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I © Learning Objectives

After studying this chapter, the students
will be able to understand

e the concepts of demand and supply

* meaning and uses of cost, revenue
and profit function

e average and marginal concepts

e elasticity of demand and supply

* relationship = among  average

revenue, marginal revenue and
elasticity of demand

e application of increasing and
decreasing functions

e application of maxima and minima

* concept of Economic Order
Quantity

e concepts of partial differentiation

e applications of partial derivatives
in Economics

*  partial elasticities of demand

Introduction
Modern economic
theory is based on
both differential and
integral calculus. In
economics, differential

calculus is wused to

Leonhard Euler

compute marginal cost,
marginal revenue, maxima and minima,
elasticities, partial elasticities and also
enabling economists to predict maximum
profit (or) minimum loss in a specific

condition. In this chapter, we will study
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. ' @ APPLICATIONS OF DIFFERENTIATION .
O

about some important r
concepts and applications T
of  differentiation in 2 ..- :
business and economics. _.*"l-n. .
LJEAZK

Euler’s theorem in Economics

If factors of production function
are paid as factors times of their
marginal productivities, then the total
factor payment is equal to the degree
of homogeneity times the production
function.

6.1 Applications of Differentiation

in Business and Economics

In an economic situation, consider
the variables are price and quantity. Let
p be the unit price in rupees and z be
the production (output / quantity) of a
commodity demanded by the consumer
(or) supplied by the producer.

6.1.1 Demand, supply, cost, revenue
and profit functions

Demand function

In a market, the quantity of a
commodity demanded by the consumer
depends on its price. If the price of the
commodity increases, then the demand
decreases and if the price of the commodity
decreases, then the demand increases.

The relationship between the quantity
and the unit price ofa commodity demanded
by consumer is called as demand function
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and is defined as z = f(p) or p= f(z), Supply function

where z >0and p >0. In a market, the quantity of a
commodity supplied by producer depends

Graph of the demand function, x = f(p) on its price. If the price of the commodity

increases, then quantity of supply increases
x (demand) 9 Y PPly
A

A and if the price of the commodity decreases,

then quantity of supply decreases.

The relationship between the quantity
*=fip) and the unit price of a commodity supplied

by producer is called as supply function

Demand curve  _--¢" 77T and is defined as x = g(p) or p=g(x) where
./ Obtuse angle
\/ slope is . /\/\ X > 0 andp > 0
Z\ negative -7
AN s //‘ - .
- The graph of the supply function, x=g(p)
Pri Suppl
0 p (Price) fx( upply)
Fig: 6.1
' x=g(p)
~
@ « "KNOW? : Supply curve @

The “demand - price relation-

PRy
o~ N
;2 Acute angle /

ship” curve illustrates the negative A Slopels + )
relationship between price and e
quantity demanded. -
o p(Pr;ce)
Fig : 6.2
Observations R
(i) Price and quantity of the demand =
function are in inverse variation. - "KNOW? . ' '
The “supply - price relationship”
(ii) The graph of the demand function curve illustrates the positive
lies only in first quadrant. relationship between price and
(iii) Angle made by any tangent to the quantity supplied.
demand curve with respect to the :
positive direction of z - axis is always Observations
an obtuse angle. (i) Price and quantity of the supply

function are in direct variation.

(ii) The graph of supply function lies

only in first quadrant.

‘ ‘ 06_11th_BM-STAT_Ch-6-EM.indd 129 @ 21-04-2020 12:20:52 PM ‘ ‘

(iv) Slope of the demand curve is
negative( -ve).

Applications of Differentiation




- -

‘ ‘ 06_11th_BM-STAT_Ch-6-EM.indd 130

(iii) Angle made by any tangent to
the supply curve with respect to
positive direction of x - axis is
always an acute angle.

(iv) Slope of the supply curve is
positive (+ve).

4

~

The law of demand / supply tells
us the direction of change, but not the
rate at which the change takes place.

Equilibrium Price
The price at which the demand for a
commodity is equal to its supply is called as

Equilibrium Price and is denoted by p,.

Equilibrium Quantity

The quantity at which the demand
for a commodity is equal to its supply
is called as Equilibrium Quantity and is
denoted by z,.

o &)

Usually the demand and supply
functions are expressed as z in terms of
p, so the equilibrium quantity is obtained
either from the demand function (or)
from the supply function by substituting
the equilibrium price.

Equilibrium Point

The point of intersection of the
demand and supply function (pg, z;) is
called as equilibrium point.
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Diagrammatical explanation of
equilibrium price, equilibrium quantity

and equilibrium point
x (quantity)
A
Demand
PR —— N fuction
{Equilibrium ¢ Equilibrium %
| quantity ! Supply i point :
R R _:' fuction ! (P> xp)
\Q‘-Xh ----------
o Pe p(Pﬁce)
E Equilibrium E
Price
Fig: 6.3

Average and Marginal concepts

Usually, the variation in the dependent
quantity ‘y’ with respect to the independent
quantity ‘2’ can be described in terms of two
concepts namely

(i) Average concept and
(ii) Marginal concept.

(i) Average concept
The average concept expressed as the
variation of y over a whole range of z and is

denoted by e
X

(ii) Marginal concept
The marginal concept expressed as
the instantaneous rate of change of y with
dy

respect to zand is denoted by o
z

Remark:

If Az be the small change in zand
Ay be the corresponding change in y of
the function y=f(z), then

Ay f(z+Az)— f()

Az Az
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Instantaneous rate of change of y with
respect to z is defined as the limiting
case of ratio of the change in y to the

change in z.
dy . Ay f(z+Az)- f(e)
iLe. — = lim — = lim
dx  d=0Ag  Ae=0 Az
YA

Y
y+ Ay
0
YA
CAy
1 1
y=f
y+ay \{E
Y N e
Tt~s AX
I___l
o X X+ Ax 5(
Fig: 6.4(b)

Cost function

The amount spent for the production
of a commodity is called its cost function.
Normally, total cost function [TC] consists
of two parts.
(i) Variable cost; (ii) Fixed cost

Variable cost

Variable cost is the cost which varies
almost in direct proportion to the volume of
production.

Fixed cost
Fixed cost is the cost which does not
vary directly with the volume of production.

If f{x) be the variable cost and k be
the fixed cost for production of z units, then
total cost is C(x) = flx) + k, x > 0.

(i) Variable cost f(z) is a single valued
function.

(i) Fixed cost k is independent of the
level of output.

(iii) f(z) does not contain constant term.

Some standard results
If C(z) = flzr) + k be the total cost
function, then

(i) Average cost:

Ac = Total Cost _ Clx) _ fl)+k
~ Output X X

(ii) Average variable cost:

_ Variable Cost _ f(X)
AVC = Output x

(iii) Average fixed cost:

AFC = Fixed Cost _ k

Output X
(iv) Marginal cost:
Mc=92 = 4 (cwl=C

(v) Marginal average cost:
MAC=-L(a0)

(vi) Total cost:

TC = Average cost x output

(vi) Average cost [AC] is minimum, when
MC=AC

Remark:

The marginal cost [MC] is approximately
equal to the additional production cost
of (z+1)™ unit, when the production
level is x units.

Applications of Differentiation
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Diagrammatical explanation of
marginal cost [MC]

Marginal costis the change in aggregate
cost when the volume of production is
increased or decreased by one unit.

RSN
’ Yo~
b

. -Marginal
(cosr) U ocost
A I

ClxH1){eeevveneeeeeen \) YA }C (X)
C(x) y }

C(x+1)-C(x)

Yy = C(x)

»

0 X X+1 (outpUT)

Fig: 6.5

Revenue function

Revenue is the amount realised on a
commodity when it is produced and sold. If
x is the number of units produced and sold
and p is its unit price, then the total revenue
function R(z) is defined as R(z) =pz, where
xand p are positive.

4

~~

v OW?
= The revenue increases when the

Producer, supplies more quantity at a
higher price.

Some standard results
If R(x) =px be the revenue function,
then
(i) Average revenue:
Total Revenue R(»T)

R= Output Tz P
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(ii) Marginal revenue:
MR="L _ L (R = B (2
d dx

T

(iii) Marginal average revenue:

MAR = di (AR) = AR'(x)
9

Remarks:
(i) Average revenue [AR] and price [p]
are the same. [i.e. AR=p]

(ii) The marginal revenue [MR]
is approximately equal to the
additional revenue made on selling
of (x+1)™ unit, when the sales level
1S x units.

Diagrammatical explanation of
Marginal Revenue [MR]

Marginal revenue is the change in
aggregate revenue when the volume of
selling unit is increased by one unit.

. Marginal -,
./ Revenue

(Revenue)
A

; )
IC TS0 PR OUR o S }R (x)
X .

R(x) {eeeeeneeenn,

R(x+1)-R(x)

y=R(x)

0 X x+1 (out;)ut)
Fig: 6.6

Profit function

The excess of total revenue over the
total cost of production is called the profit. If
R(x) is the total revenue and C(x) is the total
cost, then profit function P(x) is defined as
P(x) = R(x) - C(x)
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Some standard results
If P(x) = R(x) — C(x) be the profit
function, then
(i)  Average profit:
_ Total Profit _ P(x)
~  Output — «x
(ii) Marginal profit:

MP = ?TE = %(P(x)) = P'(x)

(iii) Marginal average profit:
d
MAP = 7 (AP) = AP'(z)
(iv) Profit [ P(x)] is maximum when MR = MC

6.1.2 Elasticity

Elasticity ‘n’ of the function y = f (:c)
at a point x is defined as the limiting case
of ratio of the relative change in y to the

relative change in z.

dy  Marginal quantity of y
dr with respect to z
Y
T

Average quantity of y
with respect to z

(i) Price elasticity of demand
Priceelasticity of demandis the degree
of responsiveness of quantity demanded to a
change in price.
If zis demand and p is unit price of
the demand function x = f(p), then the
elasticity of demand with respect to the price

isdeﬁnedasn :_ﬂ.dx.
d

x dp
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(ii) Price elasticity of supply :

Price elasticity of supply is the degree
of responsiveness of quantity supplied to a
change in price.

If zis supply and p is unit price of the
supply function x = g(p), then the elasticity

of supply with respect to the price is defined
p dx

asns—; %

T =/

“price elasticity” is shortly called as
“elasticity”.

Some important results on price

elasticity

(i) If|n|>1, then the quantity demand or
supply is said to be elastic.

(ii) If | n |=1, then the quantity demand or
supply is said to be unit elastic.

(iii) If | n |<1, then the quantity demand or
supply is said to be inelastic.

Remarks:

(i) Elastic: A quantity demand or supply
is elastic when its quantity responds
greatly to changes in its price.
Example: Cosumption of onion and
its price.

(ii) Inelastic: A quantitydemandorsupply
is inelastic when its quantity responds
very little to changes in its price.
Example: Consumption of rice and
its price.

(iii) Unit elastic : A quantity demand or
supply is unit elastic when its quantity
responds as the same ratio as changes
in its price.

Applications of Differentiation

>
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Elasticity is predominantly used to
assess the change in consumer demand as

a result of a change in price.

Relationship among Marginal revenue
[MR], Average revenue [AR] and
Elasticity of demand[n,].

We know that R(z)=px

ie, R = px
and ]']d = _Bd_x
x dp
d
Now, MR = —(R]
dx
d
= —|(pz
=)
= —|—Qj—
b dx
x dp
= 1_|__._
b p dx
1
p dz
x dp
= pll— 1
_p gz
x dp
= pl—l
M,
iee. MR = AR|1——| (or)
L
3 AR
Na AR — MR
Example 6.1

The total cost function for the
production of z units of an item is given by

C(x):%afi%—élxz — 25z + 7.
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Find

(i) Average cost function

(ii) Average variable cost function
(iii) Average fixed cost function

(iv) Marginal cost function and

(v) Marginal Average cost function

Solution:

C(x): l:1:3 +d4z* —250 47
3

(i) Average cost:
AC= g 1:52 —|—4£E—25+Z
T 3 T

(ii) Average variable cost:

AVC=@ = %IQ + 4z —25

X

(iii) Average fixed cost:

Arc=F -7

X X

(iv) Marginal cost:

dC d
MC= o (or) a(C(x))

:ilx3+4x2—25:v+7
dr |3
=2"+8z—25

(v) Marginal Average cost:

MAC=L1a0= 4\ e far—054 T
3 z?
Example 6.2

The total cost C' in Rupees of making
 units of a product is C’(x) — 50 + 4z + 3z .
Find the marginal cost of the product at 9
units of output.

Solution:
C(z) =50+ 4z + 3z
Marginal cost (M C) :% = %[C (x)}
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2\/—
dc

When 2=9, —4+— —45(01")?4.50

i 3k

. MC'isX 4.50 , when the level of output is
9 units.

Example 6.3

Find the equilibrium price and
equilibrium quantity for the following
demand and supply functions.

Demand:z = %(5 — p) and Supply : x =2p-3.

Solution:
At equilibrium, demand = supply

1
= 5(5—;0) =2p-3

5-p = 4p-6
— p= 11
5
e . 11
. Equilibrium price: p, =% 5

Now, put p:% inx=2p-3
We get, x:2(2)—3 :z
5 5

. Equilibrium quantity: x, = %units.

Example 6.4

For the demand function x = 2—01 ,p >0,
p+
find the elasticity of demand with respect to

price at a point p = 3. Examine whether the
demand is elastic at p = 3.

Solution:
20
p+1
dx _ —20
=
P )
. . p dx
Elasticity of demand: n, =-=-—
X dp
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- p
20 | (p+1) P
(p+1)

When p=3, nd:% (or) 0.75
Here |n, |<1

*. demand is inelastic.
Example 6.5

Find the elasticity of supply for the supply
function x=2p*-5p+1, p> 3.

Solution:
x=2p°=5p+1
o _ 4p-5
dp
p dx
Elasticity of supply: n="=-—
x dp

P (4p-5) - 4P =5p

T 2p’—sp+l 2 —5p+1
Example 6.6
2x+1 . .
y= , then obtain the elasticity at z = 1.
3x+2
Solution:
_ 2x+1
C3x+2
dy _ (3x+2)(2)-(2x+1)(3) _ 1
dx (3x+2)° (3x+2)°
. _xdy o o x 1
Elasticity: n = T (2x+1) (3x+2)2
IX+2
B X
(2x+1)(3x+2)
1
Wh =1, n=—
en X =13
Example 6.7

A demand function is given by xp" =k
where n and k are constants. Prove that
elasticity of demand is always constant.

Applications of Differentiation
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Solution:

xp'=k=>x=kp™"

ﬂ — _nkp—n—l
dp
Elasticity of demand : n, = _p.
x dp
p

=- ko™ (-nkp™) = n, which is a constant.

Example 6.8
For the given demand function p = 40-z,
find the output when n, =1

Solution:

p=40-r= x =40-p
dx
% =

-1

Elasticity of demand: n, = _pdx 40—z
x dp T

Given that n, =1

LA o a=20
X

. output(z) =20 units.

Example 6.9
Find the elasticity of demand in terms of x

1
for the demand law p =(a—bx)2. Also find
the output(z) when elasticity of demand is
unity.

Solution:
1

p=(a-bx)2.
Differentiating with respect to the price ‘p’,
-1
weget 1= l(a—bx)7 (—b)~ﬁ
2 dp

1

demand: Ma == dp

der 2 (a — b:lc)5
dp b
Elasticity of _ D &

1 1
_ (a=b)? 2a-bx)? _2a=bY)

B X -b bx
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2(a—bx) _

When 7, =1,
bx

1

2(a—bx) = bz = output(z) = i—z units.

Example 6.10

Verity the relationship of elasticity of
demand, average revenue and marginal
revenue for the demand law p = 50 — 3z .

Solution:
p=50-3x
b g a1
dx dp

. p dx
Elasticity of demand: n, = ——-—

x dp
50-3x( 1 50-3X
== (——j = .. (1)
X 3 3x

Now, Revenue: R = px
=(50-3x)x =50x-3x’
Average revenue: AR = p= 50-3x

Marginal revenue: MR = Z—R =50-6x
e
AR 50-3x

AR-MR  (50-3x)—(50-6x)

50-3x
= .. (2
™ (2)
From (1) and (2), we get
Ny = _AR , Hence verified.
AR — MR

Example 6.11

Find the elasticity of supply for the supply

law x:L5 when p = 20 and interpret

p+
your result.

Solution:
o P
p+5
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Example 6.13

+5)- 5 =
dr - (p ) P — C:0.05x2+16+@ is the manufacturer’s

dp (p+5)  (p+5)

X
average cost function. What is the marginal

Elasticity of supply: 75 = P dx cost when 50 units are produced and
X dp interpret your result.
(p+ 5)2 D+5 Solution:
5 Total cost: C = ACxx = C xx
When p =20, nq = =0.
20+5 = 0.05X* +16x+100
Interpretation: dC
Marginal :MC=—= =0.15x*+1

o If the price increases by 1% from p =% 20, arginal cost: MC dx 0.1>x+16

then the quantity of supply increases b

AR OF PP ! dCN 2 0.15(50) +16

0.2% approximately. dx ) s

o If the price decreases by 1% from p =% 20, —375416 =% 391

then the quantity of supply decreases by

0.2% approximately. Interpretation:

Example 6.12 If the production level is increased by one

x+5 unit from x = 50, then the cost of additional

x+2
that marginal cost (MC) falls continuously as

@ For the cost function C = Zx( J +7, prove

unit is approximately equal to ¥ 391. ®

the output x increases. Example 6.14

For the function y =x’* +19, find the values

Solution: of zwhen its marginal value is equal to 27.
2 Solution:
o ZX(X_+5)+7 _2Crlox
Margi :
arginal cost a 32
— = 3X .. (1)
MCZC;_C :i[2x2+10x+7} dx
X
el x+2 b a7 .. 2) [Given]
(x+2)(4x+10)~(2x* +10x) dhx
= 5 From (1) and (2), we get
(x+2)
, 3x* =27 => = 43
2(X* +4x+10) 2[(X+2) +6}
= (x+2)2 = (X+2)2 Example 6.15
The demand function for a
6 - 4 . —
= 2[1 + 2] commodity is p =— ,where p is unit price.
(x+2) Find the instantaneous rate of change of
= as zincreases, M C decreases. demand with respect to price at p = 4. Also
Hence proved. interpret your result.

Applications of Differentiation
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Solution: Solution:
p=d =2 We know that average cost [AC] is minimum
X P when average cost [AC] = marginal cost
L4 [MC].
P
dx __1 Cost: C= 24" — 32 + 9
Atp=4, —=-—=-025 ost 0= g —ow 492
dp 4

.". Rate of change of demand with respect to

SLAC= le —3z+9and MC=2" — 61+ 9
the priceat p=3%41is —0.25. 3

Interpretation: Now, AC'=MC = %xz —3z+9=2"-62+9
When the price increases by 1% from the

level of p =% 4, the demand decreases (falls) 22— 0z =0 = 2= 2 units. [z > 0]
by 0.25%. 2

Example 6.16 PINCs .
The demand and the cost function of a firm \@D Exercise 6.1

are p = 497 - 0.2z and C = 25z + 10000

respectively. Find the output level and price 1.~ A firm produces x tonnes of output at a
at which the profit is maximum. total cost of C(x)= %)f —4x% —20x+7.
Solution: Find the
® We know that profit[P(x)] is maximum (i) average cost function @
when marginal revenue [MR] = marginal (ii) average variable cost function
cost [MC]. (iii) average fixed cost function
Revenue: R = px (iv) marginal cost function and
= (497-022)z =497x - 0.222 (v) marginal average cost function.
MR = Z_I; —497 _ 0 41 2. The total cost of x units of output of a
Cost: C = 252410000 firm is given by C:§x+375. Find the
. MC =25 (i) cost, when output is 4 units
(ii) average cost, when output is 10 units
MR = MC = 497-0.4x =25

(iii) marginal cost, when output is 3 units
= 472-04x=0

3. Revenue function ‘R’ and cost function
‘C’ are R=14x-x" and C:x(x2 —2).
Find the (i) average cost function (ii)

at x=1180, p = 497-0.2(1180) =X 261. marginal cost function, (iii) average

revenue function and (iv) marginal

= 2= 1180 units.
Now, p=497-0.2z

Example 6.17

) ) 1 . 5
The cost function of a firmis C'= gm“ — 32" + 9z,

Find the level of output (z > 0) when average 4. Ifthedemandlawisgivenby p = 10e 2,
cost is minimum. then find the elasticity of demand.

- 138 ‘ 11t Std. Business Mathematics and Statistics
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Find the elasticity of demand in terms of
zfor the following demand laws and also
find the output (z), when the elasticity is
equal to unity

(i) p=(a—bx)’ (ii) p=a—bx*

Find the elasticity of supply for the
supply function x=2p*+5 when p=3

The demand curve of a commodity is
50-x

given by p= , find the marginal
revenue for any output z and also find

marginal revenue at z=0and z=25?

The supply function of certain goods
is given by x=a\/p—b where p is unit
price, a and b are constants with p > b.
Find the elasticity of supply at p = 2b.

Show that MR = p [1— i} for the demand
Na

function p =400 —2x—3x* where pis unit
price and zis quantity demand.

. For the demand function p = 550-32-627

where zis quantity demand and p is unit

price. Show that MR = p {1— i}

Na

. For the demand function x = 2—? ,1<p<5,

determine the elasticity of demand.

. The demand function of a commodity is

p=200- ﬁ and its cost is C=402+120

where p is a unit price in rupees and z
is the number of units produced and
sold. Determine (i) profit function (ii)
average profit at an output of 10 units
(iii) marginal profit at an output of 10
units and (iv) marginal average profit at
an output of 10 units.
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14.

15.

16.

17.

18.

. Find the values of z, when the marginal

function of y= x> +10x* —48x + 8 is twice
the z.

The total cost function y for x units is

x+7

given by y:3x( ]+5. Show that
xX+5

the marginal cost [MC] decreases

continuously as the output (x) increases.

Find the price elasticity of demand for
the demand function x = 10 — p where
z is the demand and p is the price.
Examine whether the demand is elastic,
inelastic or unit elastic at p = 6.

Find the
equilibrium quantity for the following

equilibrium price and

functions.
Demand: £=100 - 2p and supply: z=3p -50

The demand and cost functions of a firm
are x = 6000-30p and C = 72000+60x
respectively. Find the level of output and

price at which the profit is maximum.

The cost function of a firm is
C = z* —122° + 48z . Find the level of
output (z > 0) at which average cost is

minimum.

6.2 Maxima and Minima

We are using maxima and minima in our

daily life as well as in every field such as

chemistry, physics, engineering and in

economics etc.,

In particular, we can use maxima and
minima
(i) To maximize the beneficial values like

profit, efficiency, output of a company etc.,

Applications of Differentiation

»
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(ii) To minimize the negative values like,
expenses, efforts etc.,

(iii) Used in the study of inventory control,
economic order quantity etc.

6.2.1 Increasing and decreasing
functions

Before learning the concept of maxima and

minima, we will study the nature of the

curve of a given function using derivative.

(i) Increasing function
A function f(z) is said to be increasing
function in the interval [a,b] if

T <z, = f(:nl) < f(:vQ) forall z,z, € [a,b]

A function f(z)

increasing in [a,0] if

is said to be strictly

T <z, = f(xl) < f(xQ) forall z,z, € [a,b]

N ¥ =)

) )

fxp)

S >
X X, X

T <z, = f(z,) < f(z,)

Strictly increasing function

Fig: 6.7

(ii) Decreasing function

A function f(z) is said to be decreasing
function in [a, b] if

T <z, = f(a:l) > f(cc2) forall z,z, € [a,b]

A function f(z) is said to be strictly
decreasing function in [a,b] if

T, <7z, = f(xl) > f(:L“2) forall z,z, € [a,b]
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fix)
fhg{

\
)
X X

2
r, <z, = f(z)> f(z,)
Strictly decreasing function

Fig: 6.8

o (B

A functionis said to be monotonic function

A 4

it it is either an increasing function or a
decreasing function.

Derivative test for increasing and
decreasing function

Theorem: 6.1 (Without Proof)

Let f{x) be a continuous function on [a,b]

and differentiable on the open interval (a,b),

then

(i) f(z)isincreasingin [a, b] if f/<:z:> >0

(ii) f(z) is decreasing in [a, b] if f’ (x) <0

Remarks:

(i) flz) is strictly increasing in (a,b) if
f'(:v) > 0 for every z € (a,b)

(ii) f(w) is strictly decreasing in (a,b) if
f’(m) <0 forevery z € (a,b)

(iii) f(x) is said to be a constant function if

f’(a:)z 0

6.2.2 Stationary Value of a function

Let f{x) be a continuous function on [a, b]
and differentiable in (a, b). f(x) is said to be
stationary at x = aif f' (a)=0.
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The stationary value of f(z) is f(a). The Example 6.19
point (a,f(a) ) is called stationary point. Find the interval in which the function

flx)=2?-42+6 is strictly increasing and

Y“ strictly decreasing.
Solution:
Given that f(z) = 2?-42+6
Differentiate with respect to z,
Q
0 Tangent f/ (l’) =214
° “ b c X When f' (2) =0 =22-4=0 = z=2.
P, Q, Rare called Stationary Points
Fig: 6.9 Then the real line is divided into two
o intervals namely (-0,2) and (2,c0)
In figure 6.9 the function y = f(x) has T é -
stationaryat x =a,x=band x = c. Fig :6.10

. /
At these points, % = 0. The tangents at [To choose the sign of f* () choose any

x values for z from the intervals ans substitute

these points are parallel to x - axis. in /' (2) and get the sign.]

; Sign of
¢+ EE E) - 7 e S

By drawing the graph of any function (o0, 2) <0 f(@) is strictly decreasing in
related to economics data, we can study (-e0,2)

the trend of the business related to the @, 22) >0 Ra)is StrngYin)CfeaSing in
function and therefore, we can predict or ’

forecast the business trend. Table: 6.1

Example 6.20

Example 6.18 Find the intervals in which the function f
Show that the function f{z) = * - 32" + 4z, € R given by f(7)=42>-61°-722+30 is increasing
is strictly increasing function on £. or decreasing.

Solution : Solution :
) = 2*—32° + 42,0 €R fa) = 42°-62>-722+30

P () =
f'(x) = 322-62+4 [ (1) =1222-122-72
= 372-6x+3+1 = 12(2%-2-6)

=12(z-3)(2+2)
' (2)=0 = 12(z-3)(2+2)=0

3(2-1)2+1 > 0, for all zeR

Therefore, the function fis strictly increasing
on (-o0,00). x=3(or) x=-2

f(x) has stationary at x =3 and at z = -2.
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These points divides the whole interval into
three intervals namely (-eo,-2),(-2,3) and

(3,00).
- 1 1 1 »
<t T T I -
~00 -2 3 oo
Fig:6.11
Intervals of increasing/
(=00, -2) (=) (=) >0 Increasing in (-0, -2]

(-2, 3) =) (+)<o0 Decreasing in [-2, 3]

(3, =) (+)(+) >0 Increasing in [3, )
Table: 6.2

Example 6.21

Find the stationary value and the stationary

points f(z)=12+22-5.

Solution:

Given that flz)= 22 + 22-5 ... (1)
fx)=2z+2

At stationary points, f'(z) =0
= 22+2=0= x=-1

f(2) has stationary value at z= -1
When z = -1, from (1)

fl-1) = (-1242(-1)-5 = - 6
Stationary value of f () is - 6
Hence stationary point is (-1,-6)
Example 6.22

Find the stationary values and stationary points
for the function: f{z)=222+922+12x+1.

Solution :

Given that f{z) = 223+922+122+1.
f(2) = 622+182+12

= 6(22+32+2) = 6(2+2)(2+1)

f(®)=0=6(z+2)(z+1)=0
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= 2x4+2=0 (or) z+1=0.

= r=-2(or) x=-1

(@) has stationary points at r=-2and z=-1
Stationary values are obtained by putting
r=-2and z=-1.

When z= -2, (-2)=2(-8)+9(4)+12(-2)+1= -3
When x= -1, {~1)=2(-1)+9(1)+12(~1)+1=-4
The stationary points are (-2,-3) and (-1,-4).

Example 6.23

The profit function of a firm in

producing x units of a product is given by
3

P(x)= % +22+72. Check whether the firm is

running a profitable business or not.

Solution:
3
P(z) = 5 +27+m.
P(2) = +2a+1=(z+1)?
It is clear that P'(x)>0 for all z.

.. 'The firm is running a profitable business.

IMPORTANT NOTE

Let R(x) and C(z) are revenue
function and cost function respectively
when z units of commodity is produced.
If R(z) and ((z) are differentiable for all
>0, then P(z) = R(x) - C(z) is mazimized
when Marginal Revenue = Marginal cost.
i.e. when R’(z)=C’(z) profit is mazimum
at its stationary point.

Example 6.24

Given C(x):x62+53:+200 and p(z) = 40-z
are the cost price and selling price when
x units of commodity are produced. Find
the level of the production that maximize
the profit.
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Solution:

2
Given C(z)= %+5x+200 .. (1)
and p(x) =40-x ...(2)

Profit is maximized when,
marginal revenue = marginal cost.

(ie) R'(x) = C'(x)

= %+5
R = p-x
= 402- 2
R(z) = 40-2z
Hence 40 -2z = %+5
=15

At x = 15, the profit is maximum.

6.2.3 Local and Global (Absolute)
Maxima and Minima

Definition 6.1

Local Maximum and local Minimum

A function fhasalocal maximum (or relative
maximum) at c if there is an open interval
(a,b) containing ¢ such that flc) > flx)
for every z € (a,b).

Similarly, fhas a local minimum at c if there
is an open interval (a,b) containing c such
that f(c) < f(z) for every x €(a,b).

Definition 6.2

Absolute maximum and

absolute minimum

A function fhas an absolute maximum at
cif flc) = f(x) for all zin domain of f The
number f(c) is called maximum value of
fin the domain. Similarly f has an absolute
minimum at c¢ if f{c) < flx) for all z in
domain of f and the number f(c) is called

the minimum value of f on the domain.
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The maximum and minimum value of fare

called extreme values of f.

o (&)

Absolute maximum and absolute
minimum values of a function fon an interval
(a,b) are also called the global maximum and
global minimum of fin (a,b).

Criteria for local maxima and

local minima

Let fbe a differentiable function on an open

interval (a,b) containing c and suppose that

f" () exists.

(i) If f'(¢)=0and f"(c)>0,then fhasa
local minimum at c.

(ii) If f'(¢)=0and f”(c) <O,then f hasa

local maximum at c.

o (&)

In Economics, if y = f(x) represent cost
function or revenue function, then the

d
point at which % = 0, the cost or revenue

is maximum or minimum.

Example 6.25
Find the extremum values of the function
flr)=222+32%-12u.
Solution:
Given flz)=23+32%-12x .. (1)
f'(2) = 627+62-12
fr)=12z+6
f (2)=0 = 627+62-12 =0
= 6(2+2-2)=0
= 6(2+2)(z-1)=0

= zr=-2;z=1

Applications of Differentiation
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When z=-2, f”(-2)=12(-2) + 6= -18 <0

.. f(x) attains local maximum at z = - 2 and
local maximum value is obtained from (1)
by substituting the value z = - 2.

f(=2) = 2 (-2)3+3(-2)2-12(-2)
=-16+12+24 = 20.

When z=1, f"(1)=12(1)+ 6= 18

flz) attains local minimum at x = 1 and

the local minimum value is obtained by

substituting =1 in (1).

) =2(1)+3(1)-12(1)=-7

Extremum values are -7 and 20.

Example 6.26
Find the absolute (global) maximum and

absolute minimum of the function
f(x)=32"-252°+60x+1 in the interval [-2,1]

Solution :
flx) =31°-2522+602+1 .. (1)
f' (2) = 1524-7522460 = 15(2*-527+4)
f'(2) =0 = 15(2*-522+4)= 0

= (12-4)(2*-1)=0

= x =32 (or) x =1
Of these four points -2,+1 ¢ [-2,1] and
2¢[-21]
From (1)
f-2)=3(=2) —25(=2)’ + 60(—2)+1=-15
When z=1
f(1)=3(1Y—25(1)°+60(1)+1 =39
When z=-1
f-1)=3(=1) —25(—=1) +60(—1)+ 1=-37
Absolute maximum is 39 and
Absolute minimum is —37.

11t Std. Business Mathematics and Statistics

6.3 Applications of Maxima and
Minima

6.3.1 Problems on profit maximization
and minimization of cost function:

Example 6.27

For a particular process, the cost function
is given by C=56—8x+x*, where C is
cost per unit and x, the number of unit’s
produced. Find the minimum value of the
cost and the corresponding number of units
to be produced.

Solution:
C =56 —8x + x*

Differentiate with respect to z,

dc d’C

%:—84-236 and WZZ

fiic:O:>—8+2x=0:>x=4
X

2
When:z::4,d—(2:=2>0
dx

.. C'is minimum when z=4

The minimum value of cost = 56-32+16 = 40

The corresponding number of units
produced = 4.

Example 6.28

The total cost function of a firm is
3

C(x)= % — 5x% 4 28x+ 10, where x is the

output. A tax at the rate of ¥ 2 per unit of

output is imposed and the producer adds it

to his cost. If the market demand function

is given by p = 2530 - 52, where p is the

price per unit of output, find the profit

maximizing the output and price.

Solution:

Total revenue: R=p x

= (2530 - 57)z = 2530x-5x

Tax at the rate ¥ 2 per z unit = 2.
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3
< C(2) +22= "5 — 5x° +28x + 10+ 2x
P = Total revenue - (Total cost + tax )

3
= (2530-5x) x — (xT —5x% +28x + 10 + 2%)

x3
= —? +2500x — 10

2p
ﬁi —x2+ 2500 and Z—— X
dP

7 = 0= 2500 — x*= 0 = 2% = 2500
.. £ =150 (-50 is not acceptable)

dZ
Atz= 50— =-—100 <0
dx?

P is maximum when z = 50.

.. P= 2530 - 5(50) = % 2280.

Example 6.29
The manufacturing cost of an item consists

of % 1,600 as over head material cost ¥ 30 per

2
item and the labour cost ¥ ( 100 )for x items
produced. Find how many items be produced

to have the minimum average cost.

Solution:
As per given information for producing x
units of certain item C(x) = labour cost +

material cost + overhead cost.
X2

= o0 T 30x+ 16(;0

C(x) g0 T 30x+ 1600
AC = X = p

1600

= oo T30+ 2

d(AC) 1 1600 o (AC) 3200
dx ~ 100 2 d¢ X

d(AC) _, _ 1600 . 1_
g 0= 2 F100 70

1(1)0 - 1?% — x* =160000

. x =400 (-400 is not acceptable)
d*(AC) _ 3200

dx* 400°
AC is minimum at x = 400

When x = 400, >0

Hence 400 items should be produced for
minimum average cost.

@) Exercise 6.2

1. The average cost function associated with
producing and marketing x units of an
item is given byAC=2x—11+ i
Find the range of values of the output A

for which A C'is increasing.

2. A television manufacturer finds that
the total cost for the production and
marketing of znumber of television sets is
C(x) = 300x* + 4200x + 13,500. If each
product is sold for X 8,400, show that the
profit of the company is increasing.

3. A monopolist has a demand curve
r = 106 - 2p and average cost curve
AC=5 +%, where p is the price per
unit output and x is the number of units
of output. If the total revenue is R = px;,
determine the most profitable output and
the maximum profit.

4. A tour operator charges 3136 per
passenger with a discount of 40 paisa
for each passenger in excess of 100. The
operator requires at least 100 passengers
to operate the tour. Determine the
number of passenger that will maximize
the amount of money the tour operator
receives.

5. Find the local minimum and local
maximum of y = 2x> — 3x* — 36x + 10.

6. The total revenue function for a

x> 1 4
commodity is R=15x+73 —3¢x".
Show that at the highest point average

revenue is equal to the marginal revenue.

Applications of Differentiation
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6.3.2 Inventory control

Inventory is any stored resource that is used
to satisfy a current or a future need. Raw
materials, finished goods are examples of
inventory. The inventory problem involves
placing and receiving orders of given
sizes periodically so that the total cost of

inventory is minimized.

An inventory decisions
1. How much to order ? 2. When to order ?

Costs involved in an
inventory problems
(i) Holding cost (or) storage cost (or)
inventory carrying cost (C,) :
The cost associated with carrying or
holding the goods in stock is known as
holding cost per unit per unit time.
(ii) Shortage cost (C)) :
The penalty costs that are incurred
as a result of running out of stock are
known as shortage cost.
(iii) Setup cost (or) ordering cost (or)
procurement cost (C,) :
This is the cost incurred with the
placement of order or with the initial
preparation of production facility
such as resetting the equipment for

production.

6.3.3 Economic Order Quantity (EOQ):

Economic order quantity is that size of
order which minimizes total annual cost of
carrying inventory and the cost of ordering
under the assumed conditions of certainty
with the annual demands known. Economic
order quantity (EOQ) is also called

Economic lot size formula.

- 146 ‘ 11t Std. Business Mathematics and Statistics
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The derivation of this formula is given
for better understanding and is exempted
from examination.

The formula is to determine the optimum
quantity ordered (or produced) and the
optimum interval between successive
orders, if the demand is known and uniform
with no shortages.

Let us have the following assumptions.

(i) Let R be the uniform demand per unit
time.

(ii) Supply or production of items to the
inventory is instantaneous.

(iii) Holding cost is X C| per unit time.

(iv) Let there be 'n’ orders (cycles) per
year, each time '¢ units are ordered
(produced).

(v) Let X (] be the ordering (set up) cost
per order (cycle). Let 't" be the time
taken between each order.

Diagrammatic representation of this model
is given below:

yﬂ
P Q R
&
I
=
Ol 5 t«— A ;

Fig. 6.12

If a production run is made at intervals ¢,
a quantity ¢ = R must be produced in each
run. Since the stock in small time dr is Rz dt,
the stock in period t is
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f 1
jRnﬁz—Rﬁ
0 2

1
=—qt Rt =
54 ( q)

= Area of the inventory triangle OAP (Fig.6.12)
Cost of holding inventory per production
run = %C,th

Set up cost per production run = (.
Total cost per production run = %Clth + C,

Average total cost per unit time:

ct)=Lleop: & (1)
2 t
d 1 C
2 ——CR-=2 . (2
=2 CR-— 2)
d*C(t) 2G;
= . (3)

2

d d
C(t) is minimum if EC(ZFO and ?C(1)>0

d 1 C
L C)=0=>-CR-2=0
dt ® 272

2C,
=t= |—
C.R

d>C(t
When %,#: 2C
CR dt

1

33>0
20,
C R

Thus C(¢) is minimum for optimum time

interval ¢, = 26
\C.R

Optimum quantity g, to be produced

2

during each production run,
2C,R
Cl
This is known as the Optimal Lot-size

EOQ=q,=Rt,=

formula due to Wilson.

(i) Optimum number of orders per year

n_demand_R G _ [RC _1
°  EOQ 2C,R \2C, ¢,
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(ii) Minimum inventory cost per unit time,
C,=2CC,R

(iii) Carrying cost = % xC,,

Ordering cost = R, C,

49
(iv) At EOQ, Ordering cost = Carrying cost
(v) Total optimum cost = Rp + \/m
Here, we will discuss £O() problems only
without shortage cost.

Example 6.30

A company uses 48000 units/year of a raw
material costing X 2.5 per unit. Placing each
order costs 345 and the carrying cost is 10.8 %
per year of the unit price. Find the £OQ),
total number of orders per year and time
between each order. Also verify that at FOQ)
carrying cost is equal to ordering cost.

Solution:

Here demand rate: R = 48000

Inventory cost: C,=10.8% of 2.5= %x 2.5=0.27

Ordering cost: C, =45

2C,R
Economic order quantity: ¢, = (ij
1
= |2 8000 _ 4600 wnits
0.27
Number of orders per year = R _ 48000 12
g 4000

9

Time between orders: t,= e é =0.083 year

At EOQ), carrying cost:

_ 4oy 0 =290 027 =% 540
2 2
Ordering cost _R xC, = 480000 x45 =3 540
9,

Soat FO() carrying cost is equal to ordering
cost.

Applications of Differentiation
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Example 6.31

A manufacturer has to supply 12,000 units
of a product per year to his customer. The
ordering cost (C}) is X 100 per order and
carrying cost is X 0.80 per item per month.
Assuming there is no shortage cost and the
replacement is instantaneous, determine the

(i) economic order quantity
(ii) time between orders

(iii) number of orders per year

Solution:

Demand: R = 1000 per month

Setup cost: C; = X200 per order
Carrying cost: (= 20 per item per month.

Total
Inventory
Set up cost Carrying cost cost

R (Setup

—xC 3 g x C 7 cost +
q ' 2 Carrying
cost)

1000 _ 500 _
500 500 <200 =400 5 %20 = 5000 5400

Soluti 600 10004200 = 333.3 990 x20 = 6000 63333
olution:
Demand per year: & = 12,000 units 700 170(%’ X200 = 285.7 @xzo =7000 72857
Ordering cost: ~ C, = X100/order 800 lé)(%) x200 = 250 Sg—oxzo = 8000 8250
Carryingcost: ~ C; = 0.80/item/month Table - 6.3

= 0.80x12 per year

FOO- 2RC; /2x1000x200
= X 9.6 per year Q= c, 20

2GR \/2 % 100 x 12000
i) EOQ = -
® Q Cl 9.6

= /20000 = 141 units (app.)

Example 6.33

= 500 units A manufacturing company has a contract

y Demand to supply 4000 units of an item per year at
(ii) Number of order per year = TEOQ : .

12,000 uniform rate. The storage cost per unit per

= 500 24 year amounts to ¥ 50 and the set up cost per

(ifi) Optimal t d 11 production run is X 160. If the production

HY PHmal TIe pErordel = 4y T 24 Y run can be started instantaneously and

= % months = % month = 15 days

Example 6.32

A company has to supply 1000 item per
month at a uniform rate and for each time,
a production run is started with the cost of
X 200. Cost of holding is X 20 per item per
month. The number of items to be produced
per run has to be ascertained. Determine
the total of setup cost and inventory carrying
cost if the run size is 500, 600, 700, 800. Find
the optimal production run size using FOQ)
formula.

shortages are not permitted, determine the
number of units which should be produced
per run to minimize the total inventory cost.

Solution :
Annual demand: R = 4000

Storage cost: €} =3 50
Setup cost per production: ;=160

2Rc
EOQ=,/ ~~ = 2240902160 _ 14,

.. To minimize the production cost, number

of units produced per run is 160 units.
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Example 6.34

A company buys in lots of 500 boxes which

is a 3 month supply. The cost per box is 125

and the ordering cost in I150. The annual

inventory carrying cost is estimated at 20%

of unit price.

(i) Determine the total inventory cost of
existing inventory policy.

(ii) Determine EOQ in units

(iii) How much money could be saved by
applying the economic order quantity?

Solution:

Given

Ordering cost per order: C,=X150 per order.
Number of units per order: ¢ = 500 units
Annual demand = 500 x 4 = 2000 units

.. Demand rate: R = 2000 per year
Carrying cost: C;=20% of unit value

20
C,= {pp X125= 25

(i) Total inventory cost of the existing
inventory policy

R q 2000 500
= EXC3+5C1: 500 X150+TX25
= T 6850
3 2RC;
(i) FOQ = C
1
_/2X2000 X150
- 25

= /12 X 2000
= 155 units (app.)
(iii) Minimum inventory cost = ,/2RC; C;
= /2 X 2000 X 150 X 25
= 33873.

By applying the economic order quantity,
money saved by a company = 6850-3873
=2977.

(@ Exercise 6.3

1. The following table gives the annual
demand and unit price of 3 items

Annual Demand (units)

A 800 0.02
B 400 1.00
C 13,800 0.20

Ordering cost is Rs. 5 per order and annual
holding cost is 10% of unit price.

Determine the following:

(i) EOQ in units

(ii) Minimum inventory cost
(iii) £OQ in rupees

(iv) FOQ in years of supply

(

v) Number of orders per year.

2. A dealer has to supply his customer
with 400 units of a product per every
week. The dealer gets the product from
the manufacturer at a cost of I 50 per
unit. The cost of ordering from the
manufacturers in I 75 per order. The cost
of holding inventory is 7.5 % per year
of the product cost. Find (i) EOQ and
(ii) Total optimum cost.

6.4 Partial Derivatives

Partial derivative of a function of several
variables is its derivative with respect to one
of those variables, keeping other variables as
constant. In this section, we will restrict our
study to functions of two variables and their

derivatives only.

Let u=f(x,y) be a function of two

independent variables x and y.

Applications of Differentiation
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The derivative of u with respect to x when x
varies and y remains constant is called the
partial derivative of u with respect to z,

denoted by Z—u (or) u, and is defined as
x

du_ g, fix+Ax,y) —f(x,)
ox — M, Ax

provided the limit exists. Here Azis a small

change in

The derivative of u with respect to y, when
y varies and x remains constant is called the
partial derivative of u with respect to ,

denoted by Z—u (or) u, and is defined as
Y

u _ o Syt Ay —flxy)
W ay—o Ay

provided the limit exists. Here Ayis a small

change in y.

0
g—z is also written as aa—x flxy) (or) %

Similarly@ is also written as ai Axy)
Y Y

0
(or) %

The process of finding a partial derivative is

called partial differentiation.

6.4.1 Successive partial derivatives

Consider the functionu = f(x, y). From this
we can find g—z and g—; If g—Zand g—;
are functions of x and y, then they may be
differentiated partially again with respect to
either of the independent variables, (x or y)

u d*u d*u d’u
denoted by ayz , ax2 ayax,ayax.

These derivatives are called second order

partial derivatives. Similarly, we can find the
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third order partial derivatives, fourth order
partial derivatives etc., if they exist. The
process of finding such partial derivatives

are called successive partial derivatives.

If we differentiate u = flx,y) partially with
respect to z and again differentiating
partially with respect to ,

o’u

Oyox

we obtain 8%/ (g?) ie.,

Similarly, if we differentiate v = fz,y)
partially with respect to y and again
differentiating partially with respect to z,

. 0 |0u]. 0u
we obtain —|—| i.e.,
dy Ox0y

oz

If u(z,y) is a continuous function of

2 2
xzand y, then Ou _ ou .
Oyox  OxOy

Homogeneous functions

A function f(z,y) of two independent
variables x and y is said to be homogeneous
in zand y of degree nif f(rx,0p)=1"f(x,)
for £> 0.

6.4.2 Euler’s theorem
and its applications

Euler’s theorem for two variables:

If u= f(x,y) is a homogeneous function of

degree n, then xa—u+ ya—u =nu
ox
Example 6.35
If u=22(y—x) + 1 (z—y), then show that
ou  Ou
— 4+ — ==2(zy*
oz oy (z-y)
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Solution: :
=1+ cos (a:y) + y(— sin (a:y)x)
u = Py-r+zP-1°
g% = 2ay-3P+f =1—zysin (xy) + cos (xy) .. (2
g_;‘ = 2423y -31P From (1) and (2), we get
du  ou ’u _ du
x Ty ~ -227-2yP+4y 0xdy ~ Jyox -
_ 2 2
B —22(<a; J;y - 2xy) Example 6.38
= — gj—y
Verity Euler’s theorem for the function
Example 6.36 , 5 U = _
- /2,2
If u=log(2?+17), then show that ?)xu—l_?)y =0 Xty
Solution: Solution:
:log(xz+y2) i gyt
u w(ny) = (x +y )

O = (21) =
ox 2+)/2 2 +)/ . B

t,t — t2 2 t22 2:t_1 2 2 9
ou () 2—2x2¢ 2(y*— %) i) = (1" + ) (#*+v)

9 (x +y ) (x2 +y2)2 Ullsalhomogeneoui9 functlo; of degree -1
Ju 1, 2y By Euler’s theorem, 2. % + y.ET;: (-Du=-u
@ Ay ~ 2+2(Z/)— 2+y2 ®
2 2 Verification:
Pu _ (PHy)-2-22y 2(°—y)
? (x+?) T (2?2 w= (s y2>i
*u  d*u
St 5 =0. o3 —
ox* 0y’ R e I e
(2 45%) 2
Example 6.37 _.2
2y 9’u I ou - —x
If u = ay+sin(xy), then show that 9xdy = aydx - or (xz +;V2)—2
Solution: 3
ou 1 3 4
A e
) (x2+y2> ?
u
9 = ytycos(xy) ) du —y?
) 9y -3
% = x+xcos(xy) 9y (x2 +y2) 2
Pu 9 (ou ,
oxdy ~—  9x \ 9y . . Ou y ou _ —(x"+y9)
. . A T _i
=1l+ux (— sin (:By) . y) + cos (gjy) Oz dy (x* —|—y2) 2
= 1-zy sin(zy)+cos(zy) ... (1) =(-1)—— =(-Du = —
Pu 0 V +y
0yozx 8y (y tycos (a:y)) Hence Euler’s theorem verified.

Applications of Differentiation
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Example 6.39
44 4
Letu=log— y .By using Euler’s theorem
show that x@ - y-@ = 3.
Ox dy
Solution:
_log ¥t
0% ¥y
x*+ yt
= x+§ = flz.y) (1)
4 4
. xty
Consider flz,y) = — F y

t4x4 4 t4)/4 x4 _|_y4

fltx, ty)= T ixtiy - ’ xty )T = Pf(xy)

.. fis a homogeneous function of degree 3.
g g

Using Euler’s theorem we get,

e v dy
Consider f{z,y) = "
de" Oe"

. +y- = 3¢
oz Y oy
e“w-@+e' 8u_3u
Ox v oy ¢
ou ou
T-— +y-— =3
Ox Jy

@ Exercise 6.4

1. If z = (ax+b)(cy+d), then find
5 ( Jey+4d), ax
a ay

*u , du
2. If u= ¢, then show that ?—i- o2 =
(4 ?) g
3. Letu = xcosy+ ycosx.
’u _ u

Verify 9xdy ~ dydx

4. Verity Euler’s theorem for the function
U= x> +y3 + 3xy2.

11t Std. Business Mathematics and Statistics

5. Let u=x"y’ cos(%). By using Euler’s

theorem show that x. gu +y. g’;

=5u.
6.5 Applications of Partial
Derivatives

In this section we solve problems on partial
derivatives which have direct impact on
Industrial areas.

6.5.1 Production function and
marginal productivities of
two variables

(i) Production function:
Production P of a firm depends
upon several economic factors like
capital (K), labour (L), raw materials
(R), machinery (M) etc... Thus
= f(K,L,R,M,...) is known as
production function. If P depends only
on labour (L) and capital (K), then we
write P=f(L,K).

(ii) Marginal productivities:
Let P=f{L, K)beaproduction function.

Theng% is called the Marginal

productivity of labour and g—llzis
called the Marginal productivity of
capital.

Euler’s theorem for homo-
geneous production function P(L,K)

of degree 1 states that L glz + KA gllz =

6.5.2 Partial elasticity of demand

Let q¢ = f(p;,p,)be the demand for
commodity A, which depends upon the
prices.

p, and p, of commodities A and B
respectively.
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The partial elasticity of demand ¢ with
respect to p, is defined to be

n, =24 _~h %

© Ep q op

The partial elasticity of demand ¢ with
respect to p, is defined to be

N = Eq _-p, 0q
" Ep, q op,
Example 6.40

Find the marginal productivities of capital
(K) and labour (L) if P = 10L +0.1L2+ 5K
—0.3K?>+ 4KL when K = L = 10.

Solution:

We have P=10L + 0.1L> + 5K — 0.3K> + 4KL

a—i=10+0.2L+4K

a—P=5—0.6K+4L
oK

Marginal productivity of labour:

(6—Pj =10+2+40 =52
oL (10,10)

Marginal productivity of capital:

(8_Pj =5-6+40 =39
oK (10,10)

Example 6.41

The production function for a commodity is
P=10L +0.1L*+ 15K — 0.2K> + 2KL where
L is labour and K is Capital.

(i) Calculate the marginal products of two
inputs when 10 units of each of labour

and Capital are used

(ii) If 10 units of capital are used, what is
the upper limit for use of labour which a

rational producer will never exceed?

‘ ‘ 06_11th_BM-STAT_Ch-6-EM.indd 153

Solution:
(i) Given the production is
P=10L—0.1L +15K —0.2K* + 2KL
oP
oL

a—}):15—0.4K+2L
K

=10-0.2L+2K

When L = K = 10 units,

Marginal productivity of labour:

(G_Pj =10 — 2+20 =28
oL (10,10)

Marginal productivity of capital :
oK

(ii) Upper limit for use of labour when
K =10 is given by(%{) >0

(aPJ =15-4+20 =31
(10,10)

10-0.2L+20 =0
30=0.2L
ie, L <150

Hence the upper limit for the use of labour
will be 150 units.

Example 6.42

3 1

For the production function,P=4L*K*
verify Euler’s theorem.

Solution:

3 1
P =4[*K* is a homogeneous function of

degree 1.

Marginal productivity of labour is
1

-1 1 -
8_P = 4><§L7KZ :3(5}4
oL 4 L

Marginal productivity of capital is

3
3 -3 -
or :4LZ><1K7 = (ﬁj“
0K 4 K

Applications of Differentiation ‘ 153 -
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1 3
2P L g9 _ 3L££j4+K Ly
oL oK L K

3 1 3 1

3LAK4+ [4K*

3 1

=4[*K* =P

Hence Euler’s theorem is verified.

Example 6.43

The demand for a commodity z is
q=5—2p,+p,—pip,. Find the partial

E E
elasticities Egl and Elgz when p =3 and

D,=7.

Solution:

o L4 __ B9
Epy = q 9p
—h

B 5—2p +172_1912}72

_2py+2pip,
5=2p,+py—pips

(T2=2p1p,)

When p,=3 and p,=7

Eq  2(3)+2(9)(7) 132 -—-132

Ep, = 5—6+7—(9)(7) T =577 57

Gy Fa_ oo —n0-p)
Epy™ qa9p, ~ 5-2p +p,—pip,
—py+popi

C5-2p+p,—pips
When p,=3 and p,=7

Eq  —7+7(9) 56 _ —56
Ep, T5-6+7—(9)(7) - =57 ~ 57

- 154 ‘ 11t Std. Business Mathematics and Statistics
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1. Find the marginal productivities of capital
(K) and labour (L) if P =8L — 2K + 3K?
—2I*+ 7KL when K =3 and L= 1.

2. If the production of a firm is given by

P=4LK—I*+K*, L >0, K > 0, Prove

oP oP
that La—L+Ka—K =2P

3. 1f the production function is
2= 3x*— 4xy + 3y* where zis the labour
and y is the capital, find the marginal
productivities of z and y when 2=1, y=2.

4. For the production function
P =3(LP*(K)*®, find the marginal
productivities of labour (L) and capital
(K) when L =10and K=6.

[use: (0.6)°°=0.736,(1.67)%4=1.2267].

5. The demand for a quantity A is
q = 13—2p,—3p5. Find the partial

E E
elasticities E—Iz and E_I;]z whenp =p,=2.

6. The demand for a commodity A is
q=80-p’+5p,— p,p,. Find the partial

E E
elasticities qul and Epi when p =2, p,=1.

=

t—¥ Choose the Correct answer:

1. Average fixed cost of the cost function

O(2)= 2x> +5x> — 14x + 21 s
21

@3F ®2 -2 @2
2. Marginal revenue of the demand

function p=20-3z is

(a) 20-6x (b) 20-3x

(c) 2046z (d) 2043z
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3. If demand and the cost function of a 11. The maximum value of f(x)=sinz is
firm are p= 2-zand C=-2x"+2x+7, WL ®% oL @-L
then its profit function is 2 V2 V2
(@) x*+7 (b) x*—7 12.If fl;y) is a homogeneous function of

_.2 2 d 2]
() —x"+7 (d) —x"—7 degree n, then x?){c + ya{/is equal to

4. It the demand function is said to be (@) (n-1)f (b) n(n-1)f
elastic, then () nf @ f
(a) [mg]>1 (b) [ny|=1

() [ng|<1 () |ra|=0 13.If  u=4x*+4xy+y*+4x+ 32y +16.
| d then o*u is equal to
dydx 9

5. The elasticity of demand for the demand
f . D (a) 8x +4y +4 (b) 4
unction x = 18
p ) (c) 2y + 32 (d 0
@0 1 ©-p (@ )
14.1f u = x> + 3xy* + 7, ‘[henay—abiC is
6. Relationship among MR, AR and n, is @3 )6y (6x (d)2

AR

(@ n,=——— (b) n,=4R-MR
AR - MR R 15.1fu= ex2, then g% is equal to
MR = AR = d) AR=—
© Mo (d) - () 2xe®  (b) e¥  (c) 2¢* (d)0
® 7. For the cost function C = 21—5435’“ , the 16. Average cost is minimum when @
marginal cost is (a) Marginal cost = Marginal revenue
(a) 2175 (b) Average cost = Marginal cost
1 . (c) Average cost = Marginal revenue
5
(b) 5e* (d) Average Revenue = Marginal cost
(c) %65)6 17. A company begins to earn profit at
s (a) Maximum point
(d) 25¢*

(b) Breakeven point

8. Instantaneous rate of change of (c) Stationary point

y = 2x*+ 5xwith respect to z at z=21is (d) Even point

(a)4 (b) 5 (c)13 (d)9 18. The demand function is always

: a) Increasing function
9. If the average revenue of a certain firm (@) 5

b) D ing functi
is ¥ 50 and its elasticity of demand is 2, (b) Decreasing function

(c) Non-decreasing function

then their marginal revenue is .
(d) Undefined function

@350 (b)T25 )T 100 ()T 75
19. If g =1000 + 8p, — p,, then g_q is

1

10. Profit P(x) is maximum when
(a) MR = MC (b) MR=0 (a) -1 (b) 8
(c) MC = AC (d) TR=AC (c) 1000 (d) 1000—p,

Applications of Differentiation
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20.If R = 5000 units / year, C;= 20 paise, 5. The total cost function y for z units

C,=X 20, then EOQ is
(a)5000 (b) 100 (c) 1000  (d) 200

Miscellaneous Problems

. The total cost function for the

production of z units of an item is given
byC=10-4x" +3x* find the (i) average
cost function (ii) marginal cost function
(iii) marginal average cost fuction.

. Find out the indicated elasticity for the

x+2

x+1
that marginal costfMC] decreases as z

is given by y= 4x( j+ 6. Prove

increases.

. For the cost function C = 2000 + 1800x

~75x% + x° find when the total cost (C) is
increasing and when it is decreasing.

. A certain manufacturing concern has

total cost function C= 15 + 9x-6x> + x°.

Find z, when the total cost is minimum.

following functions X =y
N p = ret : 8. Letu=1lo . Using Euler’s theorem
(1)p—xe,x;0,775 &y &
(ii) p=10e 3,x>0; T show that xg—u+yg—u:3.
x v
3. Find the elasticity of supply when the , ,
supply function is given by x=2p°+5 9. Verify 21 = OU for =2 13532 4
upply Tu gLV y x=2p : Y&‘x&y Oyox Yoty
at p=1.
4. For the demand function p=100—-6x", 10. If £ (x, ) =3x" +4y’ + 6xy —x"y" +7, then
® find the marginal revenue and also show show that 7, (1,1) =18. @
that MR = p{l—i}
Na

I

® Demand is the relationship between the quantity demanded and

the price of a commodity.

Supply is the relationship between the quantity supplied and the price of a
commodity.

Cost is the amount spent on the production of a commodity.
Revenue is the amount realised by selling the output produced on commodity.

Profit is the excess of total revenue over the cost of production.

Elasticity of a function y = f(x) at a point x is the limiting case of ratio of the
relative change in y to the relative change in x

Equilibrium price is the price at which the demand of a commodity is equal to
its supply.

® Marginal cost is interpreted as the approximate change in production cost of
(x+ 1" unit, when the production level is x units.

- 156 ‘ 11t Std. Business Mathematics and Statistics
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Total cost: C(x)= f(x)+k

Marginal Revenue is interpreted as the approximate change in revenue made on
by selling of (x+ 1)" unit, when the sale level is z units.

A function f(z) is said to be increasing function in the interval [a, b] if
x < xy = (%) = f(x,) forall x;,x,€[a,b]

A function f(x) is said to be strictly increasing in [a, 0] if
x < xy = f(x)) < f(x,) forall x,x,€[a,b]

A function f(z) is said to be decreasing function in [q,0] ifx; < x, = f(x7) = f(x5)
for all x;,x,€[a,b]

A function f(z) is said to be strictly decreasing function in [a, b]if
x < xy = (%)) > f(x,) for all x,x,€[a,b]

Let f be a differentiable function on an open interval (a,b) containing c and
suppose that f°(c) exists.

(i) If f'(¢) =0and f"(c) > 0, then f has alocal minimum at c.
(ii) If f'(¢) =0 and f"(c) < 0,then f has a local maximum at c.

A function f(z, y) of two independent variables zand y is said to be homogeneous
in z and y of degree nif for t>0 f(&x,09)=1"f(x,y)
If u= f(x,y) is a homogeneous function of degree n, then xg—u+y2—u = nu
X iz
The partial elasticity of demand g with respect to p, is defined to be
L S
qupl - E - a
Py q Oop
The partial elasticity of demand g with respect to p, is defined to be
Eq _-p, 0q
Ep, g9 p,

nqu -

dcC

Some standard results 5. Marginal cost: MC = 9¢

f(x)+k  c(x)
A t: AC= =
verage cos x x 7. Total cost: C (x) =ACxz
Average variable cost: AVC= % 8. Revenue: R=px
Average fixed cost: AFC =%
verage fixed cost: AFC = T 9. Average Revenue: AR=—=p
X

Applications of Differentiation ‘ 157 -
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6. Marginal Average cost: MAC = di (AC)
s



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Marginal Revenue: MR = dar

dx

Profit: P(x) = R(x)—C(x)

Elasticity: n = x &
y dx
. p dx
Elasticity of demand: n, =—= - —
x dp
Elasticity of supply: n, = p
X dp

Relationship between MR, AR and n, :

AR

1
MR = AR|1-— | (or e
{ n } (or) n, AR — MR

d

Marginal function of y with respect to
x (or) Instantaneous rate of change of y

: .
with respect to x is &

dx
Average cost [AC] is minimum when

MC=AC

Total revenue [TR] is maximum when
MR=0

Profit [P(x)] is maximum when
MR = MC

- 158 ‘ 11t Std. Business Mathematics and Statistics
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20.

21.

22.

23.

24.

25.

26.

In price elasticity of a function,
(a) If |n| > 1, then the function is elastic

(b) If |n| = 1, then the function is unit

elastic
(c) If |n| < 1, then the function is
inelastic.
2C,R
EOQ=q,=Rt, = C3
1

Optimum number of orders per year

n_demand_R G _ [RC _1
°  EOQ 2C,R \2C, ¢,

Minimum inventory cost per unit time,

C, =2C,C,R

Carrying cost = % xC, and

. R
ordering cost = —xC,
40

At EOQ, Ordering cost = Carrying cost

If u(z,y)is a continuous function of z

2 2
and y then, Ou = O'u
Oyox  0OxOy
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Approximately @ Truwimer
Average Frme
Commodity GlLm(meiT
Consumer BISTGeurmi

Cost function

ClFeveyF FmirLy

Demand Gzpemau

Elasticity QIEINEES
Equilibrium FLOBlEM 6V

Excess L&l wimest

Fixed cost Gy aflewev / orMT ailewev
Marginal @miglslensv / aflefliby
Maximum G LOLD

Minimum Fmioid

Production Output 2 Mgl Cleuefluf®
Producer 2 _Mugglwreri

Profit @)svrLiid

Quantity 9676

Rate of change wrmeTsHLd

Ratio EYESF AN

Relative change

FTi b LOTMHMLD

Revenue function

QU(HEUTII FTLY

Supply

Sfefliiy

Variable cost

LTmib eflewesv
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Step -1

to your Text Book.
Step-2

ICT Corner

Application of Differentiation

Open the Browser type the URL Link
given below (or) Scan the QR Code.

GeoGebra Workbook called “11th
BUSINESS MATHEMATICS and
STATISTICS” will appear. In that
there are several worksheets related

e=T4
) Find AC, AN, AFC, MC, MAC functians for the hunction TC= 6%+ 2 + 4+ 3¢ + T4
] Total Cost function = 6x"+ 2%’ +4x+ 32474
Cv.i.u-tmlm-ex‘+:t’+lx+3n
= ]
[] Fimed Cont function = 74
L 3 2x) 4 4x +
EAumgrCnnllmumm:&C—_“' = i Ao
= = = = = B [] Average Variable cost function = AVC = 6—‘2‘2"1-'—’—"?2
7
o [ Average Fised cost function = AFC = ’x
| Maegs on = ol
- (] Marginat Cost function MC= S =262 47
DMMMmml'miwani[lc}nl“‘_“
)4 dx o

Expected Outcome =

Select the work sheet “Marginal function” Click on respective boxes to see the graph on left
side. Type the total cost function in the box seen on right side and proceed.

Step-1
0 b eme e - )
P Al —— aal@an i
= GeoGebmo <1
A = - .
Gsiiae = = e /
[P — MR | | Hepeine s
-
L Ppamenn
ﬂo.,w........ 5 B m & = L

Step-2
e=5
@——————————— Find AC, ANC, AFC, MC, MAC the i2datted 45
Total Cost function ="+ 22"+ 42 +3x+5
r_]v.ukmrmhm.'{-z;’-rh*n;
[T Finedt Cost Function = 5
' i ae B2 A 43I +S
[ Average Cost function = AC -
- M = @ = & Dwvmmrm:m:‘w’!
x
o Dﬁvwal!l-_nld:mtluncﬁlnual'c::
= (] Marginal Cost function = MC = 5 = 41 +-6: +8x+3
2
D" il A ot Bt =£“€]=3t‘+lu"+l: 5
R

Browse in the link

11th Business Mathmatics and Statistics
https://ggbm.at/qKj9gSTG (or) scan the QR Code
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