Exercise 8.5

Answer 1E.

1679-8.5-1E RID: 1411| 21/02/2016
(a)

Here, f{_r)denote the probability density function for the life time of a manufactures highest

quality car tire. The variable xis measured in miles.

The probability density function for the life time of a manufactures highest quality car tire
1 =40,000 and o = 30,000 miles is defined as,

[0 1 (x)ax.

Hence, the integral I:'mf{x}dxis the probability density function for the life time of a
0, DO

manufactures highest quality car tire.

(b)
Here, the probability density function for the life time of a manufactures highest quality car tire
which have life time more than or equal to 25,000 miles is denoted as,

J” f(x)dx.

25,000 "
Hence, the integral r f(_r}a{:is the probability density function for the life time of a
25,000

manufactures highest quality car tire which have a life time more than or equal to 25,000 miles.

Answer 2E.

{A)  The probability that we drive to school 1 less than 15 minutes 15 ILIS HOL:

(B)  The probability that we drive to school in more than half an hour is J;f(r)cﬁ



Answer 3E.

If I F [x) dx =1, then f (x) 15 a probability density function.

Keeping this in wiew, we are given that f (:{) = 30x° (1 - x:l: for 0= x=1land

I (x) = 0for all other values of x

Consider °i S (x)dx= i f[x)dx+if(

1

1
= 0+[ 3027 (1- x) dx+0
1]

30

2 (1+ X - 2x)dx

30 (x* +xt - 2:?)4'::

(2 X f}‘
—_———— 7 —
3 5 4

11 1]
-
13 5 2
so[10+6-15
30

30

30

|

=1
Tf(x)dx:l

| fis aprobability density function

13
() p(XE%J= [ #(x)ax
= .T f(x)dx%—Tj(x)dx
» °
= [ 302 (1-x)* dx

iT:
=30[ (f +x* —2x%)dx
[i]

3 4 R
=30[x_+i_x_}
3 5 2
0
=3o[i+l.i_l.L
81 535 2 34
:E
81
Therefore p[X Sl]=E
3) 81

= 0.2098

x)dx+ J_f (x)dx keeping the interval in view.



Answer 4E.

Consider the function,

xe ', x20
RN

x<0

(a)

The objective is to verify f is a probability density function or not.

To verify that fis probability density function, it is enough to show that J"" f(r)ch’ =1

consider I S (x)dx
E: i} e
[ f(x)de=] f(x)yae+ [ f(x)d
=0+ L xe 'dx
=l [ noes
MNow find the integration by using the following formula.
Indv =uv-— Ivdu

Here u = x, dv=e¢ "dx
du=dx, v=—e"
s (x)as = lim[ x(-e (—f ]
=ha (-e )]
[-

=lim| —te —e +]:|

f=hx

Here,if t > wthen ¢ =0

So

.7 () = tim(e) ~tim({e ) +im(1)
—0-0+1
=1

Therefore, the value of the integral is,

" r(x)ae=11

Hence, the function £ (x) is the probability density function.



(b)
The objective is to find the value of P(l <X< 2)
P(1< X <2)=[f(x)dx

= I xe “dx
1

Therefore, the value is,

P1£Xs2)= )
e

Answer SE.

; c
Given that f(x) = ——
J(x) 1+ x*

(a)
We have to find that for what values of ¢ 15 f a probability density function.
A function f 18 a probability density function if the following condition is satisfied.

j: Fixidx=1

Therefore

[0 ¢ ax=1

~1+x°

-Il:ﬂl-:xzdx=1

cltanx[% ) =1
(pan” 5]

Taom
C(—+—)=l
2 2
1
c=—
m
b)

Tsing the above values = l ., we have to ﬂndP[—l <X ﬁl) .
i

This 1z done by evaluating the probability density function from -1 to 1:
= I-_llf [x)dx
1 =z

== _d

I-l T

11
[T

4+ x



Answer 6E.

Afunction fis called a probability density function if it satisfies:
L il
[ f(x)de=1
e
The probability of a function fis defined as shown below:
b
Pla<X <b)=[f(x)dx
4
The mean of a function is defined as shown below:

u= | o ()

Consider the function shown below:

Q, x<0
f(x)=4k(3x-x"), 0=x<3
0, x>3

d.

Evaluate the integral shown below:

e () [ () (1)
= odes [ 7 (x)de+ Joui
=U+ik{3x—x3)dr+0

3 3
=kj'3xdr—ij1atx
[} (]

Evaluate the integral further:
T 3k ap koap
jf('r)dx-?x |n_§'1L ‘n
=]

3k k
=S (3-07)-5(3-0)

27k 27k
T2 3
27k
6

Determine the value of &

jf(x}d.r=]
27k
6
k=
27

Hence, the value of Kis |k =—]|.




b.

Substitute the value of k in the function:

0, x<0
6 2

f(x)= 2?[3x \’} 0=x<3
0, x>3

Evaluate the probability of the function as shown below:

o

P(X >1)= [ f(x)dx

—2—1?(3;( x }dx+—jndx
PE-s]
A F-5)G3)

Continue further to obtain the value:

627 27 3 1
PX>1)= 2?[2'?'5 ﬂ
6[24 l}
=— — =4 -
27| 2 3
2
27

Hence, the value of the probability is P(X > 1) = E .

C.

Use the formula of mean to obtain the required value:

H= Txf(x]afx

—an

- [ () [ o) o1 (3) s

=0+%J[3.\:2 —x:’)dx+0

So, the mean is | 5.

Hence, the final value of the mean is .



Answer 7E.

01 i 0=x=10

0 Fx=larx=10
We see that in the interval 0 =x =10, #F(x)20
Andforx <0orx =10, ffz)=0

Sof[x:lzﬁl for all x

2N We have the function (x) ={

Now we have to checl J-m f[x) dr=1
= [° s (x)dx=["01dx

o
=1
So fix) iz a probability density function

B The value of mean will be the mid point of the interval, which is 5
Now we calculate the mean

H= lef[ledx: .I.:DD.lxdx

Answer 8E.

=ik

A Here we see from the graph that 7 (x) z0forall x
MNow we checkj cz’x—l

I f x dx:L f[x)dx = Area of the region from x =0 to x = 10

This is the area of a triangle
So j Flx dx=—><10><02

= 1
o ftx) is a probability density function

® (1) P(x<3)=j;f[x)dx

= Area of the triangle fromx =0to x =3

=l><3><0.1
2

Plx=3)=015



(2)  Wehave to find P(3<x <8)
P(3=2x<8) _[f(
= [ 7 (x)dn- jf
=[P r@ax-[ s (x dx—_[;f(x)dx

—1—%><0.1x2—0.15

=1-0.25
=075

|7(3=x=8)=075]

w 0
) Mean .I-_wx _f[x) a’xz.l-u x f(x)dx
We divide the interval [0, 10] in to 10 subintervals

Then MAx=— 10-0

10
=1
= hx=1
Then by Simpson's rule we can approximate the value of mean
H= I xf(x)dxws —|:x Flx)+dnf(xn)+27 (x)x +4nf (x)+....
.......... +dx,f [xg)+xwf|:xm):|
s:s%[0+4.[1).[0)+2.[2:][:0.04)+4.|:3).(0.08)+2.[4).[0.12)+4.|:5).|:0.16:l
+2.[6).[0.2)+4.[?).[0.15)4—2.[8).[0.1) +4.[9).[0.05)+10.(0)]

s %[0.16 +0.96+0.96+32+2444.2+16+1.8]

O L= 508
O H=0
Answer 9E.

We have the probability density function

] if £=0
Fle)= -5
0.2z ifi=0

If m is the median waiting time for a phone call to the company then
[Crleyae= !

= j'” 0 2e g =

ra ] e 2

—tim [ 0.0 = 1

haed -

= lim [—5 %0.2 xé'*”]; _1

¥m 2

Therefore

= lim[-o"+a*"]=
1
2

=™ 142 [lim P 0}

bl

:b?:—lnE => it
= = 347] min



Answer 10E.

(&)

We have exponential density function

[0y <0
f(é)_{,u'le if £20

WWe hawve gr= 1000

0
Then f{z)= {(0.001)941“3“

—tiu

if £=0
ifez=0

(1 We have to find P(z = 200)

= Pt <200)= " (0.001)2 2"y
0.001

20
— Q—ODUD
—0.001 )

_ I:_e(unumnu) +go:|

=1-2" %018
[P =200)~0.18|

2 We have to find P[z > 800:]

Ple>800)= [° (0.001)e % az

=lim [—e )

N

—01301::|
200

—lim [_é—(ﬂnﬂl)x L :I

E=w

— Q—OB

|P(e > 800] = 0.45|

(E)

If median is m, then_[ ¥ [f,) dt

= [7(0.001)e™ ¥t =

=lim [ (0.001)e°™d: =

K= S

:>lim[—

&
Q—O.IJJ]:] -
¥—=m

Therefore

:>1im[

W _ Q_UDDIXJ —
F=r

1
2
YT
=& =—
2
1
=-0.001m=1n 5

=-0.00lm=-In2
= 0.00lm=In2

In2

= W=

0001

= |m=10001n 2|= 6%3.15 hours

Answer 11E.

2y We have 2= 2 Sminutes
Thus probability density function as
0 if £<0
Fle)= Le-ms if £20

2.5

lim
F=r

[

Sty _ 0]



Then probability that a custemer has to wait for more than 4 minutes is

Plt>4)= _I':%e"mdz

o 1
=lim | —e¥ 4t

K=o d 4 25

: —tas
=lim|—e

= 4

- _xras 413
=limn |:—e i ) :|
bl d "]

2y Probability that a customer 15 served with in first 2 minutes 1z

P(e<2)=] %e"“‘scﬁ

L
_ [_g-zxzj +ea:|= 1= g8
s 0.95

Plt=2)m055

(Y Let the customer has been given free hamburgers after “a’ minutes

Then j‘”z_lje-””d: =002

=lim[-e"*7 =0.02

K=

=1lim [e-"“ﬁ +e-““-5] =002

K=o

:>g—ﬂ."2.5 — 002
-
= —=1n(0.02
2.5 n( )
:a=—2.6><1n[0.02)
=g =978 minutes =

Thus the advertizement should say that if the customer 15 not served with i 10
minutes, he get a free hamburger.

Answer 12E.
(A4 Wehave f=69 anda=28

Then probability density function is 7 (%) = ﬁe—(r—ég)QIXQB)Q
B2

And the probability that an adult male chosen at random iz between 65 inches and
73 inches tall 1z

73 1
P(65=x=73)=] e

2 2
PR

MNow we uze Zimpson’s rule to evaluate thiz integral interval 15 [65, ?3]
Takingsn =8 = Ax=(73-65)/3=1

Subintervals are [65,66],[66,67], [67.68], [68,69], [69,70], [70,71], [71.72],
[72,73]

Then by Simpson’ s rule

P ( 652 <7 3) iy 1 l |:é_(as_w)“ fazey 4 46—(66—69)2 Jagazy 4 2@-(6?-69)‘ faasy’

2827 3

+d ~(Te-teyt Sz _'_e-(?z,-sg)’ Jazay :|

7 08469
=|P(6957273)=85%

2y The probability that the adult male population 15 more than
ffeet = 6 x12=T21inches tall (1 feet=12 inch)

72 1
P[:X}?z):l_ 0 m

ol faasy



For evaluating this integral we use Simpson’ s rule with » = 36

Then Ax= H: 2
26

Then subintervals are [0,2] ,[2,4], ................ [?0,?2]
Let g(x)= o (o0 sy’

Then by Simpson’ s rule

1 2
P02x=72)= YN
rs (.858

Then P(x»72) s 1-0.858
= [P(x>72)= 14 2%

[g(0)+4g(2)+2g(4)+4g(6)+ ... +4g(T0)+2(72)]

Answer 13E.

Wehave g=9%danda=42

. . o 1 (- {20827

Then probability density functionis f{x) = ——=¢
[ ) T 2

1 (x4t ,,.'[2(42;.*]

fix)= g
(%) 4 242
The probability of households throw out at least 101b of paper a week 1z
P(x=210)=[" f(x)dx

This iz an improper integral so we can approximate it by the integral 10 to 100
because more than 100lb of paper extremely rare.

Then p(x = 10)= Lljuf[x:ldx

Where f (X) = —1 g_(x_;u_-:;ﬁjn@:;;.?

422

LIDPOINT RULE:

3

[ 7 (x)dx s, sﬁﬂx[f[x_l)+2f(x_g)+2f(x_3)+-- .+f[g)]

a

where Ax =

and 1 = %(xi—l—'_xi:]: midpoint of [x!-_lxi]
#

We can use mid point rule for approximating this integral taking n =45

ﬁxzmo—m:z
45
Then subintervals ara[lU,]E], [12,14], [14,16] ............. [98,100]
Andmid points are 11, 13,15, 17,19, 21,23,........... ... .29
1T+ A3+ A1+ A1+ F(19+ £ 21
ThenP[xElU)mle f( ) f( ) f( ) f( ) f( ) f( )
........... +f|:9?j+f[99)
e (144

= [P(x210) = 44%




Answer 15E.

Consider the speeds of vehicles on a highway with speed limit 100 km/h are normally
distributed with mean 112 km/h and standard deviation & Km/h.

(a)
Find the probability that a randomly chosen vehicle is travelling at a legal speed.

=
2ot

The probability density function is, f(x] = e

1
oN2r
The legal speed is, 0 to 100 km/h, mean g4 =112, standard deviation & =§.

To find the probability that a randomly chosen vehicle is travelling at a legal speed, find

104
[ f(x)ds.
0
Substitute mean g =112, standard deviation o =§.
Therefore,
100 W i 12-1' 1;]':
Flx)de= e ™ dx
J; () '!,-8»4'2;?
L w12y’
= e ' dx
’,:[ 82m

= 0.06681

Thus, the probability that a randomly chosen vehicle is travelling at a legal speed is,

[0.06681]

(b)

I police are instructed to ticket motorists driving 125 km/h or more, find the percentage of
motorists are targeted.

To find the percentage of motorists is targeted, find the probability of If{x]a’x.
125

Therefore,

(-]

o @ | 2"5}2
f(x)dx = e dx
111‘5 1'2[- G‘J’E

1
<827
A {x-n12)

= e 'y
5

=(.0521
The percentage is. (0.0521)x100 =[5.21%]-

_{.‘r—l 13,!

e " v Substituteo =8, u=112

1]
e )

I




Answer 16E.

The objective is to show that the probability distribution function for a normally distributed
random variable has inflection points at x=gu+to.

Consider the normal distribution function,

r-uf?
e la

1
I)=

Where g >0and g > ()called the standard deviation.

Finding the derivative f'(x)we obtain
(x-a)’

207

f'(r)=—%,%

Thus, x= gis the only critical number. Finding the second derivative we obtain

RS B (€
4 [I)_O'JJEE [ o’ I]

1
Hence, f"(u)=- <0sothat x = &is a maximum.
)= T

e

Solving the equation f"(x)=0 wefind x=pto.

If p—c<x<p+o then |x—pu|<o and therefore (x-,zu]' <1sothat f"(x)<0 and the
a

graph of fis concave down.

Similarly, we see that f"(x)>0 for x<p—& or x> pu+0 sothatthe graph of f(x) Is

concave up.

It follows that f(x] has points of inflection at x=u+o.

The graph is shown below:

u=-a /i u+c
From the above figure, it is shown that the probability distribution function for a normally
distributed random variable has inflection points at x=u+o.

Answer 17E.

Two standard deviations of the mean are ff—2dand g+ 20
Then P=["" L _gthr gy

e a-f2r
Lea X #_;
o
1
= —dx=dt
a

Andwhenx=pu—-20, =i=—2and whenx=u+4+2a,:=2



Then by Simpson’ s rule

P E[f (-2)+47 (F1.5) 42/ (-1)+47 (-0.5)+2/(0)+47 (0.5)+2 j[])]

3 HF(15)+5(2)
1| F(-2)+45 (1.9 + 27 (- D)+47 (-0.5)+27(0)+47(0.5)
- E[ 127 (1)+47(15)+£(2) ]
=
Thas is the probability that the random variable lies within iwo standard dewiation
of the mean

Answer 18E.

Consider the standard deviation for a Random variable with probability density function f and
u is defined by

ot | =

c= D_: {x—u}z f{x}dx’]

MNeed to find a standard deviation for an exponential density function with mean
Write the probability density function as,

0 ifr<0
x)= =
=115 50
u
0  if-w<x<0
That is )= X
TE=11 5 i 0<xcn

u

Thus, the standard deviation
= 21 -
+|:.L (x—w) Ze "‘f-’-']
i
o=ﬂ+%[r(1—p]2 e.'_'dr]-
M

o= #[j: (x-n) e_'%dtj|

Squaring on both sides,
* = X 3 -
f=p ——I] e "dx
[z

= ulim J‘[i—l) e_;ltﬁ'
r—x el “ p_

it | =
| =

G= Dl{x—u}zﬂdr]

2



Setting £=|’=}ldl—=d'
H H

o'=n limr{l —l}z e 'dr

—tim| (1) fear-[ L1 }Um)m]

T

= pll..“: [—(r-l}‘ e"]: +_|'2{r-|)e"d."]
=i ~(x-1)' e +(0-1)"e* +2(-1) fear- [ L fe"dr)d!]

r—e

= l-lllﬂ :—{.u.'—l}2 e +1- [2[: ~1)e” ]: +je"dr]

=p1i_.£ :_{x—l}ze"+l—2[x—l}e_1 +2[ﬂ—l}e"—[e"]:]

[ -(e-1Y ¢ 1-2(e e 2]

=ulim —(x—1)" €™ +1-2(x—1)e " +2-¢ " +1]
= p[-{m- 1) e —2(w—1)e= —e~ +4]

=u[~(2-1) (0)-2(-1)(0)-0+4]
=4y
o =4y

Hence, the standard deviation for an exponential density function is |g = lﬁpz .

Answer 19E.

The probability density function is
r

4 .-
p{r}:Er'e -, rz0

where g, is the Bohr radius (a, =5.59x10™"" m).

Consider the integral

s

r 4 -P__
Plr)=|—s"¢e “ds
(=]

This integral gives the probability that the electron will be found within the sphere of radius r
meters centered at the nucleus.



(a)
Need to verify that p(r) is a probability density function.

Ip{r]dr: ijrze: dr [Forr=0]
0! e
of 20
=i; re™ |dr
al‘.l 1] J

a,

=ij[—&a,(af +2anr+2r3]e%"‘r]"

_%aﬁ(an"‘ +2ayr+2r')e” +%ﬂn (a,’ +2aur+2r?)e°:|

e R L £

_.i.aﬁ [a,f +2a,r+2r° ){ﬂ) +'}ﬂu (ﬂu] +2a,(0)+ 2(0}2 }(l)]

(s )]

Therefore, j' p(r)dr=1.s0 p(r) isa probability density function.

(b) Find the limit of p(r)as r tends to infinity.

lim p(r)= ]im[isr’e-: J

=T r=ex ao

2r 2r
=0 [Sinceas:-—pm,e" —0,e* 50,r’e* >0

2r

: 4
Consider p{,—) =Ere %

Differentiate with respect to r, get



Equate p'(r}tn zero and solve for the variable x, get

i[zr;" - rzeT"] =0

== |k

either r=0 m2—£r='ﬂ
a,

eitherr=0orr=a,
When =0,
p(r)=—5re™
a4

4,03
p(0)=—(0) e *
a,
=0
When r=a,,
p(r)=—5re
4, o =
F(“n:,:?{an}'e -
4
=—e
a,

Therefore p{r} have its maximum value when r =g, =5.59x10"'m.



(©

3

Let p(r)= e
(5.59x10™")
Use Maple to graph the function p(r).
The graph of the density function p(r)is shown below:

Keystrokes:
plot{(4*r/(5.29*10%(-11))*3"r)"exp(-2°r/(2.59"10*(-11))). r=0 _. 4"10*{(-10)):
Maple result:
' p

9.x10°
2. x10°
7.x10°
6. 10°
5.x10°
4.x10°

3. 107

2. x10°

1.x10°

0 1.x10°0 2. %10 3. x10°0  4.xi0 W
F

(d)
The probability that the electron will be within the sphere of radius rmeters centered at the
nucleus is
25
F 4 =
P(r} = I—!sze -
0%

7 4 e
P(r)= [————s% "0 g5
) !(5.59xm-")’s ¢

When the radius of the sphere r=4a, = 4(5.59x m-"), the probability is

4fssoa0l) 2
P(r)= I S S —s%e S0
o (539x10™)
4 ofs.39a0™") 2
=— sle S50 gy

(s39x10") %
Use Maple to solve this integral
Keystrokes:
A~(int(s*2°exp(-2°s/(5.59"10(-11))). s = 0 __ (4°5.59)~10~(-11)))/(5.59~10~(-11))*3;

Maple result-
4-559-1010 2w
.10-11
= ( 4 “lz' P 3591070 o
5.59-10°
L]
0.9862460327

Therefore the probability that the electron will be within the sphere of radius r = 4q, meters
centered at the nucleus is = m



()
Mean distance of the electron from the nucleus in the ground state of the hydrogen atom is

[ r-p(r)dr = [rp(r)dr = r[éf’ e'ff]d, [For r20]

—

Continuation to the above

=— -%.::"(:’mr:ir,mjl +6q,:r +€ur:,,.|r2 +47° )e-z:ln

4 -%"'(3“0; +6a,’r +6a,r" +4x’ )™
o +%a,,(3a,,’+6a,=[n}+6a,,{ﬂ}"+4{u}‘]e*’

4 -%a,(sa,,hﬁa,*nsa,r: +4x°)(0)

f'é"u (3a,” +6a,’ (0) + 6, (0)° +4(ﬂ}’)(ll_

1 3
_“+§ﬂu(3ﬂa ){1}]

3
=—a,
2

Therefore, the mean distance of the electron from the nucleus in the ground state of the

hydrogen atom is Ean !




