 0 ¢
52, c.WernusthaveZ n Oandz-;z)=q.
53. b.Wehave})—;:l; andz~z¥q.
= (An+p)n=gq
-— -n
Yl
lnl
= s__>+(q_f'n)n
InP

54. d. Line of intersection of r (z+2J+3k) 0 and r (3z+3]+k) 0 will be parallel to

(3L+3j+k)x(l+2]+3k) ie., 71~8]+3k
If the required angle is 6, then
7 7

JO+64+9 iz

cos O =

55. c.Givenone vertex A(7, 2, 4) and line %+ 6_> -;10 =L -;14
General point on above line B= (51— 6, 31— 10, 84— 14)
Direction ratios of line AB are <54 —13,31-12, 81— 18>
Direction ratios of line BC are <5, 3, 8>
since angle between AB and BC is n/4

n (54 =3)5+3(31 —12) +8(84 - 18)
CO0S —=
4 5 +3+8 54137+ (31 ~12)* + (81 —18)?

Squaring and solving, we have A =3, 2

~7 y-2 -4 ~7 y-2 z-4
Hence equation of lines are ad =7 =z and = LN =2

-3 6 3 6 2
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56. a.r-m +Ar.m=q,+Aq, @

where A is a parameter.

So, I'_l: + A n, is normal to plane (i). Now, any plane parallel to the line of intersection of the planes -

- o — i - - -
r-n, =q,and r -n, =gq,isof theform r-(n, Xn,) =d. Hence we must have

[ + Am]-[m X 7] =0

= [mnynl+Aln,nyn] =0

A mn,]

[,
= On putting this value in Eq. (i), we have the equation of the required plane as

= A=

—)—>] .
’7_3): (r-n,—q,)
rL_.,n

5

[—)
505

n,
r-m-—4=—
n

= [n,nyn)(r-n —q)=lnnmnl (r-n—q,)

c.
Y. -
B(0,2,0)
_____ C(A+1,-24,0)
DGxy 3,2 =% ==l
4(1,0,0) x
Fig. 3.42
Equation of line AB is =l SEy)
| -2 0
NowABLOC=1(A+ 1D+ (2 (-2)=0=5A=-1 =>/l=—§
(4 2 0)
= Cis 55 ) Now
X + @, -2P+ zl=4 Q)
and (x, —1)* + y+ =1 (i)
Now OC L CD
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From (i) and (ii), we get
=y, +2x,=0=>x, =2y,

2 4
From (iii), putting x, =2y = 2y, = g =y.= 3 =ux = 3 Putting this value of x, and y, in (i), we get
2
7= T—=

&

58. b.Let rxa=bxa
:(?—Z)XZ;:G :>_r):

Similarly, other line ? = Z

Now2+k3 =Z+t2

-

- -
b+ta
+ k b, where t and k are scalars.

=>t=1k=1

(equating the coefficients of g and b )
- =Z+3:§+}'+2?—IA¢:3;‘+}'—IQ
ie,(3,1,-1)

59. a.Letthe point P be (x, y, z), then the vector xi+ y}'+ zlz will lie on the line
Sa-D]+O0-D}+@-1)§ = -Ai+1j- Ak
= x=1-Ay=1+Aandz=1-1

Now point P is riearest to the origin = D= (1 —A)>+ (1 + A)2 + (1 - 1)

dD 1
= s =41 -D+20+)=0=>1= -
T == 20+ 0 3

he point i (ZEE)

- = the point is 3'3'3

60. b.Let P be the point and it divides the line segment in the ratio A : 1. Then,

— = 3 +2a SA—4~ —8L-7a4
OP =y = | + i + k
r A+1 ! A+1 J A+1

It satisfies 7- (i — 2 +3k)=13. So,

~34+2 SA-4 -8A-7 _
A+1 A+1 A+1
or—3A+2-2(54-4)+3 (=84 -T)= 13 (1 + 1)

or—37l—11=13l+130r501=—240rﬂ.=-—%

13

61. d. \7:17;, PS are in the same plane

o Q=43 X (BIHE) - ((x+2) i+ (y=1) j+2zk) =0
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RE2,1,0)

03,0,2)

S(x, y, 2)
Fig. 3.43

62. a. AB =B - =—2i-3)—-6k
Equation of the plane passing through B and perpendicular to AB is

(r — OB)- AB =0
7o (2i+37+6k)+28=0

n A

- A
Hence the required distance from r = —i+ j+k

IR NP PR —2+3+6+28
=|( AFAL)) (2Az+3{+6k)+28‘=‘ +3+6 ‘=5units
123+3)+6k 1 !

63. a. Both the lines pass through origin. Line L, is parallel to the vector \_/:
V. =(cos 8+ 3)} +(J2 sin6) } +(cos 6—3)k
and L, is parallel to the vector ‘Z

‘;;z a;+b}+c/2

l

N

v,
ANA

S cos o=

L

_ a(cos6+\/§)+(b«/i)sin6+c(cos9—x/§)
 J@ 46+ \J(cos 0+/3) + 2sin® 0+ (cos 6 — 3)?

(a+c)cos8+b2sin0+(a—c)3
- \/a2+b2+c21/2+6
For cos a to be independent of 6,we get
a+c=0andb=0
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. 2aV3 f
S Cos = \/— \/—

= o=

oA

64. d leenlmesare r—3z+8]+3k+l(3z—]+k) and

r=-3i- 7]+6k+m( -3 +2]+4k)
Required shortest distance

(61 +157—3k) ((Bi— j+k)x (=37 + 27 +4k))1
|Bi=j+k)x (=3 +2 ] +4k)

1614157 -38)- (=61 =157 + 30)!
|-6i—15 ] + 3k

36+225+9 270

T B6+225+9 210 ™ 270 =330

65. b. The required line passes through the point i+3 3 +2k and is perpendicular to the lines
F=(+2]-B)+AQi+j+k) and r=Qi+6j+k)+ 1 +27+3k) ; therefore it s parallel to
the vector b= (27 + j+ k) x (i + 2+ 3%)= (1 - 5+ 3k)

Hence, the equation of the required line is
r=+3j420)0+AG-55+3k)

66. d. Here, the required plane is
ax-d+by-3)+c(z-2)=

Alsoa+b+2c=0anda —-4b+5¢=0
Solving, we have

a

+8 2.5 —4-1
a _b_c _,
13- -3 -5

Therefore, the required equation of plane is —13x + 3y + 57+ 33 =0
67. b. Plane passing through the line of intersection of planes 4y + 6z =5 and 2x + 3y + 5z =5 is
(Ay+6z—-5)+A(2x+3y+5z-5)=0, or
22+ (BA+4)y+ (5A+6)z-51-5=0
Clearly, for A= -3, we get the plane 6x + 5y + 9z =10.

Hence, the given three planes have common line of intersection.
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68. c. The equation of a plane through the line of intersection of the planes ax+ by + cz+d=0

69.

70.

71.

72.

andax+by+cz+d =0is

(ax+by+cz+d)+A(ax+by+cz+d)=0

orx(a+AaY+y(b+Ab)+z(c+Ac)+d+Ad’=0 ®
This is parallel to x-axis, i.e., y =0, z = 0. Therefore,

1(a+2a)+0(b+Ab)+ O(c+AcH=0

=>)~=_i

Putting the value of A in (i), the required plane is y (¢ —ab*) +z (a’c —ac’) + a'd —ad’=0
or(ab’—ab)y+(ac’—ac)z+ad’ —a’d=0
b. Any plane through (2, 2, 1) is

a(x-2)+b(y-2)+cz—-1)=0 @

It passes through (9, 3, 6) if 7a + b + 5¢ =0. » /(i)

Also (i) is perpendicualr to 2x + 6y + 6z — 1 = 0, we have »

20+ 6b+6¢c=0

sa+3b+3c=0 (iif)
a. b. ¢ %a b ¢

- _—12:7__18 = E or g = Z = _—5 (fI'OITl (11) and (111))

Therefore, the required plane is 3(x —2) + 4 -2)-5@-1)=00r3x+4y-5z-9=0.

a. Since line is parallel to the plane vector, 27+ 3 7 + ){12 is perpendicular to the normal to the plane
27 +3} +4%

= 2x 2+3%x3+44=0

13
=1 =—Z

a. Any plane through the given planesis x + 2y + 3z -4 + A (4x+3y+2z+1)=0
It passes through (0, 0, 0). Therefore,
-4+1=0

“A=4

Therefore, the required plane is x + 2y + 3z + 4 (4x + 3y+2z)=0o0r 17x+ 14y + 11z = 0.

a. The equation of the plane through the line of intersection of the planes 4x + 7y + 4z + 81 = 0 and
Sx+3y+ 102—251s(4x+7y+4z+81)+l(5x+3y+ 10z -25)=0

= (@4 +50)x+ (7T +30)y+ (4+10M)z+81 - 254 =0 @
which is perpendicular to 4x + 7y + 4z + 81 = 0

= 4@ +5)+7(T+30) +4(4+101)=0

= 8lA+81=0

=A1=-1

Hence the plane is x — 4y + 6z = 106



3.108

Vectors & 3D Geometry

73. b, The equation of a plane through the line of intersection of the planes r-a=2 and 7-b = uis

74.

75.

76.

(r-a-A)+k(r-b—m)=00r r-(a+kb)=A+ku @
This passes through the origin, therefore

G(a+kB) =A+puk = k= =2

Putting the value of k in (i), weuget the equation of the required plane as

ro(pa-Ab)=0= 7. (Ab- pa)=0

b. The lines r = a+ A (b X c) and 7= b + .U (c X a) pass through points a and b respectlvely,
and ate parallel to the vectors b X ¢ and e x a respectively. Therefore, they intersect if a- b bxe

and c X a are coplanar and so
@-b)-{(bxc)x(cxa)=0

= (a-b)-(becale—[beccla) =0
= (a-b)-c)[beal =

= qc—bc=0>g.¢=b-¢

a. Equation of the plane through (-1, 0, 1) is

alx+1)+b(y-0)+c(z—-1)=0 @
which is parallel to the given line and perpendicular to the given plane

—a+2b+3c=0 @
anda —-2b+c=0 (iii)
From Egs. (ii) and (iii), we get

c=0,a=2b

FromEg. (i),2b (x+ 1)+ by=0

=2+y+2=0

b. Eliminating n, we get
AMl+m)?+Im=0

2
= l—lz+(21+l)i+/l =0
m m )

= LS =1 (product of roots L3 and b )
mm, P m m,

where [,/m, and [/m, are the roots of this equation, further eliminating m, we get

AM~In—-n*=0
LUS

= =- —
mn, A

Since the lines with direction cosines (/, m,, n ) and (,, m, n ) are perpendicular, we have

LL,+mm,+nn =0



= 1+1-1=0
=A=2
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77. a. Direction ratios of the line joining points P(1, 2, 3) and Q(-3, 4, 5) are —4, 2, 2 which are direction

ratios of the normal to the plane.
Then, equation of plane is ~4x + 2y + 2z = k.
Also this plane passes through the midpoint of PQ (-1, 3, 4)
= -4(-D+203)+24d) =k
=k=18 ,
=> Equation of plane is 2x —y —z= -9
Then, intercepts are (-9/2),9 and 9
78. c¢. 3l+m+5n=0
6mn —2nl+5mi=0 7
Substituting the value of n from Eq. (i) in Eq. (ii), we get
612+9Im—-6m>=0

o) wfion

. l—'=landl—2=—2
mo 2 m,

From Eq. (i), we get

=—land 7 =-2

‘ 1 m n llz +m|2+n12 L
12 T a1\ 1H4+1 T U6

2 2 2
L my n, yhtm+n, 1

and 5 == =" irial J6

If Obe the angle between the lines, then
1 2 2 1 1 1
cos0=(5) () (36) (e () (%)
o=eos (3
=cos™ | ¢

e~
N

~—

1
6

®
(1)

79. b, Let the equation of the sphere be x> + y2 + 722 —ax — by — cz = 0. This meets the axes at A(q, 0, 0),

B(0, b, 0) and C(0, 0, ¢).

Let (e, B, 7) be the coordinates of the centroid of the tetrahedron OABC. Then

a b c
4=a’z_ﬁ,z_y
=

a=40,b=4B, c=4y
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Now, radius of the sphere = 2k
1 .
= E‘M +b°+c* =2k = a? + b+ = 16K

= 16(a? + F+ P) = 16k*
Hence, the locus of (@, B, P is (X +y* + 22) =k?

a. Let the foot of the perpendicular from the origin on the given plane be P(¢, B, ). Since the plane
passes through A(aq, b, c),

AP L OP = AP-OP =0

= [(@-a)i+(B-b)j+(y-kl-(@i+Bj+yk)=0
s oa(a-a)+BB-b)+7y(y —c)=0

Hence, the locus of (¢, B, P) is -
x(x-a)+y(y-b)+2z-c)=0
F+y+2—ax—by—cz=0

which is a sphere of radius —;—Vaz +b* +c?

I a b+tef |l a a+b+c
81. c¢. |l b c+al =11 b a+b+c|=0

1 ¢ a+b 1 ¢ a+b+c

80.

(d ~a- Z) }
82. a. Foot of the perpendicular from point A(a) ontheplane r-n=disa+-~———<n

I n P

Therefore, equation of the line parallel to 7= Z + A Z in the plane ;) n =dis given by

- - (d_a'.n)—-) -
r=a+_)—n+lb

| nl?

x—a_y+2 z-3

cos6 sinf O

Hence , the directidn ratios of the normal of the plane are cos@, sinf and 0. (i)
Now, the required plane passes through the z-axis. Hence the point (0, 0, 0) lies on the plane.

From Egs. (i) and (ii), we get equation of the plane as

cosf(x-0)+sin@(y-0)+0(z-0)=0

cosfx+sinfy=0

x+ytan8=0

83. a. The plane is perpendicular to the line

84. a. The given line makes angles of 7/4, 7/4 and 7/2 with the x-, y- and z-axes, respectively.

= Direction cosines of the given line are

cos(z/4),cos(mw/4) and cos(z/2), or (1/\/5), (1/\/5) and 0.



85. a. Wemusthave (3 +4a—12+13)(-9-12a+13)<0.
=@+ 1)(12a-4)>0
=a<-lora>1/3

86. c. Plane meets axes at A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6).
Then area of AABC is

lIAB><ACI
2

1 A AN
=5I(—21+3])x(—21+6])l

=314 sq units

Multiple Correct Answers Ty
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L b., c., d.
If P be (x, y, 2), then from the figure,
x=rsin8cos ¢, y=rsin Osin pand z = rcos 6
1 =rsin Bcos ¢, 2 =rsin Osin ¢and 3 =rcos 6
Z

Fig. 3.44

=2+ 2+3 =2 r=214

—~ 1 2 3
.. sin 6€0s ¢ = —=, sin O sin ¢ =——=and cos § = ——
¢ V14 ¢ V14 V14
(neglecting negative sign as 8 and ¢ are acute)

s.1n031n¢ _ 2: tan g =2
sinfcos¢ 1

Also, tan 8=+/5/3
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a.,c.
Plane P, contains the line r = T+7+ k+A i-7J —12) , hence contains the point i+7+ k and
is normal to vector (I + J).
' . o e e A s
Hence equation of plane is (r — (7 + j + k))-(i + j)=0
orx+y=2 ’
Plane P, contains the line r = L+ ]+ k+A(d-] —12) and point ]
x—0 y-1 z-0].
Hence equation of planeis {1-0 1-1 1-0|=0
1 -1 -1
or x+2y-z=2
If is the acute angle between P, and P,, then
o mme _[(+0)-([+25-R) 5 4
cos 8= = = =—
mimi | V26 | V26 2
1 2
Wz

0=cos 5 "6
As Lis contained in P, = 6=20
a.,b. rn = E, and ?;1)2 = 22, ? ;3 = 23 intersect in a line if [;1 ;2 713] =0.8So,

1 1 1

1 2a 1(=0

a a* 1
= 2a-a-l+a+a*-2a*=0
= 2d°-3a+1=0
= a=1/2,1
a., b. Let the coordinates of the point(s) be a, b and c.

Therefore, the equation of the line passing through (a, b, ¢) and whose direction ratios are 1, — 5
and — 2 is ' :
x—a _y- b _z~cC .
T s 2 ®
Line (i) intersects the line, '

x_y¥3_z#l )
111 - » ®

Therefore, these are coplanar.
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1 -5 =2
1 1 1 (=0
a b+5 c+1

ora+b-2c+3=0

Also, by using same procedure with the second equation, we get the condition
1la+156~32c+55=0 ‘ }
a., d. The equation of the plane passing through the intersection of the planes 2x - y = 0 and
3z—-y=0is

2x-y+A3z-y)=0 )
or2x~yA+1)+34z=0

Plane (i) is perpendicular to 4x + 5y — 3z = 8. Therefore,

4x2-5A+1) —94=0

=8-5A-5-91=0

=3-144=0

= A=3/14

3
2y 4 (32— y)=0
x=y+ 7 B32-y)=/

28x—17y+9z=0
b.,c.,d.
x+y+z—1=0
dx+y—27+42=0
Therefore, the line is along the vector (i +j +k)x (47 + j ~2k) =31 — 6] +3k
Letz=k Thenx=k—1and y=2—2k
Therefore, (k— 1,2 — 2k, k) is any point on the line.
Hence, (-1, 2,0), (0,0, 1) and (~1/2, 1, 1/2) are the points on the line.

a.,b.
3x-6y+2z+5=0 )
—4x+12y~3z+3=0 (1)
) 3x—-6y+2z+5 —-4x+12y-3z+3
Bisectors are =%
V9+36+4 J16+144+9

The plane which bisects the angle between the planes that contains the origin.
13@Bx—-6y+2z+5)=7(-4x+ 12y -3z+3)

67x— 162y +47z+44=0 : (i)
Further, 3 X (—4) + (=6) (12) + 2% (-3) < 0
Hence, the origin lies in the acute angle.

2-1 3-4 4-5
a.,d. The given lines intersect if | 1 1 A |=0=>1=0,-1.
A2 1 ' B
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10.

11.

12.

13.

Vectors & 3D Geometry

a., ¢. The required plane is parallel to the bisector of the given planes.

x—y+z—3_+x+y+z+4

NN

or2y+7=0and 2x + 2y + 1 = 0. Hence, the planes are y=0 and x + y = 0.

a.,d.

The equation of a plane passing through the line of intersection of the x-y and y-z planes is
Zz+Ax=0, Ae R

This plane makes an angie 45° with the x-y plane (z = 0).

1

JIVA? +1
=A=%1

a., b. The plane is equally inclined to the lines. Hence, it is perpendicular to the angle bisector of
the vectors 27 — 23’ ~k and 87 + 3 —4k.

Bisectors are

= c0s45°=

Vector along the angle bisectors of the vectors are
2i-2j—k , 8i+j-4k

3 9 7
14i-57-7k . 2i-77+k

or

and
9 9

Hence, the equations of the planes are 14x -5y —7z=00r 2x + 7y-z=0
a., C.

ox-l_y _z=5 . NN
For line T - C 1= pomt(l 0, 5) lies on the plane. Also the vector along the line i — j — % is
perpendicular to the normal i+ 2_1 —k to the plane Forline r =27 ] 4k + 2,(31 + J + 5k) point

(2, -1, 4) lies on the plane and vector 37+ j +5kis perpendicular to the normal P+27 j- k.

Line x —y + z = 2x + y — 7 = 0 passes through the origin, which is not on the given plane.
b., c.

Volume of tetrahedron ABCD is %|[Z§ Z_é H)] |= 1 cubic units.

x-0 y-1 z-2
=-20-1)-2(z-2)=+6.
=2y-14+z-2=4%3
= y+z=6o0ry+z=0
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a.,,c.,d.

A1,0,-1)

Fig. 3.45

The rod sweeps out the figure which is a cone.

11-2+4i

————=1 unit.
Jo

The distance of point A(1, 0, —1) from the plane is

The slant height / of the cone is 2 units.

Then the radius of the base of the cone is VI> =1 =4-1=1/3.

Hence, the volume of the cone is %(«/5 )2.1= 1 cubic units.

Area of the circle on the plane which the rod traces is 3.

~1_y=0_z+l_—(1-0-2+4)
T2 T 2 T PP4(2)2 427

Also, the centre of the circle is Q(x, y, z). Then a

2 2 -5
Ox, y,2) 5(3, 3 —3—)-
b., c.
Distance between the planes is 2 = 5/«,/6.

Also the figure formed is cylinder, whose radius is r = 2 units.

20m

Hence, the volume of the cylinder is 7r*h = (2 —\/g cubic units.

3
>

5 2
Also the curved surface area is 2arh = 2A(2) - —= = —==

Or
NN
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16. a.,b.

=]

Required line is parallel to 1—1) xc

The equation of line is r= a + ﬂ.(;z) X Z)
= (r—a)=An x c)

S -@)x(nxo)=0

Reasoning Type

1. b. Given lines are parallel as both are directed along the same vector (i + j —k);so they do not
intersect. Also Statement 2 is correct by definition of skew lines, but skew lines are those which are
neither parallel nor intersecting. Hence, both the statements are true, but Statement 2 is not the
correct explanation for Statement 1 o

2. b. For the given lines, let a1 =i +] k, a, =4i —12, l;:=3§ —}' and l;; =20+ 31/;.Therefore,

4-1 0-1 -1+1 |3 -1 0
3 -1 0 [=13 -1 0=0
2 0 3 2 0 3

- -
Hence, the lines are coplanar. Also vectors b, and b, along which the lines are directed are not

collmear Hence, the l1nes 1ntersect When b X d 0 vectors band d are collinear; therefore, lines

F=a+Aband r=c +ld are parallel and do not intersect. But this statement is not the correct
explanation for Statement 1.
3. a. Any point on the first line is (2x, + 1, x, - 3, —3xI +2).
- Any point on the second line is (y, + 2, -3y, + 1, 2y, - 3).

If two lines are coplana‘r then 2x, -y, =1x+ 3yI =4 and 3x, + 2y =5 are consistent.

T T

4. - a. The direction cosines of segment.OA are

OA =\/§
This means OA will be normal to the plane and the equation of the plane is 2x + y — 3z = 14.
5. b. Statement 2 is true as when the line lies in the plane, vector b along which the line is directed is

perpendicular to the normal ¢ of the plane, but it does not explain Statement 1 as for Z ¢ = 0, the line
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may be parallel to the plane. However, Statement 1 is correct as any point on the line (¢ + 1, 2¢, — - 2)
lies on the plane fort € R.

2-3+2 | 1
Ja+9+443]” 51

Therefore, Statement 1 is true and Statement 2 is also true by definition.

a.sin 0=

a. ﬁﬁ =9>0. Therefore, P is exterior to the sphere. Statement 2 is also true (standard result).
b. Obviously the answer is (b).
. . ox—1 'y z+2.
¢. Any point on the line =N = 3 = — 1sB(t+1,-1,2t-2), teR.
Also, AB is perpendicular to the line, where A'is (1,2, —4).
S 1) -(=-2)+22t+2)=0
=60+6=0
=t= -1
Point Bis (0, 1,-4)

Hence,AB=./1+1+0 =\/5
b. Direction ratios of the given lines are (— 3, 1,—1) and (1, 2, —1). Hence, the lines are perpendicular
as (=3)(1) + (1)(2) + (-1)(-1) = 0.
0-2 1-3 -1+(13/7)
Also lines are coplanar as | —3 1 -1 =0
1 2 -1

But Statement 2 is not enough reason for the shortest distance to be zero, as two skew lines can also
be perpendicular. '

Linked Comprehension Type

For Problems 1-3
1.b,,2.¢.,3.d.

Sol.

A2, 1,0)

B(1,0, 1)

~P(x, y,x)
C@3,0,1)

Fig. 3.47
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G=-DIEED-ED-G-DIED-1]+2[1+1]=0
2(y-1)+2z=0

=y+z-1=0

The vector normal to the plane is 7: 07+ }'+ 2

The equation of the line through (0, 0, 2) and parallel to 7 is F=2k+ ﬂ,(/]\‘ + ]Ac)

2 -1
s —_— 1
The perpendicular distance of D(0, 0, 2) from plane ABC is \/ﬁ = —.
] 1°+1 ﬁ
For Problems 4-6
4.b.,5.¢.,6.c.
Sol.

4. b.Let Q(x,, y,, z,) be the image of A(2, 1, 6) about mirror x + y —2z = 3. Then,
x, -2 Y,—-1 z,-6 -202+1-12-3)
1 T 1 -2 4P+t T
= (X, ¥,, 2,) =(6, 5, - 2).
x-2 y-1 z-6
3 4 5
x=2+3A,y=1+4A,z=6+5Aliesonplanex+y—2z=3
=2+3A+1+4A-2(6+51)=3
=3+7A-12-10A=3=-3A=12=4=-4"
Point B=(-10,-15,-14)
6. c. The equation of the reflected ray L, = 0 is the line joining Q(x,, y,, z,) and B(- 10, - 15, - 14).

5. c.Let =2

x+10 y+15_z+14 i
16 20 12 ' '

x+10 y+15 z+14

or Ty 5 3

For Problems 7-9
7.b.,8.¢., 9.b.
Sol.’
The given system of equations is
2x+py+6z=38
x+2y+qz=5
x+y+3z=4

2
A=t
1

-~ Ny
w R

=(2-p)(3-9)
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By Cramer’s rule, if A# 0, i.e., p#2 and g # 3, the system has a unique solution.

Ifp=2org=3,A=0,thenif A = Ay = AZ =0, the system has infinite solutions and if any one of
A, A and A # 0, the system has no solution. "

Now AX

It
~ U oo
—_—
w R o

30-8g—15p+4pg=(4g—15) - (p—2)

— e ND
BN, e <]

6
q
3

=-8q+8¢=0
2 p 8
1 2 5
1 1 4

=p-2
Thus,ifp=2, A = Ay = Az =0 for all g € R, the system has infinite solutions.
If p#2,9=3and A #0, then the system has no solution.

Hence the system has (i) no solution if p # 2 and g = 3, (ii) a unique solution if p # 2 and ¢ # 3 and
(iii) infinite solutions if p=2 and g € R.

A =

k4

For Problems 10-12
10.4.,11.b.,12.d.

Sol.

10. d. The line

11.

x-1 y—-2 z-3

Any point say B= (3r+ 1,2 —r, 3 + 4r) (on the line L)
AB=3r,~1r,4r+6

Hence,

ﬁisparalleltox+y—z= 1

=3r-r—4r-6=00rr=-3

Bis(-8,5,-9)
b. The equation of plane containing the line L is
Ax-1D+B(y-2)+C(z-3)=0, where34-B+4C=0 ®

(i) also contains point A(1, 2, -3).
Hence, C=0and 3A =B.
'The equation of planex— 1 +3(y-2)=0orx+3y-7=0
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12. d.The distance of point (1 + 37, 2 —r, 3 + 4r) from the plane is
CM+3r+2-r=3-4r-11 2r+1l 4

VI+1+1 - 3 =$

3 5
=r==-=
202
~14
Hence, the points are A(E 1 &) and B(__lé 2___)
27272 2 2 2
=AB= 292

Matrix-Match Type

1. a-»s;b—>q;c—>p;dor

A

» which is along the vector 2i +3’ -k.

; x—1 y-2 z+3
a. L1nex=2t+ly=t+2 z=—t-3o0r > = N = !

Vector P+3] Jj+ 5k is perpendicular to the line.
b Normalstotheplanesx+y+z 3=0and2x—y+3z=0are n1 =i +] +k and n2 =2 —] +3k

ik
Then the vector along the line of intersection of planes is r_z:x ,;; =11 1 11=4i~-j-3%
2 -1 3

X Z — A A A A A A
¢. The shortest distance between the lines 5 = 13 = —1 and r=3i—j+k)+1(i+j—2k)

ik
occurs along the vector (27 -3 —k)x(i +7-2k) = [2 -3 -1/ = 7i +3] +5k
1 1 -2
[
d Normaltotheplane7=—§+4}'—6]Ac+l(§+3}'—2]2)+u(—§+2}‘—512)is 1 3 -2
12 -5

= ~11i +7] +5k
2. a—>q,s;b->r;c—op,q;d—p
—]. +2 Iz . - A A A
x—2=l§—=——1 is along the vector g =-2i +3j —k and
}'+1Ac)+t(§+}'+fc) is along the vector Z=?+}'+]Ac.Here alb.

a. Line

line 7 = (3? -
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3-1 -1-(=2) 1-0

Also | =2 3 -1{=0
1 1 1
ik
b The direction ratios of the line x—y+ 22 ~4=0=2x+y~3z+5=0are [| -1 2|=i+7]+3k.
Hence, the given two lines are parallel. 2 1 -3

¢. Thegivenlinesare (x =¢r-3,y=-2r+1,z=-3r-2) and 7=(t+l)§+ (2t+3)}+(—t—9)/2,or

x+3=y—1:z+2 and x—l;y—3_z+9
1 -2 -3 1 2
The lines are perpendicular as (1)(1) + (-2) (2) + (-3) (-1) = 0.

-3-1 1-3 =2—-(-9)
Also| 1 -2 -3 =0
1 2 -1

Hence, the lines are intersecting.
- A A A A A A - A A A N A 3 A
d The givenlinesare r=(i +3j ~k)+t(2i~j—k)yandr=(-i—~2j+5k)+s(i -2 +Zk).

1-(-1) 3-(=2) -1-5
2 -1 -1 |=0
1 -2 . 3/4

Hence, the lines are coplanar and hence intersecting (as the lines are not parallel).
3. a-q;bopicos;dor
a Thegivenlineisx=4y+5,z=3y-6,0r

x=5 z+6

1 TV T =Y

Any point on the line is of the form (44 + 5, A, 34 - 6).

The distance between (44 + 5, A, 34— 6) and (5, 3, — 6) is 3 units (given). Therefore
@dA+5-52+(A-3Y+(3B3A-6+6)2=9

=162+ A2+9-64+942=9

=262-64=0

=1=0,3/13

The point is (5, 0, — 6)

b The equation of the plane containing the lines il

or

-2 y+3 z+5
5 7

and

parallel to i+ 4}' +7k
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4.

. The line passing through points A(2, —3,— 1) and B(8,—- 1, 2) is

Vectors & 3D Geometry

x=2 y+3 z+5

1 4 7

3 5 7
=x-2y+z-3=0
Point (— 1, — 2, 0) lies on this plane.

=0

x-2 y+3 z+l
8-2 -1+3 2+1°
x62 =yz+3 =z3+1 “A (say).

Any point on this line is of the form P(64 + 2, 24 — 3, 34 — 1), whose distance from point
A2, -3, - 1) is 14 units. Therefore,

PA=14

PA? = (14)*

(6A)* + (2A)* + BA)* =196

492% = 196

A2=4

A=%2

Therefore, the required points are (14, 1, 5) and (=10, — 7 — 7). The point nearer to the origin is
(14,1, 5).

LI A

-2 -3
Any point on line AB, % = }’T = ZT =Ais M (2A,3A+2,4A + 3). Therefore the direction ratios

of PMare2A-3,31+3 and 41 ~-8.

P (3,-1,11)

4 7 B

Fig. 3.48
But PM L AB

S 22A-3)+306A+3)+4(4A-8) =0
42-6+9A+9+164-32=0

29A-29=0

A=1

Therefore, foot of the perpendicular is M(2, 5, 7).

a->r;b-op;cHoq;dos

a. The given line and plane are ?=(2; —2}'+3I€) +1(§—}'+4l§) and ?(: +53’+IA<) =5,

respectively. Since (; - } + 4k ) (? +5 } + IAc) =0, line and plane are parallel.
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Hence, the required distance = distance of point (2, — 2, 3) from the plane x + Sy +z—5=0,
which is 12-10+3-51 10

JI+25+1 33

b The distance between two parallel planes ;) (2i ~j +3k) =4 and ; (6i-3j+9)+13=0is

- (-133)  _@513) _ 25

@+ (7 V4 3

d=

¢. The perpendicular distance of the point (2, 5, — 3) from the plane 7 (6i—3j+2k)=4or
6x~3y+2z -4=0is

{112 —15 ~6—-4/|

d=""R6+9+4

= 13/4/49 =13/7
d The equation of the line AB is

x-=2 _y+2 _z-6
2~ 3 -6
The equation of line passing through (1, 0, — 3) and parallel to AB is

A
/ 0(1,0,-3)
B /
4

x—y—z=9
Fig. 3.49

Xl _y_z43_
7 37 6 =r (say)

The coordinates of any point on line P(2r + 1, 3, — 6r — 3) which lie on plane
Cr+H-Brn—-(-6r-3)=9

r=1 .

PointP=(3,3,-9)

Required distance PQ = \/(3_1)2 +(3-0) +(-9+3)" = J4+9+36 =7
5. a-q;b-oricos;d-p

-3 -5 -7 2(6+5+7+18
a If the required image is (x, y, z), then x2 X2 ( b )=—12

1 1 22+ +1°
or (-21,-7,-5).
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x=2 y-1 z-3
-3 2 2
2x +y —z = 3. Therefore
—6A+4+24+1-24-3=3

—6A=1

A=-1/6

b. Any point on the line =A is (=34 +2,2A+ 1, 24+ 3), which lies on plane

2 8
Therefore, the point is 2, -, —)
2°'3° 3

If (x, , 2) i ired foot of th dicular, then L =¥l _2=2_ (2=2+48+5)
. )Y, cular, then = = =—
C X y Z) 18 requ1re 00t O eperpen cu _2 4 22 +(_2)2 +42

-1 25 =2
(x,y,Z)E(— — —)

127127 12
. ox=1_y-2 z-3 . - . - .
d Any point on the line N :T :T =1 is P(2A+ 1,34 42, 42+ 3), which satisfies the line
x—4 y-1 z 2A+1—-4 34+2-1 4A+3
5 2 1% s T2 T
=A=-1

The required pointis (—1,-1,—1)

Integer Answer Type [

1. (8) Obviously one in each octant.

2. (1) Ifimage of point (2, -3, 3) in the plane x — 2y —z+ 1 = 01is (a, b, ¢), then
a-2 b+3 c¢-3 2(2-2-3)-3+1)

1 =2 -1 P+ (=2P2+ (=1

Hence the image is (0, 1, 5)
Obviously distance of image of the point from z-axis is 1.

3. (3 LetA(1,0,-1),B(-1,2,2)
Direction ratios of ABare (2,—2,-3)
Let 8 be the angle between the line and normal to plane, then

cos 0= 12.1+3(=2)-5(-3)! _ oo 1
JI+9+25 Ja+4+9 17435 /595
Length of projection
=(AB)sin @
121
= J(2) + (2D +(3) x, 1 - =
V@) + @2 +03)" x 595
474

= ,|—— units
35
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4, (2) Vector normal to the plane is 7i=1 — 3] + 2k and vector along the line is v=27 + j- 3k

Now sin 0=

i _]2—3—6|_H
7 Vit ie| ha

Hence cosec 8=2

1
5. (8) Volume (V)= = A h = k= 3_V
3 A
similarly b= > | b= 2 anap,=
A, A 4

So (A, +A,+A,+A)h +h,+h +h)
3V 3V 3V 3V)

=(A, +A,+A +A)(——+-—+——+
4 4 A A

' 11 1
=3V(A +A,+A,+A) +~+—+—
Al AZ AS A4
Now using A.M.-H.M inequality in ALALA LA, weget
A+A,+A+A, > 4

1 1 1 1
= AFAFAFA) —+—+—+—|216
A A A A

Hence the minimum value of A +A,+A+A)(h +h,+ h,+h)=3V(16)=48V=48(1/6)=8
6. (6) A plane containing the line of mtersectlon of the glven planes is

X—y—-2-4+A(x+y+27-4)=0

te, (A+Dx+A-Dy+QRA-1)z—-4(A+1)=0

vector normal to it

V=(A+Di+(A-1j+QA~DkS @

Now the vector along the line of intersection of the planes
2x+3y+z-1=0 and x+3y+2z-2=0isgivenby

30-G+k)

S

Il
i \® B
W W
N = X

Il

As 7 is parallel to the plane (i), therefore
iV =0
A+D)-(A-D+2A-1=0
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-1
242A-1=0 = A= >

Hence the required plane is

x-3y-4z-4=0
Hence |A+B+Cl=6
7. (7) Clearly minimum value of a?+ b%+ ¢?

_ [|(3(0)+2(0)+(0)—7 |]z_ 49 7

= — = —units
JB? +(27 +(1) 14
8. (7) 4x+Ty+4z+81=0 , @
5x+3y+10z=25 (i)

Equation of plane passing through their line of intersection is
(dx+Ty+4z+81)+A(5x+3y+10z-25)=0

or (4 +5A)x+(7+30)y+(4+104)z+81-251=0 (iii)
plane (iii) | to (i), so

44 +50)+7(7T+34)+44+101)=0

L A=-1

From (iii), equation of plane is ~x+4y—6z+106=0 . @iv)

106 106

JI+16+36 /53

Distance of (iv) from (0,0,0) =

x+2 2y+3 3z+4
T4 5

9. (9) Line through point P(-2,3,-4) and parallel to the given line

Any point on this line is Q[S/'L -2,24 - %, %l - %:l

2 3

Now PQ is parallel to the given plane 4x + 12y ~3z+1=0
= line is perpendicular to the normal tothe plane

= 40BN +12 (ﬂi) _ 3(5'1_18_) =0
2 3

44 -9 5
Direction ratios of PQ are [31, M, At 8:'

= A=2
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5
= Q(4,§,2)

Y PORN BN PR )
= PQ= \/(6) +(2 3) +(6)° = 5

10. (6) The given points are 0(0, 0, 0), A(0, 0, 2), B(0, 4, 0) and C(6, 0, 0)
Here three faces of tetrahedron are xy, yz, zx plane.
Since point P is equidistance from zx, xy and yz planes, its coordinates are P(r, 7, r)
Equation of plane ABC is
2x + 3y + 6z =12 (from intercept form)
P is also at distance r from plane ABC

12r +3r+ 6r =121 _
J4+9+36

= lr-12l=7r
= -11r-12=+x7r

12
=—,3
= r 18

r=2/3(asr<2)

Archives

Subjective Type

1. (i) Weknow that equation of the plane passing through three points ()5 Y15 20555 Y5 2,5 (X35 V55 2,) 18

X=X Y= -3
X=X %=y -z =0 P(2,1,6)
X=X =Y LT
x=2 y-1 z-0
5-2 0~1 1-0[=0 -
4-2 1-1 1-0 x+y-2z-3 |M
1
i
x=2 y-1 z |
3 -1 =0 E
? o ‘Q(a,B,v)

=x+y-2z=3 Fig. 3.50
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According to the question, we have to find the image of P(2, 1,76) in the plane.

_B-1_y-6_ 2(2+1-12-3)

(04
Let Q be (o, B, Y. Then : 7 2 PiPi2y

= Q(a’ ﬂ’ Y)E Q(67 5’_2)-

Since the plane is parallel to lines L, and L, with direction ratios as (1, 0, — 1) and (1, — 1, 0), a vector

perpendicular to L, and L, will be parallel to the normal 7 to the plane. Therefore,

ik
;l)zl 0 "‘1:—1—3—];
1 -1 0
The equation of the plane passing through (1, 1, 1) and having normal vector no=—i- 3 ~kis
given by
(r —a)n=0
=2-1x-1D-1@-1D-1z-1)=0
x+y+z=3
Y .
Zi2iE 1
3 3 3 ®

The plane meets the axes at A(3, 0, 0), B(0, 3, 0) and C(0, 0, 3) or A(37), B(3 ) and C(3k).

Hence, the volume of tetrahedron OABC = é[3z° 3} 312]

27 9c bic units
= —=—Cu
6 2

S is the parallelepiped w1th base point A, B, C and D and upper face points A”, B’, C’ and D’. Let its
volume be V. By compressing it by upper face A’, B’, C'and D’, a new parallelepiped T is formed
whose upper ‘face points are now A”, B”, C” and D”". Let its volume be V,.

D’ c
A B
,/ _D-" ——————— b — = — ;_,_ C”
// //
v 4
// //
AW, e ____ L7,
B
@By C
D
4 B

Fig. 3.51
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Let 4 be the height of original parallelepiped S.

Then V= (area of ABCD) X h . @)
Let equation of plane ABCD be ax + by + cz+d =0 and A”(c, f3, 7).

Then the height of the new parallelopiped T is the length of the perpendicular from A” to ABCD,

., ad+bB+cy+d

. Therefore
va?+b+c?

V, = (ar ABCD) x ‘4 ¥bBrcy+d) (if)
2 2 2
a +b +c
90
But giventhat V.= =——V B i
srventhat o= o0 > )

From (i), (ii) and (iii), we get

ac+bB+cy+d

— =094
Na®+b* + ¢
= ac+bB+cy+d—-09 ha* +b*+c* =0

Therefore, the locus of A” (e, B, ) is ax + by + cz + d — 0.9k +Ja® + b* + ¢* = 0, which is a plane

parallel to ABCD. Hence proved.

The given line is 2x—y + z— 3 =0=3x+ y + z — 5, which is intersection of the following two
planes:

2x-y+z-3=0 1)
3x+y+z-5=0 . (ii)
Any plane containing this line will be the plane passing through the intersection of planes (i) and
(i1). Thus, the plane containing given line can be written as follows:
2x~y+z-3)+ABx+y+z-5)=0

BGA+2)x+A-Dy+A+1)z+(-51-3)=0

As its distance from the point (2, 1, — 1) is 1/\/3,
(3;L+2)2+(,1—1)1+(A+1)(’—1)+(—5/1—3)|_ 1
\/(3/‘t+ 2)" +(A-1 +(A+1)

ey

-1 1
Viaz+122+6] V6
Squaring both sides, we get
_ (-0 1
1122 +124+6 6
=5A2+240=0
= A5A+24)=0
= A=0o0r—24/5
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Therefore, the required equations of planes are 2x—y+z—3 =0 and

({22 o)

or,62x+29y+19z2-105=0

The direction cosines of the line are 1/ \/5, 1/ \/5 ,1/ \/—?; .
t

13 ! . .
Any point on the line at a distance ¢ from P(2, — 1, 2) is (2+ —,~1+—=,2+ —) which lies on
7P RN SN
2x+y+7z-9=0

= 1=+3

Objective Type

Multiple choice questions with one correct answer

1

x—4 y-2 z
1
it passes must also lie on the given plane, and hence 2 x4 -4 x2+k=T7ork=7.

a. Astheline ; k lies in the plane 2x — 4y + z =7, the point (4, 2, k) through which

x—1=y+1:z—1=)’
2 3 4
=>x=2A+1,y=3A-1landz=44+1

b.

x-3 _y-k_z
T 2 1

=>x=3+U,y=k+2uandz=pu

Since the above lines intersect,

22+1=3+u ®

3—1=2u+k (i)

p=4A+1 (iii)

Solving (i) and (iii) and putting the value of A and g in (ii), £ = 9/2

d. Let the equation of the variable plane be Iy % +i= 1, which meets the axes at A(a, 0, 0),
a c

B(0,b,0)and C(0,0, ¢).

. . b 1 1 1
The centroid of AABC is (E, -, E) and it satisfies the relation —+—+—=k
33 3 x 0y oz
= 2 + 2 + L k
a> b2 2 -
N i+ 1 N 1k , ©
2 bz cz - 9 1
Also it is given that the distance of the plane X %-F o from (0, 0, 0) is 1 unit. Therefore,
a c
1 1 1 1 ..
=l= —+—5+—=1 (ii)

1 1 1 a b
@ bp &

From (i) and (i), we get k/9=1,i.e. k=9
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4. d. The equation of the plane passing through the point (1, ~ 2, 1) and perpendicular to the planes

x-1 y+2 z-1
2x—2y+z =0andx—y+2z=4isgivenby| 2 -2 1 (=0
1 -1 2

Sx+y+1=0

1+2+1

R

Its distance from the point (1, 2, 2) is

5. a. Any point on the line can be taken as

0 ={(1 -3, @-1), (Su+2)}

PQ = {-3u-2,11-3,51-4)

Now, 1 (~3u-2)-4@u-3)+3(5u-4=0
=-3u-2-4u+12+15u-12=0
=8u=2=u=1/4

6. c.Plane 1: ax + by + cz =0 contains line % = % =

F PN

2a+3b+4c=0

X
Plane 2: a’x + b’y + ¢’z = 0 is perpendicular to plane containing lines 3 =

3¢ +4b" +2¢"=0and 4a’ + 20’ + 3¢’ =0

’

a v c
12-4 8-9 6-16
= 8a-b-10c=0
From (1) and (ii),

’

a _ b c
-30+4 32+20 -2-24
= Equation of planex -2y +z=0
7. a.Distance of point (1,2, 1) from plane x+ 2y - 2z = atis 5 =a = 10.

. x=-1 y+2 z-1
Equation of PQ, = = =t
quation Q N 3 =3
5
Q=@ +1,2t-2,-2t+1)and PQ=5 = t=5;a=§:>QE(8

®

(ii)
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Assertion and reasoning type

1. d. The line of intersection of the givenplaneis3x—6y~27—-15=0=2x+ y-2z-5=0
For z =0, we obtain x = 3 andy=-1,
- Line passes through (3, - 1, 0)
Also, the line is parallel to the cross product of normal to given planes, that is

ik
3 -6 -2/=14i+27 +15k
2 1 =2
. ..o x=3 y+1 ¢ . _
The equation of line is ——=——= == whose parametric form is

14 2 15
x=3+4+14t,y=-1+2¢t7=15¢

Therefore, Statement 1 is false.
However, Statement 2 is true.
2. d. The direction cosines of each of the lines L,L, L, are proportional to (0, 1, 1).
Comprehension type

For Problems 1-3

PGk
L b3 1 2=-7-75+5k
12 3

Hence, the unit vector will be m
53

2. d. Shortest distance = A+ DED+E-DED+A+3)S) -

53 53

3. c.Theplaneis given by —(x + D-700+2)+5(z+1)=0
=x+7y-5z+10=0

- 1+7-5+10 13

= Distance = =
istance J7_5 \/.73

Matrix-match type
Sol. a->r;b-oqcop;dos
Here we have the determinant of the coefficient matrix of given equation as

a b ¢
‘A=lb ¢ a

c a b

=—(a+b+c)(a2+b2+c2—ab—bc-—ca)
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—%(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

a+b+c#0
anda@?+b*+c>—ab—bc—ca=0
= @-byY+®-c)+(c—-a)=0
=a=b=c¢

Therefore, this equation represents identical planes.

.a+b+c=0

and @+ b*+c?—ab—-bc—ca#0

= A=0and q, b and ¢ are not all equal. Therefore, all equations are not identical but have
infinite solutions. Hence,

ax+by=(a+b)z (usinga+b+c=0)

andbx+cy=(Mb+0)z

S>@E-a)y=P'-ac)z=>y=z

=Sax+by+cy=0=ax=ay

=D X = y=2

Therefore, the equations represent the line x =y =z.

.a+b+c#0and @+ b+ c*—ab—-bc—ca#0

= A # 0 = The equations have only trivial solution, i.e., x=y=2z=0.

Therefore, the equations represent the planes meeting at a single point, namely origin.
a+b+c=0anda®+ b+ —ab—bc—-ca=0

=a=b=candA=0=a=b=c=0

= All equations are satisfied by all x, y and z.

= The equations represent the whole of the three-dimensional space.

Integer Answer Type

1.

(6)L

et normal toplane is [i + m j.+ nk

214+3m+4n=0
and3/+4m+5n=0

Eq

uation of plane will be

a(— 1) +by-2)+c(z-3)=0

([ N

4

—lx-1D)+2(y-2)-1(z-3)=0
-x+1+2y-4-z+3=0
~x+2y+2z=0

x-2y+2z=0

id|
7€'=\/8

d=6






Appen'dix
Solutions to
Concept Application Exercises

Chapter 1

Exercise 1.1

1. Since the diagonals of a rhombus bisect each other, O_A) = —Z)_C>v and OB = -0D and so

OA + OB +0C + 0D = 0.

>

2. Let the position vectors of A, B and Cbe a, b and Z, respectively. Then the position vectors of D

_ = - - “,}—; - -
Eand Fare (b+¢)/2,(c +%a)/2 and (a+b)/2, respectively. Therefore,

.}‘ )
T TF [b;C_zHﬁ;a_zHa;b_zJ:a

3. Since the diagonals of a parallelogram bisect each other, P is the middle point of AC and BD both.
Therefore

AN
\

OA + OC=20P and OB +0D =2 OP
4. Fis the middle point of BD. Therefore

AB+AD=2AF 0)
Similarly, CB+CD = 2CE (i)

Adding (i) and (ii), we get

AB+AD+ CB+CD = 2(AF+ CF)= —2(FA+ FC)
~2(2(FE)) (because E is the midpoint of AC)

= 4EF
5. b.Wehave,E+£=Fd+%
= ~ AB=BC

Since the initial point of B_C7 is the terminal point of H?), A, B and C are collinear.

6. A vector along the internal bisector = %+ % = iz2j+2k + 20+ jH2k
fal bl 533
Lo»oa
=36i-j+db
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Fig. S-1.1
AL=AB+BL=AB+EBC=AB+EAD
AM = AD+ DM = AD + - DC = A+ 4B
— —_— —_— — —_— — 33—
Adding, AL + AM+%(AB+AD) =%(AB+BC)=5AC

8. We know that the figure formed by the lines joining the midpoints of the sides of a quadrilateral is a
parallelogram. Hence, MPNQ is a parallelogram, whose diagonals are MN and PQ intersecting at E,

which is the midpoint of both MN and PQ. For any origin O, we have OA +0B =2 (O—Ai ) (as M is the

midpoint of AB).
D N C

»
13
]
'

0 F,' P
j
|

A M B

Fig. S-1.2

OC + 0B = Z(Ffﬁ) (as N is the midpoint of BC)
= UA+O0B+0C + 0D =2(OM +ON)

=2 (20E)=40F

where E is the midpoint of MN as it is the intersection of the diagonals of a parallelogram.

9. Wehavea=3 §+ 4 }'— 2 12 Therefore,

lal=~/9+16+4 =29



10.

11.

Appendix: Solutions to Concept Application Exercises A.3

-

. a
Therefore, the unit vector parallel to g = —

= @ +47-2k).
lal 4@% ARt

Now suppose b is the vector Wthh when added to a gives the resultant i,
Then a+b—z or b = L— = l—(3l+4] 2k) Therefore,

b=-21-45+2k

|0AI=10B1=+14

A AOB is isosceles. Hence, the bisector of angle AOB will bisect the base AB.
Hence P is the midpoint (2, 2, - 2) of AB. Therefore,

OP=2(i+j-k)

L=phLtqr
- +(1—
o p,opntd-pn
p+d-p)

r,divides 7 and #, in the ratio (1 - p): p

Hence r,, r,and r, are collinear.

Exercise 1.2

1.

Since 3a —2b+¢ —2d =0
3a+c=2b+2d
3a+c 2b+2d 3a+c b+d
= = = =
4 4 3+1 2
Therefore, P.V. of the point dividing AC in the ratio 1 : 3 is the same as the P.V. of midpoint of BD.

- - - >
3a+c b+d
or

So AC and BD intersect at P, whose P.V. is . Point P divides AC in the ratio 3 : 1 and

BD intheratio1: 1.

Consider 2a~b +3c =x(a+bh-20)+y (@+b-30)

- 2a-b+3¢=(x+y)a+(x+y)b+(2x-3y) 0
X+y=2 (i)
x+y=-1 | (i)
2x-3y=3 (i)

Multiplying (i) by 3 and adding it to (iii), we get
x=9
From (1),9+y=2=y =7
Now putting x = 9 and y = -7 in (ii), we get
9 -7=-1
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or 2 = -1, which is not true.
Therefore, the given vectors are not coplanar.
Alternative method:

‘We have determinant of co-efficients as

2 -1 3
I 1 -2|=-3%£0
I 1 -3

Hence vectors are non-coplanar.

- - — - — - -

3. (leta=i+j+kb=2i+3j—kc=—-i—2]+2k

I 1 1
2 3 -1i=-1
-1 -2 2

Hence vectors are non-coplanar and linearly independent.

Gi)Let a=3i + j—k,b=2i — j+Tk,c=Ti — j +13k

31 -1
2 -1 7|=0
7 -1 13

Hence vectors are coplanar and linearly dependent.

4. Putting the values of Z and E , and then equating the coefficients of a and b on both sides, we get
3(p+4q)=2(2p+q+2) |
32p+g+1)=22p-3g-1)
Tp+10g=4and2p+9g=-35
Solving, we getp=2andg=-1
5. Points A(Z, ;+ m, 1_7)+ n, Z), B, 2 +m23+ n, 2), Cc(, Z+ m, _l;+ ny 2), D¢, Z+ m, Z+ n, c)
are coplanar.
= Vectors AB=({,—{¢)a+(m —m)b+(n —n)c,
AC=(,—4)a+(m, ~-m)b+(n —n)c,
AD=({,~t)a+(m —m)b+(n—n)c

are coplanar
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4 -¢, m-m, n-n,
= £, =4, m-my, n-n =0
Li=4y m—-my n —n,
£ L, £, 4,
m.m, m, m,

n o n non
1 1 1 1

Now if

Then applying C,— C,-C,,C,—> C,-C,C,—> C, - C|, we have

0 £,-4, L0, 0,1,
moomy—mmy s m—m|

n, n,—n AR h—n

1 0 0 0

£ -4, m-m, n-n,
= £, -6, m-my n-n,|=0

=4y m-my n-n,

6. Any vector 7 canbe uniquely expressed as a linear combination of three non-coplanar vectors.
Let us choose that 7a —115+15¢ = x (a—25+3¢) +y(2a-3b+4c) +z (3a—4b+5¢)

Coimparing the coefficients of a, Z and Z on both sides, we get
x+2y+3z=7,-2x-3y-4z=-11,3x+4y +5z=15
Eliminating x and then solving fory and z, we getx=1,y=3,z=0

Chapter 2

Exercise 2.1

1. |4Z+3Zl=\/(42 +3b)-(4a +3b)

= 16137 +915F +244.5

= \/144+144+24x3x4x(_?1)

=12
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Itis given that vectors i —2x j —3yk and i +3x j +2yk are orthogonal. Therefore,

(i-2x j=3yk)-(i+3x j+2yk) = 0
=1-6x2-6y*=0
= 6x2 + 6y* =1, which is a circle.

12+Z+Z|2=(Z+Z+Z)-'(Z+Z+Z)
=gl +1bP 1P +2a-b+2bc+20-a
=1+4+4+0+0+0=9

= la+b+cl=3

- -

Given, a+b+z=6
a+b=—c
@+5)-@+8)=(-0)-(=0)
=al+b?+2 (Z-;)=c2

=59+25+2 (a-b)=49

= a-b=15/2

=abcos  =15/2 = 3-5cos 8=15/2

=cos 0 =1/2 =60=nrn/3
la~bF =(@-b)(a—b)

=@+ b -2(a-b)
=1+1-2(1-1 cos 8)
=2(1-cos9)

- 2(1_%}1

~

A Py A
n=a i+a, j+a,k, where a’ +al +a’=1
. - A
Giventhat un=0 =a,+a,=0

Also, ¥-n=0 =a,-a,=0
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0

r 1
or—k
I wil=3

AD=AB+BC+CD=a+b +c

a
a

w
Q

a
1
k

=
]

R:E’+EE=Z+Z or a=—(2+3)
BD=BC+CD=h+c

Therefore, EEB+B—C’A—)D+C—A)I_BB
=ac+b(a+b+)t(—a=b)-(b+o)
=ac+ba+bb+bco-ab-ge-bb-be=0
PG=00-0F=1-2k |

RS=0S-OR=4i-47-}

— — BT
Projection of PQ on RS = Q: S = _J6=
IR V33

3; + 3 and 5; - 3(_1) are perpendicular. Therefore,
Bp+g)Gp-39)=0
15p*-3¢’=4pq

2; +3 and 4; - 23 are perpendicular. Therefore,
Qp+g)@4p-29)=0

8p2:2q2
Now, cos 0= _)p-q_)
Ipligl

Substituting ¢> =4 p* in (i), 3p° = 4;;}

-
2

3
Ipl2ipl 8

Socos @ = 2
4

p
= @ =cos ! 3
8

A.7

®

(i)
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10. A(xA+B)=B-(aA+B)
=S o+ ;\)E =aZ~§ +1
= (A-B)1- a)=(1-a)
Since 1—4);3 #0=2 a=1

- - -

11. a+ Z +c=x
Taking dot with x on both sides, we get

- - - =

- - - - —>2
xa+xb+xc=xx=1xI'=4

- > 37

=1+ -3— + ;~Z=4 = x-c=—
2 2
If 6 be the angle between P and ;, then I;IIZI cos 8 =3/2
= cos 0=3/4 = 0 = cos'(3/4)
12. Let € be an angle between unit vectors Z +b. Then
2-3 =cos 0
la +bP =1af + 5P +2a-b =2+2co0s § =4 cos? 6/2

= IZ+Z|ZQCOS%
P .6
Similarly, | a— b | = 2sin E

= IZ+ZI+IZ—BI =2 (cos§+sing) SZ«/E
13. Resultant force

F=P+P+P=2j-k

And displacement = AB
=PV.ofB-PV.ofA

= (6i+ )—3k)—(4i 3] —2k)
=2i+4j—k

.. Work done = F - AB
—Qj-k)-Qi+4j-h)

=9 units
Exercise 2.2
ik
1 axb=(2 3 -5
m n 12

=(36+5n) i —(2445m) ] +Q2n=3m)k =0
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- — - - - = - - X
a-b=lallblcosB,butlaxbl=1allbl sin 8

laxbl 4 3
——=— =>cos 8= —
lalib! 5

=sin f=
Therefore, 2-Z=2x5x§=6
Since ZXZ=Z><Z¢6,
axb-bxc=0

= axb+cxb=0
:(Z+ax3=6

- - -
= a+c is parallel to b

a+c=kb
ij ok
axb=12 3 -1|=-10i+9j+7k
-1 2 -4
- - ; '; é - -
axc=102 3 -1=4i-3j-k
11 1

= (axb)-(@axc)=—40-27 —7=-74
Since Z, ¢andb forma right-handed system,

- =S =
c=bXa

}X(x§+y}'+zlz)

= —xk+zi=zi—xk

Therefore, there are three possibilities: (i) a= 6, (i1) Z - Z‘) = 6 and (iii) a is perpendicular to

- -

b-c.

A.9
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X — - - -
Again, a X b = a X c. Therefore,

<ol

axb-axc=
= Zx (Z - 2) =0

Therefore, again there are three possibilities: (i) 2 = 6 (i) Z - Z = 6and (iii) Z is parallel to
b-c.

Now a is given to be a non-zero vector. Therefore, we have the following possibilities left:

-

1.b-c=0.

2. a is perpendicular to b- 2 and Zis parallel to b- 2, which is absurd.

Therefore, the only possibility left is 3—2=6 or b=c.
(Z—l—;)x(Z+3) = Zx2+2><3—3><2—2x3
—axa+axb+axb-bxb

- - ~ — — —
=0+2axb-0=2axbh
. . - - 0= -
Geometrically, the vector area of a parallelogram whose sides are along vectors aand b is a X b.
- - - —
Also diagonals are along vectors a — b and a + b and the vector area in terms of diagonal vectors
R T - 5 .
is E[(a—b)x(a+b)].
- - - - — - - o - '2
Z+zXx=y 2z+ zxxl=1yl
-, ST I R )
= 1zI"+ 1zFlxFsin®0 =1 (because z-(zx x)=0)

= 1212 (1+sin*0) =1

=1zl I 2

Z = —
V+sin2g 7

= sin @ = +/3/2

= 0 = /3= 60°

Let a=aq i +a, j +a, k. Therefore,

- A

—)/'\ \ - A - /: /} /\. A /.\ A /\.
ai=a, aj=a,andak=a,and a xXi=(q,i +a, j+a,k)xi=-a,k+a,j

A

- A A A - A A
Similarly, aX j = q k~a,iand axk=-q, j+a,i

- A e d A -3 A — A - A - A A A A A A
(a-iYaxiy+(a-j)ax j)+(a-k¥axk)= —aa,k+aa, j+aa, k_—a?’a2 ita,a,i-aa, j

=0
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10.
A4
¢ b
ﬁ
a
B > C
Fig. S-2.1
Clearly, a, b and c represent the sides of a triangle.
= axb=bxc=cxa
= axb+bxct+exa=3axh
= 2bxa+bxc+cexa=0= A=2
11.
JSo
(1,2,-2)B¢ o -
N
vV
r 3
( (3,6,4)
-
¥
A(1,1,2)
Fig. S-2.2

OA = §+}'+21A<
OB = i+2j-2k

AB = -4k = 1ABI =17

AP =(3i+6 ] +4k)—(i+ j+2k)
= 20 +57+2k
3

0=
N

e ) 3 A A A A A
v=0x7 == (j-4bx @i+ 5T+ 20

(-4k)2

3 A A A
=——=(22i -8 -2k
17( J )

N

12. We have Z-Z=Z~ =0.

ol

This implies that a is perpendicular to both b and c.

!

A.11
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- . - -
Thus, g is a unit vector perpendicular to both b and c.

Z - Z -
- Xc Xc 2 2
Hence, r =1 =+ =+2(bXc)
- -5 A
Ibxcl Ibllcisinz/3

13. Since (Zx ;)2+(Z~;)2 = 144, if the angle between Z and l—; is O, then
1aPIBP sin? @ + 1aPIBI cos® B=144
= 1alPIbP =144
=lallbl =12
=41b1 =12
=1b1=3
14. Wehave, la +51=+3
—ia+bP=3
= 1aP+1bP +2(a-b) =3

=>1+1+2(2-Z)=3

- > 1
= ¢b— 5 -2x1=0 (Using )
— cb=5/2
15. F=3i+2j-4k

Ais(1,-1,2), Pis (2,~1,3)
PA =PV.of A—PV. of P
=(i—j+2k)—(2i-j+3k)

/: A
=—1—-k
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N P(2,-1,3)
Required vector moment = PAX F
= (~i—k)X(3i+2] - 4k)
ik
=1 0 -1 >
3 9 4(01,-1,2) F=3i+2-4k
A . Fig. S-2.3
‘ =2i-T7j-2k
Exercise 2.3
1. Since d makes equal angles with the vectors a , b and ¢
d= u(a+b+c) @
3
((—1) passes through the centroid of the triangle with position vectors Z, Z and Z)
Again[abcld =[dbcla+[dcalb+[dable (i)

From (i) and (ii), we get {d b ¢]=[d ¢ a]=[d a b]

2 Let7=11§+lz}+l312,r—r;=m,§+ml}'+m3fc,-r;=nlzA'+n.2}'+rglg,Z=al§+a2}+a3l€ and
b= b i+ b, 3 +b, k. Therefore,
I a =la,+la, +lLa, =lea,

Similarly, [-5=Y 1, etc.

A

LohoL|]ig
Now, [ mn]l(axb)=|m m, m| |a a,

SR x>

non, nib b

Sii Sia Sib| |1 Ta T |ila b 1
= 2"’1; 2"’1‘11 zmlbl =|m ma mb| =|ma mb m
an? z:rt,al z‘n,bl n na nb ;;Z ;Z n

S20@-4H+32-0+4Q2-a)=15
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=20*-8+6-3a+8-4a =15
=202-T70-9=0

= 20 -9a+20-9=0
=@+1)2a-9=0

=0 =-1,92
axb=ax(@xe)=(ac)a-(aa)c=2a-3c
PGk
But axb=|1 1 1|=3i-3k
1 -2 1

Hence,3¢ =24 - (31 ~3k)= (21 + 2] + 2k) - (31 — 3k) = ~i + 2] + 5k

_)—
= .=

W | =

(=i +27+5k)

- - o -
Since x is a non-zero vector, the given conditions will be satisfied if either (i) vectors a, b and ¢ are

- - S -
zero or (ii) x is perpendicular to vectors a, b and c .

In case (ii) 2 R Z and 2 are coplanar and so [Z Z Z] =0.

e e e

[axb bxc cxal ={abcP (i)

Now let a=al§+a2}'+a312,Z=bl§+b23'+balAc and Z=c,?+cz}'+c312.Therefore,

== -

[abc)?

2

a4 a a
b b b
6 ¢ ¢

Zal Zab Zag
Zha, Zb}  Zbc
Zea, Zcb  Zct

i T B S Y

aa ab a-c

e T P S .
ba bb bc (i)
e T TR

cca c¢b c-c
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-

Here, axz=2 (given)
(@ xb)-c=c-c

[a bel=lcP
Also,3x2¥z (given)
= (bxc)a=aa

= [bcal=lal

also ¢ xa=b (given)

Sl
ol

(c xa)-Zz
[c ab] =1bP
Since (a b c]=[b ¢ al={c a b],
lal =1bl=lc|
a=p+g
= axb=pxb+qxb
= Zx;;:;xz . ;><Z=8)
=  bx(axb) =Zx(3><7;)
=@hq-G-b
= GBha (- b-4=0
- inZjB) =21>
b-b
2-(bxi)i = ((axb)ii
If ZXZ = x/z} + y}' + zI;,then (2><Z)-§ =x

Siwilarly, (2-(bx 1)) j = yand (a-(bx k) k = z

= (@ (bxD) i+ @ GX]) i@ Gxiyk=xi+yj+zk =axh

®

(i)

(iii)
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3/’t+2) (Sl+2) (6A+4)]2
A+1 A+1 A+1 - Therefore,

3A+2)l+(51+2)c+(6/1+4)
A+1 A+1 J A+1

34+2 13 . .
Therefore, =2 5/1+2=lgand 6A+4 26

A+l 57 241 5 A+l 5
=2A=3=1=32 '

Hence, P divides QR in the ratio 3 : 2

131 19~ 26
Zi+ =+ 2k
5. 575

&>

/—\

L . — 1 2 2
The direction cosines of op are — 3’ gand -3

Hence, gp = |op| (i+m]+nk)

_3(_1:+2;_2k)
3 3

=—1i+2] -2k

So, the coordinates of P are —1,2 and 2.
Here, cos’a + cos? (90 — &) + cos? y=1
=> cos’a + sin®0 + cos® ¥ = 1
=cos’y +1=1=y =90°
. . a+2 b—-1 c+8
According to the question, = = =1
. 6 2 3
=>a=61-2,b=21+1,c¢=31-8
cos 2a+ cos 23+ cos 2y
=2cos’a—1+2cos’f—1+2cosy—1
= 2(cos’a + cos’f + cos?y) -3
=-1

From the figure, it is clear that the length of the edges of the parallelopiped a, b, ¢ is X,

Z,~z,0r 6-3,8—4and 10-8 or 3, 4 and 2. Therefore,

(6, 8, 10)P,

03,4,8)

Fig. $-3.1

The length of the diagonal will be y/a® + 5* + ¢* = \[0+ 16 + 4 = /39.

9y2

_yl’

T
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10. 7
A
C(0,0,d) M(a, 0,0)
Qaor (| @adr
L Tt N > X
(7] A(a, 0,0)
B(0, a, 0) N(a,a,0)
Y
Fig. S-3.2
The direction ratios of OP are a, a and a or 1, 1 and 1 and those of AL are —a, a and a, or -1,1and1.
Therefore,
~-1+1+1 1 1

=— = f=cos —
3

COSH=W—§

. a b c
Since 1750y = Wea) = (1/ab)

11. » hence lines are parallel.

12. Eliminating n, we have 2+ m)(1 —m) =0.

When 2/ + m =0, then - = 7%
en2l+m=0, en.1 =7

= 12 Therefore,

Direction ratios are 1, -2, 1 and 1, 1, and -2

oW 1

0 ThEE)

= 0=120°=27/3

l m
When I -m =0, then 171

Exercise 3.2
1. Line is passing through the point (1, 2, 3) and parallel to the line r =i- }'+ 2%+ Ali- 2}'+ 3k) or
parallel t6 the vector i — 2}' +3k . Hence equation of line is

x—1 y-2 z-3
1 -2 3
It meets xy-plane, where z=0
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Vectors & 3D Geometry

Then from the equation of line, we have
y=—2 0-3

x—l_ _
1 3

=x=0,y=4.

= Line meets xy-plane at (0, 4, 0)

Since line is passing through the points A(1, 2, 3) and B(- 1,0, 4), it is along the vector
AB=-7; - 2}' + k. Hence equation of line is

-

r=i+2j+3k+ A2 -25+%) or

re—ivdieac2-2i1 b

x-1 y-2 7-3 x+1 y-0 z-4

-2 2 1 -2

Thegivenlineis—6x—2=3y+1=22—2, or
x+(173) y+Qa/3) z-1

-1/6 1/3 1/2
L . 11 1
The direction ratios are— P’ gand Sor- 1,2 and 3.
. N y+1 z+1
The required equation is = T 5
. . ) : . . X y-1 2+2
The line through point (-1, 2, 3) is perpendicular to the lines 553 = ) and
ik

x+3 y+ 3 z—1 . . A N ~
1 = T = T Therefore, the line is along the vector |2 -3 -2/ of —Si—4j+k.
-1 2 3

) Loox+l y-2
Hence, equation of the line is S T

-3

4 |
-1 -2 -3 -4 -1

Intersection point of the lines kN At =22 and & =X Zis(~1,-1,-1)(on solving).
2 3 4 5 2

Therefore, the equation of the line passing through the points (-1, -1, -1) and (2, 1, -2) is

x+1_y+1_x+1 ‘

3 2 -1
The line is along the vector 3? + } which is perpendicular to the z-axis as (3? + }') ]2 =0.

. Xy Z X y Z
e lines are 37275 2 25

Since a,a,+bb, + €c,=6-24+18=0,
6=90°
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The lines are perpendicular ifaa,+bb,+cc,=0.
/ 10
Hence, -3 (3k) + 2k (1) +2(-5)=0 = k=~ =

Eliminating 7 from the given equations, we get equation of the path.

roY_z
2 4 4
oY _z
1 =2 2

Thus, the path of the rocket represents a straight line passing through the origin.
Forz=10s, we have

x=20,y=-40andz=40and | 7 | =lOM l=\[¥* + y* + 2*

= /400 +1600+1600 =60km

Let P be the foot of the perpendicular from the point A(S, 4, —1) to the line / whose equation is
r=i+AQ2i+97+5k).

A(5.4, -1)

P
Fig. S-3.3

The coordinates of any point on the line are givenbyx=1+2A,y=91and z=5A

The coordinates of P are given by 1 + 24, 94 and 5 for some value of A.

The direction ratios of AP are 1 + 2A—5,94 —4 and 54 — (-1)or2A-4,94 -4 and 51+ 1.
Also, the direction ratios of [ are 2, 9 and 5.

Since AP 11, aa,+bb,+cc,=0

=2QA-H)+909A-4)+5GA+ N=0=41-8+81A1-36+251+5=0

= 110A-39=0= A1=39/110

Now, AP*= (14225 + (94 =4+ (5A—(=1)l= (2A ~4)2 + (9L —4Y + (5A + 1)?
=41 =164+ 16+ 8102 =724+ 16+ 252 + [0A+ 1 = 110A2 =784 + 33

39 Y 39 392 ~78x39+33x110 2109 2109
_ 220 —78] 2 433 = AP= [
110 (110) (110) 110 1o — " Y110

Let the image of point A (1, 2, 3) in the line / whose equation is

x—6 -7 z-7 . . . ,
B y_2_ = B k (say)be A”. Then AA’is perpendicular to / and the point of intersection of AA

and [ is the midpoint of AA”. Note that M is the foot of perpendicular from A to . @)
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The ¢oordinates of any point on the given line are of the form Bk+6,2k+7, 2k + 7). Therefore, the
coordinates of M are 3k + 6, 2k + 7 and 2k + 7 for some value of k. The direction ratios of AM are
3k+6-1,2k+7-2and 2k+7 -3 or3k+5,2k+5,2k+4.

Also, the direction ratios of [ are 3,2 and 2.
Since AM 1 I, a,a,+bb,+cc,=0.
=3Ck+5)+2(2k+5) -2(=2k+4)=0

= 17k+17=00rk=-1

Thus, the coordinates of M are 3,5and 9.
Suppose coordinates of A are x, yand z,

. . , x+1 y+2 z+3
The coordinates of the midpoint of AA” are > and

2 2
But the midpoint of AA“is (5, 3, 9). Therefore,

x+1 y+2 z+3
“=3,“= d_:9 = = =
5 5 an 5 >x=5,y=8,z=15
Thus, the image of A in /s (5,8, 15).

A(1,2,3)

M

Fig.S-34
12. Thelinesare r=(1~1) i +(A-2) }'+(3—2/1)12and?=(y+1)?+(2u—1)}—(2u+1)/§
or ?:(?—2}+31§)+A(—?—2}—212)and?=(?—}'—/3)+u(?+2}'—2/§).
Line (i) passes through the point (xpy,2)=(, -2,3)and is parallel to the vector
al?+b]}+rc,/2£—;—2}—212.
Line (ii) passes through the point (%5, Y5, 2,) =(1,-1,-1) and is parallel to the vector

Qitb j+c,k=i+27-2k. XXV, -y z,-7

q b, G
Hence, the shortest distance between the lines using the formula % - lzz - “ is
Ik
al bl cl
1-1 -1+2 -1-3 a b, q
-1 -2 -2
1 2 -2 4 1
PGk NN
-1 2 -2
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x—1 »+ 1 z-1
=X =2
2 3 4
=x=2A+1,y=3~1landz=41+1.

=x=3+U,y=k+2uandz=p.
Since the above lines intersect,

2A+1=3+p : @
3A-1=2u+k (i)
U=4l+1 (iii)

Solving (i) and (iii) and putting the value of A and win (ii), k= 9/2.

Exercise 3.3

1.

The angle between a line and a plane is complement of the angle between the line and the normal of
the plane, i.e., 3, 2, 4 and normal 2, 1 ,—3. Therefore,

6+2-12 4
cos O= '\/53\/—'14 Y =—m |
0=cos™! (—4/%) .}
$=90°-0
$=90° - cos™' (-4/+/406)
¢=sin"' (-4//406)

The line is along the vector ; =-3i+ 2}' +k and plane is normal to the vector Z =i+ } +k.
Since Z . Zz 0, the line is parallel to the plane.
Hence, the distance between the line and the plane is the distance of point ( 41, 3, 2) from the plane,
[—1+3+2+3] 7
NI T

x-2 y+tl1 z-2
T4 7 12

Any point on the line =Ais(BA+2,4A~1,124+2).

Thisliesonx —y +z7=35.
If34+2-41+1+124+2=5 = A=0, then the point is (2, -1,2).

Its distance from (—1, -5, — 10) is \/(2+ 1)2 + (— 1+ 5)2 + (2 + 1,0)2 =9+16+144 =13

Since the plane is perpendicular to the given two planes, it is parallel to the normals to the plane
or the plane is perpendicular to the vector.

ik
G—j+hx@i+j-kb =l -1 1|=3543}
2 1 -1



A.24

Vectors & 3D Geometry

Also the plane is passing through the point (1, 2, 0); hence the equation of the plane is
0(x~1D)+3(3-2)+3(z-0)=00ry+z-2=0.
The equation of any plane through the point (1, 0, —1) is

Ax-D+B(y-0)+C(z+1)=0 ®
Since it passes through the point (3, 2, 2), we get
2A+2B+3C=0 : (i)
. . .ox=1 y-1 z=2
_Since plane (i) is parallel to the line Ty =Ty oo have
lA+(2)B+3C=0 ‘ (iii)

From (i) and (iii)

A:B:C=4:-1:2

Substituting these values in (i), we get

4x-D-1(-0)2@+1)=0,ie,4x—y~27—6
The required plane is

I
e}

x=5 y=7 z+73
4 4 -5
7 1 3

=0

= 17(x=5)=(12+35)(y -7)+ (4 -28) (z+3)=0

= 17x—-47y-24z+172=0

Let the equation of a plane containing the line be [ (x “D+my+2)+nz=0
then 2/ ~3m+5n=0and ! -m+n=0

l m_n

- Theplaneis2 (x - 1) +3 (y+2) +z=
1e,2x+3y+z+4=0
Any plane passing through the originisa (x —0)+ b (y —=0) + ¢ (z — 0)=0
This is perpendicular to the given line. Therefore, the normal to the plane is parallel to the given line.

2 -1 2
= The required planeis 2 (x —0) — 1 (y =0) + 2 (z =) =0
=>2x—y+2z=0
Any plane through r-1 = y+2 = ¢3 is
5 6 4
Ax-1D+By+2)+C(z-3)=0, @
where 5A + 6B +4C=0 (ii)

Also, the plane passes through (4, 3, 7). Therefore,
3A +5B+4C=0 (i)
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By (ii) and (iii), % ===

Therefore, the planeis4 (x —1) -8 (y +2) +7(z-3)=0 or 4x -8y +7z=41.
The given line is ;z(?+2_)j—;)+l(?-7+;)

Here, Z=?~}+Z (type 7=2+AZ)

The given plane is 7.(27 —}Z+;k’) =4 (type PO )
Here;=5i—;+z |

n
Now cos 6 = — =
lnllbl

(If 1s the angle between the line and the normal to the plane)

Qi-j+B-G=7+0
AT+ T+1+1

24141 4 o f3

= J6v3 TV2.3F 3
6= cost | 22
=CO0S T

The plane passes through the point A (1, 2, 3) and is at the maximum distance from point B (-1, 0, 2);
then the plane is perpendicular to line AB. Therefore, the direction ratios of the normal to the plane are
2,2and 1.

Hence, the equation of the plane is
26-1D)+2@-2)+1(z-3)=0 or 2x+2y+z=9

x—=1 y+1 z-=-2
-2 T3

fr4+142t+1+6t+4-3=0or = 1= —1/3.

= The point of intersection of the line and the planeis P(2/3,-1/3, 1)

Also, if the foot of the perpendicular from A (1, —1,2) on the plane is Q (x, y, z), then

x—1  y+l _z-2 _ (1+1+4-3) 1

Any point on the line =tis(r+1, ~2¢~1, 3¢+ 2), which lies on the given plane

1 -1 2 7 1+1+4 2
Therefore, Q (x, y, z) is Q (1/2,-1/2, 1).
L ) 2 1 1 1 1 1
Hence, the direction ratios of PQ are 5 - 5 ,— 5 + E and1-1or g g and 0.
If the image of point A (1, — 1, 2) in the plane is R, then Q is the midpoint of AR. Therefore,
point R is (0, 0, 0). '
Hence, the direction ratios of PR or the image of the line in the plane are 2/3, — 1/3 and 1.
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The equation of the plane parallel to x —2y + 2z=5isx -2y +2z+k=0. @
Now, according to the equation,
1-4+6+k
—F =1
NG
k+3=t3=k=00r-6
Thex-2y+2z-6=00rx—2y+2z=6
Plane which is equally inclined to the given planes is parallel to the angle bisector of the given planes.
x—2y+2z-3 8x—4y+z-7

Now the angle bisector of the given planes is 3 =% 9

5x+2y-5z+2=0and 11x-10y+7z-16=0.

The equation of the required planes are 5x + 2y —5z+p=0and 11x- 10y + 7z + ¢ =0.

Since both are passing through point (1,2, 3),p=6 andg=12

The planes are 5x+ 2y~ 5z +6=0and 11x- 10y + 7z+12=0

The image of the plane x— 2y +2z-3=0 ®
inthe planex +y+2z—1=0 » (i)
passes through the line of intersection of the given planes

Therefore, the equation of such a plane is

(x-2y+2z-3)+t(x+y+z-1)=0 teR

4+ Hx+(2+Dy+Q+1)z7-3-t=0 (iit)

~ Now plane (ii) makes the same angle with plane (i) and image plane (iii)

1-2+2 I+1-24+t4+2+1¢

W3 T B+ -2+ 2+
3+l

1 _ ot
3= V3 +2r+9

3P+2t+9=992+6¢+1)

=

32+2t+9=81~+54t+9

782 +52t=0

t=00rt=—-7
or 3

2

For =0, we get plane (i); hence for image plane, t=— 3

The equation of the image planeis 3 (x -2y +2z-3)-2(x+y+z—-1)=0
or,x—8y+4z-7=0

Exercise 3.4

1.

The given spheres are

X+y+722+2x+2y+2z+2=0and , @)
X+ +72+x+y+z —(1/4)=0 . (ii)
The required planeis 2x —~x) + 2y ~y)+ 2z ~2) + 2+ 1 =0

or,4x+4y+4z+9=0
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The radius of the sphere = 5

Thegivenplaneisx+y—z=4«/§ 43

The length of the perpendiculor from the centre (0, 0, 0) of the sphere on the plane = 4

1+141

'Hence radius of the circular section = ,/25 —-16 = \/5 =3
~ Since 3PA = 2PB, we get 9PA? = 4PB?

=1+ =3+ @41 =4 [x =12+ (y+2)*+ (2 + 1)
9[x2+y2+z2—-2x—6y—82.+'26]=4[c’+y2+zz._°—2x+4y+2z_+6] o
52+ 5y2—10x <70y —807+210=0 |

X4y =72-2x-14y-16z+42=0

This represents a sphere with centre at (1, 7, 8) and radius equai to JE+72 48242 =72 =642

We are given the extremities of the diameter as (0, 2, 0) and (0, 0, 4). Therefore, the equation of the
sphereis (x—-0) (x~0) + (y —2) ) - 0) + (2 -0) (z =4) = 0 or x2 +y2+ 722 -2y —4x=0. | '
This sphere clearly passes through the origin. o . g

Let (a, B, 7) be the foot of the perpendicular from the origin to a plane. Now this plane passes throu gh
(@, 3, ) and has direction ratios no*mal to the plane as a, Band y. Therefore, the equation of this plane
isgivenby a (x—0) + B (y- )+ y(z - =0.

3

~This plane will pass through (g, b, ¢) if a(a —0)+BB -P+y(c-N=0

=Saa-a+bf-=F+cy-y=0
or, ?+ F+y—ac—bf—cy=0

. Hence, the locus of (a, §, Disx*+y* + 2 —ax—~by —cz=0






