Exercise 10.4
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Q5E

Consider the polar curve

r=\o

First sketch a graph of the curve enclosed by the region need to be determined.

Find the area of the shaded region of the cardioid y =]+ ¢cos8:

From the graph, observe that the region enclosed by shaded loop is swept out by a ray that
rotates from =0 to #=mx.

Recall that,
The area of the region bounded by the curve r=f[.9‘] andbytherays @§=gand @=5b15

A=Er’dﬂ



So, the area of the region bounded by the curve » =1]+cos# and by the rays
@=0and #=nx15

A=['3[rT a6

[ AT

j‘.’:ﬂdg

b | =

o ir
l,g!l Use power rule
2

:%{gff _%(u}z] Apply the limits

Thus, the area of the shaded region is .

Q6E

Consider graph of the polar curve p=1+cosé#




Find the area of the shaded region of the cardioid y =1+ cos@:

From the graph, observe that the region enclosed by shaded loop is swept out by a ray that
rotates from #=0 to f@=nx.

Recall that,

The area of the region bounded by the curve r= f (ﬁl) and by therays @=gand =015

S0, the area of the region bounded by the curve r =]+ cos# and by the rays
f@=0and @=x15

= [~(1+cos6) 6
12

rI: 16 +2| " cosBd6+ | cos’ mg) Use [Kf (x)dx=k| f(x)dx

HI-—-

MI—

I HH+ZI cos8dd + L [M}iﬂ] Since: cos® @ = | +cos 28

; [ 1d0+2[ cosbdo+ [ 2 ~do+[’ [mm)dﬂ]

Use JI.?‘ "'g”_‘l_’:}n{‘r = J _f'{_‘l.']fil"" J gl_\'}d_‘r

[_[ ~d6+2(  cos0df + j[““"”}m]

=— 63+Esin & +sin 28
8

= -l;v[ﬁ(x] +8sin 7 +sin 27 —6(0)+8sin(0)+sin 2 (ﬂ}]

3%
+t

Therefore, the area of the shaded region i5 |—




Q7E

Consider the polar curve

r=4+3smé

First sketch a graph of the curve enclosed by the region need to be determined.

r=4+3sinéf

-12+

It is required find the area of the shaded region shown in the above figure.



By observing the graph notice that shaded region is the region enclosed by the curve

r=4+3sin@ is swept out by a ray that rotates from @ = _% 1o 9= %_
Therefore, the area of the shaded rEgiDﬂ is

A= r i l{-=I+35m|$il‘] dé
=%I::{Iﬁ+24sin9+95in=H)dﬂ

=lj“" [Iﬁ+24sm&+9( Wszg]]da
2d-an 2

| —cos 28
-5

Use the double angle identity sin” @ =

=1J"" I:I6+2451nﬂ+2—9mﬂﬂ:|dﬂ
2d-an 2 2

1 p=2| 41 9 R
=— —+ 245108 —-—c0s 28 dE Simpl
2_{_:-‘2[ > 1 > plity

Continue the above steps.

A:%[Ei’”dﬂ [ 24singae- | —ms!ﬂdﬂ]

Use J[-’r +g)(x)dx= J‘_f'{.‘r]:ﬁ' + |e (x)dx

[ | dﬂ+24_[ smﬂa‘ﬂ-—j ms!ﬂdﬂ]

Use [(kf)(x)dr=k[f(x)dx

(41, e 9[sin20 "
2rer” +24[-cosO]? -2
oy, aonol”, -3 22|

bt | =—
I

bd | =—

2|2 2 2 2

S

Apply the limits
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b | =
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Q8E

Consider graph of the polar curve r =sin 26

Find the area of the shaded region of the four-leaved rose r =sin 28

From the graph, observe that the region enclosed by shaded loop is swept out by a ray that

rotates from 8=0 to 9:%_

Recall that,

The area of the region bounded by the curve r= f(#) andbytherays @=gand #=b IS

A= i%r:dﬁ



So, the area of the region bounded by the curve p=gipn2# and by the rays @=0and # =§

is

(sin 2&}3 dé

o,

I
D Sy 1 | 1
b | =

(sin* 26)de

]
i e 1 | 1
b | =

| —cos48

[ﬂ] J@ SINCe- sin® 28 = -

2

b | =

]
i i |

(1-cos46)dg Since: [&f (x)dx=k[ £(x)dx

[}
| —
ﬁ‘-——.l-ll-ll

| =
] L

(g_sin40 ]E Apply integration
4

4
X T
smd[—) in0

x___\2) _(n_%] Apply the limits

o | =
[
4

(& sin2x

2 4

o | —

J—D] Since: sin0=0

i

N

\

%_ ﬂ]—ﬂ] Since’ sin2z =10

Multiply

Therefore, the area of the shaded region is E|



QO9E

Given r=2sin &

The sketch of this polarequationis

Observe that this is a circle formed by 0 < #<

=2.lr4sin“9da
2 0

417 fsmngdgzﬁ_ﬁ_",
2 2 - 2k 2k-2

| L
B | =

o | 5



Q10E

Consider the curve p=1—sind
Sketch the graph of the curve is shown below:

g="4
2

=T

Observe that the rotation of the entire curve takes place when (<8 <2x

The area of the polar curve r = f(@) in the interval [a,b] is

el
A=!Erzdﬂ



Therefore, the required area of the given curve is

b
rl

A=|—-rdé

[ (1-sing)’ d6

I
iy

(1-2sin@+sin’ 8) d6
=1I[1-Zsinﬂ+ﬂ)dﬂ
2, 2
=i](2—45in£’+l—mslﬂ‘]dﬂ‘
L]
]Z.:
=— [(3-4sin@-cos26) d6
!

Therefore,

A= l(sm 4cos@ - s‘“m]
4 A

= %[{6;: +4-0)—(0+4-0)]

= l67]

3T

2

I]Ems!?dﬁ}

1]

187 +4- 4]’ cos’ 8 d+12(sin(27)- Sm{ﬂl}}

{ - cos’ @ is an even fum:lmn)

_-I-{IB,T 16- l.£+12(l_l)} e J-Sin-l Edﬁ— H 1'1;&' 3‘ B
2 2.2 )

=1lx

2k 2k-2
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Given polar equationis r=443sin &

Its skeich 1s

1
Jﬁrea.d:_[ﬁrndﬂ
2x
|
1]

(4+3sin &)° d8

(16+951n a+24sm9) a8

Mln—h Mln—t B | =

=|—|h"’ =|—|h"‘

16 d8+— jgsm 8d9+= jz4smada
=2

_3(2:r—u)+§-4- | sin® #48-12(cos(27) — cos(0))

sin” & 15 an even function, we changed the limits

=167+18- 1-5—12(1 |- fsm“ﬂdﬂ—& 126-3 31=
22 ! %k 2%-2 42 2
4l

2
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Consider the following polar equation:

r=2+sin4#

The objective is to sketch the curve and find the area that it encloses



The sketch of the curve is shown below:

The rotation required is )< @< 2x.
The formula for the area A of the polar curve is,

1
.4=[5r= de

Use the above formula to find the area of the given curve.




Therefore, the area of the polar curve is,

%(l +sin 4&} da

(4+4sin4&+sin-‘ 46)d6

ir
=

de

[4+4sin4ﬂ+ﬂ]

ir
'[E+4sin4ﬁ—ﬂ]dﬁ'
2 2

9 singg 1~
—8@—-cosd8 -
2 16

l
2

_1 (3{2x]-msax-5'“]6“}(0—@0-5'““]]
2|2 16 16

=%{9§—1—0+]+ﬂ}

Or
2
) ) Or
Thus, the area of the given polar curve is | 4= T

Q14E

Area in polar coordinate is calculated by area of a sector of a circle and is given by;

r’e
2
And the curve of equation

A=

r=azxbcos(8)
r=axbsin(8)

Is known as cardioids.



Given polar curve is
r=3-2cos48
The rotation require is;

0<8<2x

Its sketch is given as;

x
7 r=3—2-cos(48)

il x
4 T x
kS T | D I | 0
0 1 3 4
4 i 4
A,
2

Area of the curve is;



t1
A= _[Eﬁda

%{3-2:0546'}2 de

I

Il

ot

{9+4m’4§-12m54&) de

Il

b | =

ix ir ix
{jw&mj ms*wdﬂ-lzlmswdﬂ} (1)
[1] L] 1]
Consider
[ cos® 40 d6
L]

Suppose
40=1

dﬂ:ﬁ
4

Therefore

Tcns’dﬂdﬁ‘:Tmszl%

=&*I6*Tmsz.r dt

= 4-

I
2

b | —

Use this result in (1), we get

> %{tsx+4£—ll(sm Sj:_ sin I]IJ}

=llx

The required solution is :
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Given polar equahon 1s 7= ..,,‘i+ cos’ (58)

Its sketch is

3
Area of the curve 15 Azlérzdﬂ

2

T ! (1ﬁ+cos“ (59)) a8
1}
I(1+cos (56'))
[1&9+Tms’(55) dﬂ}———[")
1} L1}
Consider Tmsz(ﬂﬁ) d8:

1]

Suppose S@={,dP = %

B=0=f=0
=2 >t=10x
2= 10x

ot
50, *(58) dg= o ol
0 Icos(ﬂ) lcos 5

=12
I COS°t df since cos® £ is evenfuncion
1]

l..i'||l—|I

I
da
o | =

=f2
-E _-_Imsugdg_zk ]. 2k — 3
2|4 2k 2k-2



Using this resultin (*), we get %{2?!47!’}

3r

5o, the required area is —

Q16E

Consider the region r =1+ 5sin 68

Graph of the region is shown below:

r=14+53sn 68
1!

Now to find the area of the region.

The area of the polar curve r= f(#) in the interval [a,b] is

el
A =Iirldﬂ



From figure, it is bounded between the lines =0,0=2x
Here r= f(8#)=1+5sin68

Therefore, the required area of the given curve is
1
A=|=r'dé
I3
] 25 . 2
=EL (1+5sin68) d@
:lr"(n 25sin’ 66+10sin 66)d0
2o
=lj”[| +zs['—'-—"‘f-]—2£)+ Iﬂsinﬁﬂ]dﬁ
20

2
= lrlr[z—?r+ 25c05129 +10sin ﬁﬂ]d&
270 \ 2 2

_1[27 _255in|23_|nmﬁeI‘

21 2 2x12 6
=l"{£(lxl_zﬁsinlz(2x) ) Iﬂmﬁ{lx}]_ﬂ]
2(\ 2 24 6 6

1]
2
Hence the required area is ETT“T ,
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Consider the curve p = 400538

Sketch the graph of the curve is shown below-

&




Observe that the region enclosed by the right loop is swept out by a ray that rotates from

T T
f=——1to0=—
6 6
The area of the polar curve r= f(8) in the interval [a,b] is

]
A= I%rldﬂ

Therefore, the rE:quirE:d area of the |DD|CI s
i

A= j—r’da
A 2
3

=/

= [ 3(16cos*30)d6

0%

Observe that for the upper loop requires 0to 77 / 2 rotation and the lower loop is from 7 to
3r/2



3
Area of one loop 1s Azl%rndﬂ

lrsinzﬂdﬂ

2 1]

suppose 23::,&6:%
f=0=£=0, E:%:&t:ﬂ
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Consider the curve p =sin48

Sketch the graph of the curve is shown below:

T
:"'_*

_3x



Now need to find the area of the shaded portion.
Observe that the region enclosed by the right loop is swept out by a ray that rotates from

9=0t0 0==
4

The area of the polar curve r= f(#) in the interval [a,b] is

¢l
A= [Eﬁdﬂ

Therefore, the required area of the loop is

2
i’ 5 =14
=l H__smﬂﬂ
4\ 8 4
1[( =
=—|| —=0|=(0-0
1 (5-0)-0-0)]
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2657-10.4-20E SA- 9514 SR- 5589
Given polar equation is = 2sin 58

The sketch of the curve and one loop of it is

&Y

For the rotation of entire curve it requires 0 to s and for one loop, it requires 2

-]
Area ofthe loopis A= I%r:dﬂ

4sin’ 50 d@

.I x5
2|

1xf i .
= J- cus{ ﬂﬂ} "~cos(2t)=1-2sin"1
2 o

l xS
= B——sinlﬂ&]
10

U]

2x

5




Q21E

First we sketch the curve

D=Tr'6 ) =11x6

How we have to find the interval in which the inner loop exists.

For this wetake r=0
= 1+25mm =0

= ﬂinH:—l
2

_Tx 1lx

= g 3
6 6

So inner loop lies between the lines #=777f6 and 8=117{6

Since curve 1s symmetric about the vertical polar axis. So we can find the area of

the loop by making double the area between &=7sf6 and &=37f2

EFy]

Then Area of the loop is A=2 12,4
T=ib
3axf2 5
Therefore A= [ (1+2sin8) a8
T=l6
3xr2
= [ (1+2(1-cos 26)+4sin 8) a8
Talb

3=f2
= [ (3-2cos28+4sin8)do

Tarb
=[30—sin 20+4(—cos8) |-
=[36-sin 26— 4cos ], g

= 3E_U_U_3_?_I+£_ﬂ
2 6 2 2
9 Faw 3

-\ 553

1-cos28=2sin*8
| ]



Q22E
Given the curve yp=2cosf# —sech:
The objective is to find the area enclosed by the loop of the strophoid p=2cos#-sec@®

First sketch the curve pr=2cos8-secd

r=2cos(0) —-l;ﬁcf 9)

First, find the interval in which loop exists
Forthis, taker=0

2cosf—secf =0
1

cosé
2cos°8-1=0

2cosf— =0

cos26=0 (since cos2f = stzg-t)

280 =x /2,—x [ 2(Since, loop is in first and fourth quadrant only)

g== %
4 4

So, loop isinthe interval —g/4<8<x/4



The area of the region enclosed by the loop is;
il
A=j-ﬁdﬂ

A= j ~ 2 de
—tl-
ol |

== j (2cos@-sech)’ do

—: 4
x4

=1 [ (4cos 0+ sec 6 4cosB.sec ) dB
27

Substituie cos’@ = ﬂ

_I_J- I+cor526‘ sectd—4 |do
2 —-x/4

2+2c0s20+sec’ 0—4)d6

Ml— ml—

-1
j (2c0s20+sec’ 0-2)d

—Lsin20+tan0-20]"
2 T4

l T 2x T T 2
A==|sin— +tan———+sm—+tan——_
2 2 4 4 2 4 4

:l[l+l+-£+l+l-£]
2 2 2

1
=—[4-x
l[4-x)
W
2 5
Hence, area of the region enclosed by the strophoid is 2_% !
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Consider the curves r=2cos#, r=1
The objective is to find the area inside the first curve and outside the second curve.

To find the value of @ at the intersections of the two curves, set the equations equal to each
other.

2cosf =1

cosﬂ':l

2

g=_£,£
33

Therefore 8 lies between _g <@ 5%_



The graph of the region is shown below:

&
74 2

Therefore, the required area of the region is

A =_[:%(r,= ~1?)do
= I_’:%({I cos@) —1° )dﬂ

= 3 s Si the function i 1
=2]- 11({21:05&]‘—['}:19 ince n_mntssymmeme
o 2 about the x axis

= _.:'-3(4 cos” & -1 }dﬂ

pal3

= [4[@] - I}iﬂ' Use the double angle formula

== 3
=], (1+2cos20)d0
= [S +sin IB]:}
W3
2

=
3




Q24E

Firstcurve, r=1-5mn &

Second curve, r=1

Then for the points of intersection we must have
l-snd=1
=snd=10
= 8=m 27

2=

hrea, =2 | [(1-sim ey -1 |ae
1x

[1—2sin 8 +sin* 8—1]d8
Il ]

(S I O
b ow

[—ESin H+%{1— Cos 29)]&5

2cos 8+ 1(9— S 23)
i 2 2 L

2([:05 27— [:os;rr)+ %(EH—H) - %(sm 47r—sin EJT)]
2(1-(-1)) +g]
2(2) +g]

=k+Z
4




Q25E

r*=8cos2¢ has two loops on x-azis
Andr=2 1is acircle at centre

Then for the points of intersection we must have
Bcos28=4

cos 28 =

oa |

W H D=

=28=

=8=

*|

=f6
Area =2 %[ [amsza—-d,]da]

—=x I

xIG
=2 %2] 4(2co52€—l)d9:|
L1}

= 4]{6 (2 cos 28 —l)d'ﬂ:l

=8[sin26-8f "

(s -200)-(£-)




Q26E

First we sketch the curves on the same set of polar axis

Fiz. 1

‘We see that both curves are symmetric about vertical polar axis, so the region that
lies inside the first curve and out side the second curve, 15 symmetric about
vertical azis.

So area of enclosed region 15

zﬂ 1 ] 2 zﬂl ] 2
A=2 | 5(2+sin8) de-2 | 5(3sin6) 6
1]

—-=f2

- T [4+sin’9+4 sinﬂ]dﬂ—’_i-zﬂsini 848

—x i LI}
=T =12
= | 4+ﬂ+4ﬁnﬂ]dﬂ—ﬂl(ﬂ)dﬂ
—-=F2L 2 L1} 2
=42 7 1 1 gxﬂ
= l 4+———c0529+45in9]d9——j (1-cos28)d8
—=fI 2 2 2 0
=f2 f =f2
= 2 _Lios26+4sin dﬂ'—g_[ (1-cos28)d8
e '\2 2 2 [1]
Fir : =f2
Therefore area A=[Eﬂ—lain 28—4cos 91 —3[9— 6 20
2" 4 n 2 2
9 9 9
=[—”—ﬂ—ﬂ+—”+ﬂ+ﬂ]——[£—ﬂ—ﬂ]
4 4 2] 2
_ 3w Sw_Sw
4 4 4

Or A:Q%
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First we find the points of intersection of the curves r =3cos 8,

We must have
3cosf=14+cosd

icosﬂz%

0=x3

¥
T
¥

»

So area of bounded region 1s

A:%i[ﬁmsa)’—(1+.:osa)’]d9
= I :9 cos?#—1—cos?8—2cos 9]&'5'

= [ [8cos* 8-2cos8-1]as

FYES
= [ [4+4cos 26 —2c0s8-1]d8
0

=f3
= [ [3+4cos 20 —-2cos8]d8
1]

=T
= 8(#}—2::059—1]&3 {cos26=2¢c0s* 61

r=14+cosd



So area of bounded region 15
a=1 T | Beos8)’ - (1+cos8)’ |ae
2—13
=3
= I [9[:0529—1—1[:0529—2[:05-9]&9
1]
=f3
= ] [acosﬂa—zcosa—l]da
1]
=3
= [3(@]—2.:059—1]&9 {cos20=2cos® -1
1]
=3
= [ [4+4cos 20— 2c0s8-1]d8
1]

=03

= [ [3+4c0s 28 -2c0s8]d8
0

[ 4sin 28 -
Therefore the area A=| 39+ 5’; —zsinal

" asin(27/3) _
_ +T—25m[:rf3):|

- :Jr+2(u'§.-"2)—2(q§f2)]=]£|

=|

Q29E

The equations of two curves are,

r=+3cosf and r=sin#

The objective is to find the area of the region that lies inside the both curves,
Sketch the curves , — .3 cos# and r=sin@ and locate the bounded region.

The area that lies inside the both curves is shown below:

_ T o
6=Z 3%y

r=sinf




Set the both equations equal and then find the limits:

J3cos@=sind

tan@ =3

T
==
3

Compute the area by using the area formula:
sl 5
A=| 3(r)d0
Substitute the limits in the integrals:

A= I —(sm&} d&+‘[ (J_cmﬂ)
A= %J‘j sin’ 0d0+ %J‘g cos® 0d6

Use the following formulas to obtain the area:

1-cos(28)
2
cos® 0= 1+cos(280)
2
Area between the curves:

sin® @ =

A= 3l(l—lmszﬂ)dmj}i[hlmsza]dﬂ
0202 2 =222

=

(1-cos(26))d6+= I(I+ms{2ﬂj) d6

]-

s
4

2 e i | B

1 1 . % 3 1. E
A =—(H——sm EH]:L +—(B+—sm IB]]
4\ 2 a2 "
I
A:l(i_ﬁ]...i[i_i_i)
43 4 ) 4l2 3 4
_x B 3z 3z 33
12 16 & 12 16
SI_E_J_
8 6 4
A=5’E—’E.
24 4

53\5

Therefore, the area of the region. 4=|—"_*—|
24 4




Q30E

Consider the curves r=1+cos®, r=1-cos#
The objective is to find the area that lies inside both the curves.

To find the value of @ at the intersections of the two curves, set the equations equal to each
other.

l+cosf@=1-cosd
2cos80=10
cosf=0
=>9=£.,3—I
2 2
Therefore @ lies between %5 &= 3{_

The graph of the region is shown below:

l1—-cosé@ 1+cosé

hat 2V

MNow, compute the area by using the area formula.
bl s
A=| = )dO
Ia 2[ ]
Since, the curve is symmedtric about the y axis.

So, from the graph using symmetry, we can set up the integral on positive y axis as. 0 to %

for y=]-cos@(redcurve)and X 1o zfor r=1+cos@(green) curve.
2



Substitute the limiis in the integrals:

o,

1]

Ia
15 Moy 1 |
o | =

(1-cos@) .|:|“£|'+]-:::r[t.'«:u(n‘}i‘+1}I de

z

(l-ma)’dmj(msanf dé

x

= A

r
]

1

.-l—'|1|l|

1

(I —2cosf+cos’ 9)dﬂ+i{] +2cosd+cos’ H)dﬂ'

= I[l—?cu&&+mﬂ&+—2]~)dﬂ+[(]+2cusﬂ+WEEH%;—)dﬂ
o x
= [-zsin 8+ T4 +1H1: +[19+ 2$in6‘+sin IH]
2 2 =
| 2
[ .(I) 31rj| [3;: [3:1' [x]]ﬂ
=||=2sin| — |+ — |+| ——| —+2sin| —
1 2 4 2 4 2
= —4+3—x]
L 2
Hence, the required area is —-ﬂl-y%'T i

Q31E

First we skeich the curve

We see that there are 8 symmeinical leaves enclosed by the curves cos 28
and sin 28 . For finding the point of intersection we must have

sin 28 = cos 28
=28=mwi4 =8=7i8

Total area of the enclosed region 15 16 times the area of the region 08 <7f8

bounded by the curve r =sin 282



=18
Area for the region A=16 | %(sin 28)" ds
1}

Therefore the area == A=4| 8-

= A=4|Z-

=A=4 ———]

Q32E

Consider the two curves

r=3+2cosf? and r=3+2siné

The area that lies inside the both curves as shown in below figure:

&

cos28=1-2sin* 8
| ]




To find the limits of integration,
3+2cos80=3+2sin@

cos@ =sin#

tanf =1

This occurs at E:i,s—ﬂ(nr-E—I]
4 4 4

To compute the area, use the formula

To find the area that lies inside both the curves, find the area inside one whole limacon and
subtract away the area outside the other curve.

Thus,

=
4

d=%](3+2m5&}zdﬂ—% [ (3+2¢0s6) ~(3+25in6)" do
LU 3z

-

4

[
b | —
]

(9+11msﬂ +4cos’ B)dﬂ-

1+cos28 1 -cos28

5

sSince. cos” @ = and sin" &=



Continuation to the above steps,

A=—|(9+12cosf+2(1+cos26))d6 -

L
2

sk

% [I2m5E+E(I+ms?ﬂ)—l25inﬂ—2{l—ms?ﬂ]]dﬂ

. | '\ﬁl‘—-—‘ﬁlh

Simplify

=l]-(9+12msﬂ+2+2m52ﬂ]dﬂ‘-
24

% [lzcose—]zsin9+2+zmw—z+2cmza]da

,._l'l-"l-—..hl-lq

Use distributive property
ix 1
= [ (11+12c056+2c0526)d6 - [ [12c056-125in 6+ 4cos26]d6
o 3
4

Simplify

-l-lil

—[l 18 +12sin & +sin Eﬁﬁ ——[IEsmH+ 12cos@+2sin EH]

Apply integration
Apply the imits,

Az%[“{zf)-n]-% [Iz-s'm[%}:2‘:“5[%]*:“2[%]]_ -~
_[Il.sin[—-a-)+|2cos(——i—-]+ zsinz(—T]]_

12-£ I2-£ 2- 1] “

=%[22}:r]—5 ) 5 5
12-[-—-]+12[--——]+2-l]
[\ 2 2 |
=1L¢—l[6~ﬁ+6£+2+ﬁﬁ+ 2 —2]
2
=1z-1242

Therefore, the area that lies inside the curves p=3+2cosf and r=3+2sinfis

Hz-1242
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The objective is to find the area of the region that lies inside both curves ,2 = gjp 2@. and
r* =cos28

5

The two curves intersect at @ = ?

»

oo |

Figure showing the area of region:

Y
A

1.2+
0.961
0.72-

¥ =sin26

—t—>X
— 1.251.51.75

Total area=2(area that lies in first quadrant) (By symmetry) ... (1)

From the figure observe that the area in both the curves in the first gquadrant is twice the area

covered for <@ 5% in the curve rz =sin 28

b
The formula for the area of a region in polar coordinates is given by A= %J'rzdﬂmr r= f(6)
@

where the angle @ goesfromatob



So area in the first quadrant is given by;
(Sim‘:f: r* =sin 19)

Eié{sm 20)d6

Now from (1) the total area that lies in both the curves is;

(38

YER)

]
il Ty
J—
|
)
| S—

T
| —
2,



Thus, area that lies in both the curve is given by (1 -%\E ]

x

4=2 E(msz&)dm j (sin20)d6

u

o,
I
|
B
=
[
-
L] e |
|
b | =
(]
¢
—

1| F g
A_S sm( ]mn[ii] ( )+ms{l‘.}}]
A=l - —2 +l]

2_ 2

1-.

A=3_1-JE]
P

2 2

Thus, A=l_£
2 2
Q34E

We sketch the curves r=asin & and r=bcosd

r=bCos0

Fig. 1



For finding the points of intersection we must have
asind=bcos8

singd &
— =—
cosd a
:}tanﬂ:% :}E:tan‘l(%)
Area of shaded region
m{aml 2 = 2
A= [ —(asing)'do+ | —(bcos§)'ds
o 2 B f2)
2 (B X af2
== [ sn’8dog+— [ cos’ode
2 L] (35
2 tn'@/a) 2 an2
1-cos28 b 14cos 28
JET Tlees28 4 BT Lo
% 3 2 2 i) 2

2 : (32 3
Thus A= 2| g 5027 +& e+
4 2 4

sin28 [

2 43
o B 1 )
+—| —+0-tan™ — ——sin| 2tan™ —
412 a 2 a

4

2 2 2 2 2
% an 2 12 % n[2t0 2] sin[ 2t 2]+ 2F

4 a 3 a 8

= @tan_l Z_ —(al ), sin [2 tan™ E] LB

4 a 8 a 8
) b b b
But sin [2 tan —] =2sn [tan_l —) COS [tan_l —]
a a a
=2sin 8 cos
_5 b a
Jai +& \-'raﬂ +&
_ 2ab
a® +b°




(-8") b o480 22 Bz
—— T P T3+

4 a 8 a'+b 8
_a*-b¥ b ab Pw

A= tan” ——+—| a>05>0
4 a 4 3

Therefore A tan

Q35E

First we sketch the curve r=%+cos£’

=cosf=——
e T
3
Area of shaded region
'2.31 1 2 T 111 2
A=2 _[ —| —+cos8| dB - _[ —| —+cos 8| d&
1] 2 2 2132 2
225361 rl
= (E+cosjﬂ+msﬂ)dﬂ— I (4—+c0519+msﬂ]d9

2xf3 =
(14122 s cso)ao- | (147021 con)as

1] 4 2=13

Here we used cos28= 2cos” 8—1

2xi3
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2z3 =
Therefore A= I E+ll::-::r5215'+[:ut:~515' g8 — I E+lc0529+cosﬁ' g5
4 2 4 2

1] 2=

3
= E5'+lsi_|:l2.‘5'+5i1:115' - E5'+lsi1:l2.‘5'+5i:|:115'
4 4 4" 3 .

(3 2w 1 . 4w 27| |3 3 27 1. 4w 27
:_E ?+55m? sm—]—liiﬂ'+ﬂ+ﬂ—(1 ?+Esm?+sm—):|
=_12—r+4l(—~.§.-‘2)+(\5f2)]—[%—%—%( J3r2)- (J_IE)]
|7 £, B 7 B +E]

2 8 2 4 8 2

' 35
=_I+T]

Putting r=20
=1+ 2cos38=0

=Z2cos38=-1
—cos3F=-1/2



So art:a of the region between a large loop and the small loop 1s
4219 4

A=2 1+ 2cos38) 48— 1+ 2cos38) 48
I =( Y I =( )’

1:1'9

T 1+4cos? 39 +4cos 38 dﬂ——hﬂ 1+4cos® 38 +4cos38) 8
0 2, .EI
2z ’1 4x 0

= | (1+2(1+cos 68)+4cos36)d6—— | (1+2(1+cos68)+4cos 39)dd
1x 59

Here we used |cos28=2cos’ 8-1
2afB 1-‘-:5

= | (3+2c0566+4c0s38)d6 - | (3+2c0s 66+4c0s36)d8

L1

2=/

1 4 i | 1 4 el
Thus A=| 38+ —s5in 68+ —s51n 38 ——| 384+ —s51n 68+ —sn 38
3 3 2 3 3 b
[ 2= 6:25 4 . 23] 1[ 4 1 _6xdy 4  Ixds [ 2y 1 bxds 4
=|3x —sin—|——| 3 b —@n b —sin E3 F—@n
o o 3 3 2 9 3 o 3 o 9 3 o 3

(4x 1 8w 4 Arx]
—+—smn—+—-smn——

5 3 3 3 3

4::1J§+4—J§_
E B2 )3l

Ld

Ll

Ld

Ll

Ll
['~-.'-'In—I m|.—n

elan
3
3
T2 ]
3[27 1{-3) a3}
T2
3
2

=—| =4+ —|+=|=1|I-
13 3L 2] 3|2 !
_3l2x, B 1fax B
203 2| 213 2
I
4 3 4
a
=—+
3

2=
3

5
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Consider the two curves

r=1+sinf and r=3sin#

The graph of the curves r=1+sin@ and r-3sin &35 shown below

3

From the graph, observe that there are three intersection points.

Also, one of the indicated by 1 on the graph is the onigin.
To find the other two intersections, let
1+sin#=3sind
~2sinf#+1=0 Subtract 2?sp# from both sides
—2sin@ = -] Subtract 1 from both sides
2 sin @ =1 Muliply both sides by -1

sind = % Divide both sides by 2.

On the interval {)5355. = E

2 6
On the interval %5351_ g:jﬁi



To find r. substitute @ values in either of the equations.

r=3siné
=3.1
2
-
2
Thus,
3
r=—
9
Thus. the other two points are (E,i) and (Es_f]
26 2 6

Since the value of gthat satisfy both equations between Q< ﬂg%iﬁ 0= %_su the point

indicated by 3 on the graph is [%%)

Since the value of gthat satisfy both equations between % <@<zis 8= 5?” so the point
. (3 5x
indicated by 2 on the graph is .

Therefore, all points of intersection of two polar curves y=1+sin@ and r-3sin@are

{n,n),(%,%] and [%%‘]
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Consider the two curves

r=l-cos@and r=1+siné

The graph of the curves p=]1—cos® and r =1+ sin & as shown below:

3%

r=1+siné

r=1—cosé@

From the graph, observe that there are three intersection points.
Also, one of the indicated by 1 on the graph is the origin.
To find the other two intersections, let
l-cos@=1+sinf
sinf =—cosé
tanf = -1
3x

4

on theiniewal%gggm =

Iz

On the interval 3{5352;. =



To find r, substitute @ values in either of the equations.

r=1+sinf

: (31]
=1+sin| —
4

Thus, the other two points are [

2+Ji,3i and
2 4

2-2 Iz
2 4

|

Since the value of gthat satisfy both equations between %5 @<xis = 3%,50 the point

indicated by 2 on the graph is [

indicated by 3 on the graph is [

2+~.E3_:r
2 "4 )

|

Since the value of gthat satisfy both equations between J?I <8 <?r

E—wﬁ I} 3
2

_}

is 8= ?,sn the point

Therefore, all points of intersection of two polar curves r=]+sin® and r-3sin#are

(00)] 2

2+J_ ix

"4

)=

2

2-\2 7z

T 4

].
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Consider the two curves

r=2smn2# and r=1

The graph of the curves p=2sin28 and r =12s shown below:

34

r=1 34

r=2s1n28

To find the intersection points, let

2sin26 =1
si111||5“=l
2

o _ES_IS 17x

T 6 6 6 6

212712 12



To find r, substitute @ values in either of the equations.
r=2sin28
1
=2~
2
=]

Thus, the curves have four points intersection-namely

LN = ()

These can be found on the graph using symmetry

3*
r=1 .
r=2sin26
+ =
2. - 2
4

Q40E

We skeich the curves r =cos 38, r=sin 38

Fig.1



For the points of intersection we must have
cos 38 = sin 38
=>tan 38 =1
38=mi4, Srrfd, 97xid, 13xi4, 1iaf4, ...
Then A=m/f12, 57rf12 97f12, 132112, 177412, ...

Cormresponding points are
(uJE, ;rnz),(—uﬁ, ﬁ:rnz),(uﬁ, g:rnz),(—uﬁ, 13m'12),[i, 1?m*12),...

But from figure we see that there are only four points of intersection
|(1.*J§, ;"ﬁ'l?),(—”q’i 5:::12),(1;..:‘5, S'rr.-"lE), and the pole

)

Q41E

We sketch the curves r=s51n8, r=simn 28

Fig.1
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For points of intersection we must have
sin 8 =sin 28
= sinf=2sinFcos & (sm 28=2sn Hcﬁsﬂ)
=sinf-2sinfcosf=0
z}sinﬂ(l—EcosH)zﬂ
=sanf=0 or [1—2::059):[]

=8=0, or cos&@=1/2
=8=mf3 513, Txi3, ..
So points of intersection are  (0,0) [?g}

But from figure we see that there in one another point of intersection

(%)

So there are three points of intersection [E E}(g E?H] and pole]

For points of intersection we must have
sin 28 = cos 28
=>tan 28=1
=28=m/i4, dafd, 9nid, 13xf4, 1'inf4, .
=8=mxf8, S5xi8, 9mi8, 1378, 177i8, .. ...
= 8=mf8,97/8 (

since points of intersection )

lies in first and third quadrants

Cotresponding points are (uﬂi, :rfa),(u{.-‘i, 971/ 8)

From the figure we see that both the curves are passing through pole.
But from figure we see that there are only three points of intersection

|(1f#§, #18),(1/4/2, 9718) and pole

Fig.1
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~ - & B . = 2 T T
Consider the cardioid p =]+ sip#and the spiral loop » = 23__‘_53-:_:’__
2 2

Find the points of intersection using graphing utility-

Step1: Press |MODE/| key then set calculator as Pol mode

Step2- Press |1.r=| key then enter the function and polynomial as

r,={1l+isin| X.T.0.n

The display as shown below:

el

Flakl Flotz Flotz
w1Bl4sinig)
~rzBZ28

“E=

“hy=

“E=

“FE=

Step3: Press |WINDOW/| key then set window setiings as follows:

[ THDOL
Brmin=-3.141592 .
Brmax=3. 1415926
Bster=.1
Amin= -4
amax=4
wec1=2

Lmin= -4




Step4: Press iGRAFHl key. The display as shown below
=20

4

r=1+siné

Step5: Press TMCE| key Use the right and left arrows to travel along the curve.
Find two intersection points by placing the cursor to near the points of intersection.

The display as shown below:

51=:l+:im:ﬁ:1

E=1.7780502 la=z 25321y k=1.77z10B89 |a=_HBZiE=

Thus, the values of g are | =0.89 and & = 2.25|

The area that lies inside the both curves as shown in below figure:

4




To compute the area, use the formula
B
A= I—r:dﬂ
)2
From the graph, the area lies inside the both curves p =1+sin& and r = 28ffom 0 to %is,

1 poss s 12 . 2
A=E-L (26) +EL;0{I+smE}

Since the region is symmetric about the vertical axis @ =

b | B

A= z[%]‘:“(wfdm%ji(: +sinﬂ)2dﬂ]
- z%[ [ (20yd0+ Eﬁ{nmﬂ)*dﬂ]

= I:”(lﬂ]zdﬂ+]§m(l+sin 8)'dé

To solve this integral, use CAS.
The maple input command:

Int((2"theta)"2. theta=0..0_89)+int((1+sin(theta))*2 theta=0_89_pi/2);

Output:
> inf (2-0).0=0_0589) + ind (1 +s:iu[lll]2,ﬂ=“—3"--%]¥
3.464526362

Therefore, the area that lies inside both curves y =1 +sin# and r = 2@ is approximately
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In a live performance, we set up the microphone at the pole, 4 meters away from the
stage_ and grven that the pickup region 1s 7 =8+8sm & . And we need to find the area the
First we sketch a graph to see which area we need to calculate, and the light blue region
15 the area we need to calculate:

stage

First we convert the function ¥ =4 to the polar coordinates. we get:
rsm&d=4
4
T=_—
sm &

To find the region of &, we need to find the value of # at the intersections of the two
curves, we let:

4

ST

= =8+8sméf

—=8sin’ §+8sinf—-4=0

:;.ﬁr:E
:Mg:-l[ﬁ]
2

The light blue area from the graph above, we can find the interval of 6 of the sum of the

mlandmlwhi&is_l[ﬁz_l}iﬂii%_



To find the area bounded by two polar curves, we let "R be a region, that 1s bounded by

curves with polar equationsr = f(8). r=g(ﬂ}= f=a.and @=>b_ where
f(8)=g(6)=0.and0<b—a<2x.

To find the area, we need to use areas formula in polar coordinates:

The formula for the area A4 of the polar region R 1s

a=[2Lf(6)] do

In this question. the goal 1s to find the area 1, then multiple by 2. To calculate the area 1.
we can find the sum of the area 1 and area 2, and then subtract area 2 to get the answer.
The sum of the area 1 and area 2 is the area bounded by the curve r=8+8sm@.

sl sin-‘[‘ﬁ_l]gaif_

2 2
So we can calculate it by using the formula and then get:

=

Al+A:=éJ'_5 . (8+8sin6)'d6

"“'ISTJ
ZHE{ iﬂ(uzsﬁnmm} 6)d6
{1+zm&+ﬁ}ie

=lﬁji_=i,j_1‘.i{3+4sinﬂ—m52&]d§

= 32]';, Ba

Continuous to the above

=15[3§—4m3—%23 F

16

2

el

~ 244 83936




From the graph we can see that area 2 1s a tnangle, so we can calculate the area of 1t
using the formula-

1
— ~bh
4=3

-

1 4
2 tan

&

=~ 20339678

Hence, we can calculate the light blue area that we need:
A=2(A4+4—4)
=2(244.83936—20.339678)
=448 9904
So the area on the stage also within the pickup range will be approximated 448 9994 m?|

Q45E

Given r=2Z2coséd, 0=8=x

For the entire rotation, 0= 8 = 7r1s enough



dr

) 2
The arc length of the given curve 15 L=I r2+[E] a8

Herea=0and &=

r= 2c055,£:—25in5

© L= [ {J4cos? 6+(~2sin 6)’d®

|
[Vaas
0
=248
0
=[26]
=
Q46E
Consider the function:
y=f(x), asxsbh
The derivative of the above function ' that continuous over the closed interval [a,b]. so the

formula used to determine the arc length of the curve is:

L =i ]+(%)3it’

o

Consider the function:

r=5° 0<0<2x

Substitute the values in the formula of arc IEngth as shown below:
a=0
b=2x

Consider the function shown below:

r=5"
Inr=8In5

=5'In5

S0, the value of the derivative is:

ﬁ:s"ms
de



Determine the arc length of the above curve:

r+ (i]dﬂ'
U da

5" +(5"In5)"de
= .,h +(In 5}*?5”&3
= ,,h+u{|n.5}2 i ]_,

In5 ],

= J1+(In5) 5 _1]

In5

]
[}
B e

Il

Evaluate the value of L is:

L=29.016

Hence, the length of the polar curve is |29.016]-

Q47E

We have the polar equationas r =& then l;i:EH

The length of the polar curve 15

L=:_'|:J|:H’)2+(29)1 e

iz
= [ V&' +4¢ do
1]

=Ta & +4 48
0

Substitute F+4=u = 2848 = du

8=0 =u=4
n
=2 =u=471" +4



] R e e A e e e e

Q48E

Consider the curve r =2(1+cos8)

The graph of the curve is shown below:

E:%‘
r=2(1+c05 6‘)
(49
O=x 9:n
="
2

Observe that the red dot on the curve is the initial point and final point. So. ¢<@<2rx-

Always, the length of the curve with polar equation r= f(#). a<@<b.is

L =I ’r: +[%]:dﬁl



sSince r=2(1+cosd)
Then i =-2sinf
de

Therefore, the required length of the curve is
L= I ‘,'4{1+|::|::|n:sn§\‘]I +(—2sin H)zdf?

- 'J4{1+zma+m39)+4sinfada

= [ J4(2+2cos0)d0

0

2=
=2J5.j J+cos@ dé
1]

=2J§'EIJ|+H!S9 dé since .f]+cos@ is an even function.
1]

Since cosf?:lcus’g—l

So, I+m5£?=2cns:g

Therefore,

L= 4J_IJEJH

_sj‘ms de

=S[lsinﬁ]
2/

=16(1-0)

.m
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Given polar curve is r = cos® [g]

Its sketchis

The antire rofafion remires AT wite

Ohserve that the curve is symmetric about X axis.

So, the length of the arc abowve X ams is equal to the length of the arc below X ams.
For the rotation about X ams, the angle required 15 27 units.

So,
& 2 ix 2
L= r2+[£] a8= | r2+(£) dé
! a8 ) a8

1x 2
=2] r2+[£] g
! FY:

Ohserve that the curve is symmetnc about X axis.

So, the length of the arc above X a=zis 15 equal to the length of the arc below X a=is.
For the rotation about X azis, the angle required 15 27 units.

So,
3 2 iz 2
L=| jr*+ z ag=[ ir*+ LAy
! a8 ! a8

1x 2
=2] r2+(£) dg
! e



1z "
= 2] cos® E] +cos® [E] sin? (E] d8
o 4 4 4
2= (
= 2[ cos® E] {(cos® (E)+smn(g} d8
i 4 4 4

1x "
= 2] cos® E]dﬂ
] 4

Q50E

Given polar curve is 7 =cos” [g)

L

The curve requires 27 umits of rotation and 1s symmetric about X azs.
So, the length of the arc 1s twice the length of the arc above X a=:is.

The arc above X ams requres # units of rotabon

F.) d?' 2 = d?' 2
So, Length Z = 2| JA +| — | 28=2| 7 +| — | 22
o Length ! 4 (dﬂ) ! B (d.ﬂ)

= 2’ J{:os‘ [E\.I +cos’ [E) sin” [E] d8
. 2 7 2
[Eﬁ'I {-::-::ns2 (E) +sin? (E]} g8
2 2 2

0
z 3
= 2[ cos? [E g8
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Given polar curve 15 7 = cos 28

Its graphis

The entire rotation requires 277 angle. For the red color part of the curve requires 77 /2 rotation
and it 15 easy to see that 4 such curves are required for the enbire rotabion.

Length
& 2
L=[ +[£] s
! 48
= T J(cos28)’ +(~2sin 26)" a6
LI}

= T,ﬁ+3sin2 (26) d8

As we have been directed to use the calcuator for this integration, the answer is 2.4221
Q52E

Given polar curve is r:tanﬂ,%riﬂi

-2

the entire curve requires 27 rotabion and the piece of red curve is the required one between

rF 3 Fi 3
=g

6 3



2 g
I L2
Length of the curve is L_.[ i -I{E) e

= T’Jtim2 S+sec 848
=f

= [1.5302997]

Q53E

Gwven polar curve 1s 7 = sin(5sin &)

The graph of the curve s .

For the complete rotahon, the angle required 15 71

%
o
¢
5
&
=
—_—
g
[
+
pefie,
| &
—%
ki,
il

Jsin“(ﬁsina)+[ﬁ cos 8- cos(6sin8)) d8

Jsin’(ﬁsine)+3ﬁ cos” &-cos” (6sin 8) 48

J1+35c05* 8-cos (6sin 8) 48

Il
e iy ey O Ry

I

e
=
=
v
[
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Given polar curve is r:sin[g]. Its graphis

-

1
R
i

WINCY A

N

1

For the entire rotation, the angle of rotation required is 8
We can easily see that the enbire curve is symmetnic about the ongin
So, we calculate the length of the curve in one quadrant and multiply with 4 to get the total length

of the curve.

Using calculator, the resultis 4.28921

50, the length of the entire curve is 17.15684

Q55E
{A) Parametric equations of the curve r = f(ﬂ) are
x=rcoséd and y=rsnf
By product rule, differentiating with respectto &
£=£E055—r5m3, i:—5i1:|.‘5'+.i"|[:1t:-st‘;'v'
d8 de d8 dé&

e [ (5]

2 2
= E|[:1t:ns-t'5i'—.i"si1:|.‘5') +[£siu5'+rcosﬂ] g8
d8 a8




2 2
= i ms’9+r25in29—2rsin9[:us€£+ i ﬁn29+r2cusjé'+2rsin9msﬁ'£ Feiv]
48 d8 \de d8

ar \
= \](E) (cosi g +sin2) +72 (cosﬂ F+sin® H) g8

PR
= E] +72 (sin25+c0525=1)

Given that £ 15 continuous and O0=a <b=<i
Then area of the surface generated by rotating the polar curve r= f (H) about the

3
polar axis 15 given by S=I2ﬂy ds

F] d?' 2
S:_[EJrrsinH 2| E| 29
) dé

(B) Curve is 7 = cos 28
‘We sketch the curve

Fig.1

Wetake r=0Scos28=0

=280=mf2 372

=8=mi4, 3714
Since the curve is symmetric about the polar axis so if we double the surface area
obtained by rotating the curve from &= 0to 7rf4then we can find the total
surface area obtained by rotating the complete curve about the line &=7/2
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Consider the polar curve, r= f(8),a<8<b.
Recall that,

“If the curve given by the parametric equations x = f(r),y=g(r),a << B, is rotating about
the y-axis, where f”, g’ are continuous and g(r)= 0,then the area of the surface generated

by the curve rotating about the y-axis is,




The paramefric equations of the polar curve r= f(8)as.

x=rcosf
= f(8)cosd
and
y=rsinf
= f(8)sin8
Use @ as parameter instead of £

Differentiate x with respectto g.
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Differentiate y with respectto g,
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By using (1) and the above information, the area of the surface generated by the curve

r= f(8).a< 6 <brotating about the line 9:% is,
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(b)

Consider the curve,

r’ =cos28
Rewrite it as,
r=-+/cos2#

The derivative of r with respectto @ is,
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The graph of the above curve is shown below:
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Consider the curve,

r’ =cos28
Rewrite it 35,
r=+/cos2#

The derivative of r with respectto g is,
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The graph of the abowve curve is shown below:
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The curve ,2? = ¢qg2gis defined on the interval —% to % and :{T"r to 5::

By symmeiry, use any one of the limits.

To find the surface area generated by rotating the lemniscate 2 = oo 2gabout the line g ==
2

. use the result in part (a) with the above information.
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Therefore, the surface area generated by rotating the lemniscate 2 = o2 about the line
.




