Determinats

Short Answer Type Quesitons

2x 5| |6
1. If = then find x.
8 x |8
2x 5| |6 5
Sol.  We have = . This gives
x| |8 3
2x° —40=18-40 =x =9=x=13.
1 x X 1 1 1
2. IfA=1 y »’|,A =|yz zx xy|,thenprovethat A+A =0.
1 z 22 X y z
1 1 1

Sol.  Wehave A, =|yz zx xy
Xy z
Interchanging rows and columns, we get
1 yz x X xyz x°
1 2
A=l zx y=—I]y xyz Yy
1 e :
Xy z z Xyz z

xZ

—_—

X
_xyz

—_

y2 Interchanging C; and C;

xyz 5
z z

—_—

1 x x
=(-D|l y y|=-A = A +A=0

1 z 72°
3. Without expanding, show that
cosec’d cot’8d 1
A=|cot’d  cosec’d -1/=0
42 40 2
Sol.  Applying C, = C, - C, - C,, we have
cosec’@—cot’0—1 cot’@ 1| [0 cot’@ 1

A=|cot’ @—cosec’@+1 cosec’d —1|=|0 cosec’0 —1|=0

0 40 2 0 40 2
X p (g
4. Showthat A=|p x g|=(x—p)(xX*+px—2q")
q9 49 X

Sol.  Applying C,— C, — C,, we have



Sol.

Sol.

Sol.

x-=p P q I pq
A=lp—x x g=(x-p)-1 x ¢
0 q x 0 g x
0 p+x 2¢
=(x-p)-1 x q |Applying R, > R +R,
0 ¢ X

Expanding along C,. We have A= (x— p)(px+x2 -24 ) = (x— p)(x2 + px—2q2)

0 b—a c—a

If A=la—b 0 c—b|,then show that A is equal to zero.

a-c b—c O
0 a-b a—c
Interchanging rows and columns, we get A=lb—a 0 b—c
c—a c-b 0
Taking ‘-1’ common from R;, Rz and Rs, we get
0 b—a c—a
A=(=1)la=b 0 c=bl=—A = 2A=00rA=0
a-c b—c O

Prove that (A‘1 )' = (A')_l , Where A is an invertible matrix.

Since A is an invertible matrix, so it is non-singular.

We know that |[A| = |A']. But |A| # 0. So |A'| #0 i.e. A’ is invertible matrix.
Now, we know that AA-1=A-1A=1.

Taking transpose on both sides, we get (A-1)' A'= A'(A-))'=(I)' =1

Hence (A-1)'is inverse of A', i.e., (A")-1= (A-1)’

Long Answer Type Questions

x 2 3
Ifx=-4isarootof A=|1 x 1/=0, then find the other two roots.
3 2 x

Applying R, — (R1 +R, +R3), we get
x+4 x+4 x+4

1 X 1
3 2 X
Taking (x+4) common from Ry, we get
1 1 1

A:(x+4)1 x 1
3 2 X



Applying C, = C, -C,, C;, - C,-C,, we get

1 0 0
A=(x+4)1 x-1 0
3 -1 x-3
Expanding along R,
A=(x+4)[(x-1) (x- 3) - 0]. Thus, A = 0 implies
x=-413
1 1 1
8. In a triangle ABC,if | 1+sin A 1+sin B 1+sinC |=0 then prove that

sinA+sin’ A sin B+sin’ B sinC+sin’ C

AABC is anisoceles triangle.

1 1 1
Sol. Let A=| 1+sinA 1+sin B 1+sinC
sin A+sin* A sin B+sin’ B sin C+sin’ C
1 1 1

I+sinA 1+sinB 1+sinC|R, - R, - R,
—cos’A —cos’B —cos’ C
1 0 0
A=|1+sinA  sin B—sinA sinC-sinB |.(C, >C,—C, and C, > C,-C,)
cos’ A cos’A—cos’ B cos’ B—cos’ C
Expanding along Ry, we get
A= (sinB - sinA)(sin’C - sin’ B) ~ (sinC — sin B)(sin’ B~ sin’ A)
= (sinB - sinA) (sinC - sinB) (sinC - sin A) =0
= either sinB - sinA = 0 or sinC - sinB or sinC - sinA =0

=>A=BorB=CorC=A
i.e. triangle ABC is isosceles.

3 -2 sin30
9, Show that if the determinant A=|-7 8 c0s268|=0, then sin@=0o0r l
-11 14 2
Sol.  Applying R, = R, +4R and R, = R, +7R,, we get

3 =2 sin 36
5 0 cos28+4sin36/=0
10 O 2+7sin36

or 2[5 (2 + 7sin36) - 10 (cos20+ 4sin30)] =0
or 2 + 7 sin30- 2 cos20- 8 sin30=0

or 2 - 2cos 20-sin 36=0

sinB(4sin20+4sin6- 3) =0

or sinf= 0 or (2sin6- 1) =0 or (2sinB + 3) =0

1
or sinf= 0 or sinf =—.



Objective Type Questions

Choose the correct answer from the given four options in each of the Example 10 and 11.

Ax x* 1 A B C
10. LetA=|By y’ lland A,=|x y z|, then
Cz 2% 1 zZy X Xy
(A)A=-A (B) A £ A (Q)A-A1=0 (D) None of these
A B C||A x yz
Sol. (C) is the correct answer since A, =|x 'y z|=|B y zx
zy zx xy| |C z Xxy
Ax xX° xyz Ax x> 1
:LBy v xyz =ﬁBy y: o 1l=A
vz Cz 2 xyz vz Cz 22 1
cos X —sin x 1
11. Ifx,ye R, then the determinant A=| sinx COS X 1| lies in the interval.

cos(x+y) —sin(x+y) O

@[-V2.42]  ®Fu  ©[21] ) [-1,-+2]

Sol.  The correct choice is A. Indeed applying Rz—>Rs- cosyR1+ sinyR,, we get

cosx —sinx 1
A=|sinx cosx 1
0 0 sin y—cos y

Expanding along Rz, we have
A = (siny- cosy) (cos2x+ sin2x)

1 1
= (siny- cosy) = \/5 ——sin y——=-cos
(siny y) |:\/§ y \/5 ){|

ﬁ{coszsin y- sinzcos y}
4 4
=/2sin (y—%j

Hence — 2 < A <2.
Fill in the blanks in each of the Examples 12 to 14.
12. If A, B, C are the angles of a triangle, then

sinA cotA 1
A=|sin?B cotB 1|=.........
sinC cotC 1

Sol.  Answeris0.Apply R, > R,-R,R, - R, —R.



J23+3 5 5
13. The determinant A = \/E + \/4_6 5 \/E is equal to .............

344115 15 5

Sol.  Answer is 0. Taking \/g common from C; and Cz and applying C, — C, —\/§C2, we get

the desired result.
14. The value of the determinant

sin®23° sin® 67° cos180°
A=|-sin67° —sin?23° cos?180°|=..........
cos180° sin®23° sin’ 67°
Sol.  A=0.Apply C, —=C +C,+C;.

State whether the statements in the s 15 to 18 is True or False.
15. The determinant

cos(x+y) —sin(x+y) cos2y
A=| sinx cos X sin y | is independent of x only.

—COSs X sin x cos y

Sol.  True.Apply R, — R +sinyR, + cosyR,, and expand.
1 1 1
16. Thevalueof |"C, "C, "*C,|is8.
n C2 n+2 Cw2 n+4 C2
Sol. True
X 2
17. IfA=|2 31,xyz=80, 3x+2y+10z =20, then
1

z

5

y

1
Aadj.A{o 81

0 81
Sol. False. ) .
4 3
01 3 21 23
18. IfA=|1 2 x|, A'= B 3 B thenx=1,y=- 1.
2 3 1 1 1
2 7 2]

Sol. True



Determinats
Objective Type Questions (M.C.Q.)

Choose the correct answer from given four options in each of the Exercises from 24 to 37.

2x 5| |6 =2
24. = , , then value of x is
8 x |7 3
(A)3
(B) 3
(C) 6
(D)6
2x 5 |6 =2
Sol.  (C) - =
8 x| |7 3
=2x*—40=18+14
= 2x*=32+40
=X 222 36
2
. x=16
a-b b+c a
25. The value of determinant (b—a c+a b

c—a a+b c
(A) a’+b’+¢
(B) 3 bc
(C) @’ +b° + ¢ —3abc
(D) None of these
Sol. We have,

a-b b+c da| |latc b+c+a a
b—a c+a b|=|b+c c+a+b b|[.C, —>C+C,and C,—C,+C,]
c—a a+b ¢l |c+b a+b+c c

a+c 1 a

=(a+b+c)lb+c 1 b| [taking (a+b +c) common from C]
c+b 1
a-b 0 a-c

=(a+b+c)] 0 0 b-c|["R >R —R,and R >R -R,]
c+b 1 ¢

= (a +b+c) [—(b— c).(a —b)] [expanding along Rz]
=(a+b+c)(c—b)(a-D)
26. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq. units. Then, the
value of k will be
(A)9
(B) 3
-9



(D)6
Sol. (B) We know that, area of a triangle with vertices (xl, b ) , (Jc2 yz) and (x3, y3) is given by
. xo oy 1
A= ) x, y, 1
Xy 1
-3 0 1
A :l 3 01
2
0 k1
Expanding along R;,

1
9=—|-3(—k)-0+1(3%

[-3(-0)-0+1(30)]
= 18=3k+3k=6k

L
6
b*—ab b-c bc—ac
27. Thedeterminant (ab—a’ a—-b b’ —ab| equals

bc—ac c—-a ab-a’
(A) abc(b-c) (c- a) (a -Db)
(B) (b—c) (c— a) (a —b)
€ (a +b +¢) (b -¢) (c- a) (a -b)

(D) None of these
Sol. We have,

b*—ab b-c bc-ac| |b(b—a) b—c c(b-a)
ab—a* a-b b*—ab|=la(b—a) a-b bb-a)

bc—ac c¢—a ab-a’| |c(b—a) c—a a(b—a)

b b-c c
=(b—a)’la a-b b
¢ c—a a

[on taking (b - a) common from C; and C3 each]
b-—c b—c c
=(b-a)’la=b a—b b [+ C, —C~C,]=0

c—a c—a a

[Since, two columns C1 and C; are identical, so the value of determinant is zero]
sinx CcoSx COSx

28. The number of distinct real roots of |cosx sinx cosx|=0 in the interval

COSX COSXx Ssinx



(A)o
(B) 2
a1
(D)3
sinx CcosSx COSx
Sol. We have, [cosx sinx cosx|=0
COSX COsx sinx
Applying C, = C,+C,+C,,
2cosx+sinx COSX COSX
2cosx+sinx sinx cosx|=0

2cosx+sinx cosx sinx
On taking (ZCosx+ sinx) common from Cy, we get

I cosx cosx
=(2cosx+sinx)|l sinx cosx=0

1 cosx sinx

1 coS X coS X
= (2cosx+sinx)|0 sinx—cosx 0 =0
0 0 (sin x —cos x)
['.’R2 —R,—R and R, —>R3—R1]

Expanding along C;,
(2cosx+sinx)[l.(sinx—cosx)z}=0
:>(2cosx+sinx)(sinx—cosx)2=0
Either 2cos x=—sinx

1 .
= cosx=-—sinx

2
= tanx=-2 ...(i)

T T . .
But here for 2 <x< e we get —1<tanx <1 so, no solution possible.
. 2 .
and for (sinx—cosx) =0,sinx=cos x

.4
:>tanx:1:tanz

x==—
4

So, only one distinct real root exists.
29, If A, B and C are angles of a triangle, then the determinant

-1  cosC cosB
cosC -1 cosA isequalto
cosB cosA -1
(A)o



(B)-1
1
(D) None of these
-1 cosC cosB

Sol.  Wehave, [cosC -1 cosA
cosB cosA -1
Applying C, = aC, +bC, +cC,.
—a+bcosC+ccosB cosC cosB
acosC—b+ccos A -1  cosA
acosB+bcosA—c cosA -1

Also, by projection rule in a triangle, we know that
a=bcosC+ccosB,

b=ccosA+acosC and

c=acosB+bcosA
Using above equation in column first, we get
—a+a cosC cosB| |0 cosC cosB

b-b -1 cosAl=l0 -1 cosA=0
c—c cosA -1 0 cosA -1

[Since, determinant having all elements of any column or row gives value of determinant

as zero|
cost t 1
e [
30. Let f(z) =|2sint ¢ 21, then llrgl ~— is equal to
-0 ¢
sint t t
(A)o
(B)-1
€2
(D)3
Sol. We have,
cost t 1
f(z) =|2sint ¢ 2t
sint t t
Expanding along Cs,

= cost(f*—2¢") - 2sint(1* —t)+sint (26 —1)
=—t* cost—(1* —t)2sin+(2¢* 1) sint

=—t>cost—t>.2sint+t.2sint+ 2t sint
=—t>cost+2fsint

f(1)

2 .
) (_f COS’) . 2tsint
> =1lim +lim

- lim >
=0 f t—0 t t—0 1t




. . sint
=—limcost+2.lim——

t—=0 t—0 t

=-1+1 { limLmzland costl}

t—0 t
=0

1 1 1
31. The maximum value of A = 1 1+siné 1] is (0 is real number)
1+cosé 1 1
1

(A) >

3
(B) >

© 2

Sol. Since,

A= 1 1+sin8 1
1+cos@ 1 1
0 0 1
= 0 sin@ 1 [-C—>C,-C,and C,—C,—C,]
cosd 0 1
=1(sin8.cosH)

:l.2sincosl9 zlsin 20
2 2

Since, the maximum value of sin280 is 1. So, for maximum value of & should be 45°
1 .
SA —Esm 2.45°

21
2 2
0 x—-a x-b
32. If f(x) =|x+a 0 x—c|, then
x+b x+c O
(A) f(a) =0
(B) f(b) =0
€ f(0)=0
(D) f) =0
Sol. We have,

= lsin 90° =



a+b a+c 0

=[(a—b){2a.(a+c)}] #0

0 b—a O
~f(b)=lp+a 0 b-c
2b b+c O

=—(b—a)[2b(b-c)]
=-2b(b-a)(b-c)#0

0 —a —-b
~f(0)=la 0 -c
b ¢ 0
za(bc)—b(ac)
=abc—abc=0
2 A 3
33. IfA=|0 2 5 |then A" existsif
1 1 3
(A)A=2
(B)A#2
Crz-2

(D) None of these
Sol. We have,

2 A -3
A=0 2 5
1 1 3
Expanding along Ry,
|A|=2(6-5)-A(-5)-3(-2)=2+51+6
We know that, A-lexists, if A is non-singular matrix i.e., |A| #0.

s 245446 #0
= S5A#-8
A -8

5

So, Al exists if and only if A4 # _?8

34. If A and B are invertible matrices, then which of the following is not correct?



(A) adj A=|A| A

(B) det(A —[det )] :
(C) (AB)' =B'A™

(D) (A+B) =B +A"

Sol. (D) Since, A and B are invertible matrices, So, we can say that

(AB) "' = B’IA" ...... (i)

Also, A™' = ad] A)

:>ade=|A|.A bo(d)
Also, det(A)™ =[det (A)]"

- 1
=det(A) ==
) = Tga(a)]
= det(A).det(A)" =1 ..(iii)
Which is true.
Again, (A+B)71 ZMadj(A+ B)

= (A+B) #B'+A" (i)

So, only option (d) is incorrect.

I+x 1 1
35. If x, y, zare all different from zero and | 1 1+y 1 [=0, then value of
1 1 1+z

x'+y '+

(A) xyz

(B) 5! y—lz—l

(C) -x-y-z

(D) -1

I+x 1 1
Sol. Wehave, | 1 1+y 1 1=0
1 1 1+z
Applying C, > C,—C, and C, - C,-C,,
x 0 1

=0 vy 1 |=0

-z —z 14z
Expanding along Ry
x[y(1+z)+z]—0+1(yz):0

= x(y+yz+z)+yz=0



36.

Sol.

37.

sum

= xy+xyz+xz+yz=0
Ly oz ok gz
Xyz Xyz Xyz Xyz

=0 [on dividing (xyz) from both sides]

=1 lilio

X y z
1 1 1
=>—+—+—=-1
X y z
Xy =1
X xX+y x+2y
The value of the determinant |x+2y X x+y| s

x+y x+2y X
(A) 9x° (x+ y)
(B) 9y (x+y)
(©) 3y* (x+ )
(D) 7x2(x+ y)
X xX+y x+2y
We have, |[x+2y by x+y
x+y x+2y X

3(x+y) x+y oy
=[3(x+y) X y [ C —->C+C+C andC3%C3—C2]

3(x+y) x+2y 2y

1 (x+ y) y
= 3(x+ y) 1 X y | [taking 3(x+y) common from first column]
1 (x+2y) -2y
0 y 0
=3(x+y)[l X y [‘.'RIARI—RQ]
1 (x+2y) -2y

Expanding along Ry,
=3(x+y)[-y(-2y)-y]
=3y"3(x+y)=9y*(x+y)

1 =2
There are two values of a which makes determinant, A=|2 «
0 4
of these number is
(A) 4
(B) 5

-4

5
—1/=86, then
2a



(D)9
Sol. We have,

1 -2 5
A=|2 a -1/=86,
0 4 2a

= 1(2a2 + 4) -2 (—4a - 20) +0 =286 [expanding along first column]

=2a’ +4+8a+40=86

=2a’+8a+44-86=0

=a’+4a-21=0

=a’+7a-3a-21=0

=(a+7)(a-3)=0

a=-7 and 3

.. Required sum=-7+3=-4

Fill in the blanks

38. If A is a matrix of order 3x3, then |3A]| is equal to

Sol. If A is a matrix of order 3x3, then |3A|= 3><3><3|A| = 27|A|

39. If A is invertible matrix of order 3x3, then |A-1| is equal to

i [since,|A|.‘A’l‘ = 1]

Sol. If A is invertible matrix of order 3x3, then ‘A‘l‘ = |A| .

2

(27+27) (27-27) 1

2 2
40. If x, y, z € R, then the value of determinant (3'” + 3_)“) (3)C - 3_'”) 1| is equal to

)
Sol.  We have, (3'” +3™ )2 (3'” - 3_'”) 1
)

(27-27)
=4 (3x -3 )2 1 | =0 [Since, C1 and C3 are proportional to each other]
(4°-47)



41.

Sol.

42.

Sol.

43.

Sol.

44,

Sol.

45.

Sol.

If cos260 =0, then |cos@ siné@ 0

0 cosf sin@|

sin @ 0 cos @

Since, cos260 =0

= COos 26:cos£:> 26?:z
2 2
= ¢9=£
4
.1 7 1
. sin—=—and cos—=—
4 4 2

o -

1

V2

Expanding along R;,

_{_LG}L lﬂ _[ -2 } (_lj L
V2(2) 2\ 2 2] \V2) 2
If A is a matrix of order 3x3, then (A2)-1=

If A is a matrix of order 3x3, then (A2 )71 = (A_1 )2 .

If A is a matrix of order 3x3, then number of minors in determinant of A are

If A is a matrix of order 3x3, then the number of minors in determinant of A are 9.

[Since, in a 3x3 matrix, these are 9 elements]

The sum of the products of elements of any row with the co-factors of
corresponding elements is equal to

The sum of the products of elements of any row with the co-factors of corresponding
elements is equal to value of the determinant.

\S) \S) )

SEFSE

a4, G 4
LetA=|a, a, a,
a3 Gy Ay

Expanding along R,
A=a, A +a,A, +ajA;

= Sum of products of elements of Ry with their corresponding cofactors.

x 3 7
Ifx=-9isarootof |2 x 2|=0,then other two roots are
7 6 x

x 3 7
Since, |2 x 2|=0
7 6 x



Expanding along R,
x(x*=12)-3(2x—14)+7(12-7x) =0
=X —12x—6x+42+84—-49x=0
=x —67x+126=0 ...>i)

Here, 126X1=9%2x7

Forx=2, 2’ —67x2+126=134-134=0
Hence,x = 2 isaroot.
For x=7, 7° —67x7 +126 = 469 — 469 = 0
Hence, x = 7 is also a root.
0 xXyz Xx-—z

46. y— 0 y—z=

z z—y O
0 Xyz X—z| |z—x Xyz Xx—z
Sol. Wehave, [y-x 0 y-zl=|z—x 0 y-z|[+ C —>C-C]

z—x z-y O z—x z—=y O

1 xyz x-—z
=(z-x) 0 y-:z
1 z—y O

[taking (z - x) common from column 1]
Expanding along R1,

=(z=0)[1L{-(y-2)(z=»)}=mz(z=y)+(x=2) (z =) ]
=(z=x)(z—y)(-y+z—xyz+x—2)
=(z=x)(z=y)(x-y-x7)
=(z—x)(y—z)(y—x+xyz)
(1+x)17 (ler)19 (1+x)23
47. lff()c)=(1+x)23 (1+x)29 (1+)c)34 =A+Bx+Cx* +...then A=
(1+x)41 (1+x)43 (1+x)47

1 (1+x)" (1+x)°
Sol.  Since, f(x) =(1+x)" (1+x)” (1+x)411 (1+x)° (1+x)"|=0
1 (1+x) (1+x)°
[since, R, and R, are identical
LA=0
State True or False for the statements of the following Exercises:
48. (A3 )_1 = (A’1 )3 where A is a square matrix and |A| #0.
Sol. True
Since, (A” )_1 = (A’1 )n ,where ne N.



49.

Sol.

50.

Sol.

51.
Sol.

52.

Sol.

53.

Sol.

a1 . . .
(aA) =— A", where a is any real number and A is a square matrix.
a

False
Since, we know that, if A is a non-singular square matrix, then for any scalar a (non-zero),
aA is invertible such that

(aA) {%Al) =(a.éj(A.A‘)

1 a1
i.e. (aA) is inverse of (— A"lj or (aA) '—_A ' where a is any non-zero scalar.
a a

In the above statement a is any real number. So, we can conclude that above statement is
false.

A7 #[A
False

|A-1| =|A]-1, where A is a non-singular matrix.

If A and B are matrices of order 3 and |A| =5, |B| = 3, then |3AB| =27 x 5 x 3 = 405.
True

We know that, |AB| = |A| |B|

-1 . . .
, where A is non-singular matrix.

~|3AB|=27|AB|
=27|A||B|
=27x5%x3=405

If the value of a third order determinant is 12, then the value of the determinant
formed by replacing each element by its co-factor will be 144.

True
Let A is the determinant
- |Al=12

n-1

Also, we know that, if A is a square matrix of order n, then|adj A| = |A
Forn=3, |adj A|=|A]" =|A]

=(12)" =144

x+1 x+2 x+a

x+2 x+3 x+b|=0, where a, b, care in A.P.
x+3 x+4 x+c

True
Since, a, b and care in AP, then2b=a+c

x+1 x+2 x+a
Sx+2 x+3 x+b|=0,
x+3 x+4 x+c
2x+4 2x+6 2x+a+c
=|x+2 x+3  x+b |=0, ["R >R +R]
x+3 x+4 X+c



54.

Sol.

55.

Sol.

56.

Sol.

2(x+2) 2(x+3) 2(x+b)
=| x+2 x+3 x+b :O,['.' 2b=a+c]
x+3 x+4 x+c
= 0=0 [since, R, and R, are in proportional to each other]
Hence, statement is true.

. 2
|ad]. A| = |A| ,where A is a square matrix of order two.

False
If A is a square matrix of order n, then
ladj. Al =| A"

= ladj. A\ =|A" =|A] [+ n=2]
sSinA  cosA sinA +cosB
The determinant | sinB cosA sinB+ cosB| is equal to zero.
sinC  cosA sinC+cosB

True
SinA  cosA sinA +cosB

Since, | sinB  cosA sinB+ cosB

sinC  cosA sinC+ cosB

sinA  cosA sinA| |sinA cosA cosB
=|sinB cosA sinB|+|sinB cosA cosB

sinC cosA sinC| |sinC cosA cosB

sinA  cosA cosB
=0+|sinB cosA cosB
sinC  cosA cosB

[Since, in first determinant C, and C, are identicals]
sinA 1 1
=cosA.cosB|sinB 1 1
sinC 1 1

[taking cosA common from Cz and cosB common from Cs]
=0 [since, Cz and Cs are identicals]

x+a p+u I+f
If the determinant |[y+b ¢g+v m+ g| splits into exactly K determinants of order
z4+c r+w n+h

3, each element of which contains only one term, then the value of K is 8.
True

x+a p+u I+f
Since, |y+b g+v m+g
z4+c r+w n+h



57.

Sol.

X p [ a u f

=|ly+b g+v m+g|=|y+b g+v m+g| [splitting first row]
z+c r+w n+h| |z+c r+w n+h

X p [ X p [
=y q m |+| b v g

z4+c r+w n+h |z+c r+w n+h
a u f a u f

+| y q m |+| b % g | [splitting second row]

z4+c r+w n+h |z4+c r+w n+h

Similarly, we can split these 4 determinants in 8 determinants by splitting each one in two
determinants further. So, given statement n is true.

a p x p+x a+x a+p
Let A=\b g y/=16,then A, =|g+y b+y b+qg|=32
c r z r+z c+z c+r
True
a p x
Wehave A=|b g y/=16
c r z

p+x a+x a+p
and we have to prove, A, =|g+y b+y b+gq|=32
r+z c+z c+r
2p+2x+2a a+x a+p
A =|2g+2y+2b b+y b+q|[C —>C+C,+C]
2r+2z+2c c+z cH+r
p x—p a+p
=2lq y—q b+gq
roz—r c+r
[taking 2 common from C; and then C;, = C,-C,,C, = C, -C,]
p x a+p| |p p a+p

=2lq y b+q|-|g q b+gq
r Z c+r r r c+r

p atp
=2|lq y b+q|-0
roz c+r

[Since, two columns C, and C, are indenticals]



p x a p x p
=2|q bj+2lq y ¢q
r oz c roz r
a p x
=2b q y+0
c r z

[Since, C, and C, are identical in second determinant and in first determinant, C, <> C,
and then C, < C;]
=2x16 [- A =16]

=32 Hence proved.

1 1 1
58.  The maximum value of [I (1+sin6) 1 is l
1 1 1+cosé
Sol. True
1 1 1
since, I sind 1 | [ R, >R —R and R, >R,—R]
1 1 cosé

On expanding along third row, we get the value of the determinant

:cosé?.siné?:lsin 29:1
2 2

[when @ is 45° which gives maximum value]



Determinats
Short Answer Type Questions

Using the properties of determinants in Exercises 1 to 6, evaluate:
X —x+1 x-1

x+1 x+1

1.

X =2x+2 x-1
0 x+1

X=x+1 x-1
Sol. We have,

[-C —C-C)]

x+1 x+1
= (x2 —2x+ 2).(x+1)—(x—1).0

=x=2x*+2x+ x> =2x+2

=x —x*+2
atx y z
2, X at+y z
X y  z+z
at+x y z a —a 0

“ R >R -R,
Sol. We have, | x a+y z |=|0 a —a
and R, — R, — R,
X y atz| |x y a+z ;

a 0 0
0 a —a|[-C,—>C+C]
X x+y a+z

a(a2+az+ax=ay)

=a’(a+z+x+y)

0 xy° xz°
3. ¥y 0 yz’
X’z zyt 0

0 xy° xz° 0 x x

2

Sol.  Wehave, X’y 0 yZ}|=x’y’z%|y 0 y
X’z zyv 0 z z 0
[taking x°, y* and z* common from C,, C, and C,, respectively]
0 0 «x
=xy2ly -y ¥ [ G—=G6-C]
z z 0

2.2 2

=x’y’z [x(yz+yz)]

3.3.3

=x"y 22 2xyz=2x"y’z



Sol.

Sol.

3x —x+y —x+z
We have, [x—y 3y z—y
X—z Yy-—z 3z
Applying, C, - C,+C, +C;
X+y+z —x+y —x+z
=lx+y+z 3y z—Yy
xt+y+tz y—-z 3z
1 —x+y —x+z
= (x+y+z) |l 3y z—y
1 y—z 3z
[Taking x +y + z common from column C1]
1 —x+y —x+z
=(x+y+2z)|0 2y+x x—y
0 x—z 2z+4+x
['.’RZARZ—RIandR3—>R3—RI]
Now, expanding along first column, we get
(x+y+z).l[(2y+x)(2z+x)—(x—y)(x—z)]
:(x+y+z)(4yz+2yx+2xz+x2—x2+xz+yx—yz)
=(x+y+2z)(3yz+3yx+3xz)
=3(x+y+z)(yz+ yx+xz)
x+4  x X

X x+4 X

X x  x+4
x+4 x X 2x+4 2x+4 2x
Wehave, | x x+4 x |=| x x+4 x | [ R—>R+R]
X x x+4 by X x+4

2x  2x 2x | 4 4 0
=lx x+4 x |[+|x x+4 «x

X X x+4 [x X x+4

[Here, given determinant is expressed in sum of two determinants]

1 1 1 1 1 0

=2x{x x+4 x |+4|x x+4 X

X X x+4 X X x+4



[taking 2x common from first row of first determinant and 4 from first row of second determinants]
Applying C, = C,—C, and C, = C, —C; in first and applying C;, = C, —C, in second,
we get

0 O 1 0 1 0
=2x/0 4 x |+4/4 x+4 «x

-4 -4 x+4 0 X x+4
Expanding both the along first column, we get
2x[ —4(—4) [+4[4(x+4-0)]

=2xx16+16(x+4)

=32x+16x+64

=16(3x+4)

a-b—c 2a 2a
6. 2b b—c—a 2b

2c 2c c—a—b
a—-b-c 2a 2a
Sol.  Wehave,| 2b b-c—-a 2b
2c 2¢ c—a—b

a+b+c a+b+c a+b+c

=| 2b b-c-a 2b |[ R ->R+R+R]
2¢ 2¢ c—a—-b

1 1 1

=(a+b+c)=]2b b—c—a  2b

2¢ 2¢ c—a—->b

[taking (a+b+c) common fromthe first row]

0 0 1

=(a+b+c)=| 0 —(a+b+c) 2b

(a+b+c) (a+b+c) (c—a-b)

[-C, —>C—-C,and C, - C,—-C,]

Expanding along R;,

:(a+b+c)[l{0+(a+b+cz)}}

=(a+b+c)[(a+b+c)1

=(a+b+ C)3

Using the properties of determinants in Exercises 7 to 9, prove that:
y’z: yz y+z

7. 22X zx z+x|=0

Xyt xy x+y



Sol.  We have to prove,
vz yz y+z
22x* zx z+x|=0
X’y xy xty
vz yz y+z X’z xyz xy+az
LHS =|z°x> zx z+x:Lx2yz2 xXyz yz+xy
xzy2 Xy x+Yy vz xzyzz Xyz Xxz+Yyz
[~ R >xR.R,— YR, R, > 2R, ]
vz 1 xy+xz
=L(xyz)2 xz 1 yz+xy
E xy 1 xz+yz
[taking (xyz) common from C1and Cz]
vz 1 xy+yz+zx
=xyz|lxz 1 xy+yz+zx|[C, = C,+C|]
xy 1 xy+yz+zx
yz 1 1
=xyz(xy+yz+zx)|xz 1 1
zy 1 1

[taking (xy + yz+zx) common from Cs]
=0 [since, C2 and Cz are identicals]
=RHS Hence proved.

y+z oz y
8. z z+x x |=4xyz
y X  x+y
Sol. We have to prove,
y+z z y
z  z+x x |=4xyz
y X  x+y
y+z z y
~LHS=| z z4+x X
y X x+y
yt+z+z+y z y
=lz+z+x+x z+x x |[+C > C+C,+C]
y+x+x+y x  x+y




(y+2) z oy
=2|(z+x) z+x x [Taking 2 common from Cl]
(x+y) x x+y
y z y
=2|0 z+x x |[C —>C-C)]
y x x+y
0 z=x —x
=2|0 z+x x | ["R —>R-R]
y x x+y
:Z[y(xz—x2+xz+x2)]
=4xyz=RHS Hence proved.
a*+2a 2a+1 1
9. 2a+1 a+2 1=(a-1)
3 3 1

Sol.  We have to prove,
a’*+2a 2a+1 1

=[2a+1 a+2 1=(a-1)
3 3001

a+2a 2a+1 1

- LHS=|2a+1 a+2 1

3 3001
a’+2a-2a-1 2a+l-a-2 0
=| 2a+1-3 a+2-3 0
3 3 1
[“R >R -R, and R, > R,—R,]
(a=-1)(a+1) (a-1) © (a+1) 1 0
=| 2(a-1) (a=1) 0=(a=1)’] 2 1 0
3 3001 33 1

[taking (a-1) common from R; and R; each]
=(a-1)"[1(a+1)-2]=(a-1)’
=RHS Hence proved.
1 cosC cosB
10. IfA+B+C=0,thenprove that [cosC 1 cos A|=0

cosB cosA 1



Sol.

11.

Sol.

1 cosC cosB
We have, |cosC 1 cosA|=0

cosB cosA 1

1 cosC cosB
.. LHS =|cosC 1 cosAl=0

cosB cosA 1

=1(1-cos’ A)—cos C(cos C—cos A.cos B) +cos B(cos C.cos A—cos B)

=sin® A—cos” C+cos A.cos B.cos C +cos A.cos B.cos C —cos” B

=sin® A—cos” B+2cos A.cos B.cos C —cos’ C

=—cos(A+ B).cos(A— B)+2cos A.cos B.cos C—cos’ C

[ cos’ B—sin® A=cos(A+ B).cos(A—B)]

=—cos(—C).cos(A— B)+cos C(2cos A.cos B—cos C) | cos(—6)=cos6 ]
=—cos C(cos A.cos B+sin A.sin B—2cos A.cos B+cos C)

=cos C(cos A.cos B—sin A.sin B—cos C)

=cos C[ cos(A+ B)—cosC]
=cosC(cosC—cosC)=0=RHS Hence proved.

If the co-ordinates of the vertices of an equilateral triangle with sides of length ‘a’
2

xoy o1

are (xl’yl)’(xz’yz)’(x3’y3),then x oy 1 :%
Xy 1
Since, we know that area of a triangle with vertices (xl, Y ) ,(xz, yz) and (x3, y3) is given
x oy 1
by A =E X, ¥l
Xy 1
XN 1’
Sa =y 1)
Xy 1

We know that, area of an equilateral triangle with side a,

A (W3] A3
_5 a—Ta

2
= A? :%a“ ..(ii)

3 1x1 A/

from Egs. (i) and (ii), —a* =—|x 1
gs. (i) (ii) 16 e

x oy 1



12.

Sol.

x oy 1
=x, y, 1 :Za4 Hence proved.
x, oy, 1
1 1 sin368
Find the value of 0 satisfying | -4 3 cos28 [=0.
7 -1 2
1 1 sin36
Wehave, | -4 3 cos28 |=0.
7 -1 2
0 1 sin38
=|-7 3 co0s26|=0. [~C, —>C -C,]
14 -7 2
0 1 sin38
=7|-1 3 cos28|=0. [taking 7 common from Cl]
2 -7 =2

= 7[0—1(2—200829)+Sin39(7—6)]=0 [expanding along R, ]
:>7[—2(1—cos2t9)+sin3(9]=0

= —14+14cos26+7sin36 =0

= 14co0s20+7sin360 =14

= 14(1-2sin’ #)+7(3sin6—4sin’ §) =14
= —28sin’ @ +14 +21sin & —28sin’ @ =14
= —28sin” @—28sin’ @+21sinf =0

= 28sin’ @+28sin’ §—21sinf =0

= 4sin’ @+ 4sin* @—3sin@=0

= sin§(4sin” §+4sin§-3)=0

= Either sind=0

= @=nmor4sin®@+4sinf-3=0

—4+:16+48 —4+/64

.. sin@ = =
8 8
_48_4 12
8 8" 8
siné?:l,_—3
22

If sin9=l = sinz, then
2 6

6=n72'+(—1)"%



Hence, sin @ = _?3 [not possible because —1<sinf <1]

4—-x 44+x 4+x
13. If |4+x 4—x 4+ x|=0,then find values of x.
4+x 4+x 4-x
4—-x 4+x 4+x
Sol. Given, |[4+x 4—x 4+x|=0
44+x 4+x 4-x
12+x 12+x 12+x
=|4+x 4-x 4+x|=0[ R >R +R,+R]
4+x 4+x 4—x
1 1 1
= (12+x)|4+x 4—x 4+x|=0 [taking (12+x) common from Ry]
| 4+x 4+x 4-x

0 0 1
= (12+x)[0 8 4+x=0[-C —>C—C,and C,—C,+C,]
2x 8 4-—x

= (12+x)[1.(-16x)]=0
= (12+x)(—16x) =0

Sx=-12,0
T
14. Ifa,a,,a,,...... a, are in G.P,, then prove that the determinant (a,., «,,, a,.|is
Ay o7 Gy

independent of r.
Sol. We Know that,

a., =AR""" = AR’
Where r=rth term of a GA, A=First term of a GP and R=Common ratio of GP
a a a

r+l r+5 r+9

Wehave |a,,, a,, 4,5

A Gy Ao
1 AR' AR®
=AR".AR™ ARl AR* AR}
1 AR® AR"

[taking AR".AR™*°.AR™"" common from R, R, and R, respectively]

=0 [Since, R, and R, are identicals]

15. Show that the points (a+ 5, a— 4), (a— 2, a+ 3) and (a, a) do notlieon a

straight line for any value of a.



Sol.

16.

Sol.

17.

Given, the pointare (a+5,a—4),(a—2,a+3)and(a,a)
a+5 a-4 1
. A=l a=2 a+3 1
2 a a 1

15 4 0
=§—2 3 0 [“R—>R-Rand R, >R,—R,]

a a 1

:%[1(15—8)]

:Zio
2

Hence, given points form a triangle i.e. points do not lie in a straight line.
Show that the AABC is an isosceles triangle if the determinant

1 1 1
A=| 14cosA 1+cosB 1+cosC =0
cos’ A+cosA cos’ B+cosB cos’ C+cosC
1 1 1
Wehave, A=| 1+cosA 1+cosB 1+cosC =0
cos’ A+cosA cos’B+cosB cos’C+cosC
0 0 1
A= cos A—cosC cos B—cosC I+cosC  |=0

cos” A+cos A—cos” C—cos C - cos” B+cos B—cos” C—cos C - cos” C+cosC
[C,—C ~C,and C,—C,~C,]
= (cos A=cos C).(cos B—cosC)
0 0 1
1 1 I+cosC |=0
cos A+cosC+1 cosB+cosC+1 cos’ C+cosC|

[taking (cosA - cosC) common from C1 and (cosB - cosC) common from Cz]

= (cos A—cos C).(cos B—cos C)| (cos B+cos C+1)—(cos A+cos C+1) |=0
= (cos A—cos C).(cos B—cos C)(cos B+cos C+1-cos A—cos C—1) =0

= (cos A—cos C).(cos B—cos C)(cos B—cos A) =0
i.e, cosA=cosC orcos B=cosC orcos B=cos A
= A=Cor B=C or B=A
Hence, ABC is an isosceles triangle.

01 1 )

. . o AT=31

Find A7 if A=|1 0 1| andshowthat A~ =

1 1 0




Sol.

T

-1

1
2
1

And A® =

—_— = O
—_— O =

A3
) 2

2
1
1

=A1 [UsingEq. (i)]
Hence proved.

=LA,

-1

:1’A22:

LAy =14, =
11
2 1| (i)
12

-1 1 1
LI
2

11 -1

LA,

=Land A;; =—



18.

Sol.

Determinats
Long Answer Type Questions

1 2 0
If A=|-2 -1 =2, then find the value of A-1,
0o -1 1

Using A-1, solve the system of linear equations x-2y=10, 2x—-y-z=8§,
2y+z=T7.

1 2 0
Wehave, A=[-2 -1 -=2| ..(i)
0o -1 1

~ |Al=1(-3)-2(-2)+0=1%#0

Now, A, =-3,A,=2,A;=2,A, =-2,A, =LA, =LA, =4 A, =2 and A;; =3
32 2 -3 2 4

sadi(A)=]-2 1 1| =2 1 2
-4 2 3 (2 1 3

DA = adjA
4]
-3 -2 4
:1 2 1 2
1
2 1 3
-3 -2 4
=>A"=[2 1 2|..0)
2 1 3
Also, we have the system of linear equations as
x=2y=10
2x—y—z=8
and 2y+z=7

In the form of CX=D,
1 2 0| «x 10

2 -1 -1 y|=|8
0 2 1z| |7

1 -2 0 X 10
where, C=|2 -1 —-1|X=|y|and D=| 8
0o 2 1 z 7

We know that, (AT )_1 = (A_1 )T



1 2 0
~C'=|-2 -1 -2|=A [using Eq. (i)]
0 -1 1
~X=C'D
X -3 2 2|10
=>|y|l=|-2 1 1} 8
z -4 2 3|7
-30+16+14 0
=| -204+8+7 |=|-5
—40+16+21 -3
sx=0,y=-5and z=-3
19. Using matrix method, solve the system of equations 3x+ 2y-2z=3,
xX+2y+3z=6,and 2x—y+ z=2.
Sol.  Given system of equations is
3x+2y-2z=3,
x+2y+3z=6,
and 2x—y+z=2
In the form of AX=B

3 2 2|« 3
=1 2 3 |y|=|6
2 -1 1|z 2

For A™, |A|=[3(5)—-2(1-6)+(-2)(-5)|
=[15+10+10|=[35|#0
o A =5,4,=5A4,=-5,
Ay =0,A,=T7A4A,; =7,
A, =10,A, =-11,A,, = 4
5 5 -5 |5 0 10
cadiA=10 7 7| =5 7 -l1
10 -11 4| |-5 7 4

i 0 10
Now, A=292__" |5 7 _q1
A 35
5 7 4
ForX =A"'B,
X 5 0 10 3

|
~Lls 7 Z11lle

Y1735

2 57 4 |2



15+20 35 1
:i 15+42-22 :i 351=|1
35 35
—-15+42+8 35 1
~x=ly=land z=1
2 2 -4 1 -1 0

20. Given A=|-4 2 —4|, B=|2 3 4|, find BA and use this to solve the system

2 -1 5 0 1 2
of equations y+2z=7, x—y=3, 2x+3y+4z=17.
2 2 4 1 -1 0
Sol. Wehave, A=|4 2 —-4|, B=(2 3 4
2 -1 5 0 1 2

1 -1 0|2 2 -4 |6 0 0
~BA=12 3 4|-4 2 -4=|0 6 0=6]
0O 1 212 -1 5| 10 0 6

A 12 2 4
WBl="=—A=—|-4 2 -4 ..0)
6 6 6
2 -1 5
Also, x—y=3,2x4+3y+4z=17and y+2z=17
1 -1 O x 3
=2 3 4| y|=|17
0 2| z 7

1r

17

0
4
2
2 4] 3]
:é{—4 2 4 {17 [using Eq. (i)]

2 -1 5| 7]
6+34-28 12 ] 2
:l -12+34-28 :l —6|=|-1
6-17+35 | 6 24 | 4
nx=2,y=—land z=4
a b c
21. Ifa+b+c#0and |b ¢ q|,thenprovethata=b=c.
c a b




a b ¢
Sol. Wehave, A=|b ¢ a

c a b

a+b+c a+b+c a+b+c

= b c a |[- R—>R+R+R]
c a b

1 11

=(a+b+c)p ¢ a
c a b
0 0 1

=(a+b+c)lb—a c-a a|[-C —>C —-C,and C,—C,—C,]
c=b a-b b

Expanding along R,
=(a+b+c)[1(b—a)(a—b)~(c—a)(c-b)]
=(a+b+c)(ba—b2 —a’ +ab-c’ +cb+ac—ab)

27(a+b+c)><(—2)(a2 —b*—c* +ab+bc+ca)

=—-(a+b+c)|a*+b*+c* —2ab—-2bc—-2ca+a* +b*+c*
2
:—l(a+b+c)[a2+b2—2ab+b2+cz—2bc+c2+a2—2ac]

:_?l(a+b+c)[(a—b)2+(b—c)2+(c—a)2J
Also, A= 0
:_?l(a+b+c)[(a—b)2+(b—c)2 +(c—a)2}:0

(a=b) +(b—c)" +(c—a)’ =0 [ atb+c#0, given]
=a-b=b-c=c—a=0
a=b=c Hence proved.
bc—a® ca-b> ab-c’
22.  Provethat|ca—b" ab—c® bc—a’| isdivisible by (a+b + ¢) and find the quotient.
ab—c* bc—a’® ca-b*
bc—a’ ca-b> ab-c’
Sol. Let A=|ca-b> ab—c* bc—a’

ab—c* bc—a® ca-b*



23.

Sol.

bc—a*—ca+b® ca-b*—ab+c* ab-c’
=|lca—b*—ab+c* ab-c’—bc+a® bc—-a’
ab—c*—bc+a® bc—a*—ca+b® ca-b’
[ C,—C-C,and C, —>C2—C3]
(b-a)(a+b+c) (c=b)(a+b+c) ab-c
= (c—b)(a+b+c) (a—c)(a+b+c) bc—a’
(a—c)(a+b+c) (b—a)(a+b+c) ca-b’
b—a c-b ab-c’

:(a+b+c)2 c—b a-c bc-d*

2
a—c b—a ca-b

[taking (a + b + ¢) common from C: and Cz each]

0 0 ab+bc+ca—(a2+b2+cz)
:(a+b+c)2 c—-b a-c bc—a*
a-c b-a ca—b*

[“R ->R+R+R]

Now, expanding along R,

=(a+b+c) [ab+bc+ca—(a2+b2+c2)(c—b)(b—a)—(a—c)1
:(a+b+c)2(ab+bc+ca—a2—bz—CZ)
(Cb—ac—b2+ab—a2—c2+2ac)

:(a+b+c)2 (a2+b2+cz—ab—bc—ca)

(a2 +b” +¢? —ac—ab—bc)

:%(a+b+c)[(a+b+c)(a2+b2+cz—ab—bc—ca)}

[(a=b) +(b=c)' +(c=a)’|
:%(a+b+c)(a3+b3+63—3abc)[(a—b)2+(b—c)2+(c—a)2J
Hence, given determinant is divisible by (@+5b+c) and quotient is
(a’+b"+¢° —3abc)[(a—b)2 +(b-c)’ +(c—a)2J

xa yb zc a b ¢
If x+ y+z=0, provethat |yc za xb|=xyz|c a b

zb xc ya b ¢ a

Since, x+ y+z =0, also we have to prove



xa yb zc a b c
yc za xb|=xyzic a b

zb  xc ya b ¢ a

xa yb zc
~LHS=|yc za xb

zb  xc ya
= xa(za.ya—xb.xc)— yb(yc.ya— xb.zb) + zc( yc.xc — za.zb)
=xa (azyz - xzbc) — yb(y*ac—b*xz)+ zc(czxy - zzab)
=xyza’ —x’ abc—y’ abc+b’ xyz+c’ xyz—z’ abc
=xyz(a’ +b’ +c3)—abc(x3 +y + 23)
=xyz(a’ +b’ + ) —abe(3xyz)
[ x+y+z=0=>x"+y +7° —3xyz}

=xyz(a’ +b’ + ¢ =3abc) ...(i)

a b ¢ a+b+c b c

Now, RHS =xyz|c a b|=xyzla+b+c a b|[-C, —C +C,+C]
b ¢ a a+b+c ¢ a
1 b ¢

=xyz(a+b+c)l a b

1 ¢ a

[taking (a + b + c) common from Ci]
0 b—c c—a

=xyz(a+b+c)|0 a—c b-a

1 c a

[“R >R -R,and R, > R,—R,]

Expanding along C;,
=xyz(a+b+c)[1(b—c)(b-a)—(a—c)(c-a)]
=xyz(a+b+c)(b2—ab—bc+ac+a2+cz—2ac)
= xyz(a+b—+—c)(a2 +b*+c* —ab—bc—ca)

= xyz(a3 +b +c —3abc) .(iD)

From Egs. (i) and (ii),

LHS=RHS
xa yb zc a b ¢

=|yc za xb|=xyz|c a b| Hence proved.

zb  xc ya b ¢ a



