Exercise 1.4

Chapter 1 Functions and Limits Exercise 1.4 1E
Consider the values in the table show the volume |7 of water remaining in the tank (in gallons)
after t minutes

)]

10 |15 |20 |25 (30|t (min)

694 | 444 1250 1112810 |V (gal)

(a)
Consider the point P[IS,ESD) on the graph of

To find the slopes of the secant lines PQ when @ is the point on the graph with
+=5,10,20,25,and 30-

When =5, then P=(15,250),0 =(5,694)

Slope of the secant line PO = =230
5-15

444

TR

=[—44.4

When ¢ =10, then P=(15,250),0=(10,444)

Slope of the secant line PQ:M
10-15

=194

_T

=|-38.8

When t =20, then P=(15,250),0=(20,111)

Slope of the secant ling PQ=M
20-15

-139

=2

=[-27.8

When t =25 P=(15,250),0=(25,28)

Slope of the secant line PQ = lr L
25-15
=S85
10

=222

When t=30, P=(15,250),0=(30,0)

Slope of the secant line PQ = ih-230
30-15
250
15



(D)
To estimate the slope of the tangent line at  p by averaging the slopes of two secant lines:
Using the values of that correspond to the points closestto p{ft=10and t=20)

-38.8+(-27.8)
2

Slope of the tangentat P =

=[=33.3

(c)

Sketch a graph of the function to estimate the slope of the tangent line at p.

700
600 pproximate
. graph of the function
£ 500
&
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400 h tangentline
300
300 P
200
471 (. s ve—.
. 5 10 15 20 25 30
100 f minutes

From the graph of slope of the tangent line at P = =

=[333]
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t (tnin) 36 38 40 42 44
Hard beats | 2530 | 2661 | 2806 [ 2848 | 3080

If P 15 the point (42, 2948) on the graph of heart beats. We have to find out the
slopes of the secant line PO when O is the point on the graph with
t=36, 38,40, 44

(A
Wehave P =(42,2948)& 0'=(36,2530)
Then slope = 230208 s
36— 42
=y
We have P=(42,2948)& 0 =(38,2661)
Then slope = 26612948 e
3842
()

We have P=(42,2848)& 0'=(40,2808)
The slope = M =

40-42



(i
We have F= [42, 2948) &= [44,3080)
3080— 2948

Slope = ————— = 66.00
4442

Points Slope of
secant lines
(36, 25300 | 69.67

(38, 26610 | 7175

(40, 2806y [ 71.00

44, 30800 | 66.00

Table-1

From the table-1, we see that heart rate is decreasing from 71 to 66 heartheats/minute
after being stable for a while. The heart rate 1z dropping.
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The point P(zq—l} lies on the curve y= ] 2
=X

(a) Point Q: [IL)
l=x

We have to find the slope of secant PQ when the value of x is given.

()For x=1.5
Point Q: [I 5;] [I,S*#}(Ls.—z}
1-1.5 -0.5
-2-(-1)
Sl fPOQ=——=
ope of PO = e
=241
-0.5
s B
-0.5
=3
|||_] Far _1(:]"-)
Paint Q: [I.Q,;]z[llg.;]z[l.g.—m]
1-1.9 —0.9 9
10
[_9]_(_’}
Sl fP="——s——
iy
&
L9
-0.1
]
=—x10
9
=1.111111
(i) For y=1.99

Paint Q: [I .99, d ]:[1.99,;]
-1.99 -0.99
ID{)] .

1.99-2

3

-0.01

=]—><H]U
99

[1.99.—@]
99

Slope of PO = [
&

=1.010101



() For x=1.999

Point Q: [1.999, : J=[1.999,;]=[I.999.-@]
1-1.999 —0.999 999

1000
Eihe
Slopeof PO=>2222
ope of PO == 0 2
)
{7999
~0.001
= %1000
999
=1.001001
(viFor x=2.5
Point [2.5‘ J ]:[2.5.L]=[2.5.—2]
1=2.5 g 3
2
o
Sloé of PO .=
ope of PO ="—"-—
5)
_\3/
0.5
110
_x_
3 5
_2
3
~ 0.666667
(vi) For y=2.1
Point Q: [2.],;]=[2-L;]=[11,‘£]
1-2.1 =T 1
10
e
Slopeof PQ=>112  °
ope of PO ="—"—
;
i
0.1
l
=—><|U
T
_1o
1
= 0,909091

(vil) For »=2.01

Point Q: [2.01. . ]=[2.0L;]=[2‘011-@]
1-2.01 ~1.01 101

Slope of PO =

=L o0
101

_100
10l
=0.990099



(viii) For x =2.001

Point Q: [2.0{]], : ]:[Z.DDI.;J=[2.UUI,—N]

1-2.001 —=1.001 1001

[_IOOQ]_{_”
1001
Slope of PO ==— 05

(o)

©0.001

L 1000
001

~ 1000
1001
=0.999001

(b) We observe that when the value of x approaches then the value of the slope of secant line
PQ approaches 1.

Therefore, slope of the tangent line to the curve at P(2,-1) = 1

(c) Slope of the line, m=1
Point P (2,-1)
Using point-slope form, equation of tangent line is

y=(-1)=1(x-2)

= y+l=x-2

==
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vefn curve
¥ =cCos T

Point P: (0.5,0)

(&) Point (- [x, Cos :-Tx)

We have to find the slope of secant PO when the value of z 12 given
(1) For x=0

Point Q: [U, Cos I:;?TX U):l = [U,cos U)

(0.9
Slope of PO
1-0

0-0.5

|

il

MO

(1) For x=04
Point Q: (0.4, cos(mx0.4)) =(0.4,cos 0.477)
=(0.4,0.309017)

Slope of PO
_ 0.309017-0

04-05
0309017
T
=—3.03017



(i) For x=049
Point Q: [0.49,cos (7% 0.49)) =(0.49,c0s 0.497)
={0.49,0.03141076)

Slope of PO
_ 0031410760

0.45-05
_ 003141076

-0.01
=-3.141076

vy For x=0499
Point Q: {0.49,cos (7x0.499)) = (0.499,c0s 0.499x)
=(0.499,0.0031415%)

Slope of PQ
_ 0003141550

0.4%5-0.5
_ 000214158

-0.001
=-3.1415%

) For x=1
Point 0 I:l, cos [ﬂ'x 1:]) = [1, cos ;‘T)
=1,-1)
Slope of PO
_=1-0
1-0.5
. F
0.5
=2
{wi)  For x=0.6
Point Q: (0.6, cos (7% 0.6)) = (0.6,c05 0.6:7)
=[0.6,-0.30901699)

Slope of PO
_ —0.30801638 -0

06-05
030901699
- 01

= —3.090165%

= —=3.050170

(i)  For x=0.51
Point Q: (0.51,cos(7x0.51)]=(0.51,cos0.517)
=(0.51,-0.03141076)
Slope of PO

_ —0.03141076 -0
0.51-0.5
_ —0.031410746

0.01
=-314107%

(wiil)  For x=02301
Point Q: (0.501, cos (> 0.501)) = (0.501, cos 0.5017) = (0.501,~0.00314158)
Slope of PO
_ —0.00314159 -0
T
000314159
T 000l
=—3.14159

k) We observe that when the value of x approaches 0.5 then the value of the slope of
secant ine PO approaches -3.14159,

Therefore, slope of the tangent line to the curve at P(U.S, 0) =-3.1415%



(o) Slope of the line, m=-314159
Foint P! [0.5,0)
Tsing point-slope form, equation of tangent line is

»—(0)=~3.14159 (x~0.5)
= [y =-3.14159x+1.570793]

i Given equation of the curve: y=cosax
Equation of the tangent at [0.5, 0) Cp=-214159x +1.570795
Equation of the first secant line passing through (U,l) and with slope -2 15
y—(l) =—2|:x—0)
= y==2x+1
Equation of the second secant line passing through (0.5, 0) and with slope
—3.09017 1=
y—=(0)=-3.09017(x-0.5)

= p=-309017x4+1.545085
Eequired graph 15
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»(t)= 40168

At £=2=y(2)=40x2-16({2%) =16

(A

Awerage velocity in the time interval [2, 2+4] 13
o y[2 +§z:l—_y[2)
Sal T
[40(2+#)-16(2+n)" |16
- A
_ =24k -16k

k
=-24-16k “Whereh=10

1) k= 0.5 then time interval is [2, 2.3]

Then ¥, = ~24-16(0.5) = [-32 f/s
(2)  A=01then ¥, =-24-16(0.1)=[-256 fi/s]
(3 h=0.05then P:M:—24—16(0.05)=
() h=0.01then p;w=—24—16(0.01)=m

(B)
Az happroaches 0 the average velocity approaches -24

2o the instantaneous velocity when ;= 2 iz |—24. {tfs
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Consider that the height of the rock is modeled by y =10r—1.86¢

a)
(4)
The average velocity in the interval [1,2] is given as

Change in position

Average velocity = ——
lime elapsed

_ »(2)-x()
o 2-1
[10(2)-1.86(2)" |-[10(1)-1.86(1)" ]




Simplify the above step, then

12.56-8.14

I Simplify

Average velocity =

442
1
=442 Dividing.

Thus, the average velocity is [4,42 m/s]-
(i)

The average velocity in the interval [1,1.5] is given as

Simplify.

_ Change in position
Time elapsed
= »(1.5)-»(1)
1.5-1
[10(1.5)-1.86(1.5)" |~ [10(1)-1.86(1)’ |

0.5

Average velocity

Simplify the above step, then

10.815-8.14
0.5
2.675

0.5
=535 Dividing

Thus, the average velocity is _
(i)

The average velocity in the interval [1,1.1] is given as

Average velocity = Simplify.

Simplity.

Change in position

Average velocity Time lapsed

_ »(1L.1)-x(1)
1.5-1
[10(1.1)-1.86(1.1)* | -[10(1)-1.86(1)’ |
- 0.1
Simplify the above step, then
Average velocity = W Simplify.
I Simplits,
0.1
=6.094 Dividing
Thus, the average velocity is [6.094 m/s|.

()
The average velocity in the interval [1,1.01] is given as

Change in position
Time elapsed
i »(1.01)=y(1)
LO1-1
[10(1.01)-1.86(1.01)* |-[10(1)-1.86(1)’ |

0.01

Average velocity =




Simplify the above step, then

Average velocity = felseis o 14 Simplify.
0.01
0.062614 g =
= Simplify.
0.01 Py
=6.2614 Dividing
Thus, the average velocity is [6.2614 m/s|-

(v)
The average velocity in the interval [1,1.001] is given as

Average velocity = Chal?gc 5L postiian
Time elapsed

_ »(1.001)- (1)
1.001-1
[10(1.001)-186(1.001)* | -[10(1)~1.86(1)’ |

0.001

Simplify the above step, then

Average velocity = W Simplify.

0.00627814 B 2
S e—————— Simplify.
0.001 plity

=6.27814 Dividing

Thus, the average velocity is [6.27814 m/s|.

D)

The average velocities shown in the table form as

Time interval | Average velocity

l=y=2 4.42m/ s

1£y=<05 535m/ls

1=y=0.1 6.094 m/s

l=y=0.M 6.2614 m/s

1=y=<0.001| 6.27814 m/s

The instantaneous velocity is defined as the limiting value of the average velocity as the time
period goes shorten and shorten.

Thus from the above table it is observe that the limiting value of the average velocity is

6 m/s.

Thus, the average velocity is .
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(a)

Consider the table,

f(seconds) |0 1 | 2| 3 | 4 | 5
s(meters) |0 |14 ]5.1[10.717.7]25.8]

Meed to find the average velocities for each time period.



(M

The average velocity in the interval [1,3]is.

v(3)-v(l) 10.7-14
3-1 2
=|4.65 meter/second|

(i)
The average velocity in the interval [2,3] is,
vl[3] -1—'[2) _ T =501
12 A
=2.80 meter/second|

(iii)

The average velocity in the interval [3,5]i5:

v(5)-v(3) _25.8-10.7
5-3 2
= 7.55 meter/second|

(iv)
The average velocity in the interval [3,4]s.
v(4)-v(3) 17.7-10.7
4-3 2

= |7 meter/second

(b)

The graph of sas a function of fis shown below:

N‘V

: /Y
: ) 24

Figure 1

Meed to estimate the instantaneous velocity at =3

From the figure1, it should be clear that the best points to choose are
(2,5.[} and (4,]?.?).

S0 the instantaneous velocity is

As _17.7-5.1
At 4-2
_126
B

= 6.3 meter/second

Hence, the instantaneous velocity when ¢ = 3is approximately E = ‘5_3 memrl,l’ggcondl
At
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Let the displacement of a particle moving back and forth along a straight line is given by the
equation of motion

s = 2sin &t + 3cos at

(a)

(i) To find the average velocity during the time period [1,2]

So,

; change in position
Average velocity = #
time elapsed

_ s(2)-s(1)
2=-1
[Esin ;r(2}+3cos;r(2)]—[2sin;r{l)+3cos:r{l]]
1

=[2sin27 +3cos 27 ]~ [2sin 7 +3cos 7]

=[2(0)+3(1)]-[2(0)+3(-1)]
=343
=6

Hence the average velocity during the time period [1,2] is [6 em/s]
(i) To find the average velocity during the time period [1, l.l]
So,

change in position

Average velocity = —
time elapsed

_s(Ln-s(1)
W
_ [Zsin (L.1)+ 3::05::(].1}]—{25in:r[l}+3t:os;r[i)]
0.1
[2(-031)+3(-0.95)]-[2(0) +3(-1)]
- 0.1
_ [-0.62-2.85]+3
N 0.1
_ =3.47+3
Tl
_—0.47
01
=—47

Hence the average velocity during the time period [l,l_l] is [-4.7 emi/s]

(iiiy To find the average velocity during the time period [l,l.[)l]
So,

; change in position
Average velocity = e

time elapsed

_.'L'['.'U")—S(l)
C o 101-1
_[25inﬁ{1.01)+3c05ﬁ[1.[}1}]—[ZSinfr(l}+3cos;'r[l)]
- 0.01

_[-3.0613]-[-3]

- 0.01

 -3.0613+3

001

_ 0.0613

Co001

=-6.13

Hence the average velocity during the time period [1,I,Ul] is |-6.13 cm/s|



{iv) To find the average velocity during the time period [1, 1 .{}Di]

S0,
change in position
time elapsed
_ s(1.001)-s(1)
©1.001-1
- [ZSinﬁ{1,001)+3c05ﬁ{1,001)1—[25in :r{l}+3cosrr[l)]
0.001

Average velocity =

~ [-3.0062]-[-3]
N 0.001
 -3.0062+3

T 0.001
~0.0062

T 0.001

=-6.2

Hence the average velocity during the time period [l,l,{}l] is m
(b)

To estimate the instantaneous velocity of the particle when f =1

Take limit of the function s(r)at { = 1to get instantaneous velocity

It appears that as shorten the time period, the average velocity is becoming closer to

-6 cmis. The instantaneous velocity when ¢ = |is defined to be the limiting value of these
average velocities over shorter and shorter time periods that start at ¢ = 1. Thus the
instantaneous velocity of the particle when =1 is
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Consider the curve,

. []Gn’]
y =sin| — |.
X

The point on this curve is P[I,D). and let Q be any point on the given curve.
(a)

The objective is to determine the slope of the secant line PQ for x=2, 1.5, 1.4, 1.3, 1.2,
1.1, 0.5, 0.6, 0.7, 0.8, and 0.9.

The slope of the secant line PQ for y=2 Is.

sin [19}7{]—0
-

x—1

. [IDHJ
sin| ——
we L8
2-1

=sin(57)
=0

m=

The slope of the secant line PQ for x=1.5Is.

. [107:]
sin| ——
1.5
1.5-1
0.866025
Y gtk ik

0.5
~1.7321

m=



The slope of the secant line PQ for x =14 is,

. {10z
sin -
(%)
1.4-1
_—0.4339
0.4

=-1.0847

m=

The slope of the secant line PO for x=1.3 is,

; (103]
sin :
1.3

~—2.7433

The slope of the secant line PO for x =12 is,

. (105‘2‘]
sin| ——
1.2
1.2-1
0.866025
et

0.2
=~ 4.3301

m=

The slope of the secant line PQ for xy=1.1 is,

. [lD:rJ
sin -
1.1
1.1-1
_—0.281733
0.1

=-2.8173
The slope of the secant line PO for y=(.5 Is,

; (10:&')
sin| -
0.5
0.5-1
-0
-0.5
=0

The slope of the secant line PQ for x=0.6 Is.

. (105‘2‘]
sin| ——
0.6
0.6-1

0.866025

EARNEd

0.4
=-2.1651

The slope of the secant line PQ for x=(.7 is.

. [10;:]
sin| ——
0.7

0:7=1
0.781831
e p—
-0.3
=-2.6061

m=

m=

m=

m=

The slope of the secant line PQ for y=(.8 is,

y [mx)
smj - -

0.8
0.8-1
o

02
=-5

m=



The slope of the secant line PO for x =09 is.

_[an

s -

_ 0.9
0.9-1

_ —0.342020

=0.1
=3.4202

Observe that the slopes are not approaching a limit.
(b)

Sketch the graph of the curve: yp = sin[m—’r] as shown in the below figure:
:-

E
3y

- - 2"
X
e — o1

34

From the graph, it can be observed that the slopes of the secant lines cannot approach to any

point.

Thus, the slopes of the secant lines are not close to the slope of the tangent line at P

(c)
As the slopes of the secant lines are not close to the slope of the tangent line at P, the slope of
the tangent line at P cannot be estimated from them.



