Circles

Exercise-11.1

Question 1:

A and B are the points on (O, r).:'lB is not a diameter of the circle. Prove that the
tangents to the circle at A and B are not parallel.

Solution :

Gwen: & and B are the points on @0, r). 2B isnot a
diameter of the circle.

To prove: Tangents to the cirde at & and B are not parallal,
Proof: Let us try using the method of contradiction.
Suppose |, and |, are parallel tangents to the circle

having centre at O drawn at the pcints & and B,

DALl and OB L1,

Consider OA and OB perpendicular respectively tol, and |,
and Qis a common point.

L A-0-B [l and |, are the pardlel lines.)

Hence, AB is a diameter,which contradicts with our assumption.
L Qur assumption is wrong.

1 and |, are the intersecting lines.

Hence, tangents to the circle at & and B are not parallel

Question 2:

A, B are the points on (O, r) such that tangents at A and B intersect in P. Prove that C) ﬁ

is the bisector of ZAOB and Pé is the bisector of LAPB.


admin
Text Box
Circles


Solution :

Given: A and B are the points on ©f{Q, r)such that the
tangents at & and B intersect in P.

To prove: i) OF iz the bisector of ZA0B

i PO iz the bizector of ZAPB.

Proof: In {0, r}, 2P is a tangent at & and BP is the tangent at B,
LML AP = mLOBR = 907
Considering the correspondence QAP < OBF,
Of =0B  (both are radius)
OP=C0P  [common segment)
L0AP = #OBP
Hence, OAF <= OBP is a congruence, [by R.H.S. theorem)
L mLAPD = msBRPO
Alzo msADP = mesBOP
We know that, Qisin the interior part of Z2PB and Pis in the
interior part of £ A0B,
- OP is the bisector of ZA0B and
PO is the bisector of £APB.

Question 3:

A, B are the points on (O, r) such that tangents at A and B to the circle intersect in P.

Show that the circle with C)J?\ as a diameter passes through A and B.



Solution :

Given: A and B are the points on @ {0, r)such that tangents
at & and B to the drde intersectin F.

To prove: The circle with OF as diameter passes through A and B,
Proof: We know that a tangent drawn to a drde is perpendicular to the
radius drawn from the point of contact,

S OALAP and OB LPB

L mZOAP = 900 and msOBRF = 9P

- msZOAP + msOBP = 180° 1)

For oDAFB,

mMLOAP + mAFE + m£ADE + mOBR = 3607

- {MZAPB + mZAOB) + (MZOAP + mZOBP) = 360°
MLAPE + mLAOB + 1800 = 360° [ By(1))

© MZAPB + mZAOB = 180° e 2)

By (1) and (2}, we get,

oCAPB is a cyclic,

Here OF makes a right angle at A,

Then CF is a diameter,

Hence, the circle with OP as a diameter passes through
A and B,

Question 4:

®(0, ) and ®O(O, ) are such that r; > r,. Chord A ZE of ®(0, ) touches (O, r). Find
ABintermsofryandr, .



Solution :

Here @{0, ) and @0 r,) are such thatr,>r,.
S0 the cirdes are concentric,

Let chord AB of ©{Q, 1) touches o0, r,) at P.
» ABis tangent to @ (0, r,).

. OP L AB

Alzo, P e AB

P iz the foot of the perpendicular drawn from centre O on the
chord 2B of @{0 r,).

.. Pis the midpoint of AE,

. AB =2AP (1)

In right angled AQPA,

oa7 = APT + OP?

S P L

L AP =tk

N

But, 4B = 24P {From (1))

AR =20 -t

Question 5:
In example 4, ifp =41 and b, = 9, find AB.

Solution :

Using the formula derived in example 4,
Takingr, =41 and r, =9, we get,
The length of the chord,

N
= 241" - (o
= 2f1681-81
= 241600

=2x 40
=80
L AB =80,

Exercise-11.2
Question 1:

P is the point in the exterior of (O, r) and the tangents from P to the circle touch the circle
atXandy.

1. Find OP, ifr=12, XP =5
2. Find m£XPO, if m£XOY =110



3. Findr, if OP =25 and PY =24
4. Find m4XOP, if m4LXPO =80

Question 1(1):

Solution :

o 34

O iz the radius of the circle and P¥ is a tangent.
S OX L PX

Now,r =12=0X and xP =5

For right angled APXO,

0OP? = P2+ 0x®

L OP?=(5F + (127

=254 144
L OF? =169
S0P =13

Question 1(2):

Solution :

Here #XPY are £xX0OY are supplementary angles,
L MLXPY + mLXOY = 18P

L mLXPY + 110 = 1808

L mEXPY = 70

Also, OP is a bisector of ZXPY.

mAXPO=_; MLXPY = %(70} - 35

Question 1(3):

Solution :



(8] 75 /

OY is the radius of the drcle and BY is a tangent,
L OF LPY

Moy, Y = r,

Givenis OP = 25 and PY = 24,

In right angled APYQ,

OP? = OY? 4 PY?

2257 =r24 (24

. r? =625-576
L =49
Lr=7

Question 1(4):

Solution :

Here OX is the radius of the circle and P¥ iz a tangent.
- OX LPX

In right angled AFXO,

Alzo, ZXOP and ZXPQ are complementary angles.

L mMAROP + mAXPD = 9F

L MZXOP + 80F = 90

LMLXOP = 10°

Question 2:

Two concentric circles having radii 73 and 55 are given. The chord of the circle with larger
radius touches the circle with smaller radius. Find the length of the chord.

Solution :



Here OB = radius of a larger circle = 73 and PV = radius of a
smaller cirde = 55

OM L AB ( A is a tangent.)
Mow, we find the length ME.
In ADOMB, £OMB is a right angle.
5 OB? = OMF + MB?

- MB? = OB* - OM°

= (73] - (55]

= (73+55){73- 55)

= (128)(18)

= 64x 3&

=8 x6?

~(45)

L MB = 42

Now, AB = 2MB = 2(48)= 96
The length of the chord is 96,

Question 3:

AB is a diameter of ®(0O, 10). A tangent is drawn from B to (O(O, 8) which touches (O(O,

8)atD. BB intersects (O, 10) in C. Find AC.

Solution :



8]

In @0, 10),08 = 0B = 10 = radius
. BB =20 (- Diameter]
In @0, 8), 0D = & = radius
0D 1 BD {-.-ﬁisatangent.]
Also, BB is a diameter.
msACB = 90 [ Angle incribed in a semicircle)
L mLO0B = msACE = 20
L0OB0D = ZCBA
. The correspondence ODB «» ACB is a similarity.  [8A theorem)

A AB
Then,ﬁ =R
CAC 20
T8 10

20x8
A=
10

LAC =16

Question 4:

P is in the exterior of a circle at distance 34 from the centre O. A line through P touches the
circle at Q. PQ = 16, find the diameter of the circle.

Solution :

Here it is given that, OF = 34, PQ = 16 and 00 is a radius of a drdle.
A5 PQ is a tangent to the cirde, 00 L PO

In right angled AQQR,

OP? = PG + O

L (34Y = (16) +0Q?

L 007 = 1156 -256

L 0G* = 900

L Q0 = 30

The diameter of the cirde = 2r = 2x 00 =2x 30 = &0

Question 5:

In figure 11.24, two tangents are drawn to a circle from a point A which is in the exterior of



the circle. The points of contact of the tangents are P and Q as shown in the figure. A line |

touches the circle at R and intersects A P and AQ in B and C respectively. If AB=c, BC =
a, CA = b, then prove that

1. AP+AQ=a+b+c
a+b+e
2. AB+BR=AC+CR=AP=AQ:= 2

Figure 11.24

Solution :




Given: &P and AQ are the tangent to the cirde.
A line | touches the cirde at R and it intersects AP in B and AQIn C .
AlsoAB = BC =aand CA =b.

To prove:
1. AP + AQ = a+b+c
2. AB +BR =AC + CR=AP = AQ = a+g+c

Proof: Here AP, B0 and | are tangents to the circle,
Itis given thata = BC, b = C& and ¢ = AB.
We know that, AP = AQ, BP = BR and CQ = CR  [by thm.})... ...{1}

1) AP + AQ = (AB + BP) + (AC + CQ) [~A-B-PandA-C-0Q)
=(AB + BR}+(AC + CR) ({From (1)}

= AB + AC +(BR + CR)

=AB + AC +BC (vB-R-C)

=c+b+a

=a+b+c

AP +AQ=a+b+c ... ..[2)

2)AB +BR = AB +BP (From (1))
=AP  [-A-B-F)
=40 by (1)
=AC +CQ v A-C-Q)
= AC + CR (From (1)}
Thus AB + BR = AT + CR =AP = AQ ... ...(3)
(- by(1))
Using result (2,
AP+ AQ =a+b+c
DA+ AQ=a+b+c [From (1))

z2Al=a+b+c
a+b+c
LAQ =
“ 2
Henee, from result (3),
AB+BR=AC+CR=AP=AQ=6+Z+C

Question 6:

Prove that the perpendicular drawn to a tangent to the circle at the point of contact of the
tangent passes through the centre of the circle.

Solution :



0] i

Y
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Given:mis a tangent to the circle having centre at Q. m
touches the drde at P. | is a perpendicular line m from F.

To prove: | passes through Cie., O <l.

Proof: If O gl then we can find such Mgl that O
and M are in the same half-plane of m.
Temis apoint distinct from P,
o MZMPT = 90° [ m L M) and
msOFT = 202
M and O are the points of the same haf-plane so this is
impossible,
o Dur azsumption is wrong.
S Oel
Therefore, the perpendicular drawn to a tangent to the
cirde at the pant of contact of the tangent passes
through the centre of the drde.

Question 7:

Tangents from P, a point in the exterior of (O, r) touch the circle at A and B. Prove that

BDJ_-K;T and OP bisects A B.

Solution :



Given : P& and PB are tangents to the cirde drawn from
paint P which is in the exterior of @ {0, r). A and B are on the cirde,
To prove: OP L AE and OP bisects AB.
Proof : Here P& and PB are tangents to the circle drawn from
an exterior point P,
- OP intersect AB at C.
Also points A and B lie on the drde,
SPA=PB  [bythm 11.3)

OP = 0P {comrmon)

OA =08 (radii of a circle)
. ADAP = AOBP [SSS theorem)
Then, msADP = msBOP
L MLAQC = mZBOC [ Ce OP)
Also, OA = OB {rrradii )
OC =0C f{common)
L AAQC = ABOC [SAS theorem)
L AC =BC and ms£ACD = msBCO = 900
MNow, C e 0P,
- OP bisects AB (- AC =BC)
Also, AC L OC and BC 1L OC
2 OPLAB [ A-C-B)
- 0P iz a perpendicul ar bisector of &B.
~ OP L AB and OF bisects AB,

Question 8:

F 2 and ? ﬁ are the tangents drawn to (O, r) from point P lying in the exterior of the
circle and T and R are their points of contact respectively. Prove that m£ZTPR = 2mZOTR.

Solution :



R
Given: PT and PR are the tangents drawn to @ (Q, r) from paint

P Iving in the exterior of the circle,

Toprove: mZTPR = 2m Z0TR

Proof: We know that PT = PR {~ by thm.)

HETR = moPRT ( angles opp. to oongruent]
sides are equal.

In APTR,

mLPTR + mAZPRT + meTPR = 180

L mLFTR + maPTR + m£TPR = 180

s 2mLFTR + maTRFR = 180

s 2mLPFTR =180- mZsTRR

- mZPTR=90- é mZTPR

%mATPR —90- é maTPR (1)
Mext, OT LPT

L meJTP= Q0r

L msOTR + m£FTR = 90F

- mzGTR = 90— m2PTR e (2)

From[1] and (2}, we get

é mLTPR = mZOTR

L mLTRR = 2msOTR

Question 9:

AB is achord of ®(0, 5) such that AB = 8. Tangents at A and B to the circle intersect in P.
Find PA.

Solution :




Let, PR = x.
AB =8 - AR =BR=4 [ OP is perpendicular bisector of E)
For AORA, msR=90F
OA%= OR*+ AR?
S ORZ =A% - AR? = (S5 - (4)=25-16 =9
SOR =3
Mow, OF = PR + RO = x 43
For A8RF, msR=290F
PAT= AR®+ PRZ
S (@ et (1)
For ADQAP, msA = 90
PAZ=0P? - OA?
= (3 (sF L (2)
From [1) and (2],
(4 + 2= (x+3V - (5)°
1647 =%+ 6%+ 9-25
LoBx =32
16
3
Now, PAZ = [4}2 +x? {.- From (1)

2

16 + [E]
3

16 + 225
3

LK =

144 + 256
9
400

9
20
L RPA = —
3

Question 10:

P lies in the exterior of (O, 5) such that OP = 13. Two tangents are drawn to the circle
which touch the circle in A and B. Find AB.

Solution :




Let, OR = x.
For A0ARP, msA = S0P
OP2 = AF? 4+ QA2
L (13) =ap? 4 (5)
L AP? =169 -25 = 144
AP =12
For A0RA, msR = 90"
ARZ = QAZ - OR2
= (- (1)
For &8RP, m2R = S0P
AR = AP? - PR?
= (12 -(13-% . .(2)
Form [1)and (2], w= get
(5) - = (12) - (13- %)’
L 25-%2 = 144- 169+ 26x - x?
. 26x= 50
25
13
Now, ARZ= (S - xZ fuby(1))
(25
13y
_o5_625
169
_4225- 625 _ 3600
169 169
_ &0
13
But, AB = 28R
&0
L AB = z[ﬁ]

120
LAB = — =923
13

LXK =

L AR

Exercise-11

Question 1:

A circle touches the sides BC, C:’l, ADB of AABC at points D, E, F respectively. BD = x,

CE =y, AF = z. Prove that the area of AABC = \/ryz(r + Y + .Z)_

Solution :




Given: A circle touches the sides BG, CTA, AR of AABC at
pcints O, E, F respectively, BD=x, CE=y, AF=z.

To prove: Area of the ABBC = Hxvz(x +y+2)

Proof : A circle touches the sides BC, C4&, and AB of AABC at points
O, E, Frespectively.

. BD and BF are tangents drawn from B and D and F

are the points of contact.

. BD =BF = x (~by thm)

Similarly, for tangents CE and &0 drawn from ©

and tangents AE and &F drawn from &, we get,

CE=CD =y,
AF=AE ==z

The sides of AABC,

AB =c = AF + BF = z+x w1
BC=a=BD+DC=x+yand ... .. [2)
CA=b=CE+AE=y+z .. ..[3)

In A8BC, 25 = AB+BC+CA
= [z+x)+[x+y)+[yv+2)
= 2[x+vy+2z)

LE=RH4W+Z T

Mowy, area of AABC,

.&=s\(s(s—a]{s—b](s—c}

ey +z)(x+y+z- [+ v))
= fx+y+z-{y+2z)
{x+y+z-{z+x))

= o v+ 20

{ Subs, the values from ]
(1) (2).(3)and (4)

Question 2:

AABC is an isosceles triangle in which AB = AC Acircle touching all the three sides of
AABC touches BC' at D. Prove that D is the mid-point of BC.

Solution :



o

B D | &
Given : AABC is an isosceles triangle in whidh AB = AC.

A drde touching all the three sides of AABC touches BC at O,
To prove: D is the mid-point of BC.

Proof : A cirde touches all sides of the triangle, so the lengths
of the tangents drawn from A, B, and C are equal.

- AE = AF, BD =BF and CD = CE [-by thm.) ... ..(1)
Mow, AB = AC

» AB - AF = AC-AF  (Substracting AF from both the sides)

L AB - AF = AC-AF [by (1))

L BF =CE fA-F-BandA-E-C)

- BD = CD (-by (1))

- B-D0-CandBD =CD,

D is the midpoint of BC

Question 3:

/B is aright angle in AABC. If AB = 24, BC = 7, then find the radius of the circle which
touches all the three sides of AABC.

Solution :

24

mi
P
]



Let the radius and the center of the drde touching
all three sides of a triangle be r and [ respectively.
As shown in the figure,

ID=IE=IF=r

In A8BC, msB = 9P,

&lso, ID LBC and &B L BC

5 || BB

SIDIFB {A-F-B)

Similarly, IF ||BD

- alFBD is a parallelogram.,

D= =rand BD =IF =r

. d"IFBD is a rhombus,

Also, £B is a right angle.

~olFBD is a square,

MNext, by Pythagoras theorem,we get,
AB? + BC? = ACE

LACE = (24 +(7)° =576 + 49 = 625
L AC =25

CAB+BC+ AC =24+ 7+ 25

S AF+FE+BD+DC+ AC = 56
CAE+r+r+ CE+ AC =56 ('.';&F=.&E, DC=CE}
L2+ (AE+CE)+ AC = 56

X +2AC =56 [vA-E-C)

- or+2f25) =56

Lr+20 =28

Lr=3

The radius of a cirde is 3.

Question 4:

A circle touches all the three sides of a right angled AABC in which 4B is right angle. Prove
AB+BC+AC
that the radius of the circle is 2

Solution :

mH
2
(]



Given: A circle touches all the three sides of a right angled AABC
in which #B is a right angle.

AB + BC-AC

—

Proof : Let the radius be r and the centre of the cirde touching

all the sides of a triangle be 1. (Incentre of Tiangle)
As shown in the figure,

ID=IE=IF=r

ARBC s a right angled triangle, msB= S0r,
Also, ID L BC and AB LBC

1D || AB

SID|IFB frA-F-B)

Similarly, IF || BD

~dFBD is a parallelogram.

B =ID=randBD =IF=r ... ..[1)
LSomIFBD is a rhombus,

Also, £B is a right angle.

. dFBD is a square,

Mow, AE = AF (v by thm)

- AE=AB-FB [A-F-B)

To prove:radius of a drde =

SBE=AB-r by(i)) .. ..[2)
and CE = CD [theorem 11.3)
- CE=BC-BD

CE=8BC-r f[by(1)} ... ..[3)

Now, AC = AE + CE
AB =AB-r +BC-r (by (2) and (3))
AC=AB+BC-2r

L2 =AB+BC-AC

_ AB+BC-AC
=
Hence, the radius of a drcle is w

Question 5:

In] ABCD, m4D = 90. A circle with centre O and radius r touches its sides‘-—'lB, BC,
CD and DA in P, Q, R and S respectively. If BC = 40, CD = 30 and BP = 25, then find

the radius of the circle.

Solution :

I=

We know that tangents drawn to a circle are perpendicular to the radius of the circle.

5. m4LORD =m4ZOSD =90°
m4D = 90° (Given)
Also, OR = OS =radius



. JORDS is a square. The tangents drawn to a circle from a point in the exterior of the circle
are congruent.

. BP =BQ, CQ =CR and DR = DS (by thm.)

Now, BP = BQ

. BQ=25 (- BP=25)

. BC-CQ=25 (~"BC=40)

S CQ=15

. CR=15 (" CQ=CR)

.CD-DR=15 (“C-R-D)

~.30—-DR =15 (. given CD = 30)

DR =15
But JORDS is a square.
- OR=DR=15

Thus, the radius of a circle is OR=15.

Question 6:

Two concentric circles are given. Prove that all chords of the circle with larger radius which
touch the circle with smaller radius are congruent.

Solution :

(4

P R

Hven : In two aoncentric drdes, two cherds BQ and RS of the drde

with larger rad us toudh the drce with smaller radius,

Toprove: FQ=RS

Frocf : Let the dhords PQ and RS be the chords of the drde with larger radius
and it toudhes the drde with smaller radius at points M and N respedively,

PG and RS are tangents to the drde with smdler radiLs,
So, Ol = O =radus of a smdler drde.,

Hence, the dicrds 2B and TD are at equidistance from the cenre of the
drde with larger radius.

- FO=RS
L FQ=PS
Question 7:

A circle touches all the sides of_] ABCD. If AB = 5,BC =8, CD =6. Find AD.

Solution :



B Q &

If circle touches all the sides of a quadrilateral, then
AB + CD =BC + DA

~5+6=8+DA

.. 11=8+DA

L AD=3

Question 8:

A circle touches all the sides of ] ABCD. If A B is the largest side then prove that'CDI is
the smallest side.

Solution :



(8]

A B

Given: & circle touches all the sides of oABCD. AB is the
largest side,

To prove: CO is the smallest side of oABCD,

Proof: The drde touches all the sides of ofBCD,

L AB + D =BC+ DA cee 1)
Givenis AB is the largest side of o2BCD.
o AB > BC

S AB =BC+m, where meR?*
Then, from (1),

BC+m +CD =BC + DA

LS CD+m =DaA

2 CD<DA (- meR")

Hence, CD is smaller than DA ... ...(2)
But,&AB is the largest side.

o AB = DA

S AB=DA+n, where neR?
Then, from (1)
DA+n+C0O=BC+0DA

L CD+n=BC

2 CD <BC foneR™)

. CDis smaller than BC. ... ... {3}

AB is the largest side of oABCD.

Hence, CD is smaller than 2B, ... ...{4)

Thus, from {2), (3) and (4), CD is the smallest side
of oABCD,

Question 9:

P is a point in the exterior of a circle having centre O and radius 24. OP = 25. A tangent from
P touches the circle at Q. Find PQ.

Solution :



24

8} 25 P

P lies in the exterior of a cirde having centre © and PQ is a tangent.,
2 0QLPQ

In ADQP, m£QOQP = 9C»,

Here OP = 25 and Q0 = 24

Now, OP? = OQZ+PE?

PR = OPF - 0P

(25)° - (24F

= 625 =576
= 49
SPO= 7
Question 10:

Select a proper option (a), (b), (c) or (d) from given options :

Question 10(1):

P is in exterior of (0, 15). A tangent from P touches the circle at T. If PT = 8, then OP=......
Solution :

a. 17

Here, m£ZOTP = 90°
. OP2= OT? + TP?
- OP2=(15)2+(8)?
= 255 + 64

=289

=(17)?

L OP=17




Question 10(2):

F :4)' ﬁ touch (O, r) at A and B. f m£ZAOB = 80, then m£ZOPB = ......

Solution :
b, B¢

APOA and APOB are congruent right angled triangle.

SomsLBOP = émé;ﬂ\OB

= %XSD

=40
MNow, in right angled AQBP,
msLBOP + meB + msOFB = 180°
240+ 90+ meOPE = 180°
L mZOPB + 130 = 180r
L mLOPE = 180- 130 = 50°

40
040

o,

Question 10(3):

A tangent from P, a point in the exterior of a circle, touches the circle at Q. If OP = 13, PQ =
5, then the diameter of the circle is ......

Solution :

d. 24

In right angled AOQP.

OP =13 and PQ =5.

Now OP?= 0Q? + PQ?
(13)2=rP+(5)2
Sr?=169 - 25 =144 = 12
Sr=12

Diameter of a circle

= 2x radius
=2r=2x12=24



Question 10(4):

In AABC, AB = 3, BC = 4, AC =5, then the radius of the circle touching all the three sides is

Solution :
b.1
Here, A8 = 3, BC = 4 and AC = 5,
AB? + BC? =(3)" + (4
=9+ 16 =25
= 5% = AC?
L ABF+BCE = ACP
o AABC s a right angled triangle and £B is a right angle.
We know that, the radius of the circle touching &all the
three sides is W
o The required radius of a drcle
AB + BC - AC
2
3+4-5
2

Ll (NI RS

Question 10(5):

F{; and ﬁ touch the circle with centre O at A and B respectively. If m£ZOPB = 30 and
OP =10, then radius of the circle = ........

Solution :



Inright angled ACBP, mZOFEB = 30° and OF = 10,

Mowy, sin30 = %
oP
o Lo OB
i 10
10
LOB= — =5
2

L Radius of acircle =0B =5

Question 10(6):

The points of contact of the tangents from an exterior point P to the circle with centre O are
A and B. If m£ZOPB = 30, then mZAOB = .........

Solution :

d. 120°

In right angled AOBP, mZOPB = 30°.

Further,

m4£BOP + mZOPB, m4B = 180° (angles in linear pair)
. m4LBOP + 30° + 90° = 180°

. m4LBOP =180° - 120°

~.m4LBOP =60°

Now, mZAOB = 2mZBOP

= 2x60 = 120°

Question 10(7):



A chord of (O, 5) touches (O, 3). Therefore the length of the chord = ..........
Solution :

a.8

Here, radius of a smaller circle OM = 3 and the radius of a bigger circle OB = 5.
In right angled AOMB,

OB2= OM? + MB?

~(5)2=(3)%2+ MB?

~MB?=25-9=16

~.MB=4

The length of a chord

AB =2xMB =2x4 =8




