Exercise 5.1

Answer 1E.

Consider the following figure:

81y

To find the area of the shaded region, use the parameters in the figure.

First, find the points of intersections of the parabola and the line by solving the equations,
y=5x—x" and y = x simultaneously.

This gives y = 55— x2.

¥ —4x=0-

.1'{.1'-—4}: 0.

x=0or4.

Therefore, the required region between lines y =0 and y=4.

The points of intersections are [{L{}) and {4,4}.



The area 4 of the region bounded by the curves y = f(x),y=g(x) and the lines,
x=a, x=>b, where the curves, f and g are continuousand f(x)=g(x) forall x in

[a,b] is as follows:

A:i[f{x]—g[x}]dx.

Here, the area of the shaded region bounded by the curves y=5_r—xz and y=x.

The region between y=( and y=4.where the functions y=5x—x* and y=x are

continuous and 5y _ y* >y forall x in [{],4] is as follows:

A= j[&x -x —.r] dx
i
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Hence, the area of the shaded reginn in the Figure is ? B

Answer 2E.

Given curves are y=x° —4xand y=2x and from the graph the point of intersection of
the curves are [U,U) and[6,12).
The upper boundary curve is y = 2x and the lower boundary curve is y=2* —4x .So, we

uze the area formula with f [x:l =2x.g (x) =x—dzx,a=0md bh=6



Therefore area, A= i- |:2x— (x2 - 4x)]dx

i]

L= e i e

I:2x— P +4x)dx

= I:6x—x2:ldx
7 2T

2 3 !
=3x36-36x2

= 36 zquare units

Theretore |Area= 365quareunits|

Answer 3E.

Consider the graph

Required to find the area of the shaded region

Observe that the shaded region lies between y=0to y=1
And fy>y -1 for 0<y<]

Then the area of the shaded region is

e '[" _(_,,:_1}},5,.-

Therefore, area of the shaded region is .

Answer 4E.



Fig1

Since inthe interval0 = y <3, the curve x = 2y — 37 is above the curve
x=y -4y
=0 area of shaded region

a=[[(r-)-(*- ))&

Or
A= _I:I:Eiy—2y2)dy
- [3y2 - %fI [By FIC - 2]
= [3[3’*)—%(33)} 27-18
o [4=3
Answer 5E.

The shaded region is bounded by the curves y= z41 y =5-2%, x=-1
and x=2

Area of the shaded region is
a=[(o-#)-(x+1)] ar

= _[2 (8—:&'2 —x:ldx
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Answer 6E.

Y
4
X=T
X=r?2 /Y:K
3

L

nid n2 2nid n

y=sinx
Fig.1

Fig

We have the curves y=sinz, y=x, x=—, x =7

We have to find the area enclosed by the given curves, which 15 shows in figure
by shaded region

Area of shaded region = rm[x— sit1 x]dx

Or A= .[:;; xddx— _I-;z sin xax

2 T
A =|:x—i| +[cos :Jr]:m [Bv Fundamental Theorem of calculus part 2]
il

A—Eﬁ-[—l—o]
8
Or A:ﬁ—l
8

Answer 7E.

Given curves are y=(x— 2:]2 V=X

The graph of the curves iz

In the following graph y=(x—2)2 represented by ¥ = (x— 2)2
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Solving the equation y=[x— 2:12 =X
1E = [x—2:l2
= x=x—dx+4

= £ -5x+4=0

= 2 —dx—z+4=0
= x(x-4)-1{z-4)=0
= (x=1)(z-4)=0
= el

Therefore point of intersection of curves are [1, 1) " [4,4) :

The top and bottom boundaries the yp=xand y, = [x— 2:]2

The area of a typical rectangle 13
(yp—yylhx= [x—[x—E)sz&x
Andthe region lies between x=land x=4. 3o, the total area 15

Azi[x—[x—ﬂildx
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Area, A= Esquareumts

Answer 8E.

Consider the functions:

y=x-2x
y=x+4
To find the point of intersection of the two curves, solve the given eguations. Solve them as

follows.
X =2x=x+4
¥ =2x=x=4=0
x =3x-4=0
(x—4)(x+1)=0
This implies that y =4 of x=—].
Therefore, the bounds of the region are y =4 and y=—1].

Then, the limits of integration to find the area are a=-1, b=4.



Sketch the region enclosed by these two curves which is shown as follows.

mf‘y

it 5

From the figure, observe that the line y = x + 4 is the upper boundary and the parabola
y = x° —2x Is the lower boundary.

Therefore, f(x)=x+4,g(x)=x"-2x
To sketch the typical rectangles, find the height and the width of the rectangle.
The height of the rectangle is the difference of the given equations.

Heignt = f(x)-g(x)

=x+4-x"+2x

=4+3x—x°

And the width of the rectangle is calculated as follows:

b—a
n

441
H

Ax =

.
n



Now, sketch the typical rectangle representing the height and width of the rectangle.

The graph is as follows.

&
10 'y

y=x’-2x

(-1.3)

2 L

X

4 2 0 4 6
_2 s

The area of the region is bounded by the curves f(x):x+4,'g(x}=xz —2x and the lines

x=4 and y=—_]. Then the area enclosed by these curves is given by the following:

L[ (9)-g(x)]ae=[ (x+4)~(* ~2x)ax

% 2
=j_|4+3)r—_r dx

_12s
6

Hence, the area of the region is |=20.833|-



Answer 9E.

Consider the curves,

x+3

2

Sketch the graph of the curves.

y=+x+3,y= < (1)

x=-3

Y=

The graph with approximating rectangle is

x=-3

Approximating
rectang,

¥

T




Recall that,

The area between the curves y = f(x). y=g(x) and between x=aand y=pis

To find the area by integration, the bounds are to be known. So, first find the bounds.

To find the bounds for the region find the point of intersection of these curves.

(x+3) =—[I:3)_

4(x+3)=(x" +9+6x)
dx+12=x" +946x
X +2x-3=0
¥ 4+3x—x-3=0
(x+3][x—l)=[)
x=—30r y=1
x+3

Find the area of the region bounded by the curves y=4x+3,¥= T and between y=-3

o xy=1.

To find the area of shaded region use (2).

L x+3 ;
From the graph it is clear that Tsw".r+3 as x varies fromx=-3tox =1,

So the Area of the required region (shaded region) is

A :Iﬁ}[m-x;3]dx

Use substitution to simplify the integral.

Substitute y4+3=py
Differentiate on each side give gy = g
And also change the limits.

x==3=uy=0
x=l=u=4

Therefore,

I
A= r !."zd.\‘—lrudx Use the substitutions
0 240

A+l

n+l

2 2 .
2= —l[L} Uscf.r"dt: z
0

i

2| 2 1r., -
25[42 _0]_:[4 _[)] Apply the limits

Continue the above steps.

Thus, the area of the region bounded by the curves given by (1) is .



Answer 10E.

. ) 2x
Given curves ate y=sinx,y=—,x =0
o

The graph of the curves is

H o =

[}
=]

0[(0.0)

WWe first find the points of intersection ofthe curve and straight line simultaneously. This
given x = 0,77/2and hence the peints are [U, U),[EHZ,I) ;

The top and bottom boundaries are
2x

Yp =S0X Yy =—
T

The area of a typical rectangle is

2
(yr—y;)hx= (sin x——x]ﬂx
Fia
And the region lies between x=0and x = 7f2. So, the total area

A= r{sin x—E}af’x
T

1]

|: 2 x2:|.":l'l|r2
=|—cosx—— —
o s
x 1 7
=—rcog———x—+1
a4
sy gt
4

Hence |Area, A= [1— g} square units

Answer 11E.

Consider the two curves

x=1-y. x=p*~1

MNow, sketch the region enclosed by the above curves.

First find the intersection points.

To do so, set the two equations equal to each other and solve.

2

1-y*=y" -1
2y =2
p==]

The points of intersection are (O,l} and [O,—]).



Now, sketch the region enclosed by the above curves.

And then draw a typical approximating rectangle as shows below

&

2ty

-2

In above graph, a typical approximating rectangle is drawn.
its height is Ay
And its width is 1-y* —(y* ~1). that is the distance between tne right most curve and the left

most curve on the interval [—1,11

Now, find the area of the region

The area between two curves can be described as the integral of the rightmast curve minus
the leftmaost curve over the appropriate interval.

From the graph, observe that, on the interval =1<y <1 = 1_}:3 is to the right of x =y3 |

From figure see that it will be easier to integrate with respect to y for finding the area of the
region. Since both the equations of the curves are in terms of y.

Thus, the area of the bounded region is

[ (0-3)-( -0y =[ (2-25 v

(Al
2y
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:2—.2-"|:._2 +Ei|
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2
3

Therefore, the area bounded by the region is



Answer 12E.

First we find the points of intersection of the curvedx + 3 =12 and x=y
2
Eewrite the equation x=3— y? and x =y

So these curves will intersect when

Or P +4y-12=0

Or P +b6y-2y-12=0
O y(y+6)—2(y+6)=0
Or [y+6)|:y—2:l=0

O =-bory=2

So these curve intersectat y=-6and y =2

2
We sketch the curves x = 3—% and x=y

Fig.1

We have to find the area of shaded region
Area of shaded region

r 3 2R
i 3y_y__y_]
I 12 2],
2r @ (-6 (-6)
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Answer 13E.

First we find the points of intersection of the two curves
y= 12— x% and ¥= xt — 6. These are givenby
12-x* =2 -6
Le #=9 or x=43
When =13, y=3
o the curves intersect at point (-3, 2) and (3, 33

Intersection of the curves with x and v axis are given by
(0,12)and (£24/3,0)

And  (0,-6)and(+46,0)

We sketch the curves and mark the area which iz required to be calculated



—
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Fig.1

Total area between the two curves 1z shown in the figure by shaded region. If we
denote this area by 4 and A, where 4 and A, are the area for the two curves
between x=-3 and x =3, then the required area 15 the algebraic sum of the

area A and A,

So we proceed to find the two areas 4 and A4,

Area 4= (12-2)dx
K}
=12x- %x3j|
3

~120- 3 5(F - ¢3)
=54

= 9-18—(-9+18)
=18

Hence the required area

=4 +]4]
=54+18

- [

Answer 14E.
Consider the functions,
y=x’and y=4x-x’
The objective is to sketch the region enclosed by the given curves and find its area.

The region enclosed by the curves y = 2 and v=4x —x° is shown below.

Tty
y¥ dx—x* |
3__ - o -
2__
l__
\ y=1.'2
] | 1 I | b
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The integration has to be done with the respectto x because the curves y=x* and
y=4x-x* are functions of x.
Consider

y=4x-x* = f(x)

y=x'=g(x)

A typical approximation rectangle is shown below:

The area between the curves y= f(x) and y=g(x) and between x=a and y=p is

h

A= I|j'(.\'}— g (x)[dx

7l

Here, the curves y=x* and y=4x-x? intersect each other at points {{lﬂ} and (2,4).so
the area of the region bounded by the curves y=x* and y=4x-x* between x=( and

A

i|4.\:— x* - ,1:3|dx
i}

21:'12

=12x? -

Answer 15E.

: -7 x
Giwen curves atea yzsec:zx andychosx?SxE—

L)

: ; . 2
The points of intersection curves when sec” x=8cosx

sec x= 8
SECX

—sectx=8

b 50 e
i -7

x=—and —



Therefore, the required area 15

n

3

A= _[ |8|::-::-sx—5|E:|:2 x|.:ix
L
3

=2 [8::05 x —sect x)cfx Here F [x) — Brosx—sec” x is an even function

() Py 31|

=TI 1

= E[SSin - tanx]

_ 7 85in%— tang—BsinU+tanU:|

% B-E—ﬁ}

2
=2[443-43]
-[34]
=63

= A4=63
o, the required area 13 6«,@
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Answer 16E.

We are given that two equations of the curves y=cosx andy=2-cosx (0=x=2W

We first find the points of intersection ofthe curves y=cosx andy = 2—cosx
This gives y=cosx=2-cosx

= Zoosx—2=1)

=cosx—1=10

=cosx=1

=zxz=0andx=27



The required region 1s given by 4

2n
= I[E—cosx—cosxjdx
0
an
= I [2— 2|:osx).:ix
1]

2
= EI 1:1— cosxjdx
1]

=2|x—sn x]

[
[2 — i 27— D+s1n0]
[2n]

2
2
—

2o, the required region 1s 47

A
&
4 =

0<x<m y=2-cosx

3 ke
2 = o
1

4 -3 -2 | 1 3 2 o F

Es =
Y =CO8X

Answer 17E.

We are given that two equations of the curves x= 2_}?2 andxz-4+;u2

The points of intersection curves when 2}?2 = +_;u2
=¥ =

=g

When yp=2="x=8

P Y R e B

Therefore, the points of intersection are (8, 2) and [8,—2)



For the required area we must integrate between appropriate y-values, y=-2 and y=2

Thus
2
A:j(4+y2—2y2}fy
-2
2
- J'(dl—yz};?y Here f(y:l=4+y2 —2):2 iz an even function
i3
r 2
3
o 4};—%}
L i}
B 3
(2)
| P e
-8
» a-ﬁ}
| 3
s
| 3
- E}
3
%
L e
3

So, the required area 1z £
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e

Answer 18E.

Given curves are y=+x—-1,xz—y=1
The graph of the curves 13

In the graph v = I:x—l) represents y=-+/x—1



1

g

4351

We first find the point of intersection of the curves y=-Jx—1, and
x— ¥ = lsimultaneously.

Therefore x—1=+x-1

Ul

=

= lix—lf:x—l
= =2x+1=x-1
=  r-3x+2=0
= 2x—x+2=0
x(z=2)—[m=2f=0
I:x—ljllix—2):0
=12

Therefore points of intersections are [1,0),[2,1)

The top and bottom boundaries are yp =+/z—land y, =x-1
Hence, the area of atypical rectangle 15

[yr—ygjlﬂx=|: x—l—[x—l):lﬂx

Andthe region lies between x=1and x= 2 30, the area iz

A:i[m—x+l]dx

1

|
|z o rm— |
[ESR N %]
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by
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32

el

&

il :

Hence Area,ﬂ:gsquare units
Answer 19E.

i 2
Given curves are ¥ =cosAx,y=4x" -1



The graph of the curves 1z

28

!
L)
i [
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12 03 0% 084 0752 05 AN

In the graph cos (pi %) represents y=cos [?Tx:l and y=4x" —lrepresents y = 4z4-1

We first find the point of intersection of the curves y=cosaxand y=4x" -1,

Solving these equations simultaneously, the points of intersections are (— > O] and

1
=)
2
The top and bottom boundaries are
Yp =cosix and y3=4x2—1

And the area of a typical rectangle is
(yr_yg)r'_‘nx=[cosyrx—|:4f —1)]&;{
= [cos?‘!’x—«ﬂfxz .|-‘1:|1.5Ljr
1

Andthe area lies between x = _El and x= =

Zince the area 1z symmetric about y-axis

Total area, A=2. T[cos ax—4x° +1:|dx
0

—ih
0

. 12
sinfx 4x°
m

=2

1 1 1

RN Sl

o6 2}
T 1

Pl Mol

T 3}

1 1
Hence |Area, A= 2[—+ —:|squareunits
T3

Answer 20E.
Consider the curves are y= p*and p=J2-x.y=0

The above two curves intersect at the point (1,1)

The region between the curves is bounded by the curves y=0and y=1



Figure showing the area bounded by the curves:

g
24

216
1.92

1.68

0.96

072

0.4a

0.24

L I

3024 0 024 048 072 095 12 144 168 192 216 24
024 y=0

-0.48

.72

Now
x=2-y'zx=y' for 0<y<l
Write x, for the right boundary and x, left boundary.

Hence the area is

o
A =I(I" -x, Jdy
From the figure the left and right boundary curves are
X = y* and X, =2-"

Integrate between the appropriate ¥ — values, y=0and y=1. Thus

=2(|—0)——;[1—0}—%[|—0)
ol
35
2
15

Thus area bounded by the given curves is ,

Answer 21E.

) ) ) ) 2x
First we find the point of intersection of the curves y=cosxand y=1- —
T

’ 2
For this we sketch the curves y = cosx and y=1- B
ra



WWe see that points of intersection are [[:I ,1:], (% D] and [;?T,—l)

. : ; : R . ;
Since ¥ =cosx 18 symmetric about x— axis and ¥ =1—— 15 a straight line
i

passing through the point [;?Tf 2 CI) . S0 area enclosed by these curve above the x—

axis will be same 1n magnitude as the area below the = — axis enclosed by thesze
Curves.

2o total area of shaded region = 2 Area of the region on [[ﬁl, g]

sl T sy g
57374
=2[1—E
4
O |degeT
>
Answer 22E.

Given curves are y=x° and v=x
The graph of the curves 13



(R

(0.0

In the graph y = 2’ represents v =g

Selving the given curves y=x" and y = x simultanecusly
i=x = (xg—l)x=0
= x=0,1,-1
Therefore point of intersection of the curves s [O, O) ,[—l,—l) ,[l,l).

Since the area 15 symmetric about the origion, total area = 2% area of the region in the
first quadrant.

In the first quadrant, the top and bottom boundaries are
yr=xhnd yp=1
The area of a typical rectangle iz

(=) Ax= (x—xz)f_\xand
The region lies between x=0and x=1

Therefore total area,

A= 2_[(;: 5

Il Il
o) o)
r 11
[\.:-l-—l MlH

.h |
=5 s
|—|

.Ihl-—l

2

Therefore [Total area, A= %square units




Answer 23E.

Consider the following functions:
4 T
y=cosx,y=sin2x,x= El,x=5

The objective is to sketch the region enclosed by the curves and then find the area .

The graph of the region between the curves is as shown below:

le
COS X

sin 2x

N

To find the area between the curves, use the following formula.
]
The area 4 =I |/ (x)- g (x)dx

Azru|f (x ~g(x ki
_J-na f(x ldw;q.Lb g{x ...... (])

Now, simplify each integral is as follows:

J2 V()= ()bt = [} leos v—sin2e

Tl
: cos2x
=|sinx+
2 (]

=Sin(frf6]+lzcus(rrf3]-%

X
o
-

==
I

1
4
Compute the second integral as follows:

(7217 ()~ g ()i = [[sin 2x —cos xfx

cos2x . Y
=| - —sinx
2 =6

=——I+lc:ns[.'rf3}+l
2 2

()

Therefare, the area of the region between the curves is .



Answer 24E.

Sketch the following two curves y =cos x and y = 1 - cos x as shown below:

Y

y=1- cosx

=

Y=CO0S X

Now we can integrate with respect to x by subtracting the top function from the bottom one
but first we must find out where the intersection points are by substitution.

cosxy=|-cosxy

2cosx=1
1
COSY=—
2
T
r=—
3

The region is sketched in figure below, observe that

T
cosx 21 —cosx When Ustg

x
1-cosx =cosx When ?sxsz

Find the area of region.

Azj-cnsx—(l—c-:}sx]lafx
1]
by

|
JrJl[lmns:vc—-(:l ~cos x)) dx + T ((1-cos x)—cos x) dx

0 =3

a3 "
= I{Zcon—l}dx+ j (1-2cosx)dx
(1]

a3

= EZ Sin x — Jr]:fJ + [x —2sin x]:ﬂ

= Z’.s;ini—£ + x—zsimr—£+25in£
3 3 3 3

Therefore, the required area is £+ 2.3
3




Answer 25E.

’ : ; : x
First we find the point of intersection of the curves y = Jx and ¥= -

These curves will intersect if

Or x[f— 1]: 0
4

Or z=0orx=4
So these curves intersect each other at x=0and x =4

Mow we sketch the curve y= Jx and ¥= % and =9 in figure 1

hi
% ¥=9
5
4 i o
- - l"-;‘:;",?;
i f?:f-’f £ 4
i i
2 yEEqrie)
LG x
//’ 1 3 4 a [ 7 [ & 14

Fig.1

The area is shown by shaded region in the figurel
S0 the area of shaded region is

A:ﬂ[ﬁ—ﬂdﬂﬂg—ﬁ}ﬂ

2 27 T 5 T
=|Epall | pifoas an [By FTC - 2]
3 41714 37 |

o242

{54214

_pd e a5
3 12
iy J‘l:E
12
Answer 26E.

First we find the points of intersections of the curves y = |x| and y= o)
We know by definition of modulus whenzx <0 y=-x
Andy=-x and y=x* — 2 will intersect each other when
¥ -2=-x
O r£4zx-2=0
Oy [x+2)[x—1)=0
O x=-2 forx =10



cimilarly whenx =0, y=x

Theny=x and y = x* — 2 will intersect when

Oy =2 for x=20
sothe curves ¥y = |x| and v= x — 2 will intersect each other at x = -2 and 2.

e sketch the curves y= |x| and y= =2

Fig.1

We see that y= |x| and ¥ = x* =2 are even function so area enclosed by these

CUrves 15 symmetric in magnitude about ¥ — axis
o Area of shaded region
A= 2x Areaofthe region on [0, 2] enclozsed by the curves

A= 2]-;[|x|— (x:" - 2)}:?.1

Smecex =0 g0 |x| =

Then A= 2_[;(2:— = +2)dx

: 3 2
8 e oy [By FTC - 2]
2 s 2
4 B
=2|-—=-+4
2 3
= 2}(%
_ a0
Cr A= 4
3
Answer 27E.
First, we need to sketch the graph of
1
G
y=x
1
y=<=x

8



A=[[ fp = Fotm |95

On the interval 02 x21= A, = % A :%x

1

On the interval 122 22 = £ = — Am :%x
x

Therefore

Lrea of region would be

1 1 1
A= x=—x |dx+ 2[———):].:1’1{
”( 8] A PR

=

A= [%x]dx+ff(xig]dx— f[éx]a"x

=
1 2 2
ﬂz{ﬁ} +H [1_}
16 | xh L16
=
gt 1 1.3
15 2 4 16 4
—
i
Answer 28E.

(3iven curves are y:sz,y: 2xt x+y=3.220

The graph of the curves 1z



& b 3 2h 4

In the graph v—={1/4)x"2 represents v =44 and ¥y =2x™2 represents y =0,
Here we want to find the area of OAES the point of intersection of the curves is
O[0,0),A(E,l),B(l,Ej
2
Draw a line parallel to y-axis passes through £ I:l, 2:1 then this line intersects ¥y = x? at C.

The area of OAR =Area of OFC + Area of ABC
In the region QBT top and bottom boundaries are
2
Yr = 2x%and s =%

The area of a typical rectangle iz
2
(vr—y5 )hx= [Exz = xj}ﬂx

v
:F"‘L&x
4

And the region lies between x=0and x=1.
1~_2
.
Area of OBC = [ ——dx
= A

3|t

X

3

0

|,__J T | -

Oy
)

In the region ASC, the top and bottom boundaries are

2
4
The area of a typical rectangle is

2
I:yr—yﬁ)ﬁJ::[B—x—%J&x

And the region lies between x=land x=2

ye=3-xhAnd y,=



2 2
Area of ABC = 1[3—;:—%}@3;;
1

z 2
:[3x_x__£}
2 121
“eoo_2) (3.1_1
3 2 12
1
1z
Hence total area, area of ASC =area of QBT + area of AR
F il
= —+t—
12 12
18
12

Therefore, Area = Esquare units

Answer 29E.

Given vertices are (0,0) ,[3, 1),(1, 2)
The graph of the triangle iz

e A3

-

Equation of the line &8z y=2x
Equation of the line 041z y= %

Equation of the line A8z x+2y=>5
Here we want to find the area of QA48
Diraw a line parallel to y-axiz passes through the point & (1, 2) .

Then this line intersects the line v = %at (68

Therefore area of QA8 = Area of OBC + Area of ABC
In the region 08T, top and bottom boundaries are

yp=2x andy‘?:%

e



The area of a typical rectangle 13

x
(yr—yp )lix= (2x—§]ﬂx

= Eﬂx
3

Andthe region lies between z=0and x=1

1
5
Area of OBC = I?x-.:z’x
1]

|

Sk owalwe il es
[\_:.|-‘HM

=]

R
oo | o—
RIS g

In the region ABC, the top and bottom boundaries are
S—x

x
Fr = aﬂd}’szg

The area of a typical rectangle iz

(yr=ya)hx= (S_X —i]ﬁ-’f

Andthe region lies between z=1and =3

3
Area of ABC = 1(15 ;x]m
1

3
= l{lﬁx—ﬂ-i}
& 2

= l 45—£—15 +E
& 2 2
1
&
Therefore hence area of Od8 = Area of QBT+ Avea of ABT
5 10
= —4—
& 6
il
&
-
2
5 .
Therefore, area = Esquare units

Answer 30E.

Let the given vertices be A[E, U:l, B [U, 2) ; C[—l,l:l
Then the graph of the triangle iz



2.5 2

-ih.B

Equation of the line AFiz  x+y=2,

Equation of the line ATz x4+3v=2

Equation of the line 515 y=x+2

Here we want to find the area of triangle A5C

Let D be the point of intersection of v-axis and x+3y=2

Then the line A0 divides the region AT into two sub regions FCD and ABD
Therefore area of AASC = area of AFCD+ Area of AAED.
In the region ARCD top and bottom boundaries are

2—x

yrp=x+24nd v, =

The area of a typical 1z

(e ) = (x+2— E;XJ&X

{eze

3
And the region lies between x=-land x=0.

1]
Areaof ABCD= | (4;:;4] i

Hm—1

1 % :
=—|4 —+4.x
3 2 ”

——3(2-9

5
3



In the region ABD, the top and bottom boundaries are

=

yr=2-xhnd y, = 2
The area of typical rectangle is

[yr—yﬁjlﬂx=[2—x— 2; xi|£‘.x

:4—22:_&
3

Andthe region lies between x=0and x=2

104-2x
Area of AABD = j dx

A=l 3
2
=l 4x—2-£}
3 z i
2 Tged]
3
_4
3
Hence area of AADT = Area of ABCD+ Area of AASD
2 4
LA,
3 3
R
3
=2
1LE, Area = 2 square units

Answer 31E.

]

Consider the integral j|sin,r—cc-s 21]{.&:
L

The objective is to find the integral and interpret it as area of the region.
First find the intersection point of curve by solving sin x = cos 2x-
Sil'l = CO0S 2_" Given equation

sinx—cos2x= cos2x—cos2x Subtract ¢og 2y from both sides

sinx—cos2xy= 0 Combine like terms

Sinx—{l——zsinzx}= 0 Use pge g 2aind %
2sin® x+sinx—1= 0 Dislribute
2sin’ x+2sinx—sinx—1= 0 Break middle term

{Esinngr 2sin x]+(*sinx—l}= 0 Group pairs
2sinx(sinx+1)—1(sinx+1)= 0 Factor each pair
(2sinx—1)(sinx+1)= 0 ab-bc=(a-c)b
sinx = _1_% Zero product property

. T
= o

Simplify

b | ®
o

Since x =—g is not in domain {ﬂ,,%:'. discard this value.

Therefore, the two curves intersect at [%,%]



The region between curves y=sinxand y =cos2x is as shown below:

F

¥

|
[x 1] y=sinx |
b 6°2 ‘

w

From the above graph, it can observed that in interval |:{],%]the curve y =cos2xis above the
B P T K : .
v =sinxand in interval |:E5:| the curve y =cos2xis below the y=sinx.

The above integral represents area of the region.

So, split the integral as follows:

" " X

6 3
i|sin,=.'— cos 2xjdx = I[cos 2x —sin x Jdx + I{sin x—cos 2x Jdx
L ] x

3

Now evaluate the integral as follows:

_:.

j|sinx~vcu.=;2xk(r—[;‘un 2x+n.n5x} + cosx—--smh}

L1}

2

Li

1 7 1.
[ sm—+cus—~] [ sin () +cm0] (-ms~——-—sm ?r]
2 6 2 2

F | i
—c0s———sin2-—
6 2 6

Therefore, the area of the region between the curves is ﬁ_l .

Answer 32E.

We have to evaluate I:Hm— x| ax

Sincef[x):m—x when m—xi_?[],itis true when x < 2
5o f[x)=m—x when (=x=2

And f[x)=x—m when 2<x=4



We can write

_I:‘q.l'x+2—x|dx= 2‘«.‘x+2—x|cfx+_|-4‘«.'x+2—x|cix
—I( r+2 —x)dx+I [x—«,l'x+2)dx
=.[n ~x+ dx—_[u :Jn:a!’x+_|-2 m’x—L ~x+ 2dx
2 sa T [ 22 p x 1 & 2]
[ |5 ] A{7] 3]
[By chain rule and FTC -2]
={§(4)3r2_§ 3xz:| [2]+[8 2] { 3xz_§(4jm:|

3 3 3 3
Or I:|«fx+2—x|dx=%(ll—ﬁ—3£)

since inthe interval [0, 4]
I |-J'F—x>d —_[ [( x+ )—x:|a?x+.|- [ (M)}dx

=0 we can sketch the curve y=x and v = Jx + 2 inthe interval [0, 4]

Fig.1

Before x= 2 the curve +/x+ 2 » x so area of the region in the interval [0, 2]
enclosed by these curves

(R s

And after x = 2 the curve /2 + 2 <x 5o area of the region in the interval [2, 4]
enclosed by these curves

[
Sototal area = qu(\m—x)dx+_|‘:—(m— x)a?x = _[: ‘m— xl::?x



Answer 33E.

Consider the following functions:
y=xsin(x'). y=x*.and x20,

The region enclosed by the curves, y =_r3in(_'r:) and y=x" is as shown below:

11y
0.8¢
0.6¢
0.41 )
0.2 v
' | _ R A
} " t + — + 4 H
0 __._0;1___04:2__.!143___l]+4__0.j.5___f 1___1)_;___1];.8__[!;9___1
S O A T O I
e T e I e
T e T
e U O A A T O T T
B e e s e e o T i Sk |
_1 - SR SN SRR SUNEN - .. SR - S S

From the graph. the x-—coordinates of the point of intersection of the curves, y= xsin{xi}
and p=x"are x=0, and x=0.9.

The area 4 of the region bounded by the curves, y= f(x),y=g(x) and the lines

x=a, x=b. where the curves f and g are continuous and f(x)2g(x) forall x in
[a‘b] is,

A= jll:f(x]— gl[,t}]dr.

Here, the area of the shaded region is bounded by the curves _;::J.‘sin(_!::} and y= b



The area of the region bounded by the curves _v=x* and y:xsin(_rz) between y=( and

xr =029 is as follows:

(]

A= ”rsm —x' [cix'
(1]

To solve ‘[.rsm{x )dx use the substitution method.
o

Set x! =t = 2xdx=dt
If x=0,thent=0 and

If x=0.9thenr=0.81

Therefore,
0,9 ]: L9
j.rsin EJ .\sm
1] 1 IZI“
5!
1
) msr]

=0.5[ —cos(0.81)+cos(0)|
=0.5[-0.6894984330 +1]
=0.1552507835

aQ,

Substitute Ixsm d,r 0.1552507835 into the equation (1) as follows:
1]

&

0.9

J.rsin( dx— j-x dx = 0.1552507835— [;}

L

Lk
i

=0.1 5525{]?835—[@ —ﬁ}

=0.1552507835-0.118098
= 0.0371527835

= (.04
Hence, the area of the shaded region in the graph is [0.04]-

Answer 34E.

h X
(IIVen cUrves are y=

Tand y= 2 —xand x20
(x2 +l)
The graph of the curves 1s



1.2

0.95
[

- b

Ii -1.2

In the graph y=x/ ((x™2+1) "2 denotes v =x.|’(x2+ljzand v=x"0 —x denotes Fxs—x

wolving the given equations simultaneously,

5 b4
X
(x2+1)
=X (x2+1)2x(x4 —l:lzx

= x= 011

Therefore points of intersections are (—1,;],[0,0),[1,1f4)

since  x 20we considerably [D, D) and [1, 1!4).
“We want to find the area in first and second quadrants.

The top and bottom boundaries are yp = % and yp = -z
IZ:J':2 +1)
The area of a typical rectangle 13
4 5
(yr—yﬁjﬁx= —2—(?: —x) Fi¥s
(2 +1)
= s = —x"+x |dx
(xz +1)

Andthe region lies between x=0and x=1.



Zo, Area, 4= i -
aall (x +1)

5 — 2" x|dx

1 1 1
= [ 2 - [ #d d
.x[lil (xz +1)2 i Ju x+z[u e

1 6! 724t
BT dx_[x_J +{X_J
2;‘-0 (;'c3+1)2 6 0 2 o

1 1 1
2 o T
{2}52

I
+

1l
|q__J B B
|
T S| —
+
[\J|-—t

ey
=1 a2

Hence, [Area = Esquareunits

Answer 35E.
Consider the curves _],,?:3-_1’2 — 2y and _,.-=13 —3x+4
Use a graph to find approximate x-coordinates of the points of intersection of the given curves.

Graph of the two curves

-

y=3x"—-2x

Observe that there are three points of intersection.

With a coordinate finder tool approximate the x-coordinates of the points A, B, and C. obtain
-1.11, 1.25, and 2.86 as approximate values of the points A, B, and C respectively. To estimate
the area between the graphs integrate the upper function minus the lower function.

Between the points Aand B. y =x* —3x+4 is the upper function while between the points B

and C, y=3.t2 —2x is the upper function.



Area between 4 and B
125
Area = L . (Upper curve —lower curve) clx

- Ilff [:c1 —3x+4 —[3.\‘3 = 2.1')]:;5:

L2

=3 —x+4)dx
( )

[

4
[(—I;:I} L1y (
=0.1848
Area between g and ¢
Area = LT( Upper curve — lower curve ) dx
= .[.T 3x* - 2x—(x* —3.r+4):|a’x
= LT(&::: —2x—-x*+ 3x—4)a'.x:
4 2 Z46
s ,'f'!—x—-l-x——d,'f
4 2 125
2.86)° 2.86)°
:[—m+(2.86}3+u—4(2.86)}—
4 2
(1.25)" . (1.25)
——+(1.25) + —4(1.25
{ ) (128 + U2 g1
=2.1929

Total area=sum of the two areas

=6.1848+42.1929

=
Answer 36E.
Given curves are y= x° cos (33 ) and y=x"

[

The graph of the curves 12
1 254"
| |
|
| 1 |
| y=[f2}_'[cnﬁt\c'3)]
\ !
U I|
£ |
Ef,t (2] | Ato.s5.0 59)
% vb
)/ { a"--'
'J o o
{
!
J'II
|
!
}
125

-0.26

-5



In the graph vw==™10 represents FXID and =z * oz (2"3) represents FXZCOSXS
Solving the given equations,
x=H155

Therefore points of intersections are A(U.Qﬁ, 0.59),8(—0.95,0.59).

Here we want to find the area of the shaded region. Since the region 15 symmetric about
v-axis, total area is equal to 2 x area of the region in the first quadrant.

The top and bottem boundaries are yy = x°cosx and Yy = o

The atea of a typical rectangle iz
[Cy,—yj);'_‘l;.':[xz Cosx — xw}'_\.x
Andthe region lies between x=0and x=095

Sototal area A= EUF |:;r2 CoS (x3) - xm}:fx
0

'1095 ; 095 o
=2 3 _[ 32 cos(c )dx— _[ £ dx}

a a

'1 . 08 (7 0095
=1 g(sm(x ):ID —{HJ

0

1 1 11
=2 =[0.75611——[0.85
L (07560~ +(055)"]

=01
Therefore |A_rea =0 1square units|

2o total area A= 2Df5 [xz Cos I:xz) - xm:|dx
[

'1095 095
=2 = _[ 3z cos(cz)dx— _[ xmdx}
_3 0 0

'1 BCTIR g 0095
=2 g(sm(x ))0 —{FJ

0

1 1 11
=2 {07561 ——[0.95
L (07561)-15(095)"

=01
Therefore |Area=0.1square units|

Answer 37E.




In the graph y=2/{1+=z"4) represents y=2f(l+x4) and y=x"2 represents y=x2

Here we want find the area of the shaded region
The point of intersection of the curves are 1:1, 1) : [—1,1).
In the shaded region, top and bottom boundaries are

2
= And yp= 2
G 1+ £ VB

The area of a typical rectangle is

2
(yr—yg)&x= [1+x"' —xg]ﬁx

Andthe region lies between x=—land x=1

1
2
Area of the shaded region = I [ " g :|dx
2R

= 28012253 using CAS

Therefore Area= 28012253

Answer 38E.

Givencurves are y=2°, y=+2—z'
The graph of the given curves iz

| f

21
|

s

In the graph y¥=x"6 denote y=x6 and y=(2-2"4¥0.5 denotes y=+2—x'

Here we want to find the area of the shaded region.
The points of intersection of the curves are [—1,1) and (l,l).
In the shaded region, the top and bottom boundaries are

Yr =f2-x* And Y= 2

The area of a typical rectangle 13
[}’r—ys)ﬁx= (\;’2—:{4 —Xﬁ)ﬁx

Andthe region lies between x=-land x=1
1

Area of the shaded region = [ [x|'2 . :|dx

A==1

= 2.3391939(Byusing CAS)

Areaof theregion between the given curves, A= 238921929 |




Answer 39E.

Given curves are y=tan® x,y= Jx
The graph of the curves 1s

A
154

! -
N,
§ o

+ L 10.76.0.87)
y=wh
06!
i y=(lanx)"2
!
i - ;<
o 05 1 15

0.5

In the graph v=(tan x)"2 denotes vw— tan’z and v=x™).0 denotes y= ﬁ
Here we want to find the area of the shaded region.
The point of intersection is [D.?ﬂ, D.ST")

In the shaded region, top and bottom boundaries are
yJ-:\l'?and y3=tan2x.

The area of a typical rectangle 13
(=g ) dors [u’?—tanj x) dx

Andthe region lies between x=0and x=075
0.75

Area of the shaded region = I [\E— tan x:| dx
0

m 0.251416(using CAS)
Therefore |Areaof theregion between curvesis A= 0251416

Answer 40E.

Given curves are y=cosx, v =x+2sin* x
The graph of the curves 15



:f'=|:h::15i A ,".
i
p -

BI1.22.084) 070 b T Co s 0.82)

¢ i o e o ~a
e, Fra - R ,
I'(:-'-. - c .'.f.. - -
x AL e 25 K] 4

2 'II-_"I'.-' S B R . 1'_:.:!‘: 13%; 125 08 O L T35 18 N 2 I3 Z
5 i .
.5'!“': o ._’-__,--CE ‘\__.
i -
<L AR s b C:
T AL 0 .53) .
~ r

In the graph v=x+2(sinx)™d represents y=xt2 sintx
Here we want to find the area of the shaded region
The point of intersections of the curves are [—1.91,—0.33) ,[—1.22, 0.34) aned (0.61,0.82).

In the firstregion (between x=-1.91and x=-1.22), the top and bottom boundaries are
yr=x+ 2sin? x and Yy =Cosx

The area of typical rectangle 1z (yr—yﬂjﬂxz[(x+ 2sin’ x)—cos x]&x and the region

lies between x=-1%1land x=-1.22

In the second region (between x=-122and x=0.61)the top and bottom boundaries are

yr:cosxandyﬁ.:x+25in4x

The area of a typical rectangle 13 (J”r —yB:J Fi%s
:[cosx—(x+25in4 x)]ﬂx
Andthe region lies between x=-122and x=0461

Therefore the area of the shaded region

_112 051
A= I [x+ 2sint x—cos x:|cfx+ I [l::c::s x—x—2sin’ x:|.:i'x
_191 113
= U.1929524+1.5111803[u5ing CAS)
=17041326

Therefore [Area = 17041326




Answer 41E.

Consider the curves.
p=x"—6x +4x and y=x
Use a computer algebra system to find the exact area enclosed by the curves.

Consider the graph of the two curves.
F
107y

8

y=x"—6x +4x

o

-10

From the above graph, observe that }-:;,;5 —6x° +4x encloses a four-part region symmetric
about the origin.

Since y=x*-6x"+4x and y=x are odd functions of x.
The curves intersect at values of x.
Find the point of intersection of the curves.
¥ =6x  +4x=x
x=6x" +3x=0
x(x" —6x" + 3] =0

x=0 or x'—6x*+3=0

Now, factorthe 3* _gx?4+3=0

This the quadratic equation in terms of 2.

Use the formula for % = —bEVb —4ac
2a
Here, a=1,b=-6 and ¢=3

Substitute the above values in the above formula.

. _6:36-12

Therefore, the roots are as follows:

I=J3+JE.A'=J3—JE and x=—~.'|'3+\iig.x=—\|' —JE




Observe from the graph that the enclosed region is symmetric about the origin.

So, the area of the shaded region is twice the area of the region on one side of x — axis.

Observe that y = x* —6x" +4x is above y = x between 0, .f3_.fp and in the reverse order

between Mf3_\f@ and \,’3+Jg_

Therefore, the exact area is as follows:

3t B
A=2 I : [.r" —-6x +3x]c£r+ £ (u.r’ +6x° —3.1')dx

0 J3-J6

6 ‘Flrv'l; (] 1.'"-:;:‘:
= ['\——gx“+§x2] +2|:—x—+§.r*—§x=]
(i

6 2 2 6 2 2 e
Using computer algebra system, the exactareais 4-— 12-«@—9
Answer 42E.

Consider the inequalities x-2y* >0,1-x~-

ylzl}

Sketch the region in the xy-plane defined by the inequalities and find its area.

Now
x—2y7 =0
TEDE o (1)
And
I—x—|y|z0
x1-y| e (2)

Combing these two inequalities to get
2y'<xxl —|y|
So sketch the region bounded by the curves x =2y’ andx=1-|y|

Since both the functions are even functions then the region will be symmetric about

X-axis.

Graph of the two curves




First find the points of intersection of the two curves
2‘1-'3 = —I'y|

Since in the first quadrant then take

2y*=1-y
237 +y=1=0
2y +2y—p=-1=0
(y+1)(2y-1)=0

y=1/2 sincey =0
sy sz Y
Thus one point of intersection is 23

Since in the fourth quadrant then take
2y* =1+y
2y'-y-1=0
2_5-'3 =2y+y=1=0
(y=1)(2y+1)=0

y==1/2 since y <0

And the other point of intersection is [%—-;]

Now the area is

a=2"[1-|y]-2y" Jay

= 2_[[:'7[1 -y —Zfl":]a‘:ll [since y > 0]
T T
=2 y-myi-Zy
{' g8t }
2
s l_l_:_}
2 8 24
4
24
o
12
Answer 43E.

First we change the unit of velocity in feetfs

feetisec

1 Miles per hour = Jegl
3600

= §=Efeetfsec
60 15

Meow we malke new table for wvelocities.

i[s) vl[feetl's) ¥, I:feetl‘s:l
] 1] 0

1 440115 484715
2 T04/15 814/15
3 101215 1144415
4 1188715 1342015
] 1264715 156215
G 1518715 176015
7 165015 1892/15
3 178215 2046715
9 1892/15 2156/15
10 1980715 2244{15




We have the time interwval [0, 10]

If we divide this time interval in to 5 sub intervals, then n =75 and width of the sub
terval 15 Af = M =it

And sub intervals are [0, 2], [2, 4], [4, 6], [6, 8] and [&, 10]

Then tnid points of the sub intervals are 1, 2, 5,7, and 9

By the mid point rule, total distance traveled by first person after 10 seconds
10
.[n [vl)dﬁ £ &ﬁ{vl (1) +1 [3) +1 (5) +w (?) +w [9)}
{440 1012 13284 1630 1892}
MOy —t—— t—t——+ ——
13 13 15 15 13
12716
o d ol

15

Similarly total distance traveled by second person after 10 seconds

10
.[u [vg )dé = ﬁﬁ[vg [Cl) +v, [3)+v2 [:5:l+v2 (?) +v, [9)]
{484 1144 1562 1892 2156}
2 — + + +
15 15 15 15 B
5 14476

15

The difference between the distances traveled by both persons is
10 1o 14476 12716
Io (v Wt — _L Wi = -—

15 15
1760
ms—— feet
15
F E feet
3
Or e 11?13feet so second person travels 117% feet more than Chris

Answer 44E.

First we make atable of the widths {in meters) of the swimming pool at 2 meters
interwvals as

{meter){intervals) | Widths of a swimming
pool (meters)

0 0

2 6.2

4 i

& 6.8

8 5.6

10 5.0

12 48

14 48

16 0

MNow we have the interval [0, 16]
If we divide this interval inte 4 sub intervals, so n =4 and width of the sub
interval
= ?: 4= AL(Let)
So sub intervals are [0, 4], [4, 8], [8, 12] and [12, 18]
And mid points are 2, 6, 10 and 14.



Then by mid peint rule, we can estimate the area of pool as
I
A= Iu wid m AL wy + v+ +wy |

4{6246.8+50+48)

o [

Answer 45E.

Measurements of the thickness of the wing, in centimeters, at 20-centimeter intervals are
58203 267,290,276 273 238,205,151, 87 _and 2.8

Use the midpoint rule to estimate the area of the wing's cross-section.
i " % feci it

Midpoint rule: ff{x] dx = Zf(,r,) ﬁr=ﬂx[f[xl)+ Zrens +f(,1ru) J
& I=]

Where M:'ﬁ_a and

n

— 1
xl.:E{;;_1+.r,}

= midpointof [x, ,x ]
Since the problem does not state the number of subintervals or the function describing the
shape of the wing, to select midpoints based on the data given in the problem. This means use
every other value as a midpoint, namely 20.3, 29, 27.3, 20.5, 8.7.

From this easily deduce the subintervals as p=35.
First find the Ay
h—a

M
£ 200-0
Cs
=40

Ar=

Use the midpoint formula to find the area.
A zﬁx(f(;]+f(;;]+f(z)+. g +f(r_"]]

A=40(f(20)+ £(60)+ £(100)+ 1 (140)+ £ (180))
=40(20.3+29+273+20.5+8.7)
=40(105. 8]

=[4232 em’|

Answer 46E.
Consider the data

The birth rate of the population is b[r} =2200+52.31 +0.74+
The death rate of the population is d[r] = 1460+ 28.8¢ people for year.

Required to find the area between these curvesfor 0<r<10-



Graph of the area required

3000y
birth rate
25001
Required area
20001
1500 %/
10001
S001
X
0 2 4 6 8 10

The area 4 of the region bounded by the curves y= f(x) . y=g(x) .andthelines x=a

. x=>b .where fand g are continuous and f(x)2 g(x) ferallxin [a,b].is 4

A=[[1(x)-g(x)] ax
Here f(x) is birth rate and g(x) is death rate

And g=0. b=10
Thus area

L[]
A= j[D.MH +52.3¢+2200 - 28.81 — 1460] di
o

1

= [[0.74¢ +23.51+740] ai

G 10

=| 074 +23.57 4 740¢
3 2

i}

:[D.‘M(m}l +23.5{m]: +740(10) - 0}
3 2

= §821.67
Therefore, the area represent the |= §821.67| persons alive.



Answer 47E.

Consider the graph:

F 3

o

— ; 5 » Min

The area under 4 between y=Qand r=xis |V, (1) dr=5,(x)

ol

Here, V__J[r] is the velocity of car 4 and S, is its displacement.

Similarly, the area under curve g between f=( and {=x is fVR(r) dr=35,(x)
L1}

(@
Car 4 is ahead of car g after one minute, because the distance traveled in a velocity time

graph is determined by finding the area under the curve within the time limits. From the graph,
see that area under the curve 4 is greater than area under gJ between ;=010 y=1.

(b)

The area of the shaded region has numerical value, §, (I]-Sﬁ(l)

The shaded region represents the distance by which car C is ahead of car g after 1 minute.

(c)

After two minutes, car g is travelling faster than car 4 and has gained some ground, but the
area under curve 4 from y=0 fo y=2 is still greater than the corresponding area for curve
B.socar 4 is still ahead.

In other words, still car 4 is ahead of car g after two minutes, because area under 4 Is
slightly greater than area under g, within the limits =0 to =2

(d)
From the graph, it appears that the area between curves 4 and g for <y <1 (whencar

A 15 going faster), which corresponds to the distance by which car 4 is ahead, seems to be
about 3 squares.

Therefore, the cars will be side by side at the time x, where the area between the curves for
1<¢< x(whencar ggoing faster) isthe same asthe areafor ()<r<]-

From the graph, it appears that the time is y =22

So, the cars are side by side when

In other words, the cars will be side by side, when the areas under both curves from ¢ =0Qto
t = x will be the same. From the figure, we see that between y=( and ;=22 minutes
(approx), the areas under both the curves will be equal, s0 both the cars will be side by side

when minutes (approx) .



Answer 48E.

Consider the graph of marginal revenue function p* and the marginal cost function (' fora
manufacturer.

.“.y

2 .
1- c'(x)
X
0 50 100
Recall the marginal profit function is,
P(x)=R'(x)-C'(x)
So, here the shaded region represents the difference between R'[x) and (_'."[x]_
In the boundaries y =50 to x =100 -
Use the mid-point rule to estimate the value of this guantity:
Divide the region into five strips of width Ay =10 -
‘I.y
X
0 50 100




The area of shaded region is:
[R'[Sﬁ}—(“{ﬁﬁ |+[ R'(65) —c:‘(as}}r
= Ay
R'(75)-C'(75)]+[ R'(85)-C'(85) |+ [ R'(95)-C'(95)]

[[24 0.85]+[2.2-0.9]+ ]

Ob i he oraph.
[2_']_'_[] 2_1 ]]+[| - 2] serving the graph

~10(1.55+1.55+1+0.7+0.5)
=10(5.3)
=33

This is the marginal profit value.

Therefore, the marginal profit is 53 dollors.

Answer 49E.

=ince we have yﬂ =z I':x+3:l

Then v=x-/x+3 and v=—x-Jx+3
How we sketch both the curves
y

1

y=ulins)

X

i
F
’
o

Fig.1

We see that these curves malke a loop in the closed interval [-3, 0]

Combination of these two curves 1s the graph of yz =x f:x+3:l

since both the graphs are the mirror mage of each other about x-ams
=0 total area of the loop 18 = 2 xarea of region under the

Curve v =—-xJx+3 on[-3, 0]

iy A= EXI —x- x4+ 3dx
O ﬂ:—2_|._3x«..'x+ 3dx

Let x+3=£ &0 x:[zj—B)
Then dx= 2fs
Andwhenxz=-3t=10
Andx=0, t =43



Then —2.[_03x«.|"x i —2]05[32 ~3)eedr

2 —4]0‘5(3“ - 34*) dt

& &
=—4 —33} [By FTC - 2]

=—4:¥—3£}

5

2443
5

o the area of loop formed by the curve y2 =5 [x+ 3)

243

ig
5

Answer 50E.

Equation of the parabela is ¥ = x*

. o
Slope of the tangent at any point of the parabola = S on
x

2o slope of the tangent at {1, 1) is j—y =i
X

So equation of tangent line is (which 15 passing though (1, 1)

(y—l) = 2.(;(— 1:1

Or y—1=2x-2

o pEE

Mow we sketch the curves y= 2° and y=2x-1

¥

v

Fig.1

We have to find the area of shaded region

Since line y=2x—1 and curve y=x° intersect at x = 1 and curve ¥ = x° touches
the x—axmisatx =0

So we will find the area under the limits x =0 and x = 1 or 1in clozed interval

[0.1]

. . 1
x—interceptof y=2x-11s x= =
From figure it is clear that area bounded by the curve ¥ = 2° | tangent at (1, 13,
y=2x-1 and x — a=is 15
A= frea of the region under curves y = x° fromx=0to 1
- Area of the region under the line y = 2x—1 fromx =12to x =1



x3 i P 1
{? [ = —x:lm [By FTC - 2]
b
1 [ 1,5
S — 1—1——+—:|
2 L 4 2
_l__l}
T3 |4
Cir A:E this 15 the area of required region

Answer 51E.
Consider the curves y=x and y=4
Find the number b such that the line y = b divides the region bounded by the above curves
into two regions with equal area.

F 3

Sy _—

fa
Il

Y

e
Il
e

=
Il
Lo

W
\ &1

-1

The points of intersection of the curves

x'=4
xr=%2

Intersection points are (-2,4)and (2,4)
Here upper curve is y =4 and lower curve is y = x?

Now the area of the region bounded by these curves is

A= I.23[4 —.tl}d.'!:

= 41'—lx'=:|_
- A




The points of intersection of the curves y=x* and y=hare (id{f_;,b]

MNow the area of the region bounded by these curves is

=_”(JE)_;_(@)R}{é(—ﬁ]_%(_ﬁ)a]
5 :bﬁ—%bﬁ]—[—b@+%h£]

%m@

Now since the area of the region bounded by the curves _]r:_r2 and y=h divides the area of

the region bounded by the curves yzx"' and y =4 into two regions with equal area.

Then

b=4%"
Therefore,

Answer 52E.

(&) First we sketch the curve ¥ = lg
x

Let = a1z any point of x — azxis, such that the line x = a bisects the area under the

1
Curve ¥ = —, 1=x=4
x




Area of the region bounded by the curves ¥y = Lz amdxz=1&x=41s
x

(B)

41d
1?x

e 1 41 A
SO le_zdx .I-ax—gdxza
2 4
Be [_l} :[_l} _3
x xl, 8
1
Or |:——+1:|=[—l+1—:|:E
c 4 a 2
Or dla-11=4-a
Or S =8
Or a=§=1_6
5

[ByFTC - 2]

[ByFTC - 2]

The area enclosed between x =1 and = =4 and the curve has been obtained in

part (&) and 1z equal to ; .

e have now to find the walue of b such that the line y =b bizects this area ie

each of the two areas PES and E5ABQ in the figure below 15 equal to g

-'J'.:

f&’/////////

Fig. 2

-
b

We have y=%ar x =

|

Sofor y=b, we have z° =é ar K=

i B
M’ﬁ/ﬁff/f!ﬂ/m&!
4

-

[z 15 +ve]

o

Area PSR = Area PACE — Area ASEC



3 puaE
O §= _[1 ydx—AC AS [Area of rectangle]

T e
= 1—\(’;?—\:3”;

§=1—2J§+b
7
Or (1—@) =§=0_3?5
1

Oy —~fB=0612
Or  +fh=1-0612=03883
Or L£=015
Answer 53E.
Consider the parabolas
y=x'-ctand p=¢"—x’
Required to find the value of ¢ such that the area of the region enclosed by the parabolas is
576-
Graph of the parabolas

For finding the points of intersection to equating the parabolas

2 2 1 2
X —C =C —X

2x° =27 =0
2 2

X =c
x=%c

Here upper curve is p=¢" —x* and lower curve is y=x" —¢*
Then the area is

A= _r [(ca —.1‘3]—(.1‘: —c-z}]d.r

— I‘(2L1 —E.t"':}dx



Since the area is 576.

Then

3
8 57
3

¢’ =216
c=(6)
c=0

This value of ' ¢’ can be __ since the region is symmetric about y-axis.

Answer 54E.

Consider the graph

/2

v
0

c
—1/

For the points of intersection of the curves y=cosx and y= cos[x—-:'}

To equating the two curves
cosx =cos(x—c)
x=2nz+(x-c)
Fut » =0. since from figure see that the point of intersection is before /2
S0 x=#(x-c)
Or x=-(x-¢) [since by positive sign get ¢=( and 0<c < x/2]
Thus y=¢/2

MNow the area of the region bounded by the curves y =cosx, }-:cog{x—c) and y=10 is

o = Lj [cusx —cos(x— c}]dx

:[5inx -sin{x“c}]::
=[sin{c;‘ 2)—sin(c/2 —c}—[)+sin(—c)]
= [sin{c,If 2)+sin(c/ 1}—5111{.:-}]

=[2sin(c/2)-sin(c)]



Now for getting the x-intercept of the curve y =cos(x—c)
To equating y is equal to zero
cos(x—c)=0
(x—c)=2nrtx/2
But the first x intercept of the curve y =cos(x~c) lies between g/2and x
Thus (x—¢)=x/2 [taking ,=( and positive sign]

Or x=n/2+c¢

Now the area of the region bounded by the curves y =cos(x—-c), y=0and x=x is

4, = J{:-zw [—cos(x —C)]d"‘
= |:-—sin (I-—C)J:,JH.

=[—sin[;r—c}+sin{x#2+c—f}]

=[1-sin(z~c)]

= [] - sin{f}] [E{ucullccl sin(@ - &) =sin f):
Since A =4,
Then
[ 2sin(c/2)-sin(c) | =1-sin(c)
2sin(c/2)=1
sin(¢/2)=1/2
(c/2)=x/6
c=m/3
Therefore, the value of |¢ =% .
Answer 55E.
; 1 1
First we sketchthe curves y=—,y=—,x=12
x X

Fig.1

We see that Lz < l in the interwal [1, 2]
sl

So total area enclosed by ¥y =
11
A= _[1 [;— x_z] ax
21 204
1

Or A= —dx- —de
1 x x

,y:izandx=2is
x

o=



. o 1 1 1 :
since anti derivatives of —and — are In x and — — respectively then by
x x x

fundamental theorem part 2
-2
A= [ln x]f —[—l

X

Or  A=[ln 2—1n1]—|:—%+1j|

1
Cir ﬁ%[lnE—D]—{E
1
Or A=ln2- =
2
Or A= 0193147
Answer 56E.

: F Fi
First we sketchthe curves y=sinx,y=¢",x=land x= E

T
&
/';l
[ F
y
3 ///
__..-’/ . ] veaing
—— - 5
i
/ w2
=3
Fig.1

We have to find the area of shaded region enclosed by the curves

: i
y=sinx,y=g" ,x=0 and x:E

: : : 7T
We see that from figure sinx <¢% in the interval |:0, E:|

o the area enclosed by these curves
[T g
A= Iu [é‘ sift x:l dx
= .I-z_e"dx - .I-Esin xdx
0 0

Since anti derivatives of ¢¥ and sinx are ¥ and (—cos x) respectively

S0 by fundamental theorem part -2

A= [Q”]Eé —[—u:os x]g‘{;
Or Az[e%—eu}—{—cosg+c030}

Since &" =1, COS§= Dand cosD=1
So A:[e%—l}—[—0+l]

Or A=g%-1-1
of  |d=a¥ -2

This iz the area enclosed by v =" and ¥ =sinx inthe interwval |:C|, §:|



Answer 57E.

Consider the curves.
=tanx, y=2sinx, —wf3<x<af3

Sketch the region bounded by the curves and find the area of the region.

1.5k y=2sinx #f,af"a
10 / SAT
05¢
=E =% i T
3 6 o5k 6 3
-10}F
-~
=
o -1.5F

The graph clearly shows that from _g to 0, the curve y=tanx, is upper curve and
y=2sinx is lower curve and tan x> 2sinx-
From ¢ to % the curve y =2sin x is upper curve and y =tanx is lower curve and

Zsinx=tanx-
So.the area of region is calculated as follows:

x

0 3
A= I(tanx—Zsinx} afr+f(23in.r—tan x) dx
0

[In|scc x|+ 2cos 1} +[ 2cosx—In|sec r|]

o5l 5

+2cos(0)+1n Esec[ﬂ]@

[In seL +2¢ns(0]—|n

i)

:[lnl+2-In2-2-%}+|:-2-%~In2+2+1n1:|

=2-In2-1-1-In2+2

=2-2In2
Therefore, the areais [2-2|n2|-
Answer 58E.

Line y=smx and the curve y = will enclose aregion when these curves

x
(= +1)
intersect each other at least 2 points.

So we will find the points of intersection of these curves

These curves will intersect each other when
x

(= +1)

Or wmr +mx—x=10

Cir x(mxz +m—1:l=0

X =

—

O x=0 or x:;:—_m
2
1—m oo 2
Cir x=0or x=% [— which 1z defined when 0 < <1
m



So y=mx and y = ﬁ will enclose aregion when , asform=1,
X+

there 1z first one point of intersection 1e. (0, 0.

Since y=mx and y = are odd function

x
(& +1)
S0 area enclosed by these curves will be symmetric about the origin. "We can see
in following figure alzo

y=mx{m=0andm=1)

oo f1lm
Y om 0

T

1 /1-m %
£ e .

| Vom

1]

]

]

]

Fig. |

Zothe area enclosed by vy =mpr and y = forO=m=11zs

@)

A= 2_[0 E3 [I:x;;ljl - mx] ax
= 2IE il adx— ZIﬁmm’x

" [+

First we evaluate _LEI: zx ]) ax
i+

Let x* +1=¢ then 2xdx=df or xdxz%dx

Andwhenxz=0t=1

Andwhen x = 1_—m,z=1_—m+1
NI e m

B gl b
by Eed

DL 1 plim gt

= I'J (x’*+1:|dx=511 N

: o E 1.
Since an anti derivative of — is Ing then by fundamental theorem part 2
£

1pmdt 1 Lion
E.I-l —_—= E[lnf]l

i
Or lj””§=1—[1nl—1n1}
2h T
=%1n$ [In1=10]
LR fe: B
5 m_ X gy
o _I:J |:x2+1:| x 2nw2

—&
Hew we evaluate _L'J * mxddx



s
2 m["—} [By FTC - 2]
2 1]
_m[l—m)
S m
_l—m
o
Then atea
11 e
ﬁ:?.—ln——z.(—m]
2 m 2

it A:Inl—(l—m:l
4

it A:m+1nl—1

L
Or |4 =m—1nm—1] [since lnm'lz—lnm]
Where 0 <m < 1

This 15 the area enclosed by v = mix and v = zx : when in the first
4+

mquadrant and third quadrant



